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Abstract

We consider the motion of four vortex points on sphere, which defines
a Hamiltonian dynamical system. When the moment of vorticity vector,
which is a conserved quantity, is zero at the initial moment, the motion of
the four vortex points is integrable. The present paper gives a description
of the integrable system by reducing it to a three-vortex problem. At the
same time, we discuss if the vortex points collide self-similarly in finite
time.
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1 Introduction

Let (6, ¢m) denote the position of the mth vortex point in the spherical coordi-
nates. The motion of the N-vortex points with the strength I, on a sphere with
unit radius is governed by

6 = 1 ZN: I'; sin 8, sin(¢y, — ¢;) (1)
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in which ~,,; represents the central angle between the mth and the jth vor-
tex points, and cosy,,; = cos ©,, cos O; + sin O,, sin O cos(V,, — ¥;). With the

Hamiltonian
N

1
H=—E§:HQMQPW%%ﬂ 3)

m<j

we rewrite the equations (1) and (2) in the following form[6, 8]:

d cos 6

C(Z; = = {cosb,,, H},
A,
— = {¢m H},
On (4,01}

in which the Poisson bracket between two functions f and ¢ is defined by

Y1 /of 9 dg  Of
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Let us introduce the total vorticity I' and the moment of vorticity vector M =

(Q,P,S) by
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Fm7
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Each component of M is an invariant quantity due to {H,Q} = {H,P} =
{H,S} = 0. Since the invariants P? + @Q* and S satisfy {H, P? + Q?} =
{P? + Q* S} = 0, the motion of three vortex points is integrable and it has
been investigated[4, 5, 11]. Moreover, we have {Q, P} = S, {P,S} = @ and
{S,Q} = P, and thus they are in involution with each other when @ = P =S =0
holds at the initial moment. This indicates that the four-vortex problem on the
sphere is also integrable, if the moment of vorticity is zero.

The four-vortex motion in an unbounded plane is integrable when the total
vorticity and the total impulse are zero[3, 8]. Aref and Stremeler[2] have given
the complete description of the integrable system with the reduction method
developed by Rott[10]. The purpose of the article is to give a description of the



integrable four-vortex motion on the sphere with the reduction method. We must
note that it is unnecessary to assume that the total vorticity is zero to obtain the
integrability for the spherical case, which is a big difference from the planar case.

The article consists of six sections. In §2, we reduce the four vortex problem
to a three vortex problem with the Rott’s reduction method. After discussing
the existence of the self-similar collapse in §3, we give a complete description of
the four-vortex problem for I'(I" — 2I'y) # 0 in §4, and for I'(I' — 2I'y) = 0 in §5.
We summarize the results in the last section.

2 Reduction to a three vortex problem

The reduction method is based on the relative configuration of the four vortex
points. Suppose that we define the distance [;; between two vortex points (6;, ¢;)
and (0;, ;) by I; = 2(1 — cos~y;;). Then the equations (1) and (2) conserve the
Hamiltonian H

H = TIylogl?, +Tolslogly, + Tl logl3,
+I Ty logi?, +Tol'ylog i3, + I'sT'yloglZ,, (5)

and the invariant C

C = I’"—(PP+Q°+R?
= TyDolf, + Tolsly, + [Ty, + Dy Tyl2, 4+ Dolyls, + Tslyl3,.  (6)
Note that C' = I'?, since the moment of vorticity vector is always zero.

Now, we introduce the other invariants as follows. Owing to Q = P =5 =0,
separating the terms for the vortex 1 and for the vortex triple 234, we have

[3sin®6; cos® ¢y = (Tysin by cos ¢y + I sin b3 cos ¢z + [y sin 6 cos ¢4)?, (7)
I?sin?60;sin® ¢, = (Dysinfysin ¢y + '3 sinfysin ¢ 4+ [y sin Oy sin ¢y)?, ()
[cos®d; = (T'ycosby + Tzcosbs+ Iycosby)?. 9)

Adding both sides of (7), (8) and (9), we define the invariant L; by
Ly = Tolsl5, + Dolull, + TsTyl3, = (Ta + Iy 4 Ty)* =TT, (10)

Applying the similar algebraic steps to the vortex triples 134, 124 and 123 yields
the other invariants Lo, L3 and Ly:

Ly = Dslyl2, + T 042, 4+ DsTyl3, = (0 + Ty +Ty)* — T3, (11)
Ly = DiDolfy +TiTyl8, + Tolyly, = (T + Ty +Ty)* — T3, (12)
Ly = TiDolf, + Tolsly, + T35, = (T + Ty + I'5)* — I3 (13)



Then, we obtain
Ll - L2 - L3 + L4 - 2F2F3l§3 - 2F1F4l%4 — QF(—Fl —|— FQ —|— Fg - F4), (14)
Li—Ly+Ls— Ly = 20,0405, — 2I'sT05, = 2I(~T'; + Iy — I's + Ty), (15)
Ll + LQ - L3 - L4 == 2F3F4l§4 - 2F1F2l%2 - QF(—Fl - FQ + Fg + F4) (16)

Hence, the distances [%,, 3, and 3, are derived from the relative distances of the
vortex triple 123 by

DTyly, = Tolal, + D(Iy — Ty — T3 +T7y), (17)
F2F4l§4 = F3F1l§1 + (=T + Ty =T+ Ty), (18)
F3F4l§4 — Flfglé —|— F(—Fl - FQ + Fg + F4) (19)

3 Self-similar collapsing solution

3.1 Non existence of the four vortex self-similar collapse

In the planar vortex problem, it is known that the four vortex points collapse
self-similarly in finite time[7]. As for the three-vortex problem on the sphere, the
self-similar collapsing solution has been found[5]. Here, we consider whether or
not the self-similar collapse of the four vortex points exists when the moment of
vorticity is zero.

Suppose that the four vortex points converge on a point in finite time, i.e.
BBy=108,=103 =103, =13 =12 =0. Then we have C' = I'> = 0 at the critical
time, which yields I' = 0. Moreover, we assume the self-similarity for the vortex
triple 123,

12, = M\, 12, = \ol2,, A, A2 € R. (20)
Then, it follows from (17), (18) and (19) with I' = 0 that we have
LIy s3Iy Iy
lil = ﬁ)‘ﬂéa l§4 = ﬁlgla l?2,4 = ﬁ)‘llgr (21)

Substitution of (20) and (21) into (5) leads to

I Do+Tol3+I3l + Dy +T2 Ty +13T
H =log (3,) .

