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ABSTRACT. In this paper, we consider elliptic estimates for a system with
smooth variable coefficients on a domain  C R™,n > 2 containing the origin.
We first show the invariance of the estimates under a domain expansion defined
by the scale that y = Rz, x,y € R™ with parameter R > 1, provided that the
coefficients are in a homogeneous Sobolev space. Then we apply these invariant
estimates to the global existence of unique strong solutions to a parabolic

system defined on an unbounded domain.

1. INTRODUCTION

We consider the linear elliptic system Lu = f defined by

(Lu)*=-Y" 0, (Af?eﬁajuﬁ) Fmu® =f  in Qg (1.1)

Here u is an N dimensional vector field defined on R™ for N > 1,n > 2 and
1<i,7<n,1<qa,06<N.misanonnegative bounded scalar function. Qg is the

domain scaled with parameter R and is defined by
OQr={y:y=Rzx, z€Q}, R>L (1.2)

The domain € is a bounded domain with C'! boundary containing the origin in
R™. We assume that the coefficients Af‘jﬁ and m are functions of x € Qp satisfying
the following assumptions:
) A%ﬁ are uniformly continuous on Qz, m is bounded and for some fixed
positive constant A
Z sup |Af‘jﬁ| +supm < A, (1.3)
i.g,0,8 R Qr

e For some fixed positive constant A

> AP (@)Erel > Alg)? forall zeQp, eR™. (1.4)
i,j,0,8

The gradient V is defined by V = (01, - ,0,), where 0; = 8%1"
1
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Our main concerns are to find some conditions for elliptic estimates of the op-
erator L independent of domain expansion, namely, independent of the parameter
R>1

The elliptic estimate in this paper is the following: if 2 is a bounded C'*! domain,
VA e L>(Q), f € L) and u is a solution of (1.1) in W, ¢ N W?29(Q) for some
1 < g < o0, then u satisfies that

HVZUHL‘J(Q) < C(”f”L‘I(Q) + ||U||L'1(Q))7 (1.5)

where the constant C' depends on A, A\, n,q,Q,09Q, [|[VA| <), the modulus of
continuity of A and so on. Furthermore, if the uniqueness of solutions to the system
(1.1) is guaranteed, then we can say that there exists a constant C' independent of
u and f such that

[V2ull ooy < Cllfllza- (1.6)

However, we do not know on which parameters the constant C' depends exactly
(especially, on the scale parameter R). For details of the estimates (1.5) and (1.6),
we refer the readers to the papers and books of [3, 7, 10, 11, 15, 16, 17].

Throughout this paper, we use the notation for Sobolev space W*(Q), k >
0,1 < ¢ < oo and H¥(Q) = W*2(Q). The space W9 (Q)(1 < ¢ < o) is the
closure of C¥(Q) functions in W*:4(Q).

Now let us introduce a new question: “Can we get the estimate

IV?ull Loar) < CUIflLan) + ulla@n) o [VullLen) < ClfllLaon)

with the constant C' independent of R 7”7 If A and m are constants, then the answer
is positive. In fact, let u(z) = u(Rz) for a solution u to Lu = f in Qr. Then u is
also a solution to the system Li = f in , where f(z) = R2f(Rz). The operator
L is not changed under the scaling x — Rx. Hence we get from (1.5) and (1.6) the

estimates
V2t o) < CUIfllna) + Tl za)) and V2@l ey < C||f]lLe(e)
with C' independent of R and by rescaling

V28| Lan) < CUf I La@n) + |l Lan))

2 (1.7)
IVZullLan) < Cllfllza@n)

for R > 1, respectively. However, if A is not constant, then the situation is quite
different. For an invariant estimate under domain expansion, we need to scruti-
nize on which factors the constant C' depends and to find some conditions for the

invariance.
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In this connection, let us introduce an invariant condition under the domain

expansion as follows

e (Scaling condition)
VA € L"(Qp) (1.8)

for some 7 such that n <r < wif ¢ <nand ¢ <r < oo if ¢ > n.
Using the conditions (1.3), (1.4), (1.8), we have

Theorem 1.1. Let Q) be a bounded domain containing the origin of R™, n > 2,
with CY1 boundary 0Q. Assume that f € LY(QR) for some 2 < q < 0o, A and m
satisfy the conditions (1.3), (1.4), (1.8) for some fized r on the scaled domain Qp.
Then there exists a unique solution u € (W9 N W2 9)(Qg) to the boundary value

problem Lu = f in Qr, R > 1, u =0 on 0Qg satisfying

_2r
[ullw2 aar) < CUIfllLa@r) + A+ VAL @) ™" 1t/ Ls@r))- (1.9)

The constant C may depend on A, A\, N,n,q,r, and the modulus continuity of A
but not on R.

