INTRODUCTION TO THE TOPOLOGICAL VERTEX
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1. 3ZC®IC

D/ — M, 511 BEMUEBEEE FMES TOMEICEEL T, RSO —LX=2ICE VT
L5 TV RLDICHETOEIE - MEZT-o72bDTY, MASTOFETIE, FITRBRHA
HbEimD AmFIZ, Topological Vertex DflAafb i 2l ZFAM L £ L7z, ZONFEIF
Okounkov-Reshetikhin—Vafa D3 [ORV] ®—#fT, X (@) TH5Z 5415 topological vertex &
VI DD, BRSNS Z D plane partition DEZ LT ORI E 2 L W) bDTT, T
DWTIRFIT/ — MTEEMAE L (H). £, dEETIIRMENDIEHICOWTEHE D
filiiz & EDBHRECATLAD, ZHUTODVTEIA — MCFEELSHOTHD £ 7

2. TOPOLOGICAL VERTEX D HH

2003 FICYBEE Aganagic-Klemm—Marifio-Vafa [AKMV] &, toric Calabi—Yau threefold
(TCY3) DB HARIICR T AR 2 RE L 72, T 2 THRCBIE L 1%, s L 1ZR S R wiESR
WA FFOLEGHRICT K > TEEI NS Gromov-—Witten (GW) AEBDAEKABEIHD Z L TH 5.
CHURERS R EBBOREGREEZ D LI > TERI N LR D GW AL DA RAEBIH
? exponential Z & 57 b DI & 7y, AKMV DR L 7 BB D A3 3 E# 2B § % 1
&> TED, Zd summand 13 skew Schur function DFFRETE I 115 3 riBIEL (topological
vertex EMEIN D) DflABHOETEZONS, 2D 3 KEHOMATTIZ, TCY3 DRI X > Tk
%%, AKMV D3 dH 2D string duality 1235 D TH o 7h3, ZDHEEFEH Li Lin-
Liu-Zhou [LLLZ] 2% AKMV DB DA S 2 €] %2 5 272 (TCY3 D GW ALRD
EFEEY). LLLZ & GW AEEDORILAXZ VT OB L, AKMV Of5H% 8
T35 RN L %, 7272 LIS 1F skew Schur function (B89 % & 2 [HELAZKELTED, %
DIEERIZARZIEHI S LTV 78 (Remark ZI). DR ZFRITIE topological vertex DAL
FHHERIZSTER L TWwB EWwZ 5, 2D/ — Tl topological vertex & Z DI 2l HIZFENT
%. Z 2Tl topological vertex OYBEN 2 RIS DO WTIEFE L < 13X, YIS = O
Zbat, HARETH I NAHMKIC X 2B AMES L LT [Kall, Ka2] 236 5.
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3. TOPOLOGICAL VERTEX DIEZE

PaOMNOEALTE. HHl = (> >--) e PICHL, 2008H |u], k() ZRD
VICEET 5

L(p)

U(p)
|l = Zug, k() = [pl + > pin
j=1

ZZT l( ) = @Eé‘“(%% ;.0)?:? r(p) =23, c(x) (c(x) 13 content) TH 5. fE->T
k(p) FFEIEBBETH D, ROWHE %nﬁ*ﬁf Cr(pt) = —k(p) (7220, pt 1 g DIEE). 20 K
Tl t opolog1cal vertex DML CTIEAE E%VC})%.
IZ topological vertex DEFHE % 5 Z E).

Definition 3.1.
(1) O (@) a7 )53, (7)) 3 50,705 P) 53, (07277) € QUg7)
=
22T, su(q"tP) (resp. su(gP)) 1& skew Schur function DZEHZ KD & 9 ITKIRLL 72 & D
Th5:
ST = q’”_H%) (resp. su(x; = q‘“‘é)) .

