SHARP ESTIMATES FOR THE GREEN FUNCTION,
3G INEQUALITIES, AND NONLINEAR SCHRODINGER PROBLEMS
IN UNIFORM CONES

KENTARO HIRATA

ABSTRACT. We find and prove sharp estimates for the Green function and 3G in-
equalities in uniform cones. Estimates are applied to give equivalent conditions for
measures to satisfy the generalized Cranston-McConnell inequality, and to show the
existence of infinitely many continuous solutions to nonlinear Schrédinger problems.

1. Introduction

We work in the Euclidean space R", where n > 3. By Ggq, we denote the Green
function for a domain 2, that is, for each y € €2, the function G(-,y) is the distributional
solution to —Af = d, in £ and f = 0 at all Dirichlet regular boundary points of €2.
We write dq(z) for the distance from z € Q to the Euclidean boundary 02 of 2. By
the symbol A, we denote an absolute positive constant whose value is unimportant and
may change from line to line. If necessary, we use Ag, A1, to specify them. For two
positive functions f1 and fo, we write fi & f5 if there exists a constant A > 1 such that
A71f; < fo < Afy. The constant A will be called the constant of comparison.

The first purpose of the present paper is to show 3G inequalities in a cone by deriving
a sharp global estimate for the Green function. In [6], Bogdan proved in a bounded
Lipschitz domain  that if we fix xp € Q and let g(z) = min{1, Go(x, zo)}, then

(1.1) Ga(z,y) = %M —y|>™™ for z,y € Q and b € Bo(z,y),

where By(z,y) is, roughly speaking, the set of points b in Q that lie between z and y
and satisfy dq(b) ~ max{dq(z),da(y),|z—y|}. See [6, p.328] or Section 3 for the precise
definition. Estimates of such a kind will play important roles when we treat the Green
function. In fact, the following 3G inequality can be shown from the estimate (1.1).
There exists a constant A such that

Ga(z,y)Galy, 2)

Gq(zx, 2)

Before the estimate (1.1), the 3G inequality was proved by Cranston, Fabes and Zhao [7]
to study the conditional gauge theory for the Schrédinger operator. Recently, Aikawa
and Lundh [4] extended (1.2) to a bounded uniformly John domain. The constants
appearing in the estimates (1.1) and (1.2) depend on the diameter of a domain, and it
seems that there is no results such as (1.1) and (1.2) in “unbounded” domains with no
explicit expressions of the Green functions. We shall find and establish a sharp global

(1.2) <Az -yl Hy— 22 for x,y, 2 € Q.
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estimate for the Green function and 3G inequalities in particular unbounded domains,
cones. We note that unbounded domains do not have (1.1) in general. For instance,
considering the half space Q = {(z1, -+ ,2,) : , > 0} and g = (0,---,0,1), we see
that Ga(rxo,zo) ~ r1=™ and g(rzo)g(w0)g(b.) ~2|rze — 20|?>™™ ~ g(raze) 1r?>~™ ~ r for
r > 0 sufficiently large and b, € B(rzg,xo). Therefore it is interesting to find a sharp
global estimate for the Green function in a cone. Indeed, we will establish (1.1) using
the Martin kernel at infinity instead of g. Our results will be stated in Section 3. As
one of interesting applications of a 3G inequality, we shall give equivalent conditions for
measures v to satisfy the generalized Cranston-McConnell inequality:

/Q G, y)uly)dv(y) < Au(z)

for all x € Q2 and all positive superharmonic functions u in . We will see suprisingly
that if this inequality holds only for the Martin kernel at infinity, then one holds for all
positive superharmonic functions.

The second purpose is to show the existence of infinitely many continuous solutions
to the following nonlinear Schrodinger problem in a cone £2:

Au— pu = f(-,u) in Q (in the sense of distributions),
(1.3) w>0 inQ,
u=0 on 0.8,

where p and f are respectively a signed measure on €2 and a Borel measurable function
in 2 x (0,400) with suitable properties stated in Section 5, and 9,2 is the set of all
Dirichlet regular points of 0€2. Zhang and Zhao [11] studied the problem (1.3) with
# = 0 in a bounded Lipschitz domain containing the origin and showed, using the 3G
inequality (1.2), the existence of singular solutions with the growth |- [>~"
origin. The existence of bounded solutions in an unbounded domain with a compact

near the

Lipschitz boundary was investigated in [12]. In [5], Bachar, Maagli and Zribi studied
the problem (1.3) with ¢ = 0 in the half space and showed the existence of solutions
with the growth z, near infinity. Their discussion was based on the explicit expression
of the Green function. Thus our purpose is to extend their result to cones by applying
our sharp estimates for the Green function. In particular, we shall show the existence
of solutions with the same growth as the Martin kernel at infinity.

The following notations will be used in this paper. By B(z,r) and S(z, ), we denote
the open ball and the sphere of center x and radius r, respectively. When z is the origin,
we write B(r) = B(xz,r) and S(r) = S(z,r) for simplicity. A cone we consider is an
unbounded domain of the form

= {xeR”\{O}:%Ew},
where w is some relatively open subset of S(1). In particular, we will consider uniform
cones. See Section 2.

The plan of this paper is as follows. In Section 2, we shall collect definitions of a
uniform cone and the Martin kernel, and give elementary and useful properties. We
also state our key tools: the Carleson estimate and the boundary Harnack principle. In
Section 3, we shall establish a sharp global estimate for the Green function in a uniform
cone, and show new and classical 3G inequalities. Also, other inequalities that used



in subsequent sections will be proved. In Section 4, we shall give a characterization of
measures that enjoy the generalized Cranston-McConnell inequality, as an application
of a New 3G inequality. We also introduce a certain class of measures which is bigger
than the classical Kato class, and give some properties. In Section 5, we investigate the
problem (1.3) in a uniform cone.

