REMARKS ON THE RELATIVISTIC HARTREE EQUATIONS

YONGGEUN CHO, TOHRU OZAWA, HIRONOBU SASAKI, AND YONG-SUN SHIM

ABSTRACT. We study the global well-posedness (GWP) and small data scat-
tering of radial solutions of the relativistic Hartree type equations with nonlo-
cal nonlinearity F(u) = A(| - |77 * |u[?)u, A € R\ {0}, 0 < v < n, n >3 We
establish a weighted L? Strichartz estimate applicable to non-radial functions

and some fractional integral estimates for radial functions.

1. INTRODUCTION

In this paper, we consider the Cauchy problems concerning the relativistic Hartree
equations:

) { i0u=+1—Au+ F(u) in R* xR, n >3,
u(0) = ¢,

(2) { Pu+(1—Au=F(u) in R* xR, n >3,
u(0) = @1, Gu(0) = @a.

The nonlinear part F(u) is of Hartree type such that F(u) = V,(u)u, where
e [ @)
V(@) = A |7+ ) w) =3 [ By
Here X is a non-zero real number and v is a positive number less than the space
dimension n.

The first equation (1) is called the semi-relativistic equation which describes
the Boson stars [0, [7, [13] and the second one (2)) is the well-known Klein-Gordon
equation whose physical model is originated from the helium atom [10, 14} 17]. For
the simplicity of presentation, the mass, speed of light and Planck constant of both
equations have been normalized.

The equations (1) and (2) can be rewritten in the form of the integral equations

(3) u(t) = U(t)gafi/o Ut —t')F(u)(t)dt

(4) u(t) = (costw)p + w ™ (sintw)py — /0 w(sin(t — tw) F(u) dt’,
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where w = v/1 — A and the associated unitary group U(t) is realized by the Fourier
transform as

Uty = <€_itw(,0)($) = (271T)n /Rn eimée—it\/l-‘rlilz@@) d,

where g denotes the Fourier transform of ¢g defined by g(§) = fR” e~ 8g(x) du.
The operators cos tw and sin tw are defined by replacing e~V 1HIE1” with

cos(ty/1+¢2) and sin(t\/1+ [€]?),

respectively.
If the solution u of (1) or (3) has a decay at infinity and smoothness, it satisfies
two conservation laws:

[u(®)]|z> = llollL2s

(5) Er(u) = Ki(u) + V(u) = Ei(p),
K(u) = (I~ Buu), Viu) = 1{F(),u),

where (, ) is the complex inner product in L2. Also the solution of (2) or (4) satisfies
the conservation law:

Es(u,0iu) = Ka(u, Opu) + V(u) = Ex(p1,¢2),
Ko(u, Oyu) = %((@u, o) + (VI = Bu, VT = Au)).

The main concern of this paper is to establish the global well-posedness and
scattering of radial solutions of the equations (1)) and (2)).

(6)

The study of the global well-posedness (GWP) and scattering for the semi-
relativistic equation (I) has not been long before. In [I5], GWP was considered
with a three dimensional Coulomb type potential which corresponds to v = 1. In
[4], the first and second authors of the present paper showed GWP for 0 < v <1
fn>2and 0 <y<lifn=1for0 < vy < n%lifnzz and small data
scattering for v > 2 if n > 3. In this paper we tried to fill the gap 1 < v < 2
for GWP under the assumption of radial symmetry. For further study like blowup
of solutions, solitary waves, mean field limit problem for semi-relativistic equation,

see the references [13} (6, [7, 18, 9].
The first result is on the GWP for radial solutions of (3).

Theorem 1. Let1<'y<%f0rn=3 and 1 < v < 2 forn > 4. LetchH%
be radially symmetric and assume that ||¢||2 is sufficiently small if X < 0. Then

there exists a unique radial solution w € CyH? such that |z| u € L L? of (3)

satisfying the energy and L? conservations (5).

Here C, = C N L*®, H® = (1 — A)~%/2L" and H? = (~A)~%/2L" are the usual
and homogeneous Sobolev spaces, respectively. We mean H5 by H® and H; by
H°. Hereafter, the space LL(B) denotes LI(—T,T; B) for T > 0 and || - e 5 its
norm for some Banach space B. If T = oo, we use L4(B) for L4(R; B) with norm

|- [la, 1 < ¢ < oo. We also denote v € LZ.(B) for all T' < oo by v € L] (B).

loc

The next result is on the small data scattering of radial solutions of (3) for n > 4.
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Theorem 2. Let v =2 and n > 4. Let o € H' be radially symmetric. If ||| m
is sufficiently small, then there erists a unique radial solution u € C,H' such that

|z|~tu € L2L? to (3). Moreover, there exist radial functions p* and ¢~ such that
u(t) —Ut)et||g — 0 as t— +oo.

