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Abstract

We investigate spectral properties of an effective Hamiltonian which is obtained
as a scaling limit of the Pauli-Fierz model in nonrelativistic quantum electrody-
namics. The Lamb shift of a hydrogen-like atom is derived as the lowest order
approximation (in the fine structure constant) of an energy level shift of the effec-
tive Hamiltonian.
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1 Introduction

We consider the quantum system of a nonrelativistic spinless charged particle with mass
m > 0 and charge ¢ € R\ {0} in the d-dimensional Euclidean vector space R? (d > 2)
under the influence of a scalar potential V : R — R, Borel measurable and almost
everywhere finite with respect to the Lebesgue measure on RY. As is well known, a
standard Hamiltonian of such a quantum system is given by the Schrodinger operator

h2

H=——A+YV 1.1

el (1.1)
on L?(R?), where h := h/27 (h is the Planck constant) and A is the generalized Laplacian
on L*(R?). From a quantum field theoretical point of view, however, the operator H is an
approximate Hamiltonian, because the charged particle interacts with the quantum radia-
tion field too. To incorporate this interaction, one has to extend the theoretical framework
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to nonrelativistic quantum electrodynamics (QED), a quantum theory describing nonrel-
ativistic charged particles interacting with the quantum radiation field (for reviews on
recent developments of mathematical theory of nonrelativistic QED, see, e.g., [5, 13]).

Instead of doing a full analysis in the framework of nonrelativistic QED, one may take
an intermediate way to make corrections due to the interaction of the charged particle
with the quantum radiation field. This kind of approach (heuristic) was first given by
Welton [14], based on the following physical picture: The position of the charged particle
should have fluctuations caused by the interaction with the quantum radiation field. Then
the fluctuations would change the potential V' and this change may give rise to observable
effects due to the existence of the quantum radiation field. Indeed, e.g., the Lamb shift
of the hydrogen atom—the energy level shift between 25 5-state and 2P, jo-state due to
the interaction with the quantum radiation field (for a pedagogical physical explanation,
see, e.g., [3, pp.57—60])—can be heuristically explained in this way [14] (cf. also [2] for a
formal perturbation theoretical treatment).

A mathematically rigorous structure behind the heuristic arguments of Welton [14] was
formulated in the paper [1] where the author considers a scaling limit of a Hamiltonian
in nonrelativistic QED and derives an effective potential which is a deformation of the
original potential V' and may “reflect” or “include” effects due to the interaction of the
charged particle with the quantum radiation field (for further developments of scaling
limits in nonrelativistic QED, see [4]). The model used in [1], which is a simplified version
of the full Pauli-Fierz model [8] with a mass renormalization, contains a Borel measurable
function w : R? — [0,00); R? 3 k — w(k) (a one-photon dispersion relation) and a real
tempered distribution p # 0 on R? satisfying

Ak |o(k)
/Rd (k)7 dk < oo, /Rd (k) dk < oo, (1.2)

where p denotes the Fourier transform of p:

pk) = W /Rd e~ p(x)dx,

physically playing a role of a photon momentum cutoff function.

Let
(d—=1) (R \* ¢ / (k)

Ay 1= — ] = —dk 1.3
! 4d mec) he Jpa w(k)? (13)

with ¢ being the speed of light, and, for each A > 0,

1 R
V)\(X) = W /Rd € x=yl /4)\V(y)dy, X = (l’l, T ,.fl?d) S Rd, (14)
where we assume that

/Rd Y|V (y)ldy < 00, Vx € R VE > 0. (1.5)

Then the effective potential, denoted Vog : RY — R, has the following form [1]:
Ve = Vi, - (1.6)
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Thus, to justify the interpretation mentioned above, one has to investigate spectral prop-
erties of the effective Hamiltonian
2
Heg = —Qh—mA + Vem (1.7)
and compare them with experimental results. This is one of the motivations for the
present work.

The charge ¢ in A, is originally a perturbation parameter in the Pauli-Fierz model,
representing the coupling constant of the charged particle with the quantum radiation
field [1]. But we note that {\;]¢g € R\ {0}} = (0,00) and that taking the limit A, — 0 is
equivalent to ¢ — 0. Hence we are led to analyze the operator

2
H, = —h—A—i-V,\, A >0, (18)
2m
instead of Hqg. Then one obviously has

He = Hy,. (1.9)

Moreover, we have, in the distribution sense,

. 1 x|

/I\E%We =Y/ — §(x — y), (1.10)
the Dirac delta distribution on R? x RY. This suggests that V), is a perturbation of V
with perturbation parameter A. Indeed, e.g., if V is bounded and continuous on R?, then
limy o Va(x) = V(x),¥x € R? (see also Lemma 2.1). But, in general, H) is not necessarily
a regular perturbation of H. This makes the mathematical analysis of H, nontrivial. We
also note that V) is a Gauss transform of V. This kind of perturbation of V' may be
mathematically interesting in its own right too.

By abuse of terminology, we also call V) (resp. H,) an effective potential (resp.
Hamiltonian) for V' (resp. H).

The present paper is organized as follows. In Section 2 we first investigate properties
of the effective potential V). Then we consider the effective Hamiltonian H, with the
space dimension d general. For some classes of potentials V', we prove a stability theorem
for a discrete eigenvalue of H (Theorems 2.5-2.7). We also establish a stability theorem
for the essential spectrum of H for a class of potentials V' (Theorem 2.10). In Section 3
we specialize the space dimension d to d = 3 and consider the stability of properties of V'
under the change V'~ V). Section 4 is concerned with the infiniteness or the finiteness of
discrete eigenvalues of a self-adjoint extension H, of Hy. Section 5 is devoted to analysis
of Hy with V spherically symmetric in R3. In this case Vy also is spherically symmetric.
We prove a stability theorem for a discrete eigenvalue of H (Theorem 5.4, Corollary 5.5).
Moreover, the reduction of H) to the closed subspaces naturally appeared in the polar
coordinate representation in R3 is discussed (Corollary 5.6). In the last section we apply
the results established in Section 5 to the effective Hamiltonian of a hydrogen-like atom—
an atom consisting of an electron and a nucleus with charge Ze (Z € N and e > 0 is
the fundamental charge)—and show that the Lamb shift can be derived as the lowest
order term in the asymptotic expansion of an energy level shift of H) _ as e — 0. The
present paper has an appendix in which some general aspects of a (not necessarily regular)
perturbation theory for self-adjoint operators are presented.



2 The Effective Hamiltonian in General Cases

In this section, we consider the effective Hamiltonian H) with d general. The physical
case d = 3 is discussed later in detail (Sections 3-6). To analyze properties of H), we first
need to know properties of the effective potential V.

2.1 Properties of the effective potential
Let

1
GA(X) = We /4>\, X € Rd, A>0, (2.1)

a Gaussian function. By (1.4), one can write

V)\ = G)\ * V7 (22>

where

)l = [ fox=yg(y)dy (2.3

the convolution of functions f and g on RY, provided that the integral on the right hand
side exists. Hence V) is the Gauss transform of V' with the Gaussian function G.
Note that, if V' is in L*(R?), then

Vi =V, VYA >0. (2.4)

For p € [1,00) or p = 00 and f € LP(R?), we denote by | f||, the LP-norm of f:

1/p
1= ([ 1GoPax) (1< p <o) e = esssupecnil £

where ess.sup means essential supremum.

