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ON GENERAL EXISTENCE RESULTS FOR ONE-DIMENSIONAL
SINGULAR DIFFUSION EQUATIONS WITH SPATTIALLY
INHOMOGENEOUS DRIVING FORCE

MI-HO GIGA, YOSHIKAZU GIGA, AND ATSUSHI NAKAYASU

ABSTRACT. A general anisotropic curvature flow equation with singular in-
terfacial energy and spatially inhomogeneous driving force is considered for
a curve given by the graph of a periodic function. We prove that the initial
value problem admits a unique global-in-time viscosity solution for a general
periodic continuous initial datum. The notion of a viscosity solution used here
is the same as proposed by Giga, Giga and Rybka, who established a compar-
ison principle. We construct the global-in-time solution by careful adaptation
of Perron’s method.

1. INTRODUCTION

In this paper we study a one-dimensional nonlinear degenerate parabolic equa-
tion whose diffusion effect is very strong at particular slopes of unknown functions.
We are in particular interested in an equation, where the driving force term is
spatially inhomogeneous. A typical example is a quasilinear equation

(1.1) ue = a(ug) (W' (uz))a + o (t, )],

where W is a given convex function on R but may not be of class C1(R) so that
its derivative W’ may have jump discontinuities and o is a given Lipschitz function
depending on the space variable x as well as the time variable ¢; here a is a given
nonnegative continuous function, and wu; and w, denote the time and the space
derivative of an unknown function u = u(t, x).

In order to explain the motivation of this work, let us consider an evolution law
of a curve I'y € R? moved by an anisotropic curvature flow

(1.2) V = Mo(n)(ky, +0) only,

where V' is the normal velocity of the evolving curve in the direction of the normal
vector n and let the mobility My and the surface energy density vy be positive
functions on the unit circle; the term x,, called a nonlocal curvature is the first
variation of surface energy. We note that if g is the constant 1, then &, is nothing
but usual curvature x; the quantity ., formally equals ((70)ss + 70)~ if one writes
Yo as a function of the argument 6 of n = (cos @, sin ). The equation (IZ2) appears
in crystal growth as an equation to describe the interface of two phases; see, e.g.,
[2].
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If the curve T'; is given as a graph of a function u = (¢, x), the equation (I2)
then becomes of the form (W) with

o) =Me-D. M) = Vi My (),
N/
W(p) =~(p,-1), V(P q) = VP* + ¢ <(Z’ ) 2)-
p*+q
Assume that the Frank diagram F := {(p,q) € R? | y(p,q) < 1} is convex so that
W is a convex function. If F' has a smooth (C?) boundary OF, the theory of (I2)
is well developed [G], [4], [16]. Indeed, since W is C%(R), we are able to apply the
classical theory of viscosity solutions [[7] to the equation (ITl). We are concerned
with the case that OF is of class C? except finitely many points. A typical example
of F'is a polygon so that W is a piecewise linear function. For examples if v is a
crystalline energy of the form

v(p,q) = Ip| + |ql,

then W”(p) is twice the Dirac delta function ¢ and so the equation (IT) formally
becomes

up = a(ug)[20 (g )ty + 0],

which is not a classical partial differential equation.

Admissible curves such as polygons moving by a crystalline energy with no driv-
ing force have been studied by Taylor [19, 20] and by Angenent and Gurtin [I]. For
the evolution law of graphs () a notion of solutions is introduced by adapting
the subdifferential theory [I0] (¢ = 0) and [I1]. Elliott, Gardiner and Schétzle [§]
study relationship between the solutions in the sense of [0] and admissible curves.
When o is independent of z, the theory of viscosity solutions to (IHl) and (I2) is
established in a series of papers [12], [I3], [i4].

The goal of this paper is to establish a global-in-time existence theorem of a
viscosity solution for a class of equations including (ICT) with a given continuous
periodic initial condition. Our result is a generalization of [, Section 8, 9] to the
equation with spatially inhomogeneous driving force. Notion of viscosity solutions
to () with o depending on z is introduced in [I5], where a comparison theorem
is established. The authors of [I5] also show some existence results by showing that
a special semi-explicit variational solution studied in [I7] is a viscosity solution but
their initial data is very restrictive. We also point out that in a recent paper by
Chambolle and Novaga [d] the authors establish short-time existence for (IZ2) by
time-discrete implicit scheme, which is introduced in [5], [3]. Our argument based
on the theory of viscosity solutions is completely different from theirs and can be
applied to a fully nonlinear equation.

Following [15], let us consider an energy functional which formally equals

a[f] = /T (W(fs) — o f)d

for a smooth function f; we assumed a periodic boundary condition so that T =
R/wZ with w > 0. Let °®[f] be the canonical restriction of the subdifferential
O®[f] in the Hilbert space H := L*(T), i.e.