2. Preliminaries

2.1. Uniform cones. We first state the definition of a uniform cone. A cone I' in R™
is said to be a uniform cone if there exists a constant Ay > 1 such that each pair of
points x and y in I' N B(1) can be connected by a rectifiable curve « in I' for which

) < Aol —yl,
min{¢(y(z, 2)), €(1(59)} < Aodr(2) for all 2 € 7,
where £(+y(z, z)) denotes the length of the subarc (z,z) of v from = to z, and dp(2)

stands for the distance from z to 9I'. We note that a uniform cone is a uniform domain
in the sense of [9)].

(2.1)

Lemma 2.1. If I' is a uniform cone, then each pair of points x and y in I' can be
connected by a rectifiable curve v in T' satisfying (2.1) with the same constant Ap.

Proof. Let z,y € I" and let r > max{|z|,|y|}. Then z/r,y/r € T'NB(1). By assumption,
there is a curve « in I' connecting x/r to y/r with the property (2.1) for x/r and y/r
in place of z and y. Let v, = {rz : z € v}. Then =, is a curve in I" connecting z to y.
It also follows that (v, ) = rf(y) < Ap|z — y| and that for w € .,

min{¢((z, w)), £y (w, y)) } = rmind€(y(z/r, w/r)), Ly (w/r,y/r))}
< rApdr(w/r) = Apor(w).

Thus the lemma is proved. O
2.2. Quasi-hyperbolic metric and Harnack inequality. We state the Harnack

inequality involving the quasi-hyperbolic metric in a uniform cone. The quasi-hyperbolic
metric on I' is defined by

kr(z,y) = igf/ gjz;

where the infimum is taken over all rectifiable curves v in I' connecting x to y, and ds
stands for the line element on 7. Note from [9] that a uniform cone is characterized in
terms of the quasi-hyperbolic metric:

(2.2)  kr(z,y) < Alog [(;”szg’ + 1> (% + 1>] +A fora,yel.

We also note from [3, Lemma 7.2] that if z € I', then
kr\(zy(7,y) < 3kr(z,y) + 7 for z,y € T'\ B(z, 27160(2)).

A finite sequence of balls {B(z;, 27 6r(x;)) j]\/il in I is called a Harnack chain of length

M joining z and y if v1 = z, x5y = y, and x41 € B(x;,2 7 r(z;)) forj =1, , M —1.



We observe that the shortest length of the Harnack chain joining x and y is comparable
to kr(xz,y) + 1. Therefore there exists a constant A > 1 depending only on T" such that

(2.3) exp(—A(kr<x,y>+1>>s%gexp<A<kr<x,y>+n> for 2,y €T,

whenever h is a positive harmonic function in I'. As a consequence, we can obtain the
following lemma.

Lemma 2.2. Let I' be a uniform cone, and let h be a positive harmonic function in I.
If z,y € T satisfy |x — y| < A3min{dp(z),or(y)} for some Az > 0, then

h(z) = h(y) and Gr(z,y)~ |z —y*",
where the constants of comparisons depend only on As and T'.

2.3. Carleson estimate and Boundary Harnack principle. We next state the
Carleson estimate and the boundary Harnack principle. We say that a property holds
quasi-everywhere if it holds apart from a polar set. The following lemma is found in [2,
Theorem 1 and Remark 2].

Lemma 2.3. Let I' be a uniform cone. Then there exist positive constants r1 and
Ay < 1 depending only on I' with the following property: Let & € OI' and 0 < r < rq.
If hy and he are positive bounded harmonic functions in T' N B(§,r) vanishing quasi-
everywhere on OI' N B(&,r), then

hi(z) _ hai(a')

ha(w) = ha(a')
where the constant of comparison depends only on I'. Moreover, if z is an arbitrary
point in T'NS(E, Air) such that op(z) > Agr for some As > 0, then

hi(z) < Ahy1(z) forx € TN B(E, Arr),

for z,x’ e TN B(E, Ayr),

where the constant A depends only on Ay and I.

Remark 2.4. In arguments below, a constant As in Lemma 2.3 will be implicitly taken
as 271 Ag1 A, The existence of a point z € I'N S(&, Ayr) with 6p(z) > 27 A5  Ayr can
be shown as follows. Let z € ' N S(¢£,27 A7) and y € I'N S(€,2A4;7). By Lemma 2.1,
there exists a curve v in I' connecting x to y with the properties in (2.1). Then a point
z € yN S(E, Arr) satisfies or(z) > 271 Ay Ay,

2.4. Martin kernels. We finally state the definition of the Martin kernels. Let Q be
a unbounded domain in R"™. Recall that Gq is the Green function for 2. We fix g € )
(the reference point). Let £ € 0 U {oo}, and let {y;} be a sequence in €2 converging
to & Then we see that some subsequence of {Gq(-,y;)/Ga(xo,y;)}; converges to a
positive harmonic function in €. All limit functions obtained in this way are called

Martin kernels at £&. When we consider a cone I, the reference point zq is taken in
rnsS(1).

Lemma 2.5. IfT' is a uniform cone, then for each £ € OT' U{oo}, there exists a unique
(minimal) Martin kernel Kv(-,§) at §&. Moreover, there exist a non-negative constant «
and a positive bounded continuous function 8 on I' N S(1) such that

(2.4) Kr(z,0) = [z*7"%0(x/|z|) and Krp(z,00) = |z|*0(z/|z]).



Proof. The first assertion for £ € JI' is found in [2, Theorem 3]. By the Kelvin transform,
we also observe that there is a unique (minimal) Martin kernel at co. The representation
(2.4) can be obtained by the similar way as in [10, p. 472]. O

It is noteworthy that if I" is a uniform cone, then for r» > 0,
(25) GF('I’ y) = T2_nGF(:E/T7 y/T) and KF(:C’ OO) = TaKF('I/Ta OO)

We also see from (2.2) and (2.3) that there exist positive constants A and § > 1 such
that

(2.6) 0(z) > Adp(2)? for ze T'NS(1).
Note that if I' N .S(1) has a Cl''-boundary, then we can take 3 = 1.

