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1 Introduction

The motion of an incompressible viscous fluid in a bounded domain €2 in
R3? is described by the Navier-Stokes equations :

ov

§+(U-V)U—V-P(v,p):f, V.-v=0. (1.1)
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Here v = w(z,t) is the velocity vector field, p = p(z,t) is the pressure,
P(v,p) = —pl3 + 2vD(v) is the stress tensor, I3 is an identity matrix of

degree 3, D(v) is the velocity deformation tensor with the elements D;; =
1/ Ov; v
5(3; 8_xj
given vector field of external forces.

Equations (1.1) is considered under the initial condition

), v > 0 is a constant coefficient of viscosity and f = f(z,t) is a

vl = vo() (1.2)
and the boundary conditions
v-n=0 v-7T=KPn-T, (1.3)
or equivalently,
v.-n=0, v=K[Pn—(Pn-n)n], (1.4)

where n and 7 are a unit inward normal and a unit tangential vectors to a
smooth boundary I' of €2, respectively, such that nx7 =1 and K = K(xz,t) is
assumed to be a nonnegative function defined on I'o = I" X (0, 00). Dividing
both sides of (1.4)y by 1 + vK and using the same letter K in place of
1/(1 4+ vK), we have

v-n=0, 2(1-K)ID(w)n— Kv=0, (1.5)

where 0 < K < 1 and ITw = w — (w - n)n. Condition (1.3) implies that
the fluid particles are partially slipping on a solid boundary (see Navier [8],
Goldstein [4], Serrin [10], Sect. 64, and references therein ). We note that if
K =1, then condition (1.5) reduces the well-investigated adherence one.

The aim of the present paper is to prove the existence of a unique solution
(o(x), p(x)) to the stationary problem

(v-V)o—-V-P(v,p) = f, V:-o=0 1in (),
B B (1.6)
v-n=0, 2(1—-K)ID(@Wn—-Kov=0 onl

and to study its stability with respect to the corresponding nonstationary
problem (1.1)-(1.2), (1.5). In §83 — 4, we prove the following existence the-
orem to stationary problem (1.6). Throughout Theorems 1.1-1.4 we always

assume that the boundary I' belongs to WZ%H (3 <1< 1) (as for function
spaces, see §2).

Throughout this paper we denote by ¢; (i = 1,2, 3,...) positive constants
that will be used later. Otherwise we do not distinguish them and use the
same symbol c.



_ 1 _ _
Theorem 1.1 Let K € W;H(F) (0 < K <1). If f € WYQ) satisfies
condition (4.6), then there exists a unique solution (v,Vp) € (WFHQ) N
H(Q)) x WHQ) of (1.6) satisfying the inequality

[ollwzriq) + IVPIIwy) < cllfllwie)- (1.7)

The proof of Theorem 1.1 depends on the investigation of the linearized
problem for (1.6) and the contraction mapping principle. In studying the
linearized problem we follow the general theory of elliptic boundary value
problems developed by [1, 11, 16]. But our problem is not included completely
in the framework of known theory [1, 11, 16], because in boundary condition
2(1 — K)IID(v)n — Kv = 0 we must regard both terms 2(1 — K)IID(v)n
and Kwv are principal, since 0 < K < 1. To overcome this difficulty we make
some devices. The most important one is a partition of unity of a domain
which was originally introduced by Tani [15] for the study of time-dependent
compressible Navier-Stokes equations under condition (1.5), and later used
by the authors [5, 14] for incompressible case. We follow this idea with some
natural modifications for stationary case (see §3.4 ).

Now let us turn to nonstationary problem (1.1)-(1.2), (1.5). First of all
existence of a temporally local solution was established in [14].

11,1 1L
Theorem 1.2 ([14]) Suppose K € W3 "% 2(I's), f € W5 (Qo) (Qoo =
Qx(0,00)), vo € WitH(Q) and vy satisfies the compatibility conditions. Then

1
problem (1.1)-(1.2), (1.5) has a unique solution (v,Vp) € W22+l’1+2(QT1) X
l
WQI’E(QTI) for some Ty € (0,00) such that

< er(lloolhugeoey + 11
2

(Qoo

)) = F.
(1.8)

v L
H HW22+1,1+§ (@n,

+ |V L
) | pHWQZ’Q(QTl)

Moreover, the number Ty increases unboundedly as E tends to zero.

