Timelike hypersurfaces in de Sitter space and
Legendrian singularities

Shyuichi [IZUMIYA

February 25, 2005

Abstract

We construct a basic framework for the study of extrinsic differential geometry on
timelike hypersurfaces from the view point of the theory of Legendrian singularities. As
an application, we study the contact of timelike hypersurfaces with flat totally umbilic
timelike hypersurfaces in de Sitter space.

1 Introduction

In this paper we present some results of the project constructing the extrinsic differential
geometry on submanifolds of pseudo-spheres in Minkowski space (cf., [3, 4, 5, 6, 7, 8,9, 10, 11,
12]). There are three kinds of pseudo-spheres in Minkowski space (i.e., hyperbolic space, the
lightcone and de Sitter space). In the previous papers we consider submanifolds in hyperbolic
space or the lightcone. In these cases submanifolds are always spacelike or lightlike. Only in de
Sitter space, we have timelike submanifolds. Therefore we only consider timelike hypersurfaces
in de Sitter space here. We construct a basic framework for the study of timelike hypersurfaces
from the view point of the theory of Legendrian singularities here. Actually almost all results in
this paper are analogous to the previous results on spacelike hypersurfaces in hyperbolic space
or the lightcone. However, there are no contexts describing extrinsic differential geometry on
the timelike hypersurface in de Sitter space from this point of view. Moreover there might be
some new applications of such a framework to conformal geometry ( discussions with M. C.
Romero-Fuster and E. S. Sanabria-Codesal). Detailed descriptions of such applications will be
appeared in elsewhere.

In §2 we describe the basic notions on Minkowski space and contact geometry. Especially,
the Legendrian duality theorem (Proposition 2.2) between de Sitter spaces is the key to un-
derstand the whole story. In §3 we introduce the notion of de Sitter Gauss images and de
Sitter curvatures of timelike hypersurfaces in de Sitter space. On of the results is that the
totally umbilic timelike hypersurfaces are given as intersections of de Sitter space with timelike

2000 Mathematics Subject classification 53A35, 58C27, 58C28

Key Words and Phrases. Legendrian duality, timelike hypersurfaces, de Sitter space

partially supported by Grant-in-Aid for formation of COE and Grant-in-Aid for Scientific Research, No.
15204002



https://core.ac.uk/display/42024388?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

hyperplanes (i.e., timelike hyperbolic hyperquardrics). In particular the flat totally umbilic
timelike hypersurface is the intersection of de Sitter space with a timelike hyperplane through
the origin. We call it a flat timelike hyperquadric. We can interpret that the de Sitter Gauss
image is a wave front set of a natural Legendrian submanifold. In §4 we introduce the notion of
de Sitter height functions on timelike hypersurfaces in order to connect the notion of differential
geometry in de Sitter space with the theory of Legendrian singularities. As a consequence, we
can show that the de Sitter height function of a timelike hypersurface is a generating family
of the corresponding Legendrian submanifold (cf., §5). We apply the theory of Legendrian
singularities to study the contact of timelike hypersurfaces with flat timelike hyperquadrics in
§6. In §7 we consider generic properties of timelike hypersurfaces in the low dimensional case.
We give some examples in§8.

We shall assume throughout the whole paper that all the maps and manifolds are C*> unless
the contrary is explicitly stated.

2 Basic notations and the duality theorem

In this section we prepare basic notions on Minkowski space and contact geometry. Let R"! =
{(zo,x1,...,2,)|z; € R, 7 =0,1,...,n} be an (n 4+ 1)-dimensional cartesian space. For any
vectors © = (zg,...,%n), Y = (Yo, -, Yn) in R" the pseudo scalar product of & and y is
defined by (x,y) = —xoyo + >_ ;5. The space (R"*1 (,)) is called Minkowski n+ 1-space and
i=1

denoted by R}*!. For basic notions and properties of Minkowski space from the view point of
Lorentz geometry, see [16].

We say that a vector x in R\ {0} is spacelike, lightlike or timelike if (x,2) > 0,= 0 or
< 0 respectively. The norm of the vector € R™*! is defined by ||z| = /|(z,z)|. Given a
vector n € R} and a real number ¢, the hyperplane with pseudo normal n is defined by

HP(n,c) = {x € R1"™|(z,n) = c}.

We say that HP(n,c) is a spacelike , timelike or lightlike hyperplane if n is timelike, spacelike
or lightlike respectively.

We have the following three kinds of pseudo-spheres in Rf™': Hyperbolic n-space is defined
by
Hn(_]') = {iL‘ € JR71H_1| (m,m} = _1}7

de Sitter n-space by
St ={z e Ry |(z. ) =1}

and the (open) lightcone by
LC* = {z e R{" \ {0}|(z,z) =0 }.

In this paper we stick to timelike hypersurfaces in de Sitter space ST'. Typical such hyper-
surfaces are given by the intersection of S} with a hyperplane in R?* :

DH(n,c) = HP(n,c) N SY.

We say that DH(n,c) is a quadric hypersurface in de Sitter space (or briefly, de Sitter hy-
perquadric). We also say that DH(n,c) is elliptic, hyperbolic or parabolic if n is timelike,
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spacelike or lightlike respectively. However, elliptic and parabolic de Sitter hyperquadrics are
always spacelike. For a hyperbolic de Sitter hyperquadric DH (n,c), it is timelike if and only
if (n,mn) > c. Hyperbolic de Sitter hyperquadrics are the candidates of totally umbilic timelike
hypersurfaces in de Sitter space (cf., §3).

