-

View metadata, citation and similar papers at core.ac.uk brought to you byf’f CORE

provided by EPrint Series of Department of Mathematics, Hokkaido University

On time analyticity of the Navier-Stokes
equations in a rotating frame with spatially
almost periodic data

Yoshikazu Giga

Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba,
Meguro-ku, Tokyo 153-8914, Japan

Hideaki Jo

Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba,
Meguro-ku, Tokyo 153-891/, Japan

Alex Mahalov

Department of Mathematics, Arizona State University, Tempe, AZ 85287-1804,
USA

Tsuyoshi Yoneda

Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba,
Meguro-ku, Tokyo 153-8914, Japan

Abstract

We consider the Navier-Stokes equations with the Coriolis force when intial data
may not decrease at spatial infinity so that almost periodic data is allowed. We
prove that the local-in-time solution is analytic in time when initial data is in F' My,
Fourier preimage of the space of all finite Radon measures with no point mass at
the origin. When the initial data is almost periodic, this implies that the complex
amplitude is analytic in time. In particular, a new mode cannot be created at any
positive time.
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1 Introduction and main results

We consider the Cauchy problem for the three-dimensional Navier-Stokes
equations with the Coriolis force:

ur+ (u-V)u+ Qes x u—Au=—Vp, V-u=0, uli—g = u, (1)

where u = u(z,t) = (ui(z,t),us(x,t), us(x,t)) is the unknown velocity vec-
tor field and p = p(z,t) is the unknown scalar pressure at the point z =
(21,79, 73) € R? in space and time ¢ > 0 while ug = ug(z) is the given ini-
tial velocity field. Here €2 € R is the Coriolis parameter, which is twice the
angular velocity of the rotation around the vertical unit vector e3 = (0,0, 1);
the kinematic viscosity coefficient in normalized by one. By x we denote the
exterior product, hence, the Coriolis term is represented by es x u = Ju with
the corresponding skew-symmetric 3 x 3 matrix J.

We would like to solve (1) when initial data ug is almost periodic, i.e., ug is
formally of the form

up(z) = Y are”™, (2)

A€A

where A (called a frequency set) is countable set in R*® and ay € C*\ {0}.
We would like to discuss time evolution of frequency sets. A naive space for
this purpose is BUC', the space of all bounded uniformly continuous functions
since almost periodic functions in the sense of Bohr belong to BUC. The
problem (1) is well-posed when © = 0 as proved in [10]. However, when 2 # 0
it is shown in [11] that the linearized problem around u = 0 is ill-posed in
the space BUC'. Sawada [20] and Hieber and Sawada [15] proved unique local
existence for initial data in a homogeneous Besov space ngl, which is strictly
smaller than BUC'. The estimate for the existence time is improved by [11].
However, non of these results gives a uniform estimate for the existence time
in the speed of rotation 2 € R, the precondition to consider fast singular
oscillating limits {2 — +oo and prove global existence for large fixed ().

To overcome this difficulty the space F'M, (Fourier preimage of the space of
all finite Radon measures with no point mass at the origin) is introduced in
[12]. This space F'M is strictly smaller than ngl as proved in [12]. However,
the existence time can be taken uniformly in € as proved in [12].

The global existence of a regular solution of (1) for large |§2| were obtained
in L2-setting for the periodic domains such as cylinder with infinite length in
the direction of the rotating axis (periodic or zero stress boundary conditions
in the vertical direction) or spatial lattices [4], [5], [17]. In this regard, for the
Euler equations, Nicolaenko, Bardos Golse and the third author [18] proved
uniform local existence and long-time regularity for initial data in H*.



In F'Mj setting a global solvability is proved for small Reynolds number but
all  under some conditions on frequency set of wug [13].

Our goal in this paper is to prove the analyticity of the solution w in time.
Here is a typical result.

Theorem 1.1. Assume that uy € F'My with div ug = 0. Let u be the unique
mild solution v = u(t) € C([0,T], F M) of (1) (see [12]). Then w is analytic
in (0,7) in the sense it can be extended to be a holomorphic function with
values in F'M; in a complex neighborhood of (0, 7).

For the case {2 = 0 we may state in the framework of BUC.