3. Sharp estimates for the Green function and 3G inequalities

Throughout this section, we suppose that I' is a uniform cone in R"™ with n > 3.
To obtain the estimate (1.1) in a bounded Lipschitz domain €2, Bogdan [6] defined
Bo(x,y) as the set of all points b in Q such that B(b, kor) C QN B(x,3r) N By, 3r) if
r = max{0a(z),da(y), |z —y|} < re, and Bo(z,y) = S(zo,r2) if r > re, where kg and r2
are some fixed positive constants. We know that By(z,y) plays a good role essentially
when dq(z) and 0q(y) are much smaller than |x — y|. From this view, we adopt the
following somewhat simpler definition. Let k > 1. For x,y € I', we define

B(z,y) = {b e I' : max{|z — b|, |b — y|} < K|z —y| and ér(b) > | ; Y| }

Although this definition does not include the relation between or(b) and max{dr(z), dr(y)},
we have the following.

Proposition 3.1. Let z,y € T', and let Ay be the constant in (2.1). The following
statements hold.
(i) If k > 2Ay, then B(z,y) is non-empty, and B(z,y) = B(y, x).
(i) Ifb € B(z,y), then or(b) > (2k?) "t max{ér(x), 6r(y)} and |b] > (2x%) "L max{|z|,|y|}.
(iii) If r > 0, then B(ra,ry) ={beT :b/r € B(z,y)}.

Proof. (i) Let x,y € I'. By Lemma 2.1, there exists a curve v in I connecting x to y
such that ¢(y) < Aglz — y| and min{|x — z|, |z — y|} < Aodr(z) for all z € 4. Let b be a
point in 7 such that |z — b| = |b — y|. Then

max{|z —bl, [b—y|} <£(y) < Aolx -y,

or(b) > Ag'x — bl = (240) |z — yl.

Hence B(z,y) is non-empty whenever k > 2A4y. The symmetry of B(z,y) is clear from
the definition.

(ii) We first show dp(b) > (2x2)"! max{dr(x),dr(y)}. By symmetry, it suffices to
prove &p(b) > (2x2) " (z). Suppose to the contrary that there is b € B(z,y) such that
or(b) < (262)710r(x). Then |z —y| < wdp(b) < (26)~1or(z), and so |z —b| < klz —y| <
2716r(x). Hence

or(b) > or(x) — |z — b > 27 tor(z) > (2+%) " or ().

This is a contradiction. We next show [b| > (2x?)"!max{|z|,|y|}. It is enough to
prove |b| > (2x%)7!|z|. Suppose to the contrary that there is b € B(x,y) such that



Ib| < (26%)7t|z|. Then |z — y| < (2k)~ x| since dr(b) < |b], and so |z — b] < 27 Y z].
Hence
1> Jo| — & — b > 2| > (26)Y[al.
This is a contradiction.
(iii) Since dr(rb) = rdép(b) and |rz—ry| = rlx—y|, we can obtain (iii) immediately. [

The sharp global estimate for the Green function in I' is as follows.

Theorem 3.2. Forxz,y € T and b € B(z,y),
KF(CU, OO)KF(y7 OO)
KF(b7 00)2

where the constant of comparison depends only on k and .

(31) GF(x7y) ~ ‘.I' - y‘27n7

Proof. We first show (3.1) for z,y € I' N B(1) and b € B(z,y). We may assume by
symmetry that or(z) < or(y). Let Ay = A1_1 max{5,2r1_1}, where 0 < A; < 1 and
r1 > 0 are the constants in Lemma 2.3. We consider two cases: |z —y| < A4dr(z) and
|z —y| > Asdr(x).
Case 1: |z —y| < A4dr(x). Since |z — b| < k|z — y| < K26r(b) by the definition of
B(z,y), it follows from Lemma 2.2 that
Kr(b,00) = Kr(z,00) =~ Kp(y,00) and Gr(z,y) ~ |z —y|*™".

Hence we obtain (3.1) in this case.
Case 2: |x —y| > A4dr(z). Note from our choice of A4 that
ATY A o —y) <2471 AT <.
Let £ € OT' be a point such that or(z) = | — &|. Then
ly =&l 2o —yl—lo— &> 1 - A7)z -yl 2 AT AT o —yl.
We take z1 € T'NS(€, Ay |z — y|) with dp(z1) ~ |z — y| (cf. Remark 2.4). By Lemma
2.3, we have
Gr(z,y) ~ Gr(z1,y)
Kr(z,00)  Kp(z1,00)
We take y; as follows. If or(y) > Ay |z — y|, then we let yy = y. If 6r(y) < Ayt |z —yl,
then, letting 7 € AT be a point such that or(y) = |y—n|, we take y; € T'NS(n, Ay |z —yl)
with dr(y1) =~ |z — y|. Note in the latter case that

(3.2)

1 =) > Jo —y| = |z —a1| = |y =0 > (1 =347 )|z —y[ > AT AT o — ).
We have by Lemma 2.3
Gr(z1,y) _ Gr(zi,y1)
Kr(y,00) ~ Kr(yi,0)
Since |1 — 1| ~ |z — y| < Amin{op(z1),or(y1)}, it follows from Case 1 that for
by € B(x1, 1),

(3.3)

KF(l’l,OO)KF(yl,OO)
Kr(bl,OO)Q
Note that op(by) > /171\371 —yi| = |z —y| and

(3.4) Gr(z1,y1) ~ |z —y>

b= b1l < [b— |+ |2 = a1| + |21 = br| < (5 + 245 )| — y| + sl21 — | = |z — ],



and so |b — by| < Amin{dr(b),dr(b1)}. Therefore Lemma 2.2 yields that
(35) Kr(bl, OO) ~ Kr(b, OO)

Combining (3.2), (3.3), (3.4) and (3.5), we obtain (3.1) in this case. Thus (3.1) holds
for z,y e TN B(1) and b € B(x,y).

