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1 Introduction
We study an abstract nonlinear evolution equation in a real Hilbert space H of the form

u'(t) + 0o (u(t); u(t)) + G(t,u(t)) > f(t) in H, ae. te (0,T), (1)
where u/(t) := Lu(t), G(t,-) is a single valued perturbation small relative to ¢*, and f is
a given H-valued function. For each ¢ € [0,7], a function ¢'(+;-) : H x H — R U {oo}
is given such that for all w € H, ¢'(w;-) : H — R U {oco} is a proper, ls.c. (lower
semi-continuous) and convex function, and dp'(w;-) is its subdifferential operator, i.e.,
2 € 0¢'(w; 2) if and only if

z € D(¢'(w;-) and (2%, y —2) < o'(w;y) — p'(w;2) for all y € H.

For a proper, l.s.c. and convex function 9‘(-) : H — R U {oco}, many mathematicians
studied the nonlinear evolution equation of the form

u'(t) + 0t (u(t)) > f(t) in H, ae. t€ (0,7T). (2)

For various aspects of (2), we refer to [2, 5, 6, 8, 9, 11, 18, 19]. For instance, Kenmochi
[6] showed the existence-uniqueness, stability and convergence of solutions to (2).

For the nonmonotone perturbation G(t,-), Otani [16] has already shown the existence
of solution to

u'(t) + 0t (u(t)) + G(t,u(t)) > f(t) in H, ae. te(0,T). (3)

The large-time behavior of solutions for (3) was discussed by [20] from the view-point of
attractors. For another works of (3), we refer to [10, 16, 17, 20, 21, 22|, for instance.

The main object of this paper is to establish abstract results on existence-uniqueness
of solutions to (1). Note that the function ©'(u;u) is not convex in u, hence we can not
apply the theory established by Otani [16]. So, by using the idea of Kenmochi-Kubo [7]
and Kubo-Yamazaki [12, 13|, we shall show the existence of solution to (1) in this paper.
Namely, for the given function w : [0, 7] — H, let us consider the problem

W () + 9 (w(t)u(t) 3 F(t) — G(t,w(t)  in H, ae. te(0,T). (4)

Assuming some appropriate conditions on the ¢- and w-dependence of the function ¢f(w; 2),
we can apply the result of Kenmochi [6]. Then we see that the equation (4) has a unique
solution u for each w, and that the mapping w +— u has some compactness property.
Hence, by using a fixed point argument, we can get the existence of solution to (1).

In Section 2 we present our main results on existence and uniqueness of solution to (1),
and then the uniqueness (Theorem 3) is proved. In Section 3 we prove the local existence
result (Theorem 1). In Section 4, the global existence result (Theorem 2) is proved. In
the final Section 5 we apply our abstract results to a parabolic variational inequality with
time-dependent double obstacle constraints.



Notation

Throughout this paper, let H be a real Hilbert space with norm |- |5 and inner product
(+,+). For a proper l.s.c. convex function v on H we use the notation D(1)), 0v) and D(0v)
to indicate the effective domain, subdifferential and its domain of 0v, respectively. For
their precise definitions and basic properties, see a monograph by Brézis [4].

2 Assumptions and main results
We consider a Cauchy problem CP(ug) for (1) of the following form:

CP (uy) { Z;%)) N 25(%6(75);%)) +G(tu(t) 3 f(t)  in Hae te(0,T),

where T is a given positive number, a function ¢'(u(t);u(t)) is introduced in Section 1,
G(t,-) is a single valued perturbation small relative to !, f € L?(0,T; H) is a given
function, and ug € H is given data.

Definition 1. Given uy € H and f € L*(0,T; H), the function u : [0,7] — H will be
called a solution to CP(uy), if u € WH(0,T; H), u(0) = ug, u(t) € D(0p'(u(t);-) and
f(t) —d'(t) — G(t,u(t)) € ¢ (u(t);u(t)) for a.e. t € [0,T], namely

(f(t) —u'(t) = G(t u(t), y — u(t) < ' (u(t);y) — @' (u(t); ult))

for any y € H, a.e. t € [0,T].