For the proof of Theorem 1.1, we use the classical method of freezing coefficient.
Before freezing, we scale the space variables with the factor R. Then in freezing
coefficients we partition the domain © into £ scaled balls, where p is the modulus
of continuity of A. We revisit the Calderén-Zygmund theories for the whole and
half spaces.

If1 < p < 2and N > 2/ then contrary to the scalar case we cannot assert
the uniqueness of solution due to the absence of mean value property nor even the
existence of solution to the boundary value problem. However, once u € (WO1 N
W24)(Qpg) is a solution of (1.1) for 1 < ¢ < 2, the same arguments as above show
that u satisfies the estimate (1.9).

Strictly speaking, the right hand side of the estimate (1.9) is not completely
uniform on the parameter R because we still do not know how to control the norm
lull La(y)- Instead if we assume a further condition on f and restrict the range of
q, then there is a possibility to control it.

To expedite, we introduce some function spaces. We denote by D~1(Qp) the
dual space of D§(Qr) with < -, > being the dual paring of D™1(Qg) and D}(Qr).
For n > 3 the space D} (Qg) is defined by

2n

D}(QR) = {v e L2 (QpR) : [vllpicar) = VUllL2(n) < 00,0 =0 on 0Qg}.

Indeed, H}(Qr) = (D N L?)(Qr) and D}(Qr) = HE(Qr), provided that € is
bounded.
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Now if we assume that f € (D=1 N L9)(Qr) and the size of norms is uniform on
the parameter R > 1, then we can remove the term |lu r¢(q,) on the right hand

side of (1.9) through a scaling invariant estimate, see Lemma 2.4 below.

Theorem 1.2. Suppose that A, m, f and  satisfy the same condition as in The-
orem 1.1 with q,r and n satisfying that
Qe < q < Qs for g < 00,

(1.10)
max(q,n) <7< o0, r#n, k>0, n>3

where qi = 3 ifn >4k + 2, g = 0o by convention if n < 4k + 2.

2
n7(4z'+2
If we further assume that f € (D~1NL%®)(QR), then the solution u to the system

(1.1) satisfies that
Vullezr) < Cllfllp-1(ar)

and that

2r(k+1+6)

lullwzo@r) < Cllfl(p-1nz0nrey@n A+ IVAlLr @) ", (L.11)

n

where 6 = 5(1/qx — 1/q). Here the constant C' also depends on m.
If we assume that info, m > m for some positive constant m and f € (D=1 N
L) (QR) for 2<q < qo andn > 2, then

lulltri@r) < CllF -1 ()

, (1.12)
27
ullwza@r) < Clifl(p-1nL9)0p) (L + [[VA[Lr) ™.

Remark 1. Note that the 2-dimensional case is included for the second result.

For the estimate of the range of ¢ below %, in general it seems very difficult
to avoid the assumption m > m. To do so, we need another condition on A. For
simplicity, let us assume that m = 0 and consider the coefficient A of the type

aB + ¢E. Here a is a scalar C! function with Va € L™(Qg) for
max(g,n) <r <oo, r#n

and satisfying that A < a < A on Qg, B is a constant coefficient with |B|] < 1
satisfying (1.4), ¢ is a small positive constant and E is in C*(Qg) with VE € L"(Qg)
and |E| < A on Qg. Let us denote the elliptic operators corresponding to the
coefficients A, B and E by L, Lg and L, respectively. Such L is said to be a small

perturbation of the constant type elliptic operator Lg.
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Theorem 1.3. Let Q be a bounded C*' domain of R®,n > 2. If L is a small
perturbation of Lg and f € (D~ N L2 N LY)(QR) for2 < q < qo = %, then the

boundary value problem Lu = f in Qr and u = 0 on 0Qr has a unique solution
ue (Wy 'NW29)(Qg) such that IVullz2p) < Cllfllp-1p) and

IVullwr a@n < Clfllo-1nzaza@n (1 + IVallLr@n) + IVElLr@p) ™
(1.13)
Remark 2. A typical example of the small perturbation of constant type elliptic

operator is the Lamé operator L, which has variable coefficients A?jﬁ defined by
AF (@) = w1 (2)00,601 + (n + 2) (€)50.i85,5

and hence Lu = —div(u Vu)—V (uadivu), where 1 and po are viscosity coefficients
satisfying the relation p(z) = via(x) +ce1 () and (u1 + p2)(z) = vea(x) +cea(z).
This relation is a generalization of the Stokes relation (for instance, see [13]). We
assume that a is a C! scalar function with A < @ < A and Va € L", v; are fixed
positive constants less than 1 and e; is a C'' scalar function with ), [e;] < A and
Ve; € L". The coefficient A can be rewritten as A = aB + €F, where

B = vi6a 36,5 + V200,03,
Ejf = e160,50, + €200,:05.;-

The elliptic estimate for Lamé operator L as in Theorem 1.3 can be applied to
the heat-conducting compressible Navier-Stokes equations with variable coefficients
on an unbounded domain, whole or half space, or exterior domain. One can adapt
the same arguments of domain expansion of [4, 5, 6] to prove the unique solvability

of strong solutions.