Since the Hamiltonian must remain finite as /3, tends to zero, the necessary
conditions for the existence of the self-similar collapse are given by

I'= 0, Flrg + Fgrg + Fgrl + F1F4 + F2F4 + F3P4 =0. (22)
As a matter of fact, the conditions never hold simultaneously. This is because

O - Flrg + Fgrg + F3F1 + F1F4 + F2F4 + F3F4

= D40y + Dol + sl — (T + Ty + I's)?
1 1 1

— _§(r1 +Ty)? — 5(F2 +T'3)% — 5(F3 +1)%
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This leads to I'y = 'y = I's = 0, which contradicts I'; # 0. Accordingly, there
exists no self-similar collapse of the four vortex points.

3.2 On the partial self-similar collapse

We discuss the necessary conditions for the existence of the partial collapse.
There are two possibilities where not all but part of the vortex points collapse
self-similarly in finite time: The first case is that the three vortex points collide
at a point, while the other stays at another position. The second case is that the
pairs of two vortex points collide at different positions.

First suppose that the vortex triple 123 converges on a point at a certain time,
ie. %, =13, =13, = 0, whereas the fourth vortex point is still located at another
position, i.e. 2, # 0, 3, # 0 and I3, # 0. Then we obtain ' # 0, otherwise
it follows from (17) with 3, = 0 that [';T4/3, = 0 at the collapsing time, which
gives a contradiction to (2, # 0. On the other hand, substituting (17), (18) and
(19) into (6) leads to

C = 2T\ Tyl3, + 205 312, + 2031 (2, + ['(4Ty — I). (23)

Hence, we have C' = T'(4l'y — ') = I'? at the singular time. Due to I' # 0, we
obtain a necessary condition for the existence of the partial self-similar collapse,
which is I’y + 'y + I's = I'y. Then the relations (17), (18) and (19) become

Fgrg F3F1 FFZ
rry Iy I'sI'y

=== +4, By==—"05+4, 1§=—=1}+4 (24
They indicate that if the vortex triple 123 collapses, the fourth vortex point is
located at the opposite pole-position of the collapsing point. On the other hand,
since we assume the self-similar collapse, i.e. 1%, = \l%; and [3; = \l3; with the

constant ratio A\;, Ay € R, the Hamiltonian is equivalent to

I, I'sI I
1 l2 ' To+4T23+1'31 2 3)\ l2 3L 1 l2 4 1+2 )\ l2 4 25
0og ( 31) L, 2l3y + L, 31t T, 12+ ( )

The Hamiltonian must remain finite as 13, — 0, so we have another necessary
condition, I'1T'y +'9I'3 4+ '3y = 0. In the similar manner, considering the partial
collapse of the vortex triple 124, 134 and 234, we have the necessary conditions
as follows:

I+ Ty + Ty =Ty, [Ty + T3+ I3 =0, (26)
Iy +Ty+ 0, =T, [Ty + DT+ DTy =0, (27)
Iy +T3+0, =T, [T+ DT+ DTy =0, (28)
Ly +Ts+1y =T, ol + oy + '3y = 0. (29)

Next we deal with the case when pairs of two vortex points collide at some
different positions self-similarly in finite time; suppose that the pair of vortices

bt



1 and 2 converges on a point, and the vortex 3 collides with the vortex 4 at a
different point at the same time. Then since I3, = [2, = 0 at the critical time, the
relation (19) becomes I'(—I'y = I'y + '3+ I'y) = 0. Hence we have either I' = 0 or
'+ Ty =T34+ 14 As a matter of fact, we can show that I is not zero. If I' = 0,
the relations (17), (18) and (6) at the collapsing time are represented by

[ Ty402, = Tolsl3, (30)
Dolyi2, = T3, (31)
Dolsla, + Tl l3, + Tolyl5, + T T4l3, = 0. (32)

We note that all the vortex strengths cannot be of the same sign due to I' = 0.
If one of the vortex strength, say I'y for instance, is negative and the others
have the positive sign, the both sides of (30) have the opposite signs and thus
(30) is invalid. On the other hand, it follows from (30), (31) and (32) that we
have I'3l3; + ['4l2, = 0, which never holds when both T's and 'y are negative.
Consequently, we have I' # 0, and thus a necessary condition for the pairing
collapse is given by I'y + 'y = I's + I'y. Furthermore, we can see from the self-
similarity assumption, 1%, = M3,, (A € R), that the Hamiltonian remains finite
even at the singular time, that is to say

log (l%2

as I3, — 0. Hence, we have another necessary condition I';)T'y + I'sI'3 = 0 for
the partial collapse. With the similar argument, we have the other necessary
conditions for the existence of the pairing self-similar collapse:

g+l
) < o0,

F1+F2:F3+F4 F1F2+F3F4:O, (33)
D +D3=0+1y I3+ Dol =0, (34)
Pl + F4 = FQ + F3 F1F4 + Fgrg - O (35)

For the time being, we are unable to rule out the possibility of the partial self-
similar collapse. It is generally difficult to show the existence of the collapsing
solution mathematically. Hence we will verify it numerically in the following
sections.

4 Four-vortex motion for non-degenerate case

4.1 'Trilinear representation and physical region

We deal with the dynamics of the four vortex points when Ly = (I'y + Ty +T'3)* —
% =T(I —2Iy) # 0. Let us introduce the variables

30,512,
I'(T — 2Ty’

305012,
I —2Ty)’

31T, 02,

by = _—.
! I'(I — 2Iy)

by = by = (36)
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Figure 1: Trilinear coordinates representation for the non-degenerate case.

Then the definition of L4 with these variables yields by + by + b3 = 3, which
indicates that the relative configuration of the vortex triple 123 corresponds to
a point in the phase plane as is shown in Figure 1. Each component of the
trilinear coordinates (by, bg, b3) represents the distance from one of the sides of
the equilateral triangle with height 3, which is called the trilinear triangle. The
trilinear representation is a standard tool to describe the integrable three-vortex
motion[l, 2, 4, 11].

In the four-vortex problem, we need to consider the distances between the

vortex triple 123 and the fourth vortex point. Thus we define the other variables
By, By and Bj from (17), (18) and (19) as follows:

B = —22U 4 (-2, —2T 37
! I'(T —2Ty) 1+r—2r4( 2= 20y), (37)
By = — 232 _p 42 (T —2Ty—2T 38
? I'(C —2Ty) 2+r—2r4( 3= 2, (38)
303012, 3
By = — 2331 _p 4 " (I — 2, — 2I). 39
’ I'(T —2Ty) 3+r—2r4( 1 20) (39)
Then we note that
Bit By+ By = by + by + by + — (30 — 4D, — 4T, — 4D'3) = 64
1 2 3 — Y1 2 3 F—2F4 1 2 3_F_2F47

which indicates that the triple (By, Bs, B3) also defines another trilinear coordi-
nates; each component B; represents the distance from one of the sides of the
equilateral triangle with height F6_F24F4. As in the integrable planar four-vortex
problem|[2], the triangle is called the physical triangle.

