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Abstract

We study the initial-value problem for a Hamilton-Jacobi equation whose Hamiltonian is dis-
continuous with respect to state variables. Our motivation comes from a model describing the
two dimensional nucleation in crystal growth phenomena. A typical equation has a semicontinu-
ous source term. We introduce a new notion of viscosity solutions and prove among other results
that the initial-value problem admits a unique global-in-time uniformly continuous solution for any
bounded uniformly continuous initial data. We also give a representation formula of the solution as
a value function by the optimal control theory with a semicontinuous running cost function.
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1 Introduction

We consider the initial-value problem for the Hamilton-Jacobi equation of the form

Ou+ H(z,Vu) =0 in R*"x(0,T) =: Q, (1.1)

(HI) { ult=0 = uo in R", (1.2)

when the Hamiltonian H is discontinuous in space variable x € R™. Here Vu denotes the spatial

gradient, i.e., Vu = V,u = (O, u, .. .,0,, u). A typical example we consider is the case when
H(z,p) = =|p| —cl(z) (c>0) (1.3)
with
=4y (o)
where | - | stands for the standard Euclidean norm in R™. In other words, the source term can be

discontinuous. Our main goal is to introduce a suitable definition of weak solution (by extending the
theory of viscosity solutions) so that the initial-value problem admits a unique global-in-time solution
for a general bounded Lipschitz continuous initial data ug € BLip(R"™) or even just bounded uniformly
continuous initial data ug € BUC(R™).

Our motivation comes from crystal growth phenomena. One of key mechanisms of crystal growth is
the two dimensional nucleation ([5, 22]). This growth is started by external supply of crystal molecules
for a flat face. Such a source of supply is called a step source. The other mechanism is the spiral growth
([5]). According to [23], some high-temperature superconductor provides such a model and the authors
proposed a macroscopic model including (1.1)—(1.3) approximating spiral growth on a crystal surface.
Both situations can be modeled by Hamilton-Jacobi equations with discontinuous source terms if we
interpret the phenomena in macroscopic point of view.



Let us consider the typical case that there is a step source only at the origin and crystals grow at
the uniform velocity 1 horizontally. Assume that the step source supplies crystal molecules at a rate of
¢ (> 0) and let u(z,t) be the height of crystals at position x € R™ and time ¢ € (0,T). (See Figure 1.)
Then, the horizontal outward growth rate of crystals is given by 0yu/|Vul. Since the horizontal growth
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Figure 1: The step source at the origin.

speed is one, we have
Ou = |Vul

provided that Vu # 0. However, this equation does not include the effect of step sources. It is natural
to postulate that the growth rate O;u at the origin should increase by ¢ due to the step source. The
resulting equation is formally of the form

O — |Vu| = cl(z). (1.4)

The corresponding Hamiltonian (1.3) is not continuous but lower semicontinuous. The equation (1.4) is
a Hamilton-Jacobi equation with a discontinuous source term. The physical intuition suggests that

u(z, 1) = c(t — |z[)+ (1.5)

is a solution for (1.4) when the initial-value equals zero (see Figure 2), where a denotes the positive part
of a € R, i.e., ay = max{a, 0}. Such a “solution” is proposed in [19, 23] by variational principle. The
function u is also obtained via approximation. More precisely, if we consider approximate Hamiltonians

H*(z,p) = —|p| — eI (x) (1.6)

with

IF(z) = (1 - |§|>+ (1.7)

for € > 0 and solve (HJ) with H® and uo = 0, it turns out that the unique viscosity solution of the
approximate problem uniformly converges to u¢ as € |, 0. (See Example 3.2 for more details.) However,
it is an important issue how to characterize u°.

Unfortunately, we cannot expect the uniqueness of solutions for (1.4) even in Ishii’s sense of viscosity
solutions [18], where a discontinuous Hamiltonian is treated. Indeed, u¢ is a solution but u®(z,t) :=
a(t — |z|)+ for a € [0,¢] is also a solution with the zero initial data. This is caused by an inadequate
effect of the discontinuous term. More precisely, in the standard definition of supersolutions we use the
upper semicontinuous envelope of H, that is H*(x,p) = —|p|, but then the term cI(z) disappears which
is a key term of our equation (1.4). Hence, in order to guarantee the uniqueness we must introduce
some proper notion of supersolutions reflecting discontinuities and keep the notion of a subsolution in
a standard way. Instead of using H* we are tempted to define a supersolution (D-supersolution) by
requiring

T+ H(#,p) 20 forall (2,) € Q and (p,7) € D™ u(#,1), (1.8)
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Figure 2: The intuitive solution of dyu — |Vu| = I(x), ug = 0.

where D~ u denotes the subdifferential. However, u® is a D-supersolution no matter how « € (0, ] is

taken. We are led to introduce a notion of D-supersolution by replacing D~ w in (1.8) with D wu, a kind
of “closure” of D~u. We shall establish a general comparison principle for D-super- and subsolutions.
Applying this comparison principle we are able to establish a comparison principle for Lipschitz contin-
uous D-super- and subsolutions for (1.4). The reason we need Lipschitz continuity is that our general
comparison principle needs continuity of H in x for large |p| which excludes (1.4).

We next discuss the existence problem. Unfortunately, the intuitive solution u¢ in (1.5) is not a D-
supersolution. We have to weaken the definition of supersolutions by regarding the infimum of a family
of D-supersolutions as a “supersolution”. We call such a supersolution an envelope supersolution. By
definition we have a comparison principle for envelope super- and subsolutions. In this way, we introduce
a notion of an envelope solution (envelope super- and subsolution) and construct a global-in-time solution
by approximating equations with continuous Hamiltonians. It turns out that the envelope solution is
a proper notion of the solution. Indeed, it is easy to see that u® is a unique envelope solution of (1.4)
with the zero initial data. Moreover, we show that our solution preserves the Lipschitz continuity and
uniform continuity of the initial data if Hamiltonian is coercive. Thus the envelope solution is unique
for Lipschitz continuous initial data. Moreover, by a suitable approximation argument one is able to
conclude that the envelope solution we constructed is unique even for bounded uniformly continuous
initial data. The typical H(x,p) we are concerned with is

H(z,p) = Ho(x,p) — (), (1.9)

where Hj is a continuous coercive Hamiltonian and r is a bounded lower semicontinuous function. No
convexity (concavity) assumption on p — H(z,p) is imposed, though our example (1.3) is concave in p.
In this case, we prove that there exists a unique uniformly continuous envelope solution for all bounded
uniformly continuous initial data (Theorem 3.22).

The name “an envelope solution” was also introduced in [2] and [1] in order to deal with boundary
conditions. They considered equations with continuous Hamiltonians, and defined the notion of envelope
supersolutions as the infimum of standard viscosity supersolutions. Except on the boundary their
envelope supersolution is a standard viscosity supersolution since the infimum of supersolutions in
a domain is known to be a supersolution. Different from their solutions, our envelope solutions for
discontinuous Hamiltonians may not be a D-supersolution.

In the argument above we obtain the unique existence result for a Hamiltonian with the form (1.9)
only when it is coercive. This is caused by a limitation of our comparison principle. In order to
guarantee the continuity of H(z,p) in  for large |p|, we define a relazed Hamiltonian H by regularizing
the discontinuity of H. It turns out in several interesting examples that our envelope solution of (1.1)
is also an envelope solution of (1.1) with a relaxed Hamiltonian H which permits a general comparison
principle without assuming the Lipschitz continuity of solutions. Then, by regarding our envelope
solution of the original problem as that of the relaxed problem, we establish the uniqueness of the
envelope solutions but only for more restrictive Hamiltonians. Fortunately, this still applies the problem



with finitely many source terms. (See (1.10) with (1.11).) It turns out that the relaxed Hamiltonian
corresponding to (1.3) is R
H(x,p) = —|pl = (cI(z) = lp|)+,

which is continuous if |p| = ¢. (This Hamiltonian is coercive but very instructive to calculate H.) Also,
u® in (1.5) becomes an envelope solution of the relaxed problem.

If we consider the relaxed problem, there are more chance that an envelope solution is a D-solution.
We give its sufficient condition. Note that there still exists an envelope solution which is not a D-solution.

Our theory applies to more physically interesting examples including

Ou — |Vul = r(z), (1.10)

where r : R™ — R is bounded and upper semicontinuous, i.e., r € BUSC(R"). A typical example in
our mind is

N
r(z) = chl(x —aj) (¢; >0, aj € R", a; # a;(i # 7)) (1.11)
j=1

This is the case that the step source is distributed at several singletons. It turns out that the resulting
unique envelope solution with zero initial data is

u(a, t) = max c;(t = o = aj)+, (1.12)
]:

which tells us that the envelope solution is the maximum of solutions for each step source. As an another
example we have

r(z) = exs(z) (¢>0and S is a nonempty closed subset of R™). (1.13)

Then (1.10) means that the step source is concentrated at a general set S. Here xg is the characteristic

function of S, namely
1 (ze9),

Our theory guarantees the unique existence of envelope solutions of (1.10) for general bounded uniformly
continuous initial data. We are interested in establishing a representation formula of solutions based
on the optimal control theory. However, the traditional method can be applied only for continuous
equations. In this paper we adopt a discontinuous function appearing in our equation as a running cost
function and prove that our envelope solution can be given via the value function of this discontinuous
control problem under the some kind of controllability condition. Such an interpretation gives several
explicit representation formulas of solutions. For example it guarantees that (1.12) is an envelope
solution of (1.10) with (1.11) and ug = 0.
Our theory applies more general growth models including anisotropy. The typical form is

Oyu — |Vu|lU <|VVJ|L) o(z) = r(z). (1.14)

Here U(n) : S~ = {z € R" | |z| = 1} — R is the growth rate in the direction n € S"~! and —Vu/|Vu|
means the outward unit normal vector to the level sets of u. The function o : R® — R is called the
surface supersaturation. Since |p|U(—p/|p|) — 0 as |p| — 0 provided that U is continuous, (1.14) has
no singularity contrary to its seemingly singular appearance. The unique existence result for (1.14) is
included in Theorem 3.22.

When the Hamiltonian is non-coercive ([23, 26]), the problem becomes more complicated. We cannot
expect uniqueness results similar to the coercive cases. The difficulty may be seen from the following
two examples. The first one is

H(z,p) =—cl(z) (c>0), (1.15)



which means that there is no horizontal growth. Obviously u(z,t) = ctI(x) seems to be the solution when
the initial-value equals zero. However, the solution is not continuous and the uniqueness of solutions
breaks down in our definition as will be mentioned in Example 3.16. The second one is

~_Inl
L+ |p|

H¢(z,p) = —cl(z) (¢>0). (1.16)
This Hamiltonian arises in physical phenomena ([23]) where growth velocity is dependent on the gradient
of the crystal surface. For 0 < ¢ < 1 we show that there exists a unique envelope solution for any bounded
uniformly continuous initial data.

In [26] and [17] a step source is considered as a Dirichlet boundary condition. One may think
that our envelope solution of (1.4) coincides with a solution of the Dirichlet boundary problem with
u(0,t) = ct + up(0) at the origin. This guess is correct provided that a slope of the initial data is less
than or equal to c. However, if not, it turns out that the Dirichlet problem may give a different solution
from our problem with (1.3). We also discuss a relation to the dynamic boundary condition d;u(0,t) = c.

In this paper we mainly discuss the case when the given Hamiltonian H (z, p) is lower semicontinuous
with respect to . We here recall some preceding studies about the viscosity solution theory for PDEs
with discontinuous Hamiltonians. Shortly after the establishment of notions of viscosity solution, Ishii
[18] studied discontinuous Hamiltonians with respect to the variables ¢ and w. Discontinuities in the
space variable z are investigated in many other works later.

For the stationary problem, the equation of eikonal type was studied by Newcomb and Su [20],
Ostrov [21], Deckelnick and Elliott [10] and Soravia [25]. In [20] the authors considered the equation
H(Vu) = n(z). Here H(p) is convex, coercive and positive except at p = 0 and n is assumed to be
lower semicontinuous and positive. They introduced a suitable notion called Monge solutions, which, in
the case of continuous Hamiltonians, are consistent with the usual viscosity solution. Briani and Davini
[4] generalized the approach of Monge solutions for the equation H(x, Vu) = 0, where H(z,p) is only
assumed to be Borel measurable and quasi-convex in p. Although we did not check, we expect that
our envelope solution should agree with the Monge solution when the latter is available. The work by
Soravia [24] is related to our results concerning the optimal control theory. The author of [24] considered
the equation

Au(z) + sup{—(f(z,a), Vu(z)) — h(z,a)} = g(z)

a€A

with a Borel measurable function g. Here (-,-) denotes the standard Euclidean inner product. The
author established a general uniqueness result in the sense of lower semicontinuous solutions, which was
introduced by Barron and Jensen [3]. However, the uniqueness result does not apply to our setting since
the definition of solutions like lower semicontinuous solutions is not suitable for (1.4). The reason is that
it is impossible to choose the intuitive solution u¢ exclusively even if we impose an additional condition
about test functions from the opposite side no matter which definition of solutions (standard, D- or D-)
we use.

