REMARKS ON MODIFIED IMPROVED BOUSSINESQ
EQUATIONS IN ONE SPACE DIMENSION

YONGGEUN CHO AND TOHRU OZAWA

ABSTRACT. We study the existence and scattering of global small amplitude
solutions to modified improved Boussinesq equations in one dimension with
nonlinear term f(u) behaving as a power uP as u — 0. Solutions in H* space
are considered for all s > 0. According to the value of s, the power nonlinearity
exponent p is determined. Liu [15] obtained the minimum value of p greater
than 8 at s = % for sufficiently small Cauchy data. In this paper, we prove
that p can be reduced to be greater than % at s > % and the corresponding

2
solution u has the time decay such as ||u(t)||p> = Ot~ 5) as t — oco. We also
prove nonexistence of nontrivial asymptotically free solutions for 1 < p < 2
under vanishing condition near zero frequency on asymptotic states.

1. INTRODUCTION

We consider the following initial value problem for the one dimensional general-
ized IMBq equation (Modified Improved Boussinesq equation):
Ut — Ugztt — Uze = (F(U))zz, (2,t) € R X (0,+00),
u(z,0) = p(x), w(z,0) =), zeR,
where f € C*(C) in the real sense and |f®(u)| < |uP~! for 0 <1 < k < p and

p > 1. By Duhamel’s principle, the solution u can be written as

(1.2) u(z,t) = (9:5(t)p)(z) + (SO)Y)(2) + /0 T(t—t)f(u))dt'.

Here T'(t) = S(t)(I — 8%)7192 and

— 1 1T tf ~
(0:S(t)p)(x) = %/Re * cos <m> P(8) de,
_ L[ ey t§ V1+E~
(S00)(a) = 5= [ s ( W) e de,
where §(£) = F(¢)(&) = [ e ¢(x) dx is the Fourier transform of ¢.

The generalized IMBq equation governs the various physical models like non-

(1.1)

linear wave in weakly dispersive medium (in this case f(u) = u? [3, 13, 16]) and

longitudinal variation wave in elastic rod(f(u) = u® or u® [10]), etc. For the local
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or global existence of solution of IMBq equations, see [4, 5, 6, 8, 15], and for the
small amplitude solution and scattering, see [7, 15].

In this paper, the small amplitude solution and scattering to the nonlinear prob-
lem (1.1) are considered in one dimensional case. Our main concerns are to provide
the lower bound of nonlinearity p for the global existence of solution and scattering
according to the regularity of initial data, and also the upper bound of p for the
nonexistence of nontrivial asymptotically free solutions. The methods below can
be applied to the high dimensional case as well without any difficulty. For this see
the section 3.3 Remarks below.

To state our main results, let us define a function space X§’0 by
X5 = {v:|[[o]lls.0 = sup(1 +)°[|v]| L + sup [[ D] 2 < p},
t>0 t>0

and D*L' and DL? by {¢ : D~%¢p € L'} and {¢ : D~'p € L?} respectively, where
D = /—02. We use the usual Sobolev spaces W? and H?® with the norms

lellwe = lleller + 1Dl llellas = llelw;-

The first result is on the following global existence for small data.

Theorem 1.1. Let s,p, « be numbers such that k > s > 2 — %
o dr—4 r+8 d 3(r—2) r—2
ax | ——, —— =max [ —
p>max | ———0, — and o = max 5 T d
for 2 <r < oo. Suppose that the data (v, ) satisfy the regularity condition

(p,9) € (L' N DO~V L AWy N H) x (L' N D*L' N DL* N W, N H*)
and the smallness condition
ol + 1D~ OV 1+ lollws, + [l
+ ¢l + 1D Yl + 1D ) 22 + [¢llyye o + [$llme <6

Then if § is sufficiently small, then there exists a unique global solution u €

(1.3)

CL([0,00); L>® N H®) of (1.2) and small positive number p depending only on r,§
such that

llls, min(zz22) + el min(zp2,2) < -

r r

The next is on the scattering.