Lemma 2.1 IfV € LP(R?) (1 <p < o), then (1.5) holds and Vs € LP(R?) for all A > 0
with
Valle < IV [l (2.5)

Moreover, the following (i) and (ii) holds:

(i) If 1 < p < oo, then
lm V5, — V1], = 0. (2.6)

(i) If V€ L=®(R?) and V is uniformly continuous on R, then

lim [[Vy = V|oo = 0. (2.7)



Proof. These are well known facts ( see, e.g., [6, Theorem 5.7]). ]

It may be convenient from perturbation theoretical point of view to set
Vo :=V. (2.8)

Then Lemma 2.1 shows that the mapping: [0,00) 2 A\ — V) is strongly continuous at
A = 0 respectively in LP(R?) (1 < p < oo) and in the space of uniformly continuous,
bounded functions on RY.

We denote by C'(R?) the set of continuously differentiable functions on R¢. For
f € CYRY), we denote its gradient by Vf:

V= (0f-,0uf)
with 0,f == 0f/0x;,j=1,---,d. Let
Cli(Rd) = {f S Cl(Rd)lan S LOO<Rd)7j = 17 o 7d}7 (29>

the set of continuously differentiable functions with all the partial derivatives bounded on
R¢, and
IV flloo := sup |V f(x)]. (2.10)

xeRd
Lemma 2.2 Let V € CL(R?). Then, (1.5) holds and
VA = Vo < TaVA|VV||oc, (2.11)
where
Iy:= 27rd/2/ e 1) z]dz < oo, (2.12)
R4
Proof. We have for all a,x € R? and o > 0

V(ia+ax)—V(a) = /Oa x(VV)(a+ tx)dt (2.13)

Hence
V(a+x) —V(a)| < x[[[VV]e (2.14)
In particular, taking a = 0, we have

VE<IV0)] + X[[[VV e

This implies that (1.5) holds.
By the change of variable: y — z = (y — x)/2v/\, we have

Vi(z) = 7r_d/2/ eV (x + 2v\z)dz.

R4

By this formula and the fact that

7T_d/2/ e 7P dz = 1,
Rd
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we obtain

Vi(x) — V(x) = 742 /R V(x4 2 R) — V) (2.15)

By (2.14), we have
V(x +2VAz) — V(x)] < 2V\|2]|| VV] .
Thus (2.11) follows. L]

From a regular perturbation theoretical point of view, it would be natural to ask if
there is a class of potentials V' such that the mapping : A — V) can be extended to an
analytic vector-valued function in a suitable topology. A class of such potentials V is
given in the following lemma:

Lemma 2.3 Suppose that V € C°(R?) (the set of infinitely differentiable functions on
R? with compact support). Then, Vi € 8(R?) (the Schwartz space of rapidly decreasing
functions on R?) for all X > 0 and

:ZMA", xeRLA>0 (2.16)
n:

n=0

uniformly in x on R, where the series on the right hand side is absolutely convergent.

Proof. By the present assumption, there exists a constant K > 0 such that V(k) =
0, k| > K. By Fourier analysis, we have

N

1 4 2
VA(X) = =373 #oe MV (k) dk.
\(X) )i /|k|<Ke eV (k)

The function : k — e ¥V (k) is in C5°(R%) and hence in 8(R?). Therefore Vj is in $(RY).
We have

A"V ()] < g K2 V]

T
Hence )" (A™V)(x)A\"/n! converges absolutely with

NV

i| (A"V) X _
2 . = (2r)d/2

Let Sy(x) :== SN (A"V)(x)\*/n!, N € N. Then we have

1
W) =Sl < g |

= n=0
1 = (AK?)"
< V.
= (27T)d/2 nz]\;i_l n! || ||1
Hence limy_,o0 SUPyepa [Va(x) — Sn(x)] = 0. |



2.2 Existence of discrete eigenvalues of the effective Hamilto-
nian

We want to find classes of potentials V' such that H, (A > 0) has an eigenvalue if the
unperturbed operator H has an eigenvalue. In this subsection, we consider only simple
classes of such V.

In what follows, for a Hilbert space H, we denote its inner product and norm by (-, -)
(antilinear in the first variable and linear in the second one) and || - || respectively. The
domain (resp. range) of a linear operator A on H is denoted D(A) (resp. Ran(A4)). We
denote the spectrum and the resolvent set of A by o(A) and p(A) respectively. If A is
bounded, we denote its operator norm by [|A]|.

For a self-adjoint operator A, we denote its spectral measure by F 4.

The next lemma is a key fact in our theory below:

Lemma 2.4 Let {Ay}xso and A be self-adjoint operators on a Hilbert space. Suppose
that Ay converges to A in the norm resolvent sense as A — 0:

/l\iir(l) (Ax —2)' = (A—2)"Y =0, z€C\R.
Let a,b € p(A)NR,a < b. Then, there exists a constant r > 0 such that
dim Ran(F4, ((a,0))) = dimRan(E4((a,b))), A€ (0,7). (2.17)
Proof. By the present assumption and [9, Theorem VIII.23-(b)], we have
lim |1, (0.)) — Ea((a.0)]| =0,
Hence there exists a constant » > 0 such that
1Ea,((a,0)) = Ea((a,0))[| <1, A€ (0,7). (2.18)

This inequality and a general fact [11, p.14, Lemmal imply (2.17). ]

Going back to the effective Hamiltonian H), we first consider the case where V is in
L>®(R9Y). 1In this case, H is self-adjoint with D(H) = D(A). By Lemma 2.1, V is in
L>(R%). Hence Hy also is self-adjoint with D(H,) = D(A). The next theorem shows the
stability of an eigenvalue of H under the change of V' to V):

Theorem 2.5 Let V be in L°(R?) and uniformly continuous on Re. Let a,b € R with
a < b. Suppose that H has an isolated eigenvalue Ey in the open interval (a,b) with
multiplicity m(Ey) and that o(H) N (a,b) = {Eo}. Then, there exists a constant r > 0
such that, for all A € (0,r), Hx has exactly m(Ey) discrete eigenvalues in (a,b), count-
ing multiplicities, and o(Hy) N (a,b) consists of only these eigenvalues. In particular, if
m(Ey) = 1, then Hy with A € (0,7) has a unique isolated simple eigenvalue Ey in (a,b)
and

lim By = Ep. (2.19)

A—0



Proof. Let z € C\ R. Then
(Hy—2)'—(H—-2)"'=Hy—2)"Y(V-V\)(H-2)"".

Hence 1
Hy—2)""—(H-2)Y < ——||V=Wlull(H - 2)""
[(Hx—2)" = (H—2)"|| < Tm 2] I Mlooll(H = 2) 77,
where Im z denotes the imaginary part of z. By Lemma 2.1-(ii), for every € > 0, there
exists a constant 7. > 0 such that, for all A € (0,7.), ||V — V)||oo < €. Hence

H—z)7"|

H(H,\—z)_l—(H—z)_lH<6”( , Ae(0,7).

|Im z|
Thus H), converges to H in the norm resolvent sense as A — 0. Hence, by Lemma
2.4, there exists a constant r > 0 such that, for all A € (0,7), dimRan(Ey, ((a,b))) =
dim Ran(Eg((a,b))) = m(Ep). Thus H) has exactly m(Ey) discrete eigenvalues in (a, b),
counting multiplicities, and o(H)) N (a,b) consist of only these eigenvalues.

Suppose that m(Fy) = 1 and € is a normalized eigenvector of H with eigenvalue Ej:
HQy = EoQ, ||Q%]| = 1. Then, by the preceding result, Hy with A\ € (0,r) has exactly
one eigenvalue E) in (a,b) with o(Hy) N (a,b) = {Ex}. We set Py := Ep,((a,b)) and
P := Ey((a,b)). Then PQy = Qg and H\P\Qy = E\P\{. Taking the inner product of
this equation with €2y, we have

E\ (Qo, P\Qo) = Eo (Qo, P\Q0) + (Qo, (Vi — V)Q0) + (Vi — V)Q0, (Px — P)Q) .