0°®(f] = arg min {| ||z | X € 02[f]} .
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As mentioned in [IT], the above minimizing problem is equivalent to an obstacle
problem: The condition A € —9®P[f] holds if and only if A is of the form A = &’ such
that £ € OW(f,) + Z a.e. on T, where Z is a primitive function of o, i.e. Z, = 0.
Therefore, we minimize

(1.3) {/r |¢')?dx | € € OW (f) + Z ae. on T} :

There might be a chance that there is no such ¢ satisfying £ € OW (f,,) + Z a.e. on
T. We need to require special structure to guarantee the existence of such £. A
sufficient condition is that f is flat (facet) on a nontrivial interval (called a faceted
region) containing each fixed point 2 whenever W has a jump at f,(x). Such
a function f is called a faceted function and we see that (IZ3) admits a unique
minimizer £ for a faceted function f since the problem is convex. It is natural to
guess that & gives a candidate for the value of the nonlocal curvature

Ay (f)(@) = (W' (f2))e + o ().
Based on this observation we establish a notion of viscosity solutions to ().

We prove the existence theorem by Perron’s method, which is standard in the
theory of viscosity solutions for regular equations; we refer the reader to [I¥], [i].
In our problem, however, it is necessary to modify a smooth faceted test function
keeping its property. In the previous work [I7] it suffices to modify the test function
outside the faceted region. However, this method heavily relies on the fact that the
nonlocal curvature A, (f) is constant on a faceted region when o is independent of
x.

The main idea to solve this problem is to find a small effective region which
determines the quantity of the nonlocal curvature. We construct a modification as
in the previous work [I2] using the effective region instead of the faceted region.
Then the argument works well for our setting with the spatially inhomogeneous
driving force term o.

This paper is organized as follows. In Section B we recall the definition of faceted
functions and the nonlocal curvature Af;, and define generalized solutions for the
equations. In Section B we describe how to construct an effective region and modi-
fications for test functions. In Section B we prove Perron type existence theorems
and Section B is devoted to proving the existence theorem for periodic initial data.

2. DEFINITIONS OF GENERALIZED SOLUTIONS

In this section we recall some notions of functions and the nonlocal curvature
v introduced in [I8, Section 2] and define generalized solutions for fully nonlinear
equations of the form

(2.1) us + F(t, ug, AYy(u) =0 in Q:= (0,T) x Q,
where T > 0 and € is an open set in R. We assume the following conditions
throughout this paper.
(W) Assume W is a convex function on R with values in R of class C? outside
a closed discrete set P and that its second derivative W is bounded in any
compact set except all points in P.
(S) The continuous function o = o(¢,z) on [0,T] x Q is Lipschitz continuous
in z uniformly with respect to t, i.e. there exists a constant L such that

lo(t,x) —o(t,y)| < Llz —y| forallte[0,T), z,y € Q.
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(F1) F is continuous on [0,7] x R x R with values in R.

(F2) F(t,p,X) < F(t,p,Y) forallt € [0,T],pe R, X > Y.

The discrete set P in (W) is either a finite set or a countable set having no accu-
mulation point in R. If P is nonempty, P is of form {p; };”:1, {p; }‘;‘;1, {p; }J_;’il or
{pj}32 o, where {p;} is a strictly increasing sequence p; < pji1 with lim;_,o p; =
oo and lim;_, o p; = —o0, and m is a positive integer. We often let o(t) denote
the function o(t)(z) = o(t,x) for t € [0,T). We say that a family of a func-
tions oy on (1 is equi-Lipschitz continuous if there exists a constant L such that
low(x) — or(y)| < Lz — y| for all t and z,y € Q. Our assumption (S) is equivalent
to saying that o(t) on Q is equi-Lipschitz continuous.

2.1. Faceted functions. We first define a notion of a faceted function.

Definition 2.1 (Faceted function). A function f € CY(Q) is faceted at a point
& € Q with slope p € R (or p-faceted at Z) if there exists a closed nontrivial finite
interval I = [¢;, ¢,] C 2 containing Z (i.e. ¢, ¢, € Q satisty ¢; < ¢, and ¢; <& < ¢,)
such that

fl(x)=p forallzel,
f'(@)#p forallze J\I

with some neighborhood J = (b;,b,.) C Q of I. The closed interval T is called a
faceted region of f containing . We say that a function f is P-faceted at & if f is
p-faceted at & for some p € P and let

Cp(Q) := {f € C*() | f is P-faceted at & whenever f'(&) € P}.

We also define the left transition number x; = x;(f, &) and the right transition
number x, = xr(f,Z) for a p-faceted function f at & by

)1 i ff < pon (b, a),
XL -1 if f' >pon (b,c),

_JH+1 if ff>pon
=121 if f/ <pon (¢,

Let R(f,Z) = [, ¢;] denote a maximal closed interval containing & on which f”
is constant, i.e.

¢ :=inf{zx € Q| f'(y) = f/(2) for all y € [z, 2]},
¢y =sup{x € Q| f'(y) = f'(2) for all y € 2, z]}.

The interval R(f,2) is nothing but the faceted region if f is a P-faceted function
at 2.

Remark 2.2. We note that a p-faceted function f at & agrees with an affine function

lp(x) = ple — &) + f(Z)
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on I = R(f,#) and that

41 i f >0, 0n (b a),
A if f < ¥, on (b,c),
(
(

_J+1 i f >4, on (¢, by
Xr = -1 if f <4, on (¢, by

);
)

2.2. Nonlocal curvature with a nonuniform driving force. We next recall
the definition of the nonlocal curvature for a smooth faceted function. Assume (W)
and that

(2.2) o is a Lipschitz function on .

