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Vorticity and viscosity

Yoshikazu Giga
Department of Mathematics
Hokkaido University

Sapporo 060, JAPAN

This is a resume of my joint work with T. Miyakawa and H.

Osada [36].

We consider the Navier-Stokes system

(1)

Qﬂw
Lad [=1

- VAu + (u*VWu + Vp = 0, Veu = 0

on the whole plane R2, where u and p vrepresents unknown
velocity and pressure, respectively and v > 0 is the kinematic
viscosity. Since the space dimension is two, the vorficity vV =
V xu-= Suz/ax1 - aul/ax2 is scalar. Moreover, v solves

(2a) %% - VAV + (u-V)v = 0

(2b) u(x,t) = f[ ) VIE(x-y)v(x, t)dx
R



where vt = (-a/axz, a/ax1> and E(x) = (21!)_1

log |x|. These
equaiions are formally obtained by taking Vx of (1) and using
the condition V:u = 0. As is well known the vorticity equation
(2a)(2b) is formally equivalent to the Navier-Stokes system
provided that u is assumed to decay to zero at space infinity.
We consider the initial value preblem for (1) or (2a)(2b)

assuming only that initial vorticity v(x,0) is a finite Radon

measure. A typical example is N-point sources of votex, i.e

°s

N
(3) v(x,0) = ). .0 (x-2.).
(x,0) XFlaJ( i’
Here 2j is a point on which j-th point source is located and aj

is a real number describing the strength of the source; &8 is a
Dirac measure supported at zero. One»naive question is whether
such point sources of vortex are smoothed out because of
viscosity. In other words do solutions for (1) or (2a), (2b)
exist globally-in-time and smooth for t > 0 even if‘v(x,O) is a
finite measure? When initial vorticity consists only one point
source carried at zero (i.e. N =1, z, = 0), we Kknow an exact

1
solution of (2a),(2b)

. ] 2
v(x,t) = 1 exp [:lzl— )

471vt

which is a constant multiple of the fundamental solution of the
heat equation. For a general initial data we claim that a smooth
solution exists globally in time. As anticipated, the viscosity

smoothes singular vorticities.



ATheorem ([361). Suppose that v(x,0) is a finite Radon

measure on R2. Then there is a global solution vix,t), ulx,t)

to (2a),(2b) or (1) such that v an u are smooth for t > 0

and v(x,t) converges to Vv(x,0) under the weak topology of

measures as t tends

to zero.

In [3] Benfatto, Esposito and Pulvirenti prove similar
results under more stringent assumptions. They assume v(x,0) is
expressed by (3) and lajl is small compared with Vv. Our results
néed no assumptions on particular forms or smallness of initial
‘vorticity.

The main mathematical difficulty is that the initial energy

on D

”Dlu(x,O)l2 dx

is not necessarily finite even if D 1is a bounded domain. If
the initial energy is finite, it is classical that there is a
global classical solutions to (1) (cf. [16,17,301).

To construct such a solution we approximate initial
vorticity by smooth functions and solve (2a), (2b) with
approximate initial data. It is not difficult to construct a
global solution for smooth data. We expect that solutions with
approximate initial data converge to a true solution for the
original problem. To carry out this process we need a priori

estimates.

Lemma ([361). Suppose that v(x,0) is smooth and




If 2Iv(x,O)Idx S m. Let Fu(x,t;y,s) is a fundamental solution
R™:

to (éa), regarding u 1is a known function. Then,

- iy — - e_ul?
c(t-s) lexp[—g%T§£7] s Fu(x,t;y,s) S C(t-s) lexp[—%%?%ij]

with ¢ and C > 0 depending only on m.

Estimates of fundamental solutions independent of the
regularity of coefficients are obtained by Aronson [1] for linear
parabolic equations of divergence form (see also [2]). Osada
[25] extends the estimate for non-divengence form which includes
(2a) as a typical example. The above a priori estimates enable

us to carry out our original idea.

For uniqueness of the solution we do not know much. We show
the uniqueness when v(x,0) is small. 1In particular, if v(x,0)
is‘absolutely continuous with respect to Lebesgue measure, we can
assert the uniqueness.
| Our references include those of the paper [36] for the

reader's convenience.
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§ 0. INTRODUCTION :

We shall give some notes about the effective hyperbolicity. We think there
are two ways to explain a notion. The first ome is to find out an equivalent
notion from a different point view. And the other one is to give some interes-
ting examples of applications of the notion. For the first one, we have a
proposition for single partial differential operators that to be effectively
hyperbolic is equivalent to be strongly hyperbolic. The strong hyperbolicity
means the stability of solvability (well posedness) of the Cauchy problem
under changing lower terms. The effective hyperbolicity defined later is a
geometrical notion on the principal symbols of partial differential operators.
The sufficient part of the above proposition, that is, the Cauchy problem
is well posed if it is effectively hyperbolic, is very important for appli-
cations and does not always require that partial differential operators are
single and even linear. So, we may replace the effective hyperbolicity for
the strict Hyperbblicity used usuélly and freéuently because the previous
notion is wider than the later. '

Many partial differential operators in applications are non linear.

So, we have to extend the results in the linear cases to ones in the non linear
cases in order to find out interesting examples. In the present stage, this
extension is very easy because we know already a very famous abstract theorem,
so called the Nash-Moser implicit function theorem.

Here, we explain that this theorem is also applicable to our cases. We shall
remark we needed some minor change of expression of the Nash-Moser implicit
function theorem in order to obtain a sharper result for the non linear Cauchy

problem making it possible to apply directly to the Monge-Ampére equation.