For a given positive number T, let {a,} := {a,; r > 0} be a family of functions
a, € WH2(0,T), with parameter r > 0. With this family {«, }, we specify a class ®({c, })
of all families {¢'} := {¢"; ¢ € [0,T]} of time-dependent functions ¢*(;-) on H x H as
follows.

Definition 2. We denote by {¢'} € ®({a,}) the set of all time-dependent functions
¢'(+;+) from H x H into R U {oo} satisfying the following seven conditions:

(®1) For each w € H and ¢ € [0,T], ¢*(w;-) : H — R U {oc} is a proper lLs.c. convex
function;

(®2) There exists a positive constant C; > 0 such that

p'(wy2) > Cil2lfy, VE€[0,T], Yw € H, Vz € D(¢'(w;-));

(®3) Foreacht € [0,T], w € H and k > 0, the level set {z € H; ¢'(w;2) < k} is compact
in H;

(P4) D(¢'(w;-)) is independent of w € H for any ¢ € [0, T];



(P5) For each r > 0, s, t € [0,7] with s < t, w € D(¢*(0;-)) with |w|g < r and
z € D(¢*(w;)) with |z|g < r there exists an element Z € D(gpt w; +)) such that

)

D=

2= 2l < lan(t) = an(s)] (1+°(0:2)

and

N|=
N—

' (w; 2) =" (w; 2) < |an(t)—an(s)] (1 +9°(052) + ¢°(0;0)7°(0; 2)7 + °(0; w)
(®6) For each r > 0 there is a positive constant C, > 0 such that

[0t (wi; 2) — ¢ (ws; 2)| < Cplwy — ws] gt (05 )3,
vVt € [0,T], Yw; € H with |w;|g <, (i =1,2), and Vz € D(¢%(0,));

(®7) There is a function h € W12(0,T; H) with C}, := sup ¢'(0; h(t)) < +oo0.

te[0,7)
Next, we introduce the class G({¢'}) of time-dependent perturbation G(t, -) associated
with {¢'} € ®({a,}).

Definition 3. {G(t,-)} € G({y'}) if and only if G(¢,-) is a single valued operator from
D(G(t,-)) C H into H which fulfills the following conditions (G1)-(G3):

(G1) D((0;-)) € D(G(t,-)) C Hforallt € [0, T] and G(-,v(-)) is (strongly) measurable
on J for any interval J C [0,7] and v € L2 (J; H) with v(t) € D(¢*(0;)) for a.e.
teJ.

(G2) There are positive constants Cy > 0, C3 > 0 such that

|G(t, z)ﬁ{ < Copl(z;2) + O3, Vt€[0,T], Vz € D('(0;)).

(G3) (Demi-closedness) If {t,} € [0,7], {z.} C H, t,, = t, 2, — 2z in H (as n — +00)
and {p'(0, z,)} is bounded, then G(t,, z,) — G(t,2) weakly in H as n — +o0.

Now let us mention our main local existence result in this paper. In Section 3 we shall
prove Theorem 1.

Theorem 1. Let T be any positive number. Assume {¢'} € ®({a,}), {G(t,)} € G{¢'})
and f € L*(0,T;H). Then, for each uy € D(¢°(0;-)) there exists a positive constant
To(< T) such that CP(ug) has at least one solution w on [0, Tp).

The next main theorem is concerned with the global existence result in this paper. In
Section 4 we shall prove Theorem 2.

Theorem 2. Let T be any positive number. Assume {p'} € ®({a,.}), {G(t,-)} € G{¥'})
and f € L*(0,T; H). Additionally, assume that
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(®8) There is a positive constant Cy > 0 such that
o' (w;z) < Cu(l+ |wl3 + ¢7(0;2)), Vte€[0,T], Yw € H, Yz € D(¢'(0;-)).

Then, for each ug € D(¢%(0;-)) there exists at least one solution u to CP(ug) on [0,T].

To show the uniqueness of solution to CP(ug), we shall introduce subclasses of ®({«; })
and G({¢'}).

Definition 4. Let v be a non-negative continuous and convex function on H such that
v(2) +v(—2) =0 if and only if z = 0. Then

(1) {¢'} € ©,({c}) if and only if {p'} € ®({w.}) satisfies the v-accretiveness (x) for ¢’
as follows:

(x) For any z; € D(0¢'(z;-)) and zf € 0p'(zi;2;) (i = 1, 2), there is an element
wo € 0y(21 — 22) so that (27 — 25, wp) > 0, where 07 is the subdifferential of v in H.