For the time-dependent problem, Camilli and Siconolfi [7] considered the equation dyu+ H(x, Vu) =
0, where the Hamiltonian H(x,p) is measurable in 2 and convex, coercive in p. The convexity is used
to guarantee the Legendre transform and the equivalence of a.e. subsolution and viscosity subsolution.
For discontinuity of different types, there are a few works on the equations of the form

O+ f(z,t)h(x, Vu) =0

with discontinuous f, which has important applications in front propagations. Deckelnick and Elliott
[11] obtained the unique existence of continuous viscosity solutions for the one space dimensional case
when f(z,t) = a(z) and h(z,p) = \/1+ p?, where a is assumed to be bounded, of bounded variation
and one-sided Lipschitz continuous. Afterwards Chen and Hu [8] studied a more general case when f
depends on t but h depends only on p. They assumed that f is positive, bounded and measurable and
h is non-negative and Lipschitz continuous. More recently, with the optimal control theory involved
De Zan and Soravia [12] discussed the unique existence of solutions when i depends also on = while f
is independent of ¢ and piecewise Lipschitz continuous across Lipschitz hypersurfaces. Our results are
therefore different from these above. The discontinuity of Hamiltonians we are concerned with is given
as a source term instead of the jump of propagating speed, which is also studied recently in [16].



For the second order equation, Caffarelli, Crandall, Kocan and Swiech [6] studied fully nonlinear
and uniformly elliptic PDEs by utilizing LP-viscosity solution theory. However, the situation is quite
different from ours.

This paper is organized as follows. In Section 2 we first define some notions of solutions. Then we
establish two types of comparison principles for D-solutions; a general version which excludes (1.4) and
a Lipschitz version which includes (1.4) but needs Lipschitz continuity of solutions. Section 3 is devoted
to existence problems of solutions. We prove that there exists a unique envelope solution of (HJ) when
H is coercive. Section 4 deals with relaxed Hamiltonians. After introducing the relaxed Hamiltonians,
we deduce a unique existence result of envelope solutions without the coercivity assumption. Also, we
discuss the existence of D-solutions. Section 5 is dedicated to showing some examples of envelope solu-
tions. We also mention the relation between our envelope solutions and solutions of Dirichlet boundary
problems.

2 Proper definition of solutions and comparison principles

2.1 Definition of solutions
We first recall the notion of super- and subdifferentials to define a viscosity solution. For v : @ — R
and (2,%) € Q we set a superdifferential Dgu(:%7 t) and an extended superdifferential bgu(i, t) by
Dgu(i,f)
={(p,7) eR" xR | 3¢ € C1(Q), max(u —¢) = (u—9)(,1), (p,7) = (Vo,09)(,0)},  (21)
Duli, f)
El{(xmvtm)}mGN - Qv EI{(pm»Tm)}mGN C R"™x Rv

=< (p,7) € R" x R | such that (pp,, 7m) € Dgu(mm,tm), (J;Z%,tm) — (2,1),
Py Tm) = (0, 7), w(@m,tm) = w(Z,t) asm — oo

, (2.2)

where N := {1,2,3,... }. We denote a subdifferential Dgu(Z, t) and an eztended subdifferential Dgu(&, 1)
by Déu(i,f) = ng(fu)(:fc,tA) and Eéu(i,f) = fﬁg(fu)(i,f). We can also define Dg, and D, by
replacing, respectively, max by min in (2.1) and D5 by Dg in (2.2). Index @ is often omitted. It is
known that DT and D~ are closed convex subset of R™ x R. (See [2, Lemma II.1.8.(a)].)

We call ¢ € C1(Q) a corresponding test function for (p,7) € Dt u(,t), where ¢ appears in (2.1). One
can take such ¢ as a separated form, i.e., ¢(x,t) = 1 (z) + g(t) with » € C*(R") and g € C1(0,T). (See
[15, Proposition 2.2.3.(i)].) Moreover we call {(2p,, tm), (Pms Tm) men C Q@ X DY u(xy,, ty) a defining
approzimate sequence for (p, ) € EJFU(:%,{), where (Z,, tm) and (P, Tm) are given in (2.2).

Definition 2.1. Let H = H(x,p) be a real valued function defined in R™ x R™ and let u be a real valued
function in Q.

(1) We call uw a (standard) viscosity supersolution (resp. subsolution) of (1.1) if u is bounded from
below (resp. from above) in Q@ and

T+ H*(2,p) 20 for all (&,1) € Q and (p,7) € Déu*(i,f). (2.3)
(resp. T+ H,(2,p) <0 for all (2,t) € Q and (p,7) € Dgu*(i,f).)
We denote by SUP(H) and SUB(H) respectively the set of all supersolutions and subsolutions of
(1.1).
(2) Ifu e SUP(H) (resp. w € SUB(H)) defined in Qo := R™ x [0,T) is continuous on R™ x {0} and

satisfies the initial condition (1.2), it is called a viscosity supersolution (resp. subsolution) of (HJ)

and then we write uw € SUP(H,ug) (resp. w € SUB(H,ug)).



(3) We say that u is a viscosity solution if it is both a viscosity supersolution and a viscosity subsolution.
Define SOL(H) := SUP(H)N SUB(H) and SOL(H,ug) := SUP(H,ug) N SUB(H,ug).

Remark 2.2. (1) For any subset L € RY and h : L — R we denote the upper semicontinuous
envelope (resp. lower semicontinuous envelope) by h* (resp. hy) : L — R U {£oo}, which is as
follows:

W (2) = limsup h(y) = limsup{h(y) | y € Bs(2) N L}

Yy—z
(resp. hi(z) :=liminf h(y) = 151&1 inf{h(y) | y € Bs(z)NL}) (z€L),
Yy—z
where B,.(z) stands for the closed ball with center  and radius 7. (We denote the open ball by
B,(z).) The function h* is characterized as the smallest upper semicontiuous function on L that

is greater than h on L, while h, is the greatest lower semicontiuous function on L that is smaller
than h on L.

(2) We can replace D, in (2.3) by EC; since H* is applied in the definition. This can be easily shown
by taking limits.

(3) Tt often assume one side local boundedness of sub- and supersolutions instead of global boundedness
in the literature. We impose the boundedness assumption to simplify the argument. Also, when
we think of the initial value problem (HJ), we require solutions to be continuous at ¢ = 0 for the
sake of simplicity.

Example 2.3. Let us consider (HJ) with (1.3) and ug = 0. It is easy to verify that functions u*(z,t) :=
alt —|z])+ (0 £ o £ ¢) are all viscosity solutions of this initial-value problem in the standard sense
above. We must therefore strengthen the definition of solutions in order to get uniqueness. As mentioned
in Section 1, we adopt a new definition in which H instead of H* is used in (2.3). However, notice that

in this case the definition by Dy and that by ﬁé are different.

Definition 2.4. Letu : Q — R. We call u a D-viscosity supersolution (resp. D-viscosity supersolution)
of (1.1) if u is bounded from below in Q and

T+ H(&,p) =0 for all (&,1) € Q and (p,7) € Déu*(i,f).
(resp. T+ H(&,p) =20 for all (2,t) € Q and (p,T) € ﬁéu*(:&,f).)

_ We denote by D-SUP(H) (resp. D-SUP(H)) a set which consists of all D-supersolutions (resp.
D-supersolutions) of (1.1). Moreover we similarly define a corresponding viscosity subsolution, solution,
solution of the initial-value problem, and set notations by marking D- or D-.

About three notions of supersolutions defined so far we have the inclusion relation SUP(H) D
D-SUP(H) D D-SUP(H) in general, and these sets are the same for upper semicontinuous H. Since we
mainly think of a lower continuous H, as for subsolutions we have SUB(H) = D-SUB(H) = D-SUB(H)

in many cases.

Example 2.5. We revisit the Example 2.3. How about solutions of our equation in the sense of D-
or D-solutions? Since there is no smooth function that touches u® from below at (0,%) (f > 0) when
a € (0, c], they all become D-solutions. (When « = 0, the function « = 0 is not a D-supersolution.) This
suggests that D-solutions are still not unique. For this reason we adopt D-solutions as a proper definition
for the moment, and we will show comparison principles for such solutions in the next subsection.

2.2 Comparison principles

We will show comparison principles (CP for short), which are important to prove uniqueness of solutions.
The following two assumptions are standard for usual CP.

(Hp) There exists a modulus wy € M such that |H(z,p) — H(z,q)| £ wi(|p —¢|) for all z,p,q € R".



(H,) There exists a modulus we € M such that |H(z,p) — H(y,p)| £ wa((1 + |p|)|x — y|) for all
z,y,p € R™

Here we denote by M the set of all moduli of continuity, namely
M :={w:[0,00) = [0,00) | w(0) =0, w is continuous at 0 and nondecreasing on [0, c0).}.

We still use (H,) now. Since we should treat discontinuous Hamiltonians with respect to the space
variable, we weaken (H,) in the following manner.

(Hyn) There exist a modulus wy € M and a constant N > 0 such that |H(z,p) — H(y,p)| £ wa((1 +
Ip|)|x — y]) for all z,y € R™ and p € R™ \ Bn(0).

This condition means that (H,) holds if |p| is large. Note that (1.3) does not satisfy (H,n).

Before stating our CP, we check that H satisfying (H,) and (H;n) is locally bounded in R™ x R™.
This fact will be used in the proof of CP. Since the local boundedness is clear in R™ x (R™\ By(0)), we
show that H is bounded in Bi(z) x By(p) for any (z,p) € R™ x Bx(0). Take any (y,q) € Bi(z) x B1(p)
and p’ € R™ such that N < [p/| £ N 4 1. Then, we calculate

|H(z,p) — H(y,q)| < |H(x,p) — H(z,p")| + |H(x,p") = H(y,p')| + [H(y,p") — H(y,q)|
< 2wi(lp =PI+ 1) +wa((1+ [p'])]x — yl)
< 2w (2N +2) + wa (N +2),

which yields our claim.

Theorem 2.6 (CP-general version). Assume that H satisfies (H,) and (Hyn). Letw and v: Qo — R
be, respectively, bounded from above and bounded from below in Q. Assume that u € D-SUB(H) and
ve D-SUP(H). If u*(-,0) £ v.(-,0) in R, then uv* < v, in Q.

Though our assumption for H is weaker than the classical one, our definition of solutions is stronger,
and so we can keep balance.

Proof. 1. Suppose by contradiction that there would exist (xg,t) € R™ x (0,T) such that u*(xg,t) —
v (T0,t0) =: A > 0. We define a function F : (R™ x [0,7])2 - RU{—o00} by

f(:c,t,y,s) = U*(l',t) - v*(y,s) - \Il(x,t,y,s)
. 1 9 9 a
with U(z,t,y, 5) i= 55 (Jo = y* + [t = ) + BF (@) + 77—,

where a € (0, A(T —tg)), 8 >0, >0 and f(x) = \/1+ |z — 202 — 1. Note that f >0, f € CL(R")
and |V f| £ 1. Also, by the choice of a;, we have

F(x0,t0, 2o, to) = u* (20, t0) — v+(20,t0) — > 0.

Tt

Since u and —v are bounded from above, F attains its maximum in (R" x [0, T)? at some (2,1, 9%, s°) €
(R™ x [0,T))?. Then, we see

F(2f,t%,y%,5%) = F(xo, to, o, to) > 0. (2.4)

2. Set M :=supg, u* +supg, (—v«) (< 00). Then we have Bf(x%) < M by (2.4), and hence {z°}.>0

is bounded. Furthermore, since we also have |2® — y®| £ v/2Me and [t° — s°| £ vV2Me by (2.4), we may
assume that there exists some (£,¢) € R™ x [0,T] such that

lim(a®, 4,7, 5°) = (2., 2,1). (2.5)

el0



However, since we have

<0,

it follows that # # 0 and £ # T.
3. We remark that

eJ0
< — F@t,a,0) + u* (2, 0) — v (8,1) — Bf(E) — TO‘ =0,
Hence
E _ € € €
im TV g i =
el0 g 0 g

Also, by (2.6) and the upper semicontinuity of F, we observe

Fla,t,2,1) < 11%nff(x€, t°,y°,5%) < limsup F(z°,t%,9%, s°) < F(a,1,2,1)
€ el0

)

which means
lifg}'(xe,ta?yiss) = F(Z,t,2,1).
£

This equality and (2.7) implies

Now, we also observe
u*(2,1) = limsup u*(2°,t°) = lim inf u* (2%, t°)
el0 el0
= lim%nf{(u*(xs, t%) — va (Y%, %)) + vi(y°, %)}

Consequently it follows that
li *etsz*AtA li *s’s:*A’tA.
;&W(x, ) = u*(&,1), E%w(y %) = vi(2,1)
4. We next calculate the first derivatives of ¥ at (z<,t°,y¢, s°).

