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Abstract

We prove the I'-convergence of the Allen-Cahn action functional in
the sharp-interface limit. In previous work, good lower bounds were
developed under the assumption of single-multiplicity, but the bounds
deteriorated in the case of higher-multiplicity interfaces. We develop
improved bounds by working directly with the limiting energy measures.
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1 Introduction

In this paper we complete the analysis of the sharp-interface limit (¢ — 0) of
the functional

T 1
S.(u) = i/o /0 ci? 4 e gy — eV () da d (1.1)

where for simplicity we choose the standard potential

(1— u2)2‘

Vi) =

(1.2)
(The analysis can be carried out for any nondegenerate double-well potential
V', changing only the value of the constant ¢y defined below.) The work in [1§]
stopped short of a complete analysis because of the issue of multiplicity in the
limiting energy. We now resolve that issue.

The functional S, will be defined on the space:

A= {u e C=([0,1]  [0,T]) | u(-,0) = —1,u(-,T) = +1,
2 (0,1) = up(1, 1) :o}.

We think of A as the space of pathways that connect u = —1 at time ¢t = 0
to u = +1 at time t = T'. See Subsection 1.1 for a discussion of the related
stochastic problem.



In order to introduce the limit functional and space, we need to introduce
some measures. Let

T
M = {measures won [0,1] x [0,T] ’ L :/ dyt dt
0

and I{T M, ={0<Ty<...<Ty <T}
N (k)
such that Vt ¢ {T},}iL,, 1’ = co Z O, (t)

j=1
where 0 < g1(t) < ... < gnvwy(t) <1, sup N(k) < oo,
k

and gj - C((Tijk+1))7 gj € LQ((Tk,Tk+1)) Vj, k’}
Notice that the points g; are allowed to be equal; we say that g; has multiplicity

J if J is the maximal number such that there exists a set {gi+1,...¢i+s} 2 ¢;
with

9i+1 = Giv2 = ... = GitJ.
Let N
2 J%M y M t%%ﬂ )

where we set by definition

pt =0 fort<Qort>T, (1.3)

so that in particular = = p = 0. For y € M, define

o ML N (k)

0 . \2

+25 :/ S (@) de (14)
v 4 k=1 Y Tk Tet1) ’

j=1

M

1 + -

SM(u) = 5 ‘uTk — "
k=1

Here | - |7y denotes the total variation norm and the constant ¢y denotes

i 2) 2V/2
cop = V2V (u)du (2 T\/_
-1

In some sense, (1.4) represents the limit of (1.1), but although the functional
S. is defined on functions, the limiting object SM is defined on measures.
For the usual I'-convergence framework, we would like instead to measure the
limiting cost in terms of the function w to which a sequence {u.} converges.
We make that connection below.

First let us define the set of admissible functions in the following way.
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Figure 1: The figure on the left depicts a function u(z,t) that is equal to +1
in the shaded regions and —1 outside. A measure pu, that is supported only
at the discontinuities of w incurs a cost at T, and 7% in the first term of S™M.
A measure p that has a multiplicity two interface for ¢ € (15, 73) as depicted
in the figure on the right, however, incurs no such cost.

Figure 2: A sequence {u.} in which three interfaces accumulate at the same
point z in the limit £ — 0 leads to a multiplicity three delta mass at xzy. (See
Subsection 1.2.1 for details.) The single-multiplicity assumption that was used
in [18] prohibited such behavior. Theorem 1.1 removes the single-multiplicity
assumption.



Definition 1 (Admissible functions). We call the function ug : [0, 1] x
[0,7] — R admissible if

(i) The function ug = £1 a.e. and the number of jump discontinuities of
uo(+, t) is uniformly bounded.

(ii) The boundary between a region of ug = +1 and ug = —1 is a continuous
function of time. (More precisely, the boundary of uy = +1 is contained by
the graphs of finitely many continuous functions of time.)

(i1i) For any x¢ € [0,1] and r > 0, the function

m({z € B.(xo) | u(z,t) = +1})

is a continuous function of time. Here m(A) denotes Lebesque measure and
B,(x¢) denotes a ball of radius r around xg.
(iv) The function satisfies up(-,0) = —1 and up(-,T) = +1.

From [18] it follows:

Lemma 1.1. For any sequence of functions u. € A such that S-(u.) is uni-
formly bounded, there exists a subsequence and a limit function ug such that
ug 18 an admissible function and

lim sup ||uc(:,t) —u0(~,t)||L2([0,1]) = 0.
e=04¢(0,7]
Therefore it makes sense to consider the set of admissible functions. We

associate to each admissible v the measures pu, that are compatible in the
following sense.

Definition 2 (Compatible measures). Suppose u(-,t) = +1 a.e. and u(-,t)
has jump discontinuities 0 < y; < yo < ... < ynu) < 1. We say that the
measure [, € M is compatible with u if

(a) For all t ¢ {T},}M

n(t N(k
{y, 37 < {g; 3.

(b) At points where i, has a delta mass with odd multiplicity, u has a jump
discontinuity, and at points where p, has a delta mass with even multiplicity,
u has no jump discontinuity.

We define

Ay = {u is admissible and there exists a compatible measure p, € M}



Notice that for a given function u € Ay, there are many compatible measures
ty. We will show the I'-convergence of S, to the functional Sy : Ay — R
defined via:

So(u) = iﬁlf SM(11). (1.5)
In other words, the limit functional chooses the “best” admissible measure.
See Figure 1 for an example in which the best measure is not just the one with
delta masses at the discontinuities of the limit function.
There are two ingredients for the I'-convergence. The first is:

Proposition 1.1 (Upper bound). For every ug € Ay, there exists a sequence
ue € A with u. — ug in L>®(L?) such that

limsup S.(us) < So(uo).
e—0

We prove Proposition 1.1 in Section 2. The first task is to show that the
infimum in (1.5) is attained; the rest of the proof relies on reducing to the
construction from [17].

The lower bound is subtle since it requires proving that no sequence can
do better than the constructions used in Proposition 1.1. In [18], a lower
bound is proved under the assumption of single-multiplicity. This assumption
prohibits different interfaces of the finite € problem from accumulating at the
same position in the limit ¢ — 0; cf. Figure 2 and the discussion in Subsection
1.2.2. In this paper we prove the lower bound with no extra assumptions:

Theorem 1.1 (Lower bound). Given any sequence u. € A with

limsup S.(u:) < oo and ue — ug in L°(L?),
e—0

we have that ug € Ay and moreover,

lim iglf Se(us) > So(up). (1.6)
e—

We briefly review the stochastic motivation behind (1.1). Then in Subsec-
tion 1.2 we summarize the results from [18] and the discuss the method of this
paper. In Subsection 1.3 we set notation and collect some interpretations and
generalizations of our result.



1.1 Rare events in stochastic differential equations

Ordinary differential equations. The Wentzell-Freidlin theory of large
deviations [12] links the study of “rare events” with the variational problem
of action minimization, as we now explain. Consider the finite-dimensional
stochastic gradient flow

X = -VV(X)++/29B  t>0, (1.7)
X = x_ t=0,

where X € R”, B represents white noise, and V is a double-well potential with
minima z_ and z,. Under the deterministic dynamics (7 = 0) x_ is stable,
but under noisy dynamics (7 > 0) the solution is eventually driven out of the
basin of attraction of z_ and into B.(z.), a ball of radius € around z,. Let B
denote the set of functions that “switch” in time T,

B:= {x\x(()) —z_,z(T) € Be(er)}.

Wentzell-Freidlin theory estimates the exponential factor in the probability of
switching as

liH(l) 7 logProb(X € B) = —inf{S(z) | z € B}, (1.8)
’y—>
where S(-) is the so-called large deviation action functional,

S(z) = i/o &+ VV ()2 dt. (1.9)

Notice that the minimization problem on the right-hand side of (1.8) is deter-
ministic.

In addition to estimating the probability of switching, large deviation the-
ory estimates the mechanism of switching. Suppose that x* is the unique
minimizer of S over B. Then for any § > 0,

Prob (X € Band dist(X,2%) < 5)
lim = 1.

70 Prob (X e E)

(See [12], Chapter 3, Theorem 3.4.) In other words, given that switching is
achieved, the stochastic trajectory stays within a small neighborhood of z*
with probability one in the zero-noise limit. For this reason x* is called the
most-likely switching pathway.



Partial differential equations. Large deviation theory generalizes to the
case of infinite-dimensional stochastic gradient flows, i.e., stochastically per-
turbed partial differential equations. The simplest interesting example of a
stochastic PDE that is well-posed and for which the large deviation action
functional has been identified is the stochastic Allen-Cahn equation,

U = U —V'(U)+ /271 t>0,x¢€l0,1], (1.10)
U= u_ t=0,z€[0,L]
where 7 is a space-time white noise and u_ is an energy minimizer; see below.
Assume for simplicity that V' is the standard double-well potential,
(1—u?)?
YR

The deterministic PDE (i.e., v = 0) is the L? gradient flow for the energy
functional

V(u) =

Bu) :/0 ()’ + V(u) dr, (1.11)

which admits two global minimizers u_ and u, (as long as L > 2m). For
Neumann or periodic boundary conditions u4 = 41 ; for Dirichlet boundary
conditions uy ~ £1 on most of [0, L] with modification near the boundary.
For simplicity, we will focus in this section on homogeneous Dirichlet boundary
conditions.

Faris and Jona-Lasinio [9] prove that

/ / — Uy + V' (u))? dz dt (1.12)

is the action functional for the Allen-Cahn equation on Cj, the space of con-
tinuous functions on [0, L] x [0, 7] with u(0,t) = w(L,t) = 0 and u(-,0) = u_,
with the topology inherited from the sup norm.