For f € C3(Q) and & € Q define the nonlocal curvature A, (f)(%) as below.
On one hand, if /(%) ¢ P, we set
Ay (£)(@) = W"(f'(2))"(2) + o(2)
as expected. On the other hand, if p := f/(&) € P, i.e. f is p-faceted at &, the

definition is more involved since it is based on the obstacle problem (IZ3).
Let Z be a primitive function of ¢ and let

A =[0W (p)| = lim W'(q) — lim W(q).
q¥p

qTp

We also take the faceted region I = R(f,Z) = [c1, ¢,] and the transition numbers
X1 = Xl(fv i’)a Xr = Xr(fa 55) We note that
(2.3) Z e ¢Y1(I), A >0, Iis a nontrivial closed interval and x;, x, € [1,1].
For later convenience we have defined K for x;, x, whose values are in [—1, 1] not
necessarily in {£1}. Let K = Kfl’@’l be the set of all £ € H'(I) satisfying an
obstacle condition

Z(x) —AJ2<&(x)< Z(x)+A/2 forallzel

and a boundary condition

fla) = Z(a) —xid/2, &(er) = Z(er) + xrA/2.
We now consider the functional J = JXZZ’XAT’I on L*(I) defined by

"(z)]?dr i
J[ﬂ_{gf()d feck,

otherwise.

It is easy to see that K is a closed convex set with respect to H' norm and thus .J
admits a unique minimizer denoted by £ = ¢Z2-1.

An equivalent condition to being a minimizer of the obstacle problem is known.
Assume (23). For & € K define the upper coincidence set Dy and the lower

coincidence set D_ by
D = De() = {w € I &) = Z(x) £ A/2}.

We say that £ satisfies concave-convex condition if £ is concave outside the upper
coincidence set Dy and convex outside the lower coincidence set D_.

Proposition 2.3 (Characterization of minimizer). A function £ € K is the mini-
mizer of J if and only if £ satisfies the concave-convexr condition.
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This proposition is proved in the same way as in [I5, Proposition 2.2], which
shows the equivalence with the assumption x;, x, = £1, and so we omit it. Noting
that Proposition 223 in particular implies that the minimizer of the obstacle problem
¢ belongs to C%!(I), so we define

AZ (x:1,A)=E'(z) forx el

X1 Xr

The reason we write Z' instead of Z is that the derivative £ depends on Z only
through its derivative. Proposition P23 also shows that restriction of £ is also a
minimizer of an obstacle problem on the restricted domain:

Corollary 2.4. Let M = [c,¢;] C I be a nontrivial closed interval. Then,

ZM1 _ +Z,AM
S = fx{x; on M.

with
Xi = 2(E(a) = Z(a))/A, xp = 2(E(er) = Z(cer)) /A

Definition 2.5 (Nonlocal curvature). Assume (W) and (22). Let f € C3(f2) and
T e

(i) If f'(Z) ¢ P, then define

Afy () (@) = W (f( @) " (&) + o(2).
(i) If f is P-faceted at Z, then define
Ajy (F)(@) = AT, (5 1, A)

X1 Xr
with A = ‘8W(p)‘, I= R(f7j:)7 Xl = Xl(fajj)v Xr = Xr(fv‘%)'

We prepare several propositions on the nonlocal curvature.

Proposition 2.6 (Comparison). Assume (W) and (232). Let f,g € C3(Q) and
i€ Q. Ifmaxa(f — g) = (f — 9)(2), then

Ay (F)(2) < Ay (9)(2).

Proposition 2.7 (Continuity with respect to o and z). Assume (W) and let f €
C%(Q) and & € Q. Let y,yr € R(f,%) and equi-Lipschitz continuous functions o,
o on Q) satisfy yr — y and o — o uniformly. Then

AW (F)(yr) = A () ().
Proposition 2.8 (Continuity with respect to I). Assume (E3), xi,xr = %1,
A > 0. Let nontrivial intervals I = [c;,¢c,], I* = [cf,cF] of Q satisfy I* — I, i.e.
cf — ¢ and ¥ — ., and let y € I, yp € Iy satisfy yp — y. Then

ATy, (ks e, A) = AT (i 1, A).

XiXr
Proposition EZB-238 are immediate consequence of [IH, Theorem 2.8, 2.9, 2.12].

2.3. Admissible functions and definition of a generalized solution. We
recall a natural class of test function.

Definition 2.9 (Admissible function). Let I and J be open intervals in R. An
admissible function on Q := J x I is a function ¢ of the form
(2.4) e(t,z) = f(z) +g(t) onQ

with some functions f € C3(I) and g € C'(J). Let Ap(Q) be the set of all
admissible functions on Q.
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We are now able to define a generalized solution in the viscosity sense for the
singular parabolic equation (E). For a real-valued function w recall the upper
semicontinuous envelope and the lower semicontinuous envelope

u(t,w) = limsup{u(s,y) | (s,y) € Q. [s —t| + |y — 2 <&},
us(t, ) = liﬁ)linf{u(s,y) | (s,y) € Q, |s—t|+|y—z| <e}
for (t,x) € Q.

Definition 2.10 (Viscosity solution). A real-valued function u on Q is a viscosity
subsolution of (E) in Q if u* < oo in [0,7T) x  and

(25) el 2) + F(fou(f. 2). A (0(F, ) (@) < 0
whenever (£,7) € Q and ¢ € Ap(Q) satisfy
(2.6) max(u’ ) = (u* ~ ¢)(£,2).