Theorem 1.2. Assume that Q = 0 and ug € BUC with div uy = 0. Let
u be the unique mild solution v = u(t) € C([0,7], BUC) of (1). Then u is
analytic in (0,7") with values in BUC.

The analyticity in time for the Navier-Stokes equations has been discussed
by many authors in various settings. The first result in this direction was
established by Masuda[19]. He proved that if u € C([0,T]; H*(D)) is a weak
solution of (1) with Q = 0, then wu is analytic in (0,7 with value in H*(D).
In [19] D is assumed to be a bounded domain and the Dirichlet condition
is imposed. Also, an analytic exterior force is allowed. (His result works for
unbounded domains in L%-setting too.) This result is extended by the first
author [9] for LP-setting. Foias and Temam[8] and looss[16] also discuss the
time analyticity when 2 = 0 in a different setting. However, non of these
results apply to the space containing nondecaying functions such as almost
periodic functions.

We now consider an almost periodic initial data uy € F'M, of the form (2).
As pointed out in [12] the solution u(t) € F M, is almost periodic as proved in
[14] for other spaces. It is interesting to study evolution of the frequency set.

Theorem 1.3. Let u be the mild solution of (1) in [0, 7] with initial data
uy € F'My which is almost periodic of the form (2). Then the frequency set
A(u(-,t)) of u(-,t) is contained in the additive free semigroup G generated by
A. Thus u is of the form

u(z,t) = Z ax(t)e™”, (3)

AeG

where the amplitude ay(t) € C?* and satifies

sup Y Jax(t)| < oo.
0<t<T}\EG



(The sum converges in absolute sense uniformly in z € R3.)

Since the amplitude function a,(t) can be calculated by
ax(t) = Mue™7],

where M[f] = limp_o |Cr|™" J¢, fdz is the spatial averaging operator; Cg
denote the cube {x = (21,29, 23)| |z;| < R, 1 < i < 3}; see [7]. By the
time analyticity result we are able to prove the analyticity of the amplitude
function.

Theorem 1.4. Assume the same hypotheses of either Theorem 1.1 or 1.2.
Then the complex amplitude function ay(t) is analytic in time ¢ > 0.

This implies that there is no sudden creation of new mode at ¢y, > 0 or there
is no chance that some mode vanishes identically from some ¢, > 0. All modes
appearing for ¢ > 0 are created instantaneously. There is no waiting time for
exciting amplitude dynamics corresponding to any frequency.
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Promotion of Science (JSPS). He was also partly supported by the Grant-in-
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ties’ (Hokkaido University) sponsored by JSPS. The work of the third author
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fourth author was partly supported by the Grant-in-Aid for JSPS Fellows.

2 Persistence of almost periodicity and frequency set

We begin by recalling the notion of almost periodicity in the sense of Bohr
[1], [7]. Let f be in BUC(R"™). We say f is almost periodic if the set

Yp={f(+& [£eR"} CLPR)

is relatively compact in L>*(R"). (Uniform continuity is redundant. In fact,
if f must be uniformly continuous [1],[7].) If f is periodic in z, clearly, f is
almost periodic since Xy is a torus.

We next recall the fact that if u is almost periodic so is the solution (-, t) of
(1). To state more precisely we recall an integral equation which is formally
equivalent to (1):

t
) = e~ Aty _/ div e EIP (u(s) @ u(s))ds, (4)
0



where A(Q2) = —A 4+ QS,S = PJP (Poincaré-Riesz operator) and P = (I +
R;R;)i<i j<s (Helmholtz projection); here, R; denotes the Riesz operator R; =
(—=A)~Y29/0x;. Instead of considering solutions of (1), we rather consider a
solution of (4) in C([0,T], F M,) (or C([0,T], BUC) for 2 = 0) which is called
a mild solution. The relation of (1) and (2) is discussed in [12] and [10]; we do
not repeat it here.

Theorem 2.1.

(i) Assume that uy € FM,y with div ug = 0 is almost periodic. Let u €
C([0,T], FMy) be the unique mild solution of (4). Then u(-,¢) is almost
periodic in R? for ¢ € [0, T).

(ii) Assume that Q = 0. Assume that up € BUC(R?) with div ug = 0 is almost
periodic. Let w € C([0,T], BUC) be the unique mild solution of (4). Then
u(-,t) is almost periodic in R? for t € [0, 7.