Remark 3. If  is an exterior domain with compact complement, then we denote
the domain Q N B by Q r for sufficiently large R so that the complement of € is
contained in Bg. If Q is the whole space, then Qp is Br. If Q is the half space
R, then we also denote Qr by R-scaled domain of €2 which is a smooth domain
satisfies that R? N By C Q4 C QN By. Then a solution u € (W, ¢ N W2 9)(Qg) of
the system (1.1) on Qp satisfies the estimates (1.9), (1.11), (1.12) and (1.13) with
C independent of R > 1.

A direct application of Theorem 1.2 and Theorem 1.3 is to show the elliptic
estimates on an unbounded domain 2. To do this we introduce the homogeneous

Sobolev space (for instance see [9])
D*7 () = {v € Lie(Q) « [[vll prr 0y < 00},
DHQ) =D"2(Q), vl prrie) = IV*0]r@)-
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Theorem 1.4. Assume that Q is an unbounded domain, a whole or half space, or
an exterior domain with CY' boundary and compact complement. Let f € (D=1 N
L N L1)(Q) for the same indices qo,q as defined in (1.10) and A be an elliptic
coefficient satisfying (1.3), (1.4) and (1.8) .

(1) Then there exists a unique solution u € D N D% 9 of the elliptic system
Lu = f with the boundary conditions that u = 0 on 9Q and u(x) — 0 as

|x| — co. Furthermore, u satisfies that
Vullz) < Cllfllp-1(0),

llullw2 ) < Clfll(p-1ALwnre @) (1 + VA

(1.14)

2r(k+143)
L"(Q)) r—n

(2) If we further assume that m > m for some positive constant m, 2 < q < qo
and n > 2, then

lull i) < Cllfllp-1(0),
lullw2 ) < Clfll(p-1nray) (L + [VA| L)

(3) If L is a small perturbation of Lp as in Theorem 1.8 and f € (D~ NL%*N
L7)(Q) for 2 < q < qo, then

(1.15)

27
T—n

2r

[Vullwra) < Cllfll(p-1nz2ncay@) (1 + [ VallLr@) + IVE| Lr@)) ™.  (1.16)

Secondly, we apply the above theorems to a linear parabolic system:
our+Lu=F in [0,T] x Q, u(0,z) =up(z) in Q,
(L) = =3 o (A o). (1.17)
i,5,8
Here ¢ is assumed to be a nonnegative function which has a compact support or
decays at space infinity. For the simplicity of presentation we only consider that the
domain  is the whole R3 or half Ri space, or an exterior domain of R3 with C''!
boundary and compact complement. A%ﬁ is CL([0, T] x Q) satisfying the conditions

(1.3), (1.4), and the symmetry condition
Ba _ sapf ..
AGS = Ay forall 4,4, a, B. (1.18)

Since ¢ can vanish on some open set or decay at space infinity, it is difficult to
expect the uniqueness and regularity of solutions. For this purpose, we assume the

following compatibility condition that for any v € C3(Q)
> /Q ASP(0,2)0;ug 00 do = /Q (F(0)* — /pg®)v® dz (1.19)
i,j,a,0 a

for some g = (g%) € L*(Q).
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Theorem 1.5. Assume that

0< ¢ € (L2 NL>®)(Q),uo € D(S),
F,F, € L*(0,T; D1 (Q)), F € L*(0,T; L°(Q2))

and also assume that A = A(t,x) € CL([0,T] x Q) satisfies (1.3), (1.4) and (1.18)
for each t. If we further assume the compatibility condition (1.19), then there
exists a unique solution u € L>(0,Ty; D§(Q)) such that Vu € L*(0,T; WH6(Q))
and uy; € L?(0,T; D§(£2)).

For the proof we localize the problem and consider the case where ¢ has a positive
lower bound. Then we show that the localized solutions satisfy a priori estimates

uniform for the domain expansion.

2. PRELIMINARY LEMMAS

Before proving the theorems, let us introduce some lemmas which are crucial for
the proof of the theorems. The first one is on the elliptic regularity in the case of

constant coefficients.