Theorem 1.2 and the a priori estimates proved in §5 yield the following
temporally global existence theorem.

Theorem 1.3 In addition to the assumptions of Theorem 1.2, suppose f €
1l . .

W' Qo) . If By = [vollyp+10) + ”fHWSZ'l(QOO) < g9 with a sufficiently small

positive number £q, then the solution (v,Vp) of Theorem 1.2 exists for all

t > 0 and satisfies the inequality

sup ([[v(t) ety + 1VP®) lwye) < cBo (1.9)

t>t1>0

for each t; > 0.



Finally stability of stationary solution from Theorem 1.1 is discussed in
§6.

Theorem 1.4 Let (v(z,t),p(x,t)) and (v(x), p(z)) be the solution of nonsta-

tionary problem (1.1)-(1.2), (1.5) from Theorem 1.3 and of stationary prob-
K-K

lem (1.6) from Theorem 1.1, respectively. Suppose that (1= K)(1- &) €

Ly(T(#)) (I'(t) = {x € T|K(x,t) # 1, K(x) # 1}). Then the difference

u = v — v obeys the inequality

t
lu(t)7,0) < e (Ilu(0)][7, ) +/0 M F(s) ds) (1.10)

for any t > 0, where M and F(t) are defined by (6.5) and (6.6), respectively.

In conclution let us mention some previous works about Navier-Stokes
and Stokes equations under slip boundary conditions. In the case of perfect
slip, i.e., K = 0, stationary problem for incompressible Stokes equations was
discussed by Solonnikov-S¢adilov [13], while for compressible heat-conductive
Navier-Stokes equations by Farwig [2]. Note that the problem with perfect
slip condition is closely resemble to that of stationary motion with a free
boundary (see e.g., [9]).

On the other hand, the time-dependent problem (1.1)-(1.2), (1.5), besides
our previous work [14] mentioned above, was also investigated in [5]. In [5],
it was proved that the solution exists for a small time interval in Holder class
of functions and that this solution exists for all time without restriction of
smallness of the data provided the space dimension is two. The existence of
a temporally global solution for non-homogeneous fluid was also established
in [6].

Finally the initial value problem for viscous compressible heat conducting
fluid with general slip boundary condition was studied by Tani [15] in Holder
class of functions.

2 Preliminaries

2.1. Function spaces

Throughout this paper we use the Sobolev-Slobodetskii spaces defined as
follows. Let 2 be a domain in R” and [ > 0 be a noninteger with an integral
part [/] and a nonintegral part {/}. By W}(€) we mean the space of functions



u(z), z € 2, equipped with the norm

U

|Dgu(x) — Dyu(y)P
Ly = D2 I1D%ulfe + > / / |x_ |n+2{l} dody

|a|=0 lar|=[1]

||U||Wm + [full? Wi(Q)?

where

ooy (x)

(51 a2 ?
0x' 0xy? - - - Qxon

Du(x) = a=(ap,ag,...,ap)
denotes a distributional derivative of u(x) of order |a| = ag +az + -+ - + .
Now we define anisotropic spaces W (QT) of functlons u(z,t) in a cylindrical
domain Q7 = 2 x (0,7) (0 < T < o0) as I/V2 (QT) = Ly(0,T; WH(Q)) N

1
Ly(€; W2 (0,T)) and introduce in this space the norm

HuH2 = Hu( dt + Hu H2 dz
2
Q1) 0 2(0,T)

+ [lull® |

= Juli; L
W, (@

w3 (@r) 2

1
Here the norm in W32 (0,7T) is defined by

HU(%')H2% N ZHaJ ||L20T)

T t
s [
0 0

_ 2 2
= ol gy I g

2 dr

L NG B
u(z,t) — 0% u(x,t — 1) pYEEy

where 0, = %.
For a smooth manifold 9Q = T, the space W}(T') of functions defined
on I' is introduced in a standard manner by means of the local coordinates



1
and the partition of unity, and VV;’2 (I'r) can be defined in the same way as
above.

