COMPARISON ESTIMATES FOR THE GREEN FUNCTION AND
THE MARTIN KERNEL

KENTARO HIRATA

ABSTRACT. A comparison estimate for the product of the Green function and
the Martin kernel is given in a uniform domain. As its application, we show the
equivalence of ordinary thinness and minimal thinness of a set contained in a
non-tangential cone. We also give a comparison estimate for the Martin kernels
with distinct singularities.

1. INTRODUCTION

The purpose of this paper is to estimate the product of the Green function and
the Martin kernel by an explicit function. In the unit ball B of R” with n > 2,
the formulas of the Green function Gg(-,0) with pole at the origin and the Martin
kernel Kp(+,&) with singularity at a boundary point £ give that

|z — &> < Gp(x,0)Kp(x,8) < cplv — &*"

for + = r¢ with 271 < r < 1, where ¢, is a positive constant depending only on
the dimension n. Such an estimate in a general domain is interesting because, even
though the Green function and the Martin kernel are not clear, the product can be
controlled by an explicit function. We will consider it in a uniform domain. An
open subset 2 of R”, where n > 2, is said to be a uniform domain if there exists a
constant Cp > 1 such that each pair of points x and y in {2 can be connected by a
rectifiable curve ~ in € for which

1) (y) < Colz —yl,

' min{l(y(z, 2)), £(v(2,9))} < Coda(z) forall z € 7,

where ¢(y(x, z)) denotes the length of the subarc v(z, z) of v from z to z and dq(z)
stands for the distance from z to the boundary 92 of 2. We denote by Gg the

Green function for 2. Let xg be a reference point in 2. The Martin kernel of §2 is
defined by

Ga (LIZ‘, y)
GQ (.’L‘O, y)
It is known that if 2 is a uniform domain, then Kq(z, -) can be extended continuously

to the boundary (cf. [2, Theorem 3]). The Martin kernel with singularity at £ € 09
is denoted by the same symbol Kq(-, ). For £ € 00 and a > 1, we write

Fa(€) = {z € Q:fr =& < ada(r)},

a non-tangential cone at £. An open ball and a sphere of center z and radius r
are denoted by B(z,r) and S(x,r), respectively. Throughout the paper, we use the

Kq(z,y) = for (z,y) € (2 x Q) \ {(zo,x0)}.
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symbol C to denote an absolute positive constant whose value is unimportant and
may change from line to line. If necessary, we write C'(a, b, --) to denote a constant
depending only on a,b,---. For two positive functions fi; and fa, we write fi ~ f
if there exists a constant C' > 1 such that C~'f; < fo < Cf;. The constant C is
called the constant of comparison. Our result in higher dimensions is as follows.

Theorem 1.1. Suppose that Q is a uniform domain in R™ with n > 3. Let £ € 0N}
and o > 1. Then

(1.2) Gao(z,m0)Ka(z,&) ~ [ — 77" for w € Ta(§) N B(&, 27 a(x0)),
where the constant of comparison depends only on « and 2.

This result may be relating to the 3G inequality in bounded subdomains of R",
where n > 3: there exists a positive constant C' = C(£2) such that

Gﬂ(ggzilegx’ 2) <C(lz—y> "+ |z —2>™) forz,y,zec.
The 3G inequality was first proved in a bounded Lipschitz domain by Cranston,
Fabes and Zhao [13] to study the conditional gauge theory for the schrédinger oper-
ator. See also Bogdan [8]. Recently, Aikawa and Lundh [4] proved the 3G inequality
in a bounded uniformly John domain. Theorem 1.1 may be interpreted as the lim-
iting case of the 3G inequality. Indeed, if we let z = zy and tend y to £ € 92, then

(1.3)

we have
Ko(z,8)Galz,x0) < C(lz — " + o — x> ™) < Cla — ¢

whenever © € QN B(£,2710q(xg)). Note that Theorem 1.1 is a local estimate
although the 3G inequality is a global one. Theorem 1.1 asserts that the product
Gal(-,x0)Ka(-, &) is bounded from below by the function | - —£[27" as well.