Theorem 1.2. Let u be the solution of (1.2) as in Theorem 1.1. Then there exist
functions ot and ™ in H® such that

lut) =t (O)llme + lue(t) — uf ()| = O~ =0 min(552)+1),

where uT is the unique solution of linear homogeneous equation

+ + + _
Ugp — Uppgpg — Ugpy = 07

) ut(0) = ¢",ul (0) =4
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The minimum values of p can be chosen to be greater than % at r = 10 and then

o =2and s > & We also have that sup, (1 + )3 [Ju(t)|| L~ < oo. If we choose
%
have that sup,-o(1 + )3 |[u(t)||p~ < cc. Thus Theorems 1.1 and 1.2 contain the
physical situation p = 5 and also give slight improvements of the previous result
[15] in which the global existence was established for p > 8 at s = 2 and the value
of s should be greater than % for the scattering. Moreover, even if s < % (this

can occur for 2 < r < %), the global existence can be established and time decay

r = 6, then we can take the values p,a,s as p > 5, a =1 and s > and also

estimate can be obtained without resort to the Sobolev embedding H® — L* for
5> 3.

For the purpose of improvement, we use the stationary phase method and Young’s
inequality (||u * v||pe < ||u|lrr||v||;~) for the dyadically localized kernel estimate
of high frequency part of 9,5, S and T instead of integration estimate used in [15]
and [7]. For the kernel estimate, the condition ¢, € W3 is used. We also use
van der Corput type estimate for medium frequency part of the operators similar
to the one in [7, 15]. To obtain an estimate for low frequency part, the condition
1 € D*L' N DL? is necessary. For the details, see Section 2.2 below.

In [7], the same problem was considered and some extended results were obtained
but the results should be corrected because the authors overlooked the bad behavior
of low frequency part of S(t)1 at near zero frequency which causes troubles in L
and H*® estimates.

In view of Theorem 1.1, if r = 10 and hence ¢ € D(L'NL?) and ¢ € D*(L*NL?),
then for p > %, it can be easily shown that (u,u;) € L>(0,00; DL? x D?L?) by the
decay estimate sup, (1 + )% ||u(t)|| L~ < oo and the scattering |u(t) — u™(t)||r2 =
O(t_%). On the other hand, the following theorem shows that there is no nontrivial
asymptotically free solution u with [|u(t) — u™(¢)|| 2 = O(t™¢), if p is small and
(u,ug) € L>=(0,00; DL? x D2L?).

Theorem 1.3. Let 1 < p < 2 and suppose that Re(f(u)u) > clu[PT! for some posi-
tive constant c. Let u be a smooth solution u to (1.1) with (u,u;) € L>(0,00; DL? x
D2L?) and (p*,9F) be a pair of smooth functions with compactly supported ;‘\F and
zzjr in R\ {0}. Suppose that

(1.5) lu(t) —ut(#)||2 =0 ) as t— oo
for some € > 0, where u™ is the free solution to the linear problem (1.4). Then
u=ut=0.

The theorem above shows that IBq equation (corresponding to the physical sit-
uation f(u) = u?) does not have nontrivial asymptotically free solution. But it
remains open whether the theorem is true for p > 2 in one dimensional case or

not. For the proof, we use an analogous argument to the one of Glassey [11] that
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H(t) = Re [(D™'u,D~Tut — D~ u;" D=1u) dz is uniformly bounded but under the
conditions stated in Theorem 1.3 4 H(t) > ¢ and hence a contradiction occurs. For
related topics, see [1, 17, 19].

If not specified, throughout this paper, the notation A < B and A 2 B denote
A < CB and A > C~1B, respectively. Positive constants C vary line by line and
depend only on 7 and f. A ~ B means that both A < B and A 2> B hold.

2. PRELIMINARIES
2.1. Linear estimates. First, we introduce an estimate of oscillatory integral.

Lemma 2.1. For R;t > 1 and 0 < e < 1, we have

sup
z€R

i(x te
e RO
e<|€]<R 13ke

R
e M max(eT, Rt <F||L°°(E,R) +/ |F'(€)|d€> ,
where m > 0 and F € C'[e, R).

Proof. A direct application of van der Corput lemma [18] yields readily the proof.

For the case m = 0, see Lemma 4.3 in [15] or Lemma 2.2 in [7]. O

Let us choose a Littlewood-Paley function n with and define a frequency projec-

tion operator Py for a dyadic number N by
1 - &N ~
_ ix€ S
Peote) = 5 [ e (5 ) de) de
And we also denote P<.¢, P>n,¢ and P.c.<n,® by

Pe.p = Z Py¢  (low frequency part),

N<e
Ps>n,¢ = Z Pn¢  (high frequency part),
N>N,
Poc.cngd = Z Py¢ (medium frequency part).
e<N<Ng

We choose 1 so that Py = Py_o<.«N+2PnN.