I
The spaces of vector fields whose components belong to WE(2), VVQI’2 (Qr)
l

etc. are denoted by the same notation as the scalar case Wi(€2), Wé’i(QT)
etc. and their norms are supposed to be equal to the sum of norms of all its
components.

2.2. Auxiliary lemmas
In this subsection, we present auxiliary inequalities which will be frequently
used in later sections. Hereafter, we assume that €2 is a bounded domain in

5

R? with a boundary I' € Wy ™ (I > 1).

Lemma 2.1 ([7]) Suppose u € W3 (Q). Then u € Ly(T) and
[ullzary < collullwy -

Lemma 2.2 ([3]) Let u be a vector function in Wy () satisfying u-n = 0
on I'. Then we have

ull 2, < esl|Vull Ly

Next we state Korn’s inequality discussed in [13]. For vectors u,v €
W3 (), we introduce

3
Ou;  Ouy Ou;  Ou,
E = - ] : . ) dz.
o= [ 3 (Ger 5 ) (G ) as
7,7=1
We recall that the vectors satisfying E(u,u) = 0 form a finite-dimentional
affine space of vectors of the form

u=A+ B X x,

where A and B are constant vectors. Let us define H(Q) = {u € W}(Q) | E(u)
= F(u,u) < oo, u-n=0onTI} IfQisaregion obtained by rotation about
a vector B, we denote by H(£) the space of functions in H () satysfying the
condition

/u-(Bxa:)dx:O.
Q
Otherwise we set H(Q) = H(Q).

Lemma 2.3 ([13]) The inequality
IVullL,@ < caB(u)
is valid for each u € H(Q).



3 Stationary Stokes problem
In this section we consider the problem
—vAu+Vg=f, V-u=p inQ,
2(1 — K)lID(u)n — Ku=b,, uw-n=>0, onl.
We prove
Theorem 3.1 Let 3 <1< 1. Suppose T € Wit K e WQ%H(F),
fewj(@Q), pew,™(9),
boe Wi @)W (), 5= {z €T K@) =1},
by € WD)
and

/pd:v:—/bndS.
Q r

Then problem (3.1) has a unique solution (u,Vq) such that
(u, Vg) € Vi = W3™(Q) x Wy(Q)
and

[(w, Vg)llv; = ”u||W22+l(Q) + qu||W2l(Q)

< (1 Flhwgcor + olhwgeay + 1ol o + 10l g, + el

= C5H(f7 P, b‘rv bn)HHz

As usual we start with the study of a model problem.

3.1. Half-space problem for the homogeneous system

I)

(3.1)

(3.2)

(3.3)

(3.4)

)

(3.5)

First of all, let us consider the boundary value problem for the homoge-
neous Stokes system in a half space R} = {z = (2/,23) | 2’ € R?, 23 > 0 }:

(—vAu+Vg=0, V-u=0 inR3,

8U3 8Uj
1— - —J ) .
( k) (896] + 8x3) ku]

=0 onR?

:bj (j: 172)7

x3=0

U3|

\ x3=0



where 0 < k < 1 is a constant and b, b, are given functions on R?. Applying
to (3.6) the Fourier transform with respect to 2’ = (z1, z2):

flga) = FIf = [ e

where £ = (£1,&), @' - & = 11§ + x2&5. Then we have the following system

(3.7)

of ordinary differential equations:

(3.10)

d2
<§ — )u]—i-zﬁjq—() (j=1,2),
3
d2 dg
G——%ﬁq 0 (3.5)
Ig d T3
diig .
z&ul + &ty + d_ =0, (4,9 —0 (r3— 400),
T3
. du . - .
(1—]{3) ZSjUg—F— —kUj :bj (] = 1,2),
ds 23=0 (3.9)
U3 ,,—o = 0.
We seek the solution to (3.8), (3.9) in the form
Uy [ K i&1 |
U9 _ 0 —|€|zs i&2 —|¢|w3
8 I | G N R B
q |\ —2vf¢] 0 |
_ 0 Z& -
—[¢] . ~|las
+asg (it 1) e + _| | T3e
|\ —2v[¢] |
S
€2 | el
+a e .
Sl -l