1
p; = V:E\I/(I€7t67y678€) = ?(ajg - yE) =+ 6Vf(x€)7

1
pz = Vylp(xgvtevysasg) = 7872(586 - ys)’

g (> £ ' (> 1 £ £ «
T ::815\1/(‘7: Uy, s ):?(t - )+ (T_ts)ga
1
0 1= 05V (2%, 1%, 9%, %) = — 5 (t° — 5°).
€



By the definitions of D* we have

{(p;77—6) G DJF'LL*(I'E,tE), (2 9)
(=p5, —0°) € D7 v.(y%, 5%),
and therefore
£ £ £ g
7+ H(2%,p3) £0, (2.10)
—o® + H(y*,—p;) 20

since u € D-SUB(H) and v € D-SUP(H).
Here we discuss two different cases for subsequences of {pz}€>0:

There exists a sequence {e(j)}jen such that e(j) J 0 (j — o0) and

Case 1: \pz(j)| — 00.

Case 2: pz(j) — —p for some p € R".

We will reach to contradiction for both cases. From now on we simply write ¢ for &(j).
Case 1. In terms of (H,y) it is enough to apply the classical method. Combining two inequalities
in (2.10), we have

T = WS ) = HG =) + {H G —p;) — Hp2))

Letting € small and applying (Hyn) and (H,), we compute

«Q
T—t2 < wo((1+ [P D]z — y°) + wi(|ps + pgl)

—n (1o =1+ 31" =57 ) + a8V

Sending ¢ | 0 in the above and using 1/72% < 1/(T — )2, we obtain o/T? < w (B|V f(2)|) £ wi(B). This
is a contradiction for very small 8.
Case 2. By (2.10) we see

(%

Ty HHE ) S S B ).

Thus we may assume that ¢ converges to some —7 as € J 0 by the local boundedness of H. Now, since
(2.5), (2.8) and

: s € € e\ _ — ~ _ « _
lslﬁ)l(pxﬁ 1 Dys 0°) = <P+5Vf(fc)»pa7+(T_£)277>

hold, the definitions of D™ yield
(p+ BVf(£), 7 + Oﬂ> € D u* (2%, )
b (T _ t)2 ) )
(p,7) € D v, (y*,5%).
Therefore o
T+ —— +H(&,p+pVf()) =0,
T )2 (#,p+ BV f(2))
T+ H(z,p) =0
since u € D-SUB(H) and v € D-SUP(H). Consequently

« L N X X
72 = H(@,p) = H(2,p + BV [(2)) = w1 (BIV[(2)]) = wi(B),
which is a contradiction for very small 3. O
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Remark 2.7. (1) In general, whenever CP holds, we have |lu1 — uz2|lg < ||(u1]i=0) — (u2]i=0)|r"
for any two solutions u; and ug of (1.1), no matter which definition of solutions we use. This is
continuous dependence of the solutions on the initial data. Here we write ||f||y := supy | f| for
f:U—=R.

(2) The term Bf(x) in the definition of ¥ is added in order that F attains the maximum in (R™ x
[0,77)%. If both u and v are periodic in R", namely u(z,t) = u(z+ Y ;_, €;,t) and v(x,t) = v(z +
E?:l e;,t) for some linearly independent eq,...,e, € R", the function F attains the maximum
without Sf(z), and then we have p; = —pf. Therefore it is unnecessary to assume (H,) in this
periodic case.

Corollary 2.8 (uniqueness of D-solutions). Assume that H satisfies (H,) and (H,n). Then there eists
at most one D-solution of (HJ) and it is continuous.

Proof. Let u,v € D-SOL(H,ug). Applying Theorem 2.6 to a subsolution u and a supersolution v, we
get u* < v, in Q. Next changing roles of u and v, we also see v* < wu, in (. Hence it follows that
uw* L v, £v* L, in @, which yields our claim. O

The assumption (H,x) was used only in Casel in the proof of Theorem 2.6 for the situation that
elements in DTu* and D~ v, are unbounded. For any Lipschitz continuous function w in @, we have
Ip| < Lip[w] and 7 < Lip[w] whenever (p,7) € D*w(,%) or (p,7) € D™w(%,%), where Lip[w] stands for
the Lipschitz constant of w. Therefore it is unnecessary to assume (H,p) in order to prove CP when
one of solutions is Lipschitz continuous.

Theorem 2.9 (CP-Lipschitz version). Assume that H satisfies (H,). Let uw and v : Qo — R be,
respectively, bounded from above and bounded from below in Qy. Assume that uw € D-SUB(H) and
v € D-SUP(H). Furthermore assume that either u or v is (space-time) Lipschitz continuous in Q. If
u*(+,0) £ v,(-,0) in R, then u* < v, in Q.

As mentioned in Remark 2.7 (2), the assumption (H,) is unnecessary for the periodic case. It is not
difficult to find that this version of CP applies to (1.3).

3 Existence results

3.1 Unique existence of envelope solutions

We adopted D-solutions as a proper definition in Section 2.1 in order to guarantee the uniqueness of
solutions of (HJ) with (1.3) and ug = 0, but the existence turns out to be an issue for a discontinuous
Hamiltonian. We give two examples to show the non-existence of D-solutions.

Example 3.1. Let us consider (HJ) with (1.15) and ug = 0. Then « = 0 is a subsolution but is not a
D-supersolution. Also, one observes that u®(z,t) = ctI°(x) with (1.7) is a D-supersolution but is not a
subsolution for each € > 0. Therefore, if there would exist a D-solution v, then 0 < v, < v* < uf in Q
by Theorem 2.9. Sending ¢ | 0, we see 0 < v, < v* < ¢tI(x). Hence v, =0 in @, which contradicts the
fact that 0 is not a D-supersolution. (See Figure 3.)

Example 3.2. Let us consider (HJ) with (1.3) and up = 0. The intuitive solution u(z,t) = c(t — |x|)+
is a subsolution but is not a D-supersolution because (p,c) € D u(0,1) (]p| = ¢) and ¢ — |p| < ¢I(0).
Now we think of approximate problems

Opu+ H®(z,Vu) =0 in Q,

u‘t:() = U in l:{,n7

(e.HJ) {

where H¢ is given by (1.6). Since we can write H(z,p) = — max, 5, () (@, p) —cI°(x), the representation
formula by the optimal control theory (see Section 5.1 for more details) implies that u® given by

t
u®(x,t) = sup/ cl®(X%(s))ds
acAJo
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Figure 3: D-supersolutions tI¢(z) of d;u = I(x), up = 0 (the left) and their limit tI(z) (the right). The
latter is an envelope solution.

is a unique viscosity solution of (¢.HJ). Here A = {a : [0,T] — B1(0), measurable} and X%(s) is the
solution of the state equation: X’(s) = «a(s) in (0,t), X(0) = x. In other words, X*(s) describes a
trajectory which leaves at time 0 from x and moves at velocity 1 or less. In this case for each z € R™
the optimal control is the one that leads to a straight trajectory before it comes to the origin and stays
there after that moment. A direct calculation yields

T t?
(1-E) s 5 e=p.
u®(z,t)/c= | |25 < for |z| L,
x
Il t> |z
g (t 2 J2),
0 (té‘x|—€),
i 2
and u®(z,t)/c = % (lz| —e £t < |z)), for |z| = e.
€
R )

The inequality H > H€ implies that each u¢ is a D-supersolution of the original (HJ). However, since
u® | u as € ] 0, it is shown by the similar argument in the previous example that there is no D-solution
of (HJ). (See Figure 4.)

NN
/e

27050

Figure 4: D-supersolutions u® of dyu — |Vu| = I(z), up = 0 (the left) and their limit (¢t — |z|)y (the
right). The latter is an envelope solution.

For (HJ) with (1.3) and ug = 0, there are infinite D-solutions while there is no D-solution. This
suggests that we must define another proper notion of solutions.

12



Definition 3.3 (envelope solutions). Let S be a nonempty subset of D-SUP(H). If v := inf,csw is
bounded from below in Q, it is said to be an envelope viscosity supersolution of (1.1). Let e.SUP(H)
denote the set of all such solutions. If v is also an envelope viscosity subsolution (write v € e.SUB(H)),
i.e., v = sup,erw for some T C D-SUB(H) and v is bounded from above in Q, we call it an en-
velope viscosity solution. Set e.SOL(H) := e.SUB(H) N e.SUP(H). We also define e.SUB(H,uy),
e.SUP(H,uy) and e.SOL(H,uo) as the sets of all (sub, super)solutions of (HJ) similarly as before.

Remark 3.4. (1) The function ctI(z) is an envelope solution in Example 3.1 and ¢(t — |z|)+ is an
envelope solution in Example 3.2. Also, Example 3.1 suggests that our envelope solution is not
always continuous.

(2) Since standard viscosity supersolutions have stability, that is, the infimum of them is still a super-
solution (see for instance [9, Lemma 4.2]), the class of solutions does not become large by taking
infimum. As for D-supersolutions, however, we observed that inf.~ou® ¢ D-SUP(H) in Examples
3.1 and 3.2. In other words, stability under infimum does not hold for D-supersolutions in general.
By contrast, our envelope supersolutions have such stability by the definition. We also learn by
Example 3.2 that D-supersolutions are not stable even under the uniform limit.

(3) We have D-SUP(H) C e.SUP(H) C SUP(H), but e.SUP(H) C D-SUP(H) does not hold in
general. (See Figure 5.) The function ctI(z) in Example 3.1 is its counter-example. If H is lower
semicontinuous, then e.SUB(H) = SUB(H).

SOL : infinitely many solutions

D-SOL : infinitely many solutions

D-SOL : no solution

??7?7 : a unique solution ]

e.SOL !

Figure 5: The notion of envelope solutions.

As was pointed out in Remark 3.4 (2) we do not have the stability under infimum for é—supersolutions
in general, but it is shown that the infimum of finitely many D-supersolutions is still a D-supersolution.

Proposition 3.5 (stability under infimum of finitely many solutions). Let u; € D-SUP(H) for all
ie{l1,2,...,M}. Then u:=min, u; € D-SUP(H).

Proof. We first remark that u, = min?, (u;).. Fix (&,%) € Q, (p,7) € D u.(Z,t) and take a defining
sequence (T, tm) € @, (Pm,Tm) € D usx(@m,ty) (m € N). Then we have lim,,— o0 Ui (T, tn) =
u, (#,1), and there exists a subsequence {m(k)}ren of {m}men such that

U (T (k) (k) = (W)« (Timi)s tmcr))  (Vh € N)
for some ¢ € {1,2,..., M}. Observe that

Uy (2, 1) = w}gnoo Ui (T tim)

= 1li *\Lm (k) bm
s (Zn (1) Em(r))

= 1 (ug)w (T () 2 (i)« (2, 1)

k—o0

Therefore, it follows that w.(&,t) = (u;)«(%,1). We thus have

(Pmk) Tm(k)) € D™ (i)« (Tom(i)s tn(r) ) kli_)ngo(ui)*(xm(k),tm(k)) = (u;)«(2, 1),

and hence (p,7) € D (u;)«(#,1). Since u; € D-SUP(H), we deduce that 7+ H(&,p) = 0. O
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We now present the uniqueness result for envelope solutions.

Proposition 3.6 (uniqueness of envelope solutions). Assume that H satisfies (Hy) and (Hyn). Then
there exists at most one envelope solution of (HJ). Moreover if H is lower semicontinuous, the unique
envelope solution is upper semicontinuous.

Proof. Let u,v € e.SOL(H,ug). We first use the fact that u € e.SUB(H,ug) and v € e.SUP(H,ug).
By the definition of envelope sub- and supersolutions there exists some 7 C D-SUB(H,up) and S C
D-SUP(H,uyp) such that u = sup,,c7w and v = infyyes W. Then applying Theorem 2.6 to w € T and
W e S, we get w* < W, in Q, which yields v £ v in (). Next changing roles of u and v, we also see
v < uin @, and hence our first claim is proved.

If H is lower semicontinuous, we apply Theorem 2.6 to u and W € S. Then we deduce that u* <
W, in @, hence that v* < v in Q. Since we also have v* < u in @), it follows that v* < v < v* < win Q,
and so our second claim follows. O

We next consider the existence of envelope solutions. We will construct the solution as the infimum
of u®, which are solutions for “good” Hamiltonians H® approximating H. Here “good” means that
comparison and existence properties are ensured for solutions. We use the following assumption.

(He) There exists a family {H®}.~0 C C(R™ x R™) such that H¢ 1 H (¢ ] 0) pointwise, and for all
e >0 and ug € BUC(R"™) the following two statements hold.

(i) If w® € SUB(H¢®,ug) and v € SUP(H®,up), then (w®)* < (v°), in Q.
(ii) There exists a bounded solution u® € SOL(H®, uy).

If there is some u® € SOL(H®, ug), it is automatically continuous and a unique solution by the comparison
(i). Also, H satistying (H,) is lower semicontinuous.

We here recall the Perron’s method for constructing standard viscosity solutions. (See for instance
[9, Theorem 4.1.].) Let v € SUB(H,ug), V € SUP(H,up) and v £V in Q. Then u defined by

u:=sup{w € SUB(H,up) | vLw <V in Q}

is a viscosity solution of (HJ). Functions v and V are called respectively a lower barrier and an upper
barrier. One can construct these barriers for all ug € BUC(R™) provided that H(z,p) is bounded locally
in p (see [15, Lemma 4.3.4.]), i.e.,

(H,,) m(p) := sup{|H (z,p)| | (z,p) € R" x B,(0)} < oo for all p = 0.

