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Abstract

The quantum system of a massless charged scalar field with a self-interaction is investigated. By intro-
ducing a spacial cut-off function, the Hamiltonian of the system is realized as a linear operator on a boson
Fock space. It is proven that the Hamiltonian strongly commutes with the total charge operator. This fact
implies that the state space of the charged scalar field is decomposed into the infinite direct sum of fixed
total charge spaces. Moreover, under certain conditions, the Hamiltonian is bounded below, self-adjoint and
has a ground ground state for an arbitrarily coupling constant. A relation between the total charge of the
ground state and a number operator bound is also revealed.

1 Introduction

Let us consider a quantum system of a charged scalar field ¢(Z) which interacts with itself on the 1 + d
dimensional space-time R'*? := {7 = (20,2',...,2%) : 2¥ € R,v = 0,...,d} with the Minkowski metric
9="(9uw), 900 =1, 9;5=-1,(j =1,...d), guw = 0 (1 # v). The Lagrangian L of a complex Klein-Gordon
equation with a self-interaction term is given by

L= (@0)@9) ~mos" — 566 (0 0 = 470,).

= oz’
where the Einstein convention for the sum on repeated Greek indices is used, A* denotes the complex conjugate
of A, m > 0 is the mass of a particle and A > 0 is a coupling constant. Let us consider the following Lagrangian
L
v oL\ * * )‘ *
L' = (@)@ )" +W66" — L (60°), 1)

where p > 0 is merely a parameter. £’ is the deformation of £ by the replacement m? — —pu2. As is well

known, the formal quantization of ¢ yields particles and anti-particles. We denote by a4 (k) (resp. a—(k)) the
formal distribution kernel of the annihilation operator for the particle (resp. anti-particle). The formal adjoint
ay(k)* (resp. a—(k)*) represents the formal distribution kernel of the creation operator for the particle (resp.
anti-particle). We denote by ¢(x) (z € RY) the time-zero field of ¢. Then the Hamiltonian derived from (1) is
formally given by,

Hiorma = [ W@ (00 () + a- (0 a- ()b + [ (= io(@)ola)” + 6@t Pde. ()
The integrand of second term on right hand side of (2) is of the form of the so-called Higgs potential. The
Lagrangian £ is introduced as an example of spontaneous symmetry breaking in quantum field theory (see
,e.g., [17,19]). Unfortunately, Hiormal is ill-defined as a linear operator on Hilbert spaces. Therefore we need
modification.
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Let w be a non-negative function on R¢ denoting a one-boson Hamiltonian. Then, the free Hamiltonian H
of a charged scalar field is defined by the second quantization of w ® w:

Hy :=dl'y(w ® w)

on a suitable boson Fock space (see Section 2). Let xsp, be a non-negative function on R? which plays a role as
spacial cut-off. For x € R, let ¢(f,) be a field operator smeared by a suitable function f,. The Hamiltonian
H under consideration is defined as follows:

H = Uy o)+ X(@)olh) d(fde 2 [ @)@l o) e 3)

where © € R and A > 0 are coupling constants. A rigorous definition of H is introduced in Section 2. The
integral on the right hand side of (3) is taken in the sense of strong Bochner integral. If ; < 0, H describes
a cutoff Hamiltonian of a charged scalar field with Higgs type potential. If 4 = 0, H becomes a complex-\¢*
model with cutoffs. Hence H unifies two important models. In this paper we study the properties of H via
operator theoretical methods. Since the interaction term of (3) is singular, we need careful treatment to analyze
H. Here, “singular” means that an interaction term is not relatively bounded with the respect to the free Hamil-
tonian. Introducing the spacial cut-off breaks the translation invariance of the quantum system. On the other
hand, it is seen that the quantum system still holds the charge conservation. It means that the Hamiltonian H
and a total charge operator strongly commute. In the physical context, this property corresponds to the global
U(1)-gauge symmetry. Note that this structure is not seen in a real scalar field model.

There are several models similar to (3), which have been studied so far. Glimm-Jaffe [13] considered the
real P(¢), model which describes a real scalar Bose field with A¢*-interaction in the 2-dimensional space-time.
Dereziniski-Gérard [9] considered the scattering theory for the real P(p)s model. Gérard-Panati [12] also con-
sidered the real P(¢)2 model under general settings. Gérard [11] considered the charged P(¢)2 model which
describes the charged scalar field with a self-interaction in the 2-dimensional space-time. Note that the infimum
of w is assumed to be strictly positive in these models. An interaction model between quantum mechanical
particles and a real scalar Bose field is also established. Recently, some singular perturbed models are studied.
Takaesu [24] considered the generalized spin-boson model with ¢*-perturbation. He showed the existence of
a ground state and the existence of asymptotic fields for a sufficiently small coupling constant. Hidaka [15]
considered the Nelson model with perturbation of a form Z?Zl c;®” with ¢4 > 0. He showed the existence of
a ground state for arbitrary coupling constants. A study about the total charge operator is already done by
Takaesu [23] who treats a model of quantum electrodynamics. To our best knowledge, there are few results
about the charged scalar field with the infimum of w being zero.

We give our strategy comparing with some related works.

Self-adjointness: To show the self-adjointness of H, we apply the method in [15]. A key lemma is that
the interaction term is H-bounded. To prove this lemma, we need the fact that the second term on the right
hand side of (3) is infinitesimally small with respect to the third term of it. We need some technical treatments
because of strong Bochner integral.

Ezistence of a ground state: First of all we show the existence of a ground state of a massive Hamiltonian.
After that, we consider the mass zero limit of the massive ground state. In the massive case, we apply methods
used in [7,8,15] and references therein. In these methods the so-called Number-Energy Estimate is an important
lemma to show the existence of a ground state of the massive Hamiltonian. However, it is difficult to prove this
lemma in our Hamiltonian since the interaction term is singular and defined by using strong Bochner integrals.
As is seen below, we study the massive case without using the Number - Energy Estimate. To show that the
mass zero limit of the massive ground state is not zero, we use the methods in [17, 21] and references therein.

Total charge of a ground state: First, we show the strong commutativity of H and the total charge operator.
This fact is shown by applying properties of boson Fock space. In [23], the total charge of a ground state is
studied only when coupling constants are sufficiently small. In this paper, we clarify the relation of the total
charge of a ground state and a number operator bound, which contains the relevant result of [23].

This paper is organized as follows. In Section 2, we recall several notations and symbols about the abstract bo-
son Fock space and introduce a Hamiltonian H under consideration and state main results. The self-adjointness
of H is discussed in Section 3. In Section 4, the spectrum of H is specified. The existence of a ground state is
proved in Section 5. The total charge of a ground state is discussed in Section 6. In Appendix A, some results
which are used in this paper are collected. In Appendix B, we summarize the results of [2,5] which we use in
Section 3 and Section 4.



2 A charged scalar field with spacial cut-off

2.1 Preliminaries

First of all, let us recall some notations and symbols about the abstract boson Fock space. Let £ be a Hilbert
space over C. Then the boson Fock space over ¢ is given by

Fol(H) 1= B OL A

where ®” denotes the n-fold symmetric tensor product with ®2.# := C . The inner product is denoted by (-, )
which is linear in the right vector and the norm is denoted by || - ||. The Fock vacuwum in %, (¢) is denoted by
Q and

0:={1,0,0,---} € F,(X).