Remark 3.2. Cx, x5 (q) DHERIZOWTALZ TR S, £9, PHAYICIE geometric transition
EMH TN D, ARG & 3 KOG U(oo) Chern—Simons B & OB (Gopakumar—Vafa
duality) ZFIH L CEH S 7z, £ @) &, Hopf link A& &% Schur function DOFFIRETH
TRADBEIL>TR S, RIS, BN TCY3 LD GW AZLED localization 12 & %5
T, Hodge DA LT 2 L-EbITwEDY, ZOEITIERLETERTIEZ Y (Remark

4, BEREAMAT = D PLANE PARTITION DA T
Coyaons () 13BRZ ZeRFREZ FE D23, I b HE L MEIZR D cyclic symmetry TH 5:

(2) C/\l)\z,)\s(q) = C/\2,>\3,>\1(q) = C)\3>\1,>\2(q)'

EED topological vertex D2 (@) XU cyclic symmetry ) DiEHIZ Okounkov—Reshetikhin—
Vafa [ORV] IZ &> THZ 647z, ORV I3, topological vertex Cy, x, x;(q) 25, 3 2D (A, A2, A3)
12 & o THERSEADHEE S 1172 plane partition DA LT DAERAEIE EIRTE 2 L) 2 &
ZFIH LT cyclic symmetry %275 L 722 Z @i T3 Okounkov-Reshetikihin—Vafa 55 31
2R %,

Remark 4.1. Macdonald function % H\>7z topological vertex DkiEAY Awata—Kanno [AW] IZ
EoTIREINT WS, £, Zhou [22] bHDILRZIREL T35, Lo L, cyclic symmetry
Zilite§ &) RINRIZF ST R,

Loy i B3 2 30, HIEEIZHEANTIC 1.G. Macdonald, Symmetric functions and Hall polynomials 12569 .

2Es @) FIERICIEAMAESERTH Y, plane partition & DXEZE VA WIFIZEZOH MY TIEE 2
S5NTVLR,
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%7, plane partition {m; ;} & (ZIFEIEED 6 % 2 “HEGITH> T, mj > Tiv1j, Tij > Tijr1
%72 b DTdH 5. Plane partition{r; ;j} {2 LT, Vi LD (4,7) I m ; BOILTK % A
FFTFR, 3k Young ’IESWIGT 5. ZOXIED T T, 54 [0, N1] x [0, Ny] x [0, N3] I
& £ 115 plane partition TH > T, z; = N; ICEB 2HAREHED=2>D 03 (1, p2, p3) THEI

N b DDA LT 2EZ % (Figurell 2 ZH):
PN1,N27N3(M13/L2HU3) = qu .

7272 L, LElOMUIESTH [0, Nq] x [0, Na] x [0, N3] IZ& £41 5 plane partition TdH > T, HiAS
F (1, o, p3) 27T HDEREDTBMTHY, |n| =3 oy 1<jen, CHD. IHIS, H
TEDORE I ZMBRE LT,

. _53 s
P(Mla/’@?ﬂ?)) = lim q lel NZl#Z‘PN17N27N3(M17MQ?/’L?)) )

N1,N3,N3—o00

L) AT —WVBREEZ D, ZDE IR L.
Theorem 4.2 (Okounkov—Reshetikihin—Vafa [ORV]).

_1 ) 112 _
Py, iz, pis) = g2 2 W TT (10— ") 7 Cpy o gia (0) -

n>1
EL, w2 = S0 (w)2 THh 3.

FENC DWW TR [ORV] D322, §4] zZI N7, ZOERDR E LT, Topologi-
cal vertex @ cyclic symmetry (2) 2% plane partition DXL SEB IR LS. & E, topologi-
cal vertex & plane partition & DM, GW AZ2H & Donaldson—Thomas (DT) A28 & 234K
REBE D L VT L v &V 9 Maulik—Nekrasov—Okounkov—Pandharipande [MNOPT, MNOP2]
DFPHDB LIZk> TV (6.4 SHH).

FIGURE 1. A plane partition with the boundary condition p; = (3,2), pe =
(3,1), u3 = (3,1,1). (X3 [ORV] 255 H.)
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5. ST RCBIE DB

—fD TCY3 DORBIBDERE G2 5 5I11%, HTOWEMBNEE 2 20DT, ZOHTIER
IR R GA IO 2R T, TCY3 DEE & oKD —MARIF §Al T5H 2 3,
WA P! EOBS 2 OR7 P AHO4ZEM X, L Opi(n—1)® Opi (—n — 1) 1Z TCY3
TH 3. X, DOECEIEU,
(3) Zx,(¢,Q) =Y _ QM=) DIkl gz 0 Cy () Chpu(a)
neP

L ZzoN%, 22T, QIE X, D2ROFERY—FDOERIE [P ICHIBT 587 XA =8 Th
%, 30D HDN 2 OWBZEDYA, topological vertex D EMATZIZRD X 5127 %

