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Congruences for Hecke Eigenvalues of
Siegel Modular Forms

By H. KATSURADA and S. Mi1ZzuMOTO

1 Introduction

Forr € Z~yand k € 2Z-, with k > r let f be a holomorphic Siegel cusp form
of weight k for Sp,,.(Z). Suppose that f is a Hecke eigenform, i.e. a nonzero
common eigenfunction of the Hecke algebra. Let Q(f) be the number field
generated over Q by the eigenvalues of the Hecke operators over Q on f.
Let L(s, f,St) be the standard L-function attached to f. Suppose that the
Fourier coefficients of f belong to Q(f). Then the value

L(k —r, f,St)

r _3r(r+1)
rCHH T )

L*(k—r, f,St) ==

belongs to Q(f), where (f, f) is the square of the Petersson norm [10][44]
6][32].

Let n € Z.o with n > r and assume k > 3(n + 1). Let [f]" be the
Klingen-Eisenstein series of degree n attached to f. Then [f]} is also a
Hecke eigenform and its Fourier coefficients belong to Q(f) by [26][35]. Let

[/1:(2) =Y a(N, [f]})e(o(N2))

N>0

be the Fourier expansion of [f]. Here e(z) := ¢*™* for z € C, N runs over
all symmetric positive semidefinite semi-integral matrices of size n, and o is
the trace for matrices.
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The main result of this paper (Theorem 3.1 below) tells that there exists
a finite set S of prime ideals of Q(f), which is explicitly described in Sect. 3
below, with the following property: Suppose a prime ideal p of Q(f) satisfies
p ¢S and

(2371

ord, | [ ¢(1+2j—2k)- L*(k —r, £.St)a(No, [f])* | =t —a <0

J=["5]

for some Ny > 0, where [a] for a € Q is the largest integer < a and ord, is
the p-order. Then there exists a Hecke eigenform F' of weight k for Sps,(Z)
such that

NQ(F,f)/Q(f) ()\(T, F) — )\(T, [f]n)) =0 (mod pa) forall T e H%

r

r

values of T on F and on [f]" respectively, Q(F, f) := Q(F)Q(f) is the
composite field, and Nqr,r)/q(s) is the norm map for Q(F, f)/Q(f).

Such congruences were first discovered by KUROKAWA [23] as numerical
examples in case n = 2, r = 1, and k£ < 20; he also posed a general conjecture
predicting the existence of similar types of congruences modulo special values
of L-functions. After that we proved the above assertion for n = 2 in [31]
under a “multiplicity one condition” which was quite restrictive.

Meanwhile some related topics have been discussed by several authors
[7][46].

Now in this paper we prove the congruences for general degree, and more-
over, without assuming the multiplicity one condition. Thus our result settles
KUROKAWA’s conjecture (under some additional conditions defining the set
S of exceptional prime ideals).

Our result may also be considered as a kind of results which characterize
the prime ideals giving congruences between lifted and nonlifted modular
forms as special values of automorphic L-functions; this theme has been
pursued by [17][18].

The fundamental difference between the method of this paper and that
of [31] lies in the following two points:

(1) In [31], Lemma 4, we used a modular form of the form

R (1.1)

Here H7, is the Hecke algebra over Z, (T, F') and A(T, [f]!}) are the eigen-
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where ¢; is the degree two Siegel-Eisenstein series of weight [ and a and b are
some non-negative integers satisfying 4a+6b = k. This modular form worked
as a kind of “bridge” between [f]? and the space of cusp forms of degree two.
Instead of (1.1) we take in this paper the pullback of Siegel-Eisenstein series
of degree 2n and use the formula of GARRETT [9] and BOCHERER [5]. This
enables us to generalize the argument in [31] to the case of degree n.

(2) We use the integrality lemma in its general form as in [37] which is valid
for general n and does not require the multiplicity one condition. In [31] the
lemma was proved only for n < 2 under this last condition.

The paper is organized as follows. Sect. 2 is preparatory; we summarize
what we need later to state our result precisely. In Sect. 3 we state our
main theorem and in Sect. 4 we give the proof. In Sect. 5 we give some
numerical examples in case of degree three; the method of computation is
the one developed in [18].

2 Preliminaries

2.1 Notation

For a subring R of C the group of units in R is denoted by R*. For a prime
ideal [ of R, Ry is the localization of R at [. If A is an mxn matrix with
m,n € Zo, we write it also as A™™ and as A" if m = n. For two matrices
A and B we write A[B] := 'BAB if the right-hand side is defined. The set
of all mxn matrices with entries in R is denoted by R(™™ and by R(™) if
m = n. For a number field K the ring of integers in K is denoted by Ok.

2.2 Siegel modular forms

For n, k € Z-( the C-vector space of holomorphic modular (resp. cusp) forms
of weight k for I';, :== Sp,, (Z) is denoted by M} (resp. S} ).

Let H, be the Siegel upper half space of degree n. For ¢ and ¢ € M}
such that 1 is a cusp form, the Petersson inner product is defined by

(1) = / o ZVZ)det(Y)r "1 dX dY.

Irn\Hn

Here Z = X + iY with real matrices X = (z;) and Y = (y;); dX =
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[[i<idxji, dY :=]];<, dyj ; the integral is taken over a fundamental domain
of ') \H, .

Let A, (resp. Al) be the set of all symmetric positive semidefinite (resp.
positive definite) semi-integral matrices of size n. Every ¢ € M’ has a
Fourier expansion of the form

p(Z) = a(N,p)e(a(NZ)).

NeAy,

For a subring R of C we denote by M;'(R) the R-module consisting of all
@ € M} such that a(N,¢) € R for all N € A,,. We also put

W(R) =W N M (R)
for a subspace W of M}. Since
My = M (Q)®qC

by SHIMURA [40], the group Aut(C) of automorphisms of C acts on this
space via

0 (Z) =Y a(N,¢)e(c(NZ)) for 7€ Aut(C).
NeA,
2.3 The Hecke algebra
For a subfield L of R let

GSpy, (L) = {g € LBV | Julg) = v(9)Jn with v(g) >0}

be the group of symplectic similitudes over L where J, := (10 _01 ”) with

1,, being the identity matrix of size n. The action of an element
A )
1= (o Do) € GSHRR) (2.)

on H, is given by
g(Z) == (AZ + B)(CZ + D).