Let us introduce the finite particle subspace %y, o(#) as follows:
Foo(H) = {\II = {\II(”)}ZO:O € Fu(X) : AN such that, U™ =0 for all n> N + 1}.
Note that ., o(#) is dense in 7, (). For each u € ¢, the creation operator A(u)' is defined as follows:

2

D(A(w)) = {\p = (U}, € F(H) D nl|Sa(we WD), < oo},

n=1

(Aw)' o)™ = /nS,(u@ v V) ¥e DA, (n>1),

and (A(u)TW)(© := 0. Here D(T) denotes the domain of a linear operator T and S,, denotes the symmetrization
operator on ®".% . The annihilation operator with u is given by the adjoint of A(u):

Then, for all u,v € 2, annihilation and creation operators satisfy the following canonical commutation relations
on Fpo(A):
[A(u), A(w)] = [AW), A(W)T =0, [A«w), A(W)"] = (u,v).2,

where [X,Y] := XY — Y X. For a subspace D of ., the subspace %, sn (D) is introduced as follows,
Fogin(D) = LH{Q, A(u)t - A(u,)'Q:neNyu; € D,j=1,...,n},

where L.H{- - - } denotes the linear hull of a set {---}. Note that, if D is dense in J&, then %}, s, (D) is dense
in ﬁb (%)

Let T be a densely defined closable operator on .#. We denote the closure of T by T. Then the second
quantization of T' is given by

[e’e] n i th o n
Al (T) ::0@@ZI®-~-®I®]T @I---®1 | &2 D(T),

n=1j=1

where I is identity on K, S | D is the restriction of S to D and ®: denotes the n-fold algebraic symmetric
tensor product. It is seen that dI'y,(7') is a closed operator. If T is self-adjoint, so is dI'y, (7). Associated with
T, another operator I'y(T') is also defined as follows:

Iy(T) =10@Tw - oT [ & D(T).
n=1

Note that, if 7' is bounded operator with operator norm ||T|| < 1, then I'y(T') is bounded with ||I',(7)|] < 1.



2.2 A Hamiltonian of a charged scalar field and main results

For a subspace D of a Hilbert space 2, we set
[D]:=DaD.
For d € N, the state space 5 of a charged scalar field is given by
H = Fy([L*(R)]),

the boson Fock space over [L?(R?)]. In the physical context under consideration, [L?(R?)] describes the state
space of a particle and an anti-particle. For u € L?(R%), the operators a4 (u) and a+(u)’ on # are defined as
follows:

at(u) == A(w,0), ar(w)':=A((w,0)!, a-(u) = A((0,u), a-(u)":=A((0,u)".

The operators a4 (u) and a_(u) are called the annihilation operator of a particle and an anti-particle with state
function u respectively. On the other hand, a; (u)" and a_(u)' are called the creation operator of a particle and
an anti-particle with state function u respectively. These operators satisfy the canonical commutation relations
on the finite particle subspace %, o([L?(R%)]):

0 (), 02 ()] = [0 (), a5 (0)] = [0z (u), a5 (0)] = 0, [ag(u), a5(v)"] = Gy, V) paays £i5=+ or —. (4)
We denote the field operator smeared by u € L?(R?) by
bu) = %m(u) +a-(w).

It is easy to see that ¢(u) is densely defined and closable. We denote the closure of ¢(u) by the same symbol.
By von Neumann’s theorem, ¢(u)*¢(u) and ¢(u)p(u)* are non-negative self-adjoint operators on 5. Note that
a concrete action of ¢(u)* is as follows:
1
60" = J5(as () +a_(w),  on Fo((LEY).

By (4), the field operators satisfy the following commutation relations on J%:
[¢(u), o(v)] = [6(w)", $(v)*] =0, [¢(u), ¢(v)"] = iIm (u, v} L2(ga),
where Im z denotes the imaginary part of z € C. Let w be the multiplication operator on L?(R%) by the function
w(k) == k|, keR%

For a linear operator T' on L?(R?), we set [T] := T @ T. Then the free Hamiltonian of the charged scalar field
H, is defined by the second quantization of [w];

Hp := dTly([w]).

The number operator N}, is introduced as
Ny = dl'p([1]).

For ¢ € R\ {0}, the total charge operator @ is defined as follows:

Q =dlI'v((¢ ® —q)).

Let xsp € L'(R?) be a non-negative function which plays role as a spacial cut-off. We pick a function ¢ which
satisfies the following Assumption:

Assumption 2.1. ¢ € D(w=?), |p(k)| = |o(=Fk)|, a.c.k € R%
For x € RY, f, € L}(R?) is defined as follows:

fo(k) == (k) e"* ae. keRY




with kz := kyzy + - + kgzg for k = (ky,... kq) € R and o = (z1,...,24) € R% Let p € R and A > 0 are
parameters denoting coupling constants. The Hamiltonian we study in this paper is as follows:

H = Hy + pH; + N>, (5)

where
* * 2
Hy = /]Rd Xsp()0(f2) (fo)dw, Ha:= /Rd XSP(x)(¢(fx) ¢(fz)) dz. (6)
The integrals on the right hand sides of (6) are taken in the sense of #-valued strong Bochner integral. Our
first task is to find a condition for the self-adjointness of H.

Theorem 2.1. Under Assumption 2.1, H is bounded below, self-adjoint with D(H) = D(Hy) N D(Hy) and
essentially self-adjoint on Fy, n([C°(RY)]) for arbitrary p € R and X > 0.

For a linear operator T, o(T') denotes the spectrum of T' and oess(T) denotes the essential spectrum of T'.
If T is bounded below and self-adjoint operator, then we define

Eo(T) :=inf o (T).
Theorem 2.2. Under Assumption 2.1,
0(H) = 0ess(H) = [Eo(H), 00).
Let T be a bounded below self-adjoint operator. In general, we call that T' has a ground state if Eq(T) is a

eigenvalue of T'. To prove the existence of a ground state of H, we need the following assumption:

Assumption 2.2.

(1) ¢ is a rotation invariant function and has a compact support.
(2) There exists an open set @ C R? such that Q =supp ¢ and ¢ is continuously differentiable on Q.
(3) p € D), FEeDw™?), (j=1,....d).

(4) / (1 + [2|*)xsp(z)dz < o0.
R4
Theorem 2.3. Under Assumptions 2.1 and 2.2, H has a ground state for arbitrary u € R and A > 0.

The next theorem is one of characteristic structures which is not seen in the case of real scalar field and it
corresponds to the charge conservation of the quantum system.

Theorem 2.4. Under Assumption 2.1, H and @ strongly commute.

Let ®, be a ground state of H with ||®,|| = 1. By Theorem 2.4, /¢ is decomposed with respect to the
spectrum of the total charge @ as

A =P A (2),

z€7Z
where () :=Ker(Q — gz). The next result is a slight generalization of [23, Theorem1.7].

Theorem 2.5. Suppose that Assumptions 2.1 and 2.2 are satisfied. Let
ng == min{n eN: HN,;/Q‘I)gH;& < n}

Then @, ¢ J7(z) for all |z| > ny.

3 Self-adjointness of H

In this section, we prove Theorem 2.1.

Lemma 3.1. Assume that p € D(w™'/2), then H is essentially self-adjoint on Py, an([CS°(RY]).



Proof. First, we check that H satisfies the criterion of essential self-adjointness on D(Hy) N %, o([L*(R%)]) (see

Proposition B.1). Since nHy + AHz maps ®'([L*(RY)]) to @j__, @ ([L*(RY]), we see that

(O (uHy + AH)®™) =0, whenever |n —m| > 5.
If 1 > 0, then it is obvious that H is bounded below on D(Hy) N .Z, o([L2(R?)]). In the case where y < 0, for
any U € D(Hy) N F,o([L2(R)]), we see that
(W) = (0 Ho®) + [ e ) () F2) + M) 0 £)) ¥

> / Yoo (@) / (ut + )| B, (0) 0
Rd >0

12
SN ——

where F,(-) is the spectral measure of ¢(f,)*®(fz). The relative boundedness of pH; + AH; with respect to
(N}, + 1) is seen by using Proposition A.1. Therefore H is essentially self-adjoint on D(Hg) N F, o([L2(R?)]).
Since F, in ([C5°(RY)]) is a core of Hy, for any ¥ € D(Hy) N F,o([L2(R?)]), there exist an N € N and a
sequence {0,120, C Fy, 4 ([C5°(R?)]) such that ¥,, — ¥, HyW,, — Hy¥ (as n — co0) and ¥(®) = 0 whenever
n > N. Since (uH; + AHs) | ()_, @7 [L?(R)]) is bounded , we see that ¥,, — ¥ and HV,, — HW¥. Thus the
desired result follows. O

Let € and 7 be arbitrary positive constants with A> —2e—A2u2n/e > 0. Then we define a constant C'(u, A, €, 1)
as follows:

xsp 171

A 1/2
Cluhem) = (2 = 26 = Xtnfe) /2 (21 g |2, el e, )

den
Lemma 3.2. Suppose that Assumption 2.1 is satisfied. Then for all ¥ € D(H),

_ — 1

[ @[] < 0C (X, e m)|[[H]| + (0C (1, A, €m) + 25)[| 2], (7)

[EHo9 | < C(u, A e m) (| H|| + || @), (8)
where 0 is an arbitrary positive constant.

