ON CLASSICAL SOLUTIONS OF THE COMPRESSIBLE
NAVIER-STOKES EQUATIONS WITH NONNEGATIVE INITIAL
DENSITIES

YONGGEUN CHO AND HYUNSEOK KIM

ABSTRACT. We study the Navier-Stokes equations for compressible barotropic
fluids in a bounded or unbounded domain © of R3. We first prove the local
existence of solutions (p, ) in C([0, Tx]; (p*° + H3(Q)) x (D§ N .D3)(2)) under
the assumption that the data satisfies a natural compatibility condition. Then
deriving the smoothing effect of the velocity u in ¢t > 0, we conclude that (p, u)
is a classical solution in (0, Tx«) X Q for some Tysx € (0,T%]. For these results,
the initial density needs not be bounded below away from zero and may vanish

in an open subset (vacuum) of Q.

1. INTRODUCTION

The motion of a viscous compressible barotropic fluid in a domain  of R? can
be described by the Naiver-Stokes equations

(1.1) pt +div(pu) =0 in (0,7) x 9,
(1.2)  (pu)¢ +div(pu®@u) + Lu+ Vp = pf in (0,7) xQ,
(1.3)  Lu=—pAu— (A+p)Vdive, p=p(p)

and the initial and boundary conditions

(14) (p7 u)|t:0 = (p07 UO) in Qa u=0 on (07T) X 693
(L.5)  p(t,x) — p>, wu(t,z) =0 as |z|— o0, (t,x)€(0,T)x Q.

Here we denote by p, p and u the unknown density, pressure and velocity fields of
the fluid, respectively. f denotes a given external force and the constants u, A are
the viscosity coefficients. We assume that the pressure p = p(p) is a smooth function
of the density p and the viscosity coefficients p and A satisfy the natural physical
restrictions g > 0 and 3\ + 2 > 0 so that L = —pA — (A + p)Vdiv is a strongly
elliptic operator. Moreover, (0,7') x §2 is the time-space domain for the evolution of
the fluid, where T is a finite positive number and (2 is either a bounded domain in
R? with smooth boundary or a usual unbounded domain such as the whole space
R3, the half space R? x R, and an exterior domain with smooth boundary. Of
course, if © is a bounded domain (or the whole space), then the condition (1.5) at
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infinity (or the boundary condition in (1.4) respectively) is unnecessary and should
be neglected.

In this paper, we study the initial boundary value problem (simply IBVP) (1.1)-
(1.5) with nonnegative initial densities.

Under the crucial assumption that the initial density pg is bounded below away
from zero, the first existence results for the IBVP (1.1)-(1.5) were obtained by Nash
[20], Itaya [13] and Tani [24]. They applied a fixed point argument or the method of
successive approximations in Holder spaces to prove the local (in time) existence of
classical solutions even for more general heat-conducting fluid models. Then using
delicate energy methods in Sobolev spaces, Matsumura and Nishida showed in their
pioneering papers [18, 19] that the classical solutions exist globally in time provided
that the data are small in some sense. See also the papers [6, 12, 23, 27, 28, 29] for
some further local or global results in case of positive densities.

On the other hand, the existence of weak or strong solutions has been proved
in rather recent works even for the general case of nonnegative initial densities. In
fundamental works [16, 17], Lions developed an existence theory of global (in time)
weak solutions to the IBVP (1.1)-(1.5). Then Lions’ theory has been improved by
several authors to deduce more general results; see [7, 8, 9, 10, 14, 15] for details.
The very recent papers [2, 3, 4] by Choe and the authors are devoted to establishing
some local existence results on strong solutions. Among other things, we showed
in [2, 3] (see also the paper [21] by Salvi and Straskraba) that if the initial data po,
ug satisfy the regularity condition

(1.6) po—p> €H? p*cRy, pp>0 in Q wuye DN D?
and the compatibility condition

1
(1.7) Luog +Vp(po) =pggr in Q forsome g € L?

then there exist a small time T € (0,7") and a unique strong solution (p, u) to the
IBVP (1.1)-(1.5) such that

P — poo € C([O7T*]7H2)a u € C([OvT*LDé N D2) n L2(O7T*;D3)a
(1.8p; € C([0,T.); HY), wus € L*(0,T.; D§) and  /pu € L>(0,T; L?).

Throughout this paper, we adopt the following simplified notations for the stan-
dard homogeneous and inhomogeneous Sobolev spaces.

L' =L7(Q), D" ={ve Lb(Q): |olper < oo},

Wk — [T A Dk R — w2 pk— ph2

D} ={veL%N): [v|py < oo and v=0 on 90},

HY=1?nD}, |vlper = |V*[r- and [v|py = [V|Le.
Then it follows from the classical Sobolev embedding results that

[vlze < Clvlps, |v|pe < Clvfwra  and  |v|p~ < Clv|pinp:.
Hereafter we use the obvious notation
|“|xny =] |x+| |y for (semi-)normed spaces X,Y

and C denotes a generic positive constant depending only on the fixed constants
i, A, T and the norms of p = p(-) and f. We also denote by H~! the dual space
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of H} with < -,- > being the dual paring of H~! and H}. A detailed study of
homogeneous Sobolev spaces may be found in Galdi’s book [11].

The main purpose of this paper is to prove the local existence of classical so-
lutions to the IBVP (1.1)-(1.5) with nonnegative initial densities. First we prove
the existence of solutions in C([0,T%]; (p> + H?) x (D§ N D3)) under a stronger
compatibility condition than (1.7) on the data.

Theorem 1.1. Assume that

po—pC €H? p®eR,, po>0 in Q wuy€ DiND?
(1.9) feL*0,T;H?), f€L*0,T;L?) and p=p(-) € C*Ry,).
Assume further that the data pg,uq, f satisfy the compatibility condition
(1.10) Luo + Vp(po) = po (f(0) + g2) for some ga € Dtl) with \/py g2 € L2,

Then there exist a small time T, € (0,T) and a unique strong solution (p,u) to the
IBVP (1.1)-(1.5) such that

p—p>eC(0,T.];H%), weC([0,T.); Dy N D*) N L*(0, T.; DY),
(1.11) wy € L*(0,T,; D§) N L*(0,T.; D*)  and \/puy € L>(0,T,; L?).

Remark 1.2. From the continuity equation (1.1), it follows immediately that
pt € C([0,T,); H*) and py € L°(0,T,; L*) N L*(0,T,; H').

Note that the hypotheses of Theorem 1.1 imply (1.6) and (1.7) with g, =
VPo(f(0) + g2) € L?. Hence the existence of a unique local solution (p,u) with
the regularity (1.8) was already proved in [2, 3] and our new theorem shows that
(p,u) has some additional regularity if the data satisfy a stronger compatibility
condition (1.10). It is easy to show that (1.10) is also necessary for the existence
of solutions with the regularity (1.11). In fact, let (p,u) be a solution to the
IBVP (1.1)-(1.5) with the regularity (1.11). Then since u; € L*°(0,T%; D}) and
Vour € L(0,T,; L?), there is a sequence {tx}, tj, — 0, such that u(t;) — g in D
for some g € D} with /p(0)g € L?. Hence letting ¢ = ¢, — 0 in the momentum
equation (1.2), we readily obtain

Lu(0) + Vp(p(0)) = p(0)(£(0) — u(0) - Vu(0) — g),
which implies then that

Lu(0) + Vp(p(0)) = p(0)(f(0) + g2),

where go = —u(0) - Vu(0) — g. Noting that p(0) = pg, u(0) = ug, g2 € D} and
V/P(0)g2 € L?, we conclude that the compatibility condition (1.10) is necessary for
the existence of solutions with the regularity (1.11).

In case that pg has a positive lower bound and ug has the additional integrability
condition ug € L?, Theorem 1.1 can be proved applying the method of successive
approximations or a fixed point argument as in [1, 13, 18, 24, 29]. Our proof of
the theorem is based on the method of successive approximations, whose general
strategy may be described as follows. First we consider a linearized problem for the
IBVP (1.1)-(1.5) and solve it successively to construct a sequence of approximate
solutions. Then we derive some uniform bounds for approximate solutions and
finally prove the convergence of the sequence to a solution to the original nonlinear
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problem. A detailed proof of Theorem 1.1 following this strategy is provided in
Section 4.

Next, we prove the existence of classical solutions to the IBVP (1.1)-(1.5). Let
(p,u) be a solution to (1.1)-(1.5) satisfying the regularity in Theorem 1.1. Then in
view of the Sobolev embedding results, we have

(1.12) (p,u) € C([0,T.];C*(Q)) and p; € C([0,T%] x Q),

which implies that (p,u) satisfies (1.1), (1.3), (1.4) and (1.5) in a classical sense.
But in order to conclude that (1.2) is satisfied in a classical sense, we need to prove
further regularity of u. In case that pg is bounded below away from zero, that is,
§ = infg po > 0, it follows from (1.12) that p > 26 > 0 on [0,T%.] x Q for some
T.. € (0,T,] and the momentum equation (1.2) can be rewritten as

u+p 'Lu=f—u-Vu—p 'Vp(p)

in (0,T%.) x . Hence by virtue of the smoothing effect of solutions of parabolic
equations, we deduce that (VZu,u;) € C((0,T.] x Q) and (p,u) is a classical
solution of (1.2) in (0, Tix) x Q. For details, see Lemma 2.4 in the next section and
the paper [18] by Matsumura and Nishida. However the smoothing effect of the
velocity w in ¢ > 0 is not obvious for the general case of nonnegative initial densities
because (1.2) is no more parabolic in the region where the density vanishes.

Nevertheless, using the same method as in the proof of Theorem 1.1, we can
prove the following result.

Theorem 1.3. In addition to (1.9) and (1.10), we assume that
t2f € L°(0,T; H?), tif, € L®(0,T;L%), tfy e L*0,T;H™Y),
(1.13) tfy € L>=(0,T; HY), tfy € L*(0,T;L?),
t3 fr € L®(0,T;L%) and 3 fuyy € L2(0,T; HY).

Then there exist a small time T, € (0,T) and a unique strong solution (p,u) to the

IBVP (1.1)-(1.5) such that
p—p>=€C(0,T.); H*), wu € C([0,T.]); D§ n D*)n L*(0,T,; D*),
up € L(0,Ty; D§) N L2(0,Ts; D?),  /pug € L*(0,Ty; L?);
t2u e L®(0,T,; DY), t2u, € L®(0,T,; D?), t3uy € L2(0,T,; DY),
(1.14) t2\/puy € L0, T,; L?);  tu, € L®(0,T; D?),
tuy € L°°(0,Tw; D§) N L2(0,T; D?),  ty/puws € L*(0,Ty; L?);
t2uy € L(0,T,; D?), t2ugyy € L2(0,T2; DY), 2 /puse € L=(0,Ty; L?).

Let (p,u) be a solution of the compressible Navier-Stokes equations (1.1)-(1.3)
with the regularity (1.14). Then it is easy to show that (p,u) is indeed a classical
solution of (1.1)-(1.3) in (0,T%] x Q. First, using the standard embedding results

L0, T HY) N WH2(0, T, H) < C((0,T.]; L?)

and
L0, T,; HY)Y nWh2(0,T,; H) — C([0, T.]; LY)
for any 2 < ¢ < 6, we deduce from (1.13) and (1.14) that

t2f € C[0,T.); W) and tu, € C([0,T.]; D} N D?).
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On the other hand, by virtue of the continuity equation (1.1), we can rewrite the
momentum equation (1.2) as

pus + pu - Vu+ Lu+ Vp(p) = pf in (0,T,) x 9,

which implies that for each t € (0,7%], u = u(t) € D§ N D3 is a solution of the
elliptic system

Lu=p(f —u—u-Vu)—Vp(p) = F in Q.
Note that tF' € C([0, T.]; W14). Hence it follows from the elliptic regularity result
in [3] that
tV2u € C([0, T.]; Wh?).
Therefore, in view of the Sobolev embedding results, we conclude that
(ug, V2u) € C((0,T,] x Q)

and so (p,u) is a classical solution of (1.1)-(1.3) in (0, T%] x €.