The second statement (ii) is found in [14] (Theorem 2.3). The first statement
(i) is not explicitly written but the proof parallels that of (ii). We just give a
sketch of the proof of (i) for the reader’s convenience.

Sketch of the proof of (i). For the solution wu(t) = u(-,t) let S(¢) denote the
mapping ug — u(t).

Since (1) is invariant under translation in the space variables, the solution u,,
with initial data ug,(z) = uo(z+n), n € R? fulfills u,(z,t) = u(x+n,t). Thus
S(t) maps 3, onto 3. We notice that

sup ||uy|lpac(t) = sup |Jul|par(t).
o<t<T o<t<T

We now apply a uniform continuity dependence on initial data described below
in Lemma 2.2 and observe that S(t) is a well-defined continuous mapping from
the closure iuo to iu(.,t) in F'M,. Thus if i}uo is compact in F'My, so is i}u(.vt).
One may replace F'My by BUC' as proved below in Lemma 2.4. The proof is
now complete. a

Lemma 2.2.(Continuity with respect to initial data.) For a given N and
T let B(N) denote the set of all uy € F'My such that

sup ||S(#)uol|par < N.
o<t<T

Then S(t) is a Lipschitz continuous on B(N) to F'M, with a constant depend-
ing only on N and T.

The proof parallels that of [14] ( Proposition 3.2). It is essentially contained
n [12] (Section 3).



We conclude this section by proving Theorem 1.3. For this purpose we clarify
the meaning of (2) when uy € F'M.

Lemma 2.3. Assume that f is almost periodic and belongs to FM(R").
Then f is a Fourier sum of the form

fl@) =3 ae™ with Y |ay| < oo, (5)

AEA AEA

where a) € C" and A is a countable subset of R". Conversely, if f has the
form (5), then f € FM(R™) and f is almost periodic.

Proof. Let p be the Fourier image f of f. We split u € M as

M= fp + pe

where 1, is the point mass part and p. is the continuous part. The inverse
Fourier image F~'u, of p, is a Fourier sum as in (5). So F 'y, is almost
periodic [7]. We should prove that f. = F~'u, is zero if it is almost periodic.
As in [7] it suffices to prove that all Fourier coefficients (complex amplitudes)
of f. must be zero which is obtained by calculating the average

R—o00

M[f.e”*"] = lim (QR)_”/ foe ™.
CRr

We observe that

(27?)”/ fce_i’\'xdx:/ / e”'ge_i’\'xuc(dg)dx:/ / ey (dn)dx
Cr n JCr " JCgr

= R" / ) ( /C 1 eiy'R”dy) w2 (dn),

where p is the translation of y. defined by p)(B) = p.(B + {\}) for Borel
set B. Since

lim e fdy =0 forall n+#0
R—oo Jy

and g has no point mass at the origin, by the Lebesgue dominant convergence
theorem we conclude that M|[f.e~"*?] = 0 for all A € R".

The converse is clear since Y |ax| = ||f||lrm and the uniform limit of the

Fourier sum is almost periodic. O

Lemma 2.4. A function f € FMy(R") is almost periodic if and only if 3,
is relatively compact in F'My(R").



Proof. It suffices to prove ‘only if” part since F'My C L* is continuous. We
may assume that f is a scalar valued function. Suppose that X ¢(C FMy) is
relatively compact in L>(R™). Then any sequence {f,,} C X has a conver-
gent subsequence {fr = f(- + k) } — fo in L¥(R") as £ — oo. It suffices
to prove that f, — fo in F M. By (5) we have fy(x) = Y ycp axe™ and
fo(z) = Xaen arexee™®, where eyy := exp(idng). Since fi — fo in L=(R™),
we have

Jim M[(fe — fo)e ™" =0 forall pu€A.
In other words
ayeu — a, as {— oo
for all 4 € A. Thus we conclude that

er - fOHFM = Z |CLA - a,\e,\g| — 0,
AEA

since Y yea |ax] = Xaea |areae] < oo. (The same statement holds even if we
replace F'My by FM.) O

Proof of Theorem 1.3. Assume that f,g € FFM are almost periodic. Let
A(f) denote the frequency set, i.e., it is the set of all A € A such that ay # 0.
Then by Lemma 2.3 it is easy to see that