Proof. Since |p(k )| = |p(—k)|, we have [¢(f.),d(f,)*] = 0 on F,o([L3(R?)]) for all 2,y € RY For any
U € Fpan([CS°(RY)]), it follows that

[l = [ oo G 6064, 0(,) ) oy
R4 xR
<[], xenarenll Wl 602650005, 0(5,) ¥y
2 1 2 2

< 6//Rd R Xsp Xsp ||¢ f:c )¢(fy) fy)\I/H dmdy+ LHXSPHL1H\II|| (9)
= e//Rded Xow () Xsp (Do) @(F2))* W, (&(£)"6(,))* ¥)dardy + - HXSPHLIH\IJH

= |l v+ - HXSPHUH‘PH (10)

Here, to get (9), we used following elementary inequality:

1
0Lb§»5(12—|—4—()27 for a,b>0 and € > 0. (11)
€



Thus, H; is infinitesimally small with respect to H;. Next we show that Hs is H-bounded. For all ¥ €
Fb,in((C5°(RY))),

A = (0~ o )
= |HY||* — (HY, (Ho + pHy) V) — (Ho + pHy) ¥, H) + ||(Ho + pHy) V||
— | HY|[* = AN(H ¥, HoW) — MNHoW, Hy¥) — 2\uRe(H) ¥, Hy W) — ||(Ho + pH1) ¥ |
< ||H\I/||2 — MHU, HyWU) — MN(HoW, HyW) + 2\ |p||Re(H ¥, HyU)|,
where Re z denotes the real part of z € C. By using (10) and (11), 2A|u||Re{H; ¥, HoW)| is estimated as follows:

2A\|pl[Re(Hy W, HoW)| < 2|l || Hy ||| H T

)\2 2
SEHHNH2+7“HH1WHQ
< e + (nHHzWH + 1 HxspHilH‘I’m»

where € and n are arbitrary positive constants. Therefore we have

/\ 22 2
||| < [|Fe* - A / X (@A) )DL, Hohw)da + (e =) [ Ha || 4+ [ [0

where {X,Y} := XY + Y X. By using the identity X?Y + Y X? = 2XY X + [X, [X, Y]] and the positivity of
Hj,, we see that

)\ )\2 2
AP < P [ o), 6050002, 60 00, Bl (20 s P22 o
By applying Proposition A.2, we have

[D(f2) S(Fo)s [6(f2)* (f2), AT (W] = —2[| 0|72 b(f)* D (fi)-

Hence it follows that
A2 /\
N * < || H )" + 22| (W, HL W) + (e +7 )| + S v HxspHLlH‘PH (12)
By using (10) and (11), we have

2|00 (0, HiW) < 2|12 || 9| Hy ¥ |
< |[Hi|* + 22|42 )02

< el + (nllie pyepppe, e (13)
From (12) and (13), it is seen that
A S
s < e+ (24 2 ] + (2 el + P a2t e

Thus, by choosing constants € and 1 such that 2e + A2u?n/e < A2, we have following inequality:

)\2 2 s N
R L2 Y e W L S PR TR

Thus (8) holds for all ¥ € ., 4, ([C5°(R?)]). Since F, in ([C5°(R?)]) is a core of H, (8) follows for all ¥ € D(H)
from a limiting argument. (7) immediately follows from (8) and (11). O



Proof of Theorem 2.1. It suffices to show that D(H) € D(H). For any ¥ € D(H), there exists a sequence
{9,122, € Fpan([C5°(RY)]) such that

v, -V, HVY,— HV, (as n— 00).
By Lemma 3.2, Hy is H-bounded on %, i, ([C5° (R?)]). Indeed we note that following inequality holds:
Ha ] = [0 ety — A < 9] + a9+ 770
Therefore, {HoU,,}22; and {H2¥,}5°; are Cauchy sequences. By the closedness of Hy and the closability of

H,, it follows that W € D(Hy) N D(Hz) = D(H). O

4 Identification of o(H)

In this section, we prove Theorem 2.2. Throughout this section, we always assume Assumption 2.1. Let us
calculate [uH; + AHa, A((u,v))T] with u,v € 2. For all ¥ € %, 5, ([C5°(RY)]), we see that

[Hy + NHa, A((u, )]0 = — (WT1 + T + 2XT5 + 20Ty) 0,

i
where,

Ti= [ (@)fr o)), Tyi= [ () uolfo) o

Tyi= [ X )OO O, Taim [ xapla) o0l fa) 016 f2)" e

Note that integrals of right hand side are taken in the #-valued strong Bochner integral.
Lemma 4.1. T; (j = 1,2,3,4) are H-bounded on Fy, n([CS°(R)]).
Proof. Let ¥ € F, in([C5°(R)]). Then

|Tie|f” < / s X @Xn I Ly v o V)R, 6(8,)"6(£2) ) dardy
< gl 2P ol / XX )" DU L) 0L W)y + 5 [l 2Pl oo I 11

= Sl 2P ol (e + ol 1)

By applying Lemma 3.2, 77 is H-bounded. It is shown that 75 is also H-bounded. Next, we show the H-
boundedness of T3. It follows that

||T3\I'||2 / . Xsp( )Xsp | fasv || Jyv H U, o(fz)" (fx)qb(fy)*qs(fy)\l/”dmdy
e R / e Xep ) (B) U)W, 0 6L )W)y
|| -1/ || [|v || / Xsp WXsp (W)(D(f2) O(fe)O(fy) d(f)¥, O(fo)  d(f2)d(fy) O(fy)¥)dady

-
:§Hw V2010l (|| @ || + || Ha ||

Thus T3 is H-bounded by Lemma 3.2. The case of Ty is also estimated similarly. Thus the desired results
follow. O

Let {u,}22, and {v,}52, C D(w) N D(w~'/2) be arbitrary sequences such that

w-limwu, =0, w-limv, =0 and |u,|®+ |v.|? =1, (n€N),



where w-lim denotes a weak limit. It is seen that
Fo,in([C5°(RY)]) € D((uHy + AHz) A((tn, v3)) ") 0 D(A((un, v5)) (uHy + AHo))
A D((Hy + AHz)* A((t,00))) 0 D(A((t, 00)) (1Hy + AHa)*).

By applying Proposition B.3 as A = uH; + AHa, B = A((un,v,))T, C = H and D = Ec = Fp in([CC(RY)]),
we see that the weak commutator [pHy 4+ AHz, A((tn, vn))lw,p(rr) exists and

[WH1 + AHz, A((tn, v0)) v, () (MTl,n + Ty + 2013, + 2)\T47n> I D(H), (14)

_1
V2
where
Tin ::/ Xsp(x)<fac7vn>¢(fx)dx T, = / Xgp($)<fxaun>¢(fx)*dx
R4 Rd
T3.n = / Xbp(x)<fzvvn>¢(fw)¢(fx)*¢(fz)dx Typ = / XSP(‘TMfmun>¢(fa:)*¢(fz)¢(fw)*dx
Rd Rd
Proof of Theorem 2.2. We apply Proposition B.4. Hence we need only to show that for all ¥ € D(H),

[,UHl + )\H27A((Unuvn))T]w,D(H)\P =0.

lim
n— oo

By (14), we have

. 1
i [+ Ao, A((un, o))l o = 05 (0 1T + 2050 + 22TV,

Thus it suffices to show that lim,, . [|7},,P| =0 (j = 1,2,3,4). First, we consider T} ,,. Since F, an ([C5°(RY)])
is a core of H, there exists a sequence {Uy}r C P, n([C5°(R?)]) such that ¥, — U, HY), — HY (k — o).
Then 71, ¥y, — 11, U (k — o0) and, for any k € N, we have