Since the vortex triple 123 forms a triangle on the sphere, the values of
(b1, by, b3) are restricted by the triangle inequalities, which is equivalent to the

7



following inequality[4],
20yl55 + 2yl + 205,155 — by — Iy — Iy > 11515 (40)
In terms of the trilinear representation, the condition is equivalent to
3V, = T'(I" — 2I'y)b1babs > 0, (41)
where
V,, = 209l 3bobs + 20311 b3by + 2T Tabiby — (T1b1)? — (Daby)? — (T'3bs)>.

The region in which the condition (41) is satisfied is called the physical region,
where the motion of the reduced three vortex points is restricted. Any point at
the boundary of the physical region corresponds to the collinear configuration,
for which the three vortex points line on a great circle of the sphere.

Now, we consider the singular points at the boundary of the physical region.
They are obtained by solving the following equations,

bl + bg + b3 = 3, 3‘/p — F(F — 2F4)b1b2b3 = 0, (42)

with b; = 0. Then we have

35 30,
bi,ba,b3) = [0, , , 43
bt = (05 ) (43)
35 3T
b7b7b = ) 9 9 44
(b1: b2, bs) (F1+F3 111‘1‘113) (44)
305 3
b1, by, b3) = , 0. 45
(b1, b2, bs) (F1+F2 ' +1 ) (45)

They correspond to the singular configurations coinciding the vortices 2 and 3, 3
and 1, and 1 and 2, respectively. Since the boundary of the physical region is a
conic section, the points are tangent to the sides of the trilinear triangle. Thus
we refer to the points as the points of tangency.

Finally, we obtain the points tangent to the sides of the physical triangle.
Solving the equations (42) with B; = 0, i.e.

3
by = oy +2I'5 — T
S N A
we have
(b b b)_(3(2r2+2r3_r) 3F1(2F2—F) 3F1(2F3—F)
b F—2l, (T—2Ty)Ta+0l3—T) ([ —20y)(To+15—1)

(46)

)



Regarding By = 0 and B3 = 0, we have the points of tangency in the similar
manner:

B 30y (20 — ) 3(205 + 20y — ) 30y (20 — I)
(b1:02:b5) = ((r — )T+, -T) T =2y (C=20y)T3+T — r)) ’
(47)
B 30y(2I, — ) 303(205 — T) 3(20 + 2y — T
(b1:02:85) = (( —M)(Ty+T,—I) (T —2T,) (T, +0,—T) T —2T, ) '
(48)

These three points (46) — (48) represent the singular configurations where the
vortices 1 and 4, 2 and 4, and 3 and 4 coincide together.

As the four vortex points evolve, the corresponding point in the trilinear phase
space follows a contour curve of the Hamiltonian,

H = FQFglOg’b1’ +F3F1 lOg’bQ‘ +F1F2 lOg’bg‘
+F1F4 IOg |Bl| + F2F4 10g |BQ‘ + F3F4 IOg |B3| (49)

Therefore, in order to observe the four-vortex motion, we plot the contour curves
of the Hamiltonian inside the physical region (41) with the points of tangency at
the boundary.

4.2 Restriction on the vortex strengths

In the planar four-vortex problem[2], the zero total vorticity condition is required
to guarantee the integrability. On the contrary, we have no such condition on
the vortex strengths for the spherical case. Nevertheless, as a matter of fact, we
need to restrict the vortex strengths so that the invariants Ly, Lo, L3 and L4 are
bounded, since the distances between any two vortex points on the sphere are
bounded by

0 < l%27 l%?)v l?2>17 l%47 l%47 l§4 S 4. (50)

Without loss of generality, we may assume that I'y > I's > I'3 > I'y. Besides,
noting that the equations (1) and (2) are symmetric with respect to the discrete
transformation I'; — —I'; and ¢ — —t, it is sufficient to deal with the following
three cases:

2120321 >0, I'' 21 213>0>1y, T 2Ty >0>13 > 1T

For each case, we discuss the existence region of I'3 and I'y when I'; and I'y are
specified, which is called the possible region.

In the meantime, we consider the singular cases when the points of tangency
(43) — (48) take the same position. They play an important role in the description
of the four-vortex motion, since the change of the distribution of the points results
in the change of the topological structure of the contour lines of the Hamiltonian.
For By = b; = 0, which corresponds to the point when the vortices 1 and 4,

9



() TyTo<T, (b) 2T > 4T, > T,

Fy=TghFel, —— Tyl —
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B D < TyelgTy Ty
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= <
I+, r, I, T, I+,
I3 ]

Figure 2: The possible regions for I'y > 'y > T's > 'y > 0.

and 2 and 3 collide simultaneously, we have I'y + I'y = I'y + I's. It follows from
By = b, = 0 and B; = b3 = 0, for which the vortex triples 134 and 124 collide,
that we have I'y =T'y + '35+ 1"y and I's = I'y + 'y + I'4. In the same way, solving
By =b; =0 and B3 = b; = 0, we obtain the following six singular cases:

[3=T1+T5+41TYy, Lo =11 41341y, Iy =Ty+T54+Ty, (51)
'+ Ty =T5+Ty, '+ T3 =09+41y, ' +Iy =Ty +1T%5. (52)

We must note that they are part of the necessary conditions (27) — (29) and (33)
— (35) for the existence of the partial self-similar collapses given in §3.

4.3 CaseI:F12F22F32F4>O

We derive the conditions of the vortex strengths so that the invariants L; are
well-defined. Since min L; = 0 due to I'; > 0, the necessary conditions are given
by

Li=Ty+T3+Ty)*—T; >0, Ly=T1+T54+1y)* =Ty >0, (53)
Ly= 14Ty +Ty)* T3>0, Ly= T +Ty4+T3) =Ty >0 (54)

Owing to I'y > I'y > '3 > I'y > 0, they are reduced to
P1<P2+P3+F4, 0<TI'y <I'3<Ts. (55)

Strictly speaking, it is necessary to show that the condition (55) assures L; <
max L;, namely

Ly <A + 401y + 4131y, Ly < AT T'3 4+ 40Ty 4+ 431y,  (56)
L3y < AI'MDy + 40Dy + 40,1y, Ly < AT Do 440503 + 4030, (57)

The proof of the upper bound is important but lengthy, so we give it in the
appendix. Figure 2 shows the possible regions for I'y — I'y; < I's and for I'; <

10
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Figure 3: The physical region and the contour lines of the Hamiltonian for I'; =
5,F2 :3,P3 =2 and F4 =1.