By (2.18) with Ay = H) and A = H, we have ||Py, — P|| <1, A € (0,7). Hence it follows
that || Px€|| > 0, which implies that (€, P\Q2) > 0. Therefore we obtain

(Qo, Vi = V)Qo)  ((Va—V)Q, (Px — P)S)

By = Eo+
g ’ (Q0, P\ Q) (Qo, PyQo)

(2.20)

Note that
<Qo,P,\QQ> = 1+<Qo,(P/\—P)Qo> = 1+O(1) ()\—>O)

Thus (2.19) holds. ]

We next consider the case where V is in C}(R?) and bounded below. Then, by a
general theorem [10, Theorem X.28], H is essentially self-adjoint on Cg°(RY). We denote
the closure of H by H. By Lemma 2.2, V;, — V is bounded on R%. Hence H, is essentially
self-adjoint on Cg°(R?). For ¢ > 0, we define VRS R by

1

Theorem 2.6 Let V be in CL(R?) and bounded below. Let a,b € p(H)NR (a < b).
Suppose that H has an isolated eigenvalue Ey in the open interval (a,b) with multiplicity

m(Eo) and o(H) N (a,b) = {Eo}. Then, there exists a constant r > 0 such that, for all
A € (0,7), Hy has exactly m(Ey) discrete eigenvalues in (a,b), counting multiplicities, and

o(Hy)N(a,b) consists of only these eigenvalues. In particular, if m(FEy) = 1, then Hy with
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A € (0,7) has a unique isolated simple eigenvalue Ey in (a,b) with o(Hy) N (a,b) = {Ey\}
and

2v/A
Ey = B, +/ (20,0 dt +o(vVR) (A 0), (2.22)
0
where Qg is a normalized eigenvector of H with eigenvalue Eq: HQy = Eof, [|Qo| = 1.

Proof. Since we have Lemma 2.2, existence proof of eigenvalues of H, can be done in
the same way as in the proof of Theorem 2.5. Thus we need only to prove (2.22). By
(2.13) and (2.15), we have

Vi(x) — V(x) = /0 w2 v (x)dt.

Hence
PAVON
<Qo, (V)\ — V)QO> = /Rd (/0 Vj”(x)dt) |Qo(X)|2dX.

Since we have

Ly
V)< SNV

with 'y given by (2.12), we can apply Fubini’s theorem to the double integral on the right
hand side to obtain

2vA
<Q07 (V)\ - V)Q(]> = / <Q0, ‘/t(l)QO> dt
0

By this formula and Lemma 2.2 together with (2.20), we can obtain (2.22). ]

~In concluding this section, we consider the case where V' is a potential such that
V € C°(RY). In this case we have Lemma 2.3. In particular, H and H) are self-adjoint
with D(H) = D(H)) = D(A), A > 0.

Theorem 2.7 Let V € C°(RY). Suppose that H has an isolated eigenvalue Ey with
multiplicity m(Ey). Then, there exists a constant r > 0 such that, for all X € (0,r),
H) has exactly m(Ey) discrete eigenvalues EV(X\) (j = 1,---,m(Ey)) near Ey and the
spectrum of Hy in this region consists of only these eigenvalues. Moreover, each EW)())
as a function of X has an analytic continuation to the disk {\ € C||\| < r}. In particular,
if m(Ey) =1 and HQy = EoQ, ||| =1 (Q € D(H)), then Hy with A € (0,7) has a

unique isolated simple eigenvalue E) near Ey and

e @n(A)

E)\ =Fy+ e AT
’ ano bn(A)

(2.23)

with

(_1)n+1 0 0 NeAb++ln
n(A) = _
w) =2 Zg: TR




X /E_E _ <907 (AZV)(H — E)*l(AhVXH N E)71<A£2V)(H . E),l

X (A"V)(H — E)7'Q)dE,
(_1)n+1 °© Noattln

2mi IZLERRY
=1

£y, ln=

bn(A) ==

X / (Qo, (H — E)Y"{(A"V)(H — E)"Y(A"V)(H — E)™*
|E—Eo|=¢

X (A"V)(H — E) Q) dE,

where f|E—E0|:a dE means the contour integral on the circle |E—Ey| = € with anti-clockwise
orientation, € > 0 being sufficiently small.

Proof. By Lemma 2.3, we can define for all § € C a linear operator H(3) by

HE) = - Ay,

2m

where V(B) := > - ,(A"V)3"/nl. By Lemma 2.3, V() is bounded and analytic in £
in the uniform topology. For A > 0, we have H(\) = H,. It is obvious that, for all
B € C, H(B) is a closed operator with D(H(3)) = D(A) and, for all f € D(A), H(B)f
is a vector-valued analytic function of 5. Since limg o ||V () — V||oo = 0, there exists
a constant §, > 0 such that, for all |5] < Gy, p(H(B)) # 0. Hence {H(B)}s<p, is an
analytic family of type (A) [11, p.16, Definition]. Thus we can apply a general theorem
of regular perturbation theory [11, Theorem XII.13] to obtain the desired results. ]

2.3 Essential spectrum of the effective Hamiltonian

It is interesting to compare the essential spectrum of H, denoted oess(H ), with that of
H,. For this purpose, we recall a class of potentials V.

Let p > 1 and & > 0. We say that V is in the set LP(R?) + L>(R?) if, for every € > 0,
there exist functions V;. € LP(R?) and V5. € L>®(R?) such that

V=V15+V257 H‘/ZEHOO <e&. (224>
Lemma 2.8 If V is in LP(R?) + L>(RY), then so is Vi for all X > 0.

Proof. This follows from Lemma 2.1. 1
For a Borel measurable function U : R? — R, we define
h2
Hy=——A+U 2.25
U om + (2.25)

Lemma 2.9 Letp=2 ford=1,2,3 ;p>d/2 ford>4 and

U € LP(RY) + L=(RY). (2.26)
Then, Hy is self-adjoint with D(Hy) = D(A) and bounded below. Moreover
Oess(Hy) = [0, 00). (2.27)

10



Proof. Every U € LP(RY) + L®(R?) with p as above is infinitesimally small with
respect to A (apply the proof of [10, Theorem X.15] in the case d = 1,2,3 and [10,
Theorem X.20] in the case d > 4). Hence, by the Kato-Rellich theorem [10, Theorem
X.12], Hy is self-adjoint and bounded below. Relation (2.27) follows from the fact that
Oess(Hy) = Oess(—A) = [0,00) ([11, p.369, Problem 41]). |

For convenience, we set

Hy = H, (2.28)

so that we have a family {H,}\>o of symmetric operators indexed by the closed semi-
infinite interval [0, c0).
The following theorem immediately follows from Lemmas 2.8 and 2.9:

Theorem 2.10 Let p be as in Lemma 2.9 and V € LP(R?) + LX(R?). Then, for all
A >0, Hy is self-adjoint with D(Hy) = D(A) and bounded below. Moreover

Gess(Hy) = [0,00), VA > 0. (2.29)

This theorem shows that, for the class of potentials V' specified there, the essential
spectrum of Hy = H is stable under the perturbation V) — V.

3 Effective Potentials in Three Space Dimensions

It is also interesting to consider the stability of the discrete spectrum of H, denoted
ogisc(H), under the change V +— V). This section is a preliminary for this purpose.