A(fg) C A(S) + Ag) = {a+bla € A(f), be Ag)}-

Since the solution of (4) is the limit of the successive approximation

U1 (t) = Dty — / dive ™ ADEIP (4, (5) @ up(s))ds (m > 1),
uy (t) = e Aty

and e~ . div e AP does not grow the frequency set, we observe that
um(t) is a Fourler sum of the form (5) and that

Aur (1)) € Alup),
Atnr () € U Al (7)) + Al (7))om = 1,2+

0<r<t

This implies that A(u,(tf)) C G, where G is the free additive semigroup
generated by A. Since the convergence of w,, in C([0,Ty], F'My) to the so-
lution u for small T has been established in [12] (Section 3), and since
Saea lax(t)| = ||u(t)||Far, we obtain (3) in (0,7,]. We repeat this argument
starting form ¢t = T, with A = G and obtain (1.3) in [Ty, To + T3] with 77 > 0.



We repeat this argument finitely many times to conclude (3) in [0,7] since
the amount of increment of time interval in each step can be taken uniformly
since it depends only on the size of initial data in F'M. a

Remark 2.5.

(i) Our terminology is slightly different from [13], where it gives an impression
that frequency set is the support of f , which is the closure of our frequency
set of almost periodic function f.

(ii) The assertion that the frequency set of u is contained in G is still valid in
BUC setting when © = 0 since we have A(fg) C A(f) + A(g) for almost
periodic f,g € BUC(R™); note that an almost priodic function can be
approximated by trigonometric polynomials in uniform sense.

3 Time analyticity

We shall prove Theorem 1.1 and 1.2. Theorem 1.4 is an easy collorary of
Theorem 1.1 and 1.2.

We recall the definition of holomorphic functions with values in a (complex)
Banach space X. Let D be an open set in C. We say that a function from
D to X is (strongly) holomorphic (with values in X) in D if f is strongly
differentiable at every point of D, i.e., for each z € D there exists an L € X

such that
1

g il F (4 B) = £(2) — Rl = 0.
For basic properties of Banach valued holomorphic functions the reader is
referred to classical books by Yosida [22] and by Berger [3]. Let H*(D, X) be
the space of all bounded holomorphic functions in D with values in X. It is a

Banach space equipped with the supremun norm defined by

£l o0y = sup{[| F(2)[x : = € D}.

We still use such notation when D is an open set in C?; in this case we say
that f: D — X is holomorphic if f = f(t,s) is holomorphic in each variable
t and s. For 0 € (0,7/2) and T' > 0 we set

S(T,o)={teC:largt| <o, Ret<T}
Z(T,o) ={(t,s) € S(T,o0) x S(T,o): Re (t—s) >0}
Z(T,0) ={(t,s) € Z(T',o) : Re (t—s)> e} fore >0,



where Re z denotes the real part of a complex number z. The next Theorem
is elementary but a key for our argument. It is implicitly used in the proof of
9] (Lemma 2).

Theorem 3.1. Assume that f € H®(Z.(T,0),X) for each ¢ € (0,T).
Assume that there is an positive integrable functions ¢ on (0,7") such that

1F(t s)l[x < @(Re (& —s)) for (t,5) € Z(T,0). (6)

Then F(t) := [{ f(t,8)ds is in H*(S(T, o), X) with

T
| || o (570 S/O o(T)dr. (7)

Here, we interpret that the complex integration is made along the segment
connecting two ends 0 and t.

Proof. We set
t(1-5)
Bty = [ f(t,s) ds
0

for § € (0,1). It suffices to prove that Fs € H>®(S(T,0),X) since F is a
uniform limit of Fy as 6 — 0 by the assumption (6); the estimate (7) easily
follows from (6).

Since the boundedness of Fjs in S(T,0) is clear, it suffices to prove that Fj
is holomorphic in S(T,0). For t € S(T,0) we take h € C small so that
t+ h € S(T,0). Applying Cauchy’s integration theorem to change the path
we observe that

Fy(t + h) — F(t) = /Oa(Hh)(f(t 4 hys) — f(t,s))ds

a(t+h) at
+/ f(t, s)ds—/ f(t,s)ds
0 0
a(t+h)

a(t+h)
_ /0 (f(t+h,s)— f(t,s))ds + /at f(t, s)ds
= Jl + JQ

with a =1 — §. We recall a form of Taylor’s expansion (See [2]):

_nilg(k)(a) z—ak i g(g) . Z—(ln
o) = X ot + (5 [ e ) G @®



Here g is an holomorphic function defined in a domain D C C and a € D; C(C
D) is a circle (oriented counterclockwise) centered at a which encloses z.