In analogy with the finite dimensional system (1.7), u_ is stable under
the deterministic dynamics, but for v > 0 there is a positive probability of
switching to Bc(u4 ), a ball of radius € around the symmetric minimum. Let
B denote the set of functions in C; that transform in time 7™

B:= {u | u(0,t) =u(L,t) =0, u(-,0) =u_,u(-,T) € Be(u+)}. (1.13)
Notice that B is a “regular set” in the sense of Wentzell and Freidlin [12], i.e
inf S(u) = inf S(u) =:s. (1.14)

u€eB wEB



In particular, it follows from [9] that

lim v log Prob(U € B) = —s. (1.15)
7—0

Asin the finite dimensional case, we have in addition that action minimizers
are the most-likely switching pathways. We do not expect the action minimizer
to be unique, so let us define

B, :={ulu€B, S(u)=s} (1.16)

(Here B denotes the closure of B.) From the work of Faris and Jona-Lasinio
9] it follows:

Lemma 1.2. The set B, is nonempty and for any 6 > 0,

Prob(U e Band dist(U, B.) < 5)
lim

7=0 Prob(U € E)

= 1. (1.17)

We include a proof of Lemma 1.2 at the end of the introduction. Now
we turn to the analysis of the action functional. For an interpretation of our
results in terms of the stochastic equation see Remark 5 in Subsection 1.3.

1.2 Analysis of the sharp-interface limit

Because the action minimization problem is complicated, it is natural to ask
whether there are limiting regimes in which the analysis simplifies. It is well-
known that for the finite-dimensional problem in the limit 7" — oo, the most-
likely pathway is the one that follows the time-reversed gradient flow

= VV(z)

to flow from z_ to the saddle point with lowest energy, and the forward gra-
dient flow
= =VV(x)

to flow from this saddle point to B.(z,). Faris and Jona-Lasinio proved that
the same holds for the infinite dimensional problem [9]. This saddle-point
problem that controls the action minimization problem in the long-time limit
T — oo is important; indeed, if phase transformation is studied on the natural
time-scale of the system, then this pathway is the most likely.

Our focus is different. We are interested in rare events that are observed
when one conditions on switching being achieved within a finite time 7T'. Such



events are physically relevant: For instance they explain phenomena observed
in magnetic switching experiments [19]. They are also analytically interesting:
We will see that a competition between the time- and length-scales of the
system leads to a family of action minimizing pathways with increasing spatial
structure.

Introduction of the sharp-interface limit. We consider the action func-
tional in the limit L — oo, T — oo, L/v/T = constant. (For a general
discussion of the different parameter regimes of the action problem, see [17].)
Letting € := 1/L, z — ex, t — %, and T — £>T', (1.12) can be reexpressed
as:

1 (Tt 2
Se(u) = Z/ / (51/211 + eV (cuy, — 5_1V'(u))> dx dt, (1.18)
0o Jo
where we have grouped terms in order to isolate
f-(u) = ey —e V' (u),
the first variation of the rescaled energy

Viu)

E.(u) = /01 %(u%)2 e, (1.19)
Recall the boundary conditions
uz(0,t) = u,(1,8) =0 (1.20)
and the initial and final conditions
u(z,0) = u_, u(z,T) = uy. (1.21)

(See Remark 2 in Subsection 1.3 for alternate formulations.) Notice that (1.21)
implies

Ea(u(>0)) = Ea(u(’T)) = 0. (1'22)

Squaring the integrand of (1.18), using (1.20) to integrate by parts, and ap-
plying (1.22), we arrive at the functional S. defined in (1.1).

In addition, observe that for any sequence u. with action bounded by C
and for any time ¢ < T, we have

C > S.(u) z%

[ [ iraea] 0 Spo). 0
0o Jo

10



Hence the energy is uniformly bounded in time, and (1.19) implies that u.
must converge to =1 almost everywhere in space with sharp interfaces dividing
regions of u = +1 from regions of u = —1. The uniform energy bound (1.23)
is critical for the analysis.

Related sharp-interface limits. The sharp-interface limit of the action
functional S, fits naturally into a “family” of sharp-interface problems that
are well-known in the calculus of variations and PDE communities. The con-
vergence of the energy functional (1.19) to the perimeter functional was ana-
lyzed in [21] (see also [20] and [25]). Subsequently, the sharp-interface limit of
the gradient flow dynamics was investigated; see [3, 14, 2] for the case d = 1
and [24, 6, 7, 16] for the case d > 1. Another related problem in d > 1 is a
conjecture of DeGiorgi on which there has been recent progress [23, 22| and
which says, roughly speaking,

g? /(5Au — e W' (u)*dr — ¢ / K% do,
0 r

where I' is the interface and k is the mean curvature. While closely related
to these sharp-interface problems, the action functional is unique as a time-
dependent variational problem.

1.2.1 Summary of previous results for the action functional

The numerical study of the sharp-interface limit of the Allen-Cahn action func-
tional for d = 1,2 in [8] suggested two competing action costs: A nucleation
cost to form interfaces, and a propagation cost to move them. (See also [11]
for d =1 and [17] for d > 1.) The numerically observed minimizers formed an
optimal number N of interfaces at ¢t = 0 and moved the interfaces across the
system with constant velocity. It was observed that the optimal number of
interfaces increases as the experiment time 7' decreases, which was understood
to reflect the fact that moving a single wall across the system in a short time
incurs a high propagation cost.

To what degree can these observations be made rigorous? This question
was raised in [18] (for d = 1). It was observed that insight into the action
functional could be gained by exploiting earlier results on the time-independent
problem

eAu—ce W' (u) = f,

where f. is a sequence of functions satisfying a given bound (cf. [15, 27, 26]).
For the convenience of the reader, we recall the main results from [18].

11



Consider the energy measures defined by

dp. = (g(ux)2 + @) dx dt, (1.24)
and the action measures v. defined by
1
dve = 7 (ew® + ' f2) du dt. (1.25)

The first result is a continuity theorem for the limiting energy measures:

Theorem 1.2 (Continuity, Theorem 1.1 in [18]). Consider any sequence
of smooth functions on [0,1] x [0,T] that have uniformly bounded action,
bounded initial and final energy, and Neumann boundary conditions. Choose
any subsequence such that the corresponding measures . and v-. converge as
measures to (i and v in the limit € — 0. Let E be the set of times at which

77::/ dv (1.26)
[0,1]

has a point mass. Then

(1) For allt in [0,T]\ E, ut converges as a measure to a limit, p'.

(2) For allt in [0,T]\ E, u' is continuous as a function of t with values in
(Wl,oo)*.

(3) (W) = [ (W) dt for all ¥ € C([0,T] x [0,1]).

The second result identifies the structure of the limit measures. It can be
expressed:

Theorem 1.3 (Structure, Theorem 1.2 in [18]). For any subsequence as
in Theorem 1.2, there exists a finite set of “singular times”

%ing = {Tk}{yzl = {0 <Ty < Ty,...< Ty < T}
such that for all t € [0,T]\ Zsing,

N(k)
e -0 o= COZ; Og;(1); (1.27)
=
where
0<g:1(t) € gt) <... < gyw(t) < 1. (1.28)

Here 6,4, is the delta-function at g; and N (k) < oo. Moreover,

Vji=1,...,N(k), g;(t) is a continuous function of time.

12



Time-integrated equipartition of energy follows as a corollary:

Corollary 1 (Equipartition, Corollary 1 in [18]). Consider any subse-
quence as in Theorem 1.3 and any interval [s,t] C [0, T that does not contain
any singular time of . Then

t t 1
i S u ) drdt — lim € 2 4 Ve /
}:13%/8/0 2(um) drdt’ = lliI(l) 2/8/0 (2(u5,x) +— dxdt’.

As far as the action functional S;, [18] identifies the limit of the minimum
value of the action, but stops short of a true I'-convergence argument for the
functional itself; see below.

1.2.2 Progress and method

In the case of higher multiplicity, the method of [18] produces too weak a lower
bound. For an interface g of multiplicity J one expects the propagation cost
to be J times that of a single-interface construction. Instead the lower bound
from [18] is of the form

Co N9

7/ (g)° dt.
While valid as a bound, it fails to capture the extra cost of moving a J-
multiplicity wall.

The difficulty is that in order to get a sharp lower bound for the action
functional one needs information about not just the limit function ug, but also
the limit measure p. (The single-multiplicity assumption hides this difficulty
since then wy uniquely identifies the measure p.) A loss of information in
the case of higher-multiplicity interfaces is familiar: In the case of the energy
functional (1.19), the limiting energy is proportional to the multiplicity, but
the perimeter functional (the I'-limit) throws away this extra cost. To get
a good bound for the action, however, we need to track the limiting energy
measures, not just the perimeter.

The main ingredient for Theorem 1.1 is:

Proposition 1.2. Let {u.} be any sequence of smooth functions with Neumann
boundary conditions and uniformly bounded action. Assume without loss that
e and v. converge. Suppose that [0,T) contains no singular time.