On the other hand, we now review some properties of contact manifolds and Legendrian
submanifolds. Let NV be a (2n+1)-dimensional smooth manifold and K be a tangent hyperplane
field on N. Locally such a field is defined as the field of zeros of a 1-form «. The tangent
hyperplane field K is non-degenerate if a A (da)™ # 0 at any point of N. We say that (N, K)
is a contact manifold if K is a non-degenerate hyperplane filed. In this case K is called a
contact structure and « is a contact form. Let ¢ : N — N’ be a mapping between contact
manifolds (N, K) and (N, K'). We say that ¢ is a contact morphism if dp(K) = K'. Any
contact morphism is a local diffeomorphism. If it is a diffeomorphism, we call it a contact
diffeomorphism. Two contact manifolds (N, K) and (N’, K') are contact diffeomorphic if there
exists a contact diffeomorphism ¢ : N — N’. A submanifold i : L C N of a contact manifold
(N, K) is said to be Legendrian if dim L = n and di,(T,L) C Kj) at any v € L. We say
that a smooth fiber bundle 7 : £ — M is called a Legendrian fibration if its total space E is
furnished with a contact structure and its fibers are Legendrian submanifolds. Let 7 : £ — M
be a Legendrian fibration. For a Legendrian submanifold i : L C E, moi: L — M is called a
Legendrian map. The image of the Legendrian map 7 o4 is called a wavefront set of ¢ which is
denoted by W (i). Moreover, i (or, the image of ) is called the Legendrian lift of W (i). For any
p € E, it is known that there is a local coordinate system (z1,...,Zm, D1, ., Pm,2) around p
such that

W('le"uxmaplu"'vpmuz) = ('rh'"axmuz)

and the contact structure is given by the 1-form

a=dz — ipidxi
i=1

(cf. [1], 20.3).

One of the examples of Legendrian fibrations is given by the projective cotangent bundle
of over a manifold. Let 7 : PT*(M) — M be the projective cotangent bundle over an
n-dimensional manifold M. This fibration can be considered as a Legendrian fibration with
the canonical contact structure K on PT*(M). We now review geometric properties of this
space. Consider the tangent bundle 7 : TPT*(M) — PT*(M) and the differential map dr :
TPT*(M) — N of n. For any X € TPT*(M), there exists an element o € T*(M) such that
7(X) = [a]. For an element V' € T, (M), the property a(V) = 0 does not depend on the choice
of representative of the class [a]. Thus we can define the canonical contact structure on PT*(M)
by

K ={X e TPT*(M)|r(X)(dr(X)) = 0}.

For a local coordinate neighborhood (U, (x1,...,x,)) on M, we have a trivialization
PT*(U) = U x P(R"1)*

and we call ((z1,...,2,),[& @ -+ : &)]) homogeneous coordinates, where [&; : -+ : &,] are
homogeneous coordinates of the dual projective space P(R™1)*. It is easy to show that X €

K e if and only if Y7 | j;& = 0, where d7(X) =", ,uia%i.



We consider the following five double fibrations:
a) H'(—1) x S7 D Ay = {(v,w) | (v,w) =0},
b) 11 - Al — Hn(—1>,ﬂ'12 . Al — S?,

C) 911 = <d’U,w>’A1, 912 = <’U,d’lU>|A1.

)

H™"(—1) x LC* D Ay = {(v,w) | (v,w) = —1 },
b) o1 - AQ e Hn(—l),ﬂ'gg . AQ e LC*,
C 921 = (dv,w)|A2, 922 = <’U,d’u)>|A2.

b) 31 - Ag — LC*,TF:),Q : Ag — Sirl’
C) 931 = <d’U,’U)>’A3, 932 = <’U,dw>|A3.
a) LC* x LC* D Ay = {(v,w) | (v,w) = -2},
b) 41 - A4 — LC*,7T42 . A4 — LO*,
) 941 = (d’v,'w)|A4, 942 = <v,d'w>|A4.
a) ST x ST D As ={(v,w) | (v,w) =0 },
b) 1t Ay — SPmia Ay — ST,

(C) (951 = (dv,w)]A5, 952 = <’U,dw>‘A5.

Here,m;1 (v, w) = v, mp2(v, w) = w, (dv,w) = —wedvg+y -, w;dv; and (v, dw) = —vodwy+
Yo vidw;.

We remark that ;;'(0) and 6,,'(0) define the same tangent hyperplane field over A; which
is denoted by K;. In [12], we have shown the following basic Legendrian duality theorem:

(
(
(
(
(
()
(3) (a) LC* x ST D Az ={(v,w) | (v,w) =1},
(
(
(
(
(
() (
(

Theorem 2.1 Under the same notations as the previous paragraph, each (A;, K;) (i = 1,2, 3,4)
is a contact manifold and both of m;; (j = 1,2) are Legendrian fibrations. Moreover those contact
manifolds are contact diffeomorphic each other.

We also have the similar result for the case (5), but (As, K5) is not contact diffeomorphic to
other (Al, Kz)

Proposition 2.2 Under the same notations as the above, (As, K5) is a contact manifold and
both of ms; (j = 1,2) are Legendrian fibrations.

Proof. We consider a coordinate neighborhood W, = {w = (wp, w1, ..., w,) € S} | w, > 0}
on which we have

n—1
wy, = 4 | wE — g w? + 1.
i=1

Therefore, we regards that (wo,...,w,_1) is the local coordinates on W . We consider a map-
ping U : As(W,5) = (m52) *(W,5) — PT * (S7)|W,} defined by

U(v,w) = (w, [—w,vy + Wty : Wy — VpWy & +++ : Wplp_1 — UpWy_1]).
Let ((wo, ..., wn_1),[&1 1 -+ : &) be the homogeneous coordinates of PT x (S}) over W . We
have the canonical contact form 6 = »""" | &w,—y on PT*(S7)|W,F. It follows that
n—1
Ul = (—w,vo + wov,,)dwy + Z(wnvi — vpw;)dw; = wy (v, dw)|As = w,05.
i=1



This means that 055 is a contact structure such that ¥ is a contact morphism. We have the

similar calculation as the above on the other coordinate neighborhoods. a
Given n vectors ai, ao,...,a, € R’f“, we can define the wedge product a; Aas A--- A a,
as follows:
—€y € €n
a ay,
2 2 2
al/\ag/\---/\an: ag ay a, 5
at a? - a®
where {eg, e, ...,e,} is the canonical basis of RT™ and a; = (a},al,...,al). We can easily
check that
(a,ay Nag A -+ Nay,) =det(a,a,...,a,),
so that a; A as A --- A a, is pseudo orthogonal to a;, Vi =1,...,n.