A real-valued function u on Q is a viscosity supersolution of (E1) in Q if u, > —o0
in [0,7) x Q and

(2.7) er(f,2) + F(L, 0. (1), AR (p(F,))(2) > 0
whenever (£,2) € Q and p € Ap(Q) satisfy
(2.8) min(u. — @) = (u. - ¢)(F. ).

If w is both a subsolution and a supersolution, u is called a viscosity solution.

Hereafter we suppress the word “viscosity”. A function ¢ satisfying (Z8) or (£28)
is called a test function of u at (f,%).
The following propositions are easily derived.

Proposition 2.11 (Smooth solution and viscosity solution). We assume (W), (),
(F2). If p € Ap(Q) of the form (EA) with f € CA(Q) and g € C1(0,T) satisfies
(23) (resp. (Z=0)) for each (1,2) € Q, then ¢ is a subsolution (resp. supersolution)
of (£40) in Q.

Proof. We only show that ¢ is a subsolution. Fix ¢ € Ap(Q) of the form

P(t,x) = f(x) +g(t) on Q
with f € C3(Q) and § € C*(0,T), and suppose that

p(t,x) —(t,z) = fz) = f(z) +9(t) = g(t)

attains a maximum at a point (,1) € Q. We then see that f'(&#) = f/(&) and
g'(t) = §'(t). Moreover, Proposition I8 yields

AP (@) < AP () (@)
Therefore, we have
§ )+ P, (@), AZD(F) (@) < g'() + F (i, £'(2), AZD (£)(#)) < 0
by (F2) and (E3). O
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Proposition 2.12 (Addition by affine functions). Let u be a subsolution (resp.
supersolution) of (B) in Q and a,b € R. Then v(t,x) = u(t,z) —ax — b is a
subsolution (resp. supersolution) of

v+ F(t, v +a,Afy (v)) =0 in Q,
where Wy (p) = W(p+a).

In order to show the existence of a solution by Perron’s method we define a
local version of the notion of solutions. We say that a function ¢ € C(Q) is locally
admissible at a point (¢,4) € Q if ¢ is admissible on J x I with some bounded open
intervals I and J such that t € J C (0,7) and 2 € I C Q.

Definition 2.13. A real-valued function v on Q is a subsolution in the local sense
of (Z) in Q if u* < oo in [0,7) x Q and (ZH) holds for all locally admissible
p € C(Q) at (t,2) € Q satisfying (Z8). A supersolution in the local sense is
defined by replacing u* < 0o by u,. > —oo, the inequality (Z3) by (EZ2) and the
equality (E3) by (=) as before.

Lemma 2.14. A real-valued function v on Q is a subsolution (resp. supersolution)
of (23D) in Q if and only if u is a subsolution (resp. supersolution) in the local sense

of (1) in Q.

These facts can be shown by the same argument as in [T2, Section 6].

3. EFFECTIVE REGION AND CANONICAL MODIFICATION

In this section we construct an upper and lower modification f#¢ and fa .
for a faceted function f and a small number ¢ > 0. These modifications play an
important role in order to prove a Perron type existence theorem in the next section.

Definition 3.1. Let f € C(2) N CA(Q) satisfy f/(#) = 0 with an open interval
Q1 = (a,a,) CQand & € Q. Let

p1=sup{p € PU{—o0} | p <0} € [~00,0),

pe = inf{p € PU {0} | p > 0} € (0, 0.

Consider the case (i) f/(2) =0 ¢ P. We then define M = [d;, d,] by
d=d. =2z, ie M={i}
and set
fe(x) = f#(z) = f(z) + (z — &)* forz e Q.

Let us note that there exists an open neighborhood Qo = (b;,b,.) C 21 of & such
that

(3.1) 51 < fl(z) < % for all z € Qo,

3

(3.2) d; + 5

Consider the case (ii) f'(#) =0 € P, i.e. f is P-faceted at Z. Take the faceted
region [c1, ¢;] = R(f,Z) and the minimizer of the obstacle problem £. Define M =
[dla d?”] by

3

%

1

3
<b <d, dr<brgdr+@.

di =max{x < I |z € D_(&) U{a}},
dr =min{z >z |z € Dy (&) U{c }}.
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Take an open interval Qs = (b, b,.) C Q1 N J such that (B) and (B2) hold, where
J is the neighborhood of R(f,#) appearing in Definition Z0. Define f#¢ for each
€ > 0 as below: First set

fHe(x) = f(z) = f(2) forze M =][d,d,].
If d; € D_(§), set

fe(x) = f(z) + (x —d)* forzeQ, z<d.
If dy ¢ D_(§), that is d; = ¢; and d; € D4 (), set

f(d) = f(2) for z € [d; — e, di],
o) = flw+e) for x € [by,d; — €],
f@)+fbi+e)—f(by) forze, z<i.
If d, € D4 (§), set
fe(x) = f(z) + (x —d,)* forzeQ, z>d,.
If d. ¢ D, (), that is d, = ¢, and d,. € D_(&), set

fldr) = f(&) for x € [d,,d, + €],
) =< f(x—e) for x € [d, + ¢€,b,],
@)+ Fbp —€) — f(b) forz €, >0,

We call the function f#€ an upper canonical modification of f at & with an
effective region M and a canonical neighborhood 5. By a similar way we are able
to construct a lower canonical modification fu . with an effective region M and a
canonical neighborhood €a: Let —fx . be an upper canonical modification of — f
at Z.