Proposition 3.7 (existence). Assume that H satisfies (H.) and (H,,). Let u¢ € SOL(H®, ug) in (He).
Then U = inf.so u® is an envelope solution of (HJ).

We call @ constructed in this way a solution approximated from above. By the definition u is upper
semicontinuous.

Proof. We first show that u® is monotone in €. Let 0 < ¢ < €. Then u® € SUB(H®,ug), and also we
see uf € SUP(H® ,uo) C SUP(H®,ug) since H® < H¢. Therefore we conclude that u° < u¢ by the
comparison. This monotonicity implies that @ = lim sup 1o u® and that u is bounded from above. Now,
we are able to take an upper semicontinuous lower barrier v € SUB(H,ug) on account of the assumption
(H,,). Since v € SUB(H¢,ug), we see by the comparison that v < u®, and so v £ w. We also find that
7 is bounded from below.

Since u® € SUB(H®), we see u € SUB(liminf,. o H*) = SUB(H) by the stability of viscosity
subsolutions. Also, @ is an envelope supersolution of (HJ) because 7 = inf.~ou® and u® € SUP(H®) C
D-SUP(H). We finally show that % is continuous at the initial time. Take any z € R"™ and (y, s) € Qo.
Then v(y, s) —ug(z) Ly, s) —ug(z) £ u®(y, s) —ug(x) and both v(y, s) and u®(y, s) converge to ug(x)
as (y,s) — (x,0). As a result we deduce that u(y, s) — ug(z). O
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Remark 3.8. For any subset L C R and h° : L — R (¢ > 0) we denote the upper relazed limit (resp.
lower relaved limit) by h = limsup; o h° (vesp. h = liminf,. o h°) : L — RU{=£oo}, which is as follows:

h(z) := limsup h®(y) = limsup{h®(y) | y € Bs(2)NL, 0 <e <}
(e4)=(0,2) o0

(resp. h(z) := liminf h°(y) = liminf{h*(y) |y € Bs(2)NL, 0 <e <d}) (z€L).
(5,9)—(0,2) 610

The following properties are easily seen by the definition: If h° = h, then E =h*and h = h,. If
he | h (resp. h® 1 h) monotonously, then i = h* (resp. h = h.). Also, h = limsup (h®)* and
h =liminf,.o(h®)s in general.

We next present examples of H which satisfies the assumption (H.). In order to obtain the compar-
ison and existence properties in (H.), it is sufficient that each H® satisfies (H,), (H,) and (H,,).

Example 3.9. If H is lower semicontinuous and bounded in R™ x R™, then (H.) is fulfilled. In this
case we take H® as the inf-convolution of H over R™ x R™. (See below about sup- and inf-convolution.)
Each H*® satisfies (H,) and (H,) since it is globally Lipschitz continuous, and (H,,) is clear from the
boundedness of H*.

Example 3.10. Let H have the form of (1.9) with »r € BUSC(R™). Assume that Hy is uniformly
continuous in R™ x R™ and satisfies (H,;,). Then (H.) is fulfilled. The conditions (H,), (H,), (H,,) are
all satisfied by H¢(z,p) = Ho(z,p) — r¢(x), where r¢ is the sup-convolution of r.

Remark 3.11 (sup- and inf-convolution). For bounded f : RY — R and ¢ > 0 we define the sup-
convolution f¢ (resp. inf-convolution f.) of f by

o) = s {s0)- e —a} (o o= ime {70+ he = o}

The following properties are easily found, and so we omit the verification.

o |lflrRn S| fllmrn for0<d <e.
e f¢ is Lipschitz continuous in RY.
e If f is upper semicontinuous, then f¢(z) | f(z) (¢ J 0) for each x € RV.

o If f is uniformly continuous, then f¢ converges to f uniformly in RY.

We mainly use these convolutions in order to approximate semicontinuous functions by Lipschitz con-
tinuous ones.

Combining Proposition 3.6 and Proposition 3.7, we obtain the unique existence result.

Theorem 3.12 (unique existence-general version). Assume that H satisfies (Hp), (Hyn), (He) and
(Hy,). Then @, a solution approzimated from above, is a unique envelope solution of (HIJ).

If we do not accept the assumption (H,y), Lipschitz continuities of solutions are needed for CP.

Theorem 3.13 (unique existence-Lipschitz version). Assume that H satisfies (H,), (He) and (Hy,).
Let u® € SOL(H®,ug) in (He) and assume that u® (¢ > 0) and inf.sou® are Lipschitz continuous in Q.
Then @, a solution approzimated from above, is a unique envelope solution of (HIJ).

Proof. We only need to show the uniqueness. Let v € e.SOL(H,up). An analogue of the proof of
Proposition 3.6 works and yields the inequality @ < v, in @ (but we use Theorem 2.9 here). Next,
since v € SUB(H,ug), u* € D-SUP(H,ug) and u® is Lipschitz continuous, Theorem 2.9 yields that
v* <uf in Q, and so v* < W in Q. Thus w = v. O
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Remark 3.14. Let u € e.SOL(H,ug) and (H,) hold. If there exists some T C D-SUB(H, uo) N BLip(Q)
(resp. S C D-SUP(H,up) N BLip(Q)) such that v = sup,cyv (resp. u = inf,esw), then w is the
minimal (resp. maximal) envelope solution. These facts are easily shown by using Theorem 2.9.

Remark 3.15. If the Lipschitz constants of u® are estimated uniformly in ¢, then @ = inf.< ¢ u® is also
Lipschitz continuous (provided that u are bounded uniformly in €). In general, if u® have their modulus
w € M independent of €, their infimum % also has the same w as its modulus.

Example 3.16. In Example 3.2 the function u(x,t) = ¢(¢t — |z|)+ is a unique envelope solution by
Theorem 3.13 since u¢ and u are Lipschitz continuous. In Example 3.1, on the other hand, the envelope
solutions are not unique in that v*(z,t) = atl(z) (a € (0,c]) are all envelope solutions. Let us show
this claim. It is easily seen that they are all subsolutions. Set v*¢(z,t) := at{(1—/|z|/e)+}? for e > 0.
(See Figure 6.) Then one observes that v®° € D-SUP(H,0) since d;v®¢ = 0 and D v*<(0,1) = §.
Hence the equality v® = inf.~ov®¢ implies our claim. Moreover v = 0 is also an envelope solution
since v° = inf e (0,¢,e>0 v®°. The function v¢ is the maximal envelope solution by Remark 3.14 because
ve(z,t) = infesgctl®(x) and ctl¢(x) € D-SUP(H,0) N BLip(Q), where I¢(z) := (1 — |z|/e),. Also,
1% = 0 is the minimal envelope solution.

For a general initial data ug € BUC(R"™), it is also seen that ug(z) + atl(z) (o € [0,c]) are all
envelope solutions. Uniqueness, therefore, always goes wrong for the initial-value problem with the
equation dyu = cI(z). Such bad behavior can happen when a Hamiltonian is non-coercive. Indeed, we
establish the uniqueness result for coercive Hamiltonians in the next subsection (Theorem 3.22).

I
1"”*‘
i
| ""'jl‘\

I
il

Figure 6: D-supersolutions v®¢ of dyu = I(x), ug = 0.

3.2 Coercive Hamiltonians

In order to apply Theorem 3.13, we need to know what conditions guarantee the Lipschitz continuities of
uf and inf.~ou®. We therefore consider in this subsection whether the solutions preserve the continuity
of initial data. For continuous Hamiltonians it is known that such preserving properties hold if they are
coercive, namely
lim inf H(xz,p)=o0c0 or lim sup H(z,p)= —oc.
|p| o0 zER™ |p| =00 zeR"

The coercivity of H is equivalent to (Hgy) or (Hg_) below.
(Hgy) Ry(m):=sup{|p| | Iz € R, H(x,p) £ m} < oo for all m = 0.
(Hr—) R_(m) :=sup{|p| | 3z € R™, H(z,p) = —m} < oo for all m = 0.

Here we use the convention that sup® = 0. We first present Lipschitz continuity and BUC (bounded
uniform continuity) preserving properties for continuous Hamiltonians. These results are more or less
known. See for example [7], where they discussed for a.e. (sub)solutions. We give here a proof based
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on the theory of viscosity solutions without using a.e. solutions. By using these results we establish our
preserving properties for discontinuous Hamiltonians via approximation by continuous ones.
For a function u : Q — R, we define

|u(z,t) = ulz, s)|

Lip,[u] :== sup sup

z€R" ¢,5€(0,T) |t — s ’
t#s
t) — t
Lip,[u] :== sup sup —|u(x,) u(y, )|
te(0,T) z,yeR™ |z =yl
TFY

Proposition 3.17 (Lipschitz continuity preserving property). Assume that H satisfies (Hp), (Hy),
(Hy) and (Hry). Let ug € BLip(R™) and uw € SOL(H,ug). Then u € BLip(Q) with the Lipschitz
constant satisfying

Lip, [u] < m, Lip,[u] < Ry (m),

where m := m(Lip[ug]) and m(-) is the function in (Hy,,).
The assumption (Hpy) is able to be replaced by (Hg—). (The same is valid for Proposition 3.20.)
Proof. We first remark that w(z,t) := ug(x) +mt € SUP(H,up). Take any (#,1) € Q, h € (0,T — )

and define
wa.{me (t € [0,h),
0wz, t—h) +mh (€ (h,T)).

We claim @ € SUP(H,uo). Let (p,7) € D™a(#,t). Then it follows easily that 7 + H(#,p) = 0 when
t # h, and so we only consider the case t = h. Since u € SUB(H,ug) and w € SUP(H,up), we see
by the comparison principle that © < w in Q. Take (z,t) € R™ x (h,T), and substitute (z,t — h) into
the inequality. Then we find u(x,t — h) < ug(z) + m(t — h), namely @(z,t) < w(x,t). This implies the
relation D~ a(&,h) C D~ w(&, h), and hence our claim follows from w € SUP(H, ).

Applying the comparison principle to u € SUB(H,ug) and @ € SUP(H,ug), we obtain u < @ in Q.
In particular, we have u(Z, + h) < a(2,f + h) = u(2,) + mh, that is

h 2 -m
from the fact that ug(x) — mt € SUB(H,ug) and so on. Thus Lip,[u] £ m is proved.

We next estimate Lip,[u]. Take any (p,7) € DT u(#,f). Since the estimate Lip,[u] < m implies
|7| £ m, we see from v € SUB(H) that H(&,p) £ —7 < m, hence that |p| £ Ry (m) by (Hgy). This
observation means

sup  [p| = Ry(m),
(#:H)eQ
(p,7)EDVu(2,E)

and moreover Lemma 3.19 (1) and (2) below ensure that

jule, ) —w(y D) _

sup  sup < Ri(m).

ic(0,T) z.yER" |z —y
TH#Y

We thus conclude that Lip, [u] < Ry (m). O

Remark 3.18. In order to prove this proposition in more generality, it is sufficient to assume that H
satisfies (Hpy) or (Hgr—) only for all m € I, where I is the range of m(-) in (H,,) on [0, 00). For example
H(z,p) = —|p|/(1+ |p|) is not coercive but the same conclusion in Proposition 3.17 still holds since we
have 0 < m(p) <1 (p=0) and R_(m) <oo (0<m < 1).
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Lemma 3.19. (1) Let f : RY — R be bounded. Then we have

f(x) — fly
w H@=IWI
z,yeRN lz -yl #eRYN

TH#Y peEDT f(%)

(2) Let u: Q — R be continuous. Assume that Lip,[u] < co. Then we have

sup Ip| = sup sup Ip).-
(&,H)eQ £e(0,7) ZER™
(p,7)eDtu(z,f) peDY (ul,_;)(&)

Proof. (1) Denote by Ly and Ry respectively the left hand side and the right hand side.
1. We first show Ly 2 R;. Fix any & € RY, p € DT f(2) and take a corresponding test function
¢ € CHRY). Since there is some ng € S"~! such that |p| = |[Vé(2)| = d¢/Ino(2), we calculate

(& —tng) — ¢(Z) < lim f(@ —1tng) — f(2)

~ Ing ) —t £10 —t

< L.

Here we have used the maximality of f — ¢ at £. This inequality implies Ry < L.

2. We next show Ly < Ry. Take any 2’,y’ € R"™ such that 2’ # y’. We may assume f(z') < f(y/).
Set v := (f(y') — f(&') /|2’ —¢'| and ¢(z) := |z — 2’|. Since f — ¢ — —oo as |z|] — oo by the
boundedness of f, the function f — ¢ attains its maximum at some & € RY. We may let & # 2/, for
otherwise we have f(a') = f(2') — ¢(2’) = f(y') — &(y/) and 3’ is another maximizer of f — ¢ we can
take. Then ¢ is C! in some neighborhood of & and V¢(2) € DT f(£). In view of |V (Z)| = v we have

) = f@")

— v < Ry
EErI

which yields Ly < Ry.