The 3G inequality in two dimensions was proved by Bass and Burdzy [7] us-
ing probabilistic methods: for any bounded domain in R?, there exists a positive
constant C' = C'(Q2) such that

Go(z,y)Ga(z, 2)
GQ(Q? Z)

<C <1 + log™ + log™ ) for z,y, z € (Q,

1
|z — |

where log™ f = max{0,log f}. If 2 is a bounded uniform domain in R? and & € 950,
then the same process as above gives that for x € () sufficiently near &,

|z — 2|

Ko(,€)Ga(x, o) < Clog ﬁ
In the particular case that €2 is a unit disc in R?, this inequality is not sharp as seen
in the starting paragraph of this section. But the above inequality is sharp when £ is
an isolated boundary point. Indeed, letting 6 = 27 min{1, dist(¢&, {xo}U(OQ\{£}))},
we have for z € B(£,0) \ {{} that Ga(x,0) = Gaute} (2, 20) = Gauge (€, 7o) by the
Harnack inequality, and that

_ Gaugey(,€) S G B(e26)(2,€) - 26 log 1
Gaugey(0,€) — Gauey(0,€) — Gaugey(20,&) |z — €I

KQ("I}7§)



In order to obtain comparison estimate (1.2) for n = 2, we assume the following
exterior condition at £ € 0€:

There exists a positive constant C; such that for each » > 0 small,

(1.4) there is a point z, € B(£,7) \ Q so that B(z,., C1r) C R™\ Q.

Obviously, Lipschitz domains and NTA domains (in the sense of Jerison and Kenig
[18]) satisfy condition (1.4) at every boundary point. Our result in two dimensions
is as follows.

Theorem 1.2. Let Q be a uniform domain in R™ with n = 2, and let o > 1.
Suppose that £ € O satisfies condition (1.4). Then

Gao(z,z0)Ko(z,§) &1 forx € To(€) N B(E 27 da(20)),
where the constant of comparison depends only on «,  and C1.

Our results are also relating to the following. In a domain €y whose boundary
is described as the graph of a Lipschitz function ¢ : R*~! — R such that ¢(0) = 0,
Burdzy [9, 10], Carroll [11, 12] and Gardiner [14] showed that the convergence of
the integrals

max{(b(x/)v 0} / max{—qﬁ(af/), 0} /
. MaxAOWw ), I 4 d d
(15 /{|x'|<1} e /{|:c'|<1} o

|| |

controls the limit of G, (te,e)/t ast — 0, where e = (0,---,0,1) € R". The author
[16] obtained a corresponding result for the Martin kernel of Q4 with singularity
at the origin, that is, the convergence of the integrals in (1.5) controls the limit of
tn_lKQ¢ (te,0) as t — 0. Theorems 1.1 and 1.2 are independent of the convergence
of the integrals in (1.5), and give a direct connection beween the boundary decay of
the Green function and the boundary growth of the Martin kernel.

Theorems 1.1 and 1.2 will be proved simply using the boundary Harnack principle
and estimates of the Green function. A certain modification of Theorem 1.1, stated
in Section 2, will be enable us to show the equivalence of ordinary thinness and
minimal thinness for a set contained in a non-tangential cone. See Section 3. Using
Theorems 1.1 and 1.2, we also give in Section 4 comparison estimates for the product
of two Martin kernels with distinct singularities.

2. PROOF OF THEOREMS 1.1 AND 1.2

We start by preparing some materials: the boundary Harnack principle in a uni-
form domain (cf. [2, Theorem 1]) and estimates for the Green function. We say that
a property holds quasi-everywhere if it holds apart from a polar set.

Lemma 2.1. Let Q be a uniform domain in R™ with n > 2. Then there exist
constants rg > 0 and Cy > 1 depending only on  with the following property: Let
€0 and 0 < r <rg. If h1 and he are positive and bounded harmonic functions
in QN B(&, Car) vanishing quasi-everywhere on 0Q N B(&, Car), then

hy) Mm@y
ha(y) — ha(y')

where the constant of comparison depends only on €.

fory,y' € QN B(E,r),



A uniform domain can be characterized in terms of the quasi-hyperbolic metric:

ds(z)

ko(x,y) =inf | ——=,

(z,9) 2 S
where the infimum is taken over all rectifiable curve v in {2 connecting = to y, and
ds stands for the line element on 7. Gehring and Osgood [15] showed that € is a

uniform domain if and only if there exists a positive constant C' such that

(2.1)  ka(z,y) < Clog [('x_m +1) <‘x_y‘ +1>] +C forz,y € Q.

do(x) do(y)
We say that a finite sequence of balls {B(z;, 27 5q(z;)) ;\le in Q is a Harnack chain
between z and y if z1 = z, zy =y, and 41 € B(x;,2 15q(x;)) forj=1,--- ,N—1.