Let
p:H,— C
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be an arbitrary function. For a given k € Z, an element (2.1) with

acts on F' via

n(n

(lk 9)(2) = v(g)™ "5 det(CZ + D) Fip(g(2)).

For a subring R of C let H}% be the Hecke algebra over R associated to the
Hecke pair
(T, GSp3,(Q) N ZE)

in the sense of ANDRIANOV [1]. (The definition of H}% in MizumoTo [37],
p. 115 is false; it should be corrected as above.) By definition

»=HzRzR.

For g € GSp3,(Q) the double coset I',,gT",, splits into a disjoint union of
left cosets:

Logly = | | Tng;-
j=1
For ¢ € M} we put

oI Tngl == olrg;.
j=1

Extending the action by C-linearity, we have a representation of H¢ on M.

We call ¢ € M} a Hecke eigenformif it is a nonzero common eigenfunction
of H¢. It ¢ € M} is a Hecke eigenform, we write the eigenvalue of T € 'H¢
on ¢ as A\(T,¢). For a Hecke eigenform ¢ € M}’ we put

Q(p) == QT ) | T € Hg).

The field Q(y) is a totally real finite extension of Q and there exists a basis
{¢1,...,pa} of S such that each ¢; is a Hecke eigenform whose Fourier
coefficients lie in Q(p;) by KUROKAWA [25]. Moreover if k > 3(n + 1), the
above basis can be taken so that the elements ¢; are mutually orthogonal
and permuted under Aut(C) by [32], Appendix A.
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2.4 [-functions and Eisenstein series

For a Hecke eigenform ¢ € S} let

" -1
L(s,p,80) == ]] { 0= ) - %(p)_lp_s)} (2.2)
p prime j=1
be the standard L-function attached to ¢. Here (a1(p), -, an(p)) € (C*)"
is one set of the Satake p-parameters of ¢ for a prime number p and s is a
complex variable. By SHIMURA [41] the right-hand side of (2.2) converges
absolutely and uniformly for Re(s) > §+1+0 for any 0 > 0. The L-function
L(s, ¢, St) has meromorphic continuation to the whole s-plane [2][5].
Let n € Z~g and r € Z such that 0 < r < n. We put

= S) = C (constant functions).

Let A, , be the subgroup of I';, defined by

* *
An,’r‘ = { <O(nr,n+7‘) *) S Fn } .

For f € S; with k € 2Z., the nonholomorphic Eisenstein series for I,
attached to f in the sense of LANGLANDS [28] and KLINGEN [20] is defined
by

det(Im(M(Z))) \* . —k
"Z,8) = M{(Z)" )det(CZ + D
Iz = Y (Gt ) a2y )ae(cz + )
MeAn,r\Fn

(2.3)
é g with A, B, C, D being
n x n blocks runs over a complete set of representatives of A, \I',, and
M(Z)" is the upper left r x r block of M(Z). By [20] the right-hand side of

(2.3) converges absolutely and uniformly on

Here s € C , Z is a variable on H,, M = (

{(Z,s) € H, x c‘o—(xz) < 5L Y > 61, Re(s) > %H +6 }

for any 6 > 0. If r = 0, we write
EM(Z.5) = [15(Z.5)

=det(Y)* ) det(CZ+ D) *|det(CZ + D)|™*
MGAmo\Fn
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for Re(s) > (n+ 1 —k)/2. As a function in s, (2.3) has meromorphic
continuation to the whole s-plane [5][28][33]. Hereafter we assume

k>—-(n+1). (2.4)

l\DICO

Then by WEISSAUER [47] and HARUKI [11], Elim)(Z7 s) for every 1 < m < 2n
is holomorphic in s at s = 0 and

E'™(Z) .= EM™(Z,0)

belongs to M*(Q).
Let f € S} be a Hecke eigenform with 1 < r <n. By GARRETT [9] and
BOCHERER [5]

_7m
(ree (757 ) =i (25)
with
14(Z) = [f}(£,0) € M;!
and
iy gy een (k= )
co(f) =(=1)=2 T TR
‘ L(k—r, f,St)
C(k) I T2y €2k = 25)
here

o 7‘(7‘ DHFS—j;l

By (2.4) we have ¢(f) # 0. We put

(2.6)

If the Fourier coefficients of f belong to Q(f), then ¢*(f) and the Fourier
coefficients of [f]!" belong to Q(f) by [32], Appendix A.
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2.5 The ideal 2(p)

We assume (2.4). Let ¢ € S} be a Hecke eigenform with Fourier coefficients
in Q(p). Put
Vi=@PCy,

where 7 runs over all embeddings of Q(¢p) into C. By [34], p. 221,
V(Q)®qgC =V

and
VHQ)®qC =V,

where V1 is the orthogonal complement of V in S?. Hence V(Z) ® V1(Z)
is a sublattice of maximal rank in S} (Z). Let v(¢) be the exponent of (i.e.
the minimal positive integer that annihilates) the finite abelian group

SH(Z)/(V(2) & VH(2)).

By [34], AT, ¢) € Oqy) for all T € Hy, since k > n. We define k(p) €
Z- to be the exponent of the finite abelian group

Oq(p)/ZINT, ¢)|T € Hy].

Let ©(Q(p)) be the different of Q(¢)/Q. We put

which is an integral ideal of Q(¢).
If ¢ € SP(Q) and 'H§ acts irreducibly on S (Q), then 2(¢) = (1).

3 Statement of Results

To state our main theorem (Theorem 3.1 below), we assume the following
conditions (i)—(vii):

(i) n € Zo, k even, kz%(n—l—l), 1<r<n-1.

(ii) The cusp form f € S} is a Hecke eigenform whose Fourier coefficients

belong to Q(f).