3 Geometry of timelike hypersurfaces in de Sitter space

In this section we construct the basic tools for the study of the extrinsic differential geometry
on timelike hypersurfaces in de Sitter space S7.

Let € : U — S} be a regular timelike hypersurface (i.e., an embedding with timelike
tangent space), where U C R"~! is an open subset. We denote that M = x(U) and identify M
with U by the embedding «. Since (x,x) = 1, we have (x,,,x) =0 (i=1,...,n— 1), where
u = (u1,...u,—1) € U. Define a vector

_ T(U) ATy (W) A ANy, (u)
[ (u) A @y (w) A= Az, (W]

2*(u)

then we have
(' x,) = () =0, (x% 2% =1.

d

Therefore the vector & is spacelike. We call the map

xl U — ST

the de Sitter Gauss image of M. We study the extrinsic differential geometry of x(U) = M
by using the de Sitter Gauss image ¢ like as the unit normal of a hypersurface in Euclidean

space. We define a mapping
[:5 U — A5

by L(u) = (x(u),z%(u)). Since (x(u),z%(u)) = (dx(u),z%(u)) = 0, the mapping L5 is a
Legendrian embedding. It follows that, we have (z(u),z%(u)) = 0. Since (x?(u), z(u)) = 0,
we also have (z%(u),dz%(u)) = 0. This means that dz(ug)(v) is a tangent vector of M at
p = x(ug) for any v € T, U.

We now identify U and M through the embedding «. Under the identification, the derivative
dx?(ug) can be considered as a linear transformation on the tangent space T, M where p = @(uy).
We call the linear transformation S¢ = —da?(uo) : T,M — T,M the de Sitter shape operator.
We denote the eigenvalue of Sg by kq(p), which we call the de Sitter principal curvature of M
at p. We remark that all de Sitter principal curvatures are real numbers (c.f., Proposition 3.3).
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We define the notion of de Sitter curvatures of &(U) = M at p = x(uy) as follows:

Ky(ug) = det Sg ;. The de Sitter Gauss-Kronecker curvature,

1
Hy(ug) = - 1Trace S¢;  The de Sitter mean curvature.

We can define the notion of umbilicity like as the case of hypersurfaces in Euclidean space.
A point p = x(up) (or ug) is said to be an umbilic point if S¢ = kq(p)lg,n. We say that
M = x(U) is totally umbilic if all points on M are umbilic. We have the following classification
of totally umbilic hypersurfaces in S™.

Proposition 3.1 Suppose that M = x(U) is totally umbilic. Then rky(p) is constant kq. Under
this condition, we have the following classification.
(1) If kq # 0, then M is a part of a hyperbolic de Sitter hyperquadric DH (¢, kq/+/K5 + 1),

where
1

c = ————(kgx(u) + x(u)) € ST
(e () + () €
18 a constant spacelike vector.
(2) If kg = 0, then M is a part of a hyperbolic de Sitter hyperquadric DH (ec,0), where
c = x%(u) € ST is a constant lightlike vector.

Proof. By definition, we have —(z%),, = kq(u)x,, for i = 1,...,n — 1. Therefore, we have
_(wd)uiuj = ("id)uj (u)wuz + K'd(u)wuiuj'

Since —(2%)y,u; = — (%) w0, and Kg(U) Ty, = Ka(U) T, We have (Ka)u, (W)Eu, — (Kq)u, (1)Ty, -
By definition {@,,,...,®,, ,} is linearly independent, so that k4 is constant. Under this
condition, we distinguish two cases.

(Case 1). We assume that x4 # 0 : By definition, we have —dx? = kqdz. Since k4 is constant,
it follows from the above equality that d(r4x + x?) = 0. Therefore ¢ = —2— (kg (u) + 4 (u))

A /n§+1

is constant and we have (¢, ¢) = 1. On the other hand, we have

1 ’ B
(x(u),c) = W@(U)M%(U) tai(u) = o m—y R

Rq

This means that M = x(U) C DH (¢, ka/\/Kk3+ 1).

(Case 2). We assume that k4 = 0 : By definition, we have dz?(u) = 0, so that ¢ = % is
constant. We also have (x(u), ¢) = (z(u), 2%(u)) = 0. This means that M = x(U) C DH(c,0).
This completes the proof. O

By the above proposition, we can classify the umbilic point as follows. Let p = x(ug) €
x(U) = M be an umbilic point; we say that p is a timelike umbilic point if Kk, # 0 or a timelike
flat point if kg = 0. Especially we call DH (¢,0) a flat timelike hyperquadric.

In the last part of this section, we prove the de Sitter Weingarten formula. We induce the
Lorentz metric (the de Sitter first fundamental form ) ds* = 3.1— gijdusdu; on M = x(U),
where g;;(u) = (@, (u), Ty, (u)) for any u € U. We also define the de Sitter second fundamental
invariant by hi;(u) = (—(x)y, (u), 4, (u)) for any u € U.
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Proposition 3.2 Under the above notations, we have the following de Sitter Weingarten for-

mula:
n—1

(@), =3 () 2.,

7j=1
where (hd)z = (h?k) (9kj) and (gkj) = (gkj)il-
Proof. By Lemma 3.1, there exist real numbers FZ such that

n—

(zcd)Ui = ngwuj.