The number N is called the length of the Harnack chain. We observe in any proper
subdomains of R™ that the shortest length of the Harnack chain between x and
y is comparable to kq(z,y) + 1. The following lemma follows from the Harnack
inequality.

Lemma 2.2. Let Q be a proper subdomain of R™ with n > 2. Then there exists a
constant C > 1 depending only on the dimension n such that if x,y € €2, then

exp(—Clka(z,y) + 1)) < % < exp(Clka(z,y) + 1))

for every positive harmonic function h in €.
To apply Lemma 2.2 to the Green function, we need the following: If z € €2, then
(2.2) kovi1(z,y) < 3ka(z,y) + 7 for z,y € Q\ B(z, 2715g(2)).
The proof of this inequality may be found in [3, Lemma 7.2].
Lemma 2.3. Let 2 be a uniform domain in R™ withn > 2. If x,y € Q satisfy
|z —y| < Csmin{da(z),da(y)}

for some positive constant Cs, then there exists a positive constant C depending only
on C3 and ) such that

Ga(z,y) > Clz —y[*™.

Proof. We may assume, without loss of generality, that do(x) < dq(y) and |z —y| >
27150 (). Take w € S(x,27 5q(x)). Then, by assumption,

ly — w| < 2z — y| < 4C3min{do(w), da(y)}-
Hence Lemma 2.2, together with (2.1) and (2.2), yields that
Ga(z,y) = Ga(z,w) > Gp(asn () (T, w) ~ da(z)* " > Clo — y|* "
Thus the lemma is proved. O

In general, if n > 3, then Gq(z,y) < |z — y|/> " for 2,y € Q. But, in two
dimensions, such an upper bound does not necessarily hold. This is a reason to
assume condition (1.4).



Lemma 2.4. Let ) be a proper subdomain of R? and let o > 1. Suppose that € € O
satisfies condition (1.4). Then there exists a positive constant C' depending only on
« and Cy such that

Galr,y) <C  forx € To(€) and y € Q\ B(z, 27 16q(z)).

Proof. Let © € T'o(€) and put r = |z — &|. By assumption, there is z, € B(£,r)\ Q
such that B(z., C1r) C R?\ Q. We now write y* for the inverse of y with respect to
S(z,C1r). Then we obtain that for y € S(z,2 1 5q(x)),

y—zlle -y
Golr:1) < Gy o) = o (L 2 =20 ) < et

Hence the maximum principle yields the lemma. U

Substituting for Theorem 1.1, we prove the following modification, which will be
used in Section 3.

Proposition 2.5. Suppose that © is a uniform domain in R™ with n > 3. Let
£ €09 a>1andk > 1. Then for x € To(&) N B(&, (2k) 1oa(z0)) and y €
an B(£7H|x - €|);

(2.3) Galz,z0)Ka(z,y) ~ |z —y[* ",
where the constant of comparison depends only on «, k and Q.

Proof. Let © € T (&) N B(&, (2k) " 10a(z0)) and y € QN B(, k|lx — €|). Then z,y ¢
B(rg,2 19 (z0)). Let Cy be a constant sufficiently large so that

C4 > max {5,02, w} s
0

where Cy and rg are the constants in Lemma 2.1. We put r = 04_1(59(28). Since
da(z) < |z —¢| < dalzg) < Cyro,

we have r < 9. We consider two cases: dq(y) < r and dq(y) > r.
Case 1: dq(y) <r. Let y € 092 be a point such that do(y) = |y — ¢/|. Then

|z — | > dq(z) > Cor and |zo —¢'| > da(z0) > da(z) > Cor.

In view of the second inequality of (1.1), we can take a point y, in S(y/',7) N Q so
that dg(y,) > 27 1Cor. We apply Lemma 2.1 to obtain

GQ(ZC,y) ~ GQ(xayT)
Ga(zo,y)  Galzo,yr)

Note that y, & B(xg,2 16a(w0)). Indeed, since 2r < Cyr = dq(z) < da (o), we have

(2.4) Ko(z,y) =

70— el > dolz0) — a(yy) > balwo) ~ r > Zha(ao)
Since |y — &| < K|z — €| < ardq(x) = arCyr and |y — y,| < 2r, we have
[z =yl < |z =&+ 1€ =yl + 1y —yr| < Cla, 5, C)r.
It therefore follows from (2.1), Lemma 2.2 and (2.2) that
(2.5) Gol(z,z9) = Go(yr, x0),



and from Lemma 2.3 that Gq(z,y,) ~ |x — y,|>~™. Since |z — y| > do(z) — da(y) >
(Cy — 1)r > 4r by da(y) < r, we have