Finally, to establish (3.1) for all z,y € T and b € B(z,y), we let r > max{|z|, |y|}.
Then x/r,y/r € TN B(1) and b/r € B(x/r,y/r) by Proposition 3.1. Therefore we have
from the above observation

Gr(x/r,y/r) ~

Ky (x/r,00)Kr(y/r, 0) ‘E B g‘Q—”
Krp(b/r,00) '
Hence (3.1) follows from (2.5). Thus the proof is complete. O

r r

In what follows, we take kK = 24y but we continue to use the symbol . If z and y are
separated enough, then the Green function is comparable to the product of the Martin
kernels at the origin and at infinity.

Corollary 3.3. For z,y € I" with 2|y| < |z|,
Gr(z,y) =~ Kr(z,0)Kr(y, 00),
where the constant of comparison depends only on T'.
Proof. Let x,y € T satisfy 2|y| < |z|, and let b € B(z,y). Then
(26)Hz| < K7z —yl < 0p(b) < ] < |b— | + |a| < Kl —y| + |z| < 3kl

and so 6r(b/|b]) = |b|~1or(b) > (6x%)71. It follows from Lemma 2.5 that K (b,00) ~
|b|* ~ |z|*. Hence we obtain from Theorem 3.2 and (2.4) that

Gr(z,y) ~ Kr(z,00) Kr(y, 00)|z[* "% = Kr (2, 0)Kr(y, o0).
Thus the corollary follows. O

As an important application of Theorem 3.2, we obtain the following 3G inequality.

Theorem 3.4 (New 3G inequality). There ezists a constant A depending only on T’
such that for x,y,z € T,

Cr(e.)Cry.2) _  (Kr(y.o0) Koy, o)
Gp(x7 Z) < A <—Kr(x, OO) Gl"($, y) + mGF(y, z)) .

Proof. We may assume by (2.5) and symmetry that z,y,z € TNB(1) and |[x—y| < |y—z|.

(3.6)

It is enough to show that

GF(yvz) < AKF(yvoO)

GF(£72) N KF(%OO)

Let b, . € B(x,2) and by . € B(y, z). Since |z —z| < |z —y|+ |y — 2| < 2|y — 2|, it follows
from Theorem 3.2 that

GF(yaz) S A (Kr(bx727oo)>2 KF(yaoo)

(3.7)

Gr(z,2) Kr(by,.,0) ) Kr(z,00)
We claim that
KF(bx 2 OO)
3.8 — A
(38 KF(byw o)



To show this, we let A5 = 3xA;" and r = Asmax{|y — z|,6r(2)}. We consider two
cases: 7 > ry and r < r1. Here 0 < A1 < 1 and r; > 0 are the constants in Lemma 2.3.

Case 1: r > rq. Since |by .| < 142k, it follows from Lemma 2.5 that Kt (b, ., 00) < A.
Also, we have K (b, »,00) > A > 0 because of dr(by, ) > (2x2)"1 A5 'r; by Proposition
3.1. Hence (3.8) holds in this case.

Case 2: r < ry. Let ( € OI' be a point such that ér(z) = |z — ¢|. Then |b, , — (| <
bpx — 2| + ]2 — ¢ < (26 + 1)A5 1 < Ayr. We take w € T 1 S(C, Arr) with op(w) ~ 7.
Note that

lw—by.| < |w—C|+|¢— 2|+ |z —by.| < (A1 + (1 +r)AT")r
< Amin{ép(w), 5r(by,z)},

since dr(by.») > (2x2) "L A5 17 by Proposition 3.1. Hence Lemmas 2.3 and 2.2 yield that
KF(bx,Za OO) S AKF(w7 OO) ~ KF(by,za OO)
Hence (3.8) holds. Thus the theorem is proved. O

Theorem 3.5. There exists a constant A depending only on I' such that for x,y € T,

GF(:Ev y)KF(yv OO)
Kr(x,00)

Proof. We may assume by (2.5) that z,y € N B(1). Let b € B(x,y). Then we have by
Theorem 3.2

(3.9) < Alx —y|*™

GF(xay)KF(y’OO)N Kr(y, ) Qx_ 2—n
Kr(z, o0) N(Kp(b,OO)) o —ylm

To obtain (3.9), it suffices to show Kr(y,00)/Kr(b,00) < A. This can be proved by
the similar way as in the proof of Theorem 3.4. For the reader’s convenience, we give
a proof. Let r = Asmax{|z — y|,dr(y)}, where A5 = 3sA7*. If 7 > 71, then op(b) >
(2k%)~1 Az 'r; by Proposition 3.1, and therefore Kp(y,00) < AKp(b,00). Suppose in
the sequel that r < r;. Let £ € IT be a point such that op(b) = |b — £|, and take
w el NS Ar) with ép(w) = r. Then

ly — &l < [y — b+ dr(b) <2y — bl +dr(y) < (2 + A5 'r < Arr

and
b—w| <[b—¢+[§—w| <[b—y|l+dr(y) + [§ —wl
< ((k+ 1A+ Ap)r < Amin{or(b), or(w)}.

Hence we obtain from Lemmas 2.3 and 2.2
Kr(y,00) < AKp(w, 00) =~ Kp(b, 00).
Thus the theorem is proved. O
Remark 3.6. From the proof of Theorem 3.5, it follows in general that
(3.10) max{Kp(z,00), Kr(y,00)} < AKp(b,00) for z,y € T and b € B(x,y).