A
\3

°

1-4

Figure 4: The physical region and the contour lines of the Hamiltonian for I'y =
5,F2:3,F3: % and Fl = i

'y = T'y; < 2I'y. No possible region exists for I'y — I'y;, > 2I's. The singular
conditions (51) and (52) divide the possible region into two regions I and I for
I'y = T'y; < T'y. The possible region consists of just one region for I'y — I'y > I's,
which is still denoted by the region I, since the distribution of the points of
tangency is the same as that for I'y — I'y < T's. We give examples of the contour
lines of the Hamiltonian, when we choose the vortex strengths I'; and I'y from
the regions I and I] for I'y =5 and I'y = 3.

Figure 3 shows the contour lines for I'y =5, 'y =3, I's =2 and I'y = 1 in
the region I. The trilinear triangle and the physical triangle are plotted by the
solid line and the dotted line respectively. Since the physical region, which is
contained in the physical triangle, is too small to discern, we magnify it to the
right side of the figure. The points of tangency at the boundary of the physical
region are designated by 2 — 3, 2 — 4 and 3 — 4, which correspond to b; = 0,
By =0 and B3 = 0 respectively. The topological structure of the contour curves
around the singular points is elliptic. There is an elliptic center inside the physical
region, which corresponds to a relative fixed configuration. There exist points at
the boundary where two level curves meet, which indicates the existence of the
hyperbolic collinear fixed points.

Figure 4 shows the contour lines of the Hamiltonian for I'y = 5, 'y = 3,

11



() TyTo<T, (b) TyTp>T,

I3 I3
T, T, 4T, T, Ty, y+T,
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o | T TETy Ty | A I A
[ [y=Tg Tyl e - ’ [y=TgTy4Ty e
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Ty=Tg Ty Ty v [=TyTyTp v
1} | 1] < | P
= ‘ Sy
L [: \%
pl 1% '
=

Figure 5: The possible regions for I'y > I'y > T's > 0 > T'y.

I's = g and ['y = i in the region /1. We just show the magnified physical region
with the physical triangle, since the trilinear triangle is too large to show in the
figure. When we compare the level curves with those in Figure 3, the point of
tangency 2 — 3 at the boundary is replaced by 1 —4, but the topological structure
of the contour curves is the same.

We discuss the existence of the partial collapse. The possible region in Figure 2
indicates that the partial collapse possibly occurs when the vortex strengths I's
and [’y are on the singular boundary, I'y + I'y = I'y + I'3. This is part of the
necessary conditions of the pairing collapse (35). However, the other necessary
condition I'1T'y +I'sI'3 = 0 never holds, since all the vortex strengths are positive.
Hence, no partial collapse is possible.

44 Casell : I >I9>I135>0>1Yy

Since I';,I'y for ¢ = 1,2, 3 are negative due to I'y < 0, we have min L; = 41'31"y +
sy, min Ly = 4Ty + I'sT'y, min Ly = 411"y + I'sI'y and min L, = 0. Hence
the vortex strengths should satisfy

4T3y + 40Ty < (Ty + Ty 4+ Ty)* — T3, 4T Ty + 403y < (T + Ty +Ty)* — T3,
4T Ty + 40Ty < (T + Ty + Ty)? — T3, 0< ([ +Dy+T3)% —T7. (58)

Owing to I'y > 'y > '3 > 0 > I'y, they are reduced to
F1<F2+F3—F4, —F4<F1+F2+F3, 'y <0< I3 <T,. (59)

The possible region is shown in Figure 5. The proof of the sufficiency for (59) is
provided in the appendix. The possible region is divided into four regions by the
singular lines (51) and (52) for I'y — 'y < T'y, and three regions for I'y — 'y > T's.
The divided regions are referred to as the regions I to I'V.

Figure 6 shows the physical region and the contour lines of the Hamiltonian
forI'y =5,1y,=3,13= % and 'y = —i in the region /. There are three points of

12
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Figure 6: The physical region and the contour lines of the Hamiltonian for I'; =
5,F2:3,F3: % and F4: —1

1

V

Figure 7: The physical region and the contour lines for I'y = 5, 'y = 3, '3 = 2
and I'y = —2.

tangency 1 —4, 2 —4 and 3 — 4 at the boundary of the physical region, which are
elliptic singular points. There is an elliptic center inside the physical region. The
topological structure of the contour curves is similar to that we have observed in
§4.3.

Figure 7 shows the contour lines of the Hamiltonian for I'y = 5, 'y = 3, 'y = 2
and 'y = —2 in the region 1. As the vortex strengths I's and I'y pass across the
singular boundary I'y + I'3 + 'y = I'y between the region I and I1, the points of
tangency 2 — 4 and 3 — 4 are united, and then the new point of tangency 2 — 3
emerges. The topological structure of the contour is simple; there is no fixed
configuration.

ForI'y =5, I'y = 3, I's = 2 and 'y = —5 in the region I/, the contour
lines are given in Figure 8. On crossing the singular boundary I'y + T's +1'y =1’y
between the region /1 and I11, the point of tangency 1 —4 observed in the region
11 is split into two elliptic points of tangency 1—3 and 3—4. There is a hyperbolic
fixed point inside the physical region, which is connected by homoclinic orbits.
The topological structure of the contour curves suggest that there exists another
elliptic fixed point at the boundary near the side B; = 0 of the physical triangle.
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Figure 8: The physical region and the contour lines for I'y = 5, 'y = 3,I'3 = 2
and F4 = —5.

Figure 9: The physical region and the contour lines for I'y = 5,y = 3,I'3 = 2
and I'y = —8.
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1-4

b1=0

A\ 4
2-3-4

Figure 10: The physical region and the contour lines for I'y = 6,1y = 5,I'3 =

%(1 ++v/21) and I'y = %(1 —/21).

The contour lines for I'y =5, I'y = 3, I's = 2 and ['y = —8 in the region IV
is shown in Figure 9. The boundary of the physical region touches the side of
the trilinear triangle b3 = 0, and the three points of tangency 1 — 2, 2 — 4 and
1 — 4 emerge. There are two hyperbolic fixed points inside the physical region
with homoclinic connections.