We use (8) withn =2, a=1t, 2z =1+ h, g(z) = f(z,s). We fix the circle

C:|¢ —t| =r so that r < dist (¢,05(T,0)). We take h small so that |h| < r.
Then

J, a(t+h) § f L etn) ] f(¢,s)
Tl Geeds=n {m/(z@—(tm))(c—t)zdc} o

The norm of the right hand side in X is dominated by

h M,

n_ M oL M — . N
21 (r — |h|)r? Wl e = lfllz=(z.10))

Similarly, we apply (8) with n = 1, a = at, z = s and g(z) = f(t,2) to
observe that

f—af(t,(xt):/:(t+h){21m/c(< _foffi(?_ S)dC‘(s—at)}ds.

Here we fix the critical C' : |( — at| = r so that r < dist (at,05(T,0)) and
take h small so that a|h| < r. The norm of the right hand side is dominated
by

1 M.

— 2 _orr-alhl.
25 vl —afr o

Thus we conclude that

at af

Fs(t+h)— Fs(t) — h {/0 —(t,s)ds + af(t, at)}

ot =0,

X

i 1
1m —
Ihj—0 | A

that is to say that Fjs is (complex) differentiable at ¢t € S(T', ). O
Lemma 3.2
If wue H®(S(T,0); FM), then

f(t, s) := dive =9ADPy(s) @ u(s) 9)
belongs to H*(Z.(T,0); FM) for all € € (0,T"). Moreover,

C

e — 10
o (10

1F (s $)l[par <

SIS

holds with constant C' independent of ¢, s and .

Proof. First we show that the function f(t, s) belongs to H*(Z.(T,0); F'M)
if ue H®(S(T,0); FM) briefly. Let 0*(A) be the symbol of the operator A.

10



We shall recall the symbol of operators appearing in dive=¢=4)P . As in
[11] the symbol of €*8 is given by

o*(5) = oxp( L R(€)), (1)

iy

where R(€) is the symbol of the vector Riesz operator, i.e.,

) 0 =& &
R(¢§) = @ & 0 =&
& & 0
The symbol of e 4 and P equal to
x( —AEy _ _—|€]?t _x/ _—tQS * _ gjgk
o*(e )=e 0" (™) and o"(P) = (0 — W)

Thus the symbol of dive~*=)4E)P is holomophic in (¢,s) from Z(T,0) —
BUC(R?), since the symbol o* (dive *4YP) can be extended to be continuous
up to the origin. Moreover, o*(dive (=4O P) € H®(Z.(T,s), BUC(R?)).
Thus for € M, the associate measure p|o*(dive~*=94)P) is

in H*(Z.(T,0), M). We now conclude that f € H>*(Z.(T,0), FM).

Next we show (10). Note that ||Pul|py < ||u||Fas holds (see [12]). By [12] we
have

Y

eS| par—par < sup |o* (7))
£ERS3

where |- | denotes the operator norm of 3 x 3 matrix from the Euclidean space
R? into itself. Note that the symbol of e~ is expressed in (11) and it is
unitary in real t. There exists a constant C* depending only on €2, 0 and T’
satisfying

Hef(tfs)QSHFMHFM S sup ’a*(eflm(tfs)QSH S C*
£eRS3

for all (t,s) € Z(0,T), where Im z denotes the imaginary part of a complex
number z.

Thus we have

—(t—s)QS (

1t 8)lrar < ||dive" 22| par— par | Pl Far—rarle Uy, @ U ) || Fax

< C*||diV€(t_8)A||FM—>FM||(Um ® Um) || Fas-

Since F[0,,e%g] = § - i€;e " for g € FM, we have

11



. _ 2
105, gll par = li&;e ™" || e[| gl pas
“Rerel? 1
<sup ||&]e g < —— 9
sup €] gl 2(Re t)e)%H | Fas
(cf.[12]). Therefore we obtain
C* C*

1F (s 8)l|mar < [t @ [ ar < [ (rave

(2(Re(t — s))e)? (2(Re(t — 5))e)b

Thus, we have the desired estimate with C' = f/’i
2e

Proof of Theorem 1.1.