-1
(4) Copp(a) = sule”) = qi"® (H [h(w)]q> :
TEWN
2 2T, h(z) 1& hook length TH b, [m], =q¢2 —¢~2 TH3. Thkh, EEHE,
[e%S) —2
(5) Zx,(¢,Q) = 14 Y (=1)H1IQ? %~ gaxw) (H W@]q) :
d=1 HEPG TEU

EETL, TP d DOFEOEAETH S,
SEP @) OME E->T (R @) BH) d=1,2 ® GW FERZFHET 2 &,
(_1)n+1 (_1)n

Ng=0, d:l(Xn) = (—l)n s Ng:l, d:l(Xn) = 12 ’ Ng:2, d:l(Xn) = 40 y T
1 —2n? 2—5n? +nt 24 — 71n? +nt
No—o. d=2(X = No—i 7-0(X,)=————— N 19X, )= —— ...
g=0, d72( n) S ) g=1, d72( n) 48 ) g=2, d72( n) 2830 )

L% (2 ORI [Ko2) 55 5.

6. TOPOLOGICAL VERTEX D

Topological vertex 12 X 27 ECBIE DA Z iU, FHENICIZ TCY3 O GW AL &4
TOXRE, HBUBIL CTRKHIKRE 2 (A3 ZH). Zud, 27—tz L Toe—8hT
DB LHRTHT LM TH S, £, avEa—¥—Z2HuAEETEICbMNTVS,
ckoT, B2 [CKYZ] th2£ED T o L RERRE, HBICBET 2AEROEIMEN
X9 hots, TNRIRELESTHE, 1, DEHBEBOWARNAETRRIES 2E2TT, 2
NE TIEREMEFIEO I %8 L CRERWICHI S LT3 DR 5 AL ROWE % — M1 I FEH
L7z, 37 —NFEIC X > THE 0 DARERICOVWTOAA SN T FER2ER 1 M ED
GAICHINET 2 2 LWL 2o, ZOfIiTIR I NS DIGHIZ D WTIER 3,

6.1. Gopakumar—Vafa FHODIERA. KT D 722035, TCY3 X 128 LT, Gopakumar—Vafa
(GV) A= n%(X) ZRDBEFHTERT 5:

nd(X 29—2
(6) log Zx (¢, Q)= > > > ﬂli )<2sinhk;}s> Q8

BeHSP (X,z) 920 k=1
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IITq=eVl0 LBV SRR @) 2HCT, X =X, D GV AERZHETSE, d=1
Tl

g1 (Xn) = ()", nf2](Xn) =0
TH5, d=2DHHRICOVTY nf_,(X,) 3EETHD, g>n—1 TR0 THE I ENTH 5,
ROERIZ, TCY3 2§25 GV P (D—if) TH 5.

Theorem 6.1 (Konishi [Kol]). % 3 € H*'(X,Z) <X L, {n3(X)}g>0 BHIREBSITH 5.

GW AL (NI(X)}gz0 E—RUCHBAIBIICH 2 2 & 2 H UL, LOEBIIE X
FFETHL (LE X, © W FERE GV AEROFEEZBIH). S0 k) 2T, SRR
Zx(q,Q) DUIRARE 2 &, WIEBEGH L MlAab b o T I EHETL £ 9
DTH 2 (Ko2| % BH).

6.2. Nekrasov FHDIERA. Nekrasov [NI] 1, 4 Xou7 —YHwICE T 214 v A ¥ v P O A
L osRBEBREE#RL, Z0H PP LD ALE 774 7L — 3 v OO TCY3 D4
BB —& T2 2 L2 FPRLE CoPfIE, SREEOHARIED S & 2 HlAGHH MmN 74a %R
A9 % 2 & 93 Igbal+Kashani-Poor [IK] I Xk > T3, ZD%EAIT Eguchi-Kanno [EK],
Zhou [Z1] 12 & > TREDI G- Z 6 7 (GElli [Kal] Z2ZM). @ Nekrasov O FHIZ, D
0D GW AZEEIZEIL TiX, local mirror symmetry DIGH & L THIG N T Wb D TH - 7225,
ARSI LI, BOBBOLGZ a0 THlAG ORI AR CRaIcaH SN T L E o7,
%8, X [EK, Z1] i topological vertex IZBIT 2 AHXLE L L CHIEHICHEHTH 5.