The coefficient (aq, as, az) is determined by substituting (3.10) into (3.9).
We have

Uy G G2 0 b iy 0 b
g | [ Ga Gog O 61 o lelzs | Hy Hiy 0O i)l rae—léles
N I R Hy Hgp 0|2 ] ’
q Gy Gy 0 0 0 0
(3.11)
where
1 (1-F) (ifm)(if‘)) :
Gm':—— 6m+ J m7 :1727
= O e ) (mi=12
i€ |
=9 J =1.2 12
G4J V2(1 . k)|€| 4 L (] ) )7 (3 )
1 (1€m ) (1€;) ,
Hm':_ m?j:]-727
TR T I )
H s == J — 1 2 .

In order to estimate (3.11) in W}(IR3 ), we make use of Parseval’s equality.
Indeed, we find

Lemma 3.1 Let us introduce the norms
Julfe = | TP,
RQ
d & 2
2 e 2(1—k) NPT
lull?gs = k§<lj /R G e e, 7 + / RGOl

Then the norms ||ullyrz and ||ull, gz are equivalent to ||ullyy;yge) and Hu||W21(Ri),
respectively.

As for the estimates of e 7€1%3 and z5e~1¢1%3 we obtain the following lemma
by direct calculations.



Lemma 3.2 Let k > 0 be an integer and o € (0,1). Then we have

/ |(i)ke*|§|x3}2dx3 S C‘f’?kflj
0

dQJg
/OO/OOKi)kea(xswa) (e p AT a1,
0 0 dx3 dq:g y3
Fd gk —|¢|zs |2 2k—3
|<d_xg) wge” 4 Tz < €]
0
e d ok _ d v _ 2 dwsdy _
i 1€l(m3+ys) _ (_—_ |§lwg |2 22393 2(k+a)-3
G e () oo S < el

with a constant ¢ independent of ||.

From (3.12) and Lemmas 3.1 and 3.2, we obtain

.1

Lemma 3.3 Let b = (b1, by) = (1 — k)bY — kbP with b e W2 (R?),
.3

S WQQH(RQ), [ > 0. Then solution (3.11) to problem (3.6) satisfies the
inequality

)). (3.13)

N D
gy + 1 9ligasy < €O gor g + 1070 50

(R (R

3.2. Non-homogeneous system
Now we consider the non-homogeneous system

(—VAu%—Vq:f, V-u=p inRi’r,

8U3 81&]‘

= bg on RQ.

=b; (j=12), (3.14)

x3=0

L u3|x3:O

We prove

Lemma 3.4 Let b = (by,by) be as in Lemma 3.3. Suppose that f € WEH(R?),
. . 3
p € Wt (R3), by € W2 (R?) and the condition Jgs pdz = — [, b3 da’ is
+
satisfied. Then the solution (u, Vq) to problem (3.14) satisfies the estimate

H“|’W§+Z(Ri) + ||VQHW21(R§) (3.15)

r N D
< (1 Flhiggnsy + Nolhwgoagy + 1 g g+ 19750

(R?

10



Proof. We seek the solution of (3.14) in the form (u,q) = (u® + u® +
u® vp' + ¢®). Here ulV) is a solution of Dirichlet problem:

—vAuY = f inR3, u(1)| =0 onR% (3.16)

x3=0
While u(?) = V¢, where ¢ is a solution of Neumann problem

99

Ap=p—-V-uV=p mR}, ==
p=p u PRy 5

=bs; onR? (3.17)

x3=0

and (u®,¢®) is a solution of problem (3.6) with b = (b;,bs) replaced by
d = (dy,dy), where

1) (2) (1) (2)
it ))—l—k(uj +u;”)

0
b=ty = (1= 1) (G )+ 5
J

— N D .
= (1-k)d¥ —kd? (j=1,2).

dus

x3=0

From the known estimates to problem (3.16) and (3.17) combined with
Lemma 3.3 yields (3.15). .