From now on, we consider the physical case d = 3. In this case, a typical class of
potentials V : R® — R is given by the Rollnik class R:

VeRrdl / wdxdy < 00. (3.1)
RIxES X Y]

An element V' in R is called a Rollnik potential. The following fact is well known (e.g.,
[12, Theorem I.15]):

Lemma 3.1 Let V >0 and V € LY(R?). Then, V € R if and only if

V (k)2
[V k)] dk < oo. (3.2)
rs K|
We introduce a subset of R:
Res ={V RV >0o0r V <0}, (3.3)

the set of Rollnik potentials with constant signature.

Lemma 3.2 Let V € R, N LY(R3). Then, for all A > 0, V) € Res N LY(R3).
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Proof. By Lemma 2.1, we need only to show that V) € Re. Let V € R and V > 0.
Then it is obvious that Vy > 0. We have

~ ~

Va(k) = e MV (k).

Hence A .
Vi(k)|? V(k)|?
/ LA I LA (by Lemma 3.1).
re K| r K|
Hence, by Lemma 3.1, V), € R. Thus V) € R.. Similarly one can prove this in the case
vV <0. |

Lemma 3.3 Let V € RN LY(R3). Then, for all X > 0, Vy € RN LY(R3).

Proof. We have the decomposition V' =V, — V_ with V,(x) := max{V(x),0} > 0
and V_(x) := —min{V(x),0} > 0. It is easy to see that, if V€ RN LY(R?), then
Vi € Res N LY(R?). By this fact and Lemma 3.2, we obtain the desired result. ]

Lemma 3.4 Let V € RN LYR3) + L>®(R3). Then, for all X > 0, Vy € RN LY(R?) +
L>(R3).
Proof. This follows from Lemmas 2.1 and 3.3. 1
Let R = R or R. We say that V is in R N LY (R3) + L>(R3). if, for every ¢ > 0,
there exist V3. € R’ N L'(R3) and V. € L*®(R?) such that
V:Vvle—i_vésa H%s“oo < €. (34>

Lemma 3.5 Let V € Res N L1(R3) + L®(R3).. Then, Vi € Res N L1(R3) + L2(R?), for
all A > 0.

Proof. This follows from Lemmas 3.2 and 2.1. 1

Lemma 3.6 Let V € RN LY(R?) + L®(R3).. Then, V) € RN LY(R?) + L*(R?). for all
A> 0.

Proof. This follows from Lemma 3.4. 1

The following two lemmas show that some behaviors of V near |x| = oo are taken over
by V)\.

Lemma 3.7 Assume (1.5). Suppose that there ezist constants a > 0,e > 0 and Ry > 0
such that a
V(x) < —

TP

Then, for each X\ > 0, there exist constants a' > 0 and R, > 0 such that

a/

V)\(X> < —

=T

V[x| > R.. (3.6)
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Proof. We write

V)\: [1—|—12),

1
TN

where

n(x) = / VY (y)dy,  y(x) = / e BV () dy.
l¥|>Ro

ly|<Ro

Using (3.5) and change of variables to polar coordinates, one can show that

dra dral
L(%) <~ 2 J(x) + S D(x), x#0,
x| x|
where
o0 e_(T_|x|)2/4>‘ S 6—(T+|x‘)2/4/\
J1(x) ::/ ———dr, Ja(x) ::/ ———dr.
Ro r Ro r
We have

1 00 —s2 /4
x| Ro—|x| (1+ \?SI>
Let 0 < e <1 and |x| > rg > 0. Then

1
Jl(X) > —Cl

e

oo 6—32/4)\
Cl I:/ —l_eds.
Ro—ro <1 + i)

T0

with

On the other hand, if 1 < ¢ and |x| > rg, then

1 [~ s\ g Lo
Jl(X) Z |X|1*5 1+m e S ~ ’X‘lfe 2

Ro—ro

Cy = / e~ /4 s,

Ro—ro

with

Hence

1
Ji(x) > —— min{C1, Cs}, |x] > .

— |X|17€

JQ(X) =

1 oo —(r|x[)?/4X
[,
X| 1

| tRo/lx TP =D

Hence, for all ; > 0, we have

1
JQ(X) < MT1037 V|X| Z (&1

— ‘X|1_6

13
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with

L, oo 6—7"27‘%/8>\
M, = S;lp (se™* /8>\)7 Cy = / Wd?ﬂ
s>Ro+r1 1 -
Thus, taking r; > ry, we obtain
ay

with
a; = 4rAa(min{Cy, Cy} — M,, Cs).

Since lim,, o, M,, = 0, we can take r; such that a; > 0.
It is easy to see that, for all « € R

N,
[I2(x)| < # x| >y >0 (3.9)
XD[

|
with
Npy(@) i= sup (|x|e P/ PekIRor23) ( / ey2/4*\v<y>rdy) < .
ly|<Ro

x| >r2

Note that lim,, . V., (@) = 0. Hence we can take 75 such that ¢’ := a; — N,,(a) > 0
with a = 2 — e. Then, taking R{, := max{ry, 2}, we have (3.6). ]

Lemma 3.8 Assume (1.5). Suppose that there exist constants b > 0 and Ry > 0 such
that

Vix) >

= _Wa

Then, for each X\ > 0, there exist constants b’ > 0 and R, > 0 such that

V|x| > Ro. (3.10)

/

b

Proof. We decompose V) as in (3.7) with (3.8). In the same way as in the proof of
Lemma 3.7, we can show that, for all x # 0,

00 —(|x[2+r2) /4 +|x|r/2)
Lx) > _AmbA / e ir
x| S, r
Ab\ /°° e= 5 /4 p
_ —ds
x> Jro— x| (1 + @)
- e §=———
%P J x|
By (3.9), we have
N, (2)
IQ(X) Z — |;|2 s |X‘ > o > 0
Thus (3.11) follows. L]
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4 Discrete Spectrum of the Effective Hamiltonian

As is well known, every U € R + L*(R?) as a multiplication operator on L?*(R?) is
infinitesimally form-bounded with respect to A on L?*(R?®) [10, Theorem X.19]. Hence,
by the KLMN theorem [10, Theorem X.17], there exists a unique self-adjoint operator Sy
such that D(|Sy|"?) = D((—A)Y?) and

/R/ubd<f, Es, (11)g)
_

2m

(CA)E (=) Pg)+ [ P UIgIx, fg € DI-A)),

We write Sy as
2

h )
= ——A+U. 4.1
Sy o +U (4.1)

By Lemma 3.4, for V€ RN LY(R?) + L>*(R3), we can define a self-adjoint operator
Hy (A >0) by
~ .
Hy, = ——A+YV,. 4.2
A 5 TV (4.2)
Remark 4.1 The operator H, is a self-adjoint extension of Hy. If V € L2(R3)N L' (R3)+
L>°(R3), then Hy = H,, since Hy is self-adjoint with D(H,) = D(A) in this case.

Theorem 4.2 Let V € RN LY(R®) + LX(R®). Then, for all A > 0, ous(Hy) = [0, 00)
and ogisc(Hy) C (—00,0). Moreover, the following (i) and (ii) hold:

(i) Suppose that (3.5) holds. Then, for all X > 0, oqwe(Hy) is infinite.
(ii) Suppose that (3.10) holds. Then, for all X > 0, oqwc(H,) is finite.

Proof. The following fact is well known [11, p.118, Example 7]: If U € R + L>(R?),
then 0es(Sy) = [0,00), where Sy is defined by (4.1), and hence 04is.(Sy) C (—00,0). By
Lemma 3.6, we can apply this theorem to U = V). Thus the first half of the present
theorem follows.