Lemma 2.2. Let2 <r < oo and s > 2—2. Then for any p € L'nD™(0e=DL1n

W, with o = "2 we have

—(i_1 — min(0,a— s
10:S (D)l S (L +6)"E D (gl + DO Do|| 11 + | D[ ).

Proof. Taking Pxn to 90;5(t) and using change of variable, we have

|Pn (0:5(t)p)(x)| = ‘/eil\/mé cos(N " 2twn (€))n(&)F {PN—2<-<N+2S@(ﬁ)} &) df’

SIK(N(:), N72t)] * PN—2<~<N+2<P(ﬁ)

)
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2
where wy (£) = \/iji%g and
1 .
(Ve N2 = o= [ N8 cos(N - 2tu (e) dg
™
1

- / (ei(NngrN*?th) n ei(ng—N*Qth)) n(€) de.

Since |wiy (&) ~ |wi (€)] ~ 1 for sufficiently large N and [£| ~ 1, by the method of

stationary and non-stationary phase [18], we have
IPv@S @)@ S [ (L4 N4 Vo~ ) H Py-sccvsael 3 dy

— 1 ‘
SN+ N2+ N - )7 F | [Py -a<<n20(55)

1
N B
1+N_2t> N+ || Pyn—2<.<n+2¢|

—(i_1 _4
S+ ETINT | Pyoocant2pll o

<(14+N"2%)"2 (

4

Thus using s > 2 — -, we deduce that for large Ny and any 2 <r < oo

(1_1yro 4
1P> 3,0 ()l S D (14 8)" DN 7| Py_gc.cnioill 1
N>No

SO+ ETD Py
SA+1)"GE DDyl

(2.1)

s
Br',2

L'

Here By, , is the Besov space with norm for s > 0,1 < r’ < 0o by

ot ( > NQSPN%?Z/)

N': dyadic number

2

lelis:, , = llel

For the last inequality, we used the well-known embedding Wy — Bj ,for1 < ¢ <2
and the fact |[P>1¢[lws, < [|D%¢l[, (see for instance [2]).

As for the medium frequency of 9;S(t)p, using Lemma 2.1, we can easily show
that for ¢t > 1

(2:2) 1P < g DS (D)@l S max(e™2, Ng)t~2 [l 1.
By Hausdorfl-Young’s inequality, we have
[P<c0uS (gl S ellollpr, if <6,

(2.3) afl y—(a—1) :
Hpggats(t)QOHLoo S 13 ||D QDHLl, if r > 6.

Now let us choose € by t~7 (< Ny *). Then since 2>1—1forr <6 and
22 > 1 — 1 for r > 6, from (2.2) and (2.3) we have for ¢ > Ng"
—(i_1
1P<ng0:S(t)plle St~ E gl for v <6,

(2.4) P ,
1P<no@:S(t)pllre St EH (o]l + 1D~V 1a) for > 6.



6 YONGGEUN CHO AND TOHRU OZAWA

If t < N2, then by another use of the method of non-stationary phase, we have

1005 ()l e < [|P<ny0S(t)pll e + | Pong0S ()l e
_2 S
Slell + S5 N3Pyl S llells + D%l
N>N”'

r—2
4

Combining this estimate, (2.1) and (2.4), we obtain for @ =
1
(3

[0:S(@)pllLee S (L+1)7

l
™

Ylellzs + 1D~ ™ OV g|| 1 4[| D| o).