The following 3G inequality has been studied widely in many bounded domains, but
it may be unknown in cones.



Corollary 3.7 (Classical 3G inequality). There ezists a constant A depending only on
I" such that for x,y,z € T,

GI‘(l’, y)GF(ya Z)
Gr(z,z)

S Alz =y fy — 2.
Proof. This follows immediately from Theorems 3.4 and 3.5. (]

The following two lemmas will be used in the subsequent sections, so we prove them
here.

Lemma 3.8. There exists a constant A depending only on I' such that for x,y € T,
KF(x7 OO)KF(yv OO) < Amax{\x], ’y|}n72+2aGF(‘rB7 y)v
where o« > 0 1s the constant in Lemma 2.5.

Proof. Let b € B(z,y) and R = max{|z|,|y|}. Since |b] < |b—z|+ |z] < K|z —y|+|z| <
(26 + 1)R, we have by Lemma 2.5

‘.T _ y’2—n S ARZ—n

Kp(b,oo)2 — 7 R’

Thus the lemma follows from Theorem 3.2. O

Lemma 3.9. Let r > 0 and R > 0. Then there exists a constant A depending only on
r,R and T such that for z,y € I' N B(R) with |x —y| > r,

Gr(z,y) < AKp(z,00)Kr(y, o).
Proof. Let a > 0 and 6 be as in Lemma 2.5, and let 5 > 1 be as in (2.6). Then we have
(3.11) Kr(b,00) = |b|*0(b/|b]) > A|p|*Por(b)®  for b e B(x,y).
Since |b] < (2x + 1)R and 6p(b) > x~ta — y| > k717, it follows from Theorem 3.2 that
Gr(z,y) < A(r, R)Kr(z, 00)Kr(y, 00),

where A(r, R) is a positive constant depending on r and R. Thus the lemma is proved.
O

Remark 3.10. If a > 1 = 3, then Kr(b,00) > Amax{|z|,|y|, |z —y|}* !z —y| by (3.11)
and Proposition 3.1, and therefore we have

Kr(z,00)Kr(y, 00)
max{|zl,|y|, |z — y[}2(@ D]z — y|?

GF(‘T’y) SA for xvyerv

where the constant A depends only onI'. If a < 1 = 3, then |b] < (2k+1) max{|z|, |y|},
and so Kr(b, o) > Amax{|z|,|y|}* !|z — y|. Therefore we have

Ky (x,00)Kr(y, 00)
max{|z], [y[} @Dz —y|

GF(xay) SA for 5Uay€F7

where the constant A depends only on T'.



4. Generalized Cranston-McConnell inequality and extended Kato class
n [8], Cranston and McConnell proved that if  is a domain in R? with the finite
volume vol(£2), then there exists a constant A such that

sup — e / Gal(x,y)h(y)dy < Avol(9),
z,h

where the supremum is taken over all x € € and all positive harmonic functions h in
Q. In general, if ) has infinite volume, then the left hand side of the above inequality
diverges. We consider the following generalization. In the rest of this section, we suppose
that T is a uniform cone in R™ with n > 3. By U4 (T"), we denote the class of all positive
superharmonic functions in I'. We say that a measure v on I' enjoys the generalized
Cranston-McConnell inequality if

(4.1) Iler = sup / Gr(z, y)u(y)dv(y) < +oo.
z€T, ucly (T) W

See [1] for investigations and related topics of the generalized Cranston-McConnell in-
equality, and see reference therein. We give necessary and sufficient conditions for v
to satisfy the generalized Cranston-McConnell inequality. To simplify the notation, we
write

Gr(z,y)Kr(y, o)

HF(I',QD = Kr(m' OO)

for x,y € T,

and set
I21F7% :sup/Hp x,y)dv(y).

The following theorem means that v enjoys the generalized Cranston-McConnell in-
equality if (4.1) holds only for u = Kr(+, 00).

Theorem 4.1. Let v be a measure on I'. The following statements are equivalent:

(1) [[vllonm < +oo;
(i) flvlla < +oo; Go@,)Colun )
L r\r,y)br\y,z
(iii) ||v|lg := sup /F Gr(z.2) dv(y) < +o0.

z,zel’

Moreover, ||v|lcym = ||Vl = ||v]|G, where the constants of comparisons depend only on

I.

Proof. If (i) holds, then we obtain (ii) by taking uw = Krp(-,00) in (4.1). If (ii) holds,
then we have by Theorem 3.4
/ GF($7 y)GF(ya Z)
r Gr ($a Z)

Hence (iii) follows. We finally show that (iii) implies (i). By assumption, we have

du(y) < A /F (Hr(2,y) + He(z, ) }du(y).

/ Gr (2, y)Gr(y, 2)dv(y) < |v]cGr(z,2) for z,z € T.
r

Let Gru be a Green potential in I' of a measure p. It then follows from Fubini’s theorem
that

/F Gr(z,4)Gru(y)dv(y) < v cCru(z).

10



Since every positive superharmonic function can be approximated by an increasing
sequence of Green potentials, the monotone convergence theorem yields (i). Thus the
theorem is proved. O

The following is an immediate consequence of Theorems 3.5 and 4.1.

Corollary 4.2. If v is a measure on I' satisfying

Sup/ |z — y|27”dy(y) < +o00,
xel’ JT

then v enjoys the generalized Cranston-McConnell inequality.

As another consequence, we obtain the following.

Corollary 4.3. Let v be a measure on I" such that ||v|| g < +o0. Then for each R > 0,
[ Kilpoonty) <+
I'NnB(R)
Proof. Let R > 1. Then Lemma 3.8 with x = xg and Theorem 4.1 yield that
[ Kilyoohdvly) < A [ Grlan,y)avty) < Alvfiens < +oc,
I'NB(R) r

and thus the corollary follows. O
We now introduce an extended Kato class.