1
Jj=1

By definition, we have
n—1 n—1
_hfiiﬁ = Z F?<Cl3ua, mu5> = Z F?gaﬂ
a=1 a=1

Hence, we have
n—1 n—1 n—1

d\J d  Bj a j j
=~ St = 5 S g =1
B=1 f=1 a=1
This completes the proof of the de Sitter Weingarten formula. O

As a corollary of the above proposition, we have an explicit expression of the de Sitter
Gauss-Kronecker curvature by Lorentz metric and the de Sitter second fundamental invariant.

Corollary 3.3 Under the same notations as in the above proposition, the de Sitter Gauss-
Kronecker curvature is given by

et (h;) |
det (gap)
Proof. By the de Sitter Weingarten formula, the representation matrix of the de Sitter shape
operator with respect to the basis {@,,,..., %y, _,} is <(hd)z> = (hfﬁ) (gﬁj) . It follows from
this fact that

~ . det (h)
O

We say that a point p = x(u) is a de Sitter parabolic point if K4(u) = 0 and a de Sitter flat
point if it is an umbilic point and Ky(u) = 0.

4 De Sitter height functions

In this section we introduce a family of functions on a timelike hypersurface in the de Sitter
space which are useful for the study of singularities of de Sitter Gauss images. Let x : U — S}
be a timelike hypersurface. We define a family of functions

H:UxS"—R

by H(u,v) = (x(u),v). We call H a de Sitter height function on & : U — SYT.
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Proposition 4.1 Let H : U x S — R be a de Sitter height function on « : U — S7. Then
(1) H(u,v) =0 if and only if (x(u),v) € As.
OH
(2) H(u,v) = a—(u,v) =0@G=1,...,n—1) if and only if v = x%(u).
U;
Proof. The assertion (1) follows from the definition of H and As;.
(2) There exist real numbers A, 1, & (i = 1,...,n—1) such that v = Az + px + 3.1 &z,
Since (x,x) = 1, we have (x,x,,) = 0. Therefore 0 = H(u,v) = (x, \x?) + (z,ux) = p
(u,v) = (xy,,v), we have 0 = (x,,,v) + Z?}l €;9i;(w). The

equation (dx,x?) = 0 means that (zx,,,z?) = 0. It follows that > o ' & gi5(u) = 0. Since g;; is
non-degenerate, we have £, =0 (j =1,...,n—1). We also have 1 = (v,v) = p*+ 1. Therefore
i = 0. This completes the proof. O

if and only if A = 1. Since
ou

We denote the Hessian matriz of the de Sitter height function h,,(u) = H(u,vg) at ug by
Hess(hy, ) (uo)-

Proposition 4.2 Let ©x : U — S7 be a timelike hypersurface in de Sitter space and vy =
x%(ug). Then

(1) p = x(ug) is a timelike parabolic point if and only if det Hess(h,, )(uo) =

(2) p = x(ug) is a timelike flat point if and only if rank Hess(h,, )(ug) = 0.

Proof. By definition and (z,,., z%) = 0, we have

Hess(f) (t0) = (@, (1), 2 (10))) = (= (@, (o), @ () ) = B,

so that we have —(x,,., = > = hi,

so that we have
det Hess(hy, ) (uo)

Kq(up) = det (gaﬁ(UO))

The first assertion follows from this formula.

For the second assertion, by the de Sitter Weingarten formula, p = @ (uy) is an umbilic point
if and only if there exists an orthogonal matrix A such that ‘A (( )?) A = ky4l. Therefore, we
have ((hd)j) = Ak I'A = k41, so that

Hess(hy,) = (s ) (h ) ) (9aj) = Ka (gij) -
Thus, p is a timelike flat point (i.e., k4(ug) = 0) if and only if rank Hess(h,,)(uo) = 0. O

5 De Sitter Gauss images as wave fronts

In this section we naturally interpret the de Sitter Gauss image of a timelike hypersurface in
de Sitter space as a wave front set in the framework of contact geometry. We now give a quick
survey on the theory of Legendrian singularities. For notions and some detailed results on
generating families, please refer to [1, 19]. Let F : (R¥ x R",0) — (R, 0) be a function germ.
We say that F'is a Morse family of hypersurfaces if the mapping
A*F = (Fa—Fa—F) . (R* x R",0) — (R x R*,0)
oq gy
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is non-singular, where (¢,7) = (q1,...,qx, 1, ..., T,) € (R¥ x R" 0). In this case we have a
smooth (n — 1)-dimensional submanifold

5.(7) = {(0.0) € (B x R0 | Fla.) = §(qe) == S (g0) =0 |

and the map germ ®p : (X,(F),0) — PT*R" defined by

2r(0:) = (g 00) o (a0

is a Legendrian immersion germ. Then we have the following fundamental theorem of Arnol’d-
Zakalyukin [1, 19].

Proposition 5.1 All Legendrian submanifold germs in PT*R™ are constructed by the above
method.

We call F' a generating family of ®p(X.(F')). Therefore the wave front is

F
W(q)p):{:c cR"|F3¢geR" Flqg2) = —(q2) == —(q,2) = }
1
We sometime denote Dp = W (®p) and call it the discriminant set of F.

Proposition 5.2 The de Sitter height function H : U x S} — R is a Morse family of
hypersurfaces.