Then the interfaces {g;}}_, are such that g; € L*([0,T]) Vj =1...N and
moreover,

T N T rl
co/ Z(gj)Q dt < liH(l)/ / e(u.)? dz dt. (1.29)
- e=%Jo Jo

13



To illustrate the idea, we roughly sketch the argument for an isolated inter-
face g that has multiplicity J on [0, T, so that in particular for any subinterval
[t1, o] we have

,LLt = Cy Jég(t) vVt € [tl, tg] (130)

Notice also that by Corollary 1, we have

to 1
lim/ / 6(1/@96)2 drdt = ¢y JAt, where At :=ty — ;. (1.31)
t1 0

e—0

Suppose that g moves monotonically to the right and let Ag := g(t2)—g(t1).
Define the piecewise linear test function:

0 z < g(t)
P(z) =qr—g(t1) g(t) <z <g(ta)
Ag x> g(t2)
and observe that
|¢| <Tae and |¢e < Ag. (1.32)

We compute formally:

1 1
o JAg (120) / (bd,ut2 _ / ¢dut1
0 0

1 1
S (/ stz - [ ¢du?)
e—0 0 0

to d 1
= lim E/o o) (%(ua,zf%—s_lW(ua)) dx dt

e—0 i

to 1
— lim/ / o (Euwuw +€_1W/(u5)u5) dx dt
t1 0

e—0

to 1
— 1im/ / (—d'cuc 4. + f.te) da di
t1 0

e—0

to 1 to 1 1/2
lim ( / / (¢ 2e(u..0)? da dt / / 5(u5)2d:cdt)
e—0 t1 0 t1 0

<
1 to 1
+—|gz5|oolim/ / e(ue)? + et f2 dx dt
2 e—0 t 0
(1.32)
(1.31)

(1.26) t2 rl 1/2 t2
< <co J At lir%/ / e(i.)* dw dt) +2 Ag/ dn. (1.33)
e t1 0

t1

14



The idea is that if n([t1, tQ]) is small, then (1.33) gives

< hH(l) / / (1) da: dt

for some small § > 0. Taking a Riemann sum and letting 6 — 0 leads to

T
COJ/ dt < hné/ / (1) dmdt
0 e

In the actual proof, we will replace Ag by the oscillation of g on subintervals
and use the fact:

(C()J— 5)

Lemma 1.3. Let g be any continuous function on [0,T]. Let ¥ denote the
family of all finite partitions o of [0,T],

c={0=tr<ty <...<t,=T},
and

|O" = 0<I]£1<aX ’tk+1 — tk|

Suppose that

3
—

(OSC[tkﬂka] 9)2

lim | sup —— | = M < 0.
0-0 | oex, =5 ter1 — Tk
lo|<d

Then g € L*([0,T]) and
T
/ (9)%dt = M.
0

1.3 Remarks and notation

It is helpful to introduce some language.

Definition 3 (Multiplicity). Given an interface g : [0,T] — [0,1], the set
{Multg = J}

refers to the set of times t € [0,T)] for whz’ch J is the mazimal number such
that there exists a set of interfaces {gg}e i D g with

giri(t) = gjrat) = ... = gj1s(t).

We say that on this set g “has multiplicity J.” When we are referring to a
group of J interfaces, we will sometimes shorthand

(Mult = J} 2" {Mult g = J}.

15



Definition 4 (Isolated group of interfaces). Let 1 < j; < j, < N. We
will call {g;}j2;, an isolated group of interfaces on (t1,t2) if there does not
exist t € (t1,1t2) such that g;,—1(t) = g;,(t) or g,(t) = gj,+1(2).

Definition 5 (Consecutive group of interfaces). By a consecutive group
of J interfaces we will mean a set gj11, Gj+2, .-, Gj+J-

Remark 1 (Elementary bounds). We will often refer to the fact that if a
sequence u. has uniformly bounded action, i.e.,

limsup Se(u:) < C,

e—0 o

then it follows from (1.25) and (1.26) that:

T
/ dn < C (1.34)
0

and from (1.23) that

sup E.(u(-,t)) < 2C.
t€[0,T]

Remark 2 (Different initial and final conditions). The initial condition
u(+,0) = —1 in the definition of A is not necessary. It can be replaced by a
condition of uniformly bounded initial energy, or S.(u) can be replaced by

E.(u) + S:(u).

We work with u(-,0) = —1 for simplicity and because of the switching problem
that motivates our study of the action functional.

One can also remove the end condition u(-,T) = +1 and work instead with
the original functional

L R Y iy 2
Se(u) = Z/O /o (5 U+e (U — € V(u))) dx dt. (1.35)

This form is more natural from a probabilistic point of view, but since we are
working mainly with the variational problem we use (1.1) (which has an at-
tractive symmetry). So that we can apply our results to the stochastic problem,
let us consider how the sharp-interface limits of (1.35) and (1.1) are related.

In the sharp-interface limit of (1.35), the total variation in S™ is replaced

by

sup (5 () — i (8)) (1.36)

0<4<1

16



where (-)* denotes positive part. This relies mainly on the fact that for any
singular time T; we have

Tj+6
/ / ("0 — &2 f(u))? da dt

/ - / (V%0 — e V2 f.(u)2 () dur dt

>%f“/ﬂﬂ >M@*

(See [18], proof of Theorem 1.4.) Heuristically, (1.36) reflects that instead of
paying half the nucleation cost to form or annihilate delta masses, one pays
the full cost to form them and nothing to annihilate them.

The second term in the sharp-interface limit of (1.35) is the same as for
(1.1). To see that the propagation cost is unchanged, notice that on any interval
(t1,t2) containing no singular time, we have by Theorem 1.3 that p*([0,1]) is
constant for all t € (t1,t3). It follows in particular that

/:2/01(51/2u+5_1/2f5( 2dedt = / / (fo(w))? da dt.

One modification is that with the end condition removed, we need to add
(Ty, T) to the intervals over which we integrate in the second term on the
right-hand side of (1.4). When u(-,T) = 41 is enforced, either T is a singular
time or the interfaces have all annihilated at Tyy < T, so that there is no prop-
agation cost on (Ty, T). When u(-,T) = 41 is not enforced, T is by definition
never a singular time, however interfaces may propagate on (T, T).

Remark 3 (Different boundary conditions). Neumann boundary condi-
tions are simplest, but the I'-convergence of the action functional can also be
proved for the case of homogeneous Dirichlet boundary conditions. In this case
the limit of the initial energy is ¢y instead of zero, and p° consists of two delta
masses with weight ¢y/2 at x =0 and x = 1.

Remark 4 (Minimizers are what we expect). The I'-convergence of S.
implies in particular that minimizing configurations are what we expect. Con-
sider the limait problem

inf Sp(u).

u€Ag

The work in [18] identified the minimum value, but not the minimizer(s). What
one expects is that for a given value of T', a minimizer should have an optimal
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x=1 x=1

Figure 3: When T is sufficiently small, achieving the minimal action re-
quires three delta masses (cf. Remark 4). While [18] showed that the single-
multiplicity configuration depicted on the left attains the minimal action (in
this regime), it could not rule out the higher-multiplicity configuration de-
picted on the right. Theorem 1.1 resolves this issue. Minimizing configurations
must have single-multiplicity and constant velocities. The only minimizers are
the one shown on the left and its reflection.

number N of jump discontinuities, which form att = 0 and move with constant
velocity across the system (cf. Figure 8). Moreover, one expects the associated
optimal measure to have single-multiplicity. While [18] showed that such a
configuration achieved the minimal action, it did not show that this was the
ONLY way to achieve the minimal action. In particular, it could not rule out
higher-multiplicity configurations (cf. Figure 3, right-hand figure). The lower
bound in Theorem 1.1 and the structure of S™ reveal that indeed, optimal
measures are what we expect: There is an optimal number N of delta masses
(depending on T ), and to minimize the second term in S™ they must have
single-multiplicity and move with constant velocity across the system.

Remark 5 (Stochastic interpretation of our results). By considering the
limit of (1.35), the action minimization problem is reduced to the question of
how best to place and move points! In this remark we consider the implications
of the I'-convergence for the stochastic equations. Notice that the rescaled
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functional (1.35) is the action functional corresponding to
U = Uy — e 'W/(U) 4 /279en. (1.37)

We can also obtain (1.37) by rescaling space and time in the S-PDE (1.10).
In order to connect our results with the large deviation estimates of [9], con-

sider the S-PDE with homogeneous Dirichlet boundary conditions. Fiz T and

let sg denote the minimum of the limit action (modified according to Remarks 2

and 3 above). The large deviation estimate (1.15) and the I'-convergence of
(1.35) imply that for the solution of (1.37) we have

so—0(1)ep < — lin(l)’y log Prob(U € B) < s0+ 0(1).—p.
’y—)

As far as the most-likely switching pathways, Lemma 1.2 says that trajecto-
ries stay within a §—neighborhood of action minimizers (in the sup norm), but
it doesn’t tell us what the action minimizers are. The I'-convergence of (1.35)
gives us a way to approrimate switching trajectories. Consider a sequence of
action minimizers ul with u> — u* as € — 0. Consider the corresponding
functions u. — u* constructed as in Proposition 1.1 with modification for the
boundary conditions. Finally, consider the stochastic trajectories U that are
within a 0-neighborhood of u? in the sup norm on [0,T] x [0, 1]. Noting that

sup ||U — u:||L2([071D S (5,
t€[0,T)

we observe that U is well-approximated by the constructions u. in the sense
that

sup ||U — te||r2(p0,1))
t€[0,T]

< sup ||U = ull|2qoa)y + sup [|Jul —u*|[z2qo) + sup |Ju" — || 20,1
t€[0,T] t€[0,T] t€[0,T]

S d + 0(1)5—>0-

It is tempting to conjecture that the limiting functional is in fact the ac-
tion functional of a sharp-interface stochastic process, i.e., a stochastic process
taking values in {—1,+1}. To prove the conjecture requires taking the sharp-
interface limit of the stochastic equation (1.10). While there are some re-
sults concerning sharp-interface limits of stochastic equations (cf. [13, 10, 1]),
there are many open questions. In particular, rare events in stochastic, sharp-
interface models are not yet understood.
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1.4 Proof of Lemma 1.2

Proof. As in Subsection 1.1 above, let C|j denote the space of continuous
functions on [0, L] x [0, 7] that satisfy «(0,¢) = u(L,t) = 0 and u(-,0) = u_,
equipped with the sup norm. By [9, Proposition 6.3], we have for any C' < co
that

{u|S(u) <C} iscompact in Cy . (1.38)

Consider the set B C C defined in (1.13) and a minimizing sequence {u,,}
in B such that lim,, .., S(u,) = s, the minimal action, cf. (1.14). Since B is
a closed subset of a compact space, we can extract a convergent subsequence.
Let u* denote the limit. By [9, Proposition 6.2],

S(-)  is lower semi-continuous on Cj . (1.39)

Hence S(u*) = s and B, defined in (1.16) is not empty.