T @]| < ([T = Ty @il| + || 72,00 |

< CllHW = wy)|| + D|[w — Wi + B[ (N, + 1)1/2w,| /R Yoo ()] (o vz,

where C, D and E are positive constants independent of n and k. By the property of v,, it follows that

lim |(fs,v,)| =0, forzeRY,

n—oo

and
Xsp(z)|<faca vp)| < XSp(x) ||w71/2<PHL2

is integrable. Hence, by applying the Lebesgue dominated convergence theorem, we have
limsup || Ty, V|| < C||H(¥ — ¥)|| + D||¥ — ¥y ]|
n—oo
Since k € N is arbitrary, we have lim,_, ||T1,,¥| = 0 by taking k¥ — oo. In the same manner, we can show
that lim, e [T 0] =0 (j = 2,3,4). 0
5 Existence of a ground state

In this section, we prove Theorem 2.3. Throughout this section, we always suppose that Assumption 2.1 holds.
For a positive constant m > 0, we define w,, (k) by

wm (k) == VE2 +m2, keR

The constant m > 0 is regarded as the mass of a boson. Let us introduce a massive Hamiltonian H,,, as follows:

Hm = de([wm]) + MH1 + )\HQ



In the same way as in the proof of Theorem 2.1, one can show that H,, is self-adjoint, bounded below and
essentially self-adjoint on 7, 6, ([C5°(R)]).

Remark 5.1. The operators Hy and Hs are H,,-bounded with

— 1
[ 2| < 0C (1, A €m) | Hon || + (0Com (A em) + 25) | 9|

)

[0 < Coin hem) ([ o] + ], ¥ € D(H,0).

where 6 is arbitrary positive constant and

)\2 2 s 2 1/2
Con (s A, €,1) 1= (N — 2¢ — A%%/d*”%ﬁ!lxwﬂil + % + X wh 0 e + 1)

with € > 0 and 1 > 0 being arbitrary such that A2 > 2¢ + A2u%n/e. Therefore dI'y,([wy,]) is Hp,-bounded.
Let us consider the extended Hilbert space 7° defined by

H = @A
Then the extended Hamiltonian HY, is defined as follows:
Hy, = Hpy @ Ly + Ly @ ATy ([wi)),
Hy i= ATy ([wi]) @ Loe + 1 @ AT ([wm])-

Let us introduce a partition of unity. Let jo, joo be R-valued functions such that jo, joo € C=(R?), j&+j2 =1,

0 < jo,Joo <1 and
. L jz[ <1,
€Tr) =
Jo(x) {0 2] > 2.

We set for R > 0, jO,R = jo(/R),jooR = ]OO</R)A and jO,R = joyR(—in), joo,R = jOO,R(_in)7 where
Vi := (0/0ky,...,0/0ky). We introduce an operator jp which acts on ®2L%(R?) to &*L?(R?) as follows:
31%(% U) = (.;O,Rua 30,RU, joo,Ruv 30071%1))7 (% U) € [LQ(Rd)]-

Note that j is isometry. Let us denote the unitary operator which maps .7, (&*L?(R%)) to 2 by UlL2ra)],[L2 (R)]
(see Proposition A.3). We define an operator I'(jr) by

T(jr) = Ulpzray,z2a) Db (R), (15)
which acts from 57 to J°.
Lemma 5.1. For any x € C§°(R),

lim ||\ (H5,)T(Gr) — T(ir)x(H) || = 0.

R—

Proof. By the Helffer-Sjostrand formula [7,16], it is seen that
0 S0 _Z ~ — =0 =0 — —
X(Hp)PGR) = TOR)X(Hm) = 5 /(C 0:xX(2)(2 — Hyy) ™ (Hy, D (Gr) = D(r)Hm) (2 — Hpn) "'dedz,  (16)

where X is an almost analytic extension of x and 8z = 1(9, +1i9,) (z =z +1iy). Let us estimate the integrand
on the left hand side of (16). It follows that

(2 — an)_l(Hre;zFGR) - f(jR)Hm)<Z - HM)_l
= (z— Hg) " (No + Noo + 1)(No + Noo + 1) "H(HE L (jr) — T(Gr)Hpm) (Np + 1) (N, + 1) (2 — Hpp) 7

10



Where, Ny := N, @ 1 and No, := 1 ® Np,. It is easy to see that (z — HE,) "1 (Ng + Noo + 1) is a bounded
operator on D(Ny 4+ No) with operator norm

[(z = HS) ™ (No + Noo + 1)|| < 0(1 + (1 + |2)Im zrl),

where C' > 0 is a constant independent of z and we used the fact that Ny, is dT'y([wy,]) -bounded and the fact
that if a linear operator S is bounded, so is S*. Similarly one can show that (N, + 1)(z — H,,) "} is also a
bounded operator with operator norm

(N + 1)(z = Hyn) 7| < D(1+ (14 [2])m 2 1),

where D > 0 is a constant independent of z. Thus we have

(2 = Hg)~ (HE D (Gr) = T(Gr) Hn) (2 = Hy) 7|
<CD(1+ (1+ 2))[1m z|*1)2||(N0 + Noo + 1) (HE T (Gr) — T(jr) Hm) (N + 1) 7.

By the property of y, it suffices show that

Rhf})o |(No + Neo + 1)_1(Hvenf(3R) - F(jR)Hm)(Nb +1)7'| =o. (17)

We have
(H5. D) = D) Hin) = { T Gi) = PGr)ATy (wi]) } + { (eHy + M) © 1T () = T () (B + M) }.
(18)

Let us estimate the first term on the right hand side of (18). For any ¥ € ., 4, ([C5°(R?)]), it is seen that
| (5 1 G) = T Gi)ADs (o)) (N + 1)~
= [|4Ts (G, @ Wil = Jrlwon)) (N, + 1)~
< 4(|leom Go.m| + [l oo, 1) 2

where C' > 0 is a constant and

ATy (jr, @ [wmlir — jrlwm]) = 0@ @ZjR ® - @ jr @ (@ [wnlir — jrlwm]) ®jr© - @ jr.
n=1[=1

I-th

To derive the last inequality of (19), let us estimate ||[wpm, jo.z]|| and ||[wm, joo,z]||. For any f € L*(R%)N L2(R%)
we see that

(Go.rf)(0) = 2)" 7 [ (Fio)(@)f(k+ u/R)du
R
where F denotes the Fourier transform on L?(R?). We define a positive function (-) by

=Vk2+1, keR%L

For any g € C§°(RY), it is seen that

ool = [ |G ) () = (1) i ) 1)t

2
< [ ([ E @k +u/R) = ®llgth +u/B)jdu) ak

QW)ldRQ/R / [ (FJo)( )HU||9(]€+U/R)|du>
27r)1d]~22/]R / [(Fjo)(u |9(k+u/R)|du>
< o= Il

11



Note that

[ Goo,rs winl[| = 111 = Joo, s wim] |

and 1 — joo,0 € C° (R%), H [3W7R,wm]‘| is also estimated by the same manner. Hence, we have

dim [[(No + Noo + 1) 7 (H§ L (k) = F(Gr)dNs (fwm])) (N + D)7 = 0.