The self-similar partial collapse is possible when the vortex strengths are at
the singular boundaries within the possible region:

Do+Ts+1y =1, I'+Te+Iy=1I3 I'1+Is3+0y=1I%

The corresponding necessary conditions for the existence of the self-similar col-
lapsing solutions are given in (27) — (29); we examine each of them separately.
First, we note that the singular boundary I'y + I's + 'y = I'; is included in the
possible region only when I'y — I'y < I'y. Then substituting I'y = I's + '3 + 'y
into ['ol'y 4+ I'sl'y + '3y = 0 in (29) leads to the equation of I's,

F§+F3(F2—F1)+F2(F2—F1):O

For instance, 'y = 6, I, = 5, s = (1 + v/21) and I'y = 1(1 — v/21) satisfy
(29). We plot the physical triangle and the contour curves of the Hamiltonian for
this case in Figure 10. One of the corner of the physical triangle touches the line
by = 0, at which there is the point of tangency 2 — 3 — 4. If there exists a contour
line connecting the point of tangency, it implies the existence of the self-similar
collapsing solution. However, the contour curves in the neighborhood of the point
2 —3—4, which is shown in the left side of the figure, shrink to the point 2 -3 —4
as the value of the Hamiltonian tends to that at the point of tangency. Therefore,
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Figure 11: The possible region for I'y > I'y >0 > 1'3 > I'y.

we hardly make sure the existence of the self-similar collapse. Second, it follows
from Fl + FQ + F4 = Fg and Flrg + F1F4 + F2F4 = 0 that we obtain

I, — 2+ +F§'

I'h+1%
However, since I'y — I's = —F1IEF2 < 0, it contradicts the assumption I'y >
I'3. Hence, the necessary conditions (27) never hold together. Last, solving the
equations I'y ="y +I's + I'y and I''/I's + I'1 'y + I'sT"y = 0, we have the equation
of the vortex strength I's,

F§+F3(F1—F2)+F1(F1—F2):O

Since the determinant of the quadratic equation is (3I'; +I'9)(I'y — I'1) < 0, there
is no real solution of the equation and thus no self-similar partial collapse.

4.5 Caselll: 'y >T19>0> I's>1y

Since min Ll = 4F2F3 +4F2F4, min LQ = 4F1F3 —|—4F1F4, min L3 = 4F1F4 —|—4F2F4
and min Ly = 4I'1['3 4 4I'5I'3, the vortex strengths should satisfy the following
conditions,

min Ly < (Ty + Dy + Ty)? — T2, min Ly < ([y + 3 +Ty)* — T3,
min Ly < (I + Dy + T'y)? — T3, min Ly < (T'; + Ty +'3)* =%, (60)

Hence, the possible region is described by
F3+F4—F2+F1<0, F1+F2—F3+F4>0, I'y, <T'3 <0. (61)

Defining p = —I'3 > 0 for the sake of convenience, we draw the possible region of
(p,T4) in Figure 11. It consists of the four subregions I, I, I11 and IV, separated
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1-3

Figure 12: The physical region and the contour lines of the Hamiltonian for
Fl :5,F2:3,F3: —1 and F4: —2.

2-3

Figure 13: The physical region and the contour lines of the Hamiltonian for
Fl :5,P2 :3,P3 =—1 and F4 = —5.

by the singular boundaries I'y + 'y =T’y + '3 and I'y = —I'3 — 'y — I's. We now
give the contour curves of the Hamiltonian for each region in what follows.

When I'y = 5, 'y, =3, '3 = —1 and 'y = —2 in the region I, the physical
region is located outside of the trilinear triangle and the physical triangle as we
observe in Figure 12. There are three elliptic points of tangency 1 —3, 1 —4 and
3 — 4. We can observe an elliptic fixed point at the boundary and a hyperbolic
fixed point with homoclinic connections inside the physical region.

Figure 13 shows the contour lines of the Hamiltonian for I'y = 5, 'y = 3,
I's = —1 and I'y = —5 in the region /7. The points of tangency 1 — 3, 3 — 4 and
2 — 3 are on the boundary of the physical region. The topological structure is the
same as that in the region I.

When we choose the vortex strengths in the possible region I71 and IV, the
physical region is located on the left side of the trilinear triangle. Figure 14 and
15 show the contour lines of the Hamiltonian for I'y = 5, I'y, = 3, I's = —4
and I'y = =5, and for I'y =5, 'y = 3, '3 = —2 and I'y = —8 respectively. The
topological structures of the contour curves are the same except for the the points
of tangency 2 — 3 and 1 — 4 at the boundary of the physical region.
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Figure 14: The physical region and the contour lines of the Hamiltonian for
Fl = 5,P2 = 3,P3 = —4 and F4 = —5.

1-2

LN

Figure 15: The physical region and the contour lines of the Hamiltonian for
Fl :5,F2:3,F3: —2 and F4: —8.

The singular boundaries in the possible region are represented by
y=p—-T1—Ty, I'y=-p—T1+Ts.

It is unnecessary to deal with the first case, since I' = 0 is excluded from the
non-degenerate case. As for I'y = —p — I'; 4+ I'y, the other necessary condition
of the partial collapse (35) is I'y/['y 4+ I'oI's = 0. However, since both terms are
negative due to I'y > I'y > 0 > I's > Ty, the conditions (35) are never satisfied
at the same time. Consequently, the self-similar partial collapse never occurs for
this case.

5 Four-vortex motion for degenerate case

5.1 Trilinear coordinates and the physical region

We deal with the four-vortex motion for the degenerate case Ly = 0, i.e. (I'i+Ts+
['3)?—T% =T(I'—2T"y) = 0. The trilinear coordinates b, by and b3 are introduced
by b, = F2F3l%3, by = F3F1l§1 and b3 = I'1T'50%,. They satisfy by + by + b3 = 0
owing to Ly = 0. The trilinear representation (by,bs,b3) defines a point in the
planar phase space as shown in Figure 16. Combining these variables with (40)

18



b2

Figure 16: Trilinear coordinates representation for the degenerate case.

gives the physical region
20 Tobyby + 2051 3bobs + 2031 bsby — (I'101)? — (Taby)? — (T'sbs)? > bibobs. (62)

The variables By, B, and Bs are also defined by

Bl = F1F4l%4:b1+F(F1_F2_F3+F4>7 (63)
By = DLy, =by + (=T, + Ty —T3+Ty), (64)
By = T3Tyl3, = b3 + (=T — Ty + T3 +Ty). (65)

We show the contour lines of the Hamiltonian in the physical region for I' = 0
and I' = 2I'; separately in the following subsections.