In [4], the authors used the LYL" type Strichartz estimates of the Klein-Gordon
equation to prove GWP and scattering for the equation (1). Contrary to the
case of Klein-Gordon equation, semi-relativistic equation preserves a regularity
in a contraction argument based on the Strichartz estimate, from which the gap
(f—fl < 74 < 2) arises naturally in the range of v for GWP. To tide over this dif-
ficulty, we assume the radial symmetry for data and solutions, which enables us
to estimate fractional integrals associated with the nonlinearity V., (u)u. Then we
establish an L? Strichartz estimate for n > 2 with weight |z|~% which is useful to
treat radial functions but also applicable to non-radial functions (a gain of angu-
lar regularity is achieved in the non-radial case). The one dimensional analog is
attainable. See Remark 4 below.

For GWP we use a fractional integral estimate on the unit sphere such that

/ lre; — po| =% do < M(r, p) < oo,
Sn—1

where e; = (1,0,---,0). The result of Theorem Il corresponds to the case § = v+ %
If n = 3, then the finiteness of integralenforces v to be less than % as in Theorem
1, since the integral is finite only when n — 2 — 6 > —1. For details see Lemma 2
and Lemma [3. In Theorem 2, we treated the case § = 2 for which the integral is
not finite if n = 3. However, the three dimensional GWP can be slightly improved
up to % by using another Strichartz estimate on a hybrid Sobolev space (for this

see [5]). It will be worthy of trying to fill the gap 2 <~ < 2 for n = 3.

The Klein-Gordon equation (2)) was initially studied by [26] (see also [18]). In
[21], the GWP is considered for A < 0 and 0 < v < 4. It was proved in [26] 20, 23]
that the scattering operator for (2)) is well-defined on some domain if n > 2, 4/3 <
v <4n/(n+1) and vy < n. Furthermore, [19] showed that if n > 3, 2 <~y <4 and
v < n, then the scattering operator can be defined on some neighborhood near zero
in the energy space.

In this paper the small data scattering of radial solutions is successfully treated
below energy space, provided % < v < 2. To state precisely, let us define a weighted
spaces Wy . and a data space D, g by

Wee={v € L*: |¢lly, . = Il - 170l 2 o<y + Il - 1750 221051y < 00}
and Dgg=H® 3N L7

respectively, where € > 0 is sufficiently small.

3 _ 3 :
Theorem 3. Let 5 <y <2 forn=3and 5 <~vy <2 forn=>4. Then there is a

real number s and € such that

1 1
(7) §<s<%, O<€<min(g—s,s—2>, l+s—e<y<l+s+e.
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For fized such s and e, let (p1,92) € Dsyeste X Dspe1,s+¢ be radially symmetric
data. Then if ||o1|p. o ... +@2llDoye s .os. is sufficiently small, then there exists a
unique radial solution u € C’bHs_%*‘e N LZWS,E to (4). Moreover, there exist radial

functions of € H=2%¢ and oF € H*~2%¢ such that

lu(t) — u* (1) 0 as L+,

H‘57%+6

+

where u™ 1is the solutions to the Cauchy problem

®) { Zut + (1 - At =0,

ut(0) = Lpft, Oyut(0) = <p§t.

In the definition of initial data space D, g the space L7725 can be slightly weak-
ened by the homogeneous Sobolev space H~(=#) . In fact, L7722 — H~(1-5)
for 0 < B < 1. See the proof of Theorem 3 below. Let 15&75 be the weak-
ened space Ho 30 H-(1-/_ Then one can easily show that the solution u €
Cy(R; H~(1=(5=2))) and then the existence of scattering operator of (2) on a small
neighborhood of the origin in 155_5_575_5 X 1554_5_178_5. For details see Remark 16
below.

The lower bound 2 of v is caused by the condition (7) which follows from the
relation between the weight |z|~% and the L? estimate of Bessel function such that

/ 72 Jos (r) | dr < .
0 2

For the finiteness, the assumption 1 < a < 2 is inevitable because Ju—2(r) =
2

O(rnT_Q) as r — 0 and J% (r) = O(r~2) as r — oo. For more explicit formula, see
the identity (13) below. Hence for the present it seems hard to improve the range
of ~ for the small data scattering. From the perspective of negative result for the
scattering?, it will be very interesting to show the scattering up to the value of
greater than 1.