Congruences for Siegel Modular Forms 9

(iii) There exists a prime ideal p of Q(f) such that

4
[ﬂ27’

]
ordy, | J] ¢(1+2j—2k)- L*(k —r, f,St)a(No, [f]})* | = —a <0
J=[2F

(3.1)

for some Ny € A}. Observe that the left hand side of (3.1) remains
unchanged if we replace f by vf with any v € Q(f)*.

(iv) Let p be the prime number lying under p. Then p > 2k + 1 and p does
not divide

(2571

[Tca+2i—26)- J[ <@+2j—2k) €Z.
=1

J=[" 31
For every integer 1 < v < n such that S} # {0}, there exists a basis
{». fé':)} of S¥ satisfying the following (a)-(e) by [32], Appendix A:
(a) The Fourier coefficients of f;y) belong to Q( f;y)).

(b) If i # 4, then (£, f)) = 0,

(¢) The cusp forms fl('/), e féz) are permuted under the action of Aut(C).

(d) Each f;y) has one Fourier coefficient that is equal to 1.

(e) The £ is a constant multiple of f.
On these bases we assume:

(v) f1<v<n—-1,1<j<d,, and (v,j) # (r,1), then
(3]
ordg | J] ¢+25—2k) - L*(k — v, f1”,8t) | =0

Jj=v+1

for every prime ideal q of Q(f, f;y)) lying above p; we understand that
an empty product is equal to 1.

(vi) The ideals Ql(fj(l')) (1<v<n-1,1<j<d,) are coprime with p.
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For 1 <v <n—1wedefine ux(v) € Z-p as in [34], p. 225: for 0 <m <v—1
let e (v, m) be the exponent of the finite abelian group [S;*(Z)]%,/[Si]%.(Z);
we understand that e,(v,m) =1 if S]* = {0}.

Then we put

pi(v) == l:[ ex(v,m).

On this we assume:
(vii) p does not divide ux(v) (1 <v<n-1).
Now we state our main result:

Theorem 3.1. Under the above assumptions (i)—(vii), there exists a Hecke
etgenform F' € S} such that

Napaupn AT, F) = XT,[f]7) =0 (mod p)  for all T € Hyp.

If moreover p is coprime with every QI(fJ(n)) (1 <j<d,)), then there exists a
Hecke eigenform G € S} such that
NQ(G,f)/Q(f)(/\(T7 G) — )\(T, [f]n)) =0 (mod pa) for all T € H%

r

Remark 3.2. (1) We do not assume the multiplicity one condition which
we assumed in [31]. We needed that condition in [31] in order to use the
integrality lemma for n = 2 (Lemma 3 there) since we did not know the
detailed structure of S}’ as a module over Hg¢ which we found later in [34],
pp. 211-222.

(2) We call an N € A+ a kernel form if every nonsingular G € Z™ such that
N[G™!] € AT satisfies det(G) = £1. For every kernel form N € A} we have

a(N, [f]7) = ClH((k) H ((2k — 29)

Dk — =2, £,0)

PERER

L(k —r, f,St)

) CL(N’ El(cn)) )

under the assumption of Theorem 3.1 ([3]; see also [36, p. 202]). Here

(k)
Pn—r(k - %)

k _r(r—1) 2
n o ()R ke
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and

GeZnr)

is the theta function of degree r associated with N which is a modular form
of weight n/2 for some congruence subgroup of I',. The function D(s, f, 195\7;))
is defined for sufficiently large Re(s) by

a(T, f)a(T,9%))
| Aut(T)]

D(s. f90) = > det(T)*

TeA} /GL,(Z)

and after that by analytic continuation [36]. Here U € GL,(Z) acts on
T € Af via T — T[U] and |Aut(T)| stands for the order of the group

Aut(T) := {U € GL.(Z) | T[U] = T}.

By [36],

3,2
ﬂ.rk—4r

€ Q(f).

The explicit formula of a(N, E,g")) for all N € A, is given in [15].

4 Proofs

Let n € Z and k € 2Z such that k > 2(n+1). Put

]
Z(n, k) = C(1—k) T ¢(1+25 — 2k) (4.1)

1

|3

and
E(Z) .= Z(n, k) E(Z). (4.2)

By the Siegel-Bocherer theorem ([42], [4]; cf. [34], p. 223 for low weights) we
have

Lemma 4.1. Under the assumptions (i) and (iv) in Sect. 3, the Fourier
coefficients of E,im) are p-integral for 1 < m < 2n.
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Remark 4.2. For every Hecke eigenform ¢ € S} for 1 < v < n let ¢*(¢) be

as in (2.6). Then there exists a u € Z, such that
.  L*(k—v,,5t)
¢lo) =u Z(2v,k)

for every prime number p > 2k + 1.
Remark 4.3. If 1 < mq < mo <2k — 2, then

Z(ma, k)/Z(m1, k) € Ly for p>2k+1

by von-Staudt’s theorem.
Define g](\';) e My (Q) for Ne A, and 1 <v <n by

RN AC 0 y
5 (5 ) = & netevz). @y
For v = n we have

o' (W) = 2@n.k) Y% )alN I W) - (44)

v=0 j=1

by (2.5). Here we put do := 1, f\”) := 1, and ¢*(1) := 1. Observe that each
term for v > 1 in the right-hand side of (4.4) is invariant if we multiply f;l’)
by an element of Q( f;”))x. In particular, (4.4) is still valid if we replace f.”
by f.

Lemma 4.4. For 1 <v <n let p € S/ be a Hecke eigenform. Suppose that
the Fourier coefficients of ¢ belong to Q(y) and that one of them is equal to
1. Then, under the assumptions (i) and (iv), for every N € A,, we have

¢ ()a(N, [¢]}) € m(v) " Z(n + v, k)" A(p) " - 2. (4.5)

Proof. This follows directly from [34], Theorem 6.5. By Remark 4.3 the
assumption N € A is not necessary. O

Hereafter in this section we assume that the conditions (i)—(vii) in Sect.
3 are satisfied.
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Lemma 4.5. For 1 <v <n—1 and (v,j) # (r,1), the Fourier coefficients
of
Z(2n, K)e" (1 )a(No, [T T OV)

J J
are p-integral, i.e., q-integral for every prime ideal q of Q(f, f;y)) lying above
p.