3.3. Uniqueness of the solution
Before proving the normal solvability to problem (3.1), we discuss unique-
ness of the solution.

Lemma 3.5 The solution to problem (3.1) is unique. (Here uniqueness of q
means within an additive constant.)

Proof. Let (u,q) be a solution of (3.1) with f = p = b, = b, = 0. Then we
have

O:—/Q(V-P(u,q)) -udx:/FP(u,q)n-udS—l—gE(u)

_ / 2D - wds + ¥ ()

E . v
= — d -k
v [ o ghPas+ B

where I'* = {z € T'| K(z) # 1}. Therefore the boundary condition u-n =0
implies u = 0. [

11



3.4. Proof of Theorem 3.1
Here and in what follows we simply write || - || z,) as || - |-
We decompose a solution (3.1) in a similar manner as in §3.2. Namely
(u,q) = (uM +u® + v, vp + p), where uV), u® = V¢ and (v, p) satisfy the
following equations, respectively:

—vAuY =F inQ, uY =0 onT, (3.18)
1) — 1 8¢
—vAp=p—V-u=p inQ, %:bn on T, (3.19)

(—VvAvV+Vp=0, V-v=0 inQ,
2(1 — K)IID(v)n — Kv
- - (3.20)
=b, —2(1 — K)IID(u + V¢) + K(u) + V)| . = d,,

v-n=0 onl.

\

Since problems (3.18) and (3.19) are well investigated, we have only to con-
sider problem (3.20). The solvability of (3.20) will be proved by the method
of the regularizer (cf.,[11, 16]), which necessitates to introduce two systems
of covering {w®™} and {Q®} of Q. As was mentioned in introduction, we
make some devices for {w®} and {Q®} because of boundary condition
2(1 — K)IID(v)n — Kv=d, (0 < K <1).

For arbitrary small positive number A, {w®} and {Q®} are constructed
as follows :
For k = K satisfying ) NI = (), {w*)} and {Q* "} are the cubes with the
same center and with the length of their edges, in a parallel direction with
axes, equal to A/2 and A\, respectively.
For k = k" such that ¢*) € T' — v (y = {x € T'| K(z) = 1}), we define by
the local rectangular coordinate system {y}:

7 1 . "

W =T { g < 5 BN (G=1,2), 0<ys = F(y5¢") < B},

QY =T |yl < BIX (7=1,2), 0 <y — F(y; ")) <200 .
Here the equation y3 = F(y/';£*") (y = (y1,9»)) represents the boundary
I in the neighborhood of the point £**)| II¥ is the transformation from {y}
to {x} and f; is some positive constant ‘independent of A. If v is covered
by Upr(w®) N T), then it is clear that Q is covered by {w®} and {Q®*)}
constructed above.
Otherwise (in this case we shall denote k& = k"), we define {w*")} and

12



{Q*) by the same way as {w*} and {Q*")} with another positive con-
stant 35(< 1) also independent of A so that vy — U (w*) NI') € Upn (QF) N
') CH.
Once we introduce the system of coverings as above, the rest of the proof is
carried out in line with the general theory of Solonnikov [11]. Hence we only
describe it briefly.

Now we consider two families of smooth functions {¢*)(2)} and {n®(z)}
associated with the coverings {w® and {Q®}: C(k () =1if x € w®
(W(z)=0ifr e Q- QP 0<P(z) <1, |DC®(2)] < el p®)(2)

Zi(% Ovbiously, {n*)(x)} are smooth functions such that 7% (z)
k

if € Q—Q® S " (2)¢(®(z) =1 and
|DEn™ (2)] < eI (3.21)