This paper is organized as follows. In Section 2 we introduce a weighted Strichartz
estimate for n > 2. In Section 3 some fractional integral estimates are considered
under radial symmetry. All the proofs of theorems are shown in Section 4.

If not specified, throughout this paper, the notation A < B and A 2 B denote
A < CB and A > C~'B, respectively. Different positive constants possibly de-
pending on n, A,y and a might be denoted by the same letter C. A ~ B means
that both A < B and A 2 B hold.

2. WEIGHTED L2 STRICHARTZ ESTIMATE

In this section, we show the following weighted L? Strichartz estimate.

IThe non-existence of the asymptotically free solutions occurs when v < 1. For instance see

the last section of [4].
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Proposition 1. Let % <a< g andn>2. Then for any ¢ € H® and F' € LY H®,

s > 0, we have

U(: < s
IO, g -3, S el

S IF Ny e

L3(B3H, ?)

(9) ’

/' U(-—tF{")dt
0

The constants in the estimates can be chosen independently of T'.

Here we denote the weighted Sobolev space H > by
={v:|vllgs = lIl -7 La(A) (1 = A)Fv] 2 < oo},

where a is a positive real number and Lq(A) = (—A)2(1=%)(1—A)~7. The Sobolev
space HY = (1 — A,)~% L?(S™1) is defined on the unit sphere S"~!, where A, is
the Laplace-Beltrami operator on the unit sphere S™~! (see |11, 16] for instance).
The mixed norm HSH? is defined as follows.

—2a s a (2
ol = [l |a(@)1 = 2)301 - A B do.

Remark 1. If ¢ and F are radially symmetric, then the angular regularity HS is

not necessary.

Remark 2. If we use Theorem 3.4 of [4] for small data GWP, then from the
Strichartz estimates above, we readily observe that if 2 < v < n,n > 3, s >
2 — 252, and ||¢||g- is sufficiently small, then for £ < a < % the solution u of
(1) is in LQ(]?;'HZ:_%). In fact, in view of the proof of Theorem 3.4 of [4] we have

I1F' (w21 < ||l s and hence

[l g o, S el + IP@zore S Nl

Similarly, we have by using Lemma 2.4 of [23] that if % <7y <2, n>2and

le1llzs + |lo2llzs-1 is sufficiently small for s > 1, then the solution u of (2)) is in
~ a1
L*(H:H; *)forany 4 <a<?2

Proof of Proposition 1. Without loss of generality we may assume s = 0. Let us

first define an operator W, (¢) by

l1—a
10)  (Wo(t)f / IR ) tre) L o) do

where v is a real number greater than equal to %2 and J, is the Bessel function

of order v. We claim that for any v > % and % <a<yg

(a1
(11) WL () f 2y x -1y < IWo () fllr2wzy S (1 +v) @2 £ 2.
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In fact, using the change of variables \/1 + p? — p, we have

= [y )P VR - DY D) d,

— 00
where X(1,00) is the characteristic function on the interval (1,00). Now from the
Plancherel theorem with respect to the time variable and the change of variables

p%2 — 1 p, it follows that

IWo () 12202 ) = 2 / P2 f(p) 2 / r1=2 7, (rp)| dr dp
(12) 0 0

on (/ r1_2“|Ju(T)2dr> T

For the estimate of inner integral, we use the known formula on Bessel function
(see p. 402 of [27]) such that for any v > 272 and § < a < %
o I'2a—1)T'(v+1-a)
13 1—2a JV 2 dr = ,
(13) /0 PR = T T )

which has no singularity at v
n

”7*2. We note that the numerator on the RHS
is finite as far as £ < a <

>
5 5 < v+ 1. By Stirling’s formula such that I'(s) ~
s—1

2e~(5=1) for large s (for instance, see [2]), we get (11).