(i) In this case, we have (3.6). Hence, by a general theorem [10, Theorem XIII.6-(a)],
adisc(ﬁ] ») is infinite for all A > 0.

(ii) In this case , we have (3.11). Hence a general theorem [10, Theorem XIII.6-(b)]

implies that ogisc(H)) is finite for all A > 0. |

Theorem 4.2 shows that, for every V € RNL(R3)+ L(R3) with condition (3.5) (resp.
(3.10)), the infiniteness (resp. finiteness) of the discrete spectrum of Hy = —h?A/2m+V
is maintained under the change of V' to V).

15



5 Spherically Symmetric Potentials

In this section we consider the case where V' is in a class of spherically symmetric potentials
on R3. Let V be given by the following form:

V(x) = % x € R*\ {0} (5.1)

with u : [0,00) — R being bounded and continuously differentiable on [0, 00). Note that
V has singularity at x = 0 if u(0) # 0. Hence this class of V' includes classes of potentials
different from those discussed in Subsection 2.1.

5.1 (General aspects

Theorem 5.1 Let V' be given by (5.1). Then, for all X\ > 0, Hy is self-adjoint with
D(Hy) = D(A) and bounded below. Moreover

Uess(H)\) == [07 00)7 Odisc(H)\) C (—O0,0) (52)
Proof. For every € > 0, let R > ||ul|» /¢ and define

u(X)X[R00) (1X])
]

U(X)X(O,R)(|XD
x|

Vi(x) := ;o Va(x) =

Y

where, for a set S C R, xg denotes the characteristic function of S. Then it is easy to see
that V; € L*(R3), ||[Va]joe < € and V =V} + V5 on R?\ {0}. Hence V € L?(R3) + L°(R?).
Therefore, by Theorem 2.10, we obtain the desired results. 1

We next estimate ||(Vy — V)(H — 2)7!||. We have by direct computations

VW=V + Wi+ Wi+ Wy, (5.3)
with
Wi (x) == flxl S (u(x| + 2V As) — u(|x])ds (5.4)
Wya(x) = - ﬂ’f’)‘E fe(x]/2V3). (5.5)
X) 1= — Ooe’(SHXW‘A)Qu s)ds :

Wialo) o= 2 | 2V hs)ds, (5

where -
Erfe(z) ::/ e V'dy, zeR, (5.7)

the Gauss error function. Hence V), also is spherically symmetric.

16



Example 5.2 In the case where V is a Coulomb type potential

VO (x) = _‘%’, x € R4\ {0} (5.8)

with 7 € R\ {0} being a constant, we have

Vab) = V700 s= =0+ (5.9)
where 2
(’Y) X) = TIc(|X T . .
W) o= = Brfe((x/2VR), 7> 0 (5.10)

It is easy to see that V is in L?(R3) + L°°(R?). Hence it is infinitesimally small with
respect to —A (see, e.g., proof of [10, Theorem X.15]): for every € > 0, there exists a
constant b, > 0 such that

VIl <e

h2
~ge | +0sl f e D=2, (5.11)

Hence, by the Kato-Rellich theorem [10, Theorem X.12|, H is self-adjoint with D(H) =
D(—A) and boundd below. By Lemma 2.1, V, also is in L?(R3) + L>*(R3) for all A > 0.
Hence H) is self-adjoint with D(H,) = D(—A) and bounded below.

We note that (5.11) implies that

be
1—¢

h? 1
——Af|| < —||H 0 1. 5.12
=g < T2l + I 0 (5.12)

A key fact is given by the next lemma:

Lemma 5.3 For all z € p(H) and p € (0,1/4), there exists a constant C(p,z) > 0
independent of A > 0 such that

I(Va = V)(H = 2)7H| < Clp, 2)) (VA + N + AV (5.13)
and, for all compact sets S C p(H), sup,.qC(p, z) < co. In particular,
lim [|(Vy = V)(H = ) =0 (5.14)
uniformly in z on each compact set S C p(H) and, for all f € D(A) and p € (0,1/4),
(VA =V) Il = o) (A —0). (5.15)

Proof. Throughout the proof, C; (j = 1,2, - - -) denotes a positive constant independent
of Aand z € p(H). To prove (5.13), we need only to prove

W (H = 2)7Y < Ci(p, 2) WA+ N+ AV 5 =1,2,3, (5.16)

where C}(p, z) is a positive constant independent of A > 0 and sup,.q C;(p, 2) < oo for
all compact sets S C p(H).

17



We have
|x|+2v/As

u(x| + 2V/xs) — u([x]) = / o (r)dr.

x|

Hence

[u(lx| +2VAs) = u(|x])] < 2VA[s|[[t ]l

By this estimate and (5.4), we obtain

W) < 2Va

|

with a constant Cj. Since 1/[x| is in L*(R?) + L>(R?), an estimate like (5.11) holds.
Namely, for every €; > 0, there exists a constant c., > 0 such that

Fxl =2l < e

gt +ealil. D)

By (5.12), we have

€1

"2 Al < [HfIl+deg, [l (0 <e<T) (5.17)

1—-¢
with a constant d. ., > 0. Hence we obtain for all z € p(H)
IWaL(H = 2)7H | < VAC(|H(H — 2)7 || + |(H = 2)~']))
with a constant Cy > 0. Therefore, taking
Cilp,2) = Co(|[H(H — )| + [|(H = 2)~*]))
we have (5.16) with j = 1. Let S C p(H) be a compact set. Then it is easy to see that

sup(|H(H — 2) || +[|(H — 2)7]]) < o0.

zeS

Hence sup,.g C1(z.p) < 0.
Let f € D(A) and 0 < p < 1/4. Then we have

IWxfII? = §L(f)+ L(f)

with
huwz/ M@@Wuwww,&uwz/ W (0) 21 () 2.
x| <A%P x| > A2
Since Erfc(0) = \/7/2, we have
NN 1
h) < () SR [ S
= oI

18



with a constant C) independent of \. Recall that, for every a > 0, there exists a constant
b such that

[flloe < allAf][ + bl f]]
(see, e.g., [10, (X.23)]). By this estimate and (5.12), we obtain

L(f) < CNP(IHLIP + A1)

with a constant Cs.
As for I1(f), we have

Iy (f) < CeBrfe(AW=D72/2)%|| [x| 7 f|[* < CrExfe (W=D /22 (| HfI” + | 1)

with constants Cs and C7, where we have used (5.17). Thus we obtain

Waa(H —2)7| < Cs\/w + Erfe(AW=0/2/2)2(|[H(H — 2) 7| + [I(H = 2)7'])

with a constant Cs. We have for all n € (0,1) and 6 > 0

ErfC()\(4p71)/2/2) = /OO 6752d8 < 6777/4/\1741) /oo e*(lfn)szds
1/20(1-4p)/2 N 0

< Co(n, )N~
with a constant Cy(n, #) > 0. Hence
[Waz(H = 2)7H| < Crolp, O)(N + NN (| H(H = 2) 7! + | (H = 2)7"))

with a constant Cio(p, ). Taking 0 = p/(1 — 4p)], we obtain (5.16) with j = 2.

We have
e~ xI?/4x

[Whs(x)| < Ciy

|x

|
with a constant C1;. Hence we have for all f € D(A)
[Was f11* < CFy (K1 + Ka)

with

e~ 1x?/2) o—IX12/2
Ky = / T )dx, K = / F(x)dx,
x|<R

x> s>k X2
where R > 0 is a constant. It is easy to see that
—R2/2)

e
Ky < CoVAIfl%, K» < 72

£

with a constant C5. Hence, as in the preceding cases, we have
Was(H = 2) Y| < Cos(N* + e /(| H(H = 2)7Y | + [[(H = 2)7'|)

with a constant Cy3. Thus (5.16) with 7 = 3 holds.
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Estimate (5.13) obviously implies the uniform convergence (5.14) on each compact set
S C p(H).