O

Lemma 2.3. Let 2 <r < oo and s > 2—%. Then for any 1 € L* N D¥L' N W3,
3(272))if7"§6anda: 2 ifr > 6 we have

'l + 1D~ 1 + 1D

with o« =

1

ISl S 1+~

)

Proof. The proof for the high frequency part of S(¢) is almost the same as the one
for 9;S(t). Thus we consider only the low and medium frequency parts. With « as

above, we have
[P<cS ()]l S e[ D™ 11
On the other hand, for the medium frequency we have from Lemma 2.1 that
1P- <o S ()| Lo S max(1,e= =) max(e™ 2, N§ )t~ 2| D% 1,
if t > 1. Now if we choose ¢ = t_ﬁ(< Ny *) for 7 < 6 and 7 (< Ny %) for

r > 6, then since 2% >l71forr<6and 2O‘>77%,Weh3we

(B8—2a)r = 2
IS@ Pl SEED (@l + D¢ Lr + 1Dl )

for large ¢. If ¢ is small, then similarly to the estimate for 9;S(¢) we have

IS0l < 1 Pepp Sl + 1P,y S0 e
<Dl + 1Dl

l
T

where = (3—2a)r for r <6 and 8 = r for r > 6. We have just finished the proof

of the lemma. O
As a corollary of Lemmas 2.2 and 2.3, we have the following lemma.

Lemma 2.4. Let2 <71 < 00 ands>2—%. Then for any g(-,t) € L* N W5,

have
t t : 1 1 4
’/ T(t—t)g(t')dt 5/(1+t—t’)’m‘“(f’*7?
0 Lo 0

Proof. The only difference between T'(t) and 0,5(t) consists in the lower frequency

Mgl +I1Dg()lov) b’

part. For this, we have
[P<.T(t)gll~ S e*llgller-
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Thus from the low and medium frequency estimate in the proof of Lemma 2.2, we

deduce

|1 P<n,T(t)gllree St~ min(}—1,4)

|91

for large t. This completes the proof. O

2.2. Remarks on the linear estimates. In view of the proof of Lemmas 2.2 and
2.3, it follows that if D=~V D~*) e L' for a > 1, the range of r can be
extended up to 4a+2 and hence the time decay of supremum norm becomes faster.
This fact implies that if ¢ and zz; are zero near the origin and compactly supported,
then the time decay rate can be taken by the maximal decay rate % Thus we can
expect that the scattering holds up to p > 3 as the case of Schrodinger equation.
But in Lemma 2.4, we were not able to obtain such decay because of the infinite
speed of propagation which makes it impossible to use the zero frequency. We need
more subtle estimate near zero frequency.

In Lemmas 2.2 and 2.3, we used the condition D™% € L' and D~ 19 € L?
for some time decay of the supreme norm and uniform bound on time of Sobolev
norm of S, respectively. In [15], the condition (1 f(’)ﬁf)%D*lw € L'NL? was used.
Actually, the condition (1 —6%)%D_1¢ € L? is necessary for the energy conservation
and momentum conservation. This type condition implies at least that 12 should be
zero at £ = 0. This vanishing condition at zero frequency turns out to be inevitable
for the uniform bound because of the following fact: if 1 = 1 if [¢] < 1 and 2 if
|§] > 2, then for large ¢

71 &/ sin 75
& 1+ 82/
Moreover, the vanishing condition is inevitable for the time decay. To see this,
let 9 be a smooth function such that 1Z =1if |¢{| <1 and {/1\ =0 if || > 2. Then
the limit tlim S(t)(x) exists for all 2 and the following holds

2
IS (@2 ~ ¢ / (/02 de > ¢ / D2 dé — oo.

1
(2.5) liminf [|S()¢l|~ > 5.

For the proof let us choose a positive number 6 smaller than % Then by Lemma

2.1 with m = 1 and F(€) = /T + €2(1 — (t9€))h(€), we have
/ ' sin < e > /1+¢
R

NJ=

,Stge_ —0

(2.6) (1 —(t7€))(€) de

V14 &2 §

as t — oo. Thus for the proof of the estimate (2.5), it suffices to show that

. 2
2 e [ () L e a

Lo
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uniformly on compact subsets of R. Letting ¢ = t~1, by change of variable, we have

! d%mn< # ) VIS S0e) de

27 Jr Vite) €
1 - 146282 ~
6261’5 sin ( - f€2€2> \/?¢(€1—9£) df
By an integration by parts, we have
. 1 2¢2
/V]ReztS-L5 <Sin§ — Sil’l <\/1—ET£2>> \/?w(gl—eé-) dé—

[ &
_/0 /Rcos ()\5—1-(1 A) m)
" (f 5 ) L 262 ere (1) ded

:%R

- V14 e28? 3

Y A
= /0 /Rsm </\§ +(1-=X T —|—52§2>
) (5 - \/1+£a2§2> 128252 ei”%(sl‘%)
ey

i3 a0
(1+e2£2)2

dgdA

X

= o(l) as & — 0 uniformly on compact subsets of R.