Lemma 2.1. Let A be a constant coefficient satisfying (1.3) and (1.4), and let v be
a vector field in D*(R™). Then for any 1 < q < oo there exists constant C depend
only on X\, A, N,n,q such that

IV20llLs < C||Lov]| s, (2.1)

where

(Lov)® Z 0; (Ag-ﬁajuﬂ) :
,5,0
Proof of Lemma 2.1. One may find a proof using fundamental solution to the equa-
tion Lov = 0 in R™ in [2, 3]. Here we introduce a simplified version for a second
order elliptic operator.
By density, we may assume that u € C?. Using Fourier transform such that
= [e®¢g(z)dz, we have

Lov) () = = D A5 eiv0(©) = — Y AL igglel*o0(¢) Z M () AP,
,5,0 ,5,0
(2.2)

where

MeB(g ZA ¢ and g;:%.
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From the strong ellipticity (1.4), we deduce that

> M mans = An® for all neRY,

B

|det M| > C(N)AN,
|VFMOP| < C(N,n,k)A|E|™F for all k> 0.
Thus using the recursion
VM~ = M"Y (VM)M~' and VFM~'=_-VFY (MY VM)M?),
we obtain
(k4+1)N
VEM Y < CA™? (A> |€]7F forall €#0 and k>0. (2.3)

From (2.2), we have

Ava(€) = 3 (M) LovP (€)

8
and hence from (2.3) we deduce that by the Fourier multiplier theorem (for instance,
see Proposition 2, p. 245 of [18]), (2.1) holds. O

The following is a half-space version of Lemma 2.1 (for the proof of scalar case
see [11]).

Lemma 2.2. Let A be a constant coefficient satisfying (1.3) and (1.4), and let v be
a vector field in Wol’ 1(Q+) and be a weak solution of Lov = f in Q" with u = 0 near
(OQ) for some f € LT with1 < q < oo, where QT = QNRY and (92)T = 9QNRY
for some bounded domain Q2 containing the origin and having C*' boundary. Then
ve (WINW29)(QT) and there exists a constant C' depending only on A\, A, N,n,q
such that

||V2UHLq(Q+) < C'||Lov||Lq(Q+). (2.4)

Proof of Lemma 2.2. We extend v and f to R} by defining zero outside of Q. Let
the extended functions be still v and f. Then by the support condition v is clearly
a weak solution of Lov = f in R’}. Hence by the representation of solution in half
space by the fundamental solution [2, 3], we conclude that v € W* (R’ ) and (2.4)
holds.

Furthermore, since v® is W2 4(QF) function for each a, there are N functions
g® € L9 such that Av® = ¢ in Q. Hence by setting v® = ¢g* = 0 outside
of QT and extending v® and g% via odd reflection to R™ and using a compactly
supported even smooth function 7, one can show that v® * 5 — v in W27 as

d — 0 and (v * n5)(z’,0) = 0, where * denotes the convolution and ns(z) =
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5~ "n(x/8). Therefore we conclude that v € Wy 9(Qy). This completes the proof

of the lemma. O
The third one is on the regularity of solutions of (1.1).

Lemma 2.3. Let u € (W) N W29)(Q) be a solution to the system (1.1) on a
bounded Ct-domain Q with A satisfying (1.3), (1.4) and (1.8) for some 1 < q <
co. Then if f € L¥(Q) for some s with ¢ < s < 00, then u € (Wy'* NW>%)(Q).

Proof of Lemma 2.3. By applying Caledron-Zygmund theory equipped with Lem-
mas 2.1 and 2.2 to the local problems over the interior and near the boundary of
Q, the regularity result follows from the contraction argument in L? theory of [14].
See also the proof of Lemma 9.16 in [11]. We leave the details of proof to the

readers. 0

Finally, we introduce some Sobolev inequalities invariant under domain expan-

sion.

Lemma 2.4. Assume that T is a CY! domain in R",n > 2 and v € W5 $(T'). Let
ﬁbeanumbersuchthatsgﬁgﬁ ifks<n,s<fl<ooifks>nors<{<oo
if ks = n. Then there exists a constant C' depending on T',¢,n, k,s such that for

any R>1

-4
lollieqrny < Clolt o 013 - oy (2.5)

where 0 = £(1/s —1/) and I'g is the R-scaled domain of I' defined by (1.2).
Proof of Lemma 2.4. For the proof of (2.5) with R = 1, see the proof of Theorem

5.8 of [1]. For the invariance, let v(z) = w(Rz). Then by change of variables, we

have for any R > 1

Rl peqrgy < CR™ZOwl 5 ) RSS2 wlfiyn o
Hence the scaling invariance follows from the fact k6 = n(1/s — 1/¢). O

3. INDEPENDENCE OF DOMAIN EXPANSION; PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1. If ¢ = 2, then since the operator L is of
divergence form, the existence and uniqueness of solution u € (Hi N H?)(Qr) read-
ily follows from the Lax-Milgram theorem and the standard method of difference
quotient. We refer the readers to the book [10]. If ¢ > 2, then since the domain is
bounded, the existence and the uniqueness follow automatically from the L? theory

and Lemma 2.3. Thus we have only to consider the estimates (1.9) and (1.11).
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For the proof, we scale functions by a parameter R and define the scaled functions
by @(x) = u(Rz), A(z) = A(Rz), m(z) = R2m(Rz) and f(z) = R2f(Rx). Also we
define a scaled operator L by