Proof. For any v = (vg, vy, ...,v,) € ST, we have —v2 + v? + - - - +v2 = 1. Without loss of the

generality, we might assume that v, > 0. We have v, = \/1+ v —v? — -+ —v2_|, so that
H(u,v) = —xo(u)vg + x1(w)vy + -+ + 2y (w)v,_1 £ xn(u)\/l +vg = — =02
We prove that the mapping on on
A*H = (H, 8u1""’6unf1)

is non-singular at any point on (A*H)~!(0). The Jacobian matrix of A*H is given as follows:

Un—
<mul’ rv) P <mu’n71> _xo _|_ mn:j_: PP xn—l . xn n—1
Vo ﬁn—l
<$u1u17 ’U) e <wu1un_1 ) 'U> —Zouy + Lpuy — Tt Tp—1uy — Tpug ———
n UTL
Vo Un—1
<$un—1uw v> T <wun—1un—17lv> —Zou, , + mnun—lv_ 0 Tp—lupor T Lnupor T
n n

We now show that the determinant of the matrix

Vo 0 Un—1
—X0u, + Tpuy —— L1uy — Tnuy —— e Tp—1uy — Tnuy
Un, n Un,
A=
Vo U1 Un—1
_xOun,l + xnun,l_ xlun,l - xnun,l - xnflunfl - xnun,1
Un Un n



does not vanish on 3, (H) = (A*H)~!(0). We denote that

i T e
Tou, T1uy Tnuy
ag = . , A1 = . yoeey p =
LOup—1 Llup_1 Lnup—1

It follow that we have

v v (U
A= (—a0+an—0,a1 — Ay, A — 1).
Un Un Un
Therefore
detA = (—1)"’1{@det(a1, cey Q) — 2det(ao, as,...,a,)
Un, Un,

4+ (_1)”1}—"det(ao, R 7a'n—1>}

Un

_ Vo (%
= (=1)" 1<(U—,‘..,v—n),w/\wul---/\:nun_1>
n n

= (@ e Az, A Ay, 27

-1 n—1
- ( ) ||a:/\:1:ul/\---/\a:un71||7é0

n

for (u,v) € ¥.(H). We have the same calculations as the above on the other local coordinates
of ST. This completes the proof of proposition. O

We now show that H is a generating family of L5(U) C As.

Theorem 5.3 For any timelike hypersurface & : U — ST, the de Sitter height function
H:Ux ST — R of x is a generating family of the Legendrian embedding Ls.

Proof.  We consider a coordinate neighborhood W5 = {w = (wp,wy,...,w,) € S} | w, >
0}. Remember the contact morphism ¥ : As(W*) — PT*(S}")|As5 defined in the proof of
Proposition 2.2. Since the de Sitter height function H : U x S} — R is a Morse family of
hypersurfaces, we have a Legendrian immersion

Ly : SJ(H)|(U x wl) — PTH(SM)|W+

defined by
OH OH
Ly(u,w) = (w, [(9—11)0 D 3wn]> ,
where w = (wy, ..., w,). By Proposition 4.1, we have

Yo(H) = {(u,z%u)) € U x S} | u € U}.

: —1
Since w = x4(u) and w,, = \/wg — > w? — 1, we have

oH d = —zo(u) + x,(u ()

Gy (12 () = o) () T,

OH d — _mzd(“) i — n—
G, 1) = )~ TS (=1 =),



where x(u) = (zo(u), ..., z,(u)) and z¢(u) = (zd(u), ..., 2% (u)). It follows that

Ly (u, 2 (u)) = (2 (u), [=27, (w)zo(u) + zg(w)ar(u) - 2f (w)an—1 () — 2o (u)ay,_ (u)]).

Therefore we have W o L5(u) = Ly(u) on W, . We also have the same relation as the above on
the other local coordinates. This means that H is a generating family of L5(U) C As. O

6 Contact with flat timelike de Sitter hyperquadrics

Before we start to consider the contact of timelike hypersurfaces with de Sitter flat timelike
hyperquadrics, we briefly review the theory of contact due to Montaldi [14]. Let X;,Y; (i = 1,2)
be submanifolds of R” with dim X; = dim X5 and dim Y; = dim Y5. We say that the contact of
X, and Y; at y; is the same type as the contact of X5 and Y, at ys if there is a diffeomorphism
germ @ : (R",y;) — (R",y2) such that ®(X;) = X, and ®(Y;) = Y5. In this case we write
K(X1,Y1;11) = K(Xa,Ys;92). It is clear that in the definition R™ could be replaced by any
manifold. In his paper [14], Montaldi gives a characterization of the notion of contact by using
the terminology of singularity theory. Two function germs f,g : (R™,0) — (R,0) are said
to be K-equivalent if there exists a diffeomorphism germ ¢ : (R™,0) — (R™,0) such that
&*(f)e,, = (g9)¢, Here, &, is the local ring of function germs (R™,0) — R with the unique
maximal ideal M,,, = {h € &,, | h(0) =0 } and ¢* : £,, — &,, is the pull back homomorphism.

Theorem 6.1 Let X;,Y; (i = 1,2) be submanifolds of R" with dim X; = dim X, and dimY; =
dimYs. Let g; : (X, 2;) — (R™,y;) be immersion germs and f; : (R™,y;) — (RP,0) be
submersion germs with (Yi,y;) = (f;1(0), ). Then K(X1,Y1;y1) = K(Xy, Ya; ) if and only
if f1og1 and fs 0 go are K-equivalent.

We also need some preparations from the theory of Legendrian singularities. Let us introduce
an equivalence relation among Legendrian immersion germs. Let i : (L,p) C (PT*R",p)
and ¢ : (L',p') C (PT*R",p') be Legendrian immersion germs. Then we say that i and ¢
are Legendrian equivalent if there exists a contact diffeomorphism germ H : (PT*R" p) —
(PT*R™,p') such that H preserves fibers of 7 and that H(L) = L’. A Legendrian immersion
germ i : (L.p) C PT*R" (or, a Legendrian map m o) at a point is said to be Legendrian
stable if for every map with the given germ there is a neighborhood in the space of Legendrian
immersions (in the Whitney C'* topology) and a neighborhood of the original point such that
each Legendrian immersion belonging to the first neighborhood has in the second neighborhood
a point at which its germ is Legendrian equivalent to the original germ.