The figures below illustrate how to construct the effective region M and the upper
canonical modification f# = f#° when f is P-faceted at & and x; = x, = —L1.
While Figure 0 indicates the case d; € D_(&) and d, € D4 (), Figure B shows the
cases d; € D_(¢) and d, ¢ D (§).

The upper and lower canonical modification fulfills

Proposition 3.2. Assume (W). Let Q1 = (a,a,) C Q be an open interval. For
F€CQ)NCE(N) and & € O satisfying f'(2) = 0, let f¢ be an upper canonical
modification f# (resp. lower canonical modification f#°) with effective region
M = [d;,d,] and a canonical neighborhood Qo = (b;,b,) and let s = 1 (resp. s =
—1). Let y,y. € M, yr € Q and equi-Lipschitz functions o, oy, satisfy y- — vy,
Yk — y and o — o uniformly. Then the conditions

(3.3) f e c(Q)n CE(Q),
(3.4) sfe>sf onQ\ M,
(3.5) 91{152 s(f*=f)>0,
(3.6) [ ) = fly) = f(@),
(3.7) lim ()" (y) = (/)" (9);

(3-8) (f9)' () = f'y) = f'(2) =0,
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(3.9) timsup sAGE (£4) () < s (F) 1)
hold for all e > 0 small enough, and

(3.10) AG (f9)(92) = AR (N)(y) ase =0,
(3.11) SA% (F)(y) < sAGy ()(#)

hold.

Proof. We only consider the case f& = f#° and s = 1. Since it is easy to verify
the conditions (B33)—(B) in the case (i) (&) = 0 ¢ P, we only consider the case
(ii) f is P-faceted at &. The conditions (B3)—(BR) are shown by the definition of
the canonical modification.

Show (B). Take a subsequence k; such that

Aw? (F#) (yn,) — limksup AT (F75) (yn)-

Since Proposition 24 implies

AY (F59) (yw,) = Ay (F7) ()

provided that y,, € R® = [¢f,cf] := R(f#*, &) for each j, we may assume that
yr, ¢ R°. Also it is enough to consider the case yy, < ¢j. Hence,

A’ (F#9) () = W (H9Y (o D) () + o, (o)
— o(y).

\

N

FIGURE 1. Construction of M and f# = f#=< (case d; € D_(¢)
and d, € D4 (§))
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FIGURE 2. Construction of M and f# = f#°< (case d; € D_(&)
and d, ¢ D, (€))

Since yr, — y € M C R, we observe that

ych =d € D—(§€)7

. L Z,A,R®
where £° is the minimizer of the obstacle problem {X;X,’R
IAr

A= ‘8W(O)‘7 k* = X; = Xl(f#’ewfj% X{r = Xr(f#757j;)' NOting that 58 —-Z+ A/2

attains zero minimum at y, we have

o(y) < Agy (F%9) (),

with a primitive Z of o,

and hence
tim sup AT (£5) () = lim Ay” (F) () < ARy (F79)(0):

Show (m) Write R = R(f7 i‘)a Xl = Xl(fai‘)v Xr = Xr(f, j?) so that g = Z’A’R.

X1 Xr
Also note that x; and x/. are independent of ¢. It follows from Corollary 22 that

Ay (F)(y) = AL, (yi R A) = AT, (y; M, A).
Since R® — M as € — 0, we see by Proposition IZ8 that
Afy (F59) (ye) = Ao (yes RS, A) — AL (5 ML A) = ATy (f) (1)

Since y ¢ D_(§) for all y € [,d,), we see that £ is concave on [Z,d,]| by the
concave-convex condition of £&. By a similar argument we see that £ is convex on
[d;, &]. Therefore we obtain (BI) for all y € M. O
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4. PERRON TYPE EXISTENCE THEOREM

In this section we show Perron type existence theorem. Let 2 be an open set in
R and Q= (0,T) x Q.

Theorem 4.1 (Perron type existence). Assume (W), (S), (F1), (F2). Let u~ and
ut respectively be a subsolution and a supersolution of (Z) satisfying

(4.1) u” <utin Q, (u ). > —o0, (uT)* <ooon[0,T) x Q.
1) Then, there exists a solution w of (E) satisfying

(4.2 uw <u<uT in Q.

(
2)
(2) Moreover, if
(4.3) o(t,r +w) =o(t,x)

(4.4) u(trt+w)=u (t,x), ut(t,r+w)=ut(tm)
for all (t,x) € Q with w > 0 and Q = R, then there exists a solution u of
(E) satisfying (E2) and
(4.5) u(t,r +w) =u(t,z) forall (t,z) € Q.
We divide the main part of the proof into two lemmas.

Lemma 4.2. Assume (W), (S), (F1), (F2). Let S be a nonempty family of sub-
solutions (resp. supersolutions) of (E1). Define

u(t,z) = sup{v(t,z) | v € 8§} (resp. v(t,z) = inf{v(t,z) |v € S})

for (t,x) € Q. Assume that u* < oo (resp. v, > —00) in [0,T) x Q. Then u is a
subsolution (resp. supersolution) of (E70).