6.3. Flop invariance MIERA. 3 RITNABLIRMATIX, 70y 7 E M2 WG B B3
THH, GW AERD 70y FICBT 228z FNMEZEZ 2 2 LIFHARTH S, [KM| T
WERDEHZRL 72,

Theorem 6.2 (Konishi-Minabe [KM]). 2 2® TCY 3-fold X & X+ &% (—1,—1)-curve C I
HI270y 7 ¢: X - XTTBHEILTE, ZOLE, (O DEEETIER 6 HP (X, Z)
ICRL T,

Ngﬂb*(ﬁ)(XJr) = Nyp(X)

DIRD LD, 51T,

Ny.aic)(X) = Ny gic+1(XT) = Ny qpr](Op1 (1) © Opa (—1)) ,

Thsb, 22T, Cti37uy 7Inkiificd 3.

A, X & XT OFEZHNS L, 200 TCY3 OB DE LD, 7y 7SI ko
HCl L7uay 7INMROE [CF] 6 DRITINGZGFEGDORTH S I BT 5DT, skew
Schur function 1B ¥ 2 EXDFH IS T 5. FADFEIL [EK| Z1] DHEDIEHTH S,
DEADIHDOLDFHEDRE LT, HEREBLULED GW AEED 0 THLIWRE 5, F7,
EREADIGHE LT, EHRCEME =Yy 7l S L2 7u—7v 7 S Bbot b X,
BHERORZEM Ky, Kg £ LTHZ5605 TCY3 ® GW AELRO K HES (KM, §6)). &
HE2 12X, Zofcb)IEHRH 5 LEZTHWA.
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6.4. GW/DT FHEDIA. §§ ¢ L7 X 91, HEWE CY3 O GW AELRE DT A%
HED, ERRBEED L L THEL W E W) T [MNOPT, MNOP2] 3% 5. [MNOPI] T,
X, =0y 7 OBEHERDORZEF v TCY3 (ZNS6I1E/, v av 7 b Ths) ITHLT
b DT AEBEERIN, Lo PRNGEHINTWS, Z1d topological vertex DJiEH & W
2%, 2O DT AL RE MO TCY3 I L TERL, GW ALR & O&(fit: % 4 REIE R
BRTH 2 (Dl &b, oA b BELNIHIMES),

APPENDIX A. TORIC CALABI-YAU THREEFOLD & Z D4rhtEH%L
ZOffiTclx, TCY3 & Z2 DB DOEREL 5 2 5. w3 [KM, §3] 2255HT 5.
A.1. Toric Calabi—Yau threefolds.

Definition A.1. A toric Calabi-Yau (TCY) threefold is a three-dimensional smooth toric va-
riety X over C associated with a fan X satisfying following conditions:

(i) the primitive generator & of every 1-cone satisfies & - @ = 1 where @ = (0,0, 1);

(ii) all maximal cones are three dimensional;

(iii) |X| N {z = 1} is simply connected where |3| = U o C R? is the support of ¥ and z is
o€EY
the third coordinate of R3.

The condition (i) is equivalent to the condition that A3T*X is trivial (Calabi—Yau condition)
and the condition (ii) implies that 71(X) = 0. The condition (iii) is imposed for simplicity of
arguments. Examples are X,, (defined in §5]) and the total space of the canonical bundle of a
smooth complete toric surface.

We briefly describe necessary facts on (co)homology of TCY threefolds. Recall that the subset
¥, C X of n-cones is in one-to-one correspondence with the set of (3 — n)-dimensional torus
invariant subvarieties in X. Let ¥ = {p1,..., pr} be the set of 1-cones. Denote by &; (1 <7 <r)
the primitive lattice vector generating p; and by D,, C X (1 <1 < r) the torus invariant Weil
divisor corresponding to p;. The group As(X) of all Weil divisors modulo rational equivalence is

r
generated by D,,,..., D, with rational equivalence given by Z AijDy; =0 (i = 1,2,3) where

j=1
A = (A;;) is the 3 x r matrix

A= (By,...,&).

Let X, be the set of 2-cones which lie in the interior of |X|:
b ={r €| C|Z]\IIZ]}.