(2) Denote by L, and R, respectively the left hand side and the right hand side. Then we obtain
L, £ R, by the separation of variables of a test function. Let us show L, = R,. Fix (&,t) € Q, p €
D (ul,_;)(2) and take a corresponding test function ¢ € C*(R™). We may assume that u|,_; —1) attains
its strict maximum at #. Define C := Lip,[u]+1, g(t) := C|t—1|, ¢ := 1 +g, g°(t) := Cy/|t — |2 + ¢ and
¢° := 1 + g°. Then u — ¢ attains its strict maximum at (Z, f) and u — ¢° converges to u — ¢ uniformly.
Therefore, by the lemma on convergence of maximum points (see [15, Lemma 2.2.5]), there exists a
sequence {(z%,t%)}c>0 such that (z°,¢°) — (&,¢) and u — ¢° attains its local maximum at (z¢,¢%) for
each ¢ > 0. Then we have (Vi (z°), (¢°)'(¢°)) € D uf(2°,°) and Vi)(z¢) — Vi)(z) = p, which yield
L,=R,. O

Proposition 3.20 (BUC preserving property). Assume that H satisfies (H,), (Hy), (Hpm) and (Hgy).
Let ug € BUC(R™) and u € SOL(H,ug). Furthermore let {ud}s>o C BLip(R™) and assume that ud
converges to ug uniformly in R™ as 6 1 0. Then u € BUC(Q) with modulus of continuity

o(r) =t (20 = e+ /() + (Ry () )

where m® := m(Lip[ug]), m(-) is the function in (H,,) and Ry (-) is the function in (Hgry).

For a given ug € BUC(R™) one can always construct the family {ug}s>o like the above by taking
ug as the sup- or inf-convolution of ug for § > 0.

In the following proof we use the fact that if uniformly continuous functions f° (§ > 0) converges to
f uniformly as § | 0, then f is also uniformly continuous. Let w® be a modulus of f°. Then

[f(2) = F@) < f(z) = £ @)+ @) - P+ - F©)
<2|f = £l + o’ (lx - y)),
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and hence our claim follows. We also find that f has
= inf (2|f — f° 0
w(r) = inf (2[If = f°ll +«°(r))

as its modulus and that there is no need to assume the existence of a common modulus of f?.

Proof. By the assumption (H,,) there exists a solution u’ € SOL(H,u}) for each § > 0, and Proposition
3.17 implies that u® € BLip(Q) since u) € BLip(R™). Now, by using the inequality

lu—u’lq < luo — uglrn (3.1)

in Remark 2.7 (1) we find that u° converges to u uniformly in Q as & | 0. Besides, recalling the remark
before this proof, we see v € BUC(Q) and

wo(r) == (%I;% (2|lu — v’||g + Lip[u’]r)

is a modulus of u. Applying (3.1) and the estimate of Lip[u®] in Proposition 3.17, we obtain the desired
form of w. 0

Since we should treat discontinuous H, we apply the above results to the solutions u® of the approx-
imate equations and confirm that their infimum has a desired property. We use the fact in Remark 3.15
that if u® share a modulus independent of €, then their infimum has the same modulus. In the case of
non-coercive Hamiltonian, solutions cannot preserve even continuity of the initial data as we observed in
Example 3.1, in which the envelope solution u(zx,t) = ctI(x) is not continuous in contrast to the initial
data ug = 0.

Theorem 3.21. Assume that H satisfies (H.), (H,,) and that each H® in (H.) satisfies (H,,), (Hg4).
Assume furthermore that

supm®(p) < oo, sup R (m) < oo
e>0 e>0

for all p =0 and m = 0, where
m*(p) = sup{|H*(2,p)| | (z,p) € R" x B,(0)} (< 00),
RS (m) := sup{|p| [ Iz € R", H*(z,p) < m} (< o0).
Let ug € BUC(R™). Then u, a solution approzimated from above, has the following properties.
(1) we BUC(Q).
(2) If up € BLip(R™), then u € BLip(Q).
(3) If H satisfies (Hp), then u is a unique envelope solution of (HJ).

The condition (Hgy) is able to be replaced by (Hg_). In this case, if H itself satisfies (Hg_), then
the assumption sup,. R (m) < oo always holds since we have R (m) < R_(m) by H® < H.

Proof. We first prove (2) and next show (1) by approximating the initial data. Take u® € SOL(H®, ug)
in (He).
(2) Denote [ := Lip[ug]. Now, Proposition 3.17 ensures that u® € BLip(Q) and

Lip,[u®] = m*(l) < sup m®(l), Lip,[u] < R (m*(])) = sup RS (m~(1))-

Since both Lipschitz constants are estimated independently of &, we conclude u = inf.sou® € BLip(Q).
(1) Let ud = (ug)® be the sup-convolution of uy and denote I° := Lip[ud]. Then, Proposition 3.20
ensures that u* € BUC(Q) and each u® has a modulus

(7Y o= it (20— e+ /007 + (RS (=) 1 )
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Since m#(1°) and R% (m®(1°)) are similarly estimated independently of £, there exists a common modulus
for €. Thus we conclude u € BUC(Q).

(3) Since u§ € BLip(R"), there exists a Lipschitz continuous envelope solution u’ € e.SOL(H,u$) N
BLip(Q) for each § > 0 by (2) above. Moreover, there exist solutions of approximate equations (u’)¢ €
SOL(H¢,uY), which satisfy

u’ = ig%(ué)a and (u’)° € D-SUP(H,u) N BLip(Q).

Then, by Theorem 2.9 we have [[v —u®||g < |lup — ud|lr~ for any envelope solution v of (HJ). Hence the
uniqueness of u follows because limg o ||uo — ud|| = 0. O

We have given some examples of H satisfying (H.). In Example 3.9 H are not coercive because of
their boundedness. We therefore impose the coercivity assumption on H in Example 3.10 so as to apply
Theorem 3.21.

Theorem 3.22. Assume that H has the form of (1.9) with r € BUSC(R™). Assume that Hy is coercive,
uniformly continuous in R™ x R™ and satisfies (H,,). Let ug € BUC(R"™). Then there exists a unique
envelope solution u of (HJ) and it has the following properties.

(1) we BUC(Q).
(2) Ifup € BLip(R™), then u € BLip(Q).

Proof. We assume (Hp, ) because the proof in the case of (Hg_) is similar. Let Ry (-) be the function
in (Hpr4) for Hy. It is clear that the above H fulfills (H,,). As observed in Example 3.10, we also learn
that H satisfies (H.) by the approximation H(x,p) = Hy(x,p) — r¢(x), where r¢ is the sup-convolution
of r. Thus by Proposition 3.7 we obtain a solution approximated from above u € e.SOL(H,ug). It
remains to show the uniform boundedness of m®(p) and RS (m) in ¢ in order to apply Theorem 3.21.
Since H¢ < |Hop|+||r||m~, we have m®(p) < MaXg. . 3, (0) |Ho|+||7]] < oo, and hence sup,,m*(p) < 0.
Also, when m = H¢(z,p), one observes that Ho(z,p) £ m + 1 < m + ||r| and so |p| £ Roy(m + ||7|))
by (Hgr4). Therefore we obtain R7 (m) < Roy(m + ||7||) < oo, which yields sup, o R (m) < oo. O

4 Relaxed Hamiltonians

In this section we establish a unique existence result without the coercivity assumption for H. Our
existence result (Proposition 3.7) does not require the coercivity. The problem lies in the uniqueness
part. In fact, we cannot expect the uniqueness in general as we observed in Example 3.16. However,
we are able to show the uniqueness for more restrictive Hamiltonians without the coercivity. To apply
our Lipschitz version of CP (Theorem 2.9) we need Lipschitz continuity of one of solutions, but the
continuity preserving property does not hold in general without the coercivity. On the other hand, our
general version of CP (Theorem 2.6) excludes Hamiltonians with discontinuous source terms. We solve
this difficulty by considering a relazed problem. If an envelope solution u of (HJ) can be regarded as an
envelope solution of another problem (relaxed problem):

(r.HJ) Owu+ H(z,Vu) =0 in Q, (4.1)
ult=0 = uo in R" 4.2

with a relazed Hamiltonian H satisfying (H,n), then we conclude the uniqueness of u as envelope
solutions of (HJ) by Theorem 2.6.

We define the relaxed Hamiltonians so that H = H. Then it is obvious that a supersolution of (1.1)
is also a supersolution of (4.1). Therefore it is an important issue whether or not a subsolution of (1.1)
is also a subsolution of (4.1). We will solve this problem after defining H. In addition, as another topics
about H we discuss stability and existence of D-solutions which are not guaranteed for original H.
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4.1 Uniqueness revisited

In this section we treat special Hamiltonians with the following properties.

(H,) (i) H is lower semicontinuous in R™ x R™ and is continuous in (R"\T') x R™ for some I" which
satisfies the following:

for every a € I there exists a open set V, such that {a} =T NV,. (4.3)

(ii) H* is continuous in R™ x R™.

(iii) H(a,p) < infoc,<1 H*(a, up) for each a € T" and p € R".
For such H, we define a relazed Hamiltonian H : R" x R" — R by

gy o [HED @ g D).
7 | min{info<, <1 H* (z, pp), supo< <1 H(z, pp)}  (z €T).

(See Figure 7.) The continuity of H* implies that
H*(z,p) = = lim  H(y,q) (4.4)

(y,q)—(z,p)
yF#T

for all (z,p) € R" x R". Also, since H(z,p) < supg,<; H(z,pup) and (H,)(iii) holds, we have H <

H in R x R™. Besides, it is seen that H < H*in R" x R"™ and H is lower semicontinuous.

O p
H*(0,p)
h N
\ A
‘o H(Op)
\
\
‘H(0,p)

Figure 7: The definition of H(0,p) in the case 0 € T.

Example 4.1. Let H have the form of (1.9). Then the following (i)’—(iii)’ is one sufficient condition
for (H,).

(i) Hy is continuous in R™ x R™. r is upper semicontinuous in R" and is continuous in R™ \ T" for
some I' which satisfies (4.3).

(ii)" 7, is continuous in R™.
(iii)" Ho(a,p) — r(a) < info<,<1 Ho(a, pp) — r«(a) for each a € I' and p € R™.
To show (iii)’ it is enough to prove that
a function p — Hy(a, up) is nonincreasing on {y = 0} for each a € " and p € R™. (4.5)

We here assume (4.5) and let 0 € T (, i.e., r is discontinuous at 0). Then, since H*(0, up) = Ho(0, up) —
r+(0) and H(0, up) = Ho(0, up) — r(0), we have

H(0,p) = min{Ho(0,p) — 7.(0), Ho(0,0) —7(0)}
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for all p € R". By this equality we find that H(0,p) is a constant Hy(0,0) — r(0) = H(0,0) on
V:={peR"| Hy(0,p) = Hyp(0,0) — (r(0) —r,(0))}. Furthermore, if V' is bounded, namely V' C By (0)

for some N > 0, then H(z,p) = Ho(x,p) — r(z) holds in R™ x (R™\ By(0)). Therefore assumptions
(Hp) and (H,n) required in Theorem 2.6 are fulfilled if Hy and r, are uniformly continuous.

Example 4.2. We sce for (1.3) that H(x,p) = —|p| — (cI(z) — |p|)+. As for a unique envelope solution
u(z,t) = c(t — |z|)4 with ug = 0, an easy computation shows that v € SUB(H,0), which implies
uw € e.SOL(H,0). Moreover one can also verify u € D-SOL(H,0). This suggests that an envelope
solution of (HJ) has a more chance to be a D-solution of (r.HJ) than the original equation. The details
will be discussed in the next subsection.

Example 4.3. For (1.15) we have H = H. Hence the relaxation method does not give any new
information to us.

The following is the key fact for relaxed Hamiltonians.
Lemma 4.4. Assume that H satisfies (H,). If u € SUB(H), then v € SUB(H).

Proof. We simply write u for u*. Take any (#,%) € Q and (p,7) € Dtu(i,t). If & € T or p = 0, we
deduce 7+ H(&,p) < 0 since H(&,p) = H(&,p) and v € SUB(H). Therefore we need only consider the
case that € T" and p # 0. We may assume & = 0 to simplify the notation. Our goal is now to show
T+ fI(07p) < 0, namely

7+ inf H*(0,up) £0 or T+ sup H(0,up) 0.
0<p<l 0<p<1

Define
So={pel0,1] | (up,7) € D u(0,8)}, po:=inf{ue[0,1] | [u,1] C T}

Then 1 € ¥ and we also have po € ¥ since superdifferentials are closed. We discuss two different cases
about pg.
Case 1: pg = 0. Since (up,7) € DT u(0,1) for each u € [0, 1], it follows from v € SUB(H) that

T+ H(0, pp) £0.
Thus we obtain
7+ sup H(0,pup) 0.