(2) {G(t,-)} € G,({¥"}) if and only if for any positive number ¢ > 0, there is a positive
constant C, > 0 such that

(G, 21) = G(t, 22), wo)| < (2] — 25, wo) + Ce{y(21 — 22) +7(22 — 21) },
whenever ¢ € (0,71, z; € D(0¢'(zi;+)), 2 € 09" (2i52) (i =1,2), and
wo € 0y(21 — 22) with (2§ — 25, wo)g > 0.

Now let us mention our main uniqueness result in this paper.

Theorem 3. Let T be any positive number. Assume {¢'} € ®.,({a,}), {G(t,-)} €
G.({¢'}) and f € L*(0,T;H). Then, for each ug € H the solution u to CP(ug) is
UNLGUE.

Proof. Let u and v be solutions to CP(ug). By the v-accretiveness of ¢, for a.e. 7 € [0,T]
there exists 2*(7) € 0y(u(1) — v(7)) such that

(u*() = v*(7),2°(7)) 2 0 (5)

for any u*(7) € 09 (u(7);u(7)) and v*(1) € O™ (v(T); v(T)).
By {G(t,-)} € G,({¢"}), for a number ¢ € (0, 1] there is a constant C. > 0 such that
)

[(G(,u(T)) = G(7,0(7)), 2°(7)) |
< e(u(r) = v*(7), 2°(7)) + Ce{y(u(r) — v(7)) +v(v(T) — u(7))} (6)
0

for a.e. 7€ [0,7].
From (5) and (6) it follows that

0 < (u'(7) =v*(r),2°(7))
= ([f(r) =v'(7) = G(r, u(7)] = [£(r) = '(7) = G(7,0(7))], 2°(7))
< (=) +0'(7),2°(7) + [ (=G(7,u(r)) + G(7,0(7)), 2°(7)) |

< () ()
el (7) = (1), #°() + Colrulr) = () + 7 (0(7) = u(r))}
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which implies that

C%V(U(T) —o(1)) < Ce{y(u(r) —v(7)) +7(v(7) —u(r))}  forae 7€l0,T].

Similarly we have

% (0(7) — (7)) < CAy(u(r) — (7)) +7(v(7) = u(7))},

hence we have

%{V(U(T) —o(7)) +7(u(7) — (7))} < 2C{y(u(r) —v(r)) +7(v(r) —u())},  (7)
for a.e. 7 €[0,T].
Now, applying Gronwall’s inequality to (7), we get
e 20 oy (u(t) — v(t)) +y(v(t) —u()} <0 forany 0 <t < T,
which implies that u(t) = v(t) for all ¢t € [0,7T]. Thus Theorem 3 has been proved. O

3 Proof of Theorem 1

In this section we shall show Theorem 1 by the fixed point argument. To do so, for a
given positive number 7" > 0, we put a Banach space

E(T) = {w c WY2(0,T;H) ; sup ¢'(0;w(t)) < +oo} :
te[0,7)
By the assumption (®7) we note that F(T) # 0.
Now, for each w € E(T") let us consider a following Cauchy problem CP(w;uy):
/ ¢ . _ :
CP(w: o) uw'(t) + 0 (w(t);u(t)) > f(t) — G(t,w(t)) in H, ae te(0,T),
u(0) = up.

To show the existence-uniqueness of solution to CP(w;ug), we prepare the key lemma.