Since the Legendrian lift i : (L,p) C (PT*R", p) is uniquely determined on the regular part
of the wave front W (i), we have the following simple but significant property of Legendrian
immersion germs:

Proposition 6.2 Let i : (L,p) C (PT*R™,p) and i' : (L',p') C (PT*R™,p') be Legendrian
immersion germs such that the representative of both of germs are proper mappings and the
reqular sets of the projections woi,m o1 are dense. Then 1,7 are Legendrian equivalent if and
only if wave front sets W (i), W (i') are diffeomorphic as set germs.

This result has been firstly pointed out by Zakalyukin [20]. The assumption in the above
proposition is a generic condition for ,4'. Specially, if 4,7 are Legendrian stable, then these

11



satisfy the assumption. We can interpret the Legendrian equivalence by using the notion of
generating families. Let F, G : (R* x R",0) — (R, 0) be function germs. We say that F and
G are P-K-equivalent if there exists a diffeomorphism germ ¥ : (R* x R, 0) — (R* x R", 0) of
the form U(z,u) = (¢1(q, ), ¥2(x)) for (¢,2) € (R¥ x R",0) such that U*((F)g,, ) = (G)e,...-
For any map germ f : (R",0) — (RP 0), we define the local ring with degree ¢ of f by
Qu(f) =&/ (M) E,+METL. One of the main results in the theory of Legendrian singularities
is the following classification theorem (cf., [1], §21, see also [3], the appendix).

Theorem 6.3 Let F,G : (R* x R",0) — (R, 0) be Morse families of hypersurfaces. Suppose
that ®p, P are Legendrian stable. The the following conditions are equivalent.

(1) (W(®p),0) and (W(Dg),0) are diffeomorphic as germs.

(2) ®p and ®g are Legendrian equivalent.

(3) F and G are K-equivalent.

(4) Quia(f) and Qny2(g) are isomorphic as R-algebras, where f = F|R* x {0}, g = G|R* x
{0}.

If we do not assume that ®p and Og are Legendrian stable, then the conditions (2) and (3)
are equivalent.

We do not need the stable K-equivalence in the above theorem because we fix the number of
parameters n of generating families.

We now consider a function H : S} x S} — R defined by H(u,v) = (u,v). For any
vy € ST, we denote that b, (u) = H(u,vo) and we have a de Sitter flat timelike hyperquadric
b, (0) = HP(vy,0) N S} = DH(v,.0). For any uy € U, we consider the spacelike vector
vy = x%(ug), then we have

oo © (ug) = Ho (x X 1pe)(ug, vg) = H (ug, £%(up)) = 0.

By Proposition 4.1, we also have relations that

O, OH
h@uj T (uo) = == (w0, @ (o)) = 0.

7

fori =1,...,n—1. This means that the de Sitter flat timelike hyperquadric h,;'(0) = DH (v, 0)
is tangent to M = x(U) at p = x(up). In this case, we call DH (vg,0) the tangent de Sitter flat
hyperquadric of M = x(U) at p = x(ug) (or, ug), which we write TDH (x,ug). We call a germ
(Y (TDH(x,up)),uo) the tangent de Sitter indicatriz germ of & (U) = M at x(ug). Then we
have the following simple lemma.

Lemma 6.4 Let € : U — ST be a timelike hypersurface. Consider two points ui,us € U.
Then £%(uy) = x%(ug) if and only if TDH (x,u1) = TDH(x,us).

Eventually, we have tools for the study of the contact between hypersurfaces and de Sitter flat
timelike hyperquadrics.

Let ¢ : (Uuw;) — (ST, v;) (i = 1,2) be de Sitter Gaussian image germs of timelike
hypersurface germs x; : (U, u;) — (S, u;). We say that ¢ and x4 are A-equivalent if there
exist diffeomorphism germs ¢ : (U,uy) — (U,ug) and ® : (S7,v1) — (S}, v2) such that
P o x{ = xd o ¢. If both the regular sets of ¢ are dense in (U, u;), it follows from Proposition
6.2 that ¢ and x¢ are A-equivalent if and only if the corresponding Legendrian immersion
germs L} : (U,u1) — (As, z1) and L2 : (U,uy) — (As, 22) are Legendrian equivalent. This
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condition is also equivalent to the condition that two generating families H; and Hs are P-K-
equivalent by Theorem 6.3. Here, H; : (U x S}, (u;,v;)) — R is the de Sitter height function
germ of x;.

On the other hand, we denote that h;,, (u) = H;(u,v;), then we have h;,, (u) = b,, o z;(u).
By Theorem 6.1, K (x1(U),TDH (21, u1),v1) = K(22(U), TDH (2, us), v2) if and only if Ay ,,
and hy ,, are K-equivalent. Therefore, we can apply Theorem 6.3 to our situation. We denote
Qni2(x,up) the local ring with degree n + 1 of the function germ h,, : (U,ug) — R, where
vy = z‘(up). We remark that we can explicitly write the local ring as follows:

CU)

Qrir(@,u0) = ((a(u), 2 (uo))) ez ) + M2 (U)’

where C2°(U) is the local ring of function germs at ug with the unique maximal ideal 9, (U).

Theorem 6.5 Let x; : (U,u;)) — (ST, u;) (i = 1,2) be hypersurfaces germs such that the
corresponding Legendrian map germs ms o0 LE = xd : (U, u;) — (ST, v;) are Legendrian stable.
Then the following conditions are equivalemﬁ
(1) de Sitter Gauss image germs x4 and ¢ are A-equivalent.
2) K(z1(U), TDH (x1,u1),v1) = K(x2(U), TDH (23, us), va).
)
)

(
(3) Hy and Hy are P-K-equivalent.
(3) Qui1(x1,u1) and Qui1(xa, uz) are isomorphic as R-algebras.