Lemma 4.3. Assume (W), (S), (F1), (F2). Let S be the set of all subsolutions u
of (E) satisfying v < ut in Q with a supersolution u™ of (E). If u € S is not
a supersolution of (E) and satisfies u, > —oo in [0,00) X §2, then there exist a
function v € S and a point (s,y) € Q such that u(s,y) < v(s,y).

We first show the Perron type existence theorems under the assumption that
Lemma B2 and =3 hold.

Proof of Theorem F1. we shall show the part (1). Let S be the set of all subsolu-
tions v of () satisfying v < u™ in Q. Note that S is not empty since u~ € S.
Define
u(t,z) =sup{v(t,z) |v e S} for (¢t,z) € Q.

We then have u~ < u < u* in Q, which implies u, > (u™ ). > —oo0 and u* <
(uT)* < oo on [0,T) x Q. We hence see that u is a subsolution by Proposition B22.
We next claim that u is a supersolution. If u were not a supersolution, Proposition
B3 would imply that there exist v € S and (s,y) € Q such that u(s,y) < v(s,y),
which contradicts the maximality of u. Therefore, we conclude that u is a solution.

It remains to show (EH). Note that for v € S the periodicity conditions (E=3)
and (E4) imply that 9(t,z) = v(t,z £ w) € S. Hence, we see that

u(t,z +w) =sup{v(t,z +w) | v € S} =sup{v(t,z) | v € S} = u(t, x).

The proof is now complete. ([l
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We next show the lemmas. We note that being a subsolution is equivalent to
being a subsolution in the local sense by Lemma EZT4.

Proof of Lemma F-8. We only show that u is a subsolution (in the local sense). Fix
a point (£,#) € Q and a locally admissible test function ¢ € C(Q) at (f,Z) such
that (23) holds. Our goal is to show (E3). Since ¢ is locally admissible, there exist

f € C3() and g € C*(I) with open intervals €, and J such that
(46) et z) = f(z) +g(t) on Qi :=Jx 0,
’ R(f,2) c cQ, teJc(0,T).

We may assume that

(W =) ({,2) =0, @u(f,&) =0
Therefore, the desired inequality (23) becomes
(4.7) o)+ F(E0 AT (@) <o,

which we should show.
We now let ¢ € C(Q) be an Ap(Q2) function such that

(4.8) Yp=¢ponK, 1¥>ponQ\K, Qi{g(w—sobo
2
with a closed set K and an open set Qo satisfying
(2,6) e K C Qo C Q.

The function % is to be determined later. By the definition of the upper semicon-
tinuous envelope there exists a sequence {(tg, sx)}ren C Q2 such that

(tn, o, u(te, xp)) — (£, &, u*(f,2)) as k — oo.
By the definition of u there exists {vi}ren C S such that
Uk(tk,l‘k) > u(tk,xk) — l/k

and so
vk (tr, zp) — u*(t, %) as k — oo.

Taking a maximizer (sy,yx) of v; — ¢ on Qa, we observe that

(k)" =)ty z) < ((06)" = ¥) (S yk) < (u* — ) (Sks Yi)
for each k. Sending k — oo yields

where
(5,y) = lim (s, yx) € Q2
k—o0
by taking a subsequence if necessary. We see that (5,7) € K and (sg,yi) € Q2 for
sufficiently large k. We also note that

max((ve)” —9) = ((ve)™ = ) (s y),

i.e. ¢ is a test function of vy, at (sk,yx) by the last inequality of (ER).
Let f#+ be an upper canonical modification of f at & with effective region M
and canonical neighborhood Qs C 4 for € > 0. We then see that

W(,t) = [F(x) + g(t) + (¢~ 1)°
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is an admissible function on a set Qs = J x Q3 C Q; and that (E=) holds with
K = {t} x M by Proposition B2. By the above argument we have v{ € S and
(s%,y5) € Q2 such that

(s yik) = (1,
at

¢
and 1 is a test function of v{ at (s

(4.9) g'(s5) + 255 — 1) + F(si, (F) (), AR (F#9) (7)) < 0.
Proposition B2 implies that

yo)e{ty x M as k — oo
g
ko

y%). Since v§ is a subsolution, we have

lim (f%°)'(y7) = f'(2),

k—o0
lim lim sup A%Si)(f#’s)(yi) < A%t)(f)(@)-
e=20 koo

Therefore, it follows from (M) that (B22) holds by (F1) and (F2).
We conclude that u is a subsolution. O

Proof of Lemma F=3. Since u is not a supersolution, there exist (Z,#) € Q and a
locally admissible test function p € C(Q) at (£,#) such that (Z8) and

(4.10) e(f. )+ (il 0a(1,2), AT (o2, ) (@) < 0
hold. Since ¢ is locally admissible, there exist f € C2(Q4) and g € C(J) with

open intervals €7 and J such that (E8) holds with Q; := J x ;. We may assume
that

I
i
&
Qo
=1
o~
S
Il
£
*
—
>
N
\
i
—
>
S~—
8
H
=
D
=
S
o
=
\.('D

by Proposition 212 with a = ¢, (¢, &
the inequality (E-10) becomes
(4.11) g/(0) + F(,0. A7 ()(@) < 0.