S
From now on, we prove the proposition. We expand ¢ with radial functions and
spherical harmonic functions as follows:
p(ro) =" > gea(r)Veu(o), (r,0) € (0,00) x S,
k>0 1<1<d(k)

where g, ; are radial functions such that

o0
/ |gk,l(r)|2r"_1 dr < oo,
0

Y).: are orthonormal spherical harmonics of order k, and d(k) is the dimension of
the space of spherical harmonics of order k. See [3] 11}, [16].
By the othornormality, we have
o0
ol n S S [ loratr)Pr
k>01<i<d(k) "’
Using the Fourier transform of spherical harmonic functions (see for instance [25]),

we have
i1 Ye,1(po) = Gri(p)Ye,(0),

where

Grilp) = en / G (P ()~ 72 Ty () dir,
0

2k -2
and v(k) = ++
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The constant ¢, is independent of k. By the Plancherel theorem, one can easily

(o] o0
| loaprtar= | \Gk,l<p>|2p"-1dp.
0 0

Now let us define functions fi; by fr.i(p) = Gr1(p ) . Then from the Fourier

observe that

transform of spherical harmonic functions, we have
n—1
P Lo(A)U () p(ro) =177 > (W) (6) fr, 1) (1) Vi, 1(0)
k.l
By the fact —A,Yy,; = k(k+mn—2)Y%,;, the orthonormality of spherical harmonics
and the estimate (11)), we get

OL NZ 1+ w(k) 2| W () fr,

L2(]R2

Sl =3 [ G0 o
k1 ki 70

= Z/ ng,z(r)\%”’l dr
ki 70

~ llllZ--

For the proof of the second inequality of (9) we introduce a lemma for low-

diagonal operator estimate (see [1}, 24]).

Lemma 1. Let A and B be Banach spaces. Let K be an operator such that
||KG||Lq < ClGlle@y for 1 < p < g < oo with kernel k defined by

fo (t — ¢)G(t')dt', where C does not depend on T. If p < q, then
thf low-dzagomil operator K deﬁnfd by KG = fo (t — t)G(t')dt satisfies that
IKG| sy < ClGll Lz (), where C is C times a constant depending only on p,q.

In view of Lemma [1] with kernel k(t) = U(¢), A = fNIgHg_% and B = L?, it

suffices to show that

/T U-—tF{")dt
0

In fact, by the first Strichartz estimate (9), we have

(14) SIFzy e

L3.(ROH, ?)

T T
/ Ui-—thFt"dt = U(~)/ U(—t"F(t")dt
0 0

L2 (AoHS?) 2. (ReHS %)
SIF Ly gz

This yields the second inequality of (9). O
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Remark 3. From the proof of Proposition [1, one can see the identity
2 ~ 270(2a - 1I(5 —a)
Plizm; = 9210 (0)20 (252 + a)

for any radial function ¢ € H?® for some s > 0. Thus the weighted Strichartz

—itw

le ol

estimate is sharp as far as % <a<i.

Remark 4. If n = 1, then a modified weighted Strichartz estimate is possible.
To state precisely, we take any L? function w as a weight and define a weighted
Sobolev space flfu as follows

Hy = {v: |[v]l g, = lwLy(A)(1—A)fu]|z2 < oo}.

Then for any T > 0 we have

To prove these estimates we have only to show that ||W(-)f|lr2r2 < | flln2, where
W) f(z) = w(x / eilwé—t 1+£2)$ de.
05 =) [ e
By the change of variables £ — /1 + £2 and by applying Plancherel theorem w.r.t.
the time variable, and then using the change of variables £ — 1/£2 — 1 again, one

can readily have that

W) llizaze < IWOFllzzre < V20wllzz| fze-

The inhomogeneous Strichartz estimate can be treated by the same way as in the

1UCellLz s S el

/ U= FW)dr| < Flle
0

L2 B,

proof of Proposition [1.

3. FRACTIONAL INTEGRAL ESTIMATES FOR RADIAL FUNCTIONS

We prove some fractional integral estimates for radial functions.

Lemma 2. Letn >3 and 0 <y <n—1.
(i) If f and g are radial functions with f,|z|=°f,|x|~("=%g € L? for some
0<d<~, then

/ [fWllg)l

(15) sup o=y dy SN 172 fllez - 1702 g) e

.'L'GR"L
(i) If f,g are radially symmetric and f,|z|~(V=%g € L? for some 0 < § < ~,
then

(16) sup Jof? [ ALOUIL gy e 00
xER™ n ‘x y|
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Remark 5. In [§] Frohlich and Lenzmann showed that if ¢ € C§°(R3) is radially
symmetric and satisfies Eq(¢) < 0, then the radial solution u of (1) with v =1
blows up within a finite time. To lead to the blowup they used a variance type
estimate where the estimates |V; (u)(z)| < [|¢||32/|z| and [VVi (u)(z)] < ||l¢]|22/|2]?
are crucial. The lemma above leads us to the same estimates for n > 4 and hence

to the finite time blowup.