Proof. For any N € A, we have

Z(2n, k)t (f)a(No, [f12)a(N, [£17])
Z(2n, k) v

Zn+v.k) e (fNZ(n+ v, k)

with a g-integral element v € Q(f, fj@) by Lemma 4.4. Here c*(fj('j))Z(n +
v, k) is a g-unit by the assumption (v) and Remark 4.2. This, together with
Remark 4.3, gives the assertion. O]

Putting N = Ny in (4.4), we use Lemmas 4.1 and 4.5 to obtain:

20, e (D)l V) + 3 50 00) =0 (mod (©Oacp)y)

(4.6)
with
v = Z@2n, k)t (f7)a(No, £1) € QUA™).

Here the congruence is understood to be the system of congruences for Fourier
coefficients. By (4.6) and Remark 4.2 we have
Z(2n, k)L*(k —r, f,St)a(No, [T /T W)

T T

F 2@ k) SO =0 (mod (Oqip)y) (4.7)

Jj=1

with a p-unit u; € Q(f). In the assumption (vii), px(1) is equal to the

numerator of 271¢(1 — k). Hence the assumptions (iii),(iv) and (vii) imply
that
ordy, (Z(2n, k)L*(k —r, f,St)a(No, [f]1)?) = —a. (4.8)

T
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Lemma 4.6. Let n,l € Z-og with | > n. Let fi,..., fq be Hecke eigenforms
in MJ* linearly independent over C, and K := Q(f1)--- Q(f4) the composite
field. Suppose that the Fourier coefficients of every f; belong to K. Let ‘B
be a prime ideal of K and H an element of M;((Ok)g). Assume that there
exist ¢y, ...,cq € K such that ordyg(a(No, fi)c1) < 0 for some Ny € Al and

d

H(z) = Z cifi(2).

=1

Then there exists i # 1 such that
MT, f) = MT, f1) (mod P) forall T € Hy.

Proof. This lemma is a slight generalization of [18], Lemma 5.1 and is proved
similarly. Here we use the fact that Hy, preserves M;((Ok)g) if [ > n ([37],
Lemma A.6). O

Thus (4.7), (4.8) and Lemma 4.6 give the former half of the assertion of
Theorem 3.1.

To prove the latter half of Theorem 3.1, we proceed as follows. Observe
that

> f V) € s1(Q) (49)

in (4.6) since vjf](n)(W) for 1 < j < d, are permuted under the action of

Aut(C). Multiplying each f;n) by an element of Q( fj(n))X if necessary, we
assume that

1 (1<j<s0)

0 (S() <j < dn)

a(Ny, f](n)) = {

without loss of generality. From the assumption (iii) and (4.7) it follows that
So Z 1.

Lemma 4.7. There exist a number t with 1 <t < sq and a prime ideal P
of Q(f, ft(n)) lying above p such that

ordg(Z(2r, k)y) < —a.
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Proof. From (4.9) we have > %2 | v; € Q. Thus from (4.7) and (4.8) we obtain

S0
ord,(Z(2r, k) Z Vi) = —a
j=1

which gives the assertion. O]

For any T' € ‘H} we apply T'— X(T, [f]) - id on the both sides of (4.6),
where id is the identity operator. As above, the p-integrality of the Fourier
coefficients are preserved. Hence

dn
H(W) = Z(2r,k) > (AT, £ =MT FIm) AP (W) =0 (mod (Ogqp)y)-

j=1

(4.10)

Lemma 4.8 (Integrality Lemma [37]). Let ¢ € S' be a Hecke eigenform
with n,l € Zi~q such that [ > %(n + 1)+ ¢, where e =0 or 1 according as [ is
even or odd. Suppose that the Fourier coefficients of ¢ belong to Q(p) and ¢
has a Fourier coefficient which is equal to 1. Let K be an algebraic number

field. Then for any ¢ € S]'(Ok) we have

(¥, )
(¢, )

By [37, p. 116, Lemma A.3] there exists a p-unit up € Oqy) such that
upH € Sp(Oqqp)-

€ Alp) ™! - Ok.qe)-

Applying Lemma 4.8 to (4.10) with ¢ = usH, ¢ = f;n), and K = Q(f), we
see

s Z(2r, k) (AT, f7) = NI, [f17) € A(f) 7O, for 1<) <so

£

Here 24( f}n)) is coprime with p by the assumption. Therefore Lemma 4.7
gives

AT, F) = MT[f]7) - (mod %)

T

for F' = ft(n), hence

Nar.p/apnMT, F) = MT,[f]7)) =0 (mod p®).

This completes the proof of Theorem 3.1.
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Remark 4.9. By a similar argument as above we obtain congruences for Hecke
eigenvalues of E,‘j‘) and of some ¢ € S modulo every prime factor of the
numerator of ((1+4n—2k) under some additional conditions if n is even. But
in this case a more precise result is easily obtained by applying the Ikeda lift
[12] to the Ramanujan type congruences in My, . : cf. KUROKAWA [24] for
the case n = 2.

5 Numerical Examples

We compute the standard zeta values and the Fourier coefficients of the
Klingen-FEisenstein series with Mathematica, and give some examples of con-
gruence between the Klingen-Eisenstein series and cusp forms of degree three.
For examples in degree two case, we refer to [31].

Let p be a prime number. Let Q, be the field of p-adic numbers and Z,
the ring of p-adic integers. Two symmetric matrices A and A’ with entries in
Q, are called equivalent over Z, with each other and written A~z A" if there
is an element X of GL,(Z,) such that A’ = A[X]. For square matrices X and

) X O
Y we write X_1Y = ( o0y

matrices of size n over Z,. To see the Fourier expansion of E,g”)(Z), for a
semi-integral matrix 1" of size n over Z, define the local Siegel series b, (7, s)
as in [15]. We define x,(a) for a € Q) as follows:

+1 if Qp(\/a) = Qp,
xpla) =< —1 if Q,(v/a)/Q, is quadratic unramified,
0 if Qu(v/a)/Q, is quadratic ramified.