We use successive approximation method. Let {u,, }men be as follows ;

uy (t) = e Ay,
¢
U1 () =uq (t) — / e~ EHADPAiv (1, @ Uy, ) (5)ds.
0
First, we prove u,, € H*(S(T,0), F M) by induction on m.
Since et is an analytic semigroup, u; € H*®(S(T, o), FM;). Assume that

U € H®(S(T,0), FMy), then it follows immediately from Theorem 3.1 and
Lemma 3.2 that u,, 1 € H*(S(T,0), FMy).

Next, we prove {u,, }men becomes a Cauchy sequence for sufficiently small Tj.
We now define

Kn(To) = sup um(s)|[pars Lin(To) = sup |um(s) — tun—1(s)llrar-
s€8(To,0) s€8(To,0)

Applying the above estimates, we have

[t [0 s -

t
Kot (To) < C*||u +‘/ -
alT) < C e+ | [ e

Since

D=

o] 2T}

B (Ret)% coso’

t ds
/o (Re(t — )7

1
we obtain K, 1(To) < C*||lug|lpar + C'K?, , where C' = 21y o Now, we

COs o

take Ty so small that both C* < % and C" < m holds. Under these
assumptions, we have

(Km(To))?

3
K,1(Tp) <
+1(To) 6||uol| Fas

§||UO||FM +

12



and one can easily check that K,,(Tp) < 3||uo||Fas holds for all m € N.

Next, we estimate ||t,41 — U] Fa- By the similar argument together with
the uniform boundedness, we obtain

3672 C*

Lm+1 (TO) S
COSs O

ol #ar Lin (To)-

1
It follows that if we take Tj so small that gﬁi‘ff lluollpar < 1, then {um, }men

becomes a Cauchy sequence in H>*(S(1y, o), F'My).

Since the solution in [0, 7] is unique, this implies that u is analytic with
values in F'Mj. Since u(s) € FM, for all s € (0,7T), starting from u(s) and
conclude that wu is analytic in some open interval (s, s + Tp). Since u can be
taken anbitrary, this implies that w is analytic in (0,7). (Note that we need
not to assume that u is continuous up to ¢ = 0 and ¢t = T. We may replace
[0,7] by (0,T") to get analyticity in (0,7). )

Proof of Theorem 1.2

It suffices to prove that the statement of Lemma 3.2 still holds even if we
replace F'M by BUC provided that we assume ) = 0. (The semigruop 'S
is not bounded in BUC.) The analyticity of f(t,s) easily follows from the
analyticity of the semigroup €2 in BUC'. To prove (10) we need an estimate

for Ve!2P which is proved in the Appendix. The remaining proof is the same
as that of Theorem 1.1.

Appendix.

We give a short direct proof of the key estimate for the derivative of the heat
semigroup in the proof of Theorem 1.2.

Lemma A. There is a universal constant C' such that
VP fllo < C (Re t) || flloo

for all f € L*(R") and ¢t € C with Re ¢t > 0.

Proof. It suffices to prove that

1oke"RiR; flloo < C(Re )2 flloe, (1 <45,k < m),

13



where R; = 0;(—A)~/2 is the Riesz operator and 0y = /0. Since

RiRj = 8i8j(—A)_1 = Gzaj /C>Q GSAdS,
0

we observe that

0o Re t
O SRR, f = et™ / 0,0,0;ds f + 9 0i0;et™ / e*Bdsf.
Re t 0

Since

1060,0;¢"* fllse < CL(Re )2 flloc, 1€ fllso < || flloo for Re t >0

with some C independent of ¢ and f € L*(R"), we have

06> BB f SCy [~ 572ds]| e + CalRe )2 (Re )|l

<3C1(Re )| fll -

Remark. Lemma A for t > 0 is proved in [10] by using a Hardy space
estimate of the Gauss kernel found by Carpio [6]. A direct proof estimating
integral kernels is found by Shibata and Shimizu [21]. The proof above is very
short and elementary.
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