Next we estimate (No 4+ Noo + 1)~ (Ha @ 12T (jr) — T(jr))H2)(Ny, + 1)~1. For any ¥ € %y, 5, ([C5°(RY)]), it
is seen that

(No+ Noo + 1) (Ha ® 1L (jr) — D(jr))H2)(Ny + 1) W

= [ ) + N + 17 (G0 © Lo T) ~ PG (607" 005)7) o + 1)~ a2

The integrand on the right hand side of (20) is decomposed as follows:

(No + Now + 1)~ ((6(£2) 6(£2))? @ Loe D) = PGR)(S(L) 6(£2))?) (N + 1) 71w
= (No+ Noo + 1) (8f2)" 6(£)0(£2)" © Loe) (9(/2) © LT () = DGR)O(S2) ) (N + 1)1
+ (No+ No + 1) (02" 0(/2)) & L) (0(f2)" © Lor D) = DGR)O(S2)" )9l f2) (N + 1)1
+ (No+ Noo )7 (0(f)" © L) (6(/) © L) = D)o (fa) ) 0L ) G F) (N + 1)~
+ (No + Noo + D)7 (6(£2)" © LT () = DGR)O(S2)" ) 6 L) 0(f2) B o) (N + 1)1

= My (¢(f2)* ® L) <¢((1 —Jo.r)f2) ® Lor — 1w ® ¢(jnc, Rfm))f(jR)(Nb +1)7w
R) [z

+ My (S((1 = Jo.r) ) @ Lor = Low @ e, nfe)” ) GR)OU) (N, +1) 710
+ MsU(GR)D(f2) ¢ (fo) (Np +1) 710
+ MyL(GR)D(f2) ¢ (fo) (Np + 1) 71T,
where
My := (No + Neo + 1)1 (¢(f2) 0(f2)) @ Lo,
M; := (No + Noo + 1) 71 (¢(f2) d(f2)) ® Loe,
M; = (No+ Noo + 1) (o(f2)" ® 1%) (¢((1 —JoRr)fe) @l — 1l ® ¢(500,fo))7
My = (No+ Noc +1)7! (¢5((1 —Jor)fe) ® Ll — 1w ® ¢5(5oo,sz)*) (¢(50,Rfm) @l + 1w ® ¢(500,sz))~

Since M; (j =1,2,3,4) are bounded operator on D(Ny) N D(N) respectively and
(N +1)7'0 € (G (RY)]),  T(R)Y € Figin (L (RO F i ([L2(RY)]),

it follows that

[(No + Neo + 1)1 (0 f2) " 6(£2))? @ 1T (jr) = T(IR)(S(f2) 0 f2))*) (Vo + 1) 71|

< || M|[||(¢(f2)* @ L) (6((1 = Jo,r) fo) @ 1w + Log @ S(joo,r fo)) D (GR) (N + 1) 1|

+HM2HH( 1_]0,R)fw)*®1ﬁf+1W®¢(300,wa) )( (.70 wa)®1%+1%®¢(.700 Rfac)) (JR)(Nb+1 1\IIH

M| ([|(1 = Jo,r) fol| + [|Too, m L2 D [T GR)O(F2) S f2) (N, + 1) 10|
|

+ || M| (]| (1 —30,R)fx|| + ||3oo,fo||)H¢(fz) O(fo)(Np + 1)1
< D([|(t = Jo.r) ful| + [ljoo.r S ) [ 2]|-

12



Since F, 1n ([C5°(R)]) is dense in 7, it follows from an application of the extension theorem of bounded
operators that

(o Now 1) (2 © 1) = G (N + 17 < D [ xal@) ([0 = o) ol + o)

Since limp_, o H(l — j’o)R)ng Jimp oo H.;oo,Rme =0, we have

dim {[[(No + Noo +1) 7! (H2 @ 1T (jr) — T(jr) Ha) (Mo +1) 71| = 0,

by using the Lebesgue dominated convergence theorem. Similarly we can show that limpg_, |||(N0 + Ny +
)Y H® 1T (jr) — f‘(j'R)Hl) (Nb+1)71| = 0. Therefore we obtain the desired result. O

Lemma 5.2. For any x € C§°(R) such that supp x C (—o0, Eg(Hp,) + m), x(Hy,,) is a compact operator.
Especially, H,,, has a ground state.

Proof. Let Ey, be the spectral measure of NVy,. For any n € N, it follows that

En, ((n o (53 )X (Hin) = En, ({n)Ts (135 g1 (AT ([wr]) + 1)~ (AT ([win]) + 1)x(Hp) = 1 Ja,

where

Ji = En, ({n})Ts (76, rD (AT ([wm]) + 1)1
J2 = (Al ([win]) + D)x(Hm)-
Since J; is compact (see [8, Lemma 4.2]) and J3 is bounded, ENb({n})Fb([j§7R])X(Hm) is compact. Note that

P32 DX ) = 3 B, ()P (2 aD(Hn)|| £ 5 00 (52 ) (Vo + Dx(Ha) | =0, N = o0,

Thus Fb([jg’R])X(Hm) is compact. Next we show that x(H,,) is compact. Since supp x C (—o0, Eo(Hy,) +m),
it follows that
X(Hy,) = (Le @ Po)x(Hy,), (21)

where Py is the orthogonal projection onto the subspace {2Q2 : z € C}. Furthermore, the following property
also holds:

T(jr)T(jr) = 1we,  TUr) (e @ Po)T(jr) = Tu([j5 &))-

By applying Lemma 5.1, we have

where o(R") denotes a bounded operator tending to 0 as R — oo in operator norm topology. Thus x(H,,) is
compact. By applying a general theorem [21, Theorem XIII-77], one sees that o(H,,) N (—oo, Eg(H,,) + m) is
purely discrete. In particular, Eo(H,,) is an eigenvalue of H,,. O

For m > 0, let ®,, be a ground state of H,, with ||®,,| = 1.

Lemma 5.3. H,, = H (as m — 0) in the strong resolvent sense. Especially, Eo(H,,) — Eo(H) (as m — 0).
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Proof. For any ¥ € %, 1, ([C5°(RY)]), we have H,,¥ — HW¥ (as m — 0) by direct calculation. This fact
implies the strong resolvent convergence [20, Theorem VIII 25 (a)]. The strong resolvent convergence implies
that limsup,,_,o Eo(Hp) < Eo(H). For any m > 0, we have

Eoy(Hp,) = (P, Hn @) > (P, HOy,) > Eo(H). (22)
By taking lim inf on the both side of (22), we obtain the desired result. O
For each n € N, we denote the permutation group of {1,...,n} by S,. We can identify # as follows:
H = EB L2, (R x R,
n,n'=0
where

L2 (R = {f € L*(RY) : f(krry, s hn(n)) = f(k1,- -+ kn) for ae, ki, -k, €R" and 7 € S, },

Sym
Lgym(Rdn X RO) - Lgym(Rdn)’ Lgym(RO X Rdn ) = Lgym(Rdn )7 Lsym(RO X RO) = Ca
(R x R . = {f € L2RU™)) s for ace. ky,...kp,l1,... Ly €RY 0 €8y, 7 € Sy,
f(ka(1)7 ey kjg(n) : lT(l), ey l‘r(n’)) = f(k)l, ceey k‘n . ll, ceey ln/)}
For k € RY, linear operator a. (k) and a_ (k) act on J# are defined as follows:
(G‘Jr(k)ql)(n’n/)(kl, ey kn : ll, ey ln’) =vn+ 1\Il(n+1’n,)(k, kla AR kn : ll; R ln/) a.e.,

(a_(B)®) ™) (kg okt lyy ) = VR F 1O D) (kL ke kL L) ae.

ay(-) and a_(-) are called the annihilation kernel of particle and anti-particle respectively. For each u € L?(R?),
a4 (u) and a_(u) are represented by using the annihilation kernel as follows:

as(w) = [ ulkyes(k)at. (23)

Sym

where the integrals on the right hand side of (23) are taken in the sense of #-valued strong Bochner integral.
For k € R?, let us introduce the following operators:

Sy (k) = /]Rd XSP(x)e_ikx¢(fm)dwv Sa(k) = /]Rd XSp(x)e_ik$¢(fm)QS(fm)*(b(fz)dx
Lyi(k) == /]R'i XSD($>6_ikw¢(fw)*dxv Lo (k) == /]R'i XSP($>6_ikx¢(fm)*(b(fz)(b(fw)*dx

Note that these operator are also taken in the sense of .77-valued strong Bochner integral.