) . We denote by A,, the set of semi-integral

For a semi-integral matrix 7" of even size n define &,(T") by

&(T) = xp((=1)"? det T).

Let T € A} with n even. Then we can write (—1)"/22" det T = 072 with 0r
a fundamental discriminant and fr € Z-. Furthermore, let x7 = () be the

Kronecker character corresponding to Q(1/(—1)"/2det T')/Q. We note that
we have yr(p) = &(T') for any prime p. For a nondegenerate semi-integral

matrix 7" of size n over Z, define a polynomial ~,(7, X) in X by

(T, X) = (1= X) TIP3 = pPX)(1 = p"/26,(T)X) ™" if n s even,
PRI (= 0TI - i) if 7 is odd.
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Then it is well known that there exists a unique polynomial F,(7, X) in X
over Q such that

(T, 5) = (T, p*) Ey(T, p~°)
(e.g. [19]).
}?emark 5.1. For an elerr}ent T € A, of rank m > 1, there exists an element
T € A}l such that T'~ T'LO,,_p,,. We note that b,(T, s) does not depend on
the choice of 7. Thus we write this as b)™ (T, 5). Furthermore, F,(T, X) does
not depend on the choice of 7. Then we put F\™ (T, X) = F,(T, X). Then,
det T does not depend on the choice of 7. Thus we put det™ T = det T
Similarly, we write Xé,m) = x if m is even.

Now for T' € A,, of rank m, we put

CI(Cn) (T) — 2[(m+1)/2] H F[Sm) (T, pkfmfl)

p
T O+ 20 = 2k) LU+ m /2 =k, x™) if m s even,
HE’L@H)/Q C(1+ 2i — 2k) if m is odd.

Here we make the convention F\"™ (T, p"~™=1) = 1 and L(1+m/2—k, X(Tm)) =
(1 —k) if m = 0. We also define c,(fn) (T') = 0 if T is not semidefinite. Let
E,gn)(Z) be as in (4.2).

Proposition 5.2. Let k € 2Z-y. Assume that k > %n + % Then we have
EN(Z)= ) ¢ (Te(o(T2)).
TeA,

Let n,r € Z~( such that n > r. Let f be a Hecke eigenform in M. Then
f is expressed as f = [g]), with some Hecke eigenform g in S} (0 < v < 7).
We then define ¢*(f) by ¢*(f) := ¢*(g), and [f]! := [g]}. For T} € A, and
T, € A,, put

(n,r) ._ mtr) [ Ti  R/2
et = 5 Ay )
ReZ(n.r)

Then for any N € A, the 91(:3\[ defined in (4.3) is expressed as

N W) =" (N, T)e(a(TW)).



Congruences for Siegel Modular Forms 18

Now, for a prime number p, let T'(p) be the element of Hy, defined by T'(p) =
[.(1,Lpl,)T,. For each i € Z>g and N € A}, write g,iTJ)V\T(p)’(W) as

G IT(P) (W) = > & (i, N, T)e(o(TW)).

TeA

Let {f;} be a basis of M] consisiting of Hecke eigenforms. Furthermore
write

filT(p)(2) = A, f;(2).
Proposition 5.3. Under the above notation and the assumption, we have

d
&M (i, N T) = Z(n +r,k) Y& (f)a(N, [f]0)a(T, f;)
j=1

for any N € A, T € A} and i € Zsq, where Z(n, k) is defined as in (4.1).

By using Propositions 5.2 and 5.3, we will compute the standard zeta
values and the Fourier coefficients in question. We have an explicit formula
for F,(T, X) for any nondegenerate semi-integral matrix 7" over Z, (cf. [15]),
but it is rather complicated in general. Thus we use some trick, which enables
us to compute F,(7T, X) more easily for some special cases. Let m,n € Z-
such that m > n. For S € A,,, NGL,,(Q) and T € A,, N GL,(Q,) define
the local density «,(S,T") and the primitive local density 3,(S,T") by

0p(8,T) 1= 2P lim p(-mmelrtD/2e g A (S, T)

e—00

and
By(S,T) = 20 Lim p-mmtn(miD/2eyB (ST,

Ee—0Q

where 0,,,, is Kronecker’s delta,
A(S,T) = A{X € Myun(Zy)/p"Mpn(Zy) | S[X] =T € pAnp},

and
86(57 T) = {X € Ae(S, T) | rankzp/pzp(X) = n}

0 1/2
/2 0
following two lemmas (e.g. [18], Lemmas 2.1 and 3.1).

k
——
Let H, = H1..1H with H = ( ) Now first we remark the
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Lemma 5.4. Let T' be a nondegenerate semi-integral matrix of size n over
Z,. Then for any k € Z with k > n/2 and a half integral matriz S of size 2k
over Z, such that 25 is unimodular, we have

(S, T) = F,(T, gp(S)p_k)Vp(ﬂ §p<S)p_k)

and, in particular,
ap(Hka T) = Fp(Tv p_k)’)/p(T, p_k)'

Lemma 5.5. Let n = ny + no. Let Th; € Ay, N %G’Lnl(Zp) and Thy €
Ay p NGL,, (Qy). Then for any | > n we have

ap(Hy, Thy LToa) = By (Hy, Tha ) oy (Hy—ny L(=Th1), Ta2).
Now the following proposition is due to [18], Proposition 3.2.

Proposition 5.6. Let Ty, € A, , N %GLm(Zp) and Ty € Ay, . Let m be
the rank of Tys. Then we have

Fmm (Tyy LTy, X) = E™ (Tae, &(T1)p™ 2 X).