Lemma 1. For each w € E(T') we take a positive constant R > 0 such that

sup |w(t)|g < R. Put
te[0,T]

U(2) = @' (w(t); 2) for z € H.
Then, there is a positive constant N1 > 0 independent of w satisfying the following:
for any s, t € [0,T) with s <t and z € D(¢Z) with |z|gp < R, there exists Z € D(L)
such that

2 2l < Ni(1+ Cr)'(1+ R)%lan(t) - an(s)| (1+03()F) 5)
UL (2) — 04 (2)
< N1+ C) 1+ B {Jan(t) — an(s)|(1+65(2)) + [wlt) = w(s)ln (1+v3()

Hlan(t) = an(9)le" (O:w(s)* (1+5(2) ) (9)



Proof. Taking w = w(s) in ($5), then for any s, t € [0,7] with s < t and z €
D(p*(w(s);-) with |z|g < R, there exists zZ € D(p!'(w(s);-)) such that

2= 2l < Jan(t) — an(s)| (1+¢°(0;2)%) (10)
' (w(s); 2) — p*(w(s); 2)
< Jan(t) — ar(s)| (1+¢°(0:2) + ¢ (0;()) 2 ¢°(0:2) + £ (0 w(s))?) . (1)

It follows from (®4) that

2 € D(¢*(w(s);-) = D(¥y), 7€ D(¢'(w(s);r)) = D(dy,). (12)
Note that by (®6) and w € E(T") we have
p°(0;2) < 2¢°(w(s); 2) + CRlw(s)[i < 205,(2) + CRR". (13)

Then, by (10) and (13) there is a positive number Ny > 0 independent of w satisfying
2= 2ln < Jan(t) - an(s)] (14 V265(2)F + CrR)
< No(1+ CrR)|an(t) — an(s)| (1+v5(2)7). (14)

Moreover, we observe that by (11), (13), (®6) there is a positive number N3 > 0
independent of w satistying the following:

UL(E) = 0(2) (= (1) ) — @ (w(s); 2) + 9 (w(s): 2) — @°(w(s); 2))
< Ny(1+ CaP(1+ R {fult) — wis) 1ty ()} + o t) — w(s)
FHlan(t) = ar()(1+¥5(2)) + lan(t) — an($)o"(0;w(s)F (1 +45()F } (15)

From ag € W12(0,T), w € E(T) and (15) it follows that

Ui(2) < Nu(1+ Cp)* (1 + R)* {1 +45,(2) + ar(t) — ar(s)]?¢*(0;w(s)) } (16)
for some constant Ny > 0. Therefore, using (16) in the right hand side of (15), and by
(12)-(14), we get this Lemma for some constant N; > 0 independent of w. O

Proposition 1. For each w € E(T), CP(w;ug) has a unique solution u on [0,T].

Proof. We note that CP(w;ug) can be regarded as the Cauchy problem for the nonlinear
evolution equation of the form:

{ u’(((;f)) + oYt (u(t)) > f(t) — G(t,w(t)) in Hae. te(0,T),

Here, from (®6) and (G2) we see that for each w € E(T') with supc 7 [w(t)|n < R

[ i6tuia < [ (ot wiruw)+ cia

2 P2
< T{2Cz sup ¢ (0;w(t)) + CoCRA
te[0,7) 4

+Cg} < 400,
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which implies that f — G(-,w(-)) € L?*(0,T; H). Moreover, by Lemma 1 we get the time-
dependence of ¢!. Therefore taking account of the assumption (®1), we can apply the
abstract theory established by Kenmochi [6]. Thus we get the existence-uniqueness of
solution u for CP(w;ug). For detail proofs, see [6, Theorems 1.1.1, 1.1.2]. a

By Proposition 1, the boundedness (cf. [6, Theorem 1.1.2]) of solution to CP(w;uy),
and (13), we can define a mapping , we can define a mapping @ : E(T) — E(T) by
Quw = u for each w € E(T'), where u is a solution for CP(wj;uy).

Lemma 2. There are positive constants Ty, My and Ry such that Q) is a self-mapping on
E(Ty, My, Ry), i.e., Qu(=u) € E(Ty, My, Ry) for any w € E(Ty, My, Ry), where

sup ‘Pt(OJW(t)) < My, |w/|%2(O,TO;H) < My

E(Ty, Mo, Ry) e B(Ty); "
0, Mo, L10) = W 0)
sup [w(t)|g < Ro, w(0) = ug
te|0,To]
Proof. Fix R > 0 for a while and take w € E(T) with sup |w(t)|g < R. We shall give a

te[0,7)
boundedness of solution u to the problem CP(w;ug) .
Now, multiplying CP(w;ug) by u(t) — h(t), we get