Definition 4.4. We say that a measure v on I' belongs to the extended Kato class
K(T) if v fulfills the following properties:

(4.2) lim sup/ Hr(z,y)dv(y) | =0,
=0 \ zeT JTNB(z,r)

(4.3) lim sup/ Hr(z,y)dv(y) | =0.
R—+00 \ zel JT\B(R)

We also say that a Borel measurable function f in I' belongs to the extended Kato class
if the measure dv = | f|dy belongs to IC(T").

The classical Kato class Ko(I") is the set of all measures v on I' satisfying (4.2) and
(4.3) with the Newtonian kernel |z — y|>~™ instead of Hp(x,y). By Theorem 3.5, we
easily see Ko(I") C K(T).

Proposition 4.5. If v is a measure on I' such that v € K(T'), then ||v|g < +oo.
Moreover, for each R >0,

/ Kr(y, 00)2du(y) < +oc.
I'NB(R)

Proof. Let R > 0. By the definition of IC(I"), there exist positive numbers r2 and Rp
such that

(4.4) sup/ Hr(z,y)dv(y) <1 and sup/ Hr(z,y)dv(y) < 1.
zel' JTNB(z,r2) zel' JT\B(Rz)

11



Since I' N B(R2) is covered by a finite sequence of balls {B(z;,r2)}7, with z; € I'N
B(Ry), it follows from Lemma 3.8 and (4.4) that

/ Kr(y, 00)%du(y <AZ/ r(zj,y)dv(y) < +oo.
FﬂB(Rz) FﬂB xJ,T‘Q

Therefore we have by Lemma 3.9

sup /
z€l’ JTNB(R2)\B(x,r2)

This, together with (4.4), yields that ||v||g < +oo. O

Hr(z,y)dv(y) < +o0.

Corollary 4.6. If v be a measure on T' such that v € K(T'), then for each zo € T,

(4.5) lim sup/ Hr(z,y)dv(y) | =0.
70 \ zel JTNB(z0,r)

Proof. Let € > 0. Since v € I(I"), there exist positive numbers r3 and R3 such that

wp [ i) <e ad s [ Hi(epd() <<
zel' JTNB(z,r3) z€l' JT\B(R3)

Let r > 0 and « € I'. Then we have by Lemma 3.9

[ ey <2+ [ Hr (,y)dv (y)
I'NB(zo,r) I'NB(zo,r)NB(R3)\B(z,r3)

<2+ A Kr(y, 00)%dv(y).
I'NB(z0,r)NB(R3)

In veiw of Proposition 4.5, we obtain (4.5). O

In the sequel, let & > 0 and 6 be as in Lemma 2.5. We give examples for the strictness
of the inclusion Ko(I') C K(T') when dT' N S(1) has a Ct1-boundary. Note in this case
that 6(z) =~ ér(z) for z € I' 1 S(1) and that if 7 > 1, then for £ € OI'NS(1) and r > 0,

(4.6) / or(y)~"dy = +oo0.
TNB(E,r)

Since Ko(T') € LY (I' N B(2)), we see in each example below that V € K(T) \ Ko(I') if
1<p<2<yg.
Example 4.7. Suppose that o > 1 and 6(z) = dr(z), and let
Viy) = A+ [y %or(y) ™"
Then V € K(T) if and only if p < 2 < q.

Proof. Note that V(y) = (1+ |y|)?~9|y[P®Y KT (y, 0c0) P. We first show the sufficiency,
so we assume that p < 2 < ¢q. Let r > 0and z € I. If p < 0, then Hp(x,y)V(y) <
Alz — y|*>~". Therefore

/ Hr(2,y)V (y)dy < Ar®,
'nB(z,r)

and so V satisfies (4.2). We consider the case p > 0. It follows from Theorem 3.2 and
(3.10) that for b € B(z,y),

Hr(z,y)V(y) < AK(b,00) P|lz — y> (1 + |y| )P~ y|P@ Y.

12



Since a > 1, it follows from Proposition 3.1 that Kr(b,00) ~ [b|*~16p(b) > Aly|* |z —
y|. Therefore we have
[ Ve <a o = yP Py < Ar>.
'nB(z,r) 'nB(z,r)
Hence V satisfies (4.2). We next show that V satisfies (4.3). Observe from Remark 3.10
and Lemma 2.5 that

ly|?~1
|z —y[”

Let R > 0. Then it follows from the above observation that

sup/ Hr(z,y)V(y)dy < A(r2_p + L+ L+ 15+ 1)
ze€l’ JT\B(R)

3
< A <r2p +R> 7+ sup \:c|2 %]og |x|> ,

|z|>2-1R
where
2—q
— s / lyl _ay,
|z|<2-1R JT'\(B(R)UB(z,r) |$ _y|
B / ly[>~¢
- sup n ’
lz|>2- 1R J{ly|<2-1|2[}\(B(R)UB(z,r)) 1T — ¥l
(4.7 2
—q
I = / T ’
|z|>2 Pir (2-1Jo|<|y|<2fz M\ (B(R)UB () 1T — Y™
2—¢q
L= sw / [yl _
ja|>2-1 R J {2le|< [y \(B(R)UB(z.)) [T — Y]

Hence V satisfies (4.3), and thus V' € K(I'). Conversely, we suppose that V € K(I).
Note that Hr(z,y) ~ |z — y|>~™ > Adr(x)>~" for y € B(z,2 '6r(x)). Hence we have

Hr(z,y)V(y) > Adp(z)?> " P(1 + |z|)P~7 for y € B(z, 27 0p(z)).