(L) = = ) 0i(A7PaP) + ma® = f* on Q.
4,5,

Now fixing R > 1, we freeze the coefficient A near the point xg € ', where €
is a precompact subset of Q (for example we can take Q' = Q\ (B(0,gq) + 990)
for small £y, where £y depends only on p, the modulus of continuity of A). Let
Ly be the constant coefficient operator given by Lgv = Av(.IQ)VQU. Suppose v has
support in a ball B(xo, &) with p < %dist(@Q, V) (hereafter we denote by B the

ball B(xzg, %)). Then we have
Lov = —(A(zo) — A)V?v — AV,
and by (2.1)
IV*0llLas ) < CllLovllLes )

< C(sup|A(zo) — A|[V>0)l Lo ) + AVl (s )
Bo R R
Since A is uniformly continuous on €/, there exists a positive number § independent
of R such that
1
20
if |z — 9| < 4. Actually we can choose uniform § for any zo € € from the

conditions (1.3) and (1.4). Hence we have

| A(wo) = Alx)] < (3.1)

V20l 2ag ) < Cng. A M)AVl ). (3.2)

provided p < 4.

Choose a smooth cutoff function 7 € C’g(B%) such that n =1 on Be,n=0on
By \B%% and |Vn| < %, V2| < 6‘;—12%2. Then v = 5 € W' %(Q) and we have

192l 2o ) < IV*0l 10
2R R
< C (InAV2al 0y + I AVIV Lo ) + A1)l s ) )

< C (Iflocpy ) + Il Las, , )
4 R 4 R

VAVl Lapy )+ IAVIVillaz ) + 1AV Las, ) )
~ ~_ R, _ RZ
<O\ fllaBs o) FIVAV|l Lo, , ) + —lIVUllLas, , ) + THUHLQ(BQE) ;
1R 1R 1% 1R 1Y 1R

provided p < § < 1.
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By the Holder inequality ||VAVU||Lq(B3 ) < ||VAHLT(Q)HVU||LT (B3 e) (with
convention :Tq = oo if r = ¢), we have
V¥l o, ) <€ (lf”Lq(Bg o) F VAl @)Vl o Bau)
R (3.3)

R2
7||VU’||L(I(BJ p) +—= HUHL‘I(B?“%)) ’

N By e we apply the Sobolev embedding (2.5) with
“1(B3 e
=ql=;L k=1 and T = Bi. Since ¢ < . < Hfor ¢ < n oand

q< % < oo for ¢ > n (here we used the convention that n"—_qq = o0 if ¢ > n), we
deduce that

193, 2
n(r—q)
<o(B) T IvaC R,
<o (8) T IR LN VT L
<C (Z)n() <||Vu(i£2 N ra(s)

(3.4)

1—n

+(%) ||Vu( )||Lq(Bl)V217(i][;')L:q(B1))

n(r—q) _n
<c(p) " ()
(@) Iy 1)

R\" alr
=C <<) IVl pas , ) + HVUHL‘? B3 p )”v2ul|£q(33 ﬂ)) ’
p iR iR 4R

where the constant C' does not depend on p and R.

33

|Vﬂ“Lq(B§ﬂ)
4 R

' IV o

g
4

Substituting (3.4) into (3.3), by Young’s inequality we have that for some ¢ > 0

and small p

||V25||LQ(BL)
2R

n

- R\ "
<@(mm%m+<()
1R P

R _ R? _ 9
+—IVallpas, ) + 5 lullass ,) | +elVullLas, ,)-
1% 1R P 1R 1R

T@)www&”
4 R

Fixing p, choose a finite covering { By}, and {By}& | of ' such that B} =
B(wy, £%) and By, = B(xy, 2£) with z, € @, ' C UpBj, C Qand Y-, x5, (2) < ¢
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for some fixed positive number ¢,,. The number ¢, can be taken by 2™ by the finite

overlapping property of balls. Hence we have

IV2allE0 g2 <ZHV2 Ul 2oy

<c. Z <||f|\qu(Bk) + A7, 0, RV ]y 5,

R? -
N5+ iy Wl ) + 2 S IV (39)
k
< Cetn (1150 + Aln 7, p, RYIVE g
RY R -
L, + 2 Ty ) + V2T oy

where

A ) = (2) 19l

Now let us denote the 2¢y neighborhood of the boundary 92 by 2., for some
fixed €g to be chosen later, that is, Q., = 02 + B(0,2¢9). Then Q\ Q' C Q.
Since 0 is uniformly smooth, there are finite number of points x; € 00,1 <
k < N with a neighborhood N}, = N, containing a ball B(zy,3ecq) and hence
Qe C Uycpexr B(xk,3e0), and with a diffeomorphism ¥ = ¥y, from A} onto unit
ball B = B(0,1) in R” such that W,(Ny N Q) € R?, Uy, (AG, N Q) C IR?. Write
y=Vi(z), u(ly) =u(z), z € Ny, y € B. Fixing k, we denote Nj, and ¥, by N and

U, respectively. Then we have

fu=f in B*=BnNRY,
where
(Lu)* = Z Ql?;-ﬁaiajuﬁ + Z%Zﬁf)kuﬁ + mu®,
Bivg .k
fy) = F(¥ ), m(y) =m(T (),
A (y) = Zﬁz‘ﬁ (Y)W ()Y, (y)

ZA ))9:0; U (y ZakAaﬁ (1))0:0(y); W1 (v).