(' (£), u(t) = h(t)) + " (w(t); u(t)) — " (w(t): h(t))
< (f(t) — G(t,w(t)),u(t) — h(t)) a.e. t € (0,7), (17)
where h is the function in (®7). Taking account of ($2), (®6) and (G2), we have

d 2 2
lu(t) = h(®)[F = u(t) = h(D)[

< N5 (IFOF + IO + @0 (1) + &' (0;w(t) + CRR? +1),  (18)
for a constant N5 = N5(Cs, C3) > 0. By applying Gronwall’s inequality to (18), we obtain

sup |u(t)|y
te[0,7)

T r 1
= i |h(t)| e + €2 |[ug — h(0)| 1 + €2 NZ {|flr20mm) + W 20,7301 }
te[0,T

1 1 1
ez N2T? { sup ©'(0;h(t))2 + sup ©'(0;w(t))2 + CrR + 1} : (19)
te[0,7) te[0,T]

Moreover, by Lemma 1 and arguments of [6, section 1], we see that the function
PE (u(t)) = ' (w(t); u(t)) is of bounded variation on [0, 7] and satisfies

L) = Vi) + [ (W) = 1(7) + Gl ()i
< M+ 0+ R [ abnl) - 160) + Glre)] {1+ g ) dr
N1+ (14 B [ [0+ 6 r) + o (14 0]
N1+ )1+ B [ o)l O 1+ L)} dr (20)
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for 0 <s<t<Tandwe E(T) with sup |w(t)|g < R.
te[0,T]
Here we notice the following relations:

(@ () = F(r) + Glr,w(r)), w(7)) = Ll (0 — |F() s — |G w(r )y (21)
(P (7) = F(7) + Gy w(m) | {1+ v (u(r))? )

< () = F(7) + Glr, () + 6 adp(7) {1+w<u< N}

< 30/ (73 + 3011 (7 + 301G (r, w(n)y + 67 ()P {1+ v (u(r)},  (22)

1
12N, (1 1 Cr)A(1 + R)°

where in (22) we put § := . Using (21)-(22) in (20), we obtain

ulult) =g u(e) + 7 [ W

< N +CP 1+ R [ (X0 v ) +Y () {1+ 0]}
+ |G(7‘,w(7'))|%1} dr (23)

=

for 0 < s <t < T, where the constant Ng > 0 is determined only by N7, and we put

X(r) =05+ ar@P + 1, V(7)== [w/(7)]r + lak(r)¢7(0;w(7)?.
By (®6), (G2) and (23), we obtain

vh(ut) — vsfu(e) + 5 [ WBar
< N+ C)P+ R [ (X0 +Y )+ Q)L+ ()} b (20)

for 0 < s <t <T, where N; > 0 depends on Ng, C5 and Cj.
Applylng Gronwall’s 1nequahty to (24), we obtain

sup Ul ( / ' ()|3,dt
0<
S €N7(1+CR)10(1+R)14(lX‘Ll(o,T)+|Y|L1(O,T)+‘4Pt(0?w(t))|L1(O,T))
x {0 (uo) + N-(1+ Cr) (1 + R)™ (I X0 + 1Y |20 + 1€ (0;w(E) | 10my) } - (25)

Now we show that @ is the self-mapping on E(Tj, My, Ry) for some chosen constants
T0>O,M0>OandR0>0.
Note that by ($6) we have

' (0;u(t)) < 20" (w(t);u(t) + CRR® (= 203, (u(t)) + CRR?) (26)
for any w € E(T) with SEJ.p] lw(t)|m < R.



Here, we take Ry > 0, My > 0 so large that

T T .1
2 SEJP] \h(t)|g + €eZ|ug — h(0)|g + eZ N2 {’f|L2(0,T;H) + ’h/|L2(0,T;H)}
t€[0,T

S RO?

42N7(1+CRy )1 (1+Ro) {wg@bo) + 2Ny (1 + CRQ)10<1 4 R0)14} I C%ORg +C,
C? R?
< 4NTO+CR) O (LR {2<p°(o;uo) e +2N7(1+CRO)1°<1+R0)“}

+Ch Ry + Cy,
< M.