Let r > 0, and let 2 € I'N.S(1) be a point such that or(z) < r. Since B(x,276r(z)) C
I'n B(z,r), it follows that

/ Hy (e, y)V (y)dy > Abp ()27
'nB(z,r)

Therefore it must be p < 2 to satisfy (4.2). Let R > 0. Similarly, if x = pzy with
p > 2R, then B(z,27r(z)) c T\ B(R), and so

[ HewVdy = A7 (14 o

I'\B(R)

Hence it must be g > 2 to satisfy (4.3). O
Example 4.8. Suppose that 0 < o < 1 and 6(z) =~ dp(z), and let

V(y) = (1+ [y))*P~9|y[PI=p(y) P

Then V € K(T') if and only if p < 2 < q.
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Proof. Note that V(y) ~ (1+ |y|)*P~9Kr(y,00) P. We first assume that p < 2 < g. Let
0<r<landzxeTl.If p<O0,then Hr(z,y)V(y) < Alr — y|>~™. Therefore

/ Hr(,y)V (y)dy < Ar?,
r'nB(z,r)

and so V satisfies (4.2). We consider the case p > 0. If y € B(x,r), then 1+|y| =~ 14|z,
and so

Kr(b,00) =~ [b|*1or(b) > A(1 + |z|)* Yo —y| for b€ B(x,y).

It follows from Theorem 3.2 and (3.10) that

[ HaV@dy < AQ el [ ey rdy < A,
'nB(z,r) 'nB(z,r)

Hence V satisfies (4.2). We next show that V satisfies (4.3). Observe from Remark 3.10
and Lemma 2.5 that

|y|2> 1

max{ |z, [y} D]z — y|"

Hr(z,y)V(y) <A
Let R > 0. Then it follows from the above observation that

sup / He(a,y)V(y)dy < AP 4 I + o+ Is + 1)
zel' JT\B(R)

3
<A[r*P4+R*M+ sup |z[* log 3] ,
|z|>2-1R r

where I, I3 and I are as in (4.7), and

|2a—q

I = sup 1y dy.

|x|>2—lR/{|ys21|x}\<B<R)UB<x,r>> |z Dz — y|»

Hence V satisfies (4.3), and thus V' € K(T"). Conversely, we suppose that V € K(I).
Observe that

Hr(z,y)V (y) > Adr(2)> " P(1 + |z|)*?~9|2PA~%)  for y € B(x, 27 6r(2)).

Let 7 > 0 and let € I'N S(1) be a point such that ér(z) < r. Then B(z,2 'ér(x)) C
I'n B(z,r), and so

/ Hy (e, )V (y)dy > Adp(2)? 7.
'nB(z,r)

Therefore it must be p < 2 to satisfy (4.2). Let R > 0. Similarly, if x = pzy with
p > 2R, then B(z,27'r(z)) c T\ B(R), and so

/ Hr(z,y)V (y)dy > Ap*>~“P(1 + p)*P~4.
I\B(R)

Therefore it must be ¢ > 2 to satisfy (4.3). g
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5. Nonlinear Schrédinger problem

In this section, we consider the following nonlinear Schrédinger problem:

Au — pu = f(-,u) inI' (in the sense of distributions),
(5.1) w>0 inT,
u=0 on 0T,

where 0,I" denotes the set of all Dirichlet regular points of OI'. We assume the following
condition on g and f. By |u|, we denote the total variational measure of a signed
measure fi.

(P1) p is a signed measure on I such that |u| € K(T') and |||z < 271

(P2) f is a Borel measurable function in " X (0, +00) such that f(x,-) is continuous
n (0,4o00) for each z € I

(P3) |f(x,t)| < t(x,t) for (z,t) € T x (0,4+00), where 1 is some non-negative mea-
surable function in I'x (0, +00) such that for each x € T', ¢(x, -) is non-decreasing
n (0,4+o00) and lim; o4 ¢(x,t) = 0.

(P4) ¢(x) = ¢(x, Kr(z,00)) belongs to I(T).

Theorem 5.1. Let T' be a uniform cone in R™ with n > 3. Assume that p and f
satisfy (P1)-(P4). Then the problem (5.1) has infinitely many continuous solutions.
More precisely, there exists a positive constant Ao such that for each A € (0, o], the
problem (5.1) has a continuous solution u satisfying that

2012l )

(5.2) YT AKr(z,00) <u(x) < 5 2H|H|||H)\Kp(x,oo) forx eT,
and

(5.3) lim —42)

z—oo Kp(z,00)

The proof is based on the Schauder’s fixed point argument. In the sequel, we suppose
that I is a uniform cone in R” with n > 3 and that p and f satisfy (P1)-(P4). Let C(I")
denote the space of all bounded continuous functions in I' endowed with the uniform
norm || - |loo, and let

Co(TU {o0}) = {w e C(TU{oo}) + lim w(x) = o} .
We also write
CiT)={welC):0<w(x)<1forzel}.

For w € C1(T"), we define

/ H (e, p)w)dp(s) + ey L Gl ). ) K. ).

In what follows, we write dv(y) = d|u|(y) + ¢(y)dy to simplify the notation. Note from
(P1) and (P4) that v € K(I).