1,5,

Since the Jacobian matrix VU is invertible, there exists a constant C(¥) such that
C(¥) z| < |[VE(T(y))z| < C(¥)|z| for all y € B and any = € R™. Thus from
this we deduce that 3°, 4, - A3 €2¢7 > N|[(VE)E? > C (W) 72N for any € € R™Y
and also that 2 is uniformly continuous on B, and has the modulus continuity %,

where p* is a small number depending on p and V.
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Now we choose a half ball B/ = B(0,s) N R} with 0 < s < 1 such that
B(zk,220) C UH(B)) C B(xg,3g0). Then we have only to apply the same proof
for interior estimate on the domain €’ to the half ball B’,. For this purpose, we
take % scaled balls covers the half ball B/ and cut-off functions supported in the
balls. For the estimates on the half balls which are half balls of % scale covering B,
with centers B(0, s) N IR’} , we use the half space estimate of Lemma 2.2. Actually

we have

19245

R o
c <||f|%q(3+> - ((p) IV, 5, + 19207, )> .

R q RQq q q 2,14
+Tquu||Lq(B+) + WHUHU(B” + etV U||Lq(B+).

Changing the variables via pullback ¥, we have that

2~
v u”%q(QﬂB(wk,an))
< C (113 0y + Aln,rs 0", RYIVE
! o R g q||7257|4
"’TquuHLq(N) + W”U”Lq(/\/’) + ||V u”Lq(/\/)-
Summing all estimates with respect to k, by the choice £y and € such that Q., C
U, B(zk,€) we have that
2~
”V “Hqu(Q )

<c(|\f||m )+A<nrp R)1|Val|%, g (3.6)
R%a .
BTy + 2o Tl ) ) + 2V g

Finally combining the estimates (3.5) with (3.6), we get

V2@ Loy < C <Hf||Lq(Q) + A(n, 7, p, BR[|Vl La(o)
R N R2 ~ (37)
+ 2V ley + 51l )

where p = max(p, p*). Then by converting (3.7) back into the unscaled variables

such that Rz — x, we obtain
IV?ull La(@ry < C (I1f o) + B~ A0, 7, 5, R) [Vl La(an)
HIVullLay) + ||UHL‘1(QR)) ) (3.8)

An,r, 5 R) = R (5779 4] T

L™ (QRr) + HVA
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Using a well-known interpolation inequality (for instance see Theorem 5.2 in [1])

1 1
that [[VolLe) < Cllvll7aq)llvllf2 o) for any v e W24(Q) and for some constant
C independent of v. Now by scaling (u(x) — u(Rz)) and rescaling (u(Rz) — u(x))

with parameter R > 1 we have

3 _ _ 1
IVl Lar) < CllullZogqpy (BNl Lapy + B HIVullLa@p) + V20l Lo(@nr)) 2

1

1 1
< Ol It i

Substituting this into (3.8) and applying Young’s inequality, we finally conclude
the estimate (1.9).

4. PROOF OF THEOREMS 1.2 AND 1.3

Multiplying u to (1.1) and integrating over Qg, by the ellipticity of L and non-

negativity of m we have

IVull2@r) < Cllfllp-1(@n)- (4.1)

Since f € L%(QR), Theorem 1.1 holds for ¢ = g9 = % Using the Sobolev

embedding D} — L%, we easily get from (4.1)
[ull oo (@) < CllflD-1(028)- (4.2)

Since the embedding D} — L+ is invariant with respect to the scaling, the
constant C' in (4.2) does not depend on R. Thus we first get

27

[ullwz a0 @r) < Cllflo-1nLe0)@p) (1 + IVA[Lr@r) 7=

If gy is finite, then there holds the embedding [[v]|ps41(q) < Cllvllyy2 4 (q) for any
0 < j <k—1. Here the constant C' does not depend on v. By scaling invariance of

the above embedding for R > 1 we have

Hu”quJrl(QR) < CHU”WZ»% (Qr)?

where C does not depend on R. Thus by induction

2rk
[ull Lax () < Cllfll(p-1nLs0nLay@r) (1 + VAl Lr@g) 77
2r(k+1)

lullw2ax @r) < Clfll(p-1azsonLey@r) (1 + VAl Lr )

(4.3)

Using the embedding (2.5) with s = g, t = ¢, kK = 2 and T = , from the
invariance under scaling with parameter R > 1 and the estimates (4.3) we deduce
that

2r(k+95)

ullza@n) < Cllflip-1nrwony@n 1+ VAL @r) 7
Therefore the inequality (1.11) follows from (1.9).