Proof of Lemmal2. We revisit the proof of Lemma 3 of [5]. Fixing z, we divide the

integration into three parts as follows

/ Mdy:/ +/ +/ =1+ 11+ 11
v lrmyh yi>2lel  Jgl<pyi<olal  Jlyi<lgt

For I, since |z — y| > % for |y| > 2|x|, we have

I< / Lf @)l 9(y)] dy
ly

i>o1z [YI° Y7 ?

S0 ez 2 =0V glle or Ja[ ) fllee ]~ g]) o

Since f and g are radially symmetric, we may assume that x = |z]e; = re; =

r(1,0,---,0,0). Using the spherical coordinates (p, 01,602, -+ ,0,-1) € (0,00) x

[0, 7] x [0, 7] X - -+ x [0, 27] for y variable, the integrals II and III are converted into

(17) 17 + 1T = ( / Ty / ) U (0) (P p)dp,

where

2m ™ ™
Q(r,p) :/ / / (r?* + p? 72rpcos6‘1)7%
o Jo 0

X sin™ 2 01 sin™ 3 Oy---sinb,_odf;---db,_2db,_1.

If £ < p < 2r, then by the fact n —2 — v > —1 and

V12 + p2 — 2rpcosby > psin b,

we have

(18) Q(r,p) < pfﬁ’/ Sin" 2770, dh, < p.
0

If p < 5, then

(19) Qr,p) Sr77,

since 12 4 p? — 2rpcos @y > r2. Therefore by the Hélder inequality we have
T+ 1S fllez - 170 gl or [l 2l fllzzlll - 172 gll .

This completes the proof. ([



10 Y. CHO, T. OZAWA, H. SASAKI, AND Y.-S. SHIM

Lemma 3. Let 1 <y <2ifn>4andl <vy< % ifn=3. Let € satisfy 0 < e <
min(y — 1,2 — ). Then for any radial functions f,g € L? with |z|~'f,|z|"'g € L?

1
1772 ()| .
S AN A A 1 ) - 1 gl e

Proof of Lemma 3. As in the proof of Lemma [2 we split the fractional integral and

(20)

estimate pointwise as

If(y)g(zi)ll dy:/ +/ +/
|z — y[7+2 lz[>2lyl  JilyI<lzl<2lyl  Jlzl<dly|

=I+1+1I.

In case that || < 1, from similar estimates to (17)), (I8) and (19), and from the

Holder inequality and interpolation it follows that for small € with v 4+ e < 2

e B e e i R ey TR

IO+ 1S 2|73 A0 A gl e / sin” 377 0.do.
0

Sincen—g—7>—lif1<'y<2forn24and1<'y<%fornzS,thelast

integral is finite. Hence

1 2— 1+ —
117772 % (Fllzzn ar<ry S WAL 170 AZ 5T 1 gl e

If |x| > 1, then choosing € such that v — ¢ > 1, by the same argument as above

we have
[0+ 11 S 2 £ o 1 gl
Hence
2— 1— -
I 17772 5 ()l oz S IAE T A2 1l e
The proof has been completed. (I

Lemma 4. Letn >3 and 1 <y <n—1. Let f,g € W, be radial functions for
some s, e satisfying the condition (7). Then it follows that

(2]‘) H| : ‘_’Y * (fg)HLanl (s+€) ~ ||fHW5 a||g||W.s e’

Proof of Lemma 4. By the same spirit as in the proof of Lemma 3, we split the
fractional integral into three parts I, II, IIl and estimate them using radial sym-
metry. We also divide each part into two regions of x; inside the unit ball and its
outside

If |z| < 1, then since e < 7 — s, we have

I+ I+ IS |~ 0726 |76 p o764 g o
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Since ||| - |7+ fll 2 < | fllw... and (y — 2(s + €)=tz < n, we have

S fllw,.

LY n n
Hl | * (fg)||(LmﬂLm)(|x|<l) |g||WsE

If |z| > 1, then

Lo I L e~ 2D 7O f e |7 g e
Since (y —2(s — 5))% > n, we have

177 % GO s =y ooy S W gl

This completes the proof of the lemma. O

4. PROOFS OF THE THEOREMS

4.1. Proof of Theorem [1. We only consider the positive time because the proof
for negative time can be treated in the same way.
Let us first define a complete metric space Xr , with metric d(u,v) = ||u—v| x,,

where Xp = C’([O,T];H%) N L%ﬁlé by
Xr,={ve Xr: v is radially symmetric and ||v|x, < p}.