Lemma 5.4. For k # 0, we have

ay (k)®,, = (Eo(Hp) — Hyp — wpn (k)™ (151 (k) + 2285 (k) ) @,
(24)

a—(k)®m = Z(k()k) (EO(Hm) —Hp - wm(k))_l (NLl(k) + 2AW) Py

Proof. Here, we only prove the equation about ai(k)®,,. The case of a_(k)®,, is proven similarly. Let
O € P an([CC(RY)]) and g € C5°(RY). Since @, € Ker(H,, — Eo(H,,)), we have

(Hm — Eo(Hm))O,a4(9)®m)
= (lay(9)", H — Eo(H. )]@ ®y)

{0+ ()10, B~ = / Nen (@)@, o) ((0(Fe)* + 278(fa)* B £2)9(f2)7)O, B}l

(a1 wn9) ©.80) = [ o(k) / D) (WD) + 20D D)) )0, B
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Here to get the last equality of (25), we used Fubini’s theorem. By using (23), we have

/Rd (k) ((Eo(Hpm) — Hp — wim (k))O, at (k) @y, )dk

_ * So(k) me—ik;ﬂ * * * T
= [0 BTk [ (@ 9" 2N 6100

Since g € C§°(R?) is arbitrary, we obtain

(Bo(Hm) = Him — wm (k))©, ay (k)P e ((n(fo)* + 220 (f2) S(f2)8(f2)")©, B )da

(k)
)= [ xwl@
2w(k) R4
Since ®,, € D(H,,), there exists a sequence {®},}°2, C .7, 4n([C5°(RY)]) such that ®J, — &, H, @}, —

H,,®,, (j = 0). Therefore we have

(Bo(Hm) — Hyy — o (K)0, 05 (1) 80) = —280_10 15, (1)@,) + — 25 1 (@, 208, ()87,),

2w (k) V2w (k) i—eo

where we have used the H,,-boundedness of Si(k). We show that for any k € R, Sy(k) is H,,-bounded on
Zbfin([C(RY)]). For ¥ € F, in ([C5°(RY)]), It follows that

[EAGNM S S/ X (@) xsp W) [ (S(f2) D (F2)S(f) D (fy) ¥, D (fy)$(fo)" T)|dady

R4 x R4

<3 / Xoo (@)X W((6(£)"6(£,)) T, (912)"6(f2)) " W) ddly
R4 x R4

o L Xl O DY, £2)" (£ W)y
R4 xR4

1
= 5 ([Hw|* + [ Hw|),

Therefore Sy(k) is H,,-bounded by Remark 5.1. This fact implies that {Sa(k)®},}52, is a Cauchy sequence.
By the closability of Sa(k), we have

(Eo(Hm) — Hi, — win (k))O, ay (k) ®y,) = (O, uS1(k)®y) + (0, 2AS2(k)D,y,).
Thus we see that ai (k)®,, € D((Eo(Hp) — Hp) — wm(k)) and

(Bo(Ho) — Hyy — o (k))as () @y, = — 2L ) (1S (k) + 2285 (k) @y

Since Eo(Hy,)—Hpm—wm (k) has a bounded inverse, the equation about a4 (k) ®,, follows. O

Lemma 5.5. Suppose that ¢ € D(w™3/?), then ®,, € D(Né/Q) and

sup ||Né/2<1>m|\ < 00.
0<m<1

Proof. By Proposition A.3 and Proposition A.5, we see that
INY2®,,||° = / l|ay (k) ||*dk +/ la_ (k)@ || *dk.
R4 R4

Let 0 < m < 1. Note that S;(k), Sa(k), L1(k) and Ly(k) are H,,-bounded uniformly in k. By Lemma 5.4 and
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H(EO(Hm) - H,, - wm(k‘))_lH < w(k)™!, we have

1/2 2 (k)|
20 < [

i [(Eo(Hom) = Hy — @i (k)™ (151(k) + 2785 (k) &, || dk

i T 2
+/W |;0£lz])€|) | (Eo(Hom) = Hp, —wm(k))il(uLl(k) + 2XLo(K)) @ "dk

2 2 |‘P(k)|2
< CQul® + 48 (1,90 + 0] [ Eiak

= (|l +43%) (Bo (Hn)? + 1) /2|7

where C' > 0 is a constant independent of m. Since {Eo(H,)}o<m<1 is bounded by Lemma 5.3, the desired result
follows by taking the supremum. O

Lemma 5.6. Suppose that ¢ is differentiable, p € D(w53/?), Ojp € D(w=3?) (j=1,...,d) and
Joa(L+ [2*)xsp(2)dz < 00. Then a4 (-)®y, is strong differentiable in . Moreover, for k # 0,

_ (k)2 — . _
(Djay) ()@ = 2””;’35:2)5/2@(’“”“3 (Bo(Him) — Hyy — (1)) (181(k) + 22521,

kje(k) B

) (B Hon) — Hop 0 (1) (1S, (k) + 275, ()

2w(k)

2(9;0) (k)w (k)2 — o(k)k;
2v/2w(k)5/2

ki (k) CHu N
m(EO(Hm) Hy, = wpn (k) (nLy (k) + 2AL2(k)) @,

5524) (Bo(Hin) = Hon = win ()™ (L5 (k) + 27La 5 (£)) @,

(Dja-) (k)@ = (Eo(Hm) = Hin — wm (k)" (L1 (k) + 2AL2 (k) @y

where

S1j = /Rd Tixsp()e FP(fo)dn  Sp = /Rd T Xsp(2)P(fo)O(f2)" O(fr)d
Ly;= /Rd zixsp()e FTG(fo) dw Lo = /Rd 25 Xsp () O(f2) O fu)(fo)*du,

and D; is the strong differential operator in the j-th variable k;.

Proof. Since (Eo(Hpm) — Hpm — wi(+)) is differentiable in operator norm topology and ¢/+/w is differentiable
for any k # 0, it suffices to show the strong differentiability of Sy, S, L and Ls. Here we only show the
case of Sy. Since @, € D(Hy,), we can take a sequence {®J,}%2, C Fpn([C5°(R)]) such that ®J, — @y,
and H,,®), — Hp,®,, (j — o). Since Sa(k) and Sz (k) is H,,-bounded, we have So(k)®J, — So(k)®,, and
So 1 (k)®L, — S21(k)®, (j — 00). Let {e;}, be the standard orthogonal basis of R? and h € R\ {0}. It is

seen that

Sg(k -+ hel) — SQ(k)
[eladic

B,y + 1551 (k) Dy

:jligloHSg(k—Fhe}i)—SQ(k) ; +i52,l(k)q’fnu2
eihml -1 efihyl -1 . )
< lim . Xsp () Xsp (¥)] - — iy | - + iy ||[(@(fo)o(fo) D fo) @, S(f,)0(fy)* S(f,)®3,) |ddy
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eithl -1

2
< li ; —_—
< i o @ il

; 5 1/2
X </1Rd R Xsp(z)qu(y)|<¢(fr)¢(fy)*q)fn,Qb(fz)*¢(f¢)¢(fy)*¢(fy)©£n>| dxdy) (26)
Zh:EL _ 1 9
< ]li{go C“(drb([wm ||/ Xsp — Zgjl‘ dgjdy
x <j£d Rdxsp(x)xsp(y)<(¢(f;)*¢(f;)) (o) ¢(f@))2®%1yixdy)l/2

< lim C||(dTy([wm]) + 1)@, | || Ho® m||/ Yool G S (27)
j—o0o

Here to get (26), we used the Schwartz inequality. Since dI'y(jwn,]) and Hs are H,,-bounded, the limit of

(27) exists and is independent of h. Note that |(e”* — 1)/h — iz|* < 427 and [, xsp(2)2? < co. Hence

from Lebesgue’s dominated convergence theorem, we see that So(k)®,, is strongly differentiable and its strong

derivative is —iS3 ;(k)®,,. By using the Leibniz rule for (24), we obtain the desired results. O

Lemma 5.7. Suppose that the same assumption as in Lemma 5.6 holds. Then there exist constants Cq,Co and
Cs > 0 independent of m such that

a¢w>|+cww>\+@Kawwﬂ for k #0. (28)

HDjai m”% = w(k )3/2 (k)5/2 wzk)

Moreover, under the additional assumption that ¢ € D(w™%/?) and Vyp € D(w™>/2), one has

sup Z/ |Djas(k m||'%,Jdk:<oo (29)

0<m<1

Proof. For k # 0, it is seen that ||(Eo(Hm) — Hy — wm (k) 7| < w(k)™. Since Si(k), Sa2(k), Li(k), La(k),
S1.;(k), Sa.(k), L1;(k) and Lo ; are Hp,-bounded and its bound are independent of k, we have (28). (29) is
immediately follows from (28). O

We set ©,, {<I>(" " )}
and lj = (lj.lv .. l].d)

Lemma 5.8. For 1 < i <nand 1 < j < d, let 0;; be the distributional derivative in k; ; in Q and for
n+1<i<n+n' and1<j<d, 0;; be the distributional derivative in l; ; in Q. Suppose that Assumption 2.2
holds. Then,

Note that &™) is d(n+n')-variable function. We denote k; = (k;.1,...kj.q)

n,n’=0"

1 . v(n—l,n') N . , .
T e

\/%Dja_(li_n)‘l),(ﬁ’n/*l)(kl,...,k:n : l1,...,li,...,ln/) n+1 < 1 < 7’L+TL/,

where & denotes omitting of k.