We also have
/ emé%w@ ~ P ) dE = o(1) as e—0
R

uniformly on compact subsets of R. From these two estimates, we deduce that it

suffices to show
1 iege SINE ~
= 1p(e'0¢) de = .

li
sll}(l) 2 R f

R f_ll e®Y dy and [ dz = 1, we have

Since 3
mgsmfA 1-6 1 ! i&(exty) T 1—6
TGt de = o [ [ eetrmgerg agay

2T R é‘
1t ex +y
— —(1-0) = d
€ 2i/11¢(61‘9) y
1 T e—sew
= — Y(y)dy— — as €—0
21 ) _ 1179_5993

€

uniformly on compact subsets of R. This completes the proof of (2.5).
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3. PROOF OF THE THEOREMS

3.1. Existence and scattering. The strategy of proof is to use the standard

contraction mapping theorem. For this purpose, let us define a nonlinear mapping

N by
N() =0,.5t)p + S(t)y + /0 Tt —t)f(u)(t)dt.

We will prove that for sufficiently small p, N" maps from X;’e to X;’e. To do this,

we introduce generalized chain and Leibniz rules:

Lemma 3.1. For any s > 0, we have

(3.1) ID* f(@)lLr S Nl ot D%l
1 1 1
( = — 4+ g r1 € (1,00],73 € (1,00))
T 1 T2
(3.2) [ D* (uv)||r < 1D ul[r [|v][ o2 + |Jul|Lar [[ D 0| Lre.

1 1 1 1 1 .
—=—+4+—=—4+—, r,€(l,00),q € (1,00 (i=1,2)
r 1 q2 q1 T2

We should emphasize that the exponents r1 of (3.1), g1, g2 of (3.2) can be infinite.
One can easily prove the lemma above by following and modifying slightly the proof
of Proposition 3.1 and 3.3 in [9]. Also see the appendix of [14].

Now let s > 2 — 2 and § = min(1 — 1,2). Then from Lemma 2.2-2.4, the

2 rir

condition (1.3) and the chain rule (3.1), it follows that for any u € X o

IV ()~
5(1+t)*95+/ L+t =) @ es + [1D° f (W)l ) dt!

0
t
5(1+t)_95+/0(1+t—t’) ?(lulf= IIUI|L2+||U||pz<p oe (1Dl L) dt

t
_ 2+ 177
S+ 95+/O (L4t =) (a2 Null 2o + lul 7 Null 27 D ull2) dt

t
<SA+)7%+ pp/ (14+t—t)P14+t)" P20 q.

0
Since (p — 2)8 > 1, we have for sufficiently small § and p

(3.3) sup(1 4 t)? [N (u)||p= S0+ pP < L
t>0 2
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And also we have
t
IN@)les S lplles + 1D~ 9l L2 + |9 m +/0 I1f (u) | 7= dt’
S llellers + 11D 22 + 9] are
t
+/0 (l? 2 + NullB= Do) | 2) dt

56+p”<§.

(3.4)

Thus N maps from X;j’a to X;vg
Now for any u,v € X 27‘9 we can show from the chain rule (3.1) and Leibniz rule
(3.2) that if § and p are sufficiently small, then

IV (u) = N(0)l| Lo

J =070 = 5@ + D) = 1))
S [ =t (Ol s + ool = ol

+(|IUHP 2(p-1)r +||va2(,, 0 ) [ D (u = v)| 2

r—2 Tr=2

(nun%(p e + IS w) (D%l g2 + D% ol| =) ]lu — U|L°°> at

L r2 r—2

S AP Il —oll]s0 /t(l +t— 1)1+t ay!
0
S A+ = oll]s,0.
Similarly, we can also show
IV (@) = N(@) |12+ S o7~ Il = vlls,0-

Thus for small p, A is a contraction mapping and hence there exists a unique
solution u € X;’e to the problem N (u) = u.