~1
Here let us observe that the space H{ is exactly the same as {v : |||-|71v||z2 < oo}.
Now we define a mapping N : u — N(u) on X7 , by

(22) N@)(t) = Ut)p — i /0 Ut — ) F(u)() dt'.

For any u € X ,, N(u) is radially symmetric. By the Strichartz estimate (9)
witha=1,b=0and s = %, we have

INWxz, Sllell 3 +1F 1

For the second term, we use the generalized Leibniz rule (see Lemma Al ~ Lemma
A4 in Appendix of [12]) such that for any s > 0
(23) 1D*(uo)l[Lr S |1 D*ullpr vl po + [Jullpa [ D]l zr2,
where D* = (—A)*/?
1 1 1 1 1
and —=—+ —=—+—, 1, €(l,00), ¢; € (1,00], i=1,2.
ToTi o g2 @ T2

From (23), we have

IN(w)llxr,
(24)  _ 1
Sty + VA @llzg = llull oy + 1AV @y o llull 2,
To estimate the last two terms, we use Lemma 2. Using (15) with f = ¢ = v and
interpolation we have
o < 2—y v
IVy(@)llzee < llullze HUHH%-
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and using (21) with f = g = u for some small € as in Lemma 3
1
[(=A)7 V5 (w)l[L2n S (Vg g (W)l on

2—y— + 2—~v+ _
S llullzz” EIIU\\;§+ 2" EIIUII;;
1 1

Hence the nonlinear estimate (24)) has the following: for some positive number &

IV (W)l .,

2 2 2
Slellyy + (T + T2 +T2*W+E)IIUI|2L%OH% IIUIILQTHlé

S ”SDHH% + (T% + T# +Tﬁ)p3,
From the choice of T' and p satisfying that
Cllellm <

bl

I NI

C(TT5 + T 4+ T7=57)p’ <

for some constant C, it follows that N maps X7 , to itself.
For any u,v € Xt ,, we have

AN (). N()) S [F(w) = FO),, 1
SIV @) = V@l 1 + V@@= 0, 30
Using Lemma 2, Lemma [3 and the Leibniz rule (23) again, we have that
IV, () = Vi (@)l
SNV () = Vi (0))ull g2+ I1(=A)F (V5 () = V4 (0)))l| 1
S (I3 ) = Va@)llzg e + 1AV, (@) = Vo @)llggp ) 3

T
S /0 (lullze + ollz2)* ™ flu = l” , dtflull

s Ly H?
_ 1
F IO s (uf? = o)l ol
S (15 4 IO 4 T ) o,

and
IV (@)= o)l s
1
SV )y poe [lu — UHL%CH% +1(=A)7V5(v)l[ L1 2n

<(T77 + T7 0 + T709)p2|ju— v

u”LgsH%

L HZ"
Thus by the choice of T, p as above
1
(25)  d(N(u),N(v)) < O(T77 + T77 + T77)p*d(u,v) < Sd(u, v).

Therefore N becomes a contraction mapping on X ,. This proves the local ex-
istence. The energy and L? conservations follow from the Strichartz estimate (9)
and the method of [22].
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Now we consider the global well-posedness. To do so, we need the following
energy inequality that for A > 0,

*|| Oy < E(u) = E(p).

If A <0, then for any ¢ with ||¢||p2 <1
lu(®)]1%, 5 < 20B(u)| + 2|V (u)
< 2E(¢)] + Cllul? -

<CA+lel? ) +C||s0||L 27IIUII2V :
Here for the third inequality we used the fact that
2AE(p)l <1+ lell%y + Cllw\lm2”||<%>H27 <O+l )

Hence especially in the case of negative ), with assumption of the smallness of
lloll > for v < 2 such that

liollzs < min (1, E7CT + [, 1700y,
we have
2 2 ~
(26) lu(®)I y <200+l ;)

Now let us denote F(p) for A < 0 and (1 + H<p||2Hl)V for A < 0 by E(p). Then
2

from the Strichartz estimate (9)), (26) and Lemma 2| 3, we have for some small time
0<d<1landsmale>0

el g8
S (@D + 5777 (Lt flull )7 g}
SO+E@DF +I7 (14 E@) F Nl o
Thus for some § so small that ; < §7—= = c(1+&(p ))3 7= < 1, we have
| 3 SC(L+E()?,