3
!w—yrlSlx—y\ﬂy—yr!Slx—y|+2rS§|x—y|

and
1
e —y| > e —yl—ly—yr| > |z —y|—2r> alw—yl-
Therefore
(2.6) Ga(z,y) = o —y|* "

Combining (2.4), (2.5) and (2.6), we obtain (2.3) in this case.
Case 2: 6q(y) > r. Since |z —y| < C(a, k, Cy)r, it follows from (2.1), Lemma 2.2,
(2.2) and Lemma 2.3 that

Ga(z,20) ~ Ga(y,z0) and Ga(z,y) = [e —y[* ",
and so (2.3) holds.

Finally, tending y to the boundary, we also obtain (2.3) for y € 0QNB(E, k|lx—&]).
Thus the proposition is proved. O

Theorem 1.2 (two dimensional case) may be established by repeating the same
argument as in the proof of Proposition 2.5 with k = 1. Indeed, the lower bound

Go(z,10)Kqo(z,£) > C for x € To(€) N B(&, 27 6a(x0)),

holds, since Lemma 2.3 holds for n > 2. We need to use Lemma 2.4 to obtain the
upper bound

(2.7) Go(z,10)Kq(z,6) < C for x € To(&) N B(,276a(x0)),

since Gq(z,y) < C does not hold in general. For completeness, we give a proof. Let
z € To(&) N B(£,276q(w0)) and y € QN B(&,r), where r = C; '6g(x). Note that
0a(y) < r. Let y, be a point as in the proof of Proposition 2.5. Since

|z —y,| > 0a(x) — da(yr) > da(x) —r > %59(95)7

we have by Lemma 2.4 that Go(z,y,) < C. Hence this, together with (2.4) and
(2.5), yields that Gq(z,z¢)Kaq(z,y) < C. Tending y to £, we obtain (2.7).

3. EQUIVALENCE OF ORDINARY THINNESS AND MINIMAL THINNESS

In this section, we show, as an application of Proposition 2.5, the equivalence of
ordinary thinness and minimal thinness for a set contained in a non-tangential cone
of a uniform domain in R", where n > 3. Let E be a subset of R™ and let £ € R™ be
a limit point of E. We say that F is thin at £ (in the ordinary sense) if there exists
a positive superharmonic function u in R™ such that u(£) < 400 and u(z) — 400
as ¢ — ¢ along E. By Wiener’s criterion (cf. [6, Theorem 7.7.2]), thinness can be
characterized in terms of the regularized reduced function. We denote by ]/%IE the
regularized reduced function of the constant function 1 relative to F in R", and
write B; = {x € E: 27771 < |z — ¢ < 279}, Then E is thin at ¢ if and only if
P ]/:Ef] (&) < +o00. The original definition of minimal thinness by Naim [20] is
based on the regularized reduced function of the Martin kernel. We define minimal



thinness by the following equivalent condition (cf. [6, Theorem 9.2.7]): Let E be a
subset of 2 and let £ be a minimal Martin boundary point of €2, which is a Martin
topology limit point of E. We say that E is minimally thin at £ with respect to 2
if there exists a Green potential Gou in Q such that [ Kq(z,§)du(z) < +o00 and

Gap(y)
y—¢&yeE Go(zo,y)
Now, suppose n > 3 and let E be a set containd in a non-tangential cone at a
boundary point £. In [19], Lelong-Ferrand proved in the half-space that E is thin at

=400 (in the Martin topology).

¢ if and only if F is minimally thin at £. The extension of this to a bounded Lipschitz
domain was established by Aikawa [1]. Note that when n = 2, the equivalence does
not hold in general (cf. [17]). We now give the extension to a uniform domain. Note
that if € is a bounded uniform domain, then the Martin compactification of €2 is
homeomorphic to the Euclidean closure and all Martin boundary points are minimal
(cf. [2, Corollary 3]).

Theorem 3.1. Suppose that 2 is a bounded uniform domain in R™, where n > 3.
Let £ € 002 and o > 1, and let E be a subset of I'(€). Then E is thin at & if and
only if E is minimally thin at & with respect to €.

Remark 3.2. The boundedness of €2 is not essential and we may leave it out, since if
D is a domain containing €2 such that DNB(§,1) = QN B(, 1) and if E is minimally
thin at £ with respect to €2, then so is with respect to D (cf. [20, Théoreme 15]).