Next, we choose Ty > 0 so small that Ty < T, |h’|%2(07TO;H) < Mo, | X101 <1,

1 1 1 1
Y 10,1 + €' (0;w(t) | Lr0,m) < TE Mg + MG TF |ogy | 12(0,1) + ToMo < 1,

T T 1
S[up | |h<t)’H + 670’“0 - h(0)|H + 670N52 {’f|L2(O,To;H) + |h/’L2(O,To;H)}
t€l0,Tp

w|S
(VS

AR

+e2 N2T; { sup gpt(O;h(t))% —i—MO% + Cr,Ro + 1} < Ry.

te€[0,To)
Then, the estimates (19), (25) with (26) implies that Qw(= u) belongs to the set
E(Ty, My, Ry) for w € E(Ty, My, Ry), thus @ is the self-mapping on E(Ty, My, Ro). O

Lemma 3. Let My > 0, Ry > 0 and Ty > 0 be constants obtained in Lemma 2. Let
{w,} C E(Ty, My, Ry), w € E(Ty, My, Ry) and u,, be the solution of CP(wy;ug). Suppose
w, — w in C([0,Ty]; H) as n — +o00. Then, there is a solution u of CP(w;ug) on [0, Tp)
such that u € E(Ty, My, Ro) and u,, — w in C([0,To]; H) as n — +oo.

Proof. Since {w,} C E(Ty, My, Ry) and Lemma 2, we have

sup " (0;u,(t)) < My, |u:1|%2(0,T0;H) < My, Yn=1,2---, (27)
te[0,To)
sup |un(t)|g < Ry, Yn=1,2---. (28)
t€[0,To)

By (®3), (27), (28) there are a subsequence {n;,} of {n} and a function u € W2(0, Ty; H)
such that

un, — u  strongly in C([0,To]; H), (29)
u, — ' weakly in L*(0,To; H) (30)

as k — +oo. By (®1), (27)-(30) and the uniqueness of u,, we easily observe that u €
E(Ty, My, Ry) and u,, — u in C([0,Tp]; H) as n — +o0.

Now, let us show that u is a solution of CP(w;ug) on [0,7p]. To do so, we define
O(w; z) = fOTO o' (w(t); z(t))dt. Then by the assumption ($6) we see that

D(wy; 2) — P(w; 2) as n — +00 (31)
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for any z € L?(0, Ty; H) with o) (0; 2(-)) € L*(0,Tp). From (27), (29), (®1), ($2), (6)
and the Fatou’s lemma, it follows that

llicminf@(wnk; Up,) = llicminf{q)(wnk; Up,, ) — P(w; up, ) + P(w;uy, )}

> lliminftb(w;unk) > O(w;u). (32)

Moreover, by {w,} C E(Ty, My, Ry) and the demi-closedness (G3) we see that
G(wn, (1) = G(w(-))  weakly in L*(0, To; H),
hence
f =Gl wn () = f = G(,w(-))  weakly in L*(0, Ty; H) (33)
as k — +4o0.

Now, let 2z be any function in L?(0, Ty; H) with ¢)(0; 2(+)) € L*(0,Ty). Since uy, is
the unique solution of CP(w,, ;ug), then the following inequality holds:

/0 i (f(t) — G(t,wy, (1)) — u'nk(t), 2(t) — unk(t)) dt < O(wy,; 2) — P(wp,;un,).  (34)

Taking account of (29)-(33) and letting & — +oc in (34), we get

AOU@—G@MW—U@&@—MmﬁS¢Ww—@Ww%

which implies that f(t) — G(t,w(t)) — v/ (t) € dp"(w(t);u(t)) for a.e. t € [0, Ty] (cf. [1,
Proposition 3.3]). Thus u is the solution of CP(w;ug) on [0, T]. O

Proof. [Proof of Theorem 1; Local existence] By Lemma 2, we can define a self-
mapping Q : E(Ty, My, Ry) — E(Ty, My, Ry) by Qw = u for each w € E(Ty, My, Ry),
where u is a solution of CP(wj;ug). Clearly, E(Ty, Mo, Ry) is compact in C([0,Ty]; H).
Moreover, it follows from Lemma 3 that ) is continuous with respect to the topology of
C(]0,To); H). Therefore, the Schauder’s fixed point theorem implies that the self-mapping
@ has a fixed point u in E(Ty, My, Ry), i.e. Qu = u. Clearly u is the solution of CP(uy),
thus we can construct the local solution u of CP(ug) on [0, Tp). O

4 Proof of Theorem 2

In this section we shall prove Theorem 2, which is concerned with the global existence of
solution to CP(uy).