Take a lower canonical modification f4 . of f at & for € > 0 with effective region
M and canonical neighborhood Q22 C ;. Set

() = fael@) +g(t) — (t = 1)

We now claim that

(4.12) Gelt, ) + F(t,a (8, ), A (0(t, ) () <0,
(4.13) g(t) =2t =) + F(t, (f.0) (@), A3 (f.0) (@) < 0

for all (t,z) in some neighborhood of K := {t} x M choosing ¢ small enough.
Indeed, since Proposition B2 implies that

t
N(t2) = AR (f.0) (@)
is lower semicontinuous at each point of the compact set K, we see that for every
m > 0 there exists an open set Q3 D K on which the inequality

A%(t,x) > min A* —m
K

holds. Choose y. € M such that (Z,y.) is a minimum point of A\* on K = {{} x M.
Proposition B2 implies that

A (f)(@) > AP (£)(@) — m
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for all (¢,x) € Q3 with small € and m. Since Proposition B2 also implies that

|(fge) ()] < m,

it follows from (E9) that (E13) and so (EI2) holds on Q3 by (F1) and (F2).

We next claim that ¢ < (u™), in Q3. First note that ¢ < ¢ < u < u™ and so
P < (uh),. Mp(t,z) = (uh)«(t,x) at some point (t,z) € Qz, then ¢ would be a
test function of the supersolution u™ at (¢,z). Hence,

Yelt,x) + Ft, 0 (t,2), AR (0(t,)) () > 0,

which contradicts to (12).
Take a bounded open set Q4 such that K C Q4 and Q4 C Qs. Letting oy =
info, ((u™). — ) > 0, we have

Y+o1 < (uh), in Q.
Since fx.. < f on Q9 \ M by Proposition B2, we also have
Y+oy<u, inQs\ 9y

with oy = infg,\ 0, (ux — 1) > 0. Define a function v by

o(t,z) = 4 ax{(t2) +oyult )} for (1 2) € O,
T utte) for (t.a) ¢ Qs.

with 0 = min{oy,02}. We show that this function v is a desirable function in the
statement of this lemma.

Note that v > w. In addition, since (u, — v¥)(f,&) = 0, there exists (s,y) € Q4
such that (u —)(s,y) < o, which implies

v(s,y) > u(s,y).
Since
(u)(t,z) if (t,x) € Qq,

Yt x)+0 < {u*(t,l‘) if (t,2) € Q3 \ Qu,

and v < uT in Q, we have

v=u on Q)\ Qy,
v<ut in Q.

Noting that ¢ is a subsolution of (ETII) in Qg, we see that v is a subsolution of (1)
in Q3 by Lemma EZTI2 and B2. Therefore, if we admit the next lemma, we have
w € S and so the proof is finished. (I

Lemma 4.4. Assume (W), (S), (F1), (F2). Let u be a subsolution of (E1) in Q.
Let w be a function defined on Q such that w > w in Q, w = u in Q\Vg, and w
is a subsolution of (E1) in Ny with open rectangle sets Ny = Jy X I, No = Jo X I
satisfying No C N1, N1 C Q. Then w is a subsolution of (22) in Q.

In the classical setting, say P = (), this is easy to prove; if a function is a solution
in two domains, then it is a solution in their union. However, this assertion on
locality of solutions is not true for our equation (E) in general.
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Proof. Fix a point (£,4) € Q and a locally admissible test function ¢ € C(Q) of w
at (£,2), i.e. maxg(w* — ¢) = (w* — ¢)(£,2). Since ¢ is locally admissible, there
exist f € C3(Q) and g € C'(J) with open intervals 2; and J such that (EB)
holds. We may assume that

)
by Proposition 12 with a = o, (f, &
show (B7).

It is enough to consider the case

(t, &) € No,  o(t, &) > u(t, );

otherwise, ¢ is a test of the subsolution v and so we have (BZ4). We may also
assume that f is P-faceted at & and R(f, &) is not contained by I;; otherwise, (EZ10)
holds since w is a subsolution in Nj.

Let f# = f#+ be a upper canonical modification of f at & with effective region
M and canonical neighborhood Q25 C Q7. Set

G(z,t) = fF(x) +g(t) + (t — ).
We then observe that
V> >w >u* in Q\ {t} x M.

Let us assume for the moment that 1 (f, z9) = u*(f,2) at some zy € M. Then,

since 1) is a test function of the subsolution u at (¢, z¢), we have
g () + F( (%) (20), AR (%) (0)) < 0.
Proposition B4 yields (B24) by (F2). Therefore, we have
(4.14) Y >u" in Q
We now take a faceted function whose faceted region is contained in I7; set
@) +klz—calP(z—al—1) forzeQ z<q
(@) = f#(x) for x € [c;,¢/]
f(x) +klr —c.P(Jx — .| = 1) forz e Q, z>c,,
where Iy C [¢1,¢,;] C I; and k > 0. Note that
Bit,2) = FE@) + g(t) + (¢ - D)
is locally admissible in N;. Taking k& small enough, we have
¥ >u* for (t,x) € Q
by (B4). Noting that
w=uin Q\ Ny, ¢ =1 in I x [¢,¢;] D Na,
we see that maxg(w* — ) = (w* — ¥)(£,2). Since 1) is a test function,
o) + F(E, (%) @), 077 (7)(@)) < 0.
Note that Proposition P8 yields
AFD(F#)(@) < AR (F#) (@),
Therefore, we have

g &)+ F(E (7Y (2), A5 (£#)(2)) <0,
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which gives (£22). O

5. EXISTENCE THEOREM FOR PERIODIC INITIAL DATA

In this section we prove an existence theorem for the equation () with periodic
boundary condition and initial condition. In order to utilize the Perron type ex-
istence theorem (Theorem ETM) we construct a subsolution v~ and a supersolution
uT with given initial data; for a general strategy; see [I].