In the next section, we will prove that the assumption of the theorem is generic in the case
when n < 6. In general we have the following proposition.

Proposition 6.6 Let x; : (U u;)) — (S7,x;(u;)) (i = 1,2) be timelike hypersurface germs
such that their de Sitter parabolic sets have no interior points as subspaces of U. If de Sitter

Gauss image germs x¢, x3 are A-equivalent, then

K(a:l(U), TDH(CBl, ul), ’Ul) = K(ZBQ(U), TDH(JIQ, Ug), ’UQ).

In this case, (x (TDH(xy,v1)),u1) and (x5 (TDH(xy,v5)),us) are diffeomorphic as set
germs.

Proof. The de Sitter parabolic set is the set of singular points of the de Sitter Gauss im-
age. So the corresponding Legendrian embeddings L% satisfy the hypothesis of Proposition
6.2. If de Sitter Gauss image germs x¢, x4 are A-equivalent, then £}, L2 are Legendrian
equivalent, so that Hy, Hy are P-K-equivalent. Therefore, hy,,, hi., are K-equivalent. By
Theorem 6.1, this condition is equivalent to the condition that K (x1(U), TDH(x1,u1),v1) =
K(.’L‘Q(U), TDH(Q'}Q, UQ>, ’Uz).

On the other hand, we have (z;'(TDH(z;,u;)),u;) = (h;,(0),u;). It follows from this

fact that (x;'(TDH (2, u1)),u1) and (x5 (TDH (x5, us)),us) are diffeomorphic as set germs
because the K-equivalence preserves the zero level sets. O

By Proposition 6.6, the diffeomorphism type of the tangent de Sitter indicatrix germ is an
invariant of the A-classification of the de Sitter Gauss image germ of . Moreover, we can borrow
some basic invariants from the singularity theory on function germs. We need K-invariants for
function germ. The local ring of a function germ is a complete K-invariant for generic function
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germs. It is, however, not a numerical invariant. The KC-codimension (or, Tyurina number) of
a function germ is a numerical K-invariant of function germs [13]. We denote that

Ca(U)
((z(u), 2 (uo)), (@, (1), 2" (u0))) g
Usually P-ord(z, u) is called the KC-codimension of h,,. However, we call it the order of contact

with the tangent de Sitter flat hyperquadric at x(ug). We also have the notion of corank of
function germs.

P-ord(x, up) = dim

P-corank(zx, ug) = (n — 1) — rank Hess(h,, (uo)),

where vy = %(ug).

By Proposition 4.2, x(ug) is a de Sitter parabolic point if and only if P-corank(x, ug) > 1.
Moreover x(ug) is a lightcone flat point if and only if P-corank(ax, ug) =n — 1.

On the other hand, a function germ f : (R""! @) — R has the Ag-type singularity if f is
K-equivalent to the germ 4u? £ --- +u?_, +u*"1. If P-corank(x,uo) = 1, the de Sitter height
function h,, has the Ag-type singularity at ug in generic. In this case we have P-ord(zx, ug) = k.
This number is equal to the order of contact in the classical sense (cf., [2]). This is the reason
why we call P-ord(a, ug) the order of contact with the tangent de Sitter flat hyperquadric at

.’,C(Uo)

7 Generic properties

In this section we consider generic properties of timelike hypersurfaces in ST'. The main tool is
a kind of transversality theorems. We consider the space of timelike embeddings Embr (U, S}')
with Whitney C'*-topology. We also consider the function H : ST x S} — R which is given
in §6. We claim that H, is a submersion for any u € S}, where H,(v) = H(u,v). For any
x € Embr (U, ST), we have H = H o (z X 1gn). We also have the k-jet extension

J¥H U x S} — J*(U,R)

defined by ji H (u, v) = j*h,(u). We consider the trivialization J*(U,R) = U x R x J¥(n—1,1).
For any submanifold Q@ C J*(n — 1,1), we denote that Q = U x {0} x Q. Then we have the
following proposition as a corollary of Lemma 6 in Wassermann [17]. (See also Montaldi [15]).

Proposition 7.1 Let Q be a submanifold of J*(n — 1,1). Then the set
Ty = {x € Embr (U, S}) | jTH is transversal to Q)
is a residual subset of Emby (U, ST). If Q is a closed subset, then T¢) is open.

We have a characterization of the stability of Legendrian immersion germs. Let F : (R x
R3,0) — (R, 0) be a function germ. We say that F is a K-versal deformation of f = F|R*x{0}
if

oOF oOF
£ = T.(K)(f) + <a—xlrﬂ%’f (0}, {0}>R,
where of of
Te(lcxf) = <a_ql7"'aa_qk’f>g .
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(See [13].) It has been shown in [1, 19] that ® is Legendrian stable if and only if F' is a
K-versal deformation of f = F|R* x {0}. We need the following characterization of K-versality
of generating families. Let J¢(R¥ R) be the (-jet bundle of n-variable functions which has the
canonical decomposition: J*(R¥, R) = R¥ x R x J¢(k, 1). For any Morse family of hypersurfaces
F: (RF x R*,0) — (R,0), we define a map germ

JiF - (R x R™,0) — JY(R* R)

by jtF(q,x) = j*F.(q), where F,(q) = F(q,7). We denote K‘(z) the K-orbit through » =
§4f(0) € JYk,1). (cf., [13]). If f(q) = F(q,0) is ¢-determined relative to K, then F is a K-
versal deformation of f if and only if j{F is transversal to R* x {0} x K*(z) (cf., [13]). Therefore
we can apply this characterization to the de Sitter height function. By the classification of stable
Legendrian singularities of n < 6 and Proposition 7.1, we have the following proposition.

