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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO NONLINEAR
SCHRODINGER EQUATIONS

NAKAO HAYASHI

1. CUBIC NONLINEAR SCHRODINGER EQUATION

We consider the nonlinear Schrédinger equation
. 1
(1.1) 0 + 5 —Au = Aul®u

in R, where A = 92, m is mass of particle, A € C. Equation (1.1) is non relativistic
version of nonlinear Klein-Gordon equation

1 1 mc> 2
(1.2) 52 v — %Av + 5 V= =Alv|” v,
where c is the speed of light. Indeed we change v = e~itme®y to get

1 1
mafu — zatu — %AU = -\ |’IL|2 u.

If we let ¢ — oo, then we can obtain (1.1). We survay results on asymptotic behavior
of small solutions to the initial value problem and the final value problem for (1.1).
We use the following factorization formula for the free Schrodinger evolution group
U (L) =exp (55 A)such that

(@) (2)(8)

This formula is useful to study asymptotic behavior of solutions and used in paper
[8]. We have from the above

where we denote

M (t) = exl* B () = e 2P,
a dilation operator
1 =z
(D ) )(x) = =o(3)
and
i m —1
o(L) =i
m
Note that m m
D (7) M™ (t) = Ew () D (?) .
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Multiplying both sides of (1.1) by FU (—%) and putting w = FU (—%) u, we
obtain

idw = \FU (—i> |ul u.
m

Asymptotic behavior of small solutions to the Cauchy problem for (1.1) is obtained
by showing the right hand side of the above is decomposed into two terms:

t
AFU (--) luf?u = A2 Jw)?w + R,
m t

where R is considered as a remainder term. Therefore asymptotic behavior of
solutions for (1.1) is determined by the ordinary differential equation

0 = /\% 5] .

Indeed, for the final value problem, we can find a solution in the neighborhood of
solutions of the ordinary differential equations. We let @ = re’¥, then we have

i0r —ropp = /\% |1°|2 r
from which it follows that if A = Ay +iX2, A1, A2 € R
Or = )\2%7"3, —O0p = )\1% Ir|?.
By a given function ¢, we have for Ay <0
g
2
(1 —2m; ‘(j)‘ logt>

)

r(t) =

N

and for Ay <0

~12
. d (—2)\2m‘¢‘ logt>

v = o=

= i10 1—-2m\ ‘;zﬁrlot
~oan B 2 &

~12
(1 — 29ms M logt>

for A2 =0
2
b (1) = —Alm‘qﬁ‘ log .
Thus we have the solution of ordinary differential equation such that
w = re

~ 2
‘(j)‘ exp <i2)‘71210g (1 —2mAsy ‘(;5‘ logt>>

1
2

~12 ’
(1 — 2ms M 1ogt>
for A2 < 0 and

ret?

g)
Il

‘ ~

2
¢)‘ exp <—i)\1m ‘(j)‘ logt> ,
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for Ao = 0. We make a changing of variable @ (¢ ‘qﬁ‘ exp (z log (1 —2mAs ‘q&‘ log t))
~ 2

or p(t) = ‘qﬁ‘ exp (—i)\lm ‘qﬁ‘ logt). Then

o)

(1 —2mAa |3 (1)) logt)

,)\2<0

1
2

@ = 3 (t) exp (—i)\lm 3 ()2 logt) s = 0.

2. SysTEM ofF NLS IN 2D

In this section we report the recent results obtained in [5]. We consider a system
of nonlinear Schrédinger equations

{ 101 + 50— Avl = )\vlvg

(2.1) 10402 —|— Av2 uv?

in R?, where A = Z] 105,

C. We make the scaling v; = \/‘i\—‘ul and vy = P\ BYIREL to exclude the constants A

and p from system (2.1) to get

2 0; = 8/0x;,m1,my are masses of particles and A, pu €

2.9) iOu + —Au1 = Yujuz,
: i0pus + 5o Auz =u?,

where v = &—Z‘ € C, |y| = 1. We assume the mass condition

(2.3) 2my = mo

which is called the resonance condition. We also consider the case
(2.4) 2my # ma, My # M

which is call the non resonance condition.
The system (2.2) is non relativistic version of a system of nonlinear Klein-Gordon
equations

(2.5) S ™ sy O 01 — = —Y01vs,
62’02 A’Uz + mzc = _'U%>

262m2

where ¢ is the speed of light.
We introduce the weighted Sobolev space

2
= 4 f = (f1 £2) € T35 il = 3 1l < 0 1
=1
where
Il = 1= 2% (1-412F) " 1

We write H™ = H™?° for simplicity.
Under the resonance condition (2.3) we prove

L2
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Theorem 1. Let 2m; = ma, v < 0,t > 1,w; € H*? and |wy (€)] > § > 0. Then
there exists an € > 0 such that (2.2) has a unique global solution

(uy () ,us (1)) € C ([1,00); L2 x L?)
satisfying the asymptotics

1 t .
1“@‘Eﬂ<aﬁfA%+@aﬁlﬂ

1 )
=5t (5) 7o ()

fort > 1 and any wr such that ||w:|

<Ct?

L2
meo < €, where % <b< 1,

wi ()

_|_

t’ = —
z/}l—i- ( 5) 1+ \/m |w1 (€)| IOgt
and
! w; (&)*
Yoy (1,6) = VI (O11 + /] |y (€)]log t
1 ¢y (6)°

Vil [y (9]
Theorem 2. Let 2m; = ma, v > 0,t > 1, w; € H2® and |w; (€)| > 0. Then the
same result as in Theorem 1 holds for
b (1) = i () VT O st
and

bon () = —i PO’ i Tim@tiont ;L Y1x (16"

~ U T ) VI o 0]

fort>1, where%<b<1.

It is known that by the above theorems, the identity ¢/ (L) = M™ (t) D (L) FM™ (t) we
see that

wr () = ™ (00 (13)

L2
1 .
uz (1) = ZM" (0 (1)

< Ct.

Under the non resonance condition we prove

_|_

L2

. 0,-2b
Theorem 3. Let 2my # ma, mi # ma, (14, ¢.,) € H? NH . Then there
exists an € > 0 such that (2.2) has a unique global solution

(s (1) (1)) € © ({1, 00) ;7 x L?)
for any (¢4, ¢, ) satisfying E?:l |54 |50 < & Furthermore we have the asymp-

totics
t
ur (t) —U <m_1> P14

fort>1, where%<b<1.

t

wr )~ () 6.

ma

<ot t
L2

+

L2
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