It is in one-to-one correspondence with the set of torus invariant (hence rational) curves in X.
Let us write ¥4 = {71, ...,7,} and let C;, C X denote the rational curve corresponding to 7;. We
define N{'(X) to be the set of 2-cycles generated by C.,, ... , C7, modulo numerical equivalence.
Note that by the intersection pairing A2(X) x N{ (X) — Z, A2(X)®R and N{ (X) ® R become

dual to each other.
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P1 P2

FIGURE 2. Fan (section at z = 1) and toric graph

Now let us explain the calculation of the intersection numbers and numerical equivalence. If
pj and 7; spans a 3-cone, D,..C;, = 1 and if p; and 7; do not span a cone in the fan, D,..C, = 0.
If two 1-cones, say p1, p2, are contained in 7;, then D, .C, and D,,.C’, are obtained via rational

equivalence relations of D,.’s. For convenience, we introduce the following injective map
(7) Ix : NI(X) = {l€Z"|Al=0}=La, Zw— (D, .Z,...,D, 7).

Then D,,.C,, and D,,.C,, are obtained by solving the equation A.lx([Cy,]) = 0. (Hence they
satisfy the relation D, .Cr, 4+ D,,.C7, = —2.) The numerical equivalence can be read from linear
relations between the vectors Ix([Cr]),...,Ix([Cr,]). By the analysis of the gluing of local
coordinate systems around C,, we see that its normal bundle is isomorphic to Op1(D,,.Cr,) @
Op1(D,,.Cr,). We will use a term a (—1,—1)-curve for a torus invariant curve with the normal
bundle isomorphic to Opi(—1) & Op1 (—1).

A.2. Partition functions. Let X be a TCY threefold and ¥ be its fan. We briefly review how
to write down the partition function of X.
First, consider the following directed graph I'x (called a toric graph) with labels on edges of

a certain type. The vertex set is

V(I'x) = V3(I'x) UNi(Ix), V3(T'x) = {volo € B3(X)}, Vi(T'x) = {vr|7 € Ea(X) \ Zp(X)}.
The edge set is

E(I'x) = B3(Tx) UE(Tx), E3(Tx) = {e;|7 € 5(X)}, E1(T'x) = {er|7 € Ta(X) \ Z5(X)}.

An edge e, € E3(T'x) joins vy, v, € V3(T) iff 7 =0 No’ (see Figure ) and an edge e, € E1(T)
joins v, € V3(I'y) and v, € Vi(I'x) iff o is a unique 3-cone such that 7 is a face of o. (Note
that a vertex in V3(I'x) is trivalent and a vertex in Vi (I'x) is univalent.) The direction of edges
can be taken arbitrarily. The label n : E3(I") — Z, called the framing, is given as follows:

n(e,) = D, .C; ; D,,.C; ’
where 7 € 2’2 and p1,p2 € X1 are as shown in Figure Bl Note that 'y is connected by the
condition (iii) in Definition [AT]

Secondly, we write down the partition function from I'x. Let

P(Tx) = {X: B5(T) — P}.
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FIGURE 3. XU

Take the set of formal variables @ = (Qe)ecEs(ry) associated to E3(I'x). Then the partition

function of X is a formal power series in Q given by

) Z H \)\(e net1) g LIEYCIP |)\(e H Cy.

XeP(T) e€E3(T) veVs(T)
Here C5 (q) is the topological vertex defined in (I)) and Xo (v € V3(I), X € P(I")) is as in Figure
(for e € E(T'x) \ E3(T'x), set X(e) to ). We remark that the partition function does not

depend on the directions of edges.

A.3. Geometrical meaning. The Gromov-Witten invariant Ny g(X) of X with the genus g
and the second homology class 8 € H5"' (X, Z) (see [LLLZ] for a definition) is obtained as follows:

(9) STNgs(X)g2 2= N e’ o,

920 Cf:(de)eeES(rX),
d[C]=[5]
where [C] = ([Ce])ee By (ry) and Ce C X is the rational curve corresponding to e. Fj{q) is the
coefficient of Q¢ = H Qge in log Zx(q, Cj)
eEEg(Fx)

Remark A.2. Precisely speaking, the partition function obtained in [LLLZ] has the expression
almost same as (§) except that C (q) is replaced by VNVX (q). Here Wi, 1, 24(q) is a rational
function in q% similar to Cy, x,,05(¢) but has a slightly different expression. It is conjectured

[LLLZ, Conjecture 8.3] that

(10) WA17>\2,>\3(Q) = C>\17>\2,>\3(Q)'

In (@), we have used C, x,.2;(¢) assuming that the conjecture is true. The identity (I0) has
been established if one of three partitions is empty. Note that this is sufficient to prove (@) for

X, and canonical bundles of smooth toric surfaces.
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