Lemma 5.1 (Existence of sub- and supersolutions). Assume (W), (S), (F1), (F2)
with Q = R. Also assume that ug is a bounded and uniformly continuous function
on R and o is bounded. Then, there exist an upper semicontinuous function u™
and an lower semicontinuous function u~ on Q such that ut and u™ respectively
are a supersolution and a subsolution of (E) in Q and

u (0,2) = ug(z) = ut(0,2), u (t,z) <ug(z) <ut(t,z)
holds for all (t,x) € Q. Moreover, if
(5.1) uo(x + w) = up(x),

then u*

can be taken so that it is spatially periodic with period w, i.e. (E4) holds.
We show this existence theorem as in [2, Section 9].

Lemma 5.2 ([i2, Lemma 9.5]). For each § € (0,1/2) and M > 0 there ezists
V =Vsm € C3(R) such that

(5.2) V>0, V'>0mR, V(0)=0, V(z)>M forl|z| >4,

/ _ q fOT‘Z S 717
(5.3) V'(z) = {q, for s o 1

with some q,q" ¢ P.
‘We need to show

Lemma 5.3. Let V € CA(R) be such that V' > 0 and (633) holds with some
q,q' ¢ P. Then for B € R large enough

(5.4) VT(t,x) = Bt +V(z)

is a supersolution of (E) in (0,T) x R.

Proof. We first claim that

(5.5) C = sup {\A;V“) (V)(@)] | (t,2) € Q} < 0.
Note that V'(z) € [g,¢'] for z € R and

sup |[V"| = sup |V"| < oo.
R [7171]

Moreover, we have

sup |[W'(p)| < o0, suplo| < oo.
pEla,a'N\P Q
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Therefore, for each (t,z) € Q with V/(z) ¢ P we observe that
AR (V) (@)] < W (V! @)I[V" ()] + ot )]

< sup |W"(p)|sup|V"|+ sup|o| < cc.
pEla,g'\P R Q

(5.6)

We shall show that
¢ i=sup { AT (V)(@)] | (1,2) € Q, V/(w) = p} < o0

for each p € P. Indeed, since a faceted region R = {x € R | V'(z) = p} is a bounded

closed interval, Proposition P72 implies that (¢,x) — A%t)(V) (x) is continuous on

[0,T] x R, and so ¢, < co. We note that the number of faceted regions of V is

finite, i.e. PN [q,q’] is finite by (W). Hence we have

(5.7) sup {|A%§t)(V)(x)| | (t,z) € Q,V'(z) € P} = sup ¢, <o0.
pEPN[g,q']

Combining (60) and (677), we obtain (553). Moreover, we see that

F(t,V'(z), AZD(V)(2)) > inf F = —By > —o0.
(t, V'(x), Ay (V)(x)) > A 0
Therefore, V' in (B4) is a supersolution of (21) for B > By. O

Proof of Lemma BZ. Let § be a modulus of continuity of up; § is a continuous
nondecreasing function on [0, 00) with 6(0) = 0 such that

luo(z) —uo(y)| < é(jx —yl) forz,y € R.
By Lemma 532 and 533 take Vs = Vs s € CA(R) and Bs > 0 for small § and M =
max uo — min ug satisfying (52) and that V" (t,z) = Bst + V() is a supersolution
of (). Define
uig(t,x) = V;(rg)(t»x =& +uo(§) +¢

for small € > 0 and £ € R. Note that u;g is a supersolution of (EI) and

ule(t:2) 2 Vi) (@ =€) +uo(€) +e.
On the case |£ — 2| < d(e) we observe that
ul (t, ) > uo(€) + & > uo(x);
on the other case
ul () > M +ug(§) > uo(x).
Therefore, Lemma E=2 implies that

T(t,z) := inf Tt
wHte) = inf uleltio)
is an upper semicontinuous supersolution of () satisfying u™ > ug. Moreover,
since
uZI(O,x) =ug(z) + & = ug(z) ase— 0,
we have u™(0,2) = ug(x) for all z € R. Under the assumption that ug is periodic
we see that

ut(t,r +w)= inf (%Ts)(t,w+wf§)+uo(§)+€)

e>0,£€eR
— : + _ 4
= 5>g,1§feR(V5(E)(t’x & +up(§+w)+e)=u"(tx).

The same proof is valid for existence of a subsolution u~. O
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Combining Theorem B0 and B we have

Theorem 5.4 (Existence theorem for periodic initial data). Assume (W), (S),
(F1), (F2) and (B3) with @ = R and w > 0. Let uy be a continuous function
satisfying (B). Then there exists a solution u of (E) satisfying (E3) and

u(0,2) = u(zx) forallz € R.
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