LetT = (tU> € A; Let él (T) = GCDlgi,ng(ti]’)y éQ(T) = GCD1§L]'§3(23_6”T;J'),
and é3(T") := 4 det T, where T;; denotes the (i, j)-th cofactor of T'. For a prime
number p, let 7,(T) = (=1)%2h,(T),my,(T) = ord,(é(T)), map(T) =
ord,(é2(T)), and mg,(T) := ord,(é3(T)), where h,(T) denotes the Hasse
invariant defined on S5(Q), the set of symmetric matrices of size three with
entries in Q. Let p # 2. Then T is GL3(Z,)-equivalent to

P ur Lpus LpTug

with 71 > 7y > r3 and uy,ug,uz € Z,;. We note that r1,r9, 73 are unigely
determined by T. Then put &,(T) := Xp(—p" 3 ugug) or (xp(—p"* " Pugus))?
according as r; > 1y or 71 = ro. This £,(T") does not depend on the choices
of uy, ug,us. Next let p = 2. Then T is GL3(Zz)-equivalent to one of the
following forms:

(C1) 27wy L2 K
WitthzTg,K:< 0 1/2)0r( 1 1/2),andu1€Z;,

1/2 0 1/2 1
(C2) 2M1 K 1975w,
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. 0 1/2 1 1/2 «
> =
with ry > 719 + 2, K (1/2 0 )or<1/2 1 ),andU3€Z2,

(03) 2T1U1J_2T2U2J_2T3U3
with 71 > 7y > r3 and uy, ug, uz € Zs.
Then define &(T') by

X2(— det K) if T is type C1 and r > 13+ 1,
~ . X2(—2"""ugug)  if T is type C3 and r; > 7o + 3,
&(T) = X2(—2T2_’”3u2u3)2 if T is type C3 and r| = ry + 2,
1 otherwise.

Furthermore put

1 if p# 2 and me =0 mod 2
n (T) := or if p=2,m3 — 2my +m; = —4, and my = 0 mod 2,
0 otherwise.

Then we have an explicit formula of F,(T,X) for a nondegenerate semi-
integral matrix T" of size not greater than four (cf. [14],[15]).

Proposition 5.7. (1) Let T = (a) € Af. Then we have

ordp(a)

E(T,X)= Y (nX)"

1=0

(2) Let T = ( @i a12/2 > S A;'_ Put e = er = GCD(all,&lg,agg).

CL12/ 2 22
Then we have

ordp(er) ordp (fr)—i
Fy(T,X) = P*X) > XY
=0 =0
ordy(er) ordy (fr)—i—1
— xr(p)pX P*X)' (P°X?)
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(3) Let T € AF. Then we have

my1  [(m2—0d2p—1)/2]—i
F(T,X)=>( >  @X))*X)
i=0 j=0
my  [m2/2]=b2p—i

+p(T) (P X )™ (pPX2) 7m0 N 2 N (P X)) (pP X))

=0 j=n'
m3—2ma+my N om ‘
+ (p5X2)[m2/2](p2X)—m1 Z (p2X)z§p(T)z+2 Z(pQXy‘
i=0 =0

Now let p a prime number. For an element 7} € Ay, N %GLQ(ZP) and
T, € A,, of rank m, put GY"(Ty, To; k) = F™(Ty, p*™&,(T1)). Here we
make the convention that F'©) (T}, Ty, k) = 1 if T, = O. Then by Proposition
5.6 we have

Proposition 5.8. Let Ty € A withn = 2 or 3, Ty, € Ay and let T =
T, R/2
(ae
(1) Let n = 2. Assume that 211 € GLy(Z,) for any prime number p # pg
and 2T, € GLy(Zy,). Then we have

) € Anio of rank m with R € Z™? . Let py be a prime number.

1

¢ (T) = 4G (T, Ty = 1T, (R K)
1 L(3—k,xr) if m =4,
. H Gz()m*Q)(T17T2 — ZTfl[R]’ k)-<{ C(5—2k) it m=3,
ppo C(5—2k)L(2— k) if m=2.

(2) Let n = 3, and write Ty and R as T} = (z;l §/2> cde:(}il)
33

with T, € AJ .t € ZOY tys € Z, Ry € Z?? and v € Z3Y. Assume that
2Ty € GLy(Zy) for any prime number p # py and 2Ty € GLy(Z,,). Then we
have

1
(1) = 20 VPG (T, Ty — T3[R, k)
' H G;m_z)(Tb ( tsli5 T2 ) B ZTl_l[(t’ Rl)L]{:) ' ‘f(3 - kj)X’%)) lf m = 4a

P#po if m=>5.
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Let n =2 or 3, and 77 € A. Then by the Hecke theory of Siegel modular
forms (cf. [1]), for an element T of A5 and a prime number p, we have the
following recursion formula for e;nf) (1,77,T) :

6k:npz)<0 Tl?T) = 6l(cp )(T17T)7
and for i > 1,
e (i, Ty, T) =ey? (i — 1, Ty, pT) + p* P2 (i — 1,1, T
k.p y 41, ~Ckp (Z LD )+p (Z 1, /p)
+pt > e (i = 1,71, T(D]/p),

DEGLy(Z)UpGLy(Z)/GLy(Z)

where U, = ( (1) 0 ) Let {f] | be an orthogonal basis of M? consisting

of Hecke eigenforms, and A; be the eigenvalue of T'(p) on f;. Recall that by
Proposition 5.3 we have

d
Elinp2)(i,T1,T) n+2 k Z Tla fj] ) (Taf])

for any i € Z¢. Thus by using the same argument as in the proof of [18] we
have the following.

Proposition 5.9. Let T € A, N € Al withn = 2 or 3. Let f be a
Hecke eigenform in M?, and put X\ = XNT(p), f). Furthermore, let egn) =
e,(:f) (i, N,T), and ®(X) = Prp)(X) = Z?:o ba_i X the characteristic poly-
nomial of T(p) in M?. Assume that ® () # 0. Then we have

Yo Xyt et bN
<I>’(A) '

Z(n+2,k)c* (f)a(N, [f13)a(T, f) =

Furthermore, let ]\Zflf be the orthogonal complement of the space spanned by
the Siegel-Eisenstein series E,E?) in M. Let

O(X) = B(X)/(X = (1+p)(1+p" )
and

& = g,g’fj)(z', N,T)

¢(5 — 2k)
C(1 = k)C(3 —2k)

=" (i, N, T) - (1 +p2)(1 + )i (V) (T).
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Then ®(X) = Opp)(X) is a polynomial, and we have

ED YD g
®'(X)