0<u<l

Case 2: 0 < ug < 1. Take a corresponding test function ¢ € C(Q) for (uop,7) € DT u(0,%). We
may assume u — ¢ attains its strict maximum at (0,7). By the definition of pg there exists a sequence
{ttm }men such that g, T po and p,, € . Define

¢m(x>t) = ¢(xat) - (,U'O - ﬂm)<x>p>

for each m. Since ¢,, converges to ¢ locally uniformly, there exists some sequence {(Z,, tm) }men such
that (2, tm) — (0,7) and maxg/(u — ¢m) = (4 — ¢m)(Tm, tm). Here Q' is an arbitrary bounded open
subset of @ containing (0,%). The facts that u,, ¢ ¥ and V¢,,(0,1) = pmp imply (2, t,) # (0,1).
Moreover we find that x,, # 0 since ¢,,(0,t) = ¢(0,t). Thus it follows from u € SUB(H) that

at¢(xmvtm) + H({Em, vd)(wm;tm) - (MO - Nm)P) é 0

and by letting m — co we obtain
7+ H"(0, 1op) £ 0

on account of (4.4). As a result we have

inf H* <
T+ ok (0, up) = 0,

which concludes the proof. O

22



We present a uniqueness result in a general form.

Proposition 4.5 (uniqueness by relaxation). Assume that H satisfies (H,) and that H satisfies (H,),
(Hyn). Then there exists at most one envelope solution of (HJ) and it is upper semicontinuous.

Proof. If ui,us € e.SOL(H,up), then uj,uy € e.SOL(I:I,uo) by Lemma 4.4 and H < H. Since H
satisfies (Hp), (Hyn) and is lower semicontinuous, we see u; = ug and they are upper semicontinuous
in terms of Proposition 3.6. O

Here we give one sufficient condition to apply Proposition 4.5.

Proposition 4.6. Assume that H has the form of (1.9) with (1.11). Assume that Hy is uniformly
continuous in R™ x R™, satisfies (4.5) and

R(7) := sup{lp| | 3w € R”, Ho(z,p) = —} < oo, (4.6)

where ~y := max}_ (¢; — Ho(a;,0)). Then H satisfies (Hp,) and (Hyn).

Proof. According to Example 4.1 we have

~ L HO(xvp) (.’K 7£ aj)’
H(z,p) = {min{Ho(aj,p)7 Ho(a;,0) —¢;}  (z = ay)

under the above assumptions. It suffices to check (H,xy). By (4.6) we see Ho(a;,p) < Ho(a;,0) —¢; for
all p € R™"\ Bp(4)(0) and j € {1,2,..., N}. Consequently

H(w,p) = Ho(w,p) if (z,p) € R" x (R"\ Br(y)(0)),
and so (H,y) is satisfied. O

Example 4.7. Let us consider the non-coercive Hamiltonian (1.16). Then (4.6) is fulfilled if and only
if 0 < ¢ < 1, and therefore the uniqueness of envelope solutions follows. We will later see in Example
5.15 that there are infinitely many D-solutions even with ug = 0 when ¢ > 1.

Theorem 4.8. Assume that H has the form of (1.16). Let ug € BUC(R™) and 0 < ¢ < 1. Then there
exists a unique envelope solution u® of (HJ). Moreover u® € BLip(Q) provided that Lip[ug] < (1 —¢)/c.

Proof. Since H = H¢ satisfies (H.) and (H,,) for Proposition 3.7 (refer to Example 3.9 or 3.10 about
(He)), there exists u¢ € e.SOL(H®, up), a solution approximated from above, and its uniqueness follows
from Example 4.7.

We next show the Lipschitz continuity preserving property of u®. Define H%*(x, p) = —|p|/(1+|p|) —
cI®(x) with (1.7). Observe that for fixed py > 0

£0o
L+ po

m=(p) := sup{|H**(z,p)| | (z,p) ER" x B,(0)} < c+ (Vp € [0, po])

and

R(m) := sup{|p| | 3z € R", H*(z,p) = —m} < % (Vm € [0,1)).

Therefore we learn by Remark 3.18 that solutions of (HJ) with H% are Lipschitz continuous provided
that ¢+ po/(1 + po) < 1, i.e., po < (1 — ¢)/c. Furthermore, we see by the estimate above that their
Lipschitz constants are bounded uniformly in €. Hence their infimum, which is ¢ by the uniqueness, is
also Lipschitz continuous if Lip[ug] < (1 —¢)/c. O

We think that the Lipschitz continuity preserving property may not hold if Lip[ug] > (1 — ¢)/c.
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4.2 Existence of D-solutions

For (HJ) with (1.3) and uwg = 0, the unique envelope solution u(x,t) = c(t — |x|)+ is not only an
envelope solution of (r.HJ) but also a D-solution of (r.HJ). In other words, we obtained a D-solution
by the relaxation method while our original problem (HJ) has no D-solution. Unfortunately, for a
general initial-value it is not always true that u € D-SOL(H, ug) when u € e.SOL(H, uo). Its counter-
example is given by the lower right function in Figure 10 later. It is the envelope solution of (HJ) with
H(z,p) = —|p| — I(z), up(x) = 2min{|z|, 1} and is written as

(t—]z] —1)4 +2 (tél). (4.7)

(. t) = {2min{m| +1, 1} (t<1),

For this u, we observe that u ¢ D-SOL(H,uo) because (0,0) € D~ u(0,1) and 0+ H(0,0) = —1 < 0. In
this subsection we consider what conditions lead an envelope solution of (HJ) to a D-solution of (r.HJ).
Recall that an envelope supersolution is not always a D-supersolution because of a lack of stability. If

it is guaranteed for (r.HJ), one can obtain a D-solution. We here think of what is trouble in general about
the stability for (r.HJ). Let u := infesqu, u¢ € D-SUP(H), (p,7) € D u.(&,1) and take a defining
approximate sequence (P, Tm) € D™ u(Tm, ). Since u® € SUP(H') in particular, the stability for
standard solutions ensures 7, + (H)*(Zm, pm) = 0. Sending m — oo, we see 7 + (H)*(Z,p) = 0 and
T+ ﬁ(i,p) > 0 if H is continuous at (Z,p). Hence the remaining problem is whether 7 + H’(:ic,p) >0

holds for every (p,7) € D u,(&,1) such that (&,p) is a discontinuous point of H.

Let us come back to the example of (1.3). Since the set of discontinuous points of H(x,p)
—|p| = (cI(z)—|p|)+ is {(0,p) | |p| < ¢}, the problem is whether 7 —¢ = 0 holds for all (p,7) € D u,(0,7)
such that |p| < ¢. This can be regarded as a condition about growth rates of u in the ¢-direction near
{0} x (0,T) and is satisfied for example if u has the form u(x,t) = c¢(t — |x|)+ + k for some k € R.
According to Example 5.7 later, if the initial-value ug satisfies ug(x) < c|x| +uo(0) for all z € R™\ {0},
then u(z,t) = c(t — |x|)4 + uo(0) near {0} x (0, 7). Thus we obtain a D-solution of (r.HJ).

>

Proposition 4.9. Let H(x,p) = —|p| — cl(x) for ¢ > 0. Let u € e.SOL(H, uo). If uo(z) < clz| + uo(0)
for all x € R™\ {0}, then v € D-SOL(H,up).

In order to treat more Hamiltonians, we impose additional assumptions on H satisfying (H,). For
convenience we restrict discontinuous points of H.

(H.) (i) H satisfies (H,) with I" = {0}.
(ii) There exists a constant cy such that cy = supo, <1 H(0, up) for all p € R™.
(iii) info<u<1 H*(0, up) = H*(0,p) for all p € P := {p € R™ | infoc,<1 H*(0, up) < cp}.
When H fulfills (H.), we have

S __JcH (p & P),
H(O’p){H*m,p) (ve P).

Note that P is an open set by the continuity of H* and that H is continuous in {(z,p) |z #£0or p € P}.

We here introduce a new notion of supersolutions for which one can easily show stability.

Definition 4.10 (singular supersolutions). Let H satisfy (H.). A function u : @ — R is called a
singular supersolution of (4.1) if it is bounded from below, is continuous on {0} x (0,T) and satisfies
the following:

(#1) T+cy =0 for allt € (0,T) and 7 € D™ (u|r=0) ().

(#2) 7+ H(&,p) =0 for all (p,7) € D™ u,(2,%) satisfying & #0 orp € P.

We denote by SUP#(ﬂ) the set which consists of all singular supersolutions of (4.1).
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By virtue of the definition above, the standard argument of the stability for supersolutions applies.

Proposition 4.11 (stability for singular supersolutions). Assume that H satisfies (H.). Let S be a
nonempty subset of SUP#(H). Ifu := inf,cs w is bounded from below and is continuous on {0} x (0,T),
then u € SUP¥ (H).

Since our original goal is the stability for D-supersolutions, we next show equivalence between D-
supersolutions and singular supersolutions under suitable assumptions.

Lemma 4.12. Assume that H satisfies (H.). Let u: Q — R be Lipschitz continuous in Q and satisfy
the following.

(U1l) For all t € (0,T) there exist some d > 0,6 > 0 and C > 0 such that u|,—, + Ct? is convex in
(t — 6,1+ 6) for each z' € By(0).

Then u € D-SUP(H) if and only if u € SUP* (H).

Remark 4.13. (1) The condition (Ul) means a some kind of semiconvexity of v with respect to ¢.
Here we say a function f is semiconvez if there exists a constant C' > 0 such that f(z) + Clz|? is
convex. When f(z) + C|z|? is convex, functions f(z) + C|z — a|? are also convex for all a € R".
This claim is confirmed by seeing f(z) + Clz — a|?* = f(x) + C|z|?> — 2C(z,a) + C|a|? since the
right hand side is the sum of two convex functions.

(2) If we do not assume (U1), the singular supersolutions are not necessarily D-supersolutions. Indeed,
u defined by (4.7) is not a D-supersolution but a singular supersolution of (r.HJ), where H(z,p) =
—|p| = I(z) and up(z) = 2min{|z|,1}. It does not satisfy (Ul) at ¢t = 1.

Proof. 1. We first show that u satisfying (U1) has the following property.
7€ D™ (ulp—0)(f) forall e (0,T) and (p,7) € D u(0,1). (4.8)

Let £ € (0,T), (p,7) € D u(0,%) and take a defining approximate sequence (P, 7m) € D™ u(Tp, tm)
and their corresponding test functions ¢,, € C1(Q). We may assume ¢y, (7,t) = ¥y, (z) + g (t) for
some ¢, € C1(R") and g, € C1(0,T). Since u|y—p,, — gm attains its minimum at ¢,,, the function
Ulgez,, + C(t — tm)? — gm also attains its minimum at ¢,,, where C is the constant in (Ul). Then
U|p=z,, + C(t —t,,)? is convex in (£ — 6, + &) and so we may assume g,, is linear, i.e., g (t) = Lyt for
some L., € R. We find that L,, = ¢/,(tm) = T — 7 as m — oo. Next, define g(t) := 7¢. Then it is
easily seen that u|,—q + C(t — )% — § = u|,—0 — {g — C(t — 1)?} attains its local minimum at £ by the
continuity of u at (0,%). Thus we deduce 7 € D~ (u|,—0)(f) since (d/dt){g — C(t —)?}(t) = 7.

2. We prove that a D-supersolution u of (4.1) is a singular supersolution. It is easy to confirm (#2),
and so we only need to show (#1). Fix f € (0,7), 7 € D™ (u|,=0)() and take a corresponding test
function g € C*(0,7). We may assume u|,—o — g attains its strict minimum at . Define  := Lip, [u]+1,
P(x) = =|z|, ¢ := Pp+g, Y (x) := —y+/|x|? + £ and ¢° := ¢ +g. Then u—¢ attains its strict minimum
at (0,%) and u — ¢° converges to u — ¢ uniformly. Therefore there exists a sequence {(z°,¢°)}.~0o such
that (z°,¢°) — (0,7) as ¢ } 0 and u — ¢° attains its local minimum at (2¢,¢°) for each ¢ > 0. Now,
since |[Vi¢| £ « for all € > 0, we may let Vi°(z°) converge to some p € R™. Since we also have
g (t°) — ¢'(f) = 7 as € | 0, we obtain (5,7) € D u(0,#). Thus it follows from v € D-SUP(H) that
O§T+I:I(O,]3) <71+cy.

3. We next show that a singular supersolution u of (4.1) is a D-supersolution. Fix (p,7) € D u(%,1).
We first consider the case that & # 0 or p € P. Take a defining approximate sequence (pp,,Tm) €
D~ u(xpm, t,y). According to (#2) we have 7, + fI(xm,pm) 2> 0 for very large m € N. Sending m — oo,
we obtain 7 + H(&,p) = 0. If £ = 0 and p ¢ P, we have 7 € D™ (u|,—0)() by (4.8). Hence 7+ cg = 0
in virtue of (#1). O

We sum up the above results for the initial-value problem.

Proposition 4.14 (existence of D-solutions for relaxed problems). Assume that H satisfies (H.). Let
u € e.SOL(H,up) N BLip(Q). If u satisfies (U1l), then u € D-SOL(H , uy).
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Remark 4.15. The Lipschitz continuity of u is used to show the only-if-part (Step 2) in the proof of
Lemma 4.12. When u is not Lipschitz continuous in @), we take v and ¢ in the proof as

2) = 0 (x=0) Ex:—ﬁ
v(z) {_OO RSTCEES

Indeed, because limsup? o 1° = 1, there exists a similar sequence {(z°,t%)}.~0 by taking subsequence
if necessary. However, since p® := V¢°(z®) = —2z°/e in this case, the sequence {p®}.~o may be
unbounded. To deal with such case, it is sufficient to assume

limsup H(z,p) £ cy. (4.9)
(@,p)—(0,00)

Let |p°| = oo in order to confirm this claim. Note that z° # 0 for very small . Since (p,¢'(t)) €
D™, (2%,t°) and u € D-SUP(H), we have ¢'(t°) + H(x%,p°) = 0. Taking limsup_ |, in the inequality,
we obtain 7+ ¢y = 0 by (4.9).