Since the time derivative u; satisfies the following equation:

1 ; ~
ui(z,t) = “om Re””5 sin <\/1ti €2> \/1i£280df

1 3 23 -~
+% cos <ﬁ+€2>¢d§
iz — t,)f 62 IR / /
wo [ e ( 1+€2>1+€2f( )&, dear'

by the same argument in Section 2, one can easily show that u; € X 9 provided

0 and p are much smaller. This completes the proof of Theorem 1.1.
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Once the existence has been established, the proof of Theorem 1.2 is rather

straight forward. Let us define functions ¢+ and ¥+ by

2GEEGEY) ¢1£+ o ﬂti e
— £2 té —

FHE) = Do) / h e d.

cos
1+&  \/1+&
Let u™ be the solution to the linear problem (1.4) with initial data (¢™,1"). Then

it can be represented by

u'(@,t) = (BS(H)e)(2) + (S)Y) (=) + /Ooo Tt —t")f(u(t))dt'.

, %), we have from Lemma 3.2

: 5,0 _ 4 i (T2
Since u, u; € X, for s >2— 2 and 0 = min( o

(-, 8) — (o 8) e < / 1 ()| e e’ < pP / (1+ )01 gy
t t
= Ot~y
Similarly, we have
e (-ot) — i (o 8) e < / £ () (") |- d’ = O,
t

Since O(p — 1) > 1, we have just proved the theorem. For more details, see [7].

3.2. Nonexistence of nontrivial asymptotically free solutions. Let us define
a bilinear form H(u,v)(t) by

H(u,v)(t) = Re/

(D—lut(t)Dflu(t) - D—lvt(t)pflu(t)) dz.
R
Then H (u,v)(t) is well-defined and uniformly bounded on ¢ > 0 for (u,u), (v,v;) €
L>(0,00; DL? x D?L?).

Our strategy of proof is to use a contradiction to the uniform boundedness of
H. Suppose that there are non-zero functions v and u™ satisfying the condition of

Theorem 1.3. Then we obtain

(3.5) %H(u,uﬂ(t) = Re/f(u)ujdac.
Let H(u,u™)(t) = H(t). Then we have
d

%H(t) = Re/(f(u) - f(u+))u7+dx+Re/f(u+)qux
> Re/(f(u) - f(u+))u7+dx+c/ lut [P da.

Now using an argument in [1] and [12], we prove that if ¢ is sufficiently large,

1 _gk=1l
(3.6) a5 e pgmy = cot ™73
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for some positive constant A and ¢y depending on ¢t and D~ !¢t and 8 > 1
depending on . Here and after, every constant depends on ¢t and ™, if not
specified. For the proof of (3.6), we first show that

(3.7) |u™ ()| r2(jzj<aesy 2 1 for sufficiently large t.

Using Hélder inequality, (3.7) yields the required estimate (3.6). To obtain the L?

lower bound, let us choose a cut off function xo supported in (—1, 1) such that
[t (D172 (a1 <aeey = tlu @ O 201 <an) = txo(/M)u' (1)1,

where M = At?~!. Since u* is the solution to the linear problem (1.4), for the last

integral, we have
Hlxo(-/M)u (b, 6)2:
338) = txo(-/M)@S O ) (E) 2 + tlixo(-/M)(SEHH) )12
+2tRe [ (xole/M)@iS(t)e ") (t2) S9N da.

By change of variable and Plancheral’s theorem, we have for the first term
2

tlxo(-/M) (DS ()t ) (]2 =

-1 () Y gy
Xo(-/M)F (COS Wt 290+(-/t)>

L2

14-cos(2z)

From the identity cos® z = 5

O 155
COSWt ot (-/t)

, we deduce that
2

L2

_ / <\/1+€T/t> 1T (E/t) g (6/) de

1 1 2% T
= §||<P+||%2 + 5/005 (W) t ot (E/t) et (E/1) dE.

By the integration by parts, it follows from the Holder inequality that

/cos <2§> t_lgr(f/t)?(f/t) d¢

V148282
3.9 RP—
G L (%) o (L4 &/2)357 (/e (/1) de
=0(t™h
and hence
(3.10) cos ——) 3o = Lot as t— oo
1+ (-)2/82 e V2

Now we claim that there exist large numbers ¢y such that

(311) inf tlxo(/M)@S O )3 2 1
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For the proof of (3.11), we may assume that |||/ 72 = 1. Let us define a function
g+(x) by t[(0;S(t)pT)(tx)|?. Then from (3.10), we can find a positive number tg
such that ||g¢||pr > % for all ¢ > ty. Using the integration by parts m-times, we get
for x #£0

@S0t (tz) = o [ ¢ cos (ﬁ) A/ de
_ 1 eiz§ ™ | cos é- 7%/\
- 27T(_m.)m/ a& < (m) t W+(€/t)> d.