Let f € D(A) and p € (0,1/4). Then there exists a constant ¢ > 0 such that
0 < p+4+e < 1/4. Forall X € (0,1), we have VA, \/* < \*<. Hence, we have for all
Ae(0,1)

I(VA = V)< (VA = V)(H =) II(H = i) fIl < 3C(p+ e, 0) [(H — ) fIN*,

which implies (5.15). ]

By Lemma 5.3, we can apply a general perturbation theory given in Appendix in the
present paper to investigate the discrete spectrum of H.

Suppose that H has an isolated eigenvalue E, € R with finite multiplicity m(Ey)
(1 <m(Ey) < o0). Let r be a constant satisfying

0<r< min |E— E.
Eeo(H)\{Eo}

and

Cr(Ey) == {z € C||z — Ey| =r},
which is a subset of p(H). Let

n,:=r sup |(H — z)’lH, ry:= sup |[(VA\—=V)(H — z)’lH. (5.18)
ZGCT(EO) ZECT(E())

The next theorem follows from a simple application of Theorem A.3 with A = H and
B)\ = V/\ -V

Theorem 5.4 Let A > 0 and ry < 1/(1+n,). Then, Hy has exactly m(Ey) eigenvalues
in the interval (Eg—r, Eg+r), counting multiplicities, and o(H))N(Ey—r, Eg+71) consists
of only these eigenvalues.

In the case where Ej is a simple eigenvalue of H, one can obtain more detailed results:

Corollary 5.5 Let A\ > 0 and ry < 1/(1 + n,). Suppose that m(Ey) = 1 and g is
a normalized eigenvector of H with eigenvalue Ey. Then, Hy has exactly one simple
eigenvalue E) in the interval (Ey — r, Ey + r) with formula

(Qo, (Vi —V)Qo) + Sn(N)

E\=Ey+ TS T , (5.19)
where
_1\nt+1 1
(= (Qo, (VA = V)(H = 2)7"]" Q)
=g [ Fo—> ,
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and o(Hy) N (Ey — r,Ey + 1) = {E\}. Moreover, a normalized eigenvector of Hy with
eigenvalue Ey 1s given by

QO + 2701021 Q/\,n
V1I+20 TN

A= (5.20)

where
(_ 1)n+1
271

Q)\’n =

Z&EﬂdH—z)ﬂO&—VﬂH—z)ﬂﬂh

Proof. This is a simple application of Corollary A.4 to the case where A = H and
B,=V,-V. 1

5.2 Reductions of H), to closed subspaces

Asis well known (e.g., [10, p.160, Example 4]), the Hilbert space L?*(R?) has the orthogonal

decomposition
L(R) = @2, @i, (5.21)

with
3 = L*([0,00),7%dr) @ {aY|a € C}, (5.22)

where Y, is the spherical harmonics with index (¢, s):

—s) 2€+1
s P zsqﬁ
Y/ (6, 9) 1/ 05 9) \/ ;) (cos f)e

6 € [0, 7] gz5€027r) =—0l0+1,---,0,--- =1, (5.23)

with P} being the associated Legendre function:
ds (=1 [/ d\"
S o 2\s/2 2\4
We have _ o
/ d@/ dosin Y,/ (6, ¢)* }/g/ (0,0) = dppbss,
0 0

where 04, denotes the Kronecker delta.

Since V) (A > 0) under consideration is spherically symmetric, H, is reduced by each
35 [10, p.160, Example 4]. We denote the reduced part of Hy by Hf\’s. Explicitly it is of
the form

h? d2 ~ h? 2 d
(HY @ YE) (. 6,6) = (—%W ) =gt 5) FHYi e, 0)
o+ 1)

(Y7 (0,9), feC5(0,00),

where V,(r) := VA(X) |r=x|-
The following result immediately follows:

Corollary 5.6 For each pair (¢,s) (¢ € {0}UN,s = —{,—(+1,--- (), Theorem 5.4 and
Corollary 5.5 with Hy replaced by Hﬁ’s hold.
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6 Energy Level Shifts in a Hydrogen-like Atom

In this section we apply the results established in the preceding section to a hydrogen-like
atom and derive formulas for the energy level shifts due to the interaction of the electron
with the quantum radiation field, including the Lamb shift. Thus we consider the case
where V is a Coulomb type potential V) (v > 0) defined by (5.8). Hence, in this case,
the unperturbed Hamiltonian is given by
i )
H(y):=——A+VY. 6.1
()=~ A+ (61)

We remark that the Hamiltonian of a hydrogen-like atom is given by H(y) with v =
Ze2/am (Z € N, e is the fundamental charge; we use the rationalized CGS Gauss unit
system where the dielectric constant in the vacuum is equal to 1), ¢ = —e and m being
the electron mass.

It is well known that

aise(H (7)) = {Enln € N}, 0ess(H(7)) = [0, 00)
with
1 my?
" 2n2h?
The multiplicity of E,, is n? in such a way that E, is a unique simple eigenvalue of the

reduced part H%*(y) of H(7y) (0 < ¢ < n—1) to the closed subspace H; with a normalized
eigenfunction

wn,f,s(x) = Cn,ﬁe_ﬁnT/Q(ﬁnr)ZLffj—gl(ﬁnr)}/es(ea ¢)7 r= |X|7 (= 07 1a N = ]-7

where 5
ey
/6 ° th )
L* (0 < k < n) is the Laguerre associated polynomial with order n — k, i.e.,
k d*

with L,(x) being the n-th Laguerre polynomial (we follow the notation in [7, §2.17]), and

Crp e . (n Et )
[(n+ 0)32n
Let 2
Ha(y) = =5 A+ v a0, (6.2)

where V{7 is defined by (5.9). It follows that
HA(7) = H(y) + W), (6.3)

where W)EW) is given by (5.10). The following theorem is a nonperturbative result on the
discrete spectrum and the essential spectrum of H)(v):

22



Theorem 6.1 For all A > 0 and v > 0, Hx(7) is self-adjoint with D(H\(y)) = D(A)
and bounded below. Moreover, oqisc(Hx(7)) is infinite and

Taise(HA(7)) C (=00,0),  dess(HA(7)) = [0, 00). (6.4)

Proof. We can apply Theorem 5.1 to the case u(x) = —v to obtain the stated results
except the infiniteness of oqisc(H(7)).

One can easily show that V) is in RN L' (R?) + L®(R?) and that V = V) satisfies
(3.5) with € = 1,a = 7. Hence, by Theorem 4.2-(i), oqisc(Hx (7)) is inifinite. ]

We next consider H, () perturbatively. Noting that
|En+1 _En| < |En_En—1|a 77,22,
we take r, > 0 such that
Ty < |En+1 — En|

and set

Cr.(En) == {z € C[|z — En| =14}.
Let

Myi=r, sup [|H() =27, Raai= swp  [W((H() =27 (65)

Zecrn(En) Zecrn (En)

Lemma 6.2 Let Ry, < 1. Then, C,, (E,) C p(Hx(7v)) and
(Ha(y) —2)7 = (—1)P(H(y) — 2) W (H(y) — 2) 7' (6.6)

in operator norm, uniformly in z € C, (E,).