52 Casel: I'=0

For I" = 0, we have b; = B; due to (63), (64) and (65). The point of tangency at
the boundary is only b; = B; = 0, which corresponds to the origin in degenerate
the trilinear phase space. Since [%,, (3, and I3, defined by (63), (64) and (65) are
bounded, the condition of the vortex strengths is derived from

FQFS 2 F3F1 2 F1F2 2
0< [ l l7, < 4. 66
1—111—14 239 F2F4 24> F3F4 12 = ( )
Since the strength I'y is automatically given by I'y = —I'y — 'y — I's, we consider

the condition of the three vortex strengths for the following three cases: (1)
FlZFQZF3>0,(2)F1ZP2>0>F3aHd(3)F1>O>FQZF3. For
the first case, since (213, < 0 due to I'y < 0 and 135 > 0, the condition (66) is
never satisfied. For the second case, I'y must be negative, otherwise Efgi 13, < 0.

For the similar reason, I'y is positive for the third case. Remembering that the
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Figure 17: The physical region and the contour lines of the Hamiltonian for
Fl :4,F2:2,F3: —3 and F4: -3.

equations (1) and (2) have the symmetry with respect to the the sign changing
of the vortex strengths and the time reversal, we have only to treat just one case,
I'h>Iy>0>I3and I'y <0, ie I's > —I'y —I's.

Figure 17 shows the contour lines of the Hamiltonian for I'y = 4, 'y = 2,
I's = —3 and I'y = —3. The origin of the degenerate trilinear phase space, which
corresponds to the four-vortex collision, is the point of tangency at the boundary
of the physical region. The topological structure of the contour is simple; there
is an elliptic fixed point at the boundary.

5.3 CaseIl: "' = 2Ty

Due to (63), (64) and (65), I2,, (3, and I3, are equal to

Fgrg F3F1 FIFZ
I, = ﬁl%?’ +4, I3 = ﬁlé +4, I3 = ﬁﬁz + 4. (67)
Hence, the conditions for the existence of the fourth vortex point on the sphere
are derived from

Ly Delap Tlu, DO
P1F4 P2P4 F3P4
With the same argument as we have in the previous subsection, we have only to

deal with the case when I'y > I'y >0 >ITsand I'y =11 + 13+ I'3 > 0.
The points of tangency for B; = 0 are given as follows. Taking B; = 0 in

(63), we have by = —4I"1T'4. By solving the equations,

12, <0. (68)

2
l317

2T Dby by + 2051 3bobs + 2031 b3by — (D1b1)? — (Tabo)® — (T'3bs)? — bybobs = 0,
with it, we have the point of tangency in the degenerate trilinear coordinates,

AT Dy(D5 +Ty) A0 T4 (Ty 4 T4)
20+ +1s 7 2+ 154+ )

(bb bQ: bS) = (_4F1F47 (69)
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Figure 18: The physical region and the contour lines of the Hamiltonian for
Fl :4,F2:2,F3: —1 and F4:5

1-2-3

Figure 19: The physical region and the contour lines of the Hamiltonian for
Fl :4,F2:2,F3: —3 and F4:3

As for By = 0 and B3 = 0, the points of tangency are represented by

AT,T4 (T3 4 Ty) AT,0, (T 4 Ty)
by, by, bs) = ,—4AT,Ty, , 70
(b, b2, bs) (r1+2r2+r3 2T 420, 4+ Ty (70)
AT3T4(Ty 4 T3) AT3T4(Ty + T's) )
by, by, bs) = : ,—4ATsly ) . 71
(b, b2, bs) (r1+r2+2r3 Ty + o+ 215 o (1)

The points of tangency B; = 0 and B3 = 0 coincide with the trilinear axis
by = 0 when I's + I'y = 0, and the points By = 0 and By = 0 agree with
bs = 0 when I's + I's = 0. Therefore, the distribution of the points of tangency
changes at I'3 = —I'; and I'3y = —I's. Thus we show the contour plots of the
Hamiltonian for the following three cases: 0 > I's > —I'y, —I'y > I'3y > —I'; and
Iy >TI'35>-I'1 —TI%s.

Figure 18 shows the contour lines for I'y =4, I'y; = 2, '3 = —1 and I'y = 5.
The point of tangency 3 —4 is elliptic and the structure of the contours is simple.
Second, we show the contour plot of the Hamiltonian in Figure 19 for I'y = 4,
'y =2, I's = —3 and I'y = 3, which gives the similar topological structure as the
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Figure 20: The physical region and the contour lines of the Hamiltonian for
Fl :4,P2 = 2,P3 = —5 and F4 =1.

1-2-3

3-4

Figure 21: The physical region and the contour lines of the Hamiltonian for

F1:4,F2:2,F3:—§ andF4:%.
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first case except for the points of tangency 1 — 4. Third, the contour lines of the
Hamiltonian for I'y =4, 'y = 2, '3 = =5 and I'y = 1 in Figure 20 indicate that
there are elliptic points of tangency 1 — 4, 2 — 4 and 3 — 4 and one hyperbolic
fixed point with homoclinic connections in the physical region.

In the very last part of the subsection, we consider the special case that allows
the partial self-similar collapse of the vortex triple 123 considered in §3. The
necessary conditions for the existence of the self-similar collision (26) give I's =
—FIIIJSEQ. As an example, Figure 21 shows the contour lines of the Hamiltonian
forI'y =4,1,=2,1'3 = —% and I'y = %. There is the elliptic point of tangency
3 — 4. The contour lines shrink to the origin. In order to see the contour lines
in the neighborhood of the origin, the close-up picture is shown in the left of the
figure. The contour curves shrink to the origin as the value of the Hamiltonian
tends to that at the origin, which suggests no existence of the self-similar collapse
of the three vortex points.

6 Summary

We have investigated the integrable motion of the four vortex points on the
sphere, when the moment of vorticity is zero. The article completes the study of
the integrable vortex-problem on the sphere together with the integrable three-
vortex problem[4, 5, 11]. As in the four-vortex problem in the unbounded plane[2],
we have successfully applied the reduction method to a three-vortex problem
proposed by Rott[10]. The evolution is observed by plotting the level curves of
the Hamiltonian in the reduced trilinear coordinates.

In the meantime, the zero total vorticity condition is unnecessary to guarantee
the integrability. However, the vortex strengths are strongly restricted by the fact
that the distance between two vortex points is bounded.