Z(n+2, k)" (fa(N, [f13)a(T’ f)

Y

where we write ®(X) = Z?;()l ba_1_: X"

Proof. The first assertion is proved in the same manner as [16], Theorem
3.6. The second assertion is also proved in the same manner by remarking
MT(p), EY) = (1+pF 1) (1 +pF2). O

Now we give some numerical examples. From now on put

1 1/2 0
To = 1 1/2 s T1 = L0 s and T2 = 1/2 1 0
12 1 0 1 A

If dim S} = 1, the normalized Hecke eigenform in S} is denoted by A;.
Example 1: The case n =3, r =1, and k = 12.
We have dim S}, = 1 for v = 1,2, 3. By ZAGIER [48],

224
39.5%-72.11-13-17-19-23-691°

Let x12 be the Hecke eigenform in S%, defined in KUROKAWA [22]. We
normalize 12 so that its Fourier coefficient at T} is 1, and denote it by x1s.
By using KOHNEN-SKORUPPA [21] we obtain the value

L*(11, Aqa, St) =

. ~ 241
l;(1O”X”’St)::341-53-75-113-132-172-19-131~593'

We have (A1) = (1) and 2(x12) = (1). Since the common denominator of

the Fourier coefficients of Eg) (resp. Eg), [A12]?) is 691 (resp. 131-593-691 ,
7), we have p12(1) = 691 (resp. p12(2) = 7-131-593-691); for the denominator
of Fourier coefficients of [A5]%, see KUROKAWA [23]. We have

283 - 617
—19) = 2L

Moreover we have

1431288859512766464

(3,2
@55 (0,15, 1) = - 53678953 ’
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and
32414222074496738918400

~(3,2
A2y (1L, Th) = 53678953

Thus by Proposition 5.9 we have

215.37.7.23-1483
691 '

By [36] we have a(Ty, [A]?) = 2-3%-23/7. Thus for p = 283 or 617 we have

Z(5,12)a(T1, [Aw]f)a(Ty, [Ar])) e (Ar) = —

ord, (¢(—19)L* (11, A1y, St)a(Ty, [A1p]3)?) = —1.

Thus the conditions of Theorem 3.1 are safisfied with f = A5 and p = 283
or 617. Let Fi5 € S}, be any Hecke eigenform. Then by Theorem 3.1 we
have

MT, Fip) = MNT,[AR)})  (mod 283-617) forall T eHs.  (5.1)

The congruence (5.1) follows also from the first case of MIYAWAKI’s conjec-
ture [29] which was proved by IKEDA [13] telling that

L(S, F12, Spil’l) = L(S - 9, Alg)L(S - 10, Au)L(S, Alg X AQO), (52)

where L(s, Fi2,spin) is the spinor L-function attached to Fi5 and L(s, Aja ®
Agp) is the Rankin-Selberg convolution attached to the pair (A, Agg); from
(5.2) we have in particular

MT(p), Frz) — MT(p), [A12]2) = MT(p), Ar2) M(T(p), Asg) — MT(p), EX)))

for all prime numbers p. Thus the equality (5.2) naturally explains the
congruence (5.1) for T = T(p). The other types of T € Hj, are treated
similarly.

Example 2: The case n = 3, r = 2, and k = 14.

We have dim M7, = 2 and dim S%, = 1. Let x4 be the Hecke eigenform in 5%,
defined in KUROKAWA [22]. We normalize x14 so that its Fourier coefficient
at Ty is 1, and denote it by x14. We note that a(7}, x14) = —2. Now we have

—213.36.53.72.11-23 - 691

(2,2
AR0.T0,T) = 657931



Congruences for Siegel Modular Forms 25

Hence by Proposition 5.9 we have

—213.36.5%.72.11- 23 - 691

Thus we have
ordger (c*(X14)) = 1.

We note that 691 appears in the numerator of ¢*(x14). This is not so surprising
because y14 is the Saito-Kurokawa lift of Ass and we have

L(12, X14,St) = ¢(12)L(24, Ags) L (25, Ass),

where L(s, Agg) is Hecke’s L-function attached to Ag. We also note that
it is possible to compute ¢*(x14) exactly by using the result of KOHNEN-
SKORUPPA [21]. But here we have used the method in [16]. Now we have

215.38.52.72. 11 - 23 - 2393
657931 '

gﬁé) <07 13, Tl) =

Thus we have

215.38.52.72.11.23-2393
Z(5,14)a(T1, Y14)a(Ty, [X1al3)c* (X1a) = '
(5, 14)a(T1, X14)a(Ts, [X14]5)c" (X14) 657931

We note that Z(4,20) = Z(5,20) and it is a 691-unit. Thus we have

ordgor (¢*(X14)a(Ts, [X14]3)%) = —1.
We also note that ((—13)¢(—25)((—23)((—21) is coprime with 691 and that

A(x14) = (1). Since the common denominator of the Fourier coefficients of
Eﬁ) (resp. Eﬁ)) is 1 (resp. 657931), we have p14(1) = 1 (resp. p14(2) =
657931). Let Fy4 be the cusp form in S}, constructed by MIYAWAKI [29].
Then S, is spanned by Fy4. Thus by Theorem 3.1 we have

MNT, Fiy) = MT, [X14]3) (mod 691) for all T € Hs, (5.3)

Some Hecke eigenvalues of [)214}3 and Fi4 have been computed, and we can
verify this congruence for some T'(p) € Hj, directly. For example, we have
AT (2), [X14]3) = 12240(1 +2') and N(T'(2), F14) = —27-2295. Thus we have

NT(2), Fra) = MT(2), [X14]3) = —2" 3% 517 - 691.

The congruence (5.3) supports the second case of MIYAWAKI’s conjecture
[29] predicting that

L(S, F14, Spin) = L(S — 12, Au)L(S — 13, Au)L(S, A12 ® A26).
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Remark 5.10. Similarly we can give examples of congruence between Klingen-
Eisenstein series and cusp forms in the case n = 3, r = 2, and k = 18. But
we omit the details. We also note that we can compute ¢*(F) and a(T, [F]3)
for a Hecke eigenform F in S%; and some T' € A3, but as far as we compute,

there is no prime ideal satisfying the conditions in Theorem 3.1.