We now turn to the proof of (1.17). Since B is an open set in Cy, it follows
from [9, Theorem 6.1] that for every ¢ > 0 there exists 7y > 0 such that for
v < 7 we have

Prob(U € B) > Prob(U € B) > exp (—%(s —1—()) . (1.40)

Next, we claim that for any 6 > 0, we have

5 = inf  S(u) > s. (1.41)
dist(z'fl,,el?*)ZcS

Indeed, suppose to the contrary that there exists a sequence {u,} in B with

lim S(u,) = s

dist(u,, B.) > 4.

We may assume without loss that S(u,) < C and hence by (1.38), we can
extract a convergent subsequence. Let @ denote the limit. It follows that

dist(a, B,) > 6. (1.42)
On the other hand, by (1.39) we have in particular

s< S(u) < lim S(u,) = s,

n—oo

which implies that @ € B,, contradicting (1.42).
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Hence (1.41) is established. Moreover, since
{u | u e B,dist(u,B,) >4}

is a closed set in Cj, it follows from [9, Theorem 6.1] that for every ¢ > 0,
there exists a 79 > 0 such that for v <~y we have

— 1
Prob(U € B and dist(U, B,) > (5) < exp (—;(5 — C)) ) (1.43)
Let ¢ < (5—s)/2. Then the combination of (1.43) and (1.40) implies (1.17). O

1.5 Organization

We begin in Section 2 by proving the lower bound (Theorem 1.1) given Propo-
sition 1.2. Then in Subsection 2.2 we prove the upper bound (Proposition
1.1). The heart of the paper is Section 3, where we prove Proposition 1.2. The
proof is by induction. We prove the base case (Proposition 3.1) in Subsection
3.1. The induction step requires more work: We illustrate the main idea in
Subsection 3.2 by showing how to go from J = 1 to J = 2 (Lemma 3.3). Then
in Subsection 3.3 we prove the induction step (Proposition 3.2). Finally, the
proofs of the auxiliary lemmas appear in Subsection 3.4

2 The upper and lower bounds

2.1 Proof of Theorem 1.1

Given Proposition 1.2, the proof of Theorem 1.1 is straightforward and follows
the method from [18].

Proof. Choose a subsequence such that

lim iglf Se(ue)

E—

is attained. Choose a subsequence such that . and v. converge as measures.
We consider separately the intervals [T, — 6,7 + 6] N [0,7] “near singular
times” and the intervals [T}, + §, T41 — ] “away from singular times,” where
0 > 0 satisfies

L.
) < §mk1n|Tk+1—Tk|.
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Consider any interval [Ty — 6, Ty + d]. Choose any ¢ € C'([0,1]) with
0 < ¢(z) < 1. We estimate:

/ / (ie)? + e (f(02))? dr
>

Ty+0

e (EUe pe — €TV (1)) da dt‘

1 Tk+5

- 2

(EUe pUe  — el v (us))gbdmdt‘

Tk+5

Elee @' () dx dt‘ (2.1)

We observe that on the one hand,

lim /5umum etV (u.)) o dx dt

e—0
Tp+6 d .
= [ dt
el A

= lim (u9(0) — ul ()
_ () - iP5 (),

and on the other hand, letting C' denote the bound on the action, we have

Tx+0

el @' (x) dx dt‘

Ty +6 Tp+6  p1 1/2
< ||9||cr (/ / eu; dxdt) (/ / eugmdxdt>
To—s Jo ’

< |loller VACV2C26
= ||¢ller O(V0).

Together with (2.1), this yields

hm / (i) + e (folua)) da dt

> ;\u () — 0 (0)] — |6l O(VE). 22)
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Notice that the “boundary intervals” are special: For T} = 0, the interval is
[0, 6] and recalling 10 = 0 Ve, (2.2) becomes

> §!u <¢ [ = ll¢ller O(V5)

= SI@) — (@) ~ 19l O(VE).

Similarly, for Ty, = T we have

lim — / / e(te)® + e (fo(ue))? du dt
=04 Jrs

> S K6)] = 1oller O(V)
= SIHT6) — i (6)] ~ 1I6ller O(VB).

Away from singular times, we will use Proposition 1.2. Consider any in-
terval [T, + 6,Tj+1 — 6]. Then g; for j = 1,..., N(k) are well-defined and
moreover by (1.29),

N(k)
1 L Co

lim — / e(ue) dovdt > — > (@)%t (2.3)

=04 )1 4515,,-6) Jo 4 ’

(Te+6,Thy1-6) j—1

Combining (2.2) and (2.3) and summing over k, we deduce

hmlnf / / e(te)? + e M folue))* da dt
1 X N(k)

Z k+6 Z / (gj)2 dt
(Ty,+0, Tk+1—5

k=1

DO |

— M|[¢]lor O(V6).

Sending 0 — 0 on the right-hand side gives

hmlnf / / e(te)? +e M foue))  da dt
1 + Co W
T, T, 0 £ 2
> LS |n w<¢>\+zz/ > (6 it
k=1 k=1 Y T Tht1) j=1
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and taking the supremum over 0 < ¢ < 1 yields

hmlnf / / e(te)® + e M (fo(ue))? du dt

1 T+ T*

> — Z ‘M ko — k
k=1

N(k

Co
T Z (g;)? dt,

(T Tt1) j= 1

ie.,

lim iglf S.(us) > SM(u).
Since for all ¢ ¢ {T;}2L, the support of p includes the discontinuities of ug
and delta masses have odd multiplicity where uy has a jump discontinuity and
even multiplicity otherwise, it follows that p is an admissible measure and we
have in particular that

lim iglf Se(us) > So(up).

E—>

2.2 Proof of Proposition 1.1

Proof. We begin with two simplifying lemmas. First we argue that the minimal
action is attained:

Lemma 2.1. For every ug € Ay there exists a compatible measure i, such
that

SM(p) = it SM (py)-
Hug
The idea is to build a construction u, with u. — wg in L>(L?) such that the
associated energy measures . converge to the minimizing measure p,. The
basic building block is the construction from [17], however a new complication
is that p, may exhibit higher-multiplicity interfaces. We can reduce to the
simpler case using;:

Lemma 2.2. Any compatible measure u with higher-multiplicity interfaces
may be approximated by compatible measures p, with single-multiplicity inter-
faces in (0,1) in such a way that

lim 54 (11) = 5*(1).
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Hence given any uy € Ay we may assume that the compatible measure p,
minimizes S™ and that its interfaces have single-multiplicity and take values
in (0,1). Now we follow the construction from [17]. We briefly sketch the main
ideas.

First we build the construction locally around a pair of interfaces and then
show that the localized constructions can be merged. (The interfaces appear
and annihilate in pairs because of condition (iii) in Definition 1.) Suppose that
a pair of interfaces appear at location xg at time 7. Without loss, suppose
that u = —1 near z( just before 77 and u = +1 near x just after 77. Define
the “nucleated state”

r—x9+ Y
tanh ot ) r < xo

V2e

— 14
tanh T¥ Tot ) x > Xy,

V2e

where ( is a free parameter. We connect u = —1 to u,(z) at time t =T} + 7
in the following way. If £ is not too large, then there is an orbit connecting it
via the dynamics €'/24 = e7V2(cuy, — e 'V'(u)) to u = —1 in infinite time.
On [Ty, Ty 4 7] we first interpolate from u = —1 to a point arbitrarily nearby
(in L?) and on this orbit. Then we follow the time-reversed gradient flow to
uy,. (For annihilation of interfaces, we use instead the forward gradient flow.)
As in [17], one can check that the time required for such a pathway is of order
T ~ gexp(cl/e) and that for any tolerance 3 > 0 there exists such a path with
action bounded by

un(z) =

1 _
Co+/6=§’/LT1+—MT1 + 8.
TV

Hence by choosing ¢ < ¢, we can reach u,, in a time 7 < 1 with a good action
bound.
To move the interface, we use

< Iy

x—qi(t)+ ¢
o) tanh —\/§€ )

— t 14
tanh T+ 0(t) + > x > T,

V2e

where ¢ (171 + 7) = go(11 + 7) = x9. Then the second term in the integrand of
(1.1) vanishes identically and for the first we can show the bound

1
/ / en?dr dt < co/ (51)* + (g2)* dt.
(T1+T,T2) 0 (T1+7-7T2)
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Sending 7 — 0 as ¢ — 0, we find

c . .
+ = (1) + (g2)* dt.

1 B
limsup Se(u:) < = )/LT;—MTl
TV 4 (T1,T»)

e—0 2

Consecutive interfaces can be added. The construction u, is defined piecewise
from the midpoint between one pair of interfaces to the midpoint between the
next pair. It remains to show that the discontinuities in u., at every time
can be smoothed with only a small action cost. We refer the reader to [17] for
details. O]

2.2.1 Proofs of Lemmas

Proof of Lemma 2.1. Choose a minimizing sequence of compatible measures
b such that
SM( 1) | So(ug) asn — oo.

It follows from the definition of S™ that the p, are uniformly bounded, and
hence we may choose a subsequence that converges in the sense of measures
to some limit, u,. That p, is compatible with ug follows from the fact that ug
is admissible.