Proof. Here, we consider only the case of 1 < i < n and 1 < j < d. The other case is proven in a similar
manner. Let f € C§°(Q"™ ). Then it suffices to show that

/ ) (ko ke Ly 1) (0 ) (R oy Ly ey L) AR
Rd(n+n’)
1

+ Nl . Djay (k)®U 5" (kyy oo iy ok e L ) f (R oy Ly ey Ly ) A Rd™ 1= 0,

(30)
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where d"k := dk; - - - dk,, av'l .= dly ---dl,,. We denote the standard orthogonal basis of R% by {ej}?:l. By
the definition of classical derivative, the left hand side of (30) is calculated as follows:

lim

’/ O ey, ki ey, L) — O ey e L)
h—0 Rd(n+n’)

h
1

\/ﬁ Rd(n+n’)

(R x R¥"), we have

Djay (k)®0 5 (ky, o gy ke L) f (R s Dy Ly ) R 1.

Since ®" ) e 2

sym

. / k‘ +he])—a+(/<;i))¢>£g71’n/)(k1,...,ki_l,kiﬂ,...kn :l17--~7ln’)
lim —‘
h—0 \F Rd(n+n’) h

—/ Djay (k)P (ky, o Ky ek e L) f Ry oy Dy Ly )R .
Rd(n+n’)

By applying the Schwarz inequality with respect to dky - - - dk;—1dk;yq1 - -- dknd"/l, we see that it is dominated
by

(as (ki + hej) — ay (k;)) @5~
h

lim — H

hHO\/E iy _Dja+(ki)¢£g/_1,n/)||L2(Rd(n+n’—1))Hf(.7k’i7.)HLZ(Rd(nJrn’—l))dki'

(31)

Since the function k +— a+(k')<1>(n L) g strongly continuous differentiable in 2, the first factor of the integrand

of (31) is bounded on 2 uniformly in h. Therefore, we can apply the Lebesgue dominated convergence theorem

and the desired result follows. O
Let us denote the Sobolev space of order 1 and index p on open set U in Ré(n+n) by WLP(U).

Lemma 5.9. Suppose that Assumption 2.2 holds. Then for anymn+n’ > 1, 0<m <1land1 <p <2,
pimn ) ¢ Wl’p(Q"+"/) and

sup ‘

0<m<1 (@) = o

Proof. Similar to the proof of [14, Proof of Theorem 2.1, Step 2]. To prove this, we need Lemma 5.7 and Lemma
5.8. O

Proof of Theorem 2.3. Since {®,, }Jo<m<1 is a bounded set on J#, there exists a sequence {®,,, };.0:1 and a vector
® € J such that m; — 0 as j — oo and

w-lim ®,,,, = ®.
j—oo
Let z € C\R and ¥ € S be arbitrary. Then
(U, (Hp, — 2) ' ®p,) = (U, (Eg(Hm,) — 2) @, ). (32)

By taking the limit j — oo on the both side of (32), we have by Lemma 5.3,
<\Ilv (H - Z)ilq)> = <\Ij> (EO(H) - 2)71®>'

This fact implies that ® € D(H) and
H® = FEy(H)®.

Hence @ is a ground state of H if ® # 0. Now we assume that ® = 0. By Lemma 5.5, we have

2, = 32 Jlof; > el < 3 llef:

n+n’'<N n+n’>N n+n’'<N

sup ||N.2@, )% (33)
0<m<1
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)

where N € N is arbitrary. Here we show that for any n,n’, ®;," ’ converges to P(nn’) strongly. By applying
Lemma 5.4 and the definition of annihilation kernel, we have

supp @) =

since @%;"l) € L2, (R x R (see ,e.g., [14, Proof of Theorem 2.1, Step2]). Here, A denotes the closure of
A c RU ) Since the Lebesgue measure of Q"+ is finite, we have L5(Q"+") ¢ L2(Q*+") for all s > 2.
Therefore, @;ZL]?"/) weakly converges to ®(n) = 0 in the LP(Q”+”') sense. By Lemma 5.9, a subsequence
of {®,;}32, converges to a vector ) ¢ Wle(Qrtn'y in the WHP(Q""')* sense. It means that for any

fos f1se s fagnanry € LP(QPH)* = L3(QH) with 1/s + 1/p = 1,

d(n+n’
q)(n?n/) _ (i)(n,n’) dnkdn'l +
/QnJrn’ fO( mj ) ;

Hence we have

)
/ fi0 (<1>7(7’Z',7",) — é("’"/))d”kd"/l =0, j— oo.
Qntn! J

0=0"")(ky, . kpilyo b)) =0 N ky, ki ly, . L) aee.
Thus we have for all 1 < p < 2, @Z{TF, — 0 as j — oo in the weak sense of Wl’p(Q”Jr”'). By applying the

J

Rellich-Kondrachov theorem (see, e.g.,[1, Theorem 6.3],[18, Theorem 8.9]), we have
. (n’n/) -
jlgﬂlo H(I)mj ||Lq(Qn+n') =0,

d(n+n')p

for all qg< m7

since §2 has cone property. To get ¢ = 2, we choose p as

d(n+n’)+2

M<p<2, if 2<d(n+n'),
p=1, if dln+n')=1.

Thus, by taking limsup;_, ., in (33), we have
. 2 _ 1 1/2 2
b= timsup |, |7 < 7 sup [N,

But this is a contradiction since N is arbitrary. Hence ® # 0. O

6 Total charge of a ground state

In this section, we prove Theorem 2.4 and 2.5.

Proof of Theorem 2.4 It is trivial that Hy and e~ "% commute (see Proposition A.4). By Proposition A.2-(2)
and Proposition A.4-(2), following relations hold:

e MR (u)e@ = ay (e7Mu), e "Qa_(u)e'? = a_ ("),
e 0y (u)*eQ = ay(e7 M), e P (u)*e"? = a_(e"Mu)*, ue L*(RY).

Let U € Z, 50 ([C5°(RY)]). Then, QW € F, 4, ([C5°(R?)]) and we have
Y = [ () ) ) W,
e " Hye "V = /R Xep(@)eTC(D(f2) " B(f)) e Wiz,
It follows that on 7y 6n ([C5° (RY)]):

(L) ()" = L (e (ML) e (ML) a1 )1)
= e M0(fa) e P(f) = D(fa) O (fa)-
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Therefore for any U € Z, 4, ([C5°(R?)]), we see that
e "CHe"OU = HV.

Since e~ is unitary and ., 1, ([C°(R?)]) is a core of H, above equality can be extended to operator equality.
By the functional calculus, we have

o—itQ p—isH ,itQ _ eisH (s,t € R).

Hence the desired result follows. O

Remark 6.1. Also the massive Hamiltonian H,, strongly commutes with (). The proof is quite similar to that
of Theorem 2.4.