Note again that 3G inequality (1.3) in a bounded uniform domain yields that for
€ Q\ B(xg, 27 (20)) and y € Q,
(3.1)  Ko(z,y)Ga(z,x0) < C(la —y|*™" + |z — zo[*™") < Cla —y[> ™.
Here, in the last inequality, we used |z — y| < 2(diam Q)dq (z0) "tz — 0.
Proof of Theorem 3.1. We may assume, without loss of generality, that £ is a limit
point of E and E C B(£,671q(x0)). We first show the necessity. For j > 1, we let

Ej={ze€ E:2797 < |z — ¢ <277}. Since F is thin at &, there exists a sequence
{a;} of positive numbers such that

x
. ~F.
lim a; = +oo and a; Ry’ < +o0.
Jlim_a; ; i (©)

Let j1; be the Riesz measure associated with ﬁfj, and let dvj(x) = Ga(x, zo)dp;(x).
Note that the support of v; is contained in Ej. It follows from Proposition 2.5 with
k = 3 that for y € Ej,

R{'(y) Z/Ix—ylz_"duj(x) < C/Kﬂ(ﬂfvy)de(x)'

Since ﬁfﬂ = 1 quasi-everywhere on E;, we have
1. Gav;(y)
C ~ Gal(wo,y)
Let u(y) = >_;2, a;Gavj(y). Then u is a Green potential in {2 satisfying

u(y)

y—¢,yeE\F Ga(xo,y)

for quasi-every y € Ej.

= —’—OO7



where F' is a polar set. Also, Proposition 2.5 with y = £ gives
o o /\E
>0 [ Kolwdvy(a) < 0 Y0, (€) < +ox.
=1 j=1

Hence E \ F is minimally thin at £ with respect to €, and so is E.
We next show the sufficiency. Since F is minimally thin at £ with respect to €2,
there exists a Green potential Gopu such that [ Kq(z,§)du(z) < +o00 and

Gau(y)

= +OO
y—&, yeL GQ(:COv y)

Replacing Gopu by its regularized reduced function relative to 'y (&) N B(&, 27 10q(x0))
in Q if necessary, we may assume that the support of p is in T'y(€) N B(&, 27100 (x0))-
Let dv(z) = Ga(x,20) " tdu(z). Tt then follows from (3.1) that

Gﬂu(y) . T P T — 2—n vz
G~ [ Kawy)duta) < C [ 1o =y ~ran(o)

so that

lim /x— 2dy(z) = 400.
pam |z — yl (z)

Also, Proposition 2.5 with y = & gives

/|x _ () < C/Kg(x,.f)d,u(x) < 400,

Hence F is thin at &. Thus the proof is complete. O

4. FURTHER RESULT

In this section, we give comparison estimates for the product of two Martin kernels
with distinct singularities. Estimates will be obtained on a certain curve connecting
singularities. We observe that the properties in (1.1) can be extended to the bound-
ary of , that is, if ) is a uniform domain, then each pair of points & and 7 in 02
can be connected by a rectifiable curve v such that v\ {¢{,n} C Q and

(4.1) 0(y) < Csl€ =l

(4.2) min{6(1(€, 2)), €(v(z,m))} < Csda(z) for all 2 € 7,

where the constant C5 depends only on Cp in (1.1). See [5, Lemma 2.1], in which
this was proved for a uniformly John domain but their argument is applicable to our

case after replacing the internal metric by the Euclidean metric. For £, € 09, we
denote by z¢, the middle point of v so that £(y(¢, z¢)) = £((2e,m)) = 27H(7).

Theorem 4.1. Let ) be a bounded uniform domain in R™. Let &1 € 0Q) be distinct
points and suppose that 7y is a curve connecting & to n for which (4.1) and (4.2) are
satisfied. Let z¢, be the middle point of v and put

e \5—7712"}
ol = max {1 gl L

The following statements hold:



(i) If n > 3, then for x € ~,
(4.3) Ko(z,&)Ka(z,n) ~ g(&n)(je = 7" + |z —n*™),

where the constant of comparison depends only on €.
(ii) If n = 2 and every boundary point of Q0 satisfies condition (1.4), then (4.3)
holds for x € ~.

We observe that if v is a curve connecting £ to  with (4.1) and (4.2), then

(2C5)7HE = nl < C5H(Y (€, 2e.)) < dalzey) < L(V(E, 2e)) < C5l€ — 1]
Note that if © is a bounded C!'-domain, then

Galx,z0) = dq(x) for x € Q\ B(zg,2  90(70)).
Hence, in this case, we obtain the following.