We will now argue that

S (1) = inf SM(p). (2.4)

Let T = {Ty,..., Ty} and 7" = {T7",...,T}; } denote the singular times of
15 and p,, respectively. By the convergence of p,, to u., we have that 7" — 7.
Hence for ¢ > 0 sufficiently small and any & € {1,..., M}, taking n sufficiently
large implies that there are no singular times of y,, on (T} + 0, Tp11 — 9). Let
{91, -, 98} and {97, ... ,gf{,n(k)} denote the locations of the delta masses of
iy and i, respectively. From the convergence of p, it follows that N™(k) =
N(k) and for each j € {1,..., N(k)}, g7 converges uniformly to g;. Moreover
by the uniform boundedness of each g7 in W12 we may conclude that g;i = 9j
weakly in W12, By the weak lower semicontinuity of the L? norm, it follows
that

N (k) N(k)
/ S (@)% dt < limint S@rd (25)
(Tk+(5,Tk+1 —(S)

= o0 J(Ty+6,T41—90) j=1

This is the first half of the proof of (2.4).
Now consider an interval (T}, — d, Ty + ) around one of the singular times
of p.. (As in the proof of Theorem 1.1, we use (T — 0,7} + 6) N [0, 7] for
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the “boundary intervals.”) On this interval the measure p,, has singular times

¢y, ..., T}y for some J > 1. By the convergence of p,, we have
oyt apy o1
Vn::Z,uTL »J _Mn »J _\,u*k _,u*k
j=1

Hence by the weak lower semicontinuity of the total variation with respect to
measure convergence, it follows that

J

j=1

J
< liminf
]:

T T, .
| — pa® |7y < liminf
n—oo

TV

MilTéfj)Jr _ M(Tﬁj)_

n

(2.6)

-

The combination of (2.6) and (2.5) (repeated for each T}, € 7) establishes

SM(p,) < liminf SM(u,,).

n—oo

Since p, is a minimizing sequence of S™ over the set of compatible measures,
this completes the proof of (2.4). O

Proof of Lemma 2.2. Consider (T}, + d, Ty+1 — 0) where Ty is an arbitrary sin-
gular time of u. We will separate the interfaces in the following way. Let
{gj}é-v:l denote the delta masses of p' on this interval. Add to the set gg = 0
and gyi1 = 1. To separate the interfaces, we introduce:

— min {Oﬁ? 9i — 9j—1 } & <9j+1 - gj) ’
4 o}

where ¢(z) is a smooth function that satisfies
p(0)=1, 0<¢<1, [¢|<2, and ¢(z)=0 for z>1.  (2.7)

It is not hard to check that if g;(t) # g;+1(t), then g;(t) # §;4+1(¢), while on the
other hand if there is a group of interfaces with multiplicity J, then in the new
variables this group is reduced to a group of multiplicity J — 2. (The “ends”
have been separated from the group.) Since N is finite, after repeating this
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procedure a finite number of times all of the interfaces have single multiplicity.
We denote the new interfaces by {g¢ é\le_

We repeat the procedure on each interval (Ty+0, Ty11—9). To complete the
construction, we linearly interpolate between the original and new positions
of the delta masses. More precisely, on [T}, T} + d], we linearly interpolate
between

fim g (t) and  g7(Tk +9),

and similarly, on [T}, — ¢, Ty], we linearly interpolate between

limg;(t)  and g (Tk — ).
This completes the construction of {gf} on [0,7] and hence of . It

remains to show that the associated action is close to that of p. It is easy to
see that

M +
T, T,
— E ,Uak o #ak
TV

k=1

M

+ p—
> ‘uTk — p :
1 TV

Hence, it suffices to show
Ty1—0 ) Tha1—6 )
/ (g7)"dt = / (97)* dt + 0(1)as. (2.8)
Ty+4 Ti+6

Moreover, since the iterative separation scheme is completed in a finite number
of steps, it is enough to show (2.8) for a single step in the scheme. We compute
the derivative explicitly:

d

afb’

= g5+ (g5 — §-1)9 Lia2<(g;11-95)/4)

+ G(gjﬂ —9j)0 + ﬁ(gjﬂ —9i)(g; — le)<b') Lio<(gj41-95)/4<0?}
= a(gj = 9i-1)¢ La2<(g,-9,-1)/1)

- <i(9j — gj-1)¢ + %(gj — gj-1)(Gj+1 — g'j)¢/) L{0<(g;—g;_1)/4<a?}>

where 1,4 denotes the characteristic function of the set A. Thus we have

Tk+175 d 9 Tk+175
/ (Egj) dt = / (g7)* dt + error
Tk+5 Tk+5
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where the error can be controlled by three different kinds of estimates. First,
we have terms of the following form, in which o multiplies a bounded integral:

Tiot1=9 . /
Q / 9e Gm @ 1{02§(gj+1—gj)/4} dt’
Ti+46

1/2
2.7) . o /
< 2o (ge)” dt (gm)“dt ) .
(Tk, Trey1) (Tk, T 1)

Second, we have terms for which we use the smallness of (g, — g,,) on the set
over which it is integrated:

Tk+1—(5 ,
/ _(gf — gm)gr ¢ 1{0<(ge—9m)/4<042} dt‘
Te+s &

(2.7) 1/2
< 2aTY? / (g)2dt ] .
(T, T+1)

Finally, we have terms in which it is the smallness of the set that gives us
control:

Tk+176 . .
/ ge gm¢1{o<(grfgr_1)/4<a2} dt’

Ty+6
1/2
(2.7) s .
< / (90)” L{0<(gr—gr_1)/4<a2} dt / (9m)” Lo<(gr—gr_1)/4<a2} dl
(T Tr41) (T Th41)
- 0(1)a—>07

since each g; is uniformly bounded in W'? and

ﬂ {0 < (gr - gr—l)/4 < a2} = 0.

3 Propagation estimate

Proof of Proposition 1.2. We prove a slightly stronger statement, namely, that
for any J < N, we have that ¢y,...,gy € L*({Mult < J}) and moreover that
for any isolated group of J consecutive interfaces and any open set

O € {Mult < J},
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we have:

o | i(gmdt <t [ [ ctirvoahara, @

where 1"([g1, g])(t) denotes the characteristic function of [g1(¢) — r, gs(t) +
r] N [0,1] for any r > 0 sufficiently small. Proposition 1.2 follows from (3.1)
with J = N by observing

N
co/ Z(gj)th < lir%// e(e)*1"([g1, gn]) dv dt
05 e

lim/ / e(i.)? dz dt,
e—0 0 0
and letting O 1 [0, 7.

The proof of (3.1) is by induction. The base case requires deriving an
estimate on sets of single multiplicity that is localized near the graph of the
interface. This localized result takes the form:

IN

Proposition 3.1. Consider any interface g and any open set O with
O, € {Mult g = 1}.

Fiz any r > 0 sufficiently small, and let 17(g)(t) denote the characteristic
function of [g(t) —r,g(t) +7]N[0,1]. Then

co/ dt < hr%/ / (1:)*1"(g) dz dt. (3.2)
01 e

We remark that it follows:
g€ L*({Mult g = 1}). (3.3)

Then for the induction step, we show:

Proposition 3.2. Suppose that
g; € *({Multg; < J—1}), j=1,...,N, (3.4)

and that for any isolated group of J—1 consecutive interfaces gi,...,g;-1 and
any open set O;_1 with

Oj_1 E {Mult <J- 1},
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we have:

J-1

CO/OJ PO g%/ / ()17 (g1, 9] drdt,  (35)

S
for any r > 0 sufficiently small. Then
gj € L2<{Multg] < J})7 ]: 17"'>N7 (36)

and for any isolated group of J consecutive interfaces and any open set O
with

Oy e {Mult < J},

we have:

/o Z 9;)° dt < ;E%/OJ /015(u6)21r([9179J])d37dt, (3.7)

for any r > 0 sufficiently small.
This completes the proof of Proposition 1.2. n

3.1 Proof of Proposition 3.1

Because of the single-multiplicity, (3.2) follows already from the proof of The-
orem 1.4 in [18]. For completeness and to illustrate the method of this paper,
however, we include a proof.

Proof of Proposition 3.1. Since Oy is open, it can be decomposed into the
countable union of nonintersecting open intervals, and it is enough to consider
the case 01 = (a,b). Since Oy is compactly contained within the set of single
multiplicity, there exists 6 > 0 such that the distance between g and the
neighboring interfaces is at least §. We consider r < § so that g(t) is the only
point in [g(t) —r, g(t)+7]N]0, 1] in the support of u* for t € [a,b]. In particular,

po= codym Vt € [a, b]. (3.8)
Let o be an arbitrary, finite partition of (a, b):
c={a=t) <ty <...<t,=0>b} with Aty :=1tr1 — .
Consider [tg, ;1] and define

t, ;= argming, t,, := argmaxg. (3.9)

[thstrt] [thstrt]
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Assume without loss that ¢, < t... We would like to build a test function
®(z,t) such that

D(g(tes)) — P(g(ts)) = osc g, (3.10)

[thstrt1]

while at the same time, the following properties hold:

Pl < o0sc g (3.11)
[thsthti]
lim / / (o) + W) ddt = 0, (3.12)
tkt+1
lin% / | D cue | do dt

tet1 1/2
< (co Aty, hm / e(u:)*1" (g )dxdt) . (3.13)

Given such a test function, we calculate (similarly to in (1.33)):

o OSC ¢
[thstrt]

(3.8),(3.10) /1 O dut — /1 O dyt

b
111% / usx +6_1W(u€)> dx dt

< lin%/ / usz +g*1W(u€)) dz dt

tet1
+ lim / | D cue .| do dt
" 0

e—0 ¢

1 (9] 1
+=|®| oo lim e(i)? +e ' f2dadt
2 e—0 tr 0

(3.11),(3.12),(3.13)
<

tetr 1 1/2
co Aty lim / e(@.)?1(g) dxdt)
0

e—0 ¢

1 trt1
+- osc g/ dn. (3.14)
tk

2 [tk thrl]

The idea for the construction is to define

(I)(l', t) = ¢<x)qj($a t)>
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where ¢ is the piecewise linear function

and V¥ is a cut-off function such that 0 < ¥ <1 and

U(x,t) = 1 gt)—r/2<x<g(t)+r/2
| 0 x<g(t)—rorxz>gt)+r.