We have considered the Navier-Stokes equations (1.1)-(1.3) for general barotropic
compressible fluids including isentropic fluids as an important special class. An
isentropic viscous compressible fluid is governed by the Navier-Stokes equations
(1.1)-(1.3) with the density-pressure law p = p(-) given by

(1.15) p=Ap” for some constants A >0, ~ > 1.

Note that (1.15) defines a C3-function on R if and only if v = 2 or v > 3. Hence
Theorem 1.1 and Theorem 1.3 can be used to deduce the corresponding existence
results for the isentropic equations (1.1)-(1.3) and (1.15) only in case when v = 2

or v > 3. But in some physical situations, the case 1 < v < 2 is most important:

for instance, v = % in case of monatomic gases like Helium and Neon. The final

goal of the paper is to prove the existence of classical solutions of the isentropic
compressible Navier-Stokes equations (1.1)-(1.3) and (1.15) for general v > 1.

Theorem 1.4. Assume that the data po,ug, f satisfy the reqularity condition
(po — p,po —p=) € H*, p® Ry, po>0 in Q,
up € DFND?,  fe L*0,T;H*) and f; € L*(0,T;L?)
and the compatibility condition
Lug + Vpo = po (f(0) + g2) for some go € D} with VPy 92 € L2,

where
po = Apg and  p>™ = A(p>)".
Then there exist a small time Ty € (0,T) and a unique strong solution (p,p,u) to
the IBVP (1.1)-(1.5) and (1.15) such that
(p—p>, p—p>) € C(I0,T.); H?), we C([0,T.]; Dy N D*) N L*(0, T.; DY),
uy € L=(0,Ty; DY) N L*(0,Ty; D?)  and /puy € L*(0,Ty; L?).
Moreover, if the external force [ satisfies the additional reqularity (1.13), then the

velocity u satisfies (1.14) with T, replaced by some Ty € (0,Ty] and so (p,p,u) is
a classical solution of (1.1)-(1.3) and (1.15) in (0, Tyx) X Q.
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If v =2 or v > 3, then Theorem 1.4 is just a reformulation of Theorem 1.1 and
Theorem 1.3 because

(1.16) p—p>= € C([0,T.); H*) implies that p —p™ € C([0,T.]; H?).

But (1.16) fails to hold for general v > 1 and in fact, one major difficulty in proving
Theorem 1.4 is to show that p — p> € C([0,T.]; H?). Our proof relies heavily on
the observation that since p satisfies (1.1) and (1.4), the pressure p = Ap? is a
solution to the linear hyperbolic problem

pr+u-Vp+apdivu =0 in (0,7)xQ and pli—o=po in £,

provided that u is regarded as a known vector field. Hence assuming that u is
sufficiently regular, we can deduce from a standard regularity theory of hyperbolic
equations that if pg — p> € H3, then p — p>= € C([0,Ty]; H?). A detailed proof of
Theorem 1.4 is given in the final section.

The main results in this paper are Theorem 1.3 and Theorem 1.4 which are both
local existence results on classical solutions. It is then a fundamental question to
ask whether the solutions exist globally in time. A negative answer was obtained
by Xin [30] for the case that the spatial domain € is the whole space R3. He
showed that there is no global classical solution to the Cauchy problem for the
isentropic compressible Navier-Stokes equations with compactly supported initial
density and velocity. On the other hand, Choe and the second author [5] obtained
a global existence result on radially symmetric strong solutions of the isentropic
compressible Navier-Stokes equations in bounded and unbounded annular domains.
Hence it is very likely that the methods in this paper and [5] can be combined to
prove the global existence of radially symmetric classical solutions with nonnegative
densities. This issue will be studied in a separated paper.

The rest of this paper is organized as follows. Section 2 is devoted to a study of
a linearized problem. We provide some existence and regularity results for a linear
transport equation and a linear parabolic system. In Section 3, we derive some
a priori estimates for solutions to the linearized problem. Applying the method
of successive approximations based on these estimates, we prove Theorem 1.1 in
Section 4. Finally, the proofs of Theorem 1.3 and Theorem 1.4 are given in Section
5 and Section 6, respectively.

2. EXISTENCE AND REGULARITY ON SOLUTIONS OF LINEAR EQUATIONS

In this section, we obtain some existence and regularity results on solutions of
a linear transport equation and a linear parabolic system, which are necessary to
prove all the main theorems in the paper.

2.1. A linear transport equation. First, we consider the following linear hyper-
bolic problem

(2.1) pe+v-Vp+pdivo=0 in (0,7)xQ and p(0)=pg in €,
where v is a known vector field in (0,7") x © such that
v e C([0,T); Dy N D™) N L*(0,T; D™)  for some integer m > 2.

Following the arguments in [2], we prove
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Lemma 2.1. Assume that pg — p> € H™, p™ € Ry and py > 0 in Q. Then
(i) there exists a unique solution p to the problem (2.1) such that

p—p>eC(0,T;H™) and p, € C([0,T]; H™1),

(ii) the solution p satisfies the following estimate

t
0(0) = ¥l < (0 = 9 lan + 930 (€ [ 1000) oy )
0

for 0 <t <T and finally,
(iii) the solution p is represented by the formula

(22)  p(ta) = po(U(0,1,2)) exp [ [ et Uts.t.2)) ds} |

where U € C([0,T] x [0,T] x Q) is the solution to the initial value problem

(2.3) { LUt s,x) =v(t,U(t,s,z)), 0<t<T,

U(s,s,x) =, 0<s<T, z€.

Proof. To begin with, we construct sequences {pk} and {v*} of more regular scalar
and vector fields such that

ok —p> € H"NC™HH(Q),
(2.4) o* € L2(0,T; Df N D™y n ™ ([0, T] x Q),
‘/0]8 — polum + |Uk - U|L2(0,T;D50Dm+l) —0 as k—oo0.

For this purpose, we first recall that H™*2 and L?(0,T; H™*2) are dense in H™ and
L2(0,T; H™), respectively. Then since pg —p> € H™ and g = Vv € L?(0,T; H™),
there exist sequences {pk} in p> + H™3 and {¢g¥} in L?(0,T; H™*2) such that
ok —p> — pg— p> in H™ and g* — g in L?(0,T; H™) as k — oo.

For a.e. t € (0,T), let w* = wk(t) € D§ be the unique weak solution to the
elliptic boundary value problem

AwF =divg® in Q and w®*=0 on Q.

It is obvious that w* € L2(0,T; D§) and |w*(t) — v(t)|ps < lgF(t) — g(t)| > for a.e.
t € (0,7). Then by virtue of the elliptic regularity result in [3], we deduce that
w* € L2(0,T; D§ N D™*3) and

[ (6) = o(t) pgrpmss < C (|divg* (1) — divg(t) s + (1) = v()] )

< Clg"(t) — g(t)

for a.e. t € (0,T). Hence it follows that w* — v in L2(0,T; D} N D™*1) as k — oco.
Therefore, recalling that C°°([0,T]; D} N D™%3) is dense in L?(0,T; D} N D™+3),
we conclude that there exists a sequence {v*} in C°°([0, T]; D§ N D™*3) such that
v* — vin L2(0,T; D} N D™*1) as k — oco. In view of the Sobolev embedding
results

Hm

H™3 — 0™ Q) and  Djn D™ — CH(Q),

we complete the proof of (2.4). To treat the case of unbounded domains, we also
need a cut-off procedure. Assuming that € is an unbounded domain such as the
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whole space, the half space and an exterior domain, we choose a sufficiently large
integer Ry > 1 so that

R*\QC Bg,» if R*\QCCR?,

where for each R > 0, Br denotes the open ball of radius R centered at the origin:
Br = {z € R3: |z| < R}. Then taking a cut-off function ¢ € C°(B;) such that
¢ =11in By/3, we define pE and vF by

pi () = p> + @(/R) (po(z) — p>) and  v"(t ) = p(a/R)v(t, @)

for (t,x) € [0,T] x Q and R > Ry. Note that pft = p> and v = 0 in (0,7T) x
(Q\ Qgr), where Qr = QN Bgr. Moreover, it is easy to show that

1p& — polgrm + [0t — V|2 0,mipinpmt1y — 0 as R — oo.

Hence applying this cut-off technique to p’é and v* for each k > 1, we may assume
without loss of generality that if ) is an unbounded domain, then

(2.5) pb(x) =p>= and o*(t,x) =0 for t€[0,T], z€Q\Qg,,

where { Ry} is a sequence such that Ry < Ry < R < --- and Ry — 0.
Now we consider the following regularized problem

(2.6) pe+ 0" - Vp+pdive* =0 in (0,7)xQ and p(0)=pk in Q
for each k& > 1. Then since pf € C™1(Q), v* € C™1([0,T] x Q) and v* = 0
on [0,7T] x 99, it follows from the standard hyperbolic theory that there exists a

unique solution p* € C™*+1([0, T] x Q) to the problem (2.6) and the solution p* can
be represented by

t
(2.7) p"(t,x) = p§(U*(0,t,2)) exp [—/ divof (s, Uk (s,t,x))ds| ,

0
where U¥ € C™+1([0,T] x [0,T] x Q) is the solution to the initial value problem

(2.8) %U’“(t,s,z) =vk(t,Uk(t, s,)), 0<t<T,
' Uk(s,s,r) =, 0<s<T, z€.

It should be noted from (2.5) that if 2 is an unbounded domain, then
UF(t,s,z) =x and p(t,x) = p> for t,s€[0,T], = €N\ Qp,.

We will prove that the sequence {p*} converges to a solution of the original
problem. To show this, we first observe that

\UR(t,s,x) — Ut s, )]

/ |v (1,5 x))—vl(T,Ul(T,S,l‘))’dT
g/ 0 () — o} (7) | e dT+/ V0 (7)o | UR (7, 5, 2) — U (7, 5, 7)| dr-
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Then in view of Gronwall’s inequality, we have

|Uk(t,s7x) — Ul(t,8,$)|

' k —Ul’T oo AT | €X ! UlT oo AT
<</0'““) <>|Ld> p</ |V<>|Ld>
T T
<C </o |vk(7')—vl(7')|D&sz dT) exp (C/o \vl(T)\DéﬂDs dT)

for each s,t € [0,T] and z € €, and thus
(29) |Uk - Ul|c([0,T]><[O,T]><§) — 0 as k,l — OQ.

Hence it follows from the well-known embedding result H? — C* 3 that

T
/ |div (s, UF(s,t,x)) — divv(s,Ul(s,t,x))’ ds
0

T 1
< C/ [Vo(s)| g2 ’Uk(s,t,m) - Ul(s,t,nc)’2 ds — 0 as k,l — oo
0
uniformly in (¢, z) € [0, T] x Q. Therefore, observing that

t
/ {divvk(s, U*(s,t,2)) — divol(s, Ul(s,t,w))‘ ds
0
T
< / (|divo*(s) — divo(s)| e + [divel(s) — dive(s)|p=) ds
0

T
+/ ‘divv(s, U"(s,t,x)) —divv(s,Ul(s,t,x))| ds,
0

we deduce from (2.7) that

|p* — pl|C([0,T]xﬁ) —0 as k,l— oo
This proves the existence of a limit p in C([0,7] x Q) such that
(2.10) PP —p in C(0,T]xQ) as k— oo.