We have considered whether or not the self-similar collapse is possible. No
existence of the four-vortex collapse has been proved mathematically. On the
other hand, we found no numerical evidence showing the partial collapse of three
vortex points and of the pairs of two vortex points occur.
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A Deduction of the upper bound for L.

The possible regions for the vortex strengths are derived from the lower bounds
min L; < L;. So we need to show that they are the sufficient conditions that
ensure the upper bounds L; < max L;. In this appendix, we give a detailed proof
of this fact.

A.1 Casel: F12F22F32F4>0

The possible region for I'y —I'y < T'y in Figure 2 is expressed in the following two
ways:

0<T, < %(rl—rg), [, —Ty—Ty < Ty < Ty, (72)
%(rl _Ty) <Ty <y, Iy <Ts < T, (73)
or
%(E —Iy) <3 < Ty — Ty, =Ty =Ty <Ty < T, (74)
) — Ty < Ty < Ty, 0<T,<Ts. (75)

Then we need to show that if the vortex strengths are in the possible region, the
invariants L; satisfy the following upper bounds:

Ly (Ty + T3 +Ty)* =TT <max Ly = 40,03 + 4050 + 430y, (76)
Ly = (T1+T3+T4)?—T5 <max Ly =4 T3 + 40,0y + 430y, (77)
Ly = (T1+Ty+T4)?—T3 <max Lz =40 Ty + 40,0y + 41,0y, (78)
Ly = ([ +Ty+T3)*—T7 <max Ly =400y + 40,03 + 4030, (79)

First we show that (72) implies (76). Comparing 45Ty + I'? with the square of
2I'y +2I'y — T'y, we have

(4090, +T3) — (20 + 20y — I'))? =40y (T — Ty — Ty) +405(I; — Ty) >0,

since 'y >I'yand '} — Ty — Ty > %(Fl —T5) > 0 due to (72). Hence, it follows
from F%+4F2F4 > 0 and 2F2+2F4—F1 2 2F2—F1 > 0 that

\/T2 +405y > 2Ty + 2Ty — 'y > 0.
Lo+ Ty — /T2 4405 <Ty — Ty —Ty < T,
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due to (72), which results in

\/T?+405y > Ty — T3+ Ty > 0. (80)

On the other hand, when the vortex strengths satisfy (73), since

ATo0y + T3 — T3 > 20y (T — Ty) + T3 — T3 = (I'y +30%)(Ty — Ty) >0,

F2+F4—\/4F2F4+F%<F4SF3.

Hence, we have (80) again. When both sides of (80) are squared, we obtain

we have

(Dy + D3 +Ty)? — I < 4090y + 40Ty + 405Ty.
Second, we have the following the comparisons
AT Ty + T35 — (204 + Tp)? = 40y (T — Ty — Ty) > 0,
for (72) and
AT Ty + 15 =T > 2T (0 — Ty) + T3 — I = (I —Ty)* >0,

for (73). Each of the comparisons leads to

F4+F1—\/4F1F4+F§§F1—F2—F4<F3,
F1+F4—\/4F1P4+F%<F4§P3.
\/4F1F4+F%>F1—F3+F4>0.

Taking square of both sides, we have (77).
Third, we use the expressions (74) and (75) to prove (78). Since (74) implies

and

Hence, we have

AT Ty 4+ I3 — (2T +T'3)? = 4y (I'y, — Ty — I's) > 0,
and (75) shows

4T Ty + T3 — (D +Ty)? = (I3 — Iy + Do) (T3 + Ty — T'y) > 0,

[)+ Ty — /4l Ty + T3 < Ty — Ty — '3 < Iy,
F1+F2—\/F§+4F1F2<0<F4,
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for (74) and



for (75). Hence, we acquire /41Ty + 1% > T’y + 'y — 'y > 0, from which the
upper bound of L3 is obtained.
Finally, regarding (79), we have

4F1F2 + FZ - (F4 —|— 2F2)2 - 4F2(F1 - FQ - F4) 2 O,
due to (72) and

AT\Dy + T3 — (0 +Tg —Ty)? = 20Ty + 20Ty + 2050, — T2 — T3
> 20Dy 4 (D + o) (T — ) — T — T
= 2, —Ty) >0,

due to (73), from which we obtain

F1+F2—\/FZ+4F1F2SFl—Fg—F4<F3,
Ty 4Ty — /T2 441,y < Ty < T,

for (73). Therefore, we have the inequality 0 < I'; + T'y — I's < /I'7 + 41Ty,
which gives (79).
As for the possible region for I'y < I'y — I'y < 2I's, it is represented by

for (72) and

1
0<Ih =2, <I'y < §(F1 —T), I' =Ty =Ty <I's <Ty, (81)
1
§(F1_F2)<F4§F2 Iy <T's <TIy, (82)
or .
SO =T) <Dy ST <Ty—Ty, Ti—Tp—Ty<Ty<Ty (83)

Since they are equivalent to (72), (73) and (74) respectively, the proof is the
same.

A2 Casell: T >12>I35>0>1Yy
The possible region for I'y — I'y < I'y in Figure 5 is described by

O<F3SF1—F2, —F3—F1—F2<F4<F3—F1+F2, (84)
I'h =Ty < Iy < Ty, —I's—I'1—Ty <I'y <0, (85)
or
I+ <T'y <0, ' =TIy +T4y <I'3 <Ty, (86)
I =Ty <TI'y<—-TI'1+Ty, 0<I'y3 <TIy, (87)
I =2y < Iy < -1 —FQ, Iy —Ty—1Yy <F3 SFQ, (88)
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from which we show the following upper bounds for L;:

Ly =Ty +T3+Ty)? =T < 4Dl (89)
Ly=T1+T3+Ty)* T3 < 4T, (90)
Ly=T1 4T+ 1y)* =13 < 4D, (91)
Ly= T +Ty+T3)? =17 < 4T 0y + 40503 + 4030, (92)

Since —I'y — I'y — 'y < I'y holds for both (84) and (85), we have

—FQ—F3—\/F%+4F2P3 < —Fl—rg—rg <F4,

and thus —/I'? + 415’3 < 'y + I's + I'y. On the other hand, the comparison
I2 40T — (Ty +T3)2 = (0, =Ty +T3) (I + Ty — T'3) > 0,

and I'y < 0 reveal that

\/T2+40503 > Ty + T3 > Ty + '3 + Ty

Therefore, we obtain

/T3 4+ 4053 < Ty + T3 4+ Ty < /T2 4+ 4T,l,

which is followed by (89).
In order to prove (90), we have to show

—/T3 44T < Ty + T3+ Ty < /T3 + 414 Ts.