§ I. RESULTS OF LINEAR CASES :

. . +1 .
Let Pm be a polynomial of homogeneous order m 1in & € R" with
. . . . + e . .
coefficients C”-functions in x € Rr" I . We assume 1t 1s normal 1in go ,
m
= oo
Pm go

Définition 1. We call Pm effectively hyperbolic (on an open set in x) if

Pm' is hyperbolic in Eo and if at the critical points of the characteristics
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{Pm = VPm = 0} , the fundamental matrices F of Pm have non zero real
eigenvalues, where the fundamental matrix F is defined by
Pm ’ Pm
F=| X 8, P, =9 3, B, etc...
-P , =P Ex
m m
XX xE

Let us consider a system of partial differential operator P of order

m with a diagonal principal part, namely,
(1.1) P = PmI +Q,

where the lower term Q = (qij) is_a system such that order a4 < @ -aj + m-1

with respect to a multi-index o of integers.

Theorem | . Let Pm in (1.1) be effectively hyperbolic on a neighborhood of
the origin. Then, there exist a conic domain Q = {x;x0 +A|x'"| <0, A > 0}

and a constant I 0 such that for all € (0 < g < eo) , the Cauchy problem

.»
-

.Pu = f on {x >0} N Qs
(1.2) { '

u=20 on {x <0} nNgQ
o €

has a unique C -solution u on Qs for any C™- datum f on Qe supported

on {xo_> 0} , where QE = Q+(¢,0,...,0). Moreover, for some suitably fixed ¢ ,
they satisfy the estimate for all s=0
(1.3) IIUIIs < Csﬂlst+2 +"a"s+luf"2) ,

where CIJIS is the Sobolev norms on Qe and a stands for coefficients of the
partial differential operator P . We should remark that the constants Cs are
uniform on P belonging to a suitable neighborhood of a fixed effectively
hyperbolic operator in the space of hyperbolic operators with the type

(1.1) on a neighborhood of the origin.

When we usually call the Cauchy problem (1.2) well posed, we do not
require the estimate (1.3), especially, the existence of the constant &
independent of s . However, almost all cases which we know wellposed, have
the type (1.3) of estimates, and this is important to use the Nash-Moser

implicit function theorem. So, we introduce a notation for convenience.

Let us consider the problem (1.2) for a set P of general system P

of partial differential operators.
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Definition 2. We call a set P strongly wellposed if the conclusion of Theorem 1

holds for any element P of P, especially, if €5 Q and constants CS , 2

of the estimate (1.3) are common on P .

Remark. Let P be ar xr system of partial differential operators. Define

the principal symbol Ppr as usual. Assume that det Ppr is effectively hyperbolic.

This is reduced to Theorem | so that it is strongly wellposed.

§ II. NONLINEAR CASES :

We consider a nonlinear system ;

2.1 Pu= ®Biar, e
Pi = Pi(x’nja;lal<ai "% y J 5 Is"°’r)l o
n. =9 u
Jja J
= Pi(x,aau) s
u = (U1"°'9ur) ’

where o and g are multi-indices of integers.

The linearization DP of this system is given by

- 0 a y.B
DP ¢ = P, (x, .)e.
(j%B anB l(x 2 w2 wJ)1=I"--,r

and the principal symbol Ppr = (Pij)

)

85 |8]=3; -8 Mg

P = I

o B8
i Pi(x,a u)g .

Now we extend the strong well posedness to this type of system.

Definition 3. We call a nonlinear system P (2.1) strongly wellposed if there

exist two linear system Q and R satisfying the following conditions ;

1) Coefficients of Q and R are also functions of (x,nB) and (x,nB,CB
respectively, where we put the unknown function aBu in n_ and the parameter

)

function 3%h in Zg

2) The linearization DP are decomposed as

DP = Q + R with h = Pu .
3) There exists a neighborhood U of u = 0 in ¢ n {u; u=0 at X < 0}
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such that {Q; u € U} 1is strongly wellposed in the sense of Definition 2.

4) R 0O at h=20.

We shall later explain by an example the reason why we do not define simply
as {DP} are strongly well posed. Roughly speaking, we assume the existence of
a parametrix of DP toward Pu = O . Under this assumption we can conclude the

following unique extension theorem of a solution.

Theorem 2. Let a nonlinear operator P(2.1) be strongly wellposed. If there
exists a neighborhood , of the origin such that u = 0 is a solution of Pu = 0
at {xo < 0}n Q, > then there exists uniquely a ¢” solution u of Pu = 0

on a neighborhood @ of the origin. such that u = 0 on {xo <0}n Q.

Corollary 3 . We assume that the principal symbol Ppr of P (2.1) are decompo-

sable as well as Definition 3 such that

Ppr = Qo + Ro with h = Pu ,
where Q0 and Ro satisfy the conditions for Q and R 1in 1) and 4) of Defini-
tion 3 , respectively, and where Qo is one of the type of effectively )
hyperbolic operators treated in Theorem 1 or uniformly reducible to one of this type
for example, det Qo is effectively hyperbolic, for all u of U 1in 3).
Then, -the conclusion of Theorem 2 holds. ’
This Theorem 2 is no more than a translation from the abstract Nash-Moser's
theorem into the categor& of the Cauchy problem. However, it requires the
improvement of expression of the Nash-Moser's theorem, because we assume a
weaker condition than as usual, namely, we assume the existence of parametrices
of the linearization DP instead of the existence of exact inverses.

We follow theAexpression of the Nash-Moser's theorem by L. Hormander [1] .
) {Hs} =0 is a Banach scale, in other words, interpolation spaces by means
of a smoothing operator.

Let &(u) be a nonlinear operator on H = Q H® . Assume the existence
of the first and second derivatives in u and their estimates as similar as
(2.2). The different point is to assume that the right (left, resp.) parametrix.y
of the first derivative D¢ exists on a neighhorhood of the origin of (u,9)

such that

Do.y(yDo, resp.) =1 + 09 ,

where @ depends on u and ¢ , and satisfies
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(2.2) lop Il ;< C_LCIHul el figl
£ () ol il el el )]

for a fixed m and for all s .

Then, there exist neighborhood V s W of u=0and ¢ = 0 such that

(V) N W=90 or &(V) > 0
(9(0) = 0= ¢-1(0) nvs= {0}, resp.) .

Therefore we can conclude the existence and the uniqueness only for ¢(u) =0 .
In the proof, we need only an addition of the error terms in the argument of the
existence of O , which is estimated as well as other error terms are. If
considering the scale basing on the Sobolev spaces or the Holder spacés of
functions on Qe supported on {xo > 0} , then the strong wellposedness assures
the existence of the right and left parametrix y . The non essential cases

will be excluded since the norm H@(O)HS on Qs tends to O as ¢ tends

to O .

§ III. AN EXAMPLE :
The Monge-Ampére equation

2

uxxuyy - (uxy) = f(x,y)

is elliptic if £ > O , strictly hyperbolic if f < O and of Tricomi type
if Vf # 0 at the points £ = 0 and if it is kowalevskian. They are very classi-
cal and well known. So we treat more singular cases. Since we are treating

the Cauchy problems, we consider the case where f < 0 . In this case, the

equation is hyperbolic if it is kowalevskian. More generally, we consider

¢ =det A-f =0,

where A = 82u + C(x,u,du), C is a symmetric matrix and f 1is also a function
in (x,u,3u). A typical example is the Gauss curvature K(x) of a hypersurface
{y =u(x)} , x € R"

2 9 (n+2)/2
det(37u) = K(x) (I+]au[ ) .

Now, we prepare some notation to state the result.

w.r.t. A.. = (

ij akl)

. . = minor matrix w.r.t. a.. .
k, 241, ] ij

co

co i+7
A (az3) .a%% = (—1)1 J det Aji : cofactor matrix .

1] 1]
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The equation is

(3‘;1) {<I>=detA-f=O

the initial condition at X, = 0.

If we take the Fréchet derivative in u , then

co 2

Do Tr(A”" 9 © + lower term

=A°°0@) 0 + ...

.We assume the following (3.2-4).
(3.2) f< 0 always.

(3.3) Aoo(u) x =0 >0 .

o
(3.4) szZX,u,au) <0at{f =01}n {xo = 0} , where L is a vector field defined
by

aco( ]
. 0. 9X.

n
j=

o}

Theorem 4. Let U be a formal solution of (3.1) at X, = 0 and satisfy'(3.2-4)
on a neighborhood of x = 0 . Then there exists a uniqueACoc solution u of

®{u) .= 0 on a neighborhood of x = O such that u - u is flat at X, = 0

~, \4
(3% (u-0) =0, & ).
. X =0
o
' 1.2 1 &4
Examgle. u--i-x —l_?fy
2 2
¢ (u) = Uexlyy (uxy) +y =0,
D¢(u)<p=a§w - y%% o,
2 J
f—"y andL——a-;'-

In féct, let us put eigenvalues and eigenprojections of A®° by ej and pj

(i=0,...,n), and Aj are eigenvalues of A. Then ej = 7 Ak and eigen

k# j
spaces of % and Aj are the same, so their projection is o, ? The assumption (3.3)
gives us the existence of n positive eigenvalues, so we denote them by

Aj >0 (jJ =1,...,n).

Since det A = Ao ...An = f<0atu=14 and x, = 0, so Ao < 0 , there. Hence

Ao his near non positive axis if u is near u , that is, remainding eigenvalue

A is separated from the others Aj G =1).
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Therefore eo = X]...An and Po are defined smoothly. So A®® is written as
co n
= = "’. .
A zJ=o ejPJ Al AnPo +>‘o An-l Pn
n _-1
= + o . . .
8,P, *+ A xn(zJ=li PJ)
= eoPo + (det A) E
n -1
= 9P +fE+0¢6E,E= 3. A, P.
oo j=1 ]

Thenwe can decompose
co
A%°(3) = ,(3) + R_(3)

as

Qo(a) GOPO(B) + f E(3)

and

Ro(a) QOE(a)‘

Here QO(B) ~ L2 + f . (an elliptic operator with respect to the transversal
directions to L ).
Since f < 0, and sz # 0 at £ =0 » S0 Q is effectively hyperbolic. And
also RO(B) =0 at § = 0 . Therefore A°°(a) satisfies the conditions of Corollary 3.
Using some speciality of the Monge-Amp@re equation, we conclude the existence
theorem from the unique extension theorem.

Other examples of effectively hyperbolic operators will be found in

N. Iwasaki [2] , where you can see the further informations about this note.

BIBLIOGRAPHY :

(1] L. HSrmander, The boundary problems of physical geodesy, Arch. Rat. Mech.
Anal., 62 (1976), 1-52.

[2] N. Iwasaki, The strongly hyperbolic equation and its applications, to

appear in Pattern and Wave (Studies math. appl.) North-Holland Publishing
Company, 1986.



On a Certain Mixed Problem for the Equations

0f [deal] Magneto-Hydrodynamics

Taku Yanagisawa

81 Introduction and Reéults..

We consider the following mixed problem for the equations of

ideal magneto-hydrodynamics:
(a) p (3,+ (u-T)p + p div u = 0

L. ) a3+ (0-7))u + Up + u H X curl H = 0

(¢) 3,H - curl (u x H) = 0 in [0,T]xQ,
9 A Y R 3 T 3
(1.2) (p, u, H)Xt=o (Py» Uy Hy) in Q,
(1.3) u-n = 0, HXxn =g on [0,T]xC.

3 . ® . -
Here 2 is a ,bounded domain in R with C boundary T and n(x) =

t(nl, n,, n3) denotes the unit outward normal at X€l. Pressure

p(t,x), velocity u(t,x) = t(ul, Uys Ug) and the magnetic field

H(t,x) = t(H,, Ho, H3) are unknewns. py is the permeability, which

- -

we assume to be constant. We suppose that density p>0 is a smocth

+
known function of p>0 i.e. p = p( p ) and p.= 3p/3p. g(t,x)="(=x

= p QN (=1

) is a given function aon [0,T]xrC. 8t=8/8t,81=a/8xi(i=1,2,

+ 3
s
o >
59 9 S
& 9



3
3., ?=(81, 3, 83), (u-P)= § ui~ai and - , X denote scalar and

-
1
L

vector product, respectively. T is a positive constant.

We assume that the initial data pO and H

0
(1.4) inf{ pCp, ), p.Cp. ) } = c,,
XEQ 0 P 0 +
(1.5) div HO = 0 in Q.

These assumptions guarantee the equations (1.1) toc be a quasi-
linear symmetric hyperbolic system. We further assume that the
normal component of HO on I’ satisfy

(1.6 inf | H
xel

- n 2 C
O l
Here ¢, and C, are positive constants.

1
Cur aim i3 t0 show a short-time existence

theorem for the mixed problem (1.15-(1.3):
Theorem. For an integer m 2 3, assume ‘that gGYm(T) and

the initial data (po, uo , HO}EHm{Q) satisfy the assumptions
(1.4), (1.5),(1.68) and the compatibility conditions of order m .

Then there exists a positive constant T depending only on

0
i I| ! 3 . X
1Py Uy, HO)”m"JgJYn(T)’ Cys Cy, M, Q sugh that the mixed

problem (1.1), (1.2) and (1.3) has a unigue solution which

belongs tao Xm( T0 ).

As to the definitions of the compatibility conditions and

the function spaces XT(T) and ?W(T), see. (2.3), (2.45, (2.5) and
il i
(2.6) in §2.
We remark that this result can be extended to the non-

isentropic case without essential modifications of the proof.
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The mixed problem for the compressible

try

u

,_4
@
-
@

[fo]
[
o
o
e
(@]
0
[
o3
0
@
"3

fhe solid-wall boundary condition u-n=90 (i.e. (1.1)-(1.3) with
H=0) is a typical characteristic mixed prodtlem for quasilinear
symmetric hyperbolic systems and has been studied by many
authors.

However if one considers the effect of the magnetic field,
there seems no literature studying well-posedness of the mixed
problem for the equations (1.1). This paper intends, from mathe-
matical point of view, to seek some conditions which ensure that
this mixed problem will be well-posed. As the boundary conditions
for H, we take HXn=g so that the solution is unigue,

The bound of Ho-n (1.6) is needed to guarantee the rank of
the boundary matrix to be 6 on the boundary , We
remark here that the assumptions (1.3) and (1.6) force Q¢ io
consist of at least two components.

The proof of Theorem proceeds via iteration scheme which
involves the following steps. At first, according to [10], we
modify the equations (1.1) to make the boundary noncharacteristic,

We next establish the uniform estimates of the
solution of the modified equations under the same initial
boundary conditibns (1.2) and (1.3). These uniform estimates are
achieved by making use 0of a special siructure of the modified

eguations and the rank of the boundary matrix being 6 on the

o+
oy
D

boundary. Finally by taking a limit of these soluticns,we get

N

solution of the original mixed probliem (1.1)-¢(1.3).



é 2. De‘fi)\.iﬂon. o¥ ?lle. 'Fwwﬁm ,SFA-C&S pnde
ﬂ\& com(?a:t(l:iliy’- conditions

m .
a2 -
R Xp(Tr =,0,C 0,15 1™ (@),
— m . s 0 2
(2. 4) YT =05t 0,15 I 2 ne™ o, 15 1 2,

with norms

m .
lull = sup ||luco)l]] =sup (X 1 3 wet)l .,
XnT telo, 1] te[o,Tli=0 ° ;
? i
|l g2 l,m, .= sup (& 8y gty . m-j+1/2
YT 200 1150 ¢ H (T

m+1 ]
+Hat g(t)JHl/2(r)),

'where u(t) stands for u(t,x) freezing t. Moreover we define

(2.5) Y (T)= {g € Y (T); gn =0 on [o,T] % TI}.
1.
- We say that the ianitial data (34, u&,mkd)‘éaﬁféfyr‘

the compatibility conditions of ordar .m for the equations (1.1:

and the boundary conditions (1.3), i

1
(2.8 sta(oy-n = 0, 3%H(Oxa = 3%7¢q: T
i > Otu PRATIEER o,.g(Qz an L,
far k=G,1,---, m-1.
Heras the terms 3— 2(0), &% H(0) are 1 t
g T(d, I HC are calculated from (1.1) .and

2 ] » 1 <> . 3 1 . . -
(1.2), and are then expressed 3¥ initial data and their deriva=-

tives. Faor instance,

£ (V3

(0 = = Wy Tugm 03T H(Tp - uEy % curt Hy) s

~ T
g.H, = curl X H
_ 2 (uo xo).

r
Reterence

'1. 1 T AL "“ ' :
[10] S.3clo0chet, The compressihle Euler equations in a bounded
o4 i dgea
aomain: Existence of solutions angdg lncompressisle limit Comm
b -
Math. Phys. 104 (1986),49-7

-
“ .
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Scattering Problem

for the Nonlinear Schrodinger Equations

Yoshio TSUTSUMI

Faculty of Integrated Arts and Sciences, Hiroshima University

Higashisenda-machi, Naka-ku, Hiroshima 730, Japan

We consider the asymptotic behavior as t - *» of solutions and

the scattering theory for the following nonlinear Schrodinger

equation with power interaction:

(1) i %% = - Au + |ulP 71y, t € R, x € R",

(2)  u(0,x) = uy(x), x € R,

Let U(t) be the evolution operator associated with the free

Schrodinger equation. For 1 < g < =, LY and H'Hq denote the standard

g-integrable function space on Rn and its norm, respectively. Let X

denote the Hilbert space

2= 4{ v e€E L2 ; Vv € L2 and xv € L2 }

with the norm Hv"% - Hvﬂg N qung + “XV"S . We put
© , h =1, 2,
a(n) =
(n+2)/(n-2>, n > 3,
n + 2 + J/nz + 12n + 4
Y(n) 5n

We note that 1 + % < v(n) <1 + % < oa(n).

Our main results are the following.

Theorem 1. (i) Assume that 1 + % < p < aln).

€ X there exist unique u, € L2 such that

-1 -

Then,

for any u

0



(3) flu, - U(-t)u(t)ﬂ2 - 0 (t = z=),

*

whereéu(t) is a solution of (1) with u(0) = Uy -

(ii) Assume that 1 < p < 1 + % . Then, for any non-zero u, € z
there do not exist any u, € L2 satisfying (3).

Theorem 2. Assume that y(n) < p < o(n).

(i) For any u_ € X, there exists a unique u, € 2 such that
4> ha, - U(-t)u(t)ll2 - 0 (1t - +o),
where u(t) is a solution of (1) with u(0) = Uy -

(ii) For any u_ € %2, there exists a unique u, € 2 such that
(5) la_ - U(—t)u(t)llZ - 0 (t » -=),

where u(t) is a solution of (1) with u(0o) = uO.

Theorem 3. Assume that y(n) < p < o(n). For any u, € 2, there

0

exist unique u, € 2 such that the solution u(t) of (1) with u(0) = u0

satisfies

(6) llui - U(—t)u(t)!l2 - 0 (t » o),

Remark 1. (i) If 1 < p < a(n), for any uO € X there exists a

unique solution in C(R;Z) of (1)-(2) (see Ginibre and Velo [4,
Theorem 3.11 and [5, Proposition 3.51).

(ii) Theorem 1 shows that 1 + % is the critical power.

(iii) Theorem 2 implies that if y(n) < p < a(n), the wave
operators Wi: u, = u, are well defined as a mapping from X to X.
Theorem 3 implies that Range (W,) = Range (W_) = X and that W, are
one to one. Therefore, we can construct the scattering operator § =

w:lw_: u_ - u,, when v(n) < p < o(n).



Corollary 4. Assume that y(n) < p < a(n). The wave operators
W, are well defined in X and are homeomorphisms from 3 onto .

Therefore, the scattering operator S is well defined in ¥ and is a

homeomorphism from X to X.

There are many papers concerning the asymptotic behavior as t -
e of solutions for (1)-(2) (see, e.g., [11, [3-111, [15-181 and
[20-22]). Recently the scattering theory for the nonliner
Schrodinger equations has been remarkably developed by a series of

papers of Ginibre and Velo [4-8]. In [5] they proved Theorems 2 and

4

3 for 1 + Y < p < a(n). Furthermore, in [7] they proved Theorems 2
1

+ % < p <a(n) and n 2 3 with X replaced by Hl. However,

and 3 for
in [17, 181 Strauss conjectured that construction of the wave
operators and their asymptotic completeness could be brought down
from 1 + % to v(n). Theorems 2 and 3 answer Strauss' conjecture. In
addition, Theorem 1 gives us interesting information about the
asymptotic behavior as t -» %o of solutions of (1)-(2) for p £ v(n).
But two important problems still remain open: (1) Can we construct

the scattering theory for 1 + % < p < 7¥yY(n)? (2) When 1l < p <1 + %,

how does the solution of (1)-(2) behave as t - zo ¢
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A E S L Eells-Sampson D P HFERRICOWT
NBAE AEBREHEEZD

UT T, Mg, N, idcompact RiemannZ gk L3 3.
Definitions

f: M———>Y ; smooth map XU T, energy density e(f), B
Total energy E(f) 2RDEDIICERT S
El aﬁ
LJ ——
o = glacl= 284 ) 527 3

zzv  ate TH @Iy

EC(f) = J e(f) duy ‘
. E

ZT d,u lIRlemannu‘l‘iﬁ‘bﬁZ 2 2¥H 2 volume element

f:M———>N; smooth map #° FIEH harmonic map) TH 3 L&, f K
REZEOEFETHBZ L.

TDERICKRY, ROWEEXS.

Proposition
f: M —— N Hharmonic mapTH5 I+ & f FROMHFTBERN 2 EL-TE
W HEE.

IF8 9/2*)

A f = Trace 7df = (AM‘PO( 3“ /v‘/—7o/ (FJ 27¢ 327



F 7z, 19644812, J.Eells& J.H. Sampson %, harmonic map DHEEICHT 3, &

THRROFREEE.

Theorem (J.Eells and J.H. Sampson (ES))

M, g),(N,h)’/'\':compac-t Riemann Z#&{K, NK < 0N OFEEZRE) LT3L,
C”O, ) D& homotopy FICIZ, S < 2 H—>0 harmonic map DNEHFET 3.

RPE—FHEICOVTIE, P.Hartman W &Y, HDI3ZED—SHEAISATVS.,
COEBEDEM DR T, Eells—Sampson &, ROLEBEDEFER DY RIMEL
AHDOMo =,
))
%:AP m Mx [cw)
(k)
t= 7[’0 m Mx 0O

ZZTiE, %) % Eells-Sampson DKDEI SR L LS.

—7, TRIVX—Fy B OF=LHARIE, 197581 R T.Snith X - TES
HhTWna. '

Theorem (R.T.Smith (Sm))
E(f) @ harmonic map £ T® Hessian %,

N

He v, w =J(A f - Trace YRaat, vyat,uur) duty,

M

v,w I& f-lTN D section
T»d.

Definition

JFV = Afv - Trace NR(df,v)df &

f @ Jacobi operator & X.3&%
f @ index , nullity &,

Index (f) = { J‘F ® negative definite subspace 0K KT

_.2_



Null(f) = Dim(ker(Jf))

?harmonic map f ALELIE
Index(f) = Null(f) =0,
THdIT L.

TIT, ROBEEELLD.

f: M ——>N ELER harmonic map LT BLE, 0 & £ Io+47 BN 4
HENS o=+ ZTOEELD, { KRETEE3529

COMBEKBELT, ROEE: A,

Theorem
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idy W isometry Ta» Y, 42 harmonic map TH 3.
id,y-! T® Jacobi operator 1%,

J.d = Av - Ric(v)
'l

Ric(+) {& M @ Ricci #=R.
?@of,nﬁﬁﬁmamnﬁﬁ(tﬁb,mc¢0)Eérﬁ,mMﬁﬁﬁ&

harmonic map &7 3, LA TEHEITEIC, M=N, = idM THRYMND.,

Remark
L.Simon (Si) 2 X-> T, REHROEEN N A analytic Riemann Z#&EED L =12,
BEHOhTW3,
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Criteria for Hypoellipticity

Yoshinori Morimoto

Main Results. Let P = p(x,Dx) be a differential operator

of order m =1 with coefficients in CG(RQ), that is,

— 84 @© n
P(x,D ) = la%sm a, GODY a0 € CTRD,
where for multi-index o = Coy,...,0), lal = o +ooota , DX
n 1 n X
[ [
- looo n = -3
= D1 Dn and Dj = 18xj.

We say that P is hypoelliptic in RD if for any u € D’ (R™M
and for any open set Q of R", Pu € CT( implies u € CT(®.

Let A and 1log A be pseudodifferential operators with symbols
<£> and log <&>, respectively, where <E> = (1+l£|2)1/2.

write p(a)(x,&) = SaDBp(x,i) for multi—indices o and 8. Ve
3 E7x

We

@

set Ilu!lS = J1ASull for real s and u € Co(Rn), where I. I denotes

the usual L2 norm.

Theorem 1. Assume that for any € > 0 and any compact set K

of R™ there exists a constant CS K such that for any u € CS(K)

(1) I Clog ADMull < glPull + Ce glul
loe+8 1 5 (o)
2> > I C(log A D P ull _ < gllPull + C lall ,
0< a8 |<m 8> |81 g, K
where P(a) = p(a)(m D ) Then P is hypoelliptic imn R"
8> 8> T ” ’

Furthermore we have

&) WF Pv = WF v for any v € 2° (R™.



Corollary 1. Let P be a differerntial operator of second

order with C —coefficients, that is,

= . .D, + ib. .+
P j?k aJk(X)DJDk ? 1bJ(x)DJ c (xD

We assume that
{ a. and b, are real valued,
jk J

. ) 2n
1 E
> ajk(x)gjgk > 0 for all (xz,E) € R
If for any € > 0 and any compact set K of R"™ the estimate
N2 , , . >
(4) I (log A Tull < glPull + Ca,KHuH. u € CO<K)

holds with a constant C8 K then we have (3).

Corolléry 2. Let P be the same as in Corollary I. If for

any € > 0 and any compact set K of R the estimate

2

(5) I log AMull® < &€ Re Pu,u) + CS Kﬂuﬂz, u € CECK)

holds with a constant C8 K then we have (3).
Remark. The estimate (4) easily follows from (5).

We discuss the necessity of hypoellipticity for second order
differential operators given in Corollary 1. The estimate (4) 1is
not always necessary for hypoellipticity. We have a counter example

given by FediY [Fd], ﬂo = D? + exp(-l/lxlla)Dg, s > 0, Indeed, this



example does not satisfy (4) when & = 1, while it is hypoelliptic for
any & > 0. However, the estimate (4) is necessary for a class of
operators to be hypoelliptic.

The result concerning the necessity of (4> can be discussed
for some class of operators of higher order. Let m be even.

positive integer and let P0 be a differential operator of the form

— pm : n
€Y PO = Dt + d(x,Dx) in RtXRx ,

where ﬂ(x,Dx) is a differential operator of order m with c”-
coefficients. We assume that ﬂ(x,Dx) is formally self—-adjoint
in Rz and bounded from below, that is, there exists a real cH

such that (ﬂ(x,DX)u,u) > coﬂuH2

for u € c"(‘)’cR“>.
X
Theorem 2. Let PO be the above operator. Assume that PO
igs hypoelliptic in Rthi. Then for'any zy € Rz there exists a

neighborhood © of Ty such that for any € > 0 the estimate

\m/2 2 2 ®
(7) 1 Clog A D ul < g Re(POu,u) + CS,K“U" , u € CO(RtXm)
holds with a constant Cs' Here A , of course, denotes <Dt’Dx> =
2 2,172
(1+Dt+IDxI D) .

Remark 1. When m = 2 the estimate (4) follows from (7).
In fact, for any compact set K of Rth§,4let K’ be the projection
of K to Ri and take the partition of unity 2 ¢?(x) =1 over K.
Since Re([PO,wj]u,wju) is majorated by a constant times of Huﬂg,

we have (7) for /u € CZ(Rth'), which implies (5) and hence (4).



‘Remark 2. Almost the same result as Theorem 2 was obtained
independently by [Hsl. Proof of Theorem 2 is performed by the
similar method as in [Mel, where nonanalytic hypoellipticity was

studied for operators of the same form as (B6).

As an application of Theorems we shall consider the hypo-

ellipticity of degenerate elliptic opertors of the following form;

20

‘D 20
X

8> L, =D + g(x)Dy in RY,

where 4 =1,2,... and g is C° function such that gx) > 0

( x = 0 ) and g0 = 0. When L = 2 we assume that for any j > O

I

9 IDig(x)l < ng(x)l_ in a neighborhood of x = 0 ,

where ¢ is a number satisfying
am 0 <o < 1,202

It is clear that a function exp(—l/lxlé), 8 > 0, satisfies (9

for any ¢ > 0.

Proposition 1. Let LO be the above operator. If g(x)
satisfies

(11> lim Ixlllog gx)| =0
x = 0

then LO L8 hypoelliptic in RS. Assume im addition that
zg ' (x) = 0, that is, g is monotonre in R+ and R—, regpectively.
Then the conditiom (11) is also mecessary for LO to be

hypoelliptic in RB.



Remark. For the function exp(—l/lxlé), & > 0, the condition
(11> means 5 < 1. The proposition in the case £ = 1 was first
proved by Kusuoka—Strook [K—-S] in a little weak form. Their proof
is based on the Malliavin calculus, which is a theory of stochastic

differential equations.

Unfortunately, when £ > 2 we can not apply directly Theorem 1
to the proof of Proposition 1 , because it is quite hard to check the
hypothesis (2) for LO , more precisely, to show

22-1

I (log A Dx

ull < SHLOuH + Cg’KHuH, u € CO(K).

So we need the following amelioration of Theorem 1 under an

additional assumption.

Theorem 3. Assume that the principal symbol of pm(m,i) of P

satisfies
12> pm(x,&) = 0 for x’ = 0, where x = x’,x").

Then the comnclusion (3) of Theorem ! still holds even if the

estimate (2) is replaced by

loe+8 | 5 (@)
a3 p Il Clog A p ull _
0<le+8 I <m (B 7 1B
=0, ¢")

< glPull + C u € CHK.

8’Kllull )



The hypoelliptic operator MO given by [Fdl with & = 1 is
not covered by Corollary 2 ( nor 1 ) as stated in the preceding.
To cover this exceptional example we give another criterion of

hypoellipticity.

Theorem 4. Assume that the principal symbol of P satisfies
(12). If for any compact set K of R there exist a Kq > 0

and a constant CK such that

(o)
(14) lull + S P
O<la+Bl<m B> kg lEl
o= (0, ™)

< Cyx C IPul + Hul_d, u € C;(K),

then we have (3).

A little historical survey.
Constant coeffecients case € i.e. P = p(Dx) = > aaDi ).
Theorem 5 ( H6rmander[H1] ). It is mecessary and sufficient

for p(DX) to be hypoelliptic in R™  that
Im &€ » « if 1&gl » = om the surface [ ¢ ecC?; pce)y =0 ].

Corollary. If p(DX) is hypoelliptic in RY then p(E) = 0
for large 1&1, & € R™
Variable coefficients case.

Let L be a differential operator of the form

L .2
(15> L=-3 Xj

+ X ,
ji=1 0



where Xj are real vector fields, that is, Xj =

Hms

ajk(x)sx

k=1 k

for real—-valued ajk(x) e CT”@®RM.

Theorem 6 ( Hormander [H2] Y. L is hypoelliptic in R"™ if

the vector fields XA,..., X and their repeated
o0 {v 0 n
commutators span the tangent space at each point in RQ
_ R2 2,2 . . . .
Example. ﬂl = D1 + xlD2 is hypoelliptic Dbecause with
X1 = le and X2 = x18x2 we have [XI’XZ] = 8x2 . Note that the
symbol of 4« . c(d,) = &2 + x2€2 vanishes on £, = 0, &, - « when
y 1 17 = =1 152 1 » 52
2]
Xy = 0. Similarly, ﬂk = DI~+ x%kDg is hypoelliptic since
- 1 . _ _ .k
[Xl’[Xl""[XI’XQJI"] = k!@x if X1 = ax and X2-~ xlax‘.
2 1 2
The key point of the proof of Homander’s theorem is to derive
the following subelliptic estimate from (X): For some £ > 0
(16) llulli < CCReu,w) + Iul® , u e cy®R™M,

where for the brevity we consider the simple case X, = O.

0 =
If L = ﬂk then € = 1/(k+1> ( see Fefferman—-Phong [F-P] ). By

using (16) we can prove that if u € HiOC(Q) and Lu € HiOC(Q) then

u € Hii;(ﬂ). The repetition of &g-regularity up gives the

hypoellipticity of L.

It is clear that infinitely degenerate elliptic operators do

and LO with 2 =1 don not satisfy Hormander’s criterion %),

As understood from the fact that, for ﬂk , € tends to 0 when



k » =, infinitely degenerate elliptic operators ﬂo and LO with ¢
= 1 do not satisfies the subelliptic estimate (18) for any g€ > 0.
Hence, neither Hormander’s theorem nor his method apply to these

infinitly degenerate operaors.

Proof of Proposition 1.
For the brevity we shall consider the second order case and
only prove the sufficiency of (11) when g x> = exp(—l/lxlé).

( Concerning the necessity of (11) see [M2].) By Corollary 2 it

2 2

suffices to show that LO = Dt + Di + exp(—l/lxla)Dy satisfies (B

when & < 1. Note that

2 2 2

amn Re(LOu,u) = HDtuH + HDxuN + ( exp(*l/lxlé)Dyu,u).

We use the following lemma given by Fefferman [Ff]:

Lemma. Assume that V(z) = 0, C° on a cube Q in R™

Suppose that there exists a ¢ > 0 such that

as miz € Q ; Viz) = ecdiam @ "% 1) > elQl,

7

where m( ) denrotes the lebeague measure. Then for u € C' we have

o o — 9
(19) folvu(x)l‘ + Vi) lulz) 1 “)dz = ¢’ (diam Q) ‘leu(x)lzdx.
The constant ¢’ depends only on 71 and c.

In [Ffl, it is assumed that V(x) is polynomial and (AVQ V) =

2

(diam Q) “. The proof in [Ffl is still valid for the above hypothese.



Set V&) = exp(—l/!xla)nz. ( In what follows we assume x €

1

R*.) In view of (17), for the proof of (5) it suffices to show that

for any k > 0 there exists a Mk > 0 such that for u € CE(Rl)

2 2

Ydx = c(k loglald 2 1u(x) |

c2m f{lvxu(x)12 + V) lux)| dx,
if Inl = Mk s
where ¢ is a constant independent of k and »n. Of course, ¢ may

epend on the interval [-R, R] containing supp u.

Let { Qj y S be pairwise disjoint intervals such that

va; = R! , diam Q; = & login ! and Q, = (x; Ixl <
2k loglnld 1. When Ixl > (4k loglald ' we have
5. 2 5
exp (—1/1x17°0n° = exp( 2 loglnl — 4k loglanld .

Then, if Inl = Mk for a sufficently large ‘Mk , we have

2 2

(21) exp(~1/1x1%2% > Inl = (diam ap”

for Ixl = (4k loglnld L.

Thus, for each. Qj we have (18). By th above lemma we get (a9
and so (20).

The above argument can apply to more degenerate elliptic

~

operators than LO' For example, let L be a differential operator

of the same form as (8) with &£ =1 and g&x) equal to

~

exp (—1/1x1%sin®1/1x1>. If 0 <8 <1, L is hypoelliptic.

—(a_

pe



In fact, for any Qj where sin(l/Ix|) wvanishes at least twice,

we have

22) m((x €@ ; Sin2Cl/1x1) = 1/2 1) > 1o, 1/4

For other Qj contained in [-R, R1 we also have

23) mCCx € ; sin?1/1x1) = 2nR%k log 121> "23)) = Q5172
because sin t = 2t/m for 0 < t < w/2. If we set Vx) =
2 o

exp(—l/lxlé)sin (A/1x1>n%, (22> or (23> together with (21) gives 18

~

for each Qj. By Lemma 1 we obtain (20) and so L is hypoelliptic.

We end this abstract by giving a more pathological example.

~

Let L be a second order differential operator of the form (8). We

assume that g {x) yanishes on a Cantor set E with measure 0
(o]

o j:IIj , Wwhere IO = [0, 11, Il is an

defined as follows: Set E =1

open interval with length 1/3 whoes center is 172, Here I2 and
Isvare open intervals with length (1/8)2 whoes centers coincide

with the center of each conected component of IO AN Il’ respectively.

Furthermore, I4,...,I7 are open intervals with lenghth (1/3)3 whoes

centers coincide with the center of each connected component of IO N
3

U] Ij , respectively. We define open intervals Ij in this manner,

j=1

recursively. On each Ij = (—a+b,a+b), j = 1, we set g(x) =

exp ((~1/1x+a=b I +(=1/1x=a=b1®)) and we set gGO = exp(=1/1x1% and

exp(—l/(lx—llé) for (==, 0D and (1,«), respectively. If 0 < & <1

~

then L is hypoelliptic.
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