It is easy to show that p is a weak solution to the original problem (2.1).

To prove the higher regularity of p, we derive uniform estimates for p* in higher
norms. Multiplying the equation in (2.6) with p = p* by p¥ — p>™ and integrating
over (), we have

d oo : o0 o0 o0
G [t =P do <0 [laivet] (64 = =1+ 7)o - 5= do
and thus
d
(211) ot = pLe < CIVV* | o = p> L2 + Cp™|p" = p 12| VO] L2

Let o be a multi-index with 1 < |a] = a1 + az + a3 < m. Then taking the
differential operator D® to (2.6), we have

(D*p*), + vF - V(D¥pF)
=% . V(D)%) — D¥(vF - Vp*) — D(p* divo®) = FF.

[}
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Multiplying this by D®p and integrating over €2, we obtain

d
G 102z <€ [ (divot D2 o+ FEID"6H ) da

and thus

d : « «
(2.12) 7 Dp¥|32 < C (|divo¥ || D*p* |72 + |Fk|L2|DYp"| 2 ) .
But since

loe|
[0k - V(DpF) — D (- Vph)| < C Z ‘v|a|+1—lvk‘ |lek| ’
=1
it follows from Holder and Sobolev inequalities that

sup  [vh - V(D%pF) — D*(v* - VpH)1x < CloMpypmss [VoF |

1<|a|<m
A similar calculation also shows that

sup | D(p* divor)|. < C\Uk|DémDm+1 (IV " | rm=1 + [p"| o) -
1<]al<m

Hence from (2.11) and (2.12), it follows that
d
210" = P lim < Clo I pyrpmalp® = p™[3m + Cp™ ¥ | pyrpm |p" = 9.

Therefore, in view of Gronwall’s inequality, we conclude that

t
0 = 5l < (165 = 9%l + € [ 14Oy ds

t
(2.13) X exp (C’/ |vk(s)|Dl1)mDm+1 ds)
0
for each ¢t € [0,T]. As a consequence of (2.10) and (2.13), we deduce that
PP —p>® Sp—p> in L®0,T;H™) as k— oc.

Moreover since p; = —div (pv) € L*(0,T; H™1), it follows from a classical embed-
ding result (see [26] for instance) that p — p> € C([0,T]; H™ )N C([0,T); H™ —
weak). To prove the strong time-continuity of p — p*° in H™, we observe that for
each fixed t € [0,T], p*(t) — p>™ — p(t) — p> weakly in H™. Hence from (2.13), it
follows immediately that

t
00~ 0lan < (10 = 9 ln 4 € [ oG lpyomn ds )

t
(2.14) X exp <C’/ [v(s)|prnpm+t ds)
0
for each ¢ € [0,T]. In particular, we have
limsup [p(t) = p>|mm < |po — p>|am,
t—+0
which implies that p — p> is right-continuous in H™ at ¢ = 0. Since the equation
in (2.1) is invariant under the reflections and translations in time, we conclude that

p—p>= € C([0,T]; H™). Tt also follows from (2.1) that p; € C([0,T]; H™1). Tt is
easy to prove the uniqueness of solutions in this regularity class. This completes
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the proof of (i). The estimate in (ii) follows immediately from (2.14). Hence it
remains to show (iii). By virtue of the regularity of v, we can prove the uniqueness
of a solution U in C([0,T] x [0,T] x Q) to the problem (2.3), whose existence is
guaranteed by (2.8) and (2.9). Finally, from (2.7), (2.9) and (2.10), we obtain the
representation formula (2.2) for the solution p. O

2.2. A linear parabolic system. Next, let 2 be a bounded domain in R? with
smooth boundary, and we consider the following linear parabolic problem
pus + Lu=F in (0,7) x £,
(2.15)
u(0) =wup in €, u=0 on (0,7) x 09,
where p is a known scalar field in (0,7") x Q such that
(2.16)  peC([0,T); H®), prcC([0,T|;H?*) and p>§ on [0,T]xQ

for some constant § > 0. Recall that L = —uA — (A + p)Vdiv is a strongly elliptic
operator (see [3] for instance). Then applying a standard method such as a semi-
discrete Galerkin method or the method of continuity, we can prove the following
existence and regularity results on solutions to the linear parabolic problem (2.15).
See also the papers [27, 28, 29] for similar results.

Lemma 2.2. (i) Assume that ug € H} and F € L*(0,T;L?). Then there exists a
unique strong solution u to the problem (2.15) such that

u e C([0,T); H) N L*(0,T; H?) and wu; € L*(0,T;L?).
(ii) Ifug € HYNH?, F € L*(0,T; L?) and F; € L?(0,T; H~'), then the solution
u satisfies
uwe L0, T; H?), wuy € L*(0,T;HY) and wuy € L*(0,T; H™ ).
(iii) Finally, if up € HENH3, F € L>=(0,T; H'), F;, € L*(0,T; L?) and us(0) =
p(0)~L (F(0) — Lug) € H{, then the solution u also satisfies
uw€ L>®(0,T; H?), w; € L*(0,T;H?) and wuy € L*(0,T;L?).

Remark 2.3. Let u be the solution obtained in the result (iii) of Lemma 2.2. Then
by virtue of a standard embedding result, we have

ue C([0,T]; H*) and wuy € C([0,T]; Hy).
Moreover, it follows from an elliptic regularity result that if F € L*(0,T; H?) in

addition, then u also satisfies

w € L*(0,T; HY) and so w € C([0,T]; H?).

Standard arguments based on Lemma 2.2 enable us to prove the smoothing effect
of the solution u for positive time ¢ > 0, provided that p and F are sufficiently
regular in £ > 0. Throughout this paper, we denote

10c((0,T); X) = () L (7, T; X)
>0

for 1 <r < oo and a Banach space X.
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Lemma 2.4. Let ug € H} and F € L?(0,T;L?). Assume in addition to (2.16)
that

pet € Lis.((0,T);L%),  pue € Li,((0,T; H™Y),  F € Lys.((0,T]; H?),

loc

F, € L35 ((0,T); HY), Fy € L5,((0,T); L) and  Fuy € L, ((0,T); H).
Then there exists a unique solution u to the problem (2.15) such that

u € C([0,T]; Hy) N L*(0,T; H?), w € L*(0,T; L?);
w€ LS. ((0,T]; HY), wy € Li5.((0,T); Hy N H®), wy € LS. ((0,T); Hy N H?),
Uttt € L?{?{,((OaT]7L2) ﬂL2 ((OaT]aH(%) and Uttt € LZZOC((OaT]vHil)

loc

Proof. The result (i) of Lemma 2.2 guarantees the existence of a unique solution u
with the regularity

u € C([0,T]; Hy) N L*(0,T; H*) and w; € L*(0,T; L?).

We prove the additional regularity of u using a standard iterative argument (see
[25] for instance). Let g be a fixed small time in (0,7).

(a) Since u € L*(0,T; Hi N H?), we can choose a time t; in (0,t) such that
u(ty) € HE N H2. Then the result (ii) yields that u € L*(¢t;,T; H} N H?) and
u; € L2(t1,T; HY). Moreover, since F' € L%(t;,T; H'), it follows from the elliptic
regularity result that u € L?(t1, T; H?).

(b) There is a time ty € (t1,t0) such that u(ty) € Hi N H? and w(tz) € H}. In
view of the result (iii), we deduce that

u € L®(ty, T; H®), uy € L*(to, T; H?) and  uy € L (t2, T); L?).

(c) There is a time t3 € (t2,t9) such that u,(t3) € Hi N H2. Note that w = u; is
the unique solution to the problem

(2.17) { (pwt +Lw=_G in (t3,7) x Q,
w

t3) =w(ts) in Q w=0 on (t3,7)x 99,

where G = F; — pyus. Note that G € L?(t3,T; H') and Gy € L?(t3,T; H~'). Hence
it follows from the result (ii) that

w € L™ (t3,T; H?), w; € L(t3,T; HY) and wy € L*(t3, T; H V).
Moreover, using the elliptic regularity result again, we deduce that
u€ L®(t3, T; H*) and w e L%(t3,T; H®).

(d) There is t4 € (t3,t0) such that w(ty) € H} N H? and wy(t4) € H}. Note that
G =F, — pow € L™®(ty, T; H') and Gy € L?(t4,T; L?). Hence it follows from (iii)
that

w € L®(ty, T; H), w; € L*(ty, T; H*) and  wyy € L*(ty, T; L?).

(e) There is a time t5 € (t4,t0) such that w(t5) € Hi N H? and v = w; is the
unique solution to the problem

(2.18) { ( pvr + Lv=H in (¢5,7) x Q,
w

t5) =w(ts) in Q, w=0 on (t5,7) x99,
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where H = G — pyw;. Since H € L*(t5,T; L?) and H; € L*(t5,T; H~1), it follows
from (ii) that
v e L>®(ts, T; H?), v € L(t5,T; HY) and vy € L*(t5, T; HY).

Observing that 0 < t; < ty < t3 < t4 < t5 < tg and ty can be chosen to be
arbitrarily small, we complete the proof of Lemma 2.4. O

3. A PRIORI ESTIMATES FOR THE LINEARIZED PROBLEM

To prove Theorem 1.1, we consider the following linearized problem
(3.1) pt +div (pv) =0 in (0,T) x 9,
(3.2) pur + Lu+ Vp = p(f —v- Vo) in (0,7) x 9,
(3.3) (ps w)|t=0 = (po, up) in €, u=0 on (0,7) x 01,
(3.4) p(t,xz) — p=, wu(t,x) =0 as |z|—o00, (t,2)€(0,T)xQ,
where v is a known vector field in (0,7) x Q such that
(3.5) v € C([0,T); D§ N D*) N L*(0,T; D*), wv; € L*(0,T;D§) N L*(0,T; D?).

Recall again that Lu = —pAu — (A + p)Vdive and p = p(p).
First, from the lemmas in Section 2, we obtain an existence result for positive
initial densities.

Lemma 3.1. Let Q be a bounded domain in R3 with smooth boundary. In addition
to (1.9) and (3.5), we assume that pg > 0 in Q for some constant 6 > 0 and
£(0) = v(0)- Vo(0) — pg * (Lug + Vp(po)) € HE. Then there exists a unique solution
(p,u) to the linearized problem (3.1), (3.2) and (3.3) such that

peC([0,T]; H?), py € C([0,T]; H?),
u € C([0,T); Hy N H*) N L*(0,T; H),
(3.6) uy € C([0,T); Hy) N L*(0,T; H?),
uy € L2(0,T;L?) and p>38 on [0,T] xQ
for some constant § > 0.