Notice in particular that we have

/1 pUdu' = 0 (3.15)
/1(%)2@’* =0 (3.16)
|0’ (z)] < 1 ae.. (3.17)

It is straightforward to check that ® satisfies (3.10) and also (3.11):

[Ploe < | = 05 9

trotrs1]

and (3.12):

1 1
llH(l)/ / uax +5_1W(Ua)> de dt = / / Cb\I’d,utdt (325) 0.
e— ) 0

The problem with satisfying (3.13) is that @, is not defined at g(¢.) and g(t.)
because of the discontinuity in ¢’ there. However proceeding formally for the
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moment, we calculate:

tret1 1
lim / | D, eue L | do dt
tr 0

e—0

tht1 trt1
= lim / @'V eu, pu. dr dt + hm / OV e LU da dt
0

e—0 ¢

k41 1 tet1 1/2
lin% (/ / (¢')%e(uep)? d dt/ / )2 dx dt)
e— t
trt1 tet1 1/2
—|—1ir%(/ / (Ue ) dxdt/ / gbeue dmdt)
tr41 trt+1 1/2
(3.16) liH(l] (/ / (¢/)e(u. ) do dt/ / ) dx dt)
e— te

(3.17) th1 1/2
< (coAtk hm / e(t:)*1"(g) dz dt>

IN

E—)

To deal honestly with the discontinuity of ¢" at ¢(t.) and g(t..), we intro-
duce a regularized function ¢, (cf. Figure 4) such that

Pa(r) = z—g(t)  g(ts) <z < g(t), (3.18)

while at the same time

[Galoc < osc gta,do] <1

Ukstk+1

Letting ®,, := ¢V, (3.12) and (3.13) are satisfied, while (3.11) is replaced
by
|Puloo < 0sC g+ a.

[thstrt]

Repeating the calculation in (3.14) gives:

trt1 1/2
co osc g < <00Atk lim / e(u:)*1"(g) dxdt)
" 0

[t thy1] e=0 J,
1 tht1
—|——( 0sC g—i—a)/ dn.
2 [tk tk+1] th
Sending « to zero recovers (3.14).

We next introduce a lemma that says (3.14) implies (3.2). (In fact, we
allow for a slightly more general estimate than (3.14) that will be useful later
in the proof of Proposition 3.2.)
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Ag

o (1) g(t..)

Figure 4: The regularized test function ¢,.

Lemma 3.1. Let g be in C([a,b]), h > 0 be in L*([a,b]), n be a finite measure
on [a,b], and m. > 0 be a sequence of functions in L*([a,b] x [0, 1]) with

tey1 1
lim / medzdt < oo. (3.19)
0

e—0 t
Suppose that for any finite partition o of (a,b):
o={a=ty <ty <...<t,=0b} with Aty :=tx, 1 — tg,

we have

lk41
¢ osc g < <c Aty hm /medxdt)

[th thy1]
tet1 1/2 1 te+1
+ <Atk/ hdt) + — osc g/ dn. (3.20)
th 2 [tk7tk+1] th

g € L*([a,b]) (3.21)

Then

and we have that for any d > 0,
b
5/ (§)*dt < (1+6) hII(l)/ / msdxdt—i-
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Equation (3.14) is of the form (3.20) with
m. = e(u.)*1"(g), ¢ = ¢, h = 0.

Thus, by Lemma 3.1 we deduce:

b
CO/ ()*dt < (1+6) hm/ / (1:)*1" (g) dz dt,

and letting 6 — 0 concludes the proof of (3.2). To see (3.3), we coarsely
estimate:
1
co/ (9)*dt < liII[l)/ / e(u.)*1"(g) dz dt
01 e~

(1.34) _
§lirr(1]// e(i ) dodt < C.

Letting O; T {Mult g = 1} implies (3.3).

3.2 From single multiplicity to higher multiplicity

The main idea is that on sets of single multiplicity, we use Proposition 3.1,
while on sets of higher multiplicity (plus a small neighborhood), we prove
estimates for the Dirichlet integral of the mean:

1
Jm = j(g1+...+gj>.

On the set of multiplicity J, estimates for g,, give exactly the right control
since then

Gm = g1 = g2 = ... = gu. (3.23)

To convert estimates for the mean into estimates for the interfaces, we will
need the lemma:

Lemma 3.2. Suppose that g1 < go < ... < gy are continuous functions on
[0,7]. If
g; € P({Mult < J}) for j=1,...,J (3.24)
and
q [
- (Z gj> e L2({Mult < J}), (3.25)
j=1
then
g; € L*({Mult < J}) for j=1,...,J. (3.26)
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In Subsection 3.3 we will show how these ingredients can be used to prove
Proposition 3.2. Because the proof is somewhat technical, we first introduce
the following simpler lemma. It illustrates the main idea for the case J = 2.

Lemma 3.3. Given Proposition 3.1, consider any open set Oy with

Oy € {g2(t) < gs(t)}. (3.27)
We have that
g; € L*(Oy)  for j=1,2 (3.28)

and moreover,

60/02(91)2—1—( dt < hm/ / e()*1"([g1, go]) d dt. (3.29)

e—0

3.2.1 Proof of Lemma 3.3

Proof. As in the proof of Proposition 3.1, it is enough to consider the case in
which O, is a single interval (a, b). By (3.27), we may choose r > 0 sufficiently
small so that

1
r < B tel{lf lg3(t) — ga(t)].

From now on, we work entirely on [a,b] and ignore g; for j =3... N.
We remark that

Gy = {g1 = 92}
is closed and [a, b] \ G2 is (relatively) open with single multiplicity. Define

Vi = {t;d(t,Gs) < 1/}, (3.30)
so that
ﬂ?il‘/g - Gg.

Let us denote the complement of a set A by A°. Choose open sets U1, Upo
such that

1
Ug71 D) ‘/;, Ug,g D) GQ, d(UgJ, U&Q) > 2_6 (331)
Notice in particular that
(U&l U GQ)C cV \ GQ, (332)
Uz \ G2 C Vi \ Gy (3.33)
Ui € G5. (3.34)
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First, by Proposition 3.1 we have that
g1, G2 € L*({Mult g; = Mult g = 1}). (3.35)

Moreover, by (3.34), we may choose r > 0 sufficiently small so that

1
r<g mf |g:(t) - g:(t)l.

teUp 1

With this choice, the supports of 1"(g;) and 17(g2) are disjoint on Uy, and
(3.2) implies the estimate

o [ @)+
Ug1

< lim / / () (17 (g1) + 17(go)) da dt. (3.36)
=V Jug,

Also, we will show that g, 1= (g1 + g2)/2 satisfies
gm € L*(Uy2) (3.37)

with the bound

200 / (gm)2 dt
Up,2

< (1+6) hm/ / (0217 ([0, go]) dw dt + Cs x 0o(1)p . (3.38)
Up,2

Notice that (3.37) together with (3.35) implies in particular that
gm € L*([a,b]). (3.39)
This will complete the proof, as we now explain: First, (3.35) and (3.39) imply

by Lemma 3.2 that ¢; and ¢, are in L?([a, b]) which establishes (3.28). Notice
that together with (3.32) and (3.30), (3.28) implies that

/ (61)* + (92)*dt < 0(1)rc0- (3.40)
(Ue,1UG2)
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Second, we observe:

b 2
Co/ Z(gj)zdt

a =1

(340) 2 . N2

< 00/ > (@) dt+00/ Zgﬂ ) dt+ o)
UZl ] 1 G2 ‘7

(3.23) / Zgj)zdt+200/ (gm)* dt + 0(1) s
Uei j=1 Gz

(339) (3.31)
s / E:gj)zdt—i—Zco/ ()2t + 0(1)smo
Uei j=1 U2

(3.36) (338
0/ / e(i.)? )+ 1"(g2)) dxdt

(1 +6) hm/ / £(.)217([gr, ga]) d dt + Ci x 0(1)sme
Ug2

e—0

< (1+94) hm/ / (1)1 (g1, go]) dx dt + Cs x 0(1)r. (3.41)

e—0

Sending first £ — oo and then § — 0 completes the proof of (3.29). Thus, we
need only show (3.37) and (3.38).

As usual, it suffices to consider the case that U, is a single interval (c, d).
Let o be an arbitrary, finite partition of (c, d):

U:{C:t0<t1<...<tn:d} with Atklztk+1—tk.