Corollary 4.2. Let Q be a bounded C*'-domain in R™ with n > 2. Let £,n € 052
be distinct points and suppose that -y is a curve connecting & to n for which (4.1)
and (4.2) are satisfied. Then for x € 7,
1 _ _
KQ($,£)KQ($,U) ~ ‘g — n’n (‘w - 5’2 "+ |J) - 77|2 n)?
where the constant of comparison depends only on €.

Let us give a proof of Theorem 4.1.

Proof of Theorem 4.1. We give a proof only when n > 3. Let rg and C be the
constants in Lemma 2.1. We may assume, without loss of generality, that dq(xg) >
2max{Cy, C5}rg. Let 7 = (Cy + 2)71|¢ — n|. We consider two cases: r < ry and
T >70.

Case 1: r <rg. Let x € yN B(&,r). Then |x —n| > Cayr, and so Lemma 2.1 gives
~ GQ(IE,yr)

"~ Galwo,yr)’

where y, is a point such that y, € v N S(n,r). Since |y, — &| > Car, we again apply

(4.4) Kao(z,n)

Lemma 2.1 to obtain

Gal(z,yr) —~ Ga(zr, yr)

Gal(x,m0) ~ Galwr, o)’

where x, is a point such that z, € v N S(£, 7). Since x € T, (€) N B(£,276q(w0))
by (4.2), it follows from (4.4), (4.5) and Theorem 1.1 that

GQ(J;M yr)
Ka(z,n)~ Ga(zr, 20)Gal(yr, To)
~ Go(zr, yr) [z — &>
Galzr, x0)Galyr,z0) Ka(z,§)
Note from (4.2) that every o(,), 5o (yr), da(z¢,) is greater than C5 'r and that

(4.5)

Galz, )
(4.6)

1
|z — x0| > ba(w0) — |z — &[] > 559(»@0)-

Since |z, — z¢ | and |y» — z¢ | are bounded by £(vy) < C5|€ —n| = C5(Cs + 2)r, we
have from (2.1), Lemma 2.2 and (2.2)

(4.7) Ga(xr, o) = Galzen, xo) = Ga(yr, xo0).



Also, since |z, — y,| < C5(C2 + 2)r and
[2r —yrl 2 [ =l = |2r =& = |yr — 1| =2 (Co+2)r —r — 1 = Cor,

we have by Lemma 2.3 (ane Lemma 2.4 when n = 2)

(4.8) Ga(zr,yr) = |z, —yp 7" m ¥ M m |E - P
Combining (4.6), (4.7) and (4.8), we obtain
(19) Koz, O Ka(wn) & A1 j;  gaon

' @ o GQ(Zé,nax0)2

whenever x € yNB(&,r). If x € (&, 2¢) \ B(§,7), then |z — x| < C5(C2 + 1)r and
Sa(x) > C5'r by (4.1) and (4.2), and therefore (2.1) and Lemma 2.2 give

Ko(z,8)Ka(z,n) ~ Ko(vr, §) Ka(zr, ).

Observe that |z — & = r = |z, — {|. Hence (4.9) holds for x € (&, z¢,). Since
|z — &P = o — P + [z — P for € (€, 2¢,) and [€ —n* " Galzem, x0) 2 >
C(Q) > 0, we obtain (4.3) for x € (&, 2¢,). Similarly, we can obtain (4.3) for
x € y(z¢,n,n). Thus (4.3) holds for all x € v in this case.

Case 2: r > rg. Let x € yN B(&,ro) and let x,, € y N S(& ). Then we observe
that

Kao(zry,n) =1 and Go(zr,,x0) =1,

where the constants of comparisons depend on 7y, dg(zp) and the diameter of .
Note that | —n| = (Cy + 2)r > Carg. We apply Lemma 2.1 and Theorem 1.1 to
obtain

Ko(er0:1) N
Gﬂ(ﬂjroaxO) Kﬂ(l‘aé) KQ(LE,g)

If v € v(§, 2zey) \ B(§,70), then dg(x) > 05_17’0 by (4.2), and so
Kqo(z,§) =1~ Kq(zn) and |z—¢~1~|z—n,

Kq(z,n) ~ Go(z,z0) = |

where the constants of comparisons depend on Cy Yo, 0a(zo) and the diameter of
Q. Noting |£ — 7> "Ga(zey, x0) "2 < C(Q), we have (4.3) for all x € (&, z¢).
Similarly, we can obtain (4.3) for « € y(z¢y,n). Thus the proof of Theorem 4.1 is
complete. O
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