Proof. The existence and regularity of a unique solution p to the linear hyperbolic
problem (3.1) and (3.3) were already proved in Lemma 2.1. To prove the remaining
part of the lemma, let us define F by F' = —Vp(p) + p(f —v-Vv). Then by virtue
of (1.9), (3.5) and the regularity of p, we can easily show that F' € L?(0,T; H?)
and F; € L*(0,T;L?). Moreover since py' (F(0) — Lug) € H}, Lemma 2.2 and
Remark 2.3 allow us to deduce the existence and regularity of a unique solution
to the linear parabolic problem (3.2) and (3.3). This completes the proof of Lemma
3.1. [

Assume that pg,uo, v, f, p = p(-) and Q satisfy the hypotheses of Lemma 3.1.
Then it follows from Lemma 3.1 that there exists a unique strong solution (p,u) to
the linear problem (3.1), (3.2) and (3.3) satisfying the regularity (3.6). The purpose
of this section is to derive some local (in time) a priori estimates for (p,u) which
are independent of the lower bound ¢ of pg and size of the domain 2. Let us choose
a constant ¢y > 1 so that

L+ p% + lpo = p> s + [uolpy + [Py 92l 12 + |g2]py < co,
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where go = py* (Lug + Vp(po)) — £(0) = —v(0) - Vo(0) — u(0), and assume that

[v(0)| piaps < 1+ca,

T
sup [v(t)|py —|—/ [o(t)|Be dt <1+ cq,
0<t<T. 0

T
(37) sup [o(0lpe + [ (jolt)by + o0l ) dt <1+ o,
0<t<T. 0 0

T
ess sup (o1 ()] + [o(Olos) + [ (a0 + [o(0)}e) dt < 1+ e
0<t<Ty 0

for some time T, € (0,7") and constants ¢;’s with 1 < ¢g < ¢1 < 3 < c3 < ¢y. The
constants ¢;’s, 1 <14 < 4, and T, will be determined later and depend only on cq
and the parameters of C. Throughout this and next two sections, we denote by C'
a generic positive constant depending only on the fixed constants pu, A, T, |p|03(§+)
and the norm of f. Moreover, M = M(-) denotes an increasing continuous function
from [1,00) to [1,00) which is independent of § and the size of .

Lemma 3.2.
lp()|ze + [p(t) = p>|ms < Cco,  |p(t) —p™lms < M(co), |pe(t)|m < Cc3,
t t
Ol < Mle)d, [ o)t <O [ (o) ds < Mleo)d,
0 0
loe ()| g2 < Cci, |pe ()| g2 < M(co)c?1 and i?zfp(t) >
for 0 <t <min(T,,T), where Ty = (1 +¢4)~ ! and p™ = p(p™).

Proof. From Lemma 2.1, we recall that

t
1p(8) = s < (oo — p™ s + ) exp (o / [0(s) g ds)
and
t
it olt) > (i) exp (<€ [ oGy ds )

for 0 <t < T. Hence observing that

t t 3
/0 [v(s)|prnps ds < t2 (/0 ‘U(S)|2D60D4 ds> <C(l+ca)t+C((1+ca)t)z,

we obtain the desired estimate for p. Then the esimates for ps, py, p, pr and py
follow immediately from the quations p; = —div(pv) and p = p(p). O

Lemma 3.3.
t
Oy + [ lu(s)leds < M(e)
0

for 0 <t < min(T%,Ty), where Ty = (1 +¢4)~* < T3.
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Proof. Multiplying the equation (3.2) by u; and integrating over 2, we obtain

1d
/p|ut|2 dx + 3% | Vul? + (A + p)(divu)? do
(3.8) :*/Vp'utdl’Jr//J(f*"U'V?))'utdl'.

Using Lemma 3.2 together with (3.7), we can estimate the second term of the right
hand side in (3.8) as follows:

1
[ ots =0 0) unde < |plfelf = o Volpol Vurloo
1
< Clple (£132 + [olbynpe ) + 51vpuils
1
< Canch + V3o
To estimate the first term, we observe that

f/Vp~utdx:/(pfp°°)divutdz
d . .
= %/(p—poo)dlvudx—/ptdlvudx,
[ -5 divads < Clplp) - 93+ §19ult < M(eo) + & vults

and
- /pt divudr < |pi|2e + |Vul2: < M(co)cs + |Vul2,.

Hence integrating (3.8) in time over (0,t), we have
¢
| W ds + [Fu(o)s

t
< M(cp) (1 + |Vu0|%2) + M(co)cgt + C’/ |Vu(s)|%2 ds
0

for 0 < t < min(7Ty,Ty). Therefore, in view of Gronwall’s inequality, we conclude
that

t
/ﬁ¢mﬂg@dyﬂvmwgﬂgM@@ for 0<t<min(Ty, ),
0

where Ty = (1+c3)~* < T1. Moreover, since for each t € (0,7, u = u(t) € D{ND?
is a solution of the elliptic system

Lu=-Vp+p(f —v-Vv)—pu; in Q,
it follows from the elliptic regularity result in [3] that

[ulpz < C (1= Vp+ p(f = v- Vo) = purl2 + July )

< M(co) (1 + 3 + [v/pui|2)
and thus .
/m@@%SM@)MOSKmMRB)
0
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This completes the proof of Lemma 3.3. (]

Lemma 3.4.

Vpu (Ol + [u(®)be + / (lue() By + [u(3)[Be ) ds < M(er)ese

W ol

for 0 <t < min(T%,Ts), where Ty = (1 +¢4)™% < Tp.
Proof. We differentiate (3.2) with respect to ¢ and have
(3.9) puge + Lug + Vpy = p(f —v - Vo) + pi(f — v - Vo — ).

Multiplying this by u; and integrating over €2, we obtain

1d
Sd plug|* dx + /,u|Vut|2 + (A + p)(divug)? da

1
(3.10) = / <th +o(f—v-Vu)i+p(f —v-Vou— 2ut)> uy dz.
To estimate each term in the right hand side of (3.10), we follow the arguments
in [2, 3, 4]; we first apply the standard inequalities such as Hoélder, Sobolev and
Young’s inequalities and then use Lemma 3.2.

_/th cupdr = /pt divus dz < C’|pt|%2 + %\VutFLg < M(co)cg + g|Vut|%2,
1
/ pfi-wnde < | filpalplEwlVpuloe < 1fil2e + Cooly/puilis,

1
= [ b0+ Vo) wids < Clpl vy ol oy
3 1 1
< Clol i lunl g [0l oy [y Bl V] 2
- 7
< 0 2ol lolby [Vpuls + aluly + 219wl

<20l /pug|is + n\vtl%é + %'VUtFL?a

[ outs = v 90) wide < Cladan (1512 + ol ) [Vl
< Och (f172 + ) + 51Vl
<O+ %|Vut|%z
and finally
1, 5 . 1, 5
— | pt §|ut| dx = [ div(pv) §|ut| dx
3 1 3
< /p\vllutIIVutldz < ClplzelolpyVoue| L2 [V L

S CC;|\/ﬁUt|%2 + §|vut|%2
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Here n € (0,1) is a small number. Substituting these estimates into (3.10) and
taking n = (1 + c3)~!, we have

% plug|* dx + u/ |V, |? dz
(3.11) < M(co) (|fel7e + 5) + Ceslv/puelis + (1 +c3) " uel
for 0 <t < min(Ty, 7). On the other hand, since

u; € C([0,T]; HY) and s (0) = —v(0) - Vu(0) — go,
it follows that
(3.12) [V/pu(0) 22 + [ (0)] py < Ol

Hence integrating (3.11) over (0,¢), we also have
t ¢
VB + [ V()i ds < Mer) (14630 + € [ |Vpus) ds.
0 0
Therefore, in view of Gronwall’s inequality, we conclude that
t
|\/pus(t) |32 +/0 |ut(s)\2Dé ds < M(cy) for 0<t<min(Ty,T3),

where T3 = (1+c¢4)~% < Ty. Moreover, since for each t € (0,7T), u = u(t) € D{ND?
is a solution of the elliptic system

Lu=—-Vp+p(f—v-Vv)—pu in Q
it follows from the elliptic regularity result in [3] that
lu(t)|pz < M(cr) (1+ |v-Vo|g2)
31 31
< M(ex) (1+ [0l o]y e ) < M(er)es e}
and
! 2 ! 4 2
[ et ds < 2ater) [ (14 1oy + o)y ) ds < M(er)

for 0 <t < min(7%,T5). This completes the proof of Lemma 3.4. O

Lemma 3.5.
t
Jue (8) |5 + [u(t) o +/O (IVpute ()72 + [ue(s)[ e + lu(s)|Ha) ds < M(er)ez?

for 0 <t < min(Ty,T3).

Proof. Multiplying (3.9) by us; and integrating over €2, we have
1d
[ plul? o+ 55 [ ulVal? + O ) (divun? de

(3.13) = /(—th +o(f—v-Vu)i+p(f —v-Vo—u)) - uyde.
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We can estimate the first two terms in the right hand side of (3.13) as follows:

d
— / Vps - ug dx = /ptdivutt dx = T /ptdivut dr — /pttdivut dxr

d .
< 7 pedivug do + |pee|2e + | Vug|2e

and
1
[ ots =0 Fo)s v do < Clolie (1o + lologows eloy ) V7wl
1
< Coc (\ft|2L2 + C§|Ut|2og> + §|\/ﬁutt|iz~

To estimate the last term, we observe that

/pt(f—v~Vv)-uttdm

d

:%/Pt(f—’u.VU).utdx—/ptt(f_v.vv),utdx

—/pt(f—v-Vv)t-utdx

d 1 1
—/Ptut cug dr = —a/ﬁ)t <2|Ut|2> dx+/ﬂtt <2Ut2) dzx.

Then by virtue of Lemma 3.2, we obtain

and

—/Ptt (f — V- VU) s Ut dl‘ S C'ptt‘LQ (|f|H1 —+ |v|2D(1)ﬂD2> ‘V’u,t|L2

< Ccslpulis + |Vuglis,

—/Pt (f —v-Vv), - urdz < Clpt|s (|ft|L2 + \U|D5mD2|Ut\D3> V|2
< e (11l + Aluldy ) + Vil

and

1 : !
/ptt <2|ut|2> dox = —/dlv(ptv+pvt) <2|Ut|2) dx
< [ oullol + plor) ]| Ve

3 1 3
< Oc3|Vulta + Ceg o] pylv/puel 2 Ve 75
< Oc3|Vuelgo + (1+ e3) ™ oe [l v/puel p2 [Vue 12
< Ocslug|py + (1 +c3) " Hoelpy (IWpuelte + [Vuelzs) -
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Substituting all the above estimates into (3.13), we have
d
/p|utt\2 dx + 7 /u\Vut|2 + (A + p)(divug)? da

d .
< pn (Zptdwut +2p:(f —v-Vo)-up — pt|ut|2) dx

(3.14) +C (\ptt|%2 + c3lpulzs + 5l felZe + cSluelpy + C§|Ut|%3)
oy [vpuel e + (14 e3) ™ oy | Ve 22
for 0 <t < min(Ty,T3). Now let us define a function A by

AW = [ (Vi + O+ ) ivee?) (8 de

—/ (2pedivuy + 204 (f — v - V) - up — pilug]?) (t) da.
Then it follows from Lemma 3.2, Lemma 3.4 and (3.12) that
A1 < C (19wl + Ipul3a + 31 — v - ol + ol ol [Vul3:)

< OVul2a + M(en)cs,
A>C Vw2, — M(c1)ey and  |A(0)] < M(cp)cs.