LZ(ijl,Tj;g2

where T; —Tj_1 =6 for j <k —1,T, =T and T, — T—1 ~ J. This implies that

lal®, 4 < >0 lul?
L B? L2

1
(Tj-1,T5:87)

Tk
(27) < ko(1+ g(w))l_,_(a—wa)izfvfe)
T(1+E(p)

From (26) and (27) we conclude that u € Cy(Ry; H?) ﬂLfocﬁlé. This completes
the proof of Theorem [1.
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4.2. Proof of Theorem 2. Let Y, be a complete metric space with metric d(u, v) =
~1
|lu—v|ly, where Y = C,(R; H) N L?H? by
Y,={veY: v is radially symmetric and |v||y < p}.

Then we claim that the map N defined as (22) is a contraction on Y, provided p is
sufficiently small.

From the Strichartz estimate (9)) and the fractional integral estimates (15) and
(16)), we have for any u € Y,

lully S lellar + [[Va(u)llpipee [ullpee mr + [[(VVa(w))ul[ L1z
< 2 -
S ol e + Hu”nglé |l oo 1
S el + p°

Hence choosing p so small that Cl|¢[/g: < § and Cp* < £, the mapping N maps
Y to itself. We also have

d(N(u), N(v)) S [Va(w)u = Va(v)v]|pra
S I(Va(u) = Va(u))ull g + [IVa(0)(u = v) L1
Using Lemma 2, we have

1(Va(u) = Va(o))ull L1
S 1(Va(u) = Va(u)llprpee lu = vl g + [V((Va(u) = Va(v))u)||pr 2

S (Ul gy + 101, gl =0l g il
(el oo+ Noll e )llw = o],y

1 1
r2g? " '2m?
and

Va(v)(w = v)llLra
S Va()llprzeellu = vllra + [V (Va(v)(w = )] pr 2

2
S 12, gl = vl + lollzm ], gy = ol -

Hence from the condition of u and v
d(N(u), N(v)) S p*d(u,v).
Thus by the choice of p such that Cp? < %, N becomes a contraction.

As for the scattering, let us define functions ¢4 by

+oo

pr=@—1 | U(—s)F(u)(s) ds.

Then clearly ¢+ € H' and one can show that

u(t) = U(t < |lul?
u(t) = U el < Hmu;—r;gl%)

—0 as t— Foo,

[l Lo £

where I, = (t,00) and I, = (—oc,t). This proves Theorem 2.
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4.3. Proof of Theorem 3. Let Z, be a complete metric space with metric d(u, v) =
|lu —v|z, where Z = Cy,(R; H*) N L>W; . by

Z,={veY: v isradially symmetric and ||v||z < p}.
Here from the definition we easily observe that the space W . contains the space
Lose(D)Hpe = {0+ (Laxe(A)) Mo € HYL .

Now we define a nonlinear map N by

N(u) = (costw)p; +w™*(sintw)py — /0 wH(sin(t — t)w) F(u) dt’.

Then we claim that the map N is a contraction on Z , provided that p is sufficiently
small.

We first observe from the Strichartz estimate (9) “ and fractional integration
that

I(Zsxe(A) 7 (cos(Jw)prll pago, S I(Lse(A) ™ nlle

sfl«i»s

_1-(s%e) 2
S22l + [(=A) 7> ¢ullre
< n
g Y T
and
||(Lsie(A))*lw*I(Sin(')wwzHnggiE S (Lze (D) w g 12
<
~ ||SO2||L”+2*2%0H5+5’%
Since
M’”Ws,E S MJ‘ Loye (DB, + ||77Z’| Lo_-(A)BY
we have

I(costw)er +w ™ (sintw)gall L rrenrew, . S l01lDasese + l02llDiss .
Now we estimate the nonlinear part. From the Strichartz estimate (9) and the

1-(ste) 3—(s+9)

boundedness of (—A)—z (1 —A)~" = in L2, it follows that
t
‘ / oV (sin(t — ¢ )w)F(uw) df’
0
_1—(ste) 1
(28) SI=A)""7 7 Fu)llzee + 1(=4)
S F )] + [[1F ()]l

UV, s + IV, sl e 2.

Using Lemma 4! with f = g = u, the last term on the RHS of (28)) is bounded by a
constant multiple of

Lo H 3+ nL2W, .
—(s=e)
2

F(U)HLle

2n 2n
Lan+2—(s+5) L1L71+27(s—5)

(29) lullZew,  llullpera.