Case 1: [tg,trs1] NGy = 0. Then by Proposition 3.1, ¢; and g, are
L2([tk,tk+1]) and

2cg osc gm < ¢ < 0osC g1+ osc g2>

(trotey1) (trotey1) (trotey1)

tk+1
<o ( ] + |gg|dt)

< Vi (Atk / t'““<91>2+<gg>2dt) " (3.42)

the last line following from Holder’s inequality and the inequality

Va+vb < \/2(a+b).
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Case 2: [tg,txs1] N Go # 0. All operations below (argmin, infimum, etc...)
are over the interval [tg,?; 1], and for ease of notation, we omit writing the
interval. In analogy with the proof of Proposition 3.1, we define

t, i= argmin g,,, . = argmax gy, (3.43)

and assume without loss that ¢, < ... We would like to build a test function
®(z,t) such that

/0 Oz, 1) dut = c()((I)(gl(t),t)—|—<I>(gg(t),t)> Vte (a,b),  (3.44)

(ga(t.)) + P91 (t) = (Pg2(t) + P(g1(1))) = 20509, (3.45)

while at the same time, the following properties hold:

1P| < supgz—infgl

hII(l)/ / u” —I—E_IW(uE)) drdt = 0,

trt1
lim / | D, cue .| do di
" 0

e—0 t

(3.46)

1/2

tr4+1
< (200 Aty, hm / (11)*17 ([g1, g2]) dx dt)

Given such a test function, we Calculate (similarly to in (1.33) or (3.14)):

1 1
2C0 0SC G (3:44)5.45) / O dpt — / ® du'

_ 1
= }fli%/ dt/ u” 24¢ W(u5)> dx dt

(3.46) tet1 1/2
< <200 Aty lin% / e(:)*1"([g1, g2)) d dt)
e tr 0

1 lkt+1
—|—§(sup g2 —inf gq) / dn. (3.47)
ti
The idea for the test function is
Dz, t) = P(x)W(x, 1),

where now ¢ is the function

infg; —infg,, = <infg

o(z) = x —inf g, inf gy <z <supgo
sup g2 —inf g,, x > sup go,
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and W is an approximate identity such that 0 < ¥ <1 and

{1 () — /2 < x < go(t) +7/2

U(x, t) =
(#:1) 0 < g(t)—rorx > goft) +r.

As in the proof of Proposition 3.1 (cf. (3.18) and the lines below it), introducing
a regularization ¢, of ¢ and considering the test function ®, = ¢, ¥ produces
a controlled estimate that in the limit @ — 0 leads to precisely (3.47).

The estimate (3.47) is of the form (3.14) except that sup go —inf g; appears
on the right-hand side instead of osc g,,. To control this term, we introduce:

Lemma 3.4. Let g1, g2 be continuous on [ty, tgi1] with Aty ==ty — ty and
0<g1 <g2 <1,
and suppose

{t € [ty tera]; 0 = g2} # 0. (3.48)

Suppose moreover that

91,92 € L*([trs tiga] \ {g1 = g2}).
Then

sup g2 — inf g1
[thstrt] [tk ter1]

1/2
< 0SC Gm + Atk/ (g1)* dt
[trstrt1] [trster1]\{g1=g2}

1/2
+ [ Aty / (g)%dt ] . (3.49)
[tr tk1]\{g1=02}

Applying Lemma 3.4 to the last term in (3.47) yields:

te+1 1 1/2
200 0SC Gy < (200 At lim / e(u:)*1"([g1, go]) d dt)
" 0

e—0 t

1 tet1
+ 5 (08¢ gm +€r) / dn, (3.50)
ty

with an error term e, given by:

1/2 1/2
o= [ @)+ (an (32)? dt
[t tk+1]\{g1=02} [trste+1]\{g1=92}

1/2
< 2Atk/ (91) + (go)? dt .
[tester1]\{g1=g2}
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Recalling (1.34), we rewrite (3.50) as
2¢o 0SC g,

tr41
< (200 Aty, llm / e(1)*17([g1, g2]) dx dt)

1/2

_ 1/2
+ ¢ At/ (91)% + (g2)* dt +1 /mld (3.51)
7= k 9 g2 — 0SC g, 7. .

V2 [tk ter1]\{g1=92} 2 tr

Combining Case 1 equation (3.42) and Case 2 equation (3.51), we have

2¢p 08C Gm

tkt1
< (200 Aty hm / (11)*1" ([g1, g2]) dx dt)

1/2

tr41 1/2 1 trt1
w (a0 [ @ @ e dt) o gosean [
ti tg

where C' = max{2c2, C?/2} and Idy,,\q, denotes the characteristic function of
U, \ G2. We now apply Lemma 3.1 with:

me = e(i)’1([g1,92), b = C((§1)° + (62)*) o, \cs
g = gma E — 200’

concluding

d
200/ (gm)?dt < (1+6) hm/ / (1)*1"([g1, g2]) da dt

/ C((31)? + (2)?) My 165 d,

200 c

which establishes (3.37) and (3.38). O

3.3 Proof of Proposition 3.2

We turn now to the proof of the general case, i.e. Proposition 3.2.

Proof of Proposition 3.2. The proof proceeds along the same lines as the proof
of Lemma 3.3. (Because the main ideas have already appeared in that proof,
we sometimes abbreviate our derivations.)
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Note that to show (3.6), it is enough to show that for any isolated group
of J interfaces and any j € {1,...,J}, we have that ¢; € L*({Mult g; < J}).
Thus consider an isolated group of J interfaces and let

0, e {Mult < J}

As usual, it suffices to consider the case that Oy is the interval (a,b). We
define the closed set

Gy={g1=...=9s},
and the open set
Ve = A{t;d(t,G,) < 1/}, (3.52)

and we choose open sets Uy 1, Uy such that

1
Ug,l D) Vgc, Ug,g D) GJ, d(Ug,l,Ugyg) > 2—€ (353)

We remark first that on each connected component of Uy 1,

d({gl = ... :gj_l},{gg = ... :gj}> > 0.
Thus for any connected component of Uy, there is a partition
{so < 81 <...< s,}

such that for each (s, sx11), either (s, sky1) is compactly contained within the
set where g1, ..., g;_1 form an isolated group of J — 1 interfaces or (s, Ski1)
is compactly contained within the set where go, ..., ¢g; form an isolated group
of J — 1. Consider without loss a subinterval (¢, d) on which gy, ..., g;_1 form
an isolated group and let

< .]lf |(] gj— |
r — 1 — .
2 (c, ) J J—1

By the inductive assumption (3.5),

a4 J-1 d pl
w [ Sl <t [ [ v (g o
¢ =1 c 0

and by Proposition 3.1,

d d gl
co/ gy dt < lim/ / e(u:)*1"(gy) d dt.
c c 0

e—0
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The combination of these two inequalities yields

d J
o [ S < iy / / (01 (g0, g]) de .

Since the same holds for each of the subintervals into which U,; was parti-
tioned, we conclude

1
/ Z g;)?dt < lim / / e(1e)*1" ([g1, g5)) da: dt, (3.54)
Uy, e—0 Ug1 J0

where r can be chosen as the largest of the radii over all the subintervals.
Next, we will show that g, := (g1 + ...+ gs)/J satisfies

gm € L*(Uyg2) (3.55)

with the bound

JC[)/ ggldt
U2

< (1+49) hm/ / ()17 ([g1, 95]) dx dt + Cs x 0(1) 1 00. (3.56)
Ug,2

Notice that (3.56) together with (3.4) implies in particular that
gm € L*({Mult < J}). (3.57)

This will complete the proof: First, by Lemma 3.2, (3.5) and (3.57) imply that
g1, .- g7 € L*({Mult < J}). This proves (3.6) and has the consequence that

J

/(U[,lch) > (@)% dt < o(1)i—. (3.58)

c j:l

Second, exactly as in (3.41) in the proof of Lemma 3.3, we combine (3.23),
(3.58), (3.57), (3.53), (3.54), and (3.56) to observe:

< (1+0) hm/ / e(ite)*1"([g1, 95)) dw dt + Cs x 0(1)—00-
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Letting ¢ — oo and then § — 0 leads to (3.7) and completes the proof of
Proposition 3.2. Thus, we need only show (3.55) and (3.56).
It suffices to consider the case that Uys is an open interval, (c¢,d). Let o
be an arbitrary, finite partition of (¢, d). Consider the subinterval [ty tgi1].
Case 1: [ty,t1+1] NGy = 0. Then by (3.4), g1,...,9s € L*([tg, tx+1]) and

Jcyg osc g, < COZ 0sc g

(trotes1) (thrtres1)

tet1

COZ/ |g;] dt
bopr 1/2

< Ve (Atk/ Z(gﬂ%) : (3.59)
t j=1

the last line following from Holder’s inequality and the inequality

IN

(3.60)

Case 2: [tg, txr1]) NGy # 0. All operations below (argmin, infimum, etc...)
are over the interval [tg,?x 1], and for ease of notation, we omit writing the
interval. We define

t, ;= argmin g,,, t. = argmax g,

and assume without loss that ¢, < t,,. We construct ® — as in the proof of
Lemma 3.3 — as the limit of regularized functions such that

J

> (@(gi(t)) — @(g5(L))) = Jose g, (3.61)

j=1
while at the same time, the following properties hold:

Pl < sung—inf91

lir%/ / st +€*1W(u€)> drdt = 0,

Tkt1
lim / | D cue | do dt
e—0 t 0
tht1 1/2
< (Jco Aty hm/ / e(u:)*1"([g1, 9]) dx dt) :
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Then, as in the proof of Lemma 3.3, we calculate

trt1 1/2
Jcgoscg, < Jco Aty hm/ / e(t)*1"([g1, 95]) dx dt)

tr41
+2 (sup gy — inf g1) / dn. (3.63)
tr
To control the term sup g; — inf ¢g;, we introduce:
Lemma 3.5. Let gq,...,95 be continuous on [ty,tgr1] with Aty = tpi1 — tx
and
0<g1 < <g; <1,
and suppose
{t € [tk,tk+1];gl =...= gJ} 7é 0. (364)
Suppose moreover that
91595 € LP([te i) \ {1 = ... = gs}).
Then
sup gy — inf ¢
[tortit1] [tk ot
1/2
< 08¢ gy + Atk/ (01) + (gs)* dt : (3.65)
[t stier1] [tk te+1]\{g1=...=g,}