Hence integrating (3.14) over (0,t) and using Lemma 3.2 and Lemma 3.4, we deduce
that

t
/0 [ /Buee(5) 2 ds + | Ve (8) 22

t
< M(cy)el? + / C(1+ c3) " url3y [V (s) 22 ds
0

for 0 < t < min(Ty,T3). Therefore, in view of Gronwall’s inequality, we conclude
that

t
[ (o) ds+ s 0y < M(ex)el?

for 0 < ¢ < min(7},T5). Moreover, since Lu = —Vp + p(f —v - Vv —uy) in Q, it
follows from the elliptic regularity result that

t
/ e () Bz ds + [u(t) Bs < M{e1)el?  for 0 <t < min(T}, Ty).
0

This completes the proof of Lemma 3.5. (]

From Lemma 3.2-Lemma 3.5, it follows that

t
uOlpy + [ ful)lhe ds < M(er),
0
t 31
uOlps + [ (lur(o)y + (o)) ds < M(er)eel.
0

|ut(8)| py + |u(t)|ps +/0 (lue(s)[ D2 + u(s)[ba) ds < M(er)es?,

Ip(t) — p™=|ms + |pe(t) | 2 + |V/pue(t)| 2 < M(cr)es®
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for 0 <t < min(Ts,T5). Here M = M(-) is a fixed increasing continuous function
on [1,00) which depends only on the parameters of C. Therefore, defining the
constants ¢;’s and T} by

(3.15) c1=M(co), co=M(c1), c3=cy, cq4=cacy’
and
(3.16) T, = min(T,T3) with T3 = (1+c4)?,

we conclude that

Ty
sup [u(®)py + [ fult) b de <
0

0<t<T,

Ty
sup [u®lpe + [ (Jua®)lhy + [u®fh ) dit < ca
0

0<t<T,

T
(3.17)ess sup <|ut(t)|D1 + |u(t)|D3) +/ (Jue () B2 + [u(t)|[Ha) dt < cu,
0<t<T, 0 0
ess sup (|p(t) = p™[ms + |pe(t) |12 + [vpur ()| 12) < ca.
0<t<T.,

4. PROOF OF THEOREM 1.1

Let (po,uo, f) be a given data satisfying the hypotheses of Theorem 1.1. To
prove the existence, we construct a sequence {(p*,u*)}r>1 of approximate so-
lutions solving the linearized problem (3.1)—(3.4) successively. First, let F €
C(]0,00); H') N L?(0,00; H?) be the solution of the heat equation F; — AF = 0
in (0, 00) x Q with F(0) = —Vp(po) + po(f(0)+g2) € H'. Then since ug € DN D3
and F(0) — Lug = 0 € D}, we can easily show that there exists a unique solu-
tion w = u® € C([0, 00); D§ N D) N L%(0, 00; D*) to the following linear parabolic
problem

we+Lw=F in (0,00)x and w(0)=wup in £

It is also easy to show that

0<t<1 0

1
sup (|00l g + [a8(Oloy) + [ (Wb + (O)) de
<

(4.1) c (1 +|F(0)[7: + |u0|DlmD3) :

Let us define ¢y by
co =2+ p™ +|po — p=|ms + uolpy + [VPg 92|12 + |92] Dy

and we choose the positive constants ¢1, ¢, c3, ¢4 and Ty as in (3.15) and (3.16),
which are dependent only on ¢y and the parameters of C. Then since ug € D} N D3
is a solution to the elliptic system

Lug = F(0) = =Vp(po) + po(f(0) +g2)  in Q

and

(4.2) [F'(0)[zr = | — Vp(po) + po(f(0) + g2)|mr < M(co),
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it follows from the elliptic regularity result in [3] that
(43) ol pyrps < € (IFO)]a + uolpy ) < M(co)-

By virtue of (3.15), (4.1), (4.2) and (4.3), we may assume without loss of generality
that

T,
(4.4) S (| ()| parps + [u? ()] py) +/0 (luf (1) D2 + [u®(t)]5a) dt < cx.

The construction of the sequence {(p*,u”*)};>1 is based on the following key
lemma to the proof of Theorem 1.1.

Lemma 4.1. Let v be a vector field satisfying the regularity (3.5) with T replaced
by T.. Assume further that v satisfies the following estimate

[v(0)[pzrps < 1,

.
sup [v(t)|py —|—/ lv(t)[%: dt < ca,
0<t<T, 0

Ty
(4.5) sup [ot)lp+ [ (@l + o(®fs) dt < ca
0<t<T, 0 0

T,
www0mm%+wmmg+/‘0mm&+ww%»wza
0<t<T. 0

Then there exists a unique solution (p,u) to the linearized problem (3.1)—(3.4) sat-
isfying the estimate (3.17) as well as the regularity

p—p> €C(0,T.); H*), w € C(0,T.]; D§ N D*) N L*(0,T,; D),
(4.6)  w; € L>(0,T,; DY) N L*(0,T,; D*)  and +/pus € L=(0,T,; L?).
Proof. Let Ry > 1 be a sufficiently large number so that
QC Bg,» if QCCRY R*\QC Bg,» if R*\QCCR?,
and we define
e (x) = (¢/R), g5'(z) = ¢"(2)g2(),
ofi(t,x) = T (z)o(t,x) and It x) = 9T (2) f(t,2)

for (t,z) € [0,Ty] x 2, where ¢ € C°(By) is a smooth cut-off function such that
¢ =1in By/;. Note that if Q CC R?, then gf = go, v = v and f® = f for each
R > Ry and otherwise, they are supported in Qg or [0, 7] X Qg, where Qg = QNBgr
1

For each R > Ry, let ulf € H}(Qp) N H3(QR) be a unique solution to the elliptic
boundary value problem
(4.7 Lult = Ff in Qp and ull =0 on 0Qp,
where

Fff = —Vp(pl) + o (f7(0) + 9&") and pff =po+ R

IIf Q is the half space R? x R, then the non-smooth domain Qg should be replaced by a
smooth domain (g such that Qr C Qg C Qag.
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Then we extend ul’ to Q by defining zero outside Q. We will show that

(4.8) ull —ug in D§(Q) as R — oo.
To do this, we first observe that
(4.9) Lug = =Vp(po) + po (f(0) + 92) = Fp in Q.

From (4.7) and (4.9), it follows that L (u{l — ug) = F§* — Fy in Qg. Hence noting
that ul € H}(Qr), we obtain

| ulva i+ O aivad? do
Qr

(4.163 uNVug : Vud + (A + p) divug divudt do + / (Ff — Fy) - ult da.
QR QR

The second term of the right hand side in (4.10) is bounded by

/Q (FR — Fo) - uf da < / Ip(oE) — p(po)| | Veult| de
R

Qr

LR / (1FO)] + lgal) [ult| dz

+/ po (™ = 1) (£(0) + g2) - uf da,
Qr

while
/ 1p(68) — plpo)| [Vl die < R ¥ M(eo)|Vull| 2,
Qr

R_B/Q (1£(0)] + |g2]) [uff|dz < CR™! <|f(0)\H1 + \92\D3> |Vu0R|[2
R
and

/Q po (™ = 1) (f(0) + g2) - ug da
= /Q (ch — 1) (Lug + Vp(po)) - udl da
< C/Q IV [lug| + o™ = 1|Vug]) (IVuol + |p(po) — p(p™)]) da

< M(co) (|VUO|L2(Q\QR/2) + |po — pOO|L2(Q\QR/2)> Va2

Hence from (4.10), it follows that
(4.11) |ug | pacey < Cluolpye) +o(1)  and /Q(F(f‘ — Fy) - ultdr = o(1)

where o(1) denotes a function of R which tends to zero as R — oo. This means
that there exists a sequence {R;}, R; — oo, such that {ué?' 7} converges weakly
in D§(Q) to a limit ug°. It is easy to show that Lui® = Lug in D~1(Q), where
D~1(Q) denotes the dual space of D{(£2). Hence it follows that u&® = ug in Q and
{ué%j} converges weakly in D§(Q) to ug. Then by virtue of (4.10) and (4.11), we
deduce that {ué3 7} converges strongly to ug in D}(2). Since the above argument
also shows that every subsequence of {uf'} has a subsequence converging in D§ ()
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to the same limit ug, we conclude that the whole sequence {uff} converges to ug in
D}(9) as R — oo, which proves (4.8).

We are now ready to prove Lemma 4.1. To prove the existence, we consider the
following initial boundary value problem

(4.12) pi +div (pv®) =0 in (0,T.) x Qg,
(4.13) pug + Lu+ Vp(p) = p(ff — o - Vol in (0,7%) X Qpg,
(4.14)p, u)|i=0 = (p¥, ul) in Qr and u=0 on (0,T.)x IQx.

Since pf > R72 > 0 in Qg, it follows from Lemma 3.1 that for each R > Ry, there
exists a unique strong solution (p,u) = (pf*, u®) to the problem (4.12), (4.13) and
(4.14). Tt is easy to show that

|UR - U|C([O,T*];DéﬂD3) + |(UR)t - Ut|L°°(0,T*;D(1))QL2(O,T*;D2) —0
R
and  [\/py g5 — \/pogalre + 195 — galpy = 0 as R— oo,

Combining this, (4.5) and (4.8), we deduce that there exists a large number R; > Ry
such that for all R > R, vg satisfies the estimate (3.7) with the spatial domain
being Qg and

L+ (0 + R7%) + |pg = (0°° + B s )

+|U§|Dg(QR) + | P59§|L2(QR) + |g2R|D3(QR) < Cp.

Therefore, from the results in Section 3, we conclude that for each R > Rj, the
solution (pft, u®) satisfies the estimate (3.17) with the domain being Q5. We extend
(p®, uf) by defining zero outside Qg. Then by virtue of the uniform estimate (3.17)
on R, we deduce that there exists a sequence {R;}, R; — oo, such that {(p®,uf)}
converges in a weak or weak-* sense to a limit (p,u). Moreover, since (p,u) also
satisfies (3.17) with the domain being g for each R > R, it follows that

p—p>=€L>0,T,; H?), u € L>(0,T.; DiND* NL*0,T,; D*),
(4.15) gy € L™=(0,Ty; D) N L*(0,Ty; D*) and  /puy € L>=(0,Ty; L?).

We will show that (p,u) is a solution to the original problem (3.1)-(3.4). It is
obvious that (p, u) satisfies the boundary conditions in (3.3) and (3.4). Let R > Ry
be a fixed large number. Then since for all sufficiently large j, (pfs, uf) satisfies
the uniform estimate (3.17) with the domain being g, it follows from a standard
compactness result (see [22] for instance) that a subsequence of {(pf, u)} con-
verges to (p,u) in C([0,T.]; H*(Qg)). Using this result together with (4.8), we
can show that (p,u) satisfies the equations (3.1) and (3.2) in (0,T%) x Qg and
(p(0),u(0)) = (po,up) in Qr. Since R can be arbitrarily large, we have proved
the existence of a solution (p,u) to the original problem (3.1)-(3.4) satisfying the
regularity (4.15). The uniqueness of solutions with this regularity is easily proved.
Hence it remains to prove the time-continuity of the solution (p, ). First, from a
classical embedding result, we deduce that u € C([0,T.]; D} N D3). Then the time-
continuity of p follows immediately from Lemma 2.1. This completes the proof of
Lemma 4.1. (]

We turn to the proof of Theorem 1.1. We first observe that by virtue of (4.4),
the vector field v = u° satisfies the hypotheses of Lemma 4.1. Hence it follows
from Lemma 4.1 that there exists a unique strong solution (p,u) = (p*,u!) to the
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linearized problem (3.1)—(3.4) with v = u°, which satisfies the regularity estimate
(3.17). Then an obvious inductive argument allows us to construct approximate
solutions (p*,u*) for all k > 1: assuming that u*~! was defined for k > 1, let
(p*,u*) be the unique solution to the problem (3.1)-(3.4) with v = u*~!. Then
since u*(0) = wug for each k > 0, it follows from Lemma 4.1 that there exists a
constant C' > 1 such that

sup (19"(6) = pIs + lou(®) 2 + [0 (8)| s ) < €
0<t<T,

. .
(1,36 sup (|uk(0)loy + VA OLe) + [ (b0 + lu(o)e) de < C
0<t<T, 0

for all k£ > 1. Throughout the proof, we denote by Ca generic positive constant
depending only on ¢y and the parameters of C', but independent of k.

From now on, we show that the full sequence {(p*,u"*)} of approximate solutions
converges to a solution to the original problem (1.1)-(1.5) in a strong sense. To do
this, let us define

PR = Rl gk gkl kL gk and pk = p(oh).
Then from the equation (3.1), we derive
(4.17) PR div (pF b)) + div (pPak) = 0.