5 Some examples of solutions

5.1 Representaion by optimal control theory

Let us recall the representation formula of viscosity solutions by optimal control theory. (See for instance
[14].) We consider the following state equation.

X'(s) = f(X(s),a(s)) in (0,t), X(0) ==. (5.1)
Here the unknown is X : [0,¢] — R"™ and
o € R" is a given initial state and ¢ € [0,T] is a terminal time.
e A C R™ is a compact control set and o € A := {a :[0,T] — A, measurable} is a control.

o f = f(z,a) : R" x A — R" is a given bounded and continuous function. Moreover f(x,a) is
Lipschitz continuous in z uniformly in a, that is Lip,[f] < oo.

As for this ODE there exists for each « € A a unique Lipschitz continuous solution X (s) which
satisfies the first equation of (5.1) a.e. s € (0,t). Let us write X(s) = X(s) = X(s; o, x,t) to denote
the solution. Since |[X*(s1) — X*(s2)| = |f:21 F(X%(s),a(s))ds| £ || fllmnxa - |s1 — s2| for each a € A,
the solutions X are Lipschitz continuous uniformly in « with the Lipschitz constant smaller than || f]|.

Next, for given (x,t) € R™ x [0,T] and a € A we define a corresponding cost functional Cy [a] by

Coila] = /0 r(X(s), a(s))ds + uo(X* (1)),

where

e r =r(z,a) : R" x A - R is a given bounded and continuous function. Moreover r(z,a) is
Lipschitz continuous in x uniformly in a, that is Lip,[r] < cc.

o uy € BUC(R").

We call the above r a running cost function while ug serves as a terminal cost function. Then the value
function u : R™ x [0,T] — R is defined by

u(z,t) := sup Cy [a]. (5.2)
acA

We are able to prove that u is a viscosity solution of a Hamilton-Jacobi-Bellman equation.
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Theorem 5.1 (a PDE for the value function). Let u be defined as above. Then w is a unique viscosity
solution of the initial-value problem

{ O — max{(f(z,a), Vu) + r(z,a)} =0 in Q, (5.3)
(HJB) a€A
u|t:0 = Up in R™. (54)

Remark 5.2. When the value function is defined as the infimum of costs, namely
U(Jf, t) = o}rel,fat Cx,t[a]a (55)

u becomes a solution of the same equation as above except that the max is replaced by min.

Our goal is to extend the classical theory above for discontinuous equations. Now we study Hamil-
tonians written by the form H(x,p) = —max,ca(f(z,a),p) — r(x) with r € BUSC(R™). We hereafter
assume that running costs are independent of the control variable a. Recall that as Example 3.2 and
Proposition 3.7 we are able to construct an envelope solution by regularizing r from above to get 7€ (the
sup-convolution method enables us to do that) and taking the infimum of solutions of the approximate
problems. That means we take

u®(z,t) := sup C; 4[a] with CF ,[a] = / rS(XY(s))ds + up(X*(¢)), (5.6)
acA 0
u(z,t) = lsifgus(x,t) = ;r>1f0 ut(x,t), (5.7)

and prove that u is an envelope solution. On the other hand, since upper semicontinuous functions are
integrable, it is possible to define a cost and value function for our original r which is not necessarily
continuous, that is

v(z,t) = sup Cyp o] with Cpyla] = / r(X%(s))ds + ug(X(t)). (5.8)
acA 0

What is the relationship between this v of the discontinuous problem and u via the approximation (5.7)?
Since problems including no e-perturbation can be directly handled, if © = v, it characterizes the limit
of u®.

approximation
s i
controll l control
0
V= e v u®
?

Figure 8: Control theory for a discontinuous running cost. Is this diagram commutative?

In Example 3.2 we deduced that u(z,t) = lim.jou°(z,t) = c(t — |z|)4+ by regarding the Hamilto-
nian as H(z,p) = —max 5, o)(a,p) — cl(z). On the other hand, as for discontinuous case v(z,t) =

SUDPge fot cl(X%(s))ds, for each x € R™ the optimal control is still the one that leads to a straight
trajectory before it comes to the origin and stays there after that moment. Therefore we conclude
that v(x,t) = ¢(t — |z|)+, and so u = v. However, situations are different for another compact set
A. For example if the control set A’ is taken as S"~!, the resulting Hamiltonian is the same as
H(z,p) = —max,ecgn-1{a,p) — cI(z). However, since X* moves at a velocity of 1 all the time for
each control «, it cannot stay at the origin. Hence we conclude that v = 0.

We here give one sufficient condition for guaranteeing u = v.

Lemma 5.3 (controllability). Let r € BUSC(R™), r¢ € BLip(R™) (¢ > 0) and r* | r in R™ pointwise,
and define u®,u and v by (5.6)—(5.8). Assume furthermore that
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(A1) there exists a measurable function 6 : R" x By (0) = A such that p = f(x,0(z,p)) for all
(z,p) € R™ x B”fH(O),

where ||f|| = suprnyxa |f|- Then u=v.

Proof. 1. We find that v < u because C ;[-] < CZ 4[] for all & > 0. It remains to prove u < v. Fix (z,t) €
Q. For each € > 0 there is some o € A such that u®(z,t) — e < Cf ;[0]. Set X°(s) := X(s;0°,1,1),
then one can easily check that the family {X¢}.~o C C[0,¢] is equicontinuous and uniformly bounded
by using Lipschitz continuities of X. Consequently Ascoli-Arzela theorem ensures that there exists
a subsegence {X°()},cn such that X°() uniformly converges to some X € C[0,#] as j — oco. The
estimate Lip[X*] < || f|| (Vo) implies Lip[X] < || f]|, and so X is a.e. differentiable and X'(s) € By (0).
Therefore by setting a(s) := 6(X(s), X'(s)) we have X'(s) = f(X(s),a(s)) a.e. s, and also X(s) =
X(s;a,z,t).
2. Fix d > 0. If 0 < &(j) < d, then we have

w9 (z,1) < e(j) + C2P [0 D] £ () + €2 [aV)]

and

jli)n;o C;i)t[as(j)] = Jlgrolo {/0 rd(X*W) (s))ds + uo(XE(j)(t))} :/o (X (s))ds + ug(X(1)).
Hence it follows that .
() < / r4(X (s))ds + uo (X (£).
0

Sending d | 0, we obtain by monotone convergence theorem
t
u(z,t) < / (X (s))ds +ug(X (t)) = Cpila] < v(z,t),
0

which completes the proof. O

Remark 5.4. To prove u = v in the case that value functions are defined by (5.5), there is no need
to assume (A1). It suffices to show u < v again. Take a minimizing sequence {a,,} of v(x,t) (, i.e.,
limy, 00 O ¢[m] = v(,1)), and then u®(x,t) < C5 ;o] holds for all € and m. Letting ¢ | 0, we see
that u(z,t) £ Cy4[ay,] by monotone convergence theorem. Finally send m — co.

Let us calculate some examples of solutions by applying Lemma 5.3 or Remark 5.4.

At first we consider the case that H(z,p) = —[p| — r(z) = —max,5, ) (a,p) — r(z) with r €
BUSC(R™). Then (A1) is satisfied by taking 6(z,p) = p, and so Lemma 5.3 guarantees that v defined
by

acA

t
o(2,1) = sup {/ r(X°(s))ds + uo(Xa(t))}
0
is the unique envelope solution.

Example 5.5. Let us consider the case of (1.13) and ug = 0. In this case, for each z € R™ the optimal
control forces the state to move straight towards the nearest point in S and to stop moving after the
arrival. Therefore we conclude that

v(z,t) = c(t — dist(x, 5))+.
The solution in the case that S = [—1, 1] and ¢ = 1 is given in Figure 9 (the left).

Example 5.6. Let us consider the case of (1.11) and up = 0. In this case, since we have obtained the
optimal control for the case r(z) = ¢;I(z — a;) for every j (=1,2,...,N), we only need to pick up the
maximum of them. Hence we have

v(x,t) = ml\efmfccj(t — |z —aj])+.
J:

The solution in the case that a; = 1,03 = 1,a3 = —1,vy = 1/3 is given in Figure 9 (the right).
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Figure 9: The envelope solution of dyu — |Vu| = x(—1,1)(z), uo = 0 (the left) and that of dyu — |[Vu| =
I(x+1)/3+ I(x—1), up =0 (the right).

Example 5.7. Let us consider the case that r(z) = cI(z) (¢ > 0) with a general initial condition
ug € BUC(R™). In this case, for each 2 € R™ all of the controls can be categorized into two types. One
type is to force the state to approach the origin. The other type results in trajectories without passing
the origin. The optimal value for the former type is

max {cs—i— max uo} =:V(x,t)

SG[O,t—‘.Tl] Et,m,s(O)

provided that ¢ = |x| while

max ug
By()

is the maximal value for the latter type. Thus we conclude that

(2.1) Maxzg, ;) Yo (t < z)),
v(z,t) =
max |maxg, .y to, V(z,t)| (t=]z|).

We will make this formula simpler by imposing some conditions on ug. Assume that ug(0) = 0 hereafter.

[1] The case that ug(z) < c|z| in R™. Since V (z,t) = ¢(t — |z|) (s =t — |z|), we have

o(at) = maxg, () Uo (t < |x]),
"7 ] max maxg, () %o, ct—z))| (= |x]).

In particular, we see u(0,t) = ct for all ¢ € (0,T') because maxg, ) uo < ct.

(a) If up(z) £ 0 in R™, then v(x,t) = ¢(t — |z|) for t = |z|. The solution for ¢ = 1 and
ug(x) = —|z|/(1 + |z]) is given in Figure 10 (the upper left).

(b) If ug(x) < clz| in R™\ {0}, then for all ¢ € (0,T) we have v(z,t) = c(t — |z|) in some
open neighborhood of (0,#) € @Q because maxg, ) uo < ct. The solution for ¢ = 1 and
ug(x) = |z|/(1 + |x|) is given in Figure 10 (the upper right).

(c) If there is some & # 0 such that ug(Z) = ||, it is unable to take the open neighborhood
described in (b) at (0, |#|). The solution for ¢ =1 and wup(x) = 2min{(|z| — 1)y, 1} is given
in Figure 10 (the lower left), where & = 2.

[2] The case that ug(xz) £ c|z| in R™. We assume that ug has the form ug(z) = b(|z|) and that
b(p2) — b(p1) > c(p2 —p1) (0 £ p1 < p2 £ R), b(p) = b(R) (p = R) for some R > 0. Note
that we have maxg, .y uo = b(|z| +t). Then we observe that V(z,t) = b(t — |z —s) (s = 0) for
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Figure 10: The envelope solutions of dyu — |[Vu| = I(z) under several initial data ug. The upper left is
the case that ug(z) = —|x|/(1 + |z|) and the solid curve is (z,t,u) = (s, |s],0). The upper right is the
case that ug(z) = |z|/(1 + |=|) and the solid curve is (s, /s% + 2[s|, /s2 + 2[s| — s). The lower left is
the case that ug(xz) = 2min{(|x|— 1)+, 1}. The lower right is the case that ug(z) = 2min{|z|, 1}. Each
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function is the unique envelope solution.

0 < t—|z| £ R and it is smaller than b(|z|+t), and also V(z,t) = c(t—|z|—R)+b(R) (s = t—|z|—-R)

.
188,
e

e

for t — |z| =2 R and it is bigger than b(|z| +t) = b(R). Thus we conclude that

b

v(x,t) =

It is seen that v(z,t) = b(R) if —|z|+ R £t < |z| + R. In this case, there is no effect of the step
source by time R on account of rapid growth of the initial data and v becomes flat at time R. The
solution for ¢ = 1 and b(p) = 2min{p, 1} (R =1) is given in Figure 10 (the lower right).

We next consider the case that H(xz,p) = |p|—r(z) = —min 5, o (a,p) —r(z) with r € BUSC(R"),
which describes the isotropic shrink at a velocity of 1. Then Remark 5.4 guarantees that v defined by

Cc

v(z,t) := inf

is the unique envelope solution.

Example 5.8. Let us consider the case of (1.11) with a general initial condition vy € BUC(R™). In
this case, since for each x € R™ the optimal control forces the corresponding state to go to the minimizer

acA

(] + 1)
(t = [z| = R) + b(R)

{Aﬂw%m@+wa%m}

of up on By(x) (and not to stay each a; for a positive time), we have

This coincides with the solution of d;u + |Vu| = 0, and hence we may think that there is no effect of

the source term r(x).

v(z,t) :énzn) Ug.
t(T
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Example 5.9. Let us consider the case of (1.13) and ug = 0. In this case, since for each x € R™ the
optimal control forces the corresponding state to leave S for the shortest time and stay in the outside
of S after the exit, we have

v(x,t) = ¢ min{t, dist(x, S°)},

where S¢ means a complementary set of S in R™. In particular, if S has no interior point, we see
v(z,t) = 0, which reduces to a special case of Example 5.8. We also learn for a bounded S that
v(z,t) = ¢ dist(x, S°) for every t = sup,cgn dist(x, 5¢) # co. The solution in the case that § = [—1,1]
and ¢ =1 is given in Figure 11.