First, we consider the inequality (17). By the local existence result in Section 3, we
can take w = u € E(Ty, My, Ry), u being the solution of CP(ug) on a small time interval
[0,706] with 0 < Ty < T. Hence, by taking w = w in (17) it follows from (G2) and the
additional assumption (®8) that

%m@_h@@+wmmxwm

< Nslu(t) = h(@®)l5 + No (1f @5 + [ 0] + #"(0:2(1)) + 1) (35)
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for some constants Ny > 0 and Ny > 0 depending only on C,Cs, C3, Cy. By applying
Gronwall’s inequality to (35), we obtain

sup |u(t)|u
te(0,To)
= i |h(t)| e + VeNsT ug — h(0) i + v/ Noe™T {| fl20,z:m) + [P | L2070 }
te[0,T
v/ NgTeNsT ¢ sup o' (0; h(£))2 +1 % = Ny (36)
te[0,7)

Next, take a number R > 0 with R > Ny, and we now consider the inequality (23).

Applying Schwarz inequality to the term Y (7) {1 + l/JL(U(T))}% and using (G2), (98), we
obtain

wb(ut) = vila(s) + 5 [ W dr
16 24 ! T 1 ! / 2
< Nu(l+Cr)®(1+ R) /X(T)(l—i-l/}w(u(r)))dT—l—g/ ! () By

t
+Npo(1 4+ Cr)3(1 + R)lQ/ ©"(0;w(T))dr (37)
for 0 < s <t <T, where N1; > 0 and N3 > 0 depend on C4,Cs, Cs, C4, Npg.
Applying Gronwall’s inequality to (37), we obtain
1

t
@b;(u(t)) + 1/ 6N11(1-|-C’R)16(1-%-1'%)24ffX(s)ds|u/(7_)|%[d7_
0

T
< NNHCR R [ X {%(uO) 4 Nu(L+ Co*(1+ B [ X<s>ds}
0

t
_‘_é/ €N11(1+CR)16(1+R)24 f: X(s)ds|w/<7_)|?{d7_
0

t
+Nia(1+ Cr)*(1 4+ R)"™ / N (HCR) AR [IX()ds 5 (0 (7)) 7. (38)
0
Here, we can take w = u € E(1Ty, My, Ro), u being the solution of CP(ug) on a small
time interval [0, 7] with 0 < Ty < T'. Then, by using (26), (36), (38) we get
1

t
Puyun) + g [ O U YO )

t
< Nig(1+ Cr)'o(1 + R)eMalt+Cn+r2 (” / Sff<u<f>;u<7>)df), (39)
0

for 0 <t < Ty, where N3 > 0, N1y > 0 are dependent only on the given data. By applying
Gronwall’s inequality to (39), we conclude that

) +5 [ O

< N15<1+CR)32(1+R)48exp(N16(1—i—CR)lG(l+R)24€N14(1+CR)16(1+R)24), (4())

12



where N5 > 0 and Nig > 0 depends only on the given data and are independent of
T0(§ T) and R(Z N10)~

Now we shall prove Theorem 2 by employing the estimates (36) and (40).
Proof. [Proof of Theorem 2; Global existence] Assume that
T* := sup{Ty; CP(ug) has a solution on [0, 7]} < +oc.

By the local existence result in Section 3, we note 7% > 0. By the definition of T, there
is a function u : [0,7*) — H such that for any Ty (< T) w is the solution of CP(u) on
[0,70]. By (36) and (40) we have

we WH0,7% H), ¢ (u(-);ul)) € L®(0,T).

Hence by assumptions (®1), (®3), ($5), (P6) , we observe that the limit uf := limsp« u(?)
exists strongly in H such that
ug € D("(0;-)).

Now, taking uf as the initial value at ¢ = 7™, we can get the solution u beyond the
time interval [0,7*]. Thus we observe that the solution to CP(ug) exists on the whole
time interval [0, 7. O

5 Application to a double obstacle problem

In this section we apply our abstract results (Theorems 1, 2, 3) to a parabolic variational
inequality with time-dependent double obstacles.