Multiplying this by 7**! and integrating over 2, we obtain

d
£/|ﬁk+1|2d$

< C [ [DaHpH + (Vo] + 4 Ve I do
< OVt [p* 22 + C (VA" 1 + 10| ) [VT*| L2 [p " 2.
Hence it follows from the uniform bound (4.16) that
d ~
(1.18) P lel L L

for 0 <t < T, where n € (0,1) is a small number.

In case that p* = 0, we need an estimate for |ﬁk+1|L

s in addition to (4.18).
2

Multiplying (4.17) by sgn(p**1)|p*t1|2 and integrating over €, we get
d —k+1)3
- Pl d
7 / [p |2 du
< C/IVukllﬁ“lI% + (IVoM[a*] + o |vak|)[p* = do

3 1
< CIVuF | [p12 § + CloF | [V 2[4

1

Hence multiplying this by |ﬁk+1|z§ and using (4.16), we have
d _ 1 A _

(4.19) Py <Rty | VER L

for0<t<T,.
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Next from the equation (3.2), we derive

pk+1 ﬂthrl + pk+1 uk X vﬂk+1 4 Lﬂk'H 4 v<pk+1 _pk)
_ ﬁk+1(f _ uic _ uk—l . Vuk—l)

4 phHl (uk RV LAy L I v A T vﬂk) .

Multiplying this by w**!, integrating over Q and using the equation (3.1) with
(p,v) = (p**1,u¥), we obtain

1d
ia/pk+1|ﬂk+1|2dx+M/|Vﬂk+1|2 da

<C [ et de 4 © [ 19 - vt o
(4.20) +c/|p’f+1| If — oL vk @kt da
+C/pk+1 (Ju¥[| Va4 @] V| + W vak)) @kt da.

Using the uniform bound (4.16), we can estimate the last three integrals of the
right hand side in (4.20) as follows:

C [ = IV do < ClpH s + FoVat

C/ |ﬁk+1‘ |f — ukL. vuk71||ﬂk+1|dx

< CIp* el f — P VR g | VE R 12

< Clp**H12, + %Wﬂ’““ 2.,

C/pk+1|uk”vﬂk+1”ﬂk+l‘d$ < C’| /karlﬂkJrl |%2 + %lvﬂk+1|%2
and

C/karl (|ﬂk‘ |V7.Lk| + ‘uk71||vﬂk|) |ﬂk+1|d£€

1
< Clp* 7 (|Uk|DgnD2 + |Uk_1|ngD2) Wk a | V| s
<y 'OV pF LR R + g Va7
For the case that p> = 0 or Q CC R3, the first integral is readily bounded by
_ _ X — |-
CIp* 1], okl oy V22 < Gl g + L jwm 12,

For the remaining case, we assume that 2 is an unbounded domain and p> > 0.
Then since pg — p>* € H? and H? — Cy, where Cj is the space of all continuous
functions on Q vanishing at infinity, we can choose a sufficiently large number R > 1
(of course, independent of k) so that

(4.21) §p°° < po(z) <

1 p> for x€Q\ Bgjs.

el ot
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On the other hand, it follows from Lemma 2.1 that
Pt @)

¢
(4.22) = po(U**1(0,t,2)) exp {—/ divuf (s, UM (s,t,2) ) ds| ,
0

where U*+! = U**1(t, 5, z) is the solution to the initial value problem
%U’“"’l(us,a@):u”“(t,U”C‘H(Ls,x))7 0<t<T,,
Uktl(s,s,2) =z, 0<s<T,, zel.

In view of (4.16), we deduce that
¢ ¢
/ }divuk(s, Uk+1(s,t7x))| ds < / V| ds < Ct < 1n2
0 0

and

|Uk+1(0,t7x) —:E| = ‘UkH(O,t,m) — Uk+1(t7t,m)|

¢
-~ R

§/ ’uk(T7 Uk“(r,t,as))’ dr < Ct < 5

0

for all (¢,2) in [0, T1] x €2, where T} is a small positive time in (0, 7%) which depends

only on T, R and the parameters of C. In particular, note that if 0 <t < Tj and

z € Q\ B, then UM1(0,¢,2) € Q\ Bg/2. Hence it follows immediately from (4.21)

and (4.22) that

< P> for (t,z) €10,T1] x (2\ Bgr).

3
(4.23) §p°° < pM(t,x) <

N | Ot

Using this result, we can estimate the first integral in the right hand of (4.20) as
follows:

C/ P [ [ do < CIpM ek pr [V 2
QNBgr 0

< Cp* s + 51V 2
and
¢ [ it e < o [t R do
\Br VP
< M i + {5VE* .
Therefore, substituting all the estimates into (4.20), we deduce that

d _ _

S VAT @) + Va1

(4.24) <O (L) + 20|Vt (1)]7a
for 0 <t < T, where

b1 = Wk a (@) 2. + [p )5, if p* >0
i T WARTER @R + [P0, L, otherwise,
2N

2
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By virtue of (4.18), (4.19) and (4.24), we deduce that

L) (1) < g G ) + (1)

(4.25) o

for 0 < t < Ty, where ¥*1(t) = |[Va**1(¢)|2,. Note that ¢**1(0) = 0. Hence
integrating (4.25) over (0,t), we have

w“WHy/W“U@<M/w @+WT/ o (s) ds,

0

which implies, in view of of Gronwall’s inequality, that

t t

(4.26) () —|—/ Y*+1(s) ds < nCexp(n~1Ct) (/ e ds> .
0 0

Choosing 1 > 0 and then 75 > 0 so small that

né’ < T5 <T; and exp(n*IC’Tg) <2

] =

we deduce from (4.26) that

Z( sup (1) / YR dt) <C ¢()dt<oo.

i1 \0<t<T,

Therefore, we conclude that the sequence {(p*,u*)} converges in a strong sense
to a limit (p,u) satisfying the regularity estimate (4.16) with T} replaced by T5.
Adapting the proof of Lemma 4.1, we can show that (p,u) is a solution to the
original IBVP(1.1)-(1.5) with T replaced by T2. This completes the proof of the
existence. The proof of the uniqueness is similar to (indeed easier than) the proof of
the convergence and so omitted. We have completed the proof of Theorem 1.1. [

5. PROOF OF THEOREM 1.3

To prove Theorem 1.3, we follow basically the same methods as in the proof of
Theorem 1.1. Hence we consider the linearized problem (3.1)—(3.4) with a known
vector field v such that

v e C([0,T); Dy N D3N L*(0,T; D*), v, € L°°(0,T; D) N L*(0,T; D?),

t20 € L°(0,T; DY), t2v, € L=(0,T; D} N D?), t3v, € L2(0,T; DY),
(5.1)  tv, € L=(0,T; DN D?), tvy € L=(0,T; DY) N L*(0,T; D?),
t3uy € L0, T; Dy N D?) and  t3vy, € L2(0,T;D}).

For positive initial densities and bounded domains, we have the following existence
and regularity results for the linearized problem.

Lemma 5.1. Let Q be a bounded domain in R® with smooth boundary. Assume
that po,ug, f,v and p = p(-) satisfy the condition (5.1) as well as the hypotheses of
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Theorem 1.3. If in addition, pg > § in §) for some constant 6 > 0, then there exists
a unique solution (p,u) to the linearized problem (3.1), (3.2) and (3.3) such that
p€C(0, T H?), p;€C(0,T];H?), pw € L>0,T;L%) NL*0,T;H'),
pre € Lis.((0,T); HY),  pus € Li,.((0,T]; L?),
ue C([0,T]; H N H3) N L*(0,T; HY), wu; € C([0,T); HY) N L*(0,T; H?),
up € L*(0,T;L%), we Lis.((0,T]; HY), ;€ L5, ((0,T); H),
u € Lise((0.T); Hy N H?),  weee € L5, ((0,T); L) 0 L, (0, T); Hy),

e € LE((0,T; HY) and p>C7'5 on [0,7T] x Q.

Proof. The existence of a unique solution p € C([0, T]; H?) to the linear hyperbolic
problem (3.1) and (3.3) was already proved in Lemma 2.1. Then the remaining
regularity of p can be derived easily from (3.1) and (5.1).

Next, if we define F' by F = —Vp(p) + p(f — v - Vv), then

F e L*0,T;H?), F,ecL*0,T;L*; FeLZ(0,T];H?),

loc

Fy € LS. ((0,T); HY),  Fy € LS.((0,T); L*) and Fyy € L7, .((0,T); H1).

Moreover, we observe that py ! (F(0) — Lug) = —v(0) - Vu(0) — g2 € H{. Hence
Lemma 2.2, Remark 2.3 and Lemma 2.4 allow us to deduce the existence and
regularity of a unique solution u to the linear parabolic problem (3.2) and (3.3).
This completes the proof of Lemma 5.1. O

Let (p,u) be a solution to the linearized problem (3.1), (3.2) and (3.3) with the
data pyg, ug, f,v and p = p(-) satisfying the hypotheses of Lemma 5.1. We will prove
some local a priori estimates for (p, ) which are independent of the lower bound &
of pp and the size of the domain ().

Let us choose a constant ¢y > 1 so that

L+ p™ +[po = p>|u= + [uolpy + [Py 92|12 + |92py < co-

Note that go = py ' (Luo + Vp(po)) — £(0) = —v(0) - Vo(0) — us(0). Moreover, we
assume that

[0(0) [ pgps < 1+ 1,

T,
sup o0y + [ (O dt <1+
0<t<T. 0

T.
sw\dmm+/ (10e(0) By + 0(0) s ds < 1+ e,
0<t<T. 0 0

Ty
<m%$$0mm%+wmbg+l (e ()fBe + [0()3) dE <1+ ea,

T,
%m@@ﬂmmm+ﬁw@bg+/ o (D) dt < 1+ cs,
0<t<T, 0 ©

T
ess sup (tuse(0) oy + Hor(®ls ) + [ Clon(O)fe dt <14 co
0<t<T. 0

E T
ess sup (tHun(®)ln) + [ a0yt <1+co
0<t<T, 0 ©
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for some time T, € (0,7) and constants ¢;’s with 1 < ¢g < ¢1 < e <3 <y <
¢5 < ¢g, which depend only on ¢y and the parameters of C.
Adapting the proofs of Lemma 3.2-Lemma 3.5, we can prove

Lemma 5.2.
lp(t) L + [p(t) — p>|gs < Cco, [p(t) —p™|us < M(co),

t
Ol <€, IOl < Me)d [ lpulo)i ds < 06,
0

t
| ouBeds < M), IOl < CE (o)
0

w2 < M(co)ci,
¢
()2 < Cey [pee(t)] 22 < M(eo)es, / o (5) |3 ds < Ccf,
0
¢ ¢
[ ol ds < Meo)ds, [ slpun()fiads < Cel?.
0 0
¢
/ 8|peee(8)[22 ds < M(co)e®  and iréfp(t) >C'
0

for 0 <t <min(T,,T1), where Ty = (1 +c4)~! and p™ = p(p™).

Lemma 5.3.
t
by + [ fule)lpe ds < M(co

for 0 <t < min(T%,Ty), where Ty = (1 +¢4) ™% < T}.

Lemma 5.4.
t 31
IVpue(t)[72 + |u(t)He +/0 (Jue(5)| By + u(s)[Bs) ds < M(er)esef,
t
Jue (t) 5 + [u(t) s +/0 (IWpur ()72 + [ue(s)[ Bz + [u(s)[Ha) ds < M(cr)ez?

for 0 <t <min(T,,T3), where T3 = (1 +¢4) 2 < Ts.