Example 3: The case n = 3, r = 2, and k = 20.

We have dim M3, = 5 and dim 52 = 3. We also note that dim S5, = 1 and
dim S% = 2. Let Xé0)7 Xzoa and Xzo be the Hecke eigenforms in S5, defined
in KUROKAWA [22]. (See also, SKORUPPA [43].) We modify them and put

)Zgo) = ng/ 2 fori =1, 2 3. Then these form an orthogonal basis of 5220, and

therefore [Aqy)?, )Zgo), X20 ,and Y X20 form a basis of M3,. We note that X20 and

f(g%) are the Saito-Kurokawa lifts of the normalized Hecke eigenforms in Si.

Put \; = 48(—2025++/D) and 48(—2025—+/D) with D = 63737521, and K =
Q(v/D). Then Ay, )\, satisfy the equation X2+194400X2—137403408384 = 0.
Then A(T(2), ¥59) = A\ +3-218 for i = 1,2, and A(T(2), %)) = —28.32.5.73.
Furtheremore \(T(2), [Ag]?) = 456(1 + 2'%). Thus

Dy (X) = (X — 456(1 + 2'%))

(X —3-2'%)2 +194400(X — 3 - 2'8) — 137403408384)(X + 2% - 3%.5-73).

We note that Q(Xzo) = K for i = 1,2, and Q(ng;)) = Q. As for Fourier
coefficients of these Hecke eigenforms, we have

a(Ty, X50) = —5092 — X;/96 (i = 1,2), a(To, X)) = 1,
and
a(Ty, 5)) = —10(4816 4+ A;/96) (i = 1,2), a(T1, %)) = 4.
Thus we have
Ni/q(a(To, %)) = 22+ 3* 519 23,
and
Nisq(a(Ty, ¥50)) = =25 - 3- 52 - 23 - 2659
for © = 1,2. Then by using Mathematica, we compute
20 7). 7)) = —7129134978298899961205241642113437021079040’
: 996291536301166998227

—16560123318339885651495180238267387381880020070400
26926798278409918871

%22)(17 To, Tl) -
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”(272)(2 T T)) —1958314136249483542383671248105980953272860946852098048000
6 pum—
20,2 145 205 21 26926798278409918871 ’

and

~(272)

€20,2 (3,15, T1)

_ —233353709093083083420985167849126058893666870076250080636735360000
a 26926798278409918871 .

Thus by Proposition 5.9 we can show that
Nic/q(Z(4,20)e* (%)l To, ¥50)a(T1, X))

_—2%0.320. 51578113 . 13% - 17% - 29 - 31 - 37 - 67 - 83 - 2659 - 438677 - 635893 - 701159
B 181 - 349 - 1009 - 14581603 - 154210205991661

(5.4)
for i = 1,2, and

.~ . - 221 .31 .55.76.112.13-17- 199 - 691
Z(4,20)e (X5 )a(Th, X )a(Ty, Xsg)) = — SF050 -

Now we consider the primes 43867 and 691, which appear in the numerator
of the above standard zeta values. We note that 43867 remains prime in K
and 691 splits in K. Now we have

—422769133776491922355788958004712309719040

gé%é) (07 1y, Tl) -

26926798278409918871 ’
6(3’2)(1 T, T)) = —3065470659573695905231575534099294593537133772800
202155221 26926798278409918871 ’
6%22)(2 T, T) = —344922817945702915708699456981307113314117611967479808000
S 26926798278409918871 ’

and

~(372)

€20,2 (3,15, 1)

~ —41117816651815431544554669440160698542881803266502254393294843000
N 26926798278409918871 '

Thus we have

Ni/q(Z(5,20)a(Ty, Tsn)a(T. [T ]3)e" (¥50))
B —941 322 512 .77 112.13.172-29-31-67-83- 2659 - 635893 - 701159 - 93044315702749
- 181 - 349 - 1009 - 14581603 - 154210205991661
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fort=1,2, and

224. 3156 .74 . 1113 - 17-199 - 1301
35059 '

We note that Z(47 20) = Z(5, 20) and 0rd691(2(4, 20)) = ord43867(Z(4, 20)) =
0. This implies

~(3 ~(3 %/ ~(3
Z(5,20)a(Ty, X59)a(Ta, [Xog 13)¢* (V5g)) =

ord gzser (¢ (X59)a(Ta, [Xo]2)?) = —1
for i = 1,2 and
ordgor (¢* (X5 a(Ty, [X513)?) = —1.

The prime 43867 does not satisfy the condition (v) for f = )Zgo) with i =

1 or 2 since both c*(f(%)) and c*(fg%)) are divisible by 43867. Hence we

consider only the prime 691. We check the conditions of Theorem 3.1 for
f= Xg%). As above, the conditions (i)-(iii) are satisfied. We easily see that
C(—19)¢(—37)¢(—35)((—33) is coprime with 691. By DUMMIGAN [7],

OI'd691 (C* (Ago)) =0.
By [30], p. 124, we have
AT =2".3%.5.7-11(VD) in Ox for i=1,2  (5.5)

with D = 181 - 349 - 1009 and (%)) = (k(¥%))) = (2°-32-5-7-11) in
Z. For any prime ideal q in K lying over 691, we have ordq(c*(fgg))) >0
by Lemma 4.4 and (5.5). Hence from (5.4) we have ordq(c*()zgo))) = 0 for

¢ = 1,2. Since the common denominator of the Fourier coefficients of Eé(l))

(resp. ESD, [Aso)?) is 283 - 617 (vesp. 283 - 617 - 154210205991661 , 11 - 712),

we have
poo(1) = 283 - 617,  pigo(2) = 11-71% - 283 - 617 - 154210205991661.
Hence by Theorem 3.1 there exists a Hecke eigenform G € S3, such that
Now@ o MT,G) = AT, [X5213) =0 (mod 691) for all T € H,.

It seems difficult to construct this G concretely since dim S3, = 6 by TSUYU-
MINE [45] and RUNGE [39].
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