We note that I' € W3 means that F(y;¢®)) € W3H(B,), B, = {y €
R?||y/| < r}, has the properties F(0) = 0, V'F(0) = 0, || F|| <N

wat(B,) —
with the constants  and N being independent of y'. We take A small enough
so that 31 A < 5 holds. Clearly,
[F() = |F(y) — FO)| < Ny,
IV'E@Y)| = V' F(Y) — V'F(0)] < Nly|. (3.22)

We define operator R by

Rh= Y n* RUILE (h¢™)(x)
kl/ k.///
=) ¥ (@)1 (%), vp?)(2)
k// k//l
= Z n® (z) (v®, vp®)(z)
k//’k///

where h = (0,0, d,,0), the local coordinate system {z} connected with {y} is
given by the relation 2/ = ¢/, 23 = ys — F(y/; €*")), IIZ is the transformation
from {z} to {x}, II? is its inverse and R¥ 12 (h¢(™)(z) = (@®, V™)) (2),
(v®), Vp*))(2) is the solution of following problem in the half space Ri’r(k) =

13



1z0%);
(AT + Ve =0, V-o® =0 in Ri(k)’

_ aﬂ(m 617(k) — _ T .
(1~ K.0) ( 5z, T a_> - K(E®,05")  =Tz¢Wd,; (=1,2),
23=0
o) =0 onR2% =T1790%® N {23 = 0}.
\ 23=0

Then one can easily show that Rh = (v, Vp')(x) satisfies
—vAV +Vp = Mih, Vv = Msh in ),
2(1 — K)IID(v')n — Kv' = d; + M3h, (3.23)
v'-n=Myh onl.

Here the operator M = (M, My, M3, My) is defined on H; = {(f,p,br,bn) |
(f,pbr,by) has the smoothness property in (3.2)} equipped with the norm
|(f, psbryby)|lm, (cf.(3.5)), and is represented as follows:

Mih = Z (_V (A(n(k)v(k)) _ 77(IC)AU(IC)) + V(n(k)p(k)) _ n(k)Vp(k) )
k//,k///

+ Z n™ 112 (—V(A(k) — A)p® 4 (v — V)ﬁ(k))
k//’k/l/
= ’]-1}1 + ]Clh,

Moh = 3" (V- (g®o®) —y®v.o®) 1 3™ 011z (V0 - 7). 5

k.// k./// k// k///
) )

= %h + ICQha

Msh=>"2 (1= K(z)) I(Dn®v*)n — WD w")n )

+ 3 (1 (K(€9) - K() (2D )+ o)

k./l
+ 2™ (1 — K(¢®)) 11z (IIDW (2™)n — D (8% )n, ))

Myh = Z n®o®) . (n —ng) = K4h,

k// k.ll/
)

14



where V¥ = T2V, (8%) IV, =gV, AW = v® . v® DE = 117D,

ng = n(&®) = (0,0,1)! and Moyw = w — (w - no)no.
If we denote by A the differential operators in the left hand side of (3.23),
then we find

ARh = h+ Th+ Kh, (3.24)

where 7 = (71,73,73,0) and K = (K1, Ky, K3, Ky).
To estimate ||Th| g, and ||KCh| g, we introduce the norm depending on
parameter \:

1]
1
<u>l2,ﬂ(’“> - e ||u||W] ey T Hu”wl(mk)
=0

Certainly the norms [lul[y;qm) and (u),qw are equivalent for each A > 0,
and the interpolation inequality implies

||u||W2’"(Q(k)) < C)\l_m<u>z,9<k>

for 0 < m < [. By making use of (3.21), (3.22) and the smoothness of K (z),
one can show that K is a contraction operator on H; for small A\, and 7
is a compact operator on H; for each A, since the imbedding operator from
H, into H;_,, is compact for a bounded 2. Therefore, (3.24) implies that
existence of the right regularizer.