Applying Lemma 3.5 to the last term in (3.63) implies:

(1.34),(3.60) tet1 1/2
Jcgosc g, < (Jco Aty hm/ / e(te)*1"([g1, 7)) dx dt)

1/2
C\/— . .
5 (Atk/ (91)% + (9s)° dt)
[thstir1\{g1=-..=g7}

1 tr4+1
+ 5 05€ gm / dn. (3.66)
ti

Combining Case 1 equation (3.59) and Case 2 equation (3.66), we have

Jcg osc g

tet1
< <Jco Aty hm / e(ie)*1" ([gl,gj])dxdt>
1/2
tet1 o 1 [
+ (Atk / CZ(gj) Idu,,\é, dt) +505Cgm / dn,
tg j=1 t
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where C' = max{Jc2, C%J/4}. We now apply Lemma 3.1 with:

ma = 6<u5)2lr([91’g¢]]>7 g])2 IdUg2\GJ

Q
M-

g = 9m, c = JCO;

to conclude

d
JCO/ (gm)th < 1+5 hm/ / Ua 2]_ gl,g]])dxdt

1+4671
+ Ten / C ]Zl gj IdUe2\GJ dt,

C

which establishes (3.55) and (3.56). O

3.4 Proof of Auxiliary Lemmas

3.4.1 Proof of Lemma 3.1

Roughly speaking, the main idea is that if we have the implication:

tet1
At, < 1 = / dn < 1,

ty

then for any partition o with |o| sufficiently small, we have by a rearrangement
of (3.20) that for any subinterval of the partition,

~ (Osc[tk,tk+1] 9)2

Aty

trt1 1 1/2 1 tet1 1/2 2
(lim/ / me dx dt) +— </ h dt)
e—0 \/E tr

tet+1 1 51 tht1
< (1+9) hm / me dz dt + i / hdt.
tg

AN

c

Considering the sum over k and invoking Lemma 1.3 leads to the result. We
need to be a little careful in case 1 has point masses, but we will see that
because of the continuity of g, this does not present a real problem.

Proof of Lemma 3.1. Fix any tolerance v > 0. Since 7 is a bounded measure,
we can express its point masses as a countable sum:

o0

Z Gy 5mp

(=1
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and there exists R < oo such that

o0

ZC@S%.

(=R+1
Then for s > 0 sufficiently small,

At < = / dn < 7. (3.67)
(troti+1)\{metly

Consider any subinterval [ty, tx41], and let

t, ;= argming, t,, := argmaxg.
[thotrr1] [thotrr1]

Suppose that my,...,mp all lie within (¢x,%x41) (worst case scenario). We
begin with a rough estimate to prove (3.21). The starting point is:

clg(te.) — g(t.)]
< &(lg(te) = g(mp)[ + lg(my) — g(mi)] +g(my) — g(my))|
+ .4 g(my) — g(m2)| +lg(mp) — g(ta)))
= &(lg(t.) = g(m)| + lg(mi) — g(ma)[ + ... +g(my) — g(tu.)]), (3.68)

where g(m; ) (resp. g(m;)) denotes the limit of g as ¢ T my (resp. ¢ | my).
The first line is the triangle inequality and the second follows from continuity.

We may assume without loss that
te <mi <...<mp <ty

According to (3.20), we can bound the first term on the right-hand side
of (3.68) by:

¢lg(t.) — g(my)]

m1
(5 (my —t,) hII(l) / me dx dt)
1/2 1 mi
—|—((m1—t)/ hdt) + — osc g/ dn
‘. 2 [tema] ™ Jy,
tea1 1 1/2
< (éAtk lim / me dx dt)
e—0 th 0
tht1 1/2 1 my
—l—(Atk/ hdt) + = osc g/ dn
t 2 tk tk+1]
trt1 trt1 1/2
< (CAt)Y? (hm / / me dz dt + / hdt)

1
+— osc dn,
2 [trotrsa] g/ 7
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for C = 2max{¢, 1}. Estimating the other terms similarly, we deduce from (3.68)
that

¢ osc g
[thstrt]

tk+1 tkt+1 1/2
< (R+1) (CAt,)Y? (hr%/ / me dx dt + / hdt>
E—> t
mi ’
— 0sCc g (/ / / ) dn
tk tit1]

(3.67) eyt thi1 1/2
< (R+1)(CAt)Y? (hm / / me dx dt + / hdt)
7%

+7v o0sc g.

[thstrt1]

Consequently for any v < ¢,

(Osc[tk,tkﬂ] g) ]
Aty

tei1 tkt1
< O, (R+1)? (hm/ / me dz dt + / hdt) (3.69)
e—0 £

with C, = C/(¢ — v)?. Taking the sum over k and recalling h € L'([a,b])
and (3.19) leads by Lemma 1.3 to (3.21), i.e

g € L*([a,b]).

We now refine our estimates in order to prove (3.22). By (3.21),

/ab(9)2dt _ /aml_(g)2dt+/m?5(g.)2dt+...+/mb+(g)2dt. (3.70)

Consider any of the subintervals (a,my ), (m{,my),...,(m#,b), and let o be
an arbitrary partition of the subinterval with |o| sufﬁmently small. On any
(g, txs1) of the partition, we have

(3.20),(3.67) thi1
¢ osc g < ( Aty hm / Me dxdt)

(tstir1)
tha1 1/2
+(Atk/ hdt) +7v osc g,
th (trstrt1)
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so that

(é - 7)2 (OSC(tk,,tk-+1) g)z
¢ Aty

ther 1 1/2 that 1/2\ 2
< (lin% / / me. dmdt) + ((5)—1 / hdt)
e— th

tet1 1 1 tkt1
< (1+5)11m / me dz dt + o / hdt,
tg

c

the last line following from Young’s inequality. Taking the sum and applying
Lemma 1.3 on each of (a,my), (m{,m3),...,(m%,b), we conclude by (3.70)

that
€ [ gra
< 1—|—5hm//m€dmdt+ /hdt.
Letting v — 0 gives precisely (3.22). O]

3.4.2 Proof of Lemma 3.2

Proof. By symmetry, it suffices to prove (3.26) for j =1, i.e., to show
g1 € L*({Mult < J}). (3.71)
By definition, (3.71) holds if for every ¢ € Cj({Mult < J}),

—/ godt < C $% dt.
{Mult<J} {Mult<J}

We have:
—/ g dt
{Mult<.J}

= - glédt_/ Qo dt

{Mult=J} {Mult<J}
J

_ 9i ’

D X gt
{Mult=J} j=1 J {Mult<J}

gj 9; ]
- 2 ddt + / 2 pdt — / grpdt
/{Mult<J Zl J {Mult<J} Zl J {Mult<J} !
9
Ly Z ) b dt.

J:
J .
= - / Yy ¢dt+ g Z
ue<sy S J (Mult<J}




Notice that ¢ does not necessarily vanish on the boundary of {Mult < J}
(we only know that it is compactly supported on {Mult < J}), but we can
nonetheless integrate by parts in the second term since

J
J—1 9i
(‘91 ¥ + ]222 7) =0 on {Mult=J}.

Thus, we obtain:

— / Qo dt
{Mult<J}

J o
S D SL X (R e
Py = 7 (Mult<J}

(3.24),(3.25)

< 01/ ¢2dt+02/ O dt
{Mult<J} {Mult<J}

< (Cy + Cy) / P* dt.

{Mult<J}

J .
J—1 9i
E = | odt
/ %_j2‘]> ’

3.4.3 Proof of Lemma 3.4

Proof. Without loss, we may assume

sup SUP Grns inf inf g,,.
Bup g2 # (mb)g Inf g1 #* Inf g

Let

L4s 1= argmax go.
[a,b]

By (3.48), there exists a point ¢, € (a,b) such that
91(tm) = g2(tm) = gm(tm) and g1 # g2 in between t,, and t,,.
We have:

sup g2 — SUp gm < |g2(tan) — Gim(tm)|
(a,b) (a,b)

= |g2(tex) — g2(tm)]

/t:*(gz)dt‘
< ((b-a) (g2)? dt 1/2. (3.72)
(a;b)\{g1=g2}

o1




Similarly,

1/2
inf g,, — inf g1 < ((b — a)/ (91)? dt> . (3.73)
(a.b) (a,b) (@b)\{g1=g2}
Thus,
su — inf
(a,lg 92 (o) g1
= sup gs — sup ¢,, + sup g,, — inf g,, + inf g,, — inf
(a,b) 9 (a,b)g (a,b) g (avb)g (a7b)g (a,b) 5

(3.72),(3.73) . 1/2
<7 (o @) i)
(avb)\{91:g2}

1/2
+ ((b —a) / (01)? dt) + 0SC G-
(a,b)\{g1=g2} (a.b)

3.4.4 Proof of Lemma 3.5

Proof. The proof is nearly the same as for Lemma 3.4. Without loss, we
assume

Sup g; # Sup gm, inf g; # inf g,,.
(a,b) (a,b) (a,b) (a,b)

Let

tes 1= argmaxgy.
[a,b]

By (3.64), there exists a point ¢, € (a,b) such that

g1(tm) = ... = gs(tm) = gm(tm) and
At in between t,, and t,, such that g,(t) = ... = g(t).
We have:

sup g — sup gm < |97 (ts) — g (tm)|
(a,b) (a,b)

= |gs(tes) = gs(tm)|

t**
/ (4,) dt
tm

< ((b—a) (g.0)* dt " (3.74)
(a0\{91=0.}

As in the proof of Lemma 3.4, combining (3.74) with the similar argument for
g1 leads to (3.65). O

o2
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