Proposition 7.2 Assume thatn < 6. Then there exists an open dense subset O C Embr (U, ST)
such that for any @ € O the corresponding Legendrian embedding germ Ls : (U ,u) — As at
any point w € U 1s Legendrian stable

As a corollary of the above theorem and the classification results on wave fronts (cf., [1, 19]),
we have the following local classification for the de Sitter Gauss image for a generic timelike
surface in S5.

Theorem 7.3 Let Emby (U, S}) be the space of timelike embeddings from an open region U C
R? into S? equipped with the Whitney C*-topology. There exists an open dense subset O C
Embr (U, S}) such that for any x € O, the following conditions hold:

(1) The de Sitter parabolic set K;*(0) is a regular curve. We call such a curve the de Sitter
parabolic curve.

(2) The de Sitter Gauss image x° along the de Sitter parabolic curve is locally diffeomorphic
to the cuspidaledge except at isolated points. At such isolated points, €% is locally diffeomorphic
to the swallowtal.

Here, the cuspidaledge is C = {(x1,7q,13)|1% = 22°} and the swallowtail is SW =
{(x1, w9, 3) |11 = 3u* + v?v, 15 = 4u® + 2uv, 3 = v} (cf., Fig.1).

cuspidaledge swallowtail
Fig. 1.

Following the terminology of Whitney[18], we say that a timelike surface x : U — S} has
the excellent de Sitter Gauss image £ if L5 is a stable Legendrian embedding at each point. In
this case, the de Sitter Gauss image £ has only cuspidaledges and swallowtails as singularities.
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Theorem 7.2 asserts that a timelike surface with the excellent de Sitter Gauss image is generic
in the space of all timelike surfaces in S3. Since the diffeomorphism type of tangent de Sitter
indicatrix germ is an invariant of the A-classification of the de Sitter Gauss image, we have the
following properties.

Proposition 7.4 Let x? : (U,ug) — (S3,v¢) be the excellent lightcone Gauss image germ of a
timelike surface © and hy, : (U, ug) — R be the de Sitter height function germ at vy = x%(uy).
Suppose that ug is a de Sitter parabolic point of x.
(1) The following conditions are equivalent:

(a) & has a cuspidaledge at ug

(b) hy, has the As-type singularity.

(c) P-ord(z, uy) = 2.

(d) The tangent de Sitter indicatriz germ is a ordinary cusp, where a curve C C R? is called
a ordinary cusp if it is diffeomorphic to the curve given by {(uy,uz) | u? —ud =0 }.
(2) The following conditions are equivalent:

(a) ¢ has a swallowtail at ug

(b) hy, has the As-type singularity.

(c) P-ord(x, uy) = 3.

(d) The tangent de Sitter indicatriz germ is a point or a tachnodal, where a curve C' C R?
is called a tachnodal if it is diffeomorphic to the curve given by {(u1,us) | u? —uj =0 }.

Proof. We have shown that ug is a de Sitter parabolic point if and only if P-corank(ax, ug) > 1.
Since n = 3, we have P-corank(x,uy) < 2. Since the de Sitter height function germ H :
(U x S3, (up,v9)) — R can be considered as a generating family of the Legendrian immersion
germ L5, h,, has only the Aj-type singularities (k = 1,2, 3). This means that the corank of the
Hessian matrix of h,, at a de Sitter parabolic point is 1. Therefore, the conditions (1);(a),(b),(c)
(respectively, (2); (a),(b),(c)) are equivalent. If the height function germ h,, has the As-type
singularity, it is K-equivalent to the germ +u? +u3. Since the K-equivalence send the zero level
sets, the tangent de Sitter indicatrix germ is diffeomorphic to the curve given by +u? + u3 = 0.
This is the ordinary cusp. The normal form for the As-type singularity is given by 4u? + u3,
so that the tangent de Sitter indicatrix germ is diffeomorphic to the curve u? + ui = 0. This
means that the condition (1),(d) (respectively, (2),(d)) is also equivalent to the other conditions.
This completes the proof. O

8 Examples

In this section we give some examples. We consider a function germ f(ug, u;) around the origin
with f(0) =0 and f,,(0) =0 (i =0, 1). We only consider on the local coordinates

W;_ = {(1:0,1'1,1‘2,1'3) S Sf | Ty > 0}
We define a function g(ug, u1) by
gluo, 1) = i = 0 = (g, ) + 1.

Then we have a time like surface

xp(uo, ur) = (o, w1, fug,ur), g(ug, ur))
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in de Sitter space S$. Since z;(0,0) = (0,0,0,1), the tangent de Sitter flat hyperquadrics is

TDH ¢(ugp, ur) = (ug, ug, 0, \Jud —u?+1).

Therefore the tangent de Sitter indicatrix germ at the origin is

{(uo,u1) € R* | f(uo,u1) = 0}.

If we try to draw pictures of the de Sitter Gauss image, it might be very hard to give a
parameterization. However, the tangent de Sitter indicatrix germ is very useful and easy to
detect the type of singularities of the de Sitter Gauss image.

Example 8.1 Consider the function given by
1 1
f(U(),ul) = (gug — EU%) .

Then the tangent de Sitter indicatrix germ at the origin is the ordinary cusp. By Proposition
7.4, 2(0) is a de Sitter parabolic point and x%(0) might be the cuspidaledge.

Example 8.2 Consider the function given by

Ly 1,

f(uo,ul) = (Zuo — Eul) .

Then the tangent de Sitter indicatrix germ at the origin is the tachnode. Therefore, x((0) is a
de Sitter parabolic point and x¢(0) might be the swallowtail.
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