Lemma 5.2. The class {Fw : w € C1(T)} is equicontinuous in T U {oc}. Moreover,

{Fw:w € C1(I")} C Co(T U {c0}).
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Proof. Let 29 € T and 6 > 0. Let x1,22 € I' N B(20,2716). It follows from (P3) and
w < 1 that

|Fw(z1) — Fw(xs)]

<2sup [ Holwg)dvly) 2 [ He(e)dv(y)
z€l’ JT\B(6~1) z€l' JTNB(20,0)

/ Gr(z1,y)  Gr(z,y)
_|_ —

TNB(6-1)\B(z0,0) | Kr(21,00)  Kp(72,00)
By (4.3) and Corollary 4.6, the first two quantities of the right hand side are bounded
by € whenever ¢ is sufficiently small. If zp € T", then B(zp,0) C I for sufficiently small
§, and so Gr(-,y)/Kr(-,00) is continuous in B(zy,27 1) whenever y € T\ B(20,d). If
2o € O, then Gr(-,y)/Kr(-,0) can be extended continuously to I'N B(zg, §1) whenever
y € I'\ B(z0,9) and 91 € (0,9) is sufficiently small (cf. [2, Theorem 2]). In any cases, it
follows from Corollary 4.3 and Lebesgue’s convergence theorem that, as |1 — x3| — 0,

Gr(z1,v) Gr(z2,y
Kr(z1,00)  Kr(z2,00

Kr(y, o0)dv(y).

/ ’KF Y, 0 )dy( ) — 0.
(TNB(61))\B(20,0)

Hence Fw is continuous in ' uniformly for w. We next consider zg = co. Let R > 0.
Then

| Fw(z)| S/ Hr(z,y)dv(y) +sup/ Hr(z,y)dv(y).
I'NB(R) 2l JT\B(R)

By (4.3), the second term of the right hand side is bounded by £ whenever R is suffi-
ciently large. Note from Corollary 3.3 and (2.4) that
Hr(z,y) < AR* " 2*Kr(y,00)> for z € T\ B(2R) and y € I' N B(R).

It follows from Proposition 4.5 and Lebesgue’s convergence theorem that |Fw(x)| — 0
uniformly for w € F as # — oo. Thus {Fw : w € C1(T")} is equicontinuous in T U {oo},
and is contained in Co(T U {o0}). O

Let |||u||lz < 271 For A > 0, we define

201 = 2Wlulll) y iy <
3= 2lulla =S T2l

Obviously, W) is the non-empty bounded closed convex set in C(T U {oc}). Note that
if A <271 then W) C C1(I'). We define the operator T on W), by

Thw(z) = A — Fw(x) forz €T,
and write Th\(Wy) = {Thw : w € W) }.

W,\—{weC(fu{oo}): A forxeF}.

Lemma 5.3. There exists a positive constant \g such that if 0 < A < Ao, then T\(W,) C
Wh. Moreover, Tx(W)) is relatively compact in C(T U {oo}).

Proof. Let 0 < A < 271 and let w € W). Since Fw € C(T U {oco}) by Lemma 5.2,
we have Thw € CO(T U {co}). Tt suffices to show that there exists a positive constant
Ao < 271 such that if 0 < X\ < \g, then

21— 2l a0) 4
— A< T < — N\ A T.
T I ore €

(54 3Tl
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Let 0 < 7 <1 and define
V() = / Hr(z,y)¢(y, TKr(y,00))dy for x € I.
r

As in the proof of Lemma 5.2, we see that ¥, € Co(T U{oo}). Moreover, for each z € T,
it follows from (P3) that the function 7 — W, (z) is non-decreasing and ¥ (x) — 0 as
7 — 0. Therefore we have by Dini’s theorem

lim <sup \IIT(:U)) = 0.

7—0 \ zeT

We take 0 < 19 < 271 so that sup,ep Wry(2) < 4711 = 2[||pl||a). Let Ao = 471(3 —
2|1l 7)o and let 0 < A < Ag. Then 4(3 — 2|||u||l#) A < 79, and so it follows from
(P3) that for z € T,

Al 4 1+ 2|l

Tow(z) — M — |Fu < U (z) <
Tyw(e) = Al = Fe@)l < 5500 * 32 o @

— 3 =2 ullla

Hence we obtain (5.4), and thus Th\(W,) C W,. Since T\(W,) is uniformly bounded
and is equicontinuous in TU{oo} by Lemma 5.2, it follows from Ascoli-Arzeld’s theorem
that T\(W),) is relatively compact in C(T U {oo}). Thus the lemma is proved. O

Lemma 5.4. Let 0 < X\ < A\g. Then T, is continuous on W.

Proof. Let {w;} be a sequence in W), converging to w € W, with respect to ||-||s. Then,
for each = € T', it follows from (P1)-(P4), Proposition 4.5 and Lebesgue’s convergence
theorem that, as j — +o0,

/mmM%) w(y)ld|ul(y) — 0,
/axwm%mmm>%ﬂwmmmMme

eroo

Hence Thw; converges pointwisely to Thw in I" as j — +o00. Since Ty (W) is relatively
compact in C(T U {oo}), the pointwise convergence implies the uniform convergence.
Therefore ||Thw; — Thw|loc — 0 as j — +o0o. Thus T} is continuous on W. O

Let us prove Theorem 5.1.

Proof of Theorem 5.1. Let 0 < XA < Xg, where )\ is the positive constant in Lemma
5.3. Note again that W) is the non-empty bounded closed convex set in C'(T U {co}).
Since T}, is compact mapping from W), into itself, it follows from Schauder’s fixed point
theorem that there exists w € W) such that w = Thw = A — Fw, that is, for x € T,

/Hp z, y)w(y)du(y) — m/Gr(m,y)f(y,w(y)Kr(y,OO))dy-

Let u(z) = w(z)Kr(x,00). Then v > 0 in I', and v = 0 on 0,I" since Kr(-,00) is so.
Also, we have for x € T,

2(1 — 2|l #r) 4

AKp(x,00) < u(r) < ————AKp(x,00)
3= 2|l 3 =2l

and

u(xr) = MKp(z, 00) — /amy /%xyym»@
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Since Kr(-,00) is harmonic in I', we see that u is a distributional solution to Au— pu =
f(-,u) in T. Finally, since Fw € Co(T U {o0}), it follows that

lim _ule) =\ — lim Fw(z) =\

z—o0 K1 (z,00) T—00
Thus the proof of Theorem 5.1 is complete. O
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