Therefore, for any v € Z, we have

INWlz < Cllerllp... i + l02llDaispn) + CP°

2To apply (9) we need the condition s —e > %



16 Y. CHO, T. OZAWA, H. SASAKI, AND Y.-S. SHIM

and this implies that N maps from Z, to itself, provided p and the norm of the
initial data are sufficiently small.

On the other hand, by the Strichartz estimate (9)) and fractional integral estimate
we have that

d(N(u), N (v))

<=2 T (Vy (w)u =V (0)o)| 1z + [(—A) 5 (Vy (u)u — V4 (0)0)]| 1 12
=AY T (Vy () = Vy ()u)llpape + 1(=2) 75 (Vs (w) = Vi (0)u) | 11 2

V4 (0) (= 0)l|papz + [[(=A) 77 V4 (0) (u = v)| 1 12

+ [V (u) = V5 (0))ul]
+ V5 (@) (u =)

—(s+¢)
2

+[(=4A)
SV (u) - V'Y(U))uHLan-f—%?sﬁ—s)

+ V5 (0) (u = )|

2n
Lan+2—7(ls—s)
LlL n+237(2’s+£) 1L n+237(15—£) :

Applying Lemma 4 with f =u—v,g=Tor f=v,g=u—v or f =g = v to the
last four terms in the above estimate, we have

d(N(u), N (v))
lullcow, . + lollzew, Dllw = vllew, Nullzere + [ollZaw, u — vl e

(
p*d(u,v).

Hence the smallness of p and of the norms of initial data makes N a contraction.
Now we consider the scattering. Let us define four functions goii,i =1,2 by

S
S

—~ +oo

ﬁ@):mn/o (VI €P) " sin(t' /11 [€F) F(a) (€, t') dt
— +o00

¢§<e>=¢5<5>—/0 cos(t'v/T+ €P) F(a)(€, ') dt

Then it follows from the regularity of the solution u that ¢ € H*"2%¢ and ¢ €
H*~3%_ Furthermore, since u € L?W, ., for the linear solution u* of (8) we
conclude from the estimate (28)) and (29) that
u(t) = u* ()] -
< _1—(s+e) 1—(s—¢)
SIEA)TT= 7 Fllpr g ey + (A2 Fu)ll g,
S UVA@ oy ey + V@ o iy el

S Hu||L2 1w, E)||u||LooLz —0 as t— =£oo.

This completes the proof of the theorem.

Remark 6. If the initial data (1, @2) € 554—5,5—5 X l~)s+g_1)s_€ and their norm is
sufficiently small, then the solution u is in C(R; H~~(5=¢))_ In fact, the existence
and uniqueness in Cy,(R; H S’%“) N LQWS@ follows immediately from the previous

proof. Hence we have only to show ||u||; w7--(s—e) < 0o. From (28) and (29) we
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have
||u||LooH,(1,(S,E>>

1—(s—e)

t
§||S01HH7(1—(5—€>>+||S02HH7<17(57E>>+/ I(=A)" > F(u)lz2 dt'
0

Slletllg-a-c—en + le2ll g-a—c—ep + V4 (W)l ||| oo L2
big big v

LlLﬁ‘
S el gr-a-c—on + 2l g-a-c-o + [ulZow, lullzerz < oco.

Let u~ be the radial solution of the linear equation (§) with radially symmetric
initial data (@] ,¢5 ) € l~)s+€73_5 X l~)s+5_175_5. Then from the proof as above we
can find a unique solution u € Cy(R; H*+<~2 0 H~(1=6=)y 0 L2, _ satisfying

u(t) = um(£) + /t T o sin((t — ) F(u) dt’,

provided that [[¢] || g +lez llg ... . issufficiently small. Here the solution

s+e,s—e

u satisfies (1) with initial data ¢ € Dsy. s—. such that

e =u(0) =p; — /O_Oo w™lsin(t'w) F(u) dt’.

Now in turn there are radial functions ¢ and ¢ as in Theorem [3. Actually,
they are uniquely determined under a smallness condition of initial data. Hence
we conclude that there exists a scattering operator S maps (p;,¢5 ) in a small
neighborhood of ﬁsﬁ,s,g X 55“,1,5,6 to (gof,gpg) in a small neighborhood of

Dgjes—e X lN)era,l,S,E and that S is injective.
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