Using the same methods as in the proof of Lemma 5.4, we can derive estimates
for higher regularity in positive time.

Lemma 5.5.
t
/e (8) e + thue (D)3 + tu(t) B + / sl () % ds < M(er)e}?
0
for 0 <t < min(T%,Ty), where Ty = (1 +¢5)7% < T3.
Proof. We differentiate (3.9) with respect to ¢t again and derive

P + Ly = =Vpy +p(f —v- Vo), + 20 (f —v - Vv —uy),
(5.3) +ou (f—v-Vo—u).
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Multiplying this by u and integrating over €2, we have

1d
2dt
= /PttdiVUtt d$+/p(ffv-Vv)tt~utt dz

/ pluuge | dar + / Vg2 + (3 + 1) (divig)? de

(5.4) —|—2/pt(f—v-Vv)t-uttdx-i-/ptt(f—v-Vv)~uttdx

3
_i/pt|utt|2d$_/pttut Ut dx.

Following the same arguments as in the derivation of (3.11) from (3.10), we can
estimate each term of the right hand side of (5.4) as follows:

/pttdivutt dx S C|ptt|%2 + %‘VU,A%%
/Pftt cug dr < ‘ftt‘H*1|PUtt|Hé < CCg|ftt|%;—1 + |\/ﬁutt|2L2 + %|vutt|QL2,

1
- / p (v V0)yy - w dw < Cloli (0]pypeloul g + el by lvel pype ) 1Pl 22

<07 Ccs|y/punlis + nlvulby + cilvdbynpe

Z/Pt (f—v-Vv), - upde < Clprs <|ft\L2 + |U|ngD2\Ut|Dg> |Vuge| 2

< Cc} (|fil3a + ) + 55 Va3,

/Ptt (f —v-Vv) - ug dz < Clpg|r2 <|f\H1 + \U|2D3m:>2) | Vg2

S CC§|ptt|2Lz + %|Vutt|2L2a

3 3 .
_i/pt|utt|2 dx = §/dW(PU)\Utt|2dﬂf

<3 [ plollua|Vua| ds < CE|\Bunlts + 25 Vualt
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and finally

- /pttut U dx

< / (oello] + ploel) (fuel| Veaee] + [Vae]fuse]) dz
3 1 1
< Clpt|s|vlpsnpzluel py [Vuse| L2 + Clol f [oel py lue] By [V ot 12| V| 2

3 1 1
+Cpl 1o [ve| pt [ue| py [v/Puse| 12| Vuee| 7

3
= C|pt|%3|v|2DémD2‘ut‘%)é + Clpli \M%g |ue| py[v/pue| >

3 2 2 2 H 2
+Clp| |’Ut|D(1] |Ut|D5 + ClVpuwl> + E'vutt|L2
< Celurlhy + [Vpueliz + Clypuule + 45 |Vuul3a.

Substituting all the estimates into (5.4) and taking n = (1 + ¢5) ™1, we have

d
a/p|utt|2 dx+u/|Vutt|2dx

(5.5) <C (c3|ftt|§,,1 + 3| felZa + i+ Ipulie + c3lpulie + Ci|vt\2D3mD2)

+C (CZ\Ut\Zbg + |\/5Ut|2L2) + (14 c5) " Houl by + Cosly/puseli
for 0 <t < min(7},T5). From Lemma 5.2 and Lemma 5.4, we observe that
t5 ] fu () - € L2(0,T),  t%|une(t)| py € L*(0,T%)
and all the remaining terms in the right hand side of (5.5) are integrable in (0, min(7T}, T3)).
Hence multiplying (5.5) by ¢ and integrating over (7,t), we obtain

t

ﬂ\/ﬁutt(%ﬂiz + ,U,/ t|vutt(t)|%2 dt

t
< M(ex)e? + ly/pun(r)]2s + / N O

for 0 < 7 <t < min(7%,T3). By virtue of Gronwall’s inequality, we deduce that
t

(56) t|\/ﬁutt(t)|2L2 +/ S|Vutt(5)|%2 dS S M(Cl) (C}f + T|\/putt(7')|%2)

T

for 0 < 7 <t < min(T, Ty), where Ty = (1 + c5)~? < T3. On the other hand, since
Vouw € L*(0,T; L?), it follows (see also Remark 5 in [1]) that there is a sequence
{7} of positive times such that

7, — 0 and Tk|\/ﬁutt(7k)\%z —0 as k — oo.

Therefore, letting 7 = 7, — 0 in (5.6), we conclude that

t
Ol + [ slun(s)fby ds < Men)el?
0
for 0 < ¢ < min(T%,Ty). Moreover, since

Lu=—-Vp+p(f—v-Vv—u)
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and
Luy = =Vpi+p(f —v-Vo—w) + pe(f —v- Vo —uy),
it follows from the elliptic regularity result that

tlue(t) | Bz + tlu(t)|[He < M(c1)ei?  for 0<t < min(T,,Ty).

This completes the proof of Lemma 5.5.
Lemma 5.6.
t
£ uee (8) |y + £[ue () Do +/ s (IV/puse(s) |72 + luse(s)[p2) ds < M(er)es”
0

for 0 <t < min(Ty,Ty).

Proof. Multiplying (5.3) by s and integrating over 2, we have

1d

2
dr + = —
/P|Uttt| X 5 di

= / (=Vpu+p(f —v-Vv),) wndr

1 Vug | + (A + ) (divug)? de

(5.7) + / 20¢ (f —v - Vv —uy), - upy do

+/ptt(f—v-Vv—ut)-uttth;.

We easily estimate the first term of the right hand side in (5.7) as follows.
d . .
- / Ve - ue do = at / pudivuy do — / prrdivug do

< p predivug do + ‘pttt|%2 + |Utt‘2D(1)

and
/P(f — v - V) - Ugye d
< C|P|%oc|(f — v V) |2/ pusee| 2
< Clol i (I fulzz + ol pyepe vl oy + [velpy ler] g |y Brca
< ¢ (|ftt|2L2 + |Utt|%>(1] + ‘”t|2pémp2) + %|\/ﬁuttt|%2-
To estimate the second term, we observe that

/pt(f—v~Vv)t~utttdm
d
:@/pt(foWVv)t~uttdzf/ptt(f7v~Vv)t~uttd:17

—/pt(f—v-VU)tt-uttdac

d 1 1
_/Ptutt‘uttt dr = _ﬁ/Pt <2|Utt|2) dIC-f—/Ptt (2|Utt2) dzx.

and
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But in view of Lemma 5.2, we obtain
—/Ptt (f —v- V), - updr < Clpp|re (|ft|H1 + |U|ngD2|Ut|D3mD2) |Utt|Dg

< Cc (\ftﬁql +[vel Byrpe + |utt|2D3) ;

_/Pt (f —v- V), - upde < Clpefra] (f —v- Vo), ‘L2|utt‘Dé

< e (1fulle + louldy + [0eldpe + lualy )

1 . 1
/ptt <2|utt|2> dx = f/dlv((pv)t) <2utt|2> dx
< / (pello] + ploel) [tsel [ Vaee] de

< CC%WH%& + C‘vt|%éﬂD2|\/ﬁutt|%2'

and

Similarly, we can estimate the last term as follows.
/ptt (f —v-Vv) uy dr

%/Ptt(f—zﬁVv)-uttdx—/(ptt(f—U-Vv))t~uttdac

d
< —/ptt(ffv-Vv)uttdz
dt
+065 (Ipulie + 1ol + 1orlype + luly)

and

- /pttut “ Ut AT

d
= /pttut “Ugy dT 4 / (Ptttut + Pttutt) Uy dT

i
d . 9
= *% pttut * Ut dI — le((pU)tt)Ut c Ut dZE + ptt|utt| dLE
d
< I /Ptt“t “ug dx + Ccf (|ut|?png2 + |utt|%g)

+C (|vt|2DgnD2 + \Utt|2pg) (|\/5Ut\2m + fuelpy + |\/fmtt|2L2) :
Substituting all the above estimates into (5.7), we have

1 1d .
3 /p|uttt|2 dz + 3d% w| Vg + (A + p)(divug )? do

d
< a/h +Cc; (|pttt|2L2 + |l 7 + | fuel 72 + \ftﬁp)
+0¢} (|vtt|2pg + el pynpe + el pynpe + |Uttﬁ)g>

+C (|Ut|2D(1)mD2 + |'Utt|2D(1)> (‘\/ﬁutﬁﬁ + |Ut|2Dé + |\/ﬁutt|2L2)
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for 0 <t < min(7%,Ty), where
A](t) = / (pttdivutt + 2Pt(f — V- Vv)t s Ut + Ptt(f — - V’U) . utt) (t) d(E

- / (pt|utt‘2 + preug. - Utt) (t) dx.

Hence if we multiply this by ¢? and integrate over (r,%), then by virtue of the
previous lemmas, we deduce that

1/ ; ,
3 | EIVpunlt) s dt + 5 PV @1
(5.8) < M{en)dd” + Cr|Vuu(n)fz + [ (@)
T
A ()] + 0/ HAL(8)] dt
for 0 < 7 <t < min(Ty,Ty). It is easy to show that
|AL(t)| < t7 M (cp)ek + g |V ()22 for 0 <t < min(Ty,Ty).
Therefore, recalling that
t
/ 8|V (s)|32 ds < M(cy)cy? for 0<t<min(T.,Ty)
0

and
72|V (1) [32 — 0 for some sequence {7} with 7, — 0,

we conclude from (5.8) that

t
/ S2|\/ﬁuttt(8)|%2 ds + t2|Vutt(t)|2L2 S .Z\J(Cl)Cé7
0

for 0 < ¢ < min(Ty,Ty). Then in view of the elliptic regularity result, we complete
the proof of Lemma 5.6. O

Lemma 5.7.
t
2/ pugee (8|72 + 12 g (8) e +/ SS\Uttt(s)FDg ds < M(c)c3?
0
for 0 <t < min(T%,Ts), where Ts = (1 +¢) ™% < Ty.
Proof. Differentiating (5.3) with respect to t again, we derive

pugest + Lugey = =V +p (f —v - Vo), +3p: (f —v- Vo —uy),
(5.9) +3pee (f —v-Vo—uy), + pue (f —v-Vo—uy).
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Multiplying this by u; and integrating over €2, we have

%% /,0|um|2 dz + /,u|Vuttt\2 + (A + p) (divagg ) do
B / (Puerdivup +p (f —v- Vo), - ug) do
(5.10) —|—3/pt (f —v-Vu), - upy dx — g/pt|uttt|2 dx
+3/ptt (f —v-Vv), - up do — 3/pttutt S Uggt AT
+ / prt (f —v - V) - upe do — /pmut Uy dx.