N
-“‘\{\\‘\\
AN
SN
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Figure 11: The envelope solution of dyu + |Vu| = x[—1,1j(®), uo = 0.

5.2 Solutions without coercivity assumption

In this subsection we focus on the equations of the form

(1130) { O — Hy(Vu) = cl(x) %n Q, (5.9)
Ulp—o =0 in R™, (5.10)
ie, H(z,p) = —H1(p) — cI(z) with H; : R® — R and ¢ > 0. We do not impose the coercivity

assumption on Hp here. Also, without loss of generality we may take
H4(0) =0; (5.11)

if not, we replace Hy(Vu) in (5.9) with Hy(Vu) — H1(0) and solve the new (HJ0). For any solution
u(z,t) of the new one, u(x,t) + Hy(0)t is a solution of the original (HJO).

The next proposition helps us to construct envelope supersolutions when the step source consists of
a singleton.

Proposition 5.10 (construction of envelope supersolutions). Assume (5.11). Assume that u: Q — R
is bounded from below and satisfies the following three conditions.

(i) 7+ H(2,p) 20 for all (2,) € (R™\ {0}) x (0,T) and (p,7) € D u.(,t).
(i) w is continuous on {0} x (0,T).

(i) u(0,t) = ct in (0,T) and u(x,t) < ct in Q.

Then u € e.SUP(H).

Set Q. := (R™\{0})x(0,T). We say that u is a D-viscosity supersolution in Q. (write u € D-SUP(H)
in Q,) if u satisfies the condition (i) and is bounded from below.
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Proof. For € > 0 we define
u®(z,t) := min{u(z,t) + et, ct}.

(See Figure 12.) Then, we deduce by Proposition 3.5 that u® € D-SUP(H) since we have the following
three facts.

e u(z,t) +et € D-SUP(H) in Q..
o ct € D-SUP(H).

e u(w,t) + et > ct in some open neighborhood of (0,%) € Q, where £ € (0, 7).

Also, it is clear that u = inf.5 u®. We thus conclude that u € e.SUP(H). O
ct
u(z,t) + et
u(z,t)
0] x

Figure 12: The definition of u®.

Let a,b > 0 and define a “cone-shaped” function W, ,(z,t) := (at — b|z|)+. Before describing the
first existence result of (HJO0), which claims that W, ; is an envelope solution for suitable b and Hq, we
give simple observations about sub- and superdifferentials of the cone-shaped functions.

(CS) Let (py,74+) € D¥W,4(2,%) and (p—,7-) € D™ W, 4(2,1) for (3,%) € Q.

1) If at < b|Z|, we have p+ = 0 and 74 = 0.

2) If at > b|#| and & # 0, we have |p+| = b and 71 = a.

3) If at = b|#|, we have [p_| < b, 0 < 7_ < a and br_ = alp_|. Also, DY W, ;(&,%) = (.
4) If # = 0, we have |p;| < b and 7, = a. Also, D™W, 4(&,1) = 0.

(
(
(
(

Proposition 5.11. Assume (5.11) and let b > 0. Assume that Hy satisfies the following.

0< Hi(p) £ %|p\ for all p € R™ such that |p| < b. (5.12)
Hi(p) =c forallp e R™ such that |p| = b. (5.13)

Then Wep(z,t) = (ct — blz|)+ is an envelope solution of (HJO).

Proof. In view of (5.12), (5.13) and (CS) we see that W., is a D-subsolution of (5.9) and is a D-
supersolution of (5.9) in Q.. Since W, fulfills the assumptions in Proposition 5.10, we conclude that
Wep is an envelope solution of (HJO). O

Of course, if H; fulfills the regularity assumption (H,) required in our comparison principles, it
follows that the Lipschitz continuous function W, is a unique envelope solution.

Example 5.12. We consider the case that Hy(p) = |p|* with @ > 1. Then, the conditions (5.12) and
(5.13) are satisfied if we take b = c!/®. Hence we see that W, ,(z,t) = (ct — c*/*|z|); is an envelope
solution of (HJO).
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Example 5.13. We next consider the case that Hi(p) = /1 + |p|? — 1. Then, the conditions (5.12)
and (5.13) are satisfied if we take b = v/¢? + 2¢. Hence we see that W p(x,t) = (ct — Ve + 2¢|z|) 4 is
a unique envelope solution of (HJO0). In other words, the function u(x,t) = (¢t — V¢ + 2¢jz|)+ + tis a
unique envelope solution of

0w — /1 +|Vu|? = cl(z) in Q,
ul=0 =0 in R".

Unfortunately, Proposition 5.11 does not include the case that H; is “spokewisely concave” from the
origin, that is, the case when

Hy(p) = h(|p|), where h:[0,00) — R is strictly concave. (5.14)

Here we say h is strictly concave if h((1 — Nz 4+ Ay) > (1 — AN)h(z) + Mh(y) for every A € (0,1) and
x,y € [0,00) with « # y. For the purpose of finding envelope solutions of (HJ0) in such cases we further
assume that

h € C%(0,00) N C[0,00), h is strictly increasing on [0, 00). (5.15)
Then, it is easily seen by (CS) that
Wan-1(a)(,t) = (at — ™" (a)|2])+

is a D-subsolution of (HJ0) for each a € (0,¢) with ¢ < [|h]/jo,cc). Besides, it turns out that these

supremum
Ue(z,t) = S?p)(at—h‘l(a)lxl) (e = [|Al)
a€(0,c

becomes an envelope solution of (HJO).

Proposition 5.14. Assume (5.11), (5.14) and (5.15).
(1) Assume ¢ < ||h||. Then U, is a unique envelope solution of (HJO).
(2) Assume ¢ = ||h||. Then Uy, is a D-solution of (HJ0) and a unique envelope solution.
(3) Assume ¢ > ||h||. Then Uy + ktl(z) are D-solutions of (HJO) for all k € [0,c¢ — ||h|].

We remark that the assumption (H,) is satisfied because of the concavity of h; indeed, we now have
|H1(p) — H1(q)| £ h(|p — ¢|). Hence the uniqueness in (1) follows from the Lipschitz continuity of U..

Proof. At first, it is obvious that U, is a standard subsolution due to the stability under supremum.
In order to prove that U, is an envelope supersolution we utilize Proposition 5.10. Notice that U, is
rewritten as

ct — bl| (lz[ < K/ (b)t),
Udz,t) = h (g ('f')) t—g <|“”t”|> 2| (K(b)E < |z| < I (0)L), (5.16)
0 (R (0)t < |x])

by a direct calculation. Here h’'(0) means the right derivative at 0 and possibly equals +o0o. Also, we
write b = h=1(c) and g = (h/)~! for the inverse function of A'. If ¢ = ||h||, we read (5.16) as

c (z=0),
o= (o () =0 ()t 01 <iom -
0 (W (0)¢ < |2]).
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By the formula (5.16) we find U, € C'(Q.) and its derivatives are as follows:

c (J«| < W (b)t),
WU (x,t) =< h (g ('?')) (R (b)t < |z| < A (0)),
0 (' (0)t < |z)).
b (0 < [a] < W (b)t),
2]
VUc(x,t) =4 —¢ ('f') %\ (R (b)t < |z| < W (0)1),
0 (W' (0)t < |a]).

Thus we deduce that

O Uc(x,t) — h(|VU(z,t)|) =0 for all (x,t) € Q.,
and hence U, satisfies the condition (i) in Proposition 5.10. Since the conditions (ii) and (iii) are clear,
we conclude that U, is an envelope supersolution. If ¢ = ||h| in particular, we see that U, is also a
D-supersolution of (HJ0) since D U,(0,t) = 0.

(2) To show the uniqueness of U, as an envelope solution we use the idea of Remark 3.14. It
is seen that U, is the minimal envelope solution because Ue = supge(g,c) Wa,n-1(a) and Wy p-1(a) €
SUB(H,0) N BLip(Q). Next, let u®(x,t) := min{U.(x,t) + ¢t, ct} for € > 0. As we showed in the proof
of Proposition 5.10, it turns out that u¢ € D-SUP(H). We also have u® € BLip(Q) and U, = inf.~q u®,
and therefore U, is the maximal envelope solution.

(3) This claim follows from (2) and the fact that (U + ktI(x)). = Uy O

Example 5.15. We consider the case that Hi(p) = |p|/(1 + |p|), which is a non-coercive Hamiltonian.
Then, by substituting
c r 1=

b= h(r)=1+r, g(r) NG

into (5.16) we see that
Ue(z,t) = {Ct 1 C|x| (lz] £ (1= ¢)2t),
{(VE—=VIzD+ ¥ (2] = (1—c)?)

is a unique envelope solution of (HJ0) when ¢ < 1 = ||h||, and in particular Uy (z,t) = {(vVt—+/]z[)+}? is
a D-solution of (HJO) with ¢ = 1. In the case when ¢ > 1, functions Uy (z, ) + ktI(z) are all D-solutions
of (HJO) for k € [0,c—1]. (See Figure 13.) Also, we see that the Lipschitz continuity preserving property
breaks down for ¢ = 1 since U; is not Lipschitz continuous in Q).

Example 5.16. We next consider the case that Hi(p) = |p|® with 0 < a < 1. Then, by substituting

_ e s _ (a0
b=c/ hr) =17, g(r) = (%)

into (5.16) we see that
ct — /% (J2] < at/c1-/a),

Ue(w,t) = § (at /07 A\ 1/0-a)
o(z,t) (a ) . (a ) 2| (2| = at/c1-o)/a)

|| ||

is a unique envelope solution of (HJO0) for any ¢ > 0. This formula means that the present equation
(HJO) has a some kind of infinite propagation property for a step source because u > 0 in Q. (See Figure
14.)

The formula (5.16) also applies to Hamiltonians with the hyperbolic tangent form ([26])
1
H(IJD) = _‘p| tanh ﬂ - CI($)7
p

but it is complicated to calculate the inverse function g = (h’)~! in this case.
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Figure 13: Solutions of dyu — [Vul/(1 + [Vu|) = cl(z), ug = 0. The envelope solution for ¢ = 1/2 (the
upper left), the D-solution for ¢ = 1(the upper right) and one of the D-solutions for ¢ = 2 (the bottom).

5.3 Remark on relation to Dirichlet boundary problems
Let u be the unique envelope solution of the problem with a single step source:

{ Owu — |Vu| = cl(x) in R™ x (0,7),
u(z,0) = up(x) in R™.

We study in this subsection whether u is also a solution of the Dirichlet boundary problem:

O — |Vu| =0 in (R™\{0}) x (0,7),
(Di) < u(z,0) = up(x) in R",
u(0,t) = ct in (0,7).

To simplify the argument we assume up(0) = 0. We first recall the following facts about w from the
observation in Example 5.7.

(1) u(0,t) = ct for all t € (0,T).
(2) u(0,t) =ct for all t € (0,7T) provided that ug(z) < c|z| in R™.
(3) It
uo(x) = 2emin{|z|, 1}, (5.18)

whose slope is larger than ¢ near the origin, then the unique envelope solution is

o, 1) = 2cmin{|z| +¢, 1} (t£1),
’ ct—lz|—1)y +2¢ (t=1).

In particular, we have v(0,¢) = min{2ct, c(t+ 1)} > ct.
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Figure 14: The envelope solution of dyu — +/|Vu| = I(x), ug = 0.

We see by (1) that u is always a supersolution of (Di). Also, by virtue of (2), if ug(x) < ¢|z| in R™, then
u is a viscosity solution of (Di) which indeed attains the boundary condition. What happens in the case
that ug(z) £ cJz| in R™? Unfortunately, we cannot expect that u is a subsolution on the boundary even
in the weak sense, i.e., u(0,t) < ct or 7 — |p| < 0 whenever (p,7) € Dg.,u(0,t). In fact, when the initial
data is given by (5.18), we have v(0,2) > 2c and 7 — |p| > 0 for (p,7) = (0,¢) € D" v(0,2). Instead of
v, if we set

’U(Z‘,t) tgl)v
v (z,t) = ¢ 2¢ 1<t <1+ 1),
t=21+7),

(
(
v(z,t—71) (
5
(

then each v™ (7 = 1) becomes a solution of (Di) with (5.18) in the weak sense. One can interpret the
constant 7 as a “waiting time”. The Dirichlet problem (Di) forces its solution to stop the growth until
it satisfies the Dirichlet boundary data at the origin.

As an another type of the boundary condition in the weak sense, one may think of the dynamic
boundary condition ([13]); namely

Ou— [Vul =0 in (R™\ {0}) x (0,7,
(Dy) ¢ u(z,0) =uo(z)  in R",
Ou(0,t) = ¢ in (0,7).

However, one cannot expect the uniqueness of solutions for (Dy) as well. Indeed, each v™ (7 = 0) is a
solution of (Dy) with (5.18).
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