Let © be a bounded domain in RY (N > 1) with smooth boundary. Let g;, g» be
prescribed obstacle functions on [0,7] x € so that

gi € L0, T; HY(Q) N L=([0,T) x Q), g} € L*(0,T; H()) N L*(0,T; L=())
for i = 1,2, and
g2 — g1 > C, ae. on[0,T] x Q for some constant Cy > 0.
For each t € [0, 7], we define the convex set K(t) by
K(t):={z€ H'(Q);q1(t) < 2 < gs(t) a.e. on Q}.

Now, let us consider the following interior time-dependent double obstacle problem.

Problem (P): Find a function v € Wh2(0,T; L*(Q)) N L>(0, T; H'(2)) such that

u(t) € K(t) fora.e. te|0,T],

(W' (t) + b(t, -, u(t)) — f(t),u(t) — 2) + / a(z,u(t), Vu(t)) - V(u(t) — z)dz <0

0
for all z € K(t),

13



u(0) =wuy in €,

where (-, ) is a usual inner product of L*(Q2), a = (a4, ...,ay) is an elliptic vector field, b
and f are given functions.

The aim of this section is to consider the problem (P) as an application of the abstract
evolution equation CP(ug). To do so, we suppose that

(A1) a(x,s,p) is continuous on Q x R x RY such that a(z,s,p) = 9,A(x, s,p) for some
potential function A(z, s, p). Moreover, there exist constants u > 0, v; = v1(a) > 0
and vy = v5(a) > 0 such that

[a(:r;,s,p) - a(m,s,ﬁ)] ’ (p _ﬁ) Z /“L|p _ﬁ’27
la(z, s,p)]> + |Az, 5,p)| + |0: Az, 5, p)|* < va(1+ |s]> + [p]*),

la(z,s,p) — a(z,5,p)] < va(l + [p)|s — §]
forallz € Q, 5,5 €R, p,pc RV,

(A2) b(t,x,s) is continuous on [0, 7] x © x R satisfying the following properties: there
exist a constant L, > 0 and a function d € L'(0,T) such that

|b(t, z,s) — b(t,x, 8)] < Ly|ls — 8|, Vtel0,T], Ve €, Vs, 5§ €R,

%b(t,x,O)‘ <d(t) forae. t>0.

sup
e

As a direct application of Theorems 1, 2 and 3, we have:

Proposition 2. Assume (A1) and (A2). Then, for each f € L*(0,T;L*()) and uy €
K(0), the problem (P) has a unique solution u on [0,T].

Proof. To apply Theorems 1, 2 and 3 to the problem (P), we choose L*() as a real
Hilbert space H, and define a function '(+;-) : L3(Q2) x L*(Q2) — R U {cc} by

t / Al (@), Va(@))dz + Cu(1+ |wlay), if 2 € K1),
P2y = Jo
400, otherwise,

where C,, > 0 is a constant such that ¢'(w;z) > %|Z|i2(g) +1forallt >0, we L*Q)

and z € K(t) (cf. [13, Lemma 3.1]).
Let us define an operator G(t,-) : L*(2) — L*(Q) by G(t,2) := b(t,-, 2(+)) in L*(Q).

And we define a function v by (z) := / 2" (z)dx for z € L*(Q2), where z* := max{z,0}.
Q
Now we put for any ¢ € [0,7] and r > 0

t
o, (t) = /f/o {191|L2o@) + |95 Lo(0) + 91 m() + |95l } d,
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where k > 0 is a (sufficient large) positive constant. Then, we easily verify {¢'} €
P, ({a,}). For instance, we can show (®5) by taking

92(t) — g1(t)
92(8) — g1(s)

Z:= (2= 91(s)) +oi(t)

for given z € K(s). Then, by the slight modification of [22, Lemma 5.1], we can show
(®5).
Moreover we easily see that G(t,-) € G,({¢'}) and the assumption (®8) hold.
Clearly, the problem (P) can be reformulated in the evolution equation CP(ug). Thus,
by applying Theorems 1, 2 and 3, we see that (P) has a unique global solution w. O
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