We then have g;(z) < mgm for some A depending on ¢ ™. This gives us that

/ (xo(x/M))2gy(z) dz = / ge(x) da — / (1— (G (x/M)))gi(z) da

1 At
5 —/ om0
lz|>1 M |z

2
1 2
2 2m-—

1At(1/2At5_1)1_2m

Now if we choose m and /8 so that (8 —1)(2m — 1) > 1, then the claim (3.11) is
proved, provided tg is sufficiently large.

Similarly we can prove that

2

52 1

H( /t2> \/Wt“’iﬁ('/t) - %‘l(l_ai)nglerH%Z
2

as t — oo and hence by the same argument as above, we have the estimate

(3.12) txo(-/M)(SEYH)E)II72 2 1,

if t > to for some large tg.

Finally, for the last term of (3.8) let us consider the integral

16) =t [@:S(0)" ) (t2) ST (1) do
Then by change of variable and Plancheral’s theorem, I(t) is converted by

a2 )V
2t Jitéeme 26/t

Here we also used the identity coszsinz = % sin 2z. Similarly to the estimate (3.9),

we have I(t) = O(t~1). With this estimate we prove that

F(E/D(E/t) dé

(3.13) ‘QtRe / (xo(z/M))2(8,5(£)¢™)(tz) (S (tz) dz| — 0 as t — oo.
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Actually, by the integration by parts as above, we have
2tRe / (xo(x/M))*(8eS ()¢ ™) (ta) (S ()9 ) (te) dz

A
< |2Rel(t)| +/ !

le|> 10 2P

dr — 0

as t — oo.

Therefore (3.13) together with (3.11) and (3.12) yields the lower bound estimate
(3.7) and hence (3.6).

Since p* and T are in F1C§(R \ {0}), it follows from the proof of Lemmas
2.2 and 2.3 that for all 2 < ¢ < 00

1

(3.14) (8] e <t~ G730,

From the estimate (3.14) and the hypothesis (1.5), we readily have for 1 < p <2

\Re [ - sy i

3.15 1 2- _1
(3.15) < (lullza 1227 + Lo [ B — w2

~

— O(t*%(pfl)*s).

Thus choosing 3 such as @ < p—;l + € and @ < 1, we conclude from (3.6)
that %H (t) =t~ for large t. This is a contradiction to the uniform boundedness

of H.

3.3. Remarks. The methods of proof for Theorems 1.1 and 1.2 are applicable to
the high dimensional case with a slight modification of Lemma 2.1. One can treat
the high dimensional version of Lemma 2.1 by using a dyadic decomposition and
the method of stationary phase in the case of non-vanishing Gaussian curvature of

the phase. In our problem, since the phase w = \/EW is radially symmetric, the

Gaussian curvature of w is equivalent to the value of second derivative of ﬁ (r=
|€]). Thus we can easily obtain the high dimensional analogs of Theorems 1.1 and
1.2. As for the Theorem 1.3, using the radial symmetry, one can carry out the
integration by parts with respect to the radial derivatives and hence obtain a high
dimensional version of (3.7). Then by a straightforward application of the one
dimensional argument, one can have the nonexistence of scattering for 1 < p < 1—1—%
like Schrodinger or Klein-Gordon equation.

In the proof of Theorem 1.3, the assumption ||u(t) — u™(t)||zz = O(t¢) was
necessary for the comparison between (3.6) and (3.15). For the proof of (3.6), it
was inevitable to use M = At’~! unlike the Schrédinger case in [1] where M is
just a large constant. In our problem, the dependence of M on t was caused by the
reason that the norm |[£2 xo(-/M)8;S(t)p™ (t-)||22 converges to the norm || "%,
but the function 2 yo(-/M)d,S(t)e™ (t-) itself does not converges to %gp"’ in L?
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3

Vie

is almost constant at high frequency. This is a

difficulty different from other dispersive equations with well curved phase w like

the Schrédinger case w = [£]? and so on. It will be very interesting to prove the

nonexistence of scattering without decay assumption (1.5).
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