Now let us consider RAu. Similar calculations yield

RAu = u + Su + Qu, (3.25)

where u = (U,Vp) € ‘/la S = (8175278370)7 Q = (Ql; Q27 QS; Q4>7

Su= Y n®WIER®I (—v ((WAv - A(Pv)) +(FVvp -V (Wp)),

K/ K
Qu= Y pMIERE(—p(A® — A)p® 4 (vH —v)p®),
K" k"
Sou = Z n®) I R (*) I (C(k)v T v (C(k)v) )’
K/ K
Qo = Z n(k) 11§ R(k‘)(v(k) —-V)- @(/f)’
Kk
Ssu= Y M IERWIZ2 (1 - K(x)) I({*D(v)n — D(*Hv)n),
o
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k//

+y W ImER K (™)) (ID® (500 — 11,D(@* )ng )

k//

Q4U—Z77 1z RWIIZ (Mo - (n — ny).

k// k///

By exactly the same way as K and 7, one can show that Q is a contraction
operator on V; and that § is a compact operator on V;, which together with
(3.25) imply the existence of the left regularizer. By combining these and
uniqueness of a solution from Lemma 3.5, Theorem 3.1 is proved. 1

4 Proof of Theorem 1.1

We solve (1.6) by the method of successive approximations. Let (0, vpl0) =
(0,0) and (2™, V™) € X(Q) = { (2", Vp™) € Vi | [|(2", V™), <
2¢s][ fllwyy } (m =1,2,3,...). We define (M) VpmtD) as a solution to
the linear problem

—v AP L ypmt) = f () . ) pm),
V.ot =0 in Q, (4.1)
oD . n =0, 2(1- K)ID@™V)n - Ko™+ =0 onT.

By Theorem 3.1 problem (4.1) has a unique solution (2(™+1) Vpm+1) € V;
satisfying

1@, V) < s (1 lwa + 1™ V)5 10y )

m 2
”W%“(ﬂ) )

(

< &5 ([ Fllwyey + esllo"

< es([1fllwiy + co(2¢sll Fllwie))?)
< es( 1+ 4cges|| Fllwgay ) 1 lwico)- (4.2)
Hence we find (2™, Vpm+h) € X (Q) provided

Acies|| Fllwa) < 1. (4.3)

16



Now let us prove the convergence of the successive approximations. Sub-
tracting from (4.1) the similar equations for (9™ Vp(™) and setting
(Vm+h) g Pty — (pm+1) — gm) gpm+h) — 7pm) | we obtain

—y AV ) Lyt — _(50m) )Ym) () L) gim=1))

V-Vt =0 in Q, (4.4)

Vit n =0, 2(1 - K)IID(VO+))p — KV™D) =0 on T.

By virtue of Theorem 3.1, there exists a unique solution (V "+, v Pm+1)) ¢
V; of (4.4), which satisfies

[V Py < es (N0 - VIV gy + 1OV - V)0 Dy )
< esco( ||77(m)||w21+l(ﬂ) + H@(m_l)HW;“(Q) ) ||V(m)||w,}+l(g)
< deeal| oy I (7, TP . (4.5
Therefore if we assume
Acieel| fllwyy < 1, (4.6)
then we see that the sequence (7™, V(™)) converges to some (7, Vp) € X(Q)

as m — oo, which is our desired solution to (1.6). The uniqueness of the
solution follows from the estimate similar to (4.5). n

5 Proof of Theorem 1.3
We begin with the conservation of energy for (1.1)-(1.2), (1.5).

Lemma 5.1 The estimate

loIl < llooll + / IF(s)llds (¢ > 0) (5.1)

is true for the solution (v, Vp) to problem (1.1)-(1.2), (1.5).

Proof. Multiplying v for (1.1); and integrating it over 2, we have the equality

1d, 5, v /
——|v||"+ zE(v) = — Pv,pn-vd5+/f~vdac.
SalvlP + 580 = - [ P [

17



Similarly in the proof of Lemma 3.5, we find

1d, 5 v K :
= + —F + = . < .
thHUH 5 (v) V/F*(t) 1_ K'U’ ds /Qf vdz < [ flllloll,  (5.2)

where ['*(t) = {z € I'| K(z,t) #1}. .
For the estimates of higher derivatives of the solution, we follow Solon-
nikov [12].

Lemma 5.2 Let the solution