ELLIPTIC ESTIMATES 15

Now we consider the case m > m. Similarly to the above argument, the integra-

tion by parts shows that

lullzr@n) < CllflD-1(0p)-

Using the estimate (2.5) with s = 2, £ = ¢, k = 1 and the scale invariance with
respect to R > 1, we have for 2 < ¢ < %

1/2—1 1/2—1
lullzony < Cllullzziary P lullilan ' < Cllflp-r (-

Substituting this into (1.9), we obtain the desired estimate (1.12).
From now on we prove Theorem 1.3. Since L is an elliptic operator for small
e > 0, it is clear that a unique solution u exists in (Wy ¢ N W 9)(Qg) such that
IVullz2(p) < Cllfllp-1(Qr). For the estimate (1.13), we rewrite the equation
= f by Lpu = a *(f + VaBVu — cLgu). Since Lp is a constant elliptic

operator, by the estimate (1.7), we have for some small ¢ that

IV2ull L2(p)
< Ca ' (Ifl2@n) + IVallLr 7
+e(IVE|Lram Vul | 2 : (2 )+A||V2U||L2(QR))) (4.4)
1
Clllfllz2@ny + (IVallrp) + IVE Lr@m)Vull | 2 (o )) 1||V2U||L2(QR)-

Using the scale invariant estimate (2.5) with s = 2,¢ =
2

= 2,k = 1, by the fact

1—n n
HVUHL% < C”v“HLz(?gR)Hv“Hﬁl (Qr)

2
1-z

< Clfllp-r@n) + CllflIp-5 p) ||VQU||L2 Qn)°

Substituting this into (4.4) and using Young’s inequality we obtain
||v2u||L2(QR)
_r_ 1
< Cllfllp-rnr2y@m 1+ IValLr@p + IVElLr@p) ™7 + 51Vl L2 (0

and hence

IVl on) < Cllfllp-1ar2y0m) (L + IVallLr@p) + IVElLr@m) ™7 (45)

On the other hand, it follows from the hypothesis 2 < ¢ < gg and Lemma 2.4
that

,,l
q

1
IVullagan < IVl 2y

n(i-1)
||vu||Hl(QR)

()
< Clflp-1nr2yor) I+ VallLr@p) + IVE[Lr@p))
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Now using the elliptic estimate (1.7) again for any 2 < ¢ < qq, similarly to (4.4)
we have
2
[VZ=ullLa(r)

< C(flzeen) + UVallLr@r) + IVElLr @) VUl oz, (QR)) (4.7)

1
+ Z||V2u||L‘7(QR)'

Since g < qurq < n”—fq (here n”—fq = o0 if ¢ > n), an application of Lemma 2.4 yields
that

1-n n
1Vl 2, o < CIVU o [0l o

r—q (

Substituting this into (4.7) and using Young’s inequality together with (4.6), we
obtain (1.13).

5. PROOF OF THEOREM 1.4

Since f € DY), by the Lax-Milgram theorem, there exists a unique weak
solution u € Dg(Q) with ||[Vul|2(q) < C||f| p-1 to the boundary value problem:

Lu=f, u=0 on 09, u(z) -0 as |z|] — co.

Now let f® be a restriction of f to the domain Qr as defined in Remark 3.
Then clearly f% € (D=1 N L% N L7)(Qg) and the size of its norm is uniform
on R. From Theorems 1.1 and 1.2 it follows that there exists a unique solution
uft e (W) TN W29)(Qg) to the boundary value problem Luf = f% in Qp and
uf* =0 on 6§~ZR such that

||VUR||L2(§R) < C”fR”Dfl(sz) < CHf”D*l(Qﬁ

R 2r(k+145)
el w2a@p) < Clfl(p-1aLsnLey @) 1+ IVA[Lr@) ",

where § = 5 (1/qx — 1/q). If we extend uf by defining 0 outside (NZR, then by the

weak compactness, there exists a subsequence u% and w such that u% — w weakly

in (Dg 150 N W2 9)(Q) and for any R suitably large

loc

||Vw||L2(§R) < Cllfllp-1(a)

2r(k+145)
||7UHW2,q(§R) < CHf”(D*lﬂL‘lOﬁL‘I)(Q)(l + ||VA||LT(Q)) e

In view of the weak formulation, w becomes a strong solution satisfying the equa-

tions Lw = f. The uniqueness assertion shows that « = w. Therefore the first part

of Theorem 1.4 follows. The second and third parts are proved similarly. Details

are omitted.
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6. APPLICATION TO A PARABOLIC SYSTEM: PROOF OF THEOREM 1.5