Proof. We have by (6.3)

Hy(y) =2 = L+ W (H () —2) NHG) ~2), 2 €p(H7)).
Then a simple application of the Neumann’s expansion gives the desired result. 1

We denote by Hy®*(v) the reduced part of Hy(7y) to 3.

Theorem 6.3 Letn € N,/ =0,1,---,n—1and s = —¢,—0 + 1,---, L. Suppose that
A >0 and Ry, < 1/(1+ M,). Then, Hf\’s(”y) has a unique simple eigenvalue E, ¢ s(\)
near B, with
<wn,€,s: W)S’Y)wn,é,s> + Z;o:l Fé’pg)’s()o
En,f,s<>\) - En + s (67)
L+ 350, Gl ()

where
p+1 p+1
NONE / ( <wn,e,s, W H () - )7 wn,e,s>dz, (6.8)
rn En
p
" (neor (W (H ) = 27 s )
Grps(N) / dz.  (6.9)
Y Crn En—Z
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)

Moreover, a normalized eigenvector ¥, . of Hﬁ’s('y) with eigenvalue E, 4 () is given by

o WYnes +2000 51(3,3@)

wn,ﬁ,s - —~ ) ) (610)
\/]' + Zp:l Gn,é,s()\)
where
—1)ptt »
0= S0 [ ) - W6 - 9] gtz 611
Crpy (En)

Proof. The operator H%*(v) has a unique simple eigenvalue E,. Hence Corollary 5.6
yields the desired results. 1

Let n € Ny A > 0and Ry, < 1/(1+ M,). Then, by Theorem 6.3, one can define
AEH(& S5 g/’ 5l> = En,f,s - En,ﬁ’,s’ (612)

for 0,0/ =0,1,---,;n—1,s,8 = =€, —C+1,--- L with (¢,s) # (¢, s'). We call it an energy
level shift of Hy(y) with respect to the n-th energy level.

To compute the energy level shifts of Hy () approximately in the lowest order in A > 0
sufficiently small, we need an asymptotic expansion of E,,4(\) in A as A — 0. In this
respect we have the following theorem:

Theorem 6.4 Under the assumption of Theorem 6.3, the following holds:
Eris(N) = Ep 4+ 4790 es(0)PA + o) (A — 0). (6.13)

To prove this theorem, we need a series of lemmas. We denote by C(R?) the set of
continuous functions on R3.

Lemma 6.5 Let f € L*(R?) N L>(R3) N C(R3). Then,

lim —<f7 Wy)f>

lim — 47| f(O) . (6.14)

Proof. We have

(rw5) = 2L [ LB gy ay,

We have

WY ey < g2, Bl
yl M

and the function Erfc(|y|)/|y| is integrable on R?® with

R4
R3 |Y| 2

Hence, by the Lebesgue dominated convergence theorem, we obtain (6.14). ]
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Lemma 6.6 Let f € L?(R3) N L>®(R3) N C(R3). Then,

™) £12 2
Erfi
lim WX SIP _ 87 |f( )|2/ de_ (6.15)
A=0 /X w X[
Proof. Similar to the proof of Lemma 6.5. 1
Lemma 6.7 Let f,g € L*(R3) N L>®(R3) N C(R®). Then, for all p € N,
(LW H ) = 27w g) = 00F272) - (A - 0) (6.16)

uniformly in z € C,, (E,).

Proof. We prove (6.16) only for p = 1. The cases p > 2 can be proved similarly. Let

h2
Ko = ——A,

2m

so that
H(y) =Ko+ VW

Then, for all z € C,,_ (F,) and N € N, we have

(H(7) Z P(Ko—2) ' [V (Ko — 2) 7'

H=D)VH(K = ) VO () = 2) 7
Hence
(W HG) = 27 W)
= (£ W =27 W)
(1) (£ W (Ko — 2 VO (K — 27 W g )
(=02 (£, W (Ko — ) VO (Ko — 2) P
(=17 (WK = )7 VOP(H () = 27 W) (6.17)

As is well known, the resolvent (K — 2)~! of Ky at z € p(Ky) = C\ [0, 00) is an integral
operator with integral kernel

m eV =Zlx—yl/h

L(z,y) := , x,yeRx+#y,

2mh? |x —y|
where we take \/—z such that Rey/—z > 0 (e.g., [10, p.59]). Using this fact, we have

(£ WKy = 2) 7 Wg) = CNR(),
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where

o= () Grin)™

L)) = /R N £V g(2v ay) rieUx D Erfe(]y])

[x[x — Iyl

6—2\/%\/—72\/X|x—y\/h

dx dy.

In the same way as in the proof of Lemma 6.5, we can show that

Erf Erf
A=0 mixes  |X|[xX = yllyl

where the integral on the right hand side is finite. Hence

(£ W (Ko = 2) 7 Wg) = O(N2) (A —0)
uniformly in z € R\ [0, 00). Similarly we can show that, for all p > 1,
(=17 (£ W (Ko = 2) VO (K — 2P g ) = O0E/2) - (A = 0)

uniformly in z € R\ [0, 00).
As for the forth term on the right hand side of (6.17), we have

(0 (£ (Ko = 2 VOP(H () =)Wy )|
<HMMKK ) WVORYFIH ) — 2) Wiy
s——m V(Ko — )P gll, = € C ().
In the same way as above, we can show that
VO (Ko — )P f = O4) - (A= 0).
By this estimate and Lemma 6.6, we obtain
(=1 (£ W = ) VOP(H) = 2) 7 W9 ) = 00 (A= 0).

Thus (6.16) with p = 1 holds. ]

Proof of Theorem 6.4

We need only to estimate the right hand side of (6.7) asymptotically as A — 0. By Lemma
6.5, we have

(Uns WU s0) = 471 ()X + 0(A) (A = 0). (6.18)
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We have for all N € N

> N
Z(—l)pﬂ [WA('”(H(W) - z)_lrﬂ _ Z(_l)p—i-l [WA(”)(H(V) _ Z)_l]p—H
p=1 1
HEDY W) - 2] W
X(Hy(y) —2)7"
Hence, putting
FO) = B0,
p=1
we have
N
FO\) =Y "FP) () + Fy(),
p=1
where
—1)t2 N+1
FN()\) = ( 231-2' /Cm(En) <W>E'Y) [(H(fy) — z*)—lW)E’Y) %,z,s, (H)\<7) B Z>_lwn,£,s> d.

By Lemma 6.7, we have

F(P)

nt,s

(A) = OAT272) (A = 0).

By the Schwarz inequality, we have

M, ") 1]V
[Fy()] < sup W [(H () =)W sl
1— R/\,n 2€Cr, (En)

In the same way as in the proof of Lemma 6.7, we can show that

|7 | =00 (3~ 0)

nl,s

|wi? e - =)

uniformly in z € C,, (E,). Since N € N is arbitrary, we can take N sufficiently large so
that
FN) =002 (A= 0).

It is easy to see that
oo

lim 61, (A) = 0.
p=1

Thus (6.13) holds. ]

In what follows we assume that, for each n € N; A > 0 is sufficiently small so that the
assumption of Theorem 6.3 holds. Then, by Theorem 6.4, we have

AE, (4, 8,0,5) = 47y(|thnr.s(0)]* = [Yner o (0) DA+ 0(N) (A — 0). (6.19)
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This gives the lowest order approximation in A for the energy level shifts of H(y) with
respect to the n-th energy level.