The upper bound is derived as follows. Due to (84), the comparison

(02 4-4T1'3) — (203 + ['y)? = 4I3(; — Ty — I'3) > 0,

[+ 03— /T3 443 < Ty — Ty — T3 < —Ty.

As for (85), we see from

implies

(T2 440 T3) — (T1 +D5)* = Ty =Ty + Dg)(Ty + Ty — I'y) > 0.

that I'; + I's — /T3 + 411 T3 < 0 < —I'y. Hence we have the upper bound. The
lower bound is simply obtained by

—Fl—Fg—\/F§+4F1F3<—Fl—Fg—F2<F4,
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for both (84) and (85).
With the similar step, (91) is derived by showing

—\/F§+4F1P3 <I'M+Ty+Ty< \/P%+4P1F2

The upper bound comes from
(T2 + 40 Ty) — (T3 + 2Iy)? = 45 (I} — Ty — T'3) > 0,
for (84) and
(T3 4+4T1Ty) — (T1 +T9)? = (T3 =Ty +Ty)(T3 + T = Ty) >0,

for (85). The lower bound is acquired due to

—Fl—FQ—\/F§+4F1F2<—Fl—FQ—F3<F4.

The proof of (92) is accomplished by showing the inequality,

O<IT+TIy—-TI3< \/Fi+4F1F2,

from (86), (87) and (88). When (86) is satisfied, the comparison

(D2 4-4T1Ty) — (2T — [y)? = 40y (Ty — Ty +Ty) > 0,

[+ Ty — /T3 44Ty < Ty — T+ Ty < T3

For (87), since
(F1+F2)2—(FZ+4F1F2) - (Fl —F2+F4)(F1—F2—F4) <O,

leads to

holds, we also have

F1+F2—\/FZ+4F1FQ<O<F3.

In terms of (88), it follows from

[+ 40Ty — (20 + 20y + Ty)? = —4I Ty — 415 — 4T3 — 4Ty — 41,1y
> —AD Ty — 415 — 4T3 + 4(T'; + I'y)* = 4T, Ty > 0,

that we acquire

[+ Ty — /T2 44Ty < -y — Ty — Ty < Ts.

Hence, we have proved (92). With the similar algebraic procedures, we also show
the same upper bounds for I'y < I'y — I'y < 2I'.
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A.3 Case INI: T >y >0>13>1Y

As in §4.5, we use the notation p = —I'3 > 0. The possible region in Figure 11 is

expressed by

1
0<p§§(F1—F2), —p—Fl—F2<F4<p—F1+F2,
1
a(rl_r2)<pu —p—I1—-Ty <I'y < —p,
or equivalently
1
5(—F1 + 1) >Ty > Ty + Ty, Fy+T =Ty <p< -1y,
I+ >0 > -1 =Ty, 0<p< Ty,
—Pl—F2>P4, _Fl_FQ_F4<p§_F4.

The upper bounds for the invariants L; are given as follows.

Li=Ty—p+Ty)?*— < —4ply,
Ly= (1 —p+Ty)* =13 < —4ply,
Ly =Ty + Ty 4+Ty)% —p* < 4Ty,
Ly=T1+Ty—p)— < Al T.

First, it is easy to see from

—p = To+/TT+4ply > —p =Ty +T1 > —p > Ty,
—p—Ty—/T5 +4pI'y < —p—Ty — T < Ty,

for both (93) and (94) that we have the inequality

—\/TT+4pl'y < p+Ty 4Ty < /T + 4pls,

Therefore, the upper bound (98) is derived.
Second, the comparison

and

I3 +4ply — (2p+Ty)? = 4p(Iy — Ty — p) > 0,

is satisfied due to (93). Hence, we have the inequality

—p—F1+\/F%+4pF1 ZP+F2—F1>F4,

and thus the upper bound,

Iy +p—|—F4 < \/Fg—l-llpfl
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It follows from (94) and

I3+ 4ply —T7>T5+2(0 — o)l —T5 = (I — T'y)* >0,

—p—F1+\/F%+4pF1>—p2F4,

which also yields (102). The lower bound T’y +p+T'y > —y/I'2 + 4pI'; is derived

from
—p—Fl—\/F%—l—llpFl<—p—F1—F2<F4.

for both (93) and (94). Hence, we prove (I'y +p + I'4)* < I'4 + 4pI';, and thus
(99).
To show the bound (100), we check the inequality

—\/ p2 + 4T < T+ T+ 1Ty < \/]92 +4I'1Ts.

The lower bound is easy to see from

—Pl —FQ — \/p2+4F1P2 < —Fl —FQ —p< F4.

On the other hand, the upper bound for (93)

I =T+ vp?+4lTe > p+ Ty — T > Ty,

comes from the comparison

that we have

(p2 + 4F1F2) — (p + 2F2)2 = 4F2(F1 —p— Fg) 2 2F2(F1 - Fg) 2 0.

Regarding the upper bound for (94), we treat the two cases, Iy + I'y > p >
%(Fl —TI'9) and p > I'; 4+ Iy, separately. For the former case, since

p* 440 = (P + Ty = p)? = 2p(T'y +Tp) — (I — Iy)?
> (Fl — PQ)(Fl + Fg) — (Fl — F2)2 = 2F2(F1 — Fg) > 0,

we obtain —I'y — I'y + \/m > —p > I'y and thus
[y + Dy + Dy < /p? + 40T (103)
For the latter case p > I'y + I's, since
PP AT Ty — (D 4+ 1) = (p—T1 +To)(p+ T —Ty) >0,

we have
—I'y —T's + \/p2 +4IMIT > 0 > F4,

and thus (103).
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Finally, we make use of (95), (96) and (97) to obtain (101). When the vortex
strengths satisfy (95), if follows from

[2 44T 0y — (2T — Ty)? =40 (I'y — Ty 4+ 1y) > 0,

F1+F2_\/F?1+4F1F2§F4+F1_F2<pa
F1+F2—p< \/Fi+4F1F2

As for (96) and (97), the comparison

that we have

and therefore

FZ —|— 4F1F2 — (Fl —|— FQ)Q - (Fl - FQ - F4)(—F1 + FQ - F4) > 0,

F1+F2—\/FZ+4F1F2§O<]9,

Moreover, the inequality

F1+F2+\/Fi+4F1F22F1+F2+vp2+4F1F2>p,

holds due to I'y < —p < 0, from which we obtain the lower bound, I' + 'y —p >
['% + 41Ty, Thus the proof of (101) is finished.

reveals
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