Using Lemma 5.2 and Lemma 5.4 , we can estimate each term of the right hand
side of (5.10) as follows:

/ptttdiVUttt dzr < Clpul3e + 1&6|Vuttt|%2a

/Pfttt‘uttt dr < |fttt|H*1|pUttt|D(1) < ch|fttt|?q—l+|\/ﬁuttt|i2+1ﬂ6|vuttt|i27

— / p (V- V) - Uy da

1
< Cloli~ (Iolpgrpslviel by + el g2 viel by ) |Vpreel o2

< 07 O3l purel e + nlvee by + [vel by epelvelDys

3/pt (f —v-Vv), - uy do
< Clorles (Ifualze + [olpypelvul oy + el by loel pyenpe ) [Vutae 2

<0 (|ftt|%2 + |Uttﬁ)é + |Ut|D5mD2) + %Wuttﬁ%

5 5 )
—§/pt\uttt\2da:: 5/d1v(pv)|um|2dx < C/p|v\|uttt|\Vuttt|da:

1
< Ccly/pusli» + Elwm\%n

3/Ptt (f—wv- Vv)t “Ugyy AT
< Clpulzz (1film + [olpype |l pyps ) [Vuaelrs

< CCiO (|ft|%‘[1 + |vt|2DéﬁD2) + %\VUM%b
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*3/Pttutt U A
< C/ (Ipellv] + ploe|) (luee| [Vuee] + [V |uge|) dz
3 1 1
< Clpt|s|vlpsnp2luse| py [Vused| Lz + Clpl foc [vel pyluse | By |vouse | L2 Vg 2

3 1 1
+Cpl 1o [ve| pi st | pi |/ pusee| 72 Vg | 72

< CCZ|utt|2Dé + Vpuu|is + Cly/pus- + %IVUmFLz,

/Pttt (f —v-Vv) - uys dz < C|ppe| 2 (|f|H1 + |U|2D(1)QD2) |Vugse| 2
< Ceslpulia + %Wuttt&z
and finally
- /Ptttut “Ugyy dx
< C/ (Ipeellv] + lpellvel + ploe]) (Juel[ Ve + [Vue|luge]) do
<cC <|ptt|L2|U|D})ﬁD2 + |Pt|H1|Ut|D})) [ut| pynpe [Vt | 2
+Clol el g [ B o e oy | Ve 2

3 1 1
+Cp| Lo |veel pp luel oy [v/Pueee| 72| Ve |72
< 004110|Ut|%>5m:)2 + M(cl)céolvn\%; + Cly/puwt|is + l%lvumliz-

Substituting all the estimates into (5.10) and choosing 7 = (1 + ¢g) !, we have

d
% P|Uttt|2 dl‘ =+ ,U/ |Vuttt|2 dl‘
< CC}LO (‘ptttﬁ,z + |Pttt|%2 + |ftttﬁ-]—1 + |ftt|2L2 + |ft|%11)

+M(01)C}10 (|’Ut‘2D(1)mD2 + |Utt‘2D(1) + |’Ut|2D(1)r‘|D2|Utt|2Dé) + (1 + 06)71|Uttt|2Dé

+Ccy’ <|utt|%5 + el Bype + |\/5Utt|2L2) + Cegly/puseel 2

for 0 < t < min(T, Ty). Hence multiplying this by ¢3, integrating over (0,%) and
using Lemma 5.2-Lemma 5.5, we deduce that

T
73 —
Pl pun®F+ [ )b di
0

t
< M(e) + [ O o) i
0

for 0 < t < min(Ty,Ty). Therefore, in view of Gronwall’s inequality, we conclude
that

t
()l + [ s (s) by ds < Mea)e2
0
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for 0 <t < min(7%,T5), where Ts = (1 +¢¢) ™ < Ty. Then by virtue of the elliptic
regularity result, we complete the proof of Lemma 5.7. (]

Combining all the previous lemmas, we obtain

wOlog + [ 1) ds < (e
t 3 1
o+ [ (lus)y + )l ) ds < M(er)eel.
t
a0y + s+ [ (o) + () Bs) s < M),
t%|ut(t)|Dz + t%|u(t)|D4 + /Ot s|utt(s)\2Dé ds < M(c1)cs?,

t
tun(8)] py + ()| ps +/0 gt (8)2s dt < M(c1)e22,

t
2 ugs (1) 2 +/ g (3)[y dt < M(er)e2,
0

t
(6) = p®ws + |pu(®)la + 1 la + [ V() ds < Men),
0

¢
3
t%|\/ﬁutt|L2 +t2]/puse (t)| L2 +/ 5% |\/pusee(s) 72 ds < M(cy)c3?.
0

for 0 < ¢t < min(Ty, Ts), where Ts = (1+cg) 2. Therefore, if we define the constants

¢; and T, € (0,1) by

c1 = M(co), ca=M(c1), c3=cy, cq4=cacs’,

cs = cach?, g =coct? and T, = min(T, (1 +c)~?),
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then we conclude that

Ty
sup [u®)lpy + [ fult)ipe dt < e
0<t<T. 0

Ty
sup [u®lpe + [ (el + [u(®)f}s) ds < e,
0<t<T, 0 0

Ty
ess sup (Ju ()] y + fult)lps) + [ (@b + lu(O)e) dt < e
0<t<T, 0

T,

ess sup (t%|ut(t)\Dz + t%|u(t)|D4) —|—/ t|utt(t)|%é dt < cs,
0

0<t<T,

€ss sup (t\utt(t)bé + t|ut(t)|Ds) < ¢g,
0<t<T.

3
ess sup (t2 |utt(t)|Dz) + /
0

0<t<T,

T.
£ et (1) dt < cs,

t
ess sup (1p(t) = s + o1 Bz + VPue(®l1) + [ V7o) ds < co
0<t<T, 0

¢
1 3
ess sup (tZ |\/puge|pe +t2 |\/ﬁuttt(t)|L2> + / s [\/pure ()| 72 ds < co.
0<t<T, 0

By virtue of these a priori estimates, we can prove the existence and regularity
of a unique local classical solution (p, u) to the original nonlinear problem following
exactly the same arguments as in the proof of Theorem 1.1. We omit the details.
This completes the proof of Theorem 1.3.

6. PROOF OF THEOREM 1.4

To prove Theorem 1.4, we consider the following initial boundary value problem

(6.1) pe +div (pu) =0 in (0,T) x Q,
(6.2) Pt +u-Vp+ypdivu =0 in (0,7) x €,
(6.3) (pu)t + div(pu @ u) + Lu+ Vp = pf in (0,7)xQ,
(6.4) (p, p, w)li=0 = (po, Po, up) in £, u=0 on (0,7)x 09,
(6.5) (p, pr w)(t,2) — (6, 5>, 0) s |a| — o0, (t,2)€ (0,T)x Q,

where the known data pg, pg, up and f satisfy

(po—p=,po—p>)€EH?, p*€Ry, PP €R, p>0 in Q,
(6.6) wupeDyND? feL*0,T;H%) and f, € L*(0,T;L%)

and
(6.7) Lug + Vpo = po (f(0) + g2) for some gy € D} with /p, g2 € L*.
Theorem 1.4 is an immediate corollary of the following result.

Theorem 6.1. Assume that the data po,po,uo, f satisfy (6.6) and (6.7). Then
there exist a small time T, € (0,T) and a unique strong solution (p,p,u) to the
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IBVP(6.1)-(6.5) such that
(p—p>, p—p>) € C(I0,T.); H?), we C([0,T.]; Dy N D*) N L*(0, T.; DY),
uy € L=(0,Ty; DY) N L*(0,Tw; D?)  and /pu, € L*(0,Ty; L?).

Moreover, if the external force f satisfies the additional reqularity (1.13), then the
velocity u satisfies (1.14) with T, replaced by some Ty. € (0,T%] and so (p,p,u) is
a classical solution of (6.1)-(6.3) in (0, Twx) X .

Proof of Theorem 1.4 from Theorem 6.1. Let (pg,uo, f) be a given data satisfying
the hypotheses of Theorem 1.4. Then Theorem 6.1 guarantees the existence of a
unique solution (p,p,u) to the IBVP(6.1)-(6.5) with the initial data (po,po,uo),
where py = Ap} and p™ = A(p>)".

To prove Theorem 1.4, we have only to show that p = Ap”. Let us denote
P =p— Ap”. Then using (6.1), (6.2) and (6.4) together with the fact that v > 1,
we deduce that

D, +u-Vp++pdivu =0 in (0,7,) x Q,

Hence by virtue of a standard energy method, we easily conclude that p = 0 in

(0,T,) x Q. This completes the proof of Theorem 1.4. O

Finally, we turn to the proof of Theorem 6.1. For this purpose, we follow the
same strategy as in the previous sections. Let us consider the following uncoupled
linearized problem

(6.8) pt +div (pv) =0 in (0,7) x
(6.9) pi +v-Vp+pdive =0 in (0,7) x
(6.10) pus + Lu+ Vp = p(f —v-Vv) in (0,T) x
(6.11) (p, p, u)|t=0 = (po, Po, uo) in £, u=0 on (0,7)x 8(2
(

6.12) (p, p, u)(t,z) — (p, p, 0) as |z| = oo, (t,2)€ (0,T)xQ,
where v is a known vector field such that
(6.13) v € C([0,T); Dy N D*) N L*(0,T; D*), v, € L*(0,T;Dg§) N L*(0,T; D?).

Note that the proof of Lemma 2.1 can be used without any essential change to
deduce the corresponding result for the linear hyperbolic problem (6.9), (6.11) and
(6.12). Hence adapting the proof of Lemma 3.1, we can prove

Lemma 6.2. Let Q be a bounded domain in R3 with smooth boundary. In addition

0 (6.6), (6.7) and (6.13), we assume that pg > 6 in Q for some constant § > 0.
Then there exists a unique solution (p,p,u) to the linearized problem (6.8)—(6.11)
such that

p,p € C([0,T]; H?), pi, pe € C([0,T]; H?),
u € C([0,T); Hy N H*) N L(0,T; HY),
(6.14) uy € C([0,T]; HY) N L*(0,T; H?),
uge € L*(0,T;L?) and p>48 on [0,T] x Q.

for some constant § > 0.
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Moreover, from Lemma 2.1 and its proof, it follows that

t
10(8) — 01123 < (1p0 — 0% |12 + p) exp (o JRC ds) ,

t
pu>—p“wH3§<um-—ﬁ”fp+—pwnexp(cg/|v@npyuﬂcw)
0
and
t
o) > (i) exp (<€ [ ooy ds)

for 0 <t < T. Here we denote by C' a generic positive constants depending only
on the fixed constants p, A\, T, v and the norm of f.
Hence adapting the proof of Lemma 4.1, we can also prove the key lemma.

Lemma 6.3. Let us choose a constant cy > 1 so that
L+ p> + [p>=| +[(po — p™; po — ™) me + |uolpy + [\/Pg 92|12 + |92]p3 < co-

Then there exist positive constants Ty € (0,T) and ¢;’s, depending only on ¢y and
the parameters of C, with the following property:

If v is a vector field satisfying the regularity (6.13) with T replaced by T, and the
estimate

[v(0)|pprps < c1,

T
sup [o(t)|ps + / 0(t)[2 dt < 2,
0<t<T, 0

T.
sup [o(0lp2 + [ (jol6)fby + o(Ofe) d < co
0

0<t<T,

Ty
ess sup ([on ()l + [o(Olps) + [ (u(®le +1o(®fe) de < ca
0<t<T. 0

then there exists a unique solution (p,p,w) to the linearized problem (6.8)—(6.12)
satisfying the regularity
(p—p>, p=p>) € C(0,T.;; H?), u € C((0,T.]; Dy N D) N L*(0,Te; D*),

uy € L=(0,Ty; DY) N L2(0,Ts; D?)  and /pus € L°°(0,T,; L?)

and the estimate

T
sup [u(t)|p; —|—/ [u(t)| e dt < ca,
0<t<T, 0

Ty
sup [u(®)lpe + [ (lua(®f; + a0} ) di < ca
0<t<T, 0

T.
ess sup ([ug(t) g + [u(t) s ) + / (Jue(®) B + [u(t)3s) dt < s,
0<t<T. 0

58 Sup (1o = p>=, 0= 0=) ()| s + |(pes pe) ()| 2 + |V/pue(t)] 12) < 4.
<t<Tx
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The first part of Theorem 6.1 can be deduced from this key lemma following the
same arguments as in the proof of Theorem 1.1. Combining this idea and the proof
of Theorem 1.3, we can also prove the remaining part of the theorem. We omit its
details.
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