Lemma 6.1. We assume Assumption 2.1 and 2.2. Then for k # 0, it follows that

0y (), = —25)_(B(11) — H — w(k) " (151 () + 2052R) 2,

0- () = 2 (Bo(H) — H = () (1a (K) + T2 (B

Especially, 4 € D(N&/Q).
Since the proof of this lemma is quite similar to that of Lemma 5.4 and Lemma 5.5, we omit it.

Proof of Theorem 2.5. Let Ny :=dI',(1)®1, N_ :=1®dI',(1) and U be the canonical unitary operator acting
from J# to %, (L*(R?)) ® F,(L?(RY)) (see Appendix A). By Proposition A.3, we have

UNU =N, +N_, UQU ' =¢q(N, —N_).

Suppose that ®, € (=) for some z with |z| > ng. Note that Q®, = 2q®, and ||®,4|| = 1. Then

1/2 2 1/2 2 /24 12
2] = (@4, Q)| = [al| ULy, (N = N)UR,)| < lal [N URg||” + 1l [ V22U B, " = Jal[| N2, ||* < mola].
Thus we have |z| < ng. But this is a contradiction. Hence &, ¢ 7, (2) for all |z| > ny. O

Concluding remark One of the next tasks is to analyze the Hamiltonian H on each fixed total charge space
Hy(z) with z € Z. We leave it for future study.

APPENDIX A

In this section, we introduce some facts which are often used in this paper and are well known. We use the
same notations and symbols as in Section 2. Let X and ) be Hilbert spaces.

Proposition A.1.[3, Proposition 4.24][4, Lemma 6.32] Let T be a non-negative self-adjoint operator on X
with ker T = {0}. If u € D(T~Y/?), then

|G| < |77 2ul[]|ar,(7) /2w |,
[t < 774 2ul[||d0s(T) 2] + [u] [ @],
for all W € D(dT,(T)Y?). Moreover if u,v € D(T) N D(T~/?), then
[ A() || < Cf[(@0u(T) + V@[T~ 2u)l| + [ul ) (177 20] + [[o]] + [ To]| + [T*20]]),
for all ¥ € D(dATy(T)). Here C > 0 is a constant independent of u,v,T and V.
Proposition A.2.[3, Proposition 4.26][8, Lemma 2.7 and Lemma 2.8] Let T be a densely defined closable
operator on X, and v € D(T) N D(T*). Then:
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(1)
[dTu(T), A(u)] = —A(T*u), and (AT (T), A(u)T] = A(Tw)t, on Fy,an(D(T)).

(2) If u e D(T), then
To(T)A(u)" = A(Tu)Th(T), on Fan(D(T)).
Moreover, if T is isometry, then
Iy(T)A(u) = A(Tuw)Ty(T).

Proposition A.3.[3, Theorem 4-55 and Theorem 4-56] Let X and Y be Hilbert spaces. Then there exists a
unique unitary operator Ux y: Fp(X & Y) = Fp(X) ® F,(Y) such that the following (1) and (2) are hold:

(1)
UxyQxgey = Qx ® Qy,

where Qx is the Fock vacuum in Fy(X).

(2)

Ux yAu@v)iUzly, = Aw)f @ I+ 1@ A(v)f, ueX,ve,

and
Ux yZb6in(X ©Y) = P in(X)20F, in(Y),

where A(-)* denotes A(-) or A(-)T. Moreover, for all self-adjoint operators T on X and S on Y,

Ux ydly (T & S)Uy Y, = dT(T) @ T + I @ dT'y(5).

Remark IfT and S are non-negative in the above,

ATy(T) Q@I+ I @dTL(S) =dlL(T) @ I + I @ dTL(S).
Proposition A.4.[3, Theorem 4-17 and Theorem 4-20] Let A and B are self-adjoint on .

(1) A and B are strongly commute if and only if dT',(A) and dT',(B) are strongly commute.

(2)

Ty (e~ it4) = e~ itdlu(A)

Let K = L?(R9). Then ,(L%(R%)) is written as follows:
Fo(L*(RY) = C & P Lm(®R™),
n=1
where
L3R = {f € LPRY"™) : f(kn(r), s knny) = flkr, -+ k) for ae, ki -k, € R? and 7 € S, }.
For a,e, k € RY, an annihilation kernel a(k) act on %, (L?(R%)) is defined as follows.

(a(R) W) (ky, - k) i= vV + 10D (B ky, o k).

Proposition A.5.[3, Proposition 8.6] Let f be a measurable function such that 0 < f(k) < oo for a,e,k € R
Then W € D(dTy(f)'?) if and only if

/Rd FR)||ak)® || *dk < oo,

In that case

Jars(r el = [ 0otk
APPENDIX B

In this section, we introduce facts about essential self-adjointness and essential spectrum which are used in
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Section 3 and Section 4.
For n € NU {0}, let X,, be a Hilbert space and X := &322 (X,,. Let A5, be defined by
Xiin := {0 = {T™}> € X : IN such that ™ =0 for all n > N +1}.
The number operator Ny is defined by
D(Ny) := {\I/ ex: Y num|; < oo},
n=0

(No®)™ .= 0™ We D(Ny), (neNU{0}).

Let A, be a self-adjoint operator on A),, and set A := @72 (A,. Let B be a symmetric operator on X. We
identify U™ € X, as
g — {0,--- ’07\11(70707...} cX.

Proposition B.1 [2] Suppose that following (1)-(3) hold:
(1) Xan C D(B) and A + B is bounded below on D(A) N Xgy.
(2) There exists an integer p € N such that

(W™ BE(™Yyy =0, whenever |n—m|>p.

(3) There exist a constant ¢ > 0 and a linear operator L on X such that D(((A+ B) | D(A)NAXsn)*) € D(L),
Ran(L [ D(L)NX,) C X, and

(@, BY)| < c||L®||[|(Nx +1)°¥|, V¥ € Xgy, © € D(L).
Then A + B is essentially self-adjoint on D(A) N Xgp.

Let ¢ and X be Hilbert spaces. We consider the Hilbert space % ® %, (X). Let A be a self-adjoint operator
on £ and S be a non negative self-adjoint operator on X. Then

Hy:=A®1+1@dlL(S)
is self-adjoint on D(A® 1) N D(1 ® dT',(S)). Let H; be a symmetric operator on J# ® %, (X) and
H :=Hy+ H. (34)
Let us recall a notion of weak commutator.

Definition B.2. [5] Let 2 be a Hilbert space. Let A and B be densely defined linear operators on % . If
there exists a dense subspace % and a linear operator K such that % C D(K)ND(A)ND(A*)ND(B)ND(B*)
and

(A", Bo) — (B, Ag) = (U, K6), .6 €,
then we say that the couple (A, B) has the weak commutator on % defined by
[A,Blyow =K |¥.
The next proposition gives a sufficient condition for (A, B) to have a weak commutator.

Proposition B.3.[5] Let X be a Hilbert space and let D be a dense subspace of X. Let A and B be densely
defined linear operators on X such that D C D(A)ND(B)ND(A*) N D(B*). Assume that there exist a densely
defined closed linear operator C' on X and a core Ec of C with the following properties:

(1) & ¢ D C D(O).
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(2) A and B are C-bounded on Ec.
(3) Ec € D(AB)N D(BA) and K := [A, B] | £¢ is C-bounded on Ec.
(4) D(A*B*)N D(B*A*) is dense in Z .

Then K s closable with D(C') C D(K) and (A, B) has a weak commutator on D which is given by
[A, Bly,p =K | D.

Proposition B.4.[5] Suppose that following (1) and (2) hold.
(1)H is self-adjoint and bounded below.
(2)For any u € D(S)ND(S~Y/?), the couple (Hy,I® A(u)*) has the weak commutator [Hy,I® A(u)*|y,pim)
on D(H). Furthermore, for any ¥ € D(H), and any sequences {u, }>2, C D(S) N D(S~/?) such that

HU"H =1, w-lim,, o0 Uy, =0,

lim [H[,I & A(un)]WVD(H)\II =0.

n—oo

If 0(S) = [0,00), then
o(H) = 0ess(H) = [Eo(H), 0).
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