Using .
1 0
L. (0)=nn!, Yy= i
we obtain e
~(52) = it=05=0
G0 =4 TN (6.20)
0 0>1

Hence the following hold:

(i) If ¢,¢' > 1, then
AE, (L, s;0,8) =0(\) (A—0). (6.21)

(i) If £ > 1, then
AEL (0,054, 5) = 4myA[¢0n00(0)]* +0(A) (A — 0). (6.22)
Formula (6.22) implies that the energy level with ¢ = 0 is higher than that with ¢ > 1

for all sufficiently small A > 0. This explains qualitatively the experimental result on the

orders of the energy level shifts.
To compare the value of AE,(0,0;¢,s) with the experimental one, we take A = A,

with ¢ = —e (see (1.3)) and
. 1
w<k) - ‘k” p(k> N WX[Wmin/hcvwmax/hC] <|k|), k E RS’

with constants wp, > 0 and wpay > 0 satisfying wpin < wmax. Then we have

h 2 ]- max
A:A_e:a<—) —logw ;

mc) 3w Wrnin

where )
e 1

o= N ——
dwhe 137
is the fine structure constant. We remark that wy, (resp. wmax) physically means an
infrared (resp. ultraviolet) cutoff of the one-photon energy. We also take

_ Zé?
7= A7
Thus we obtain
4 74 w
. ~ 5 2 max
AE,(0,0;4,s) =~ « gmc Flog .
8 4 Z4 Wnax
= 3—04 Ryﬁl ot (Oé — O), (623)



where Ry := a?mc?/2 is 1 rydberg (—Ry is the ground state energy of the hydrogen
atom). If we take wyax = mc? (the rest mass energy of the electron) and wyi, = 17.8 Ry,
then the right hand side of (6.23) completely coincides with the Bethe’s calculation of the
Lamb shift (Eq.(11) in [2]). Thus, in the sense described above, the effective Hamiltonian
Hy(v) with A = A\_, and v = Ze? /4w explains the Lamb shift of the hydrogen-like atom
asymptotically in a.

A A General Perturbation Theory

In this appendix, we present some fundamental facts in a (not necessarily regular) per-
turbation theory for self-adjoint operators.

Let A be a self-adjoint operator on a complex Hilbert space H and {B,|0 < A < a}
(a > 0 is a constant) be a family of symmetric operators on H such that, for all A € (0, a),
D(A) C D(B,). We assume the following:

Hypothesis (A):

For all A € (0,a) and some z; € p(A) (the resolvent set of A), By(A — z)~! is
bounded and
lim || By(A = 20) 7| = 0.

Remark A.1 Hypothesi (A) implies that, for all z € p(A),
lim [ By(A = 2)7'[| =0
uniformly in z on each compact set of p(A).
It is obvious that the operator
Ay := A+ B, (A.1)
is symmetric for all A € (0,a) with D(A,) = D(A).

Lemma A.2 There exists a constant c¢o € (0,a) such that, for all A € (0,¢cq), Ay is
self-adjoint.

Proof. By Hypothesis (A), for every € € (0,1), there exists a constant ¢y € (0,a) such
that, for all A € (0,¢p), [|Bx(A — 29)7!|| < . Hence, for all ¢» € D(A), we have

IBr¢[| < e(([AY[l + [=olll0l]), A € (0, co).

Therefore, by the Kato-Rellich theorem [10, Theorem X.12], A, is self-adjoint. 1

We set
Ao :=sup{A € (0,a)|A, is self-adjoint }. (A.2)

Hence, for all A € (0, Ag), A, is self-adjoint
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Suppose that A has an isolated eigenvalue Ey € R. Let r be a constant satisfying

0<r< min |E—Ey,
Eea(A)\{Eo}

where o(A) is the spectrum of A. Then the circle
Cr(Ey) :={z € Cllz — Ey| =1}

with center £ and radius 7 is included in p(A).

Let
Ryi= sup [By(A—2)7"| (A.3)
ZGCT(E())
and
A:={\e (0,)\)|R) < 1}. (A.4)

Then it is easy to see that, for all A € A, C.(Ey) C p(A,) and the following Neumann
expansion holds:

(Ax—2) ' =(A=2)""+ > (-1)"(A-2) ' [B\(A—2)7"", z€C(E) (A5

in operator norm, uniformly in z € C,(Ep).

For a self-adjoint operator S on a Hilbert space, we denote its spectral measure by
Es(+). By functional calculus, the orthogonal projection onto the eigenspace of A with
eigenvalue Fj is given by

Ea{Bo}) = —=— [ (A—2)"a, (A.6)

27”: C’!‘(EO)

where the integral on the right hand side is the contour integral along the circle C,.(FEy)
with anticlockwise orientation.
Let A € A. Then, by the fact just mentioned above, we have

1

Es([Eo—r Ey+71]) = —— (Ax — z)*ldz. (A.7)
e Cr(E())
We set
PZ: EA({E()}), P)\ = EAA([EO—T,E[)—FT]) (A8)
and
N, =7 sup [(A—2)"". (A.9)

ZGCT(E())

Theorem A.3 Let A € A and Ry < 1/(1 + N,). Suppose that the multiplicity m(Ey)
of Ey is finite. Then, Ay has exactly m(FEy) eigenvalues in the interval (Ey — r, Eg + 1),
counting multiplicities, and o(Ax) N (Ey — r, Ey + 1) consists of only these eigenvalues.

30



Proof. By the present assumption for A and (A.5), we have

Py=P+ i Qn(N) (A.10)

where
( _ 1)n+1

27

Qn(N) = /c . )(A — 2) 7 [(BA(A — 2)7]"dz. (A.11)

It is easy to see that
1@n (V]| < N3

Hence we have ||Py — P|| < N, R,/(1 — Ry) < 1. Therefore, by a general fact [11, p.14,
Lemmal, dim Ran(Py) = dim Ran(P) = m(Ep). Thus the desired result follows. ]

Finally we consider the case where Ej is a simple eigenvalue of A, i.e., m(Ey) = 1. In
this case we denote by )y a normalized eigenvector of A with eigenvalue Fjy:

AQO - E()Qo, HQ()H — 1 (A12>

Corollary A.4 Let A € A, Ry < 1/(1 4+ N,) and m(Ey) = 1. Then, A\ has a unique

simple eigenvalue E) in the interval (Ey — r, Eg + r) with formula

(Qo, BxQ0) + 302 en(N)
L4300 da()

E\ = Fy+ (A.13)

where

Cn(/\) . (_217)rz+1 /C’T(Eo) e <QO’ [BA(A B Z)_l}nJrl QO> ’

—1)m+! Qo, [BA(A—2)71"Q
T Cr(Eo) 0 z

and o(Ay) N (Ey — 1, Ey + 1) = {E\}. Moreover, a normalized eigenvector of Ay with

eigenvalue Ey 1s given by
QO + Z?Zl Q/\,n

VTS Sl NovA

A (A.14)

where
(_1)n+1

211

Q= / dz(A—2)"" [Ba(A—2)""]" Q.
Cr(Eop)

Proof. The existence of the simple eigenvalue E) of A, follows from Theorem A.3
with m(Ey) = 1. Hence we need only to prove (A.13) and (A.14). In the present case,
the vector Oy := P\() is an eigenvector of Ajy: A = B\Qy. Tt is easy to see that
the inequality ||P\ — P|| < 1 implies P\ # 0. Hence (P\Q, Qo) # 0. Taking the inner
product of the eigenvector equation for (), with the vector g, we obtain

(B0, P\QY)
E\ = F, 4+ 22200 22770/
AT, PAQ)
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Using (A.10) and PQy = €, we obtain (A.13).

~

A normalization of §2, is given by

Py
Oy =——20
V (Q0, PAQ)
which, combined with (A.10) and Py = o, we see that (A.14) holds. ]
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