For sufficiently large R, consider the parabolic system

o ult + Luf* = F® on [0,T] x Qg,
" " _ (6.1)
ut(0) = ug on Qp,

where T = o+ R72 on §~2R, FT =y F for some nonnegative cut-off function ¢

supported in Qg with [Vi?| < 100R™!, ult € (HE N H?2)(QR) is a solution to the

boundary value problem

(Lli=o)uf’ = F(0) = /g on Qp. (6.2)

Then the unique existence of smooth solution u’ follows readily from the standard
argument of parabolic system®.
Now we consider some a priori estimates for the solution «*. Multiplying u; to

(6.1) and integrating over Q R, We get

/ OB lul|? da + Z / A%ﬁ&uf’aajuRﬁ de = < FE uft >

4,008

The symmetry of A (1.18) shows that

R afg . Rag  Rf
o uf|? dx—|— = E / AL " 0;u" P dx
/EZR ‘ K 2 dt / !

34,08

=< FE >+ Z/ Aaﬁ 5‘uRa8uRBd:17
i,j,a,0

Integrating over [0, ], we have from the ellipticity of A and Holder inequality that

[ Vol 0+ 5190
t
SC’HVué?‘Hiz(ﬁR)—i-/O (8_1||FRH?3—1(QR +6||Vut||L2 ©n) (6.3)

+C1 A @) V07 6 V07 )

Hereafter we will use C' as a generic constant independent of R.
Now after taking 0; to (6.1), if we multiply u; on both sides and integrate them
over {1z, then we obtain from the ellipticity of L that

1d
o [ P dr MV g,
(6.4)
<<FtR, Uy Z /Q Ao‘ﬁ 8uRaau B da
i,7,0,0

1One can use the Galerkin approximation as in [8].
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Since Pult(0) = FE(0) — (L|i=0)ull = /g, one can show that

SIVER Oy < gl

Hence integrating (6.4) over [0,t], we have by Holder’s and Young’s inequalities
that

R2 R
Ve o)
<l +€ [ (11 o, )+IIWRHL3<Q ) ds.

Combining (6.3) and (6.5) for € = 3, we have for any t € [0,7]]

VPR Ny + IV ) + / IV, g, ds
< I gy + ol + € [ UF™ gy + IR )5 (66)

t
0 [+ 1A V0" s -2 / 19?2, g, ds.

Here for the last integral we used the Holder inequality that |Vuf|| LR S
S E 2 L,
By the elliptic estimate (1.11) with k = 0,go = 6 and r = 6 (hence 6 = 0),

and Young’s inequality.

HV’LLR”WLG(QR)

(6.7)
< C(HFR”(D—lmLG)(()R) + ||SDR’U’?||(D—1OL6)(§R))(1 + HVA||L5(Q))4-

From the choice of ¥ we observe that
HFRH(D,lmLa)(@R) < C||F[l(p-1nrs)(0)-
Moreover, from the assumption ¢ € L? () that for any v € D}(Qg)
<pPull v >=<(p+ R Huff,v >
< (el 3 + OBl o ol oy
< OO+ ol 3 IV 0F s 190l
Hence
||<PRU§||(D710L6)(§2R) <C(1+ H‘P”(L%ﬂLm)(Q))”VUEHLZ(QR)'
Now let us define a constant Cj as

Co =1+ ||Vuo| z2() + llgllzz) + [|©]] + [SU%(||VA\\L2(Q) + [|Atl o))
0,

(L3NL>=)(Q)

+ I Flz20,m5p-1nzey (@) + 1Fell 220,701 ()
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Then substituting the above two estimates into (6.7), we have
HVU ”Wl 6(Qp) = CCO(”FH D-1nLs)(Q) + ||v“f”L2(()R))- (6.8)

Plugging this into (6.6), we have for any ¢ € [0, 7]

A
VPR Ny + IV + / IVuf2, g, ds
<CCP+C +CY) / IVu®|2, 6, )ds—l—ECCO/ IVufl2, g, d

If we choose ¢ with eCC§ < %, then by Gronwall’s inequality we get for any
tel0,T]

IV W], ., + 170202, / IV, 5, ds < Cr.  (69)

where Cr is a constant depending on C,Cy and T'. From (6.8) it follows that
/ IVuf2,, (@ 4t < Cr. (6.10)

Now extending ¢, ufl, FE and g by defining zero outside Qg to €, it is an

easy matter to show ulf is a weak solution of (6.2) replaced by  and ul® — ug in

D{(€). Similarly, extending the solution uf* by defining zero outside Q R, by the

above a priori estimates (6.9) and (6.10) we deduce that there exists a subsequence

ufli converging in weak or weaks sense to a solution u € L*(0,T; D}) of (1.17)

satisfying that Vu € L2(0,T; W1 %(Q)), uw, € L?(0,T;D}(2)). The uniqueness
follows immediately from the weak formulation of (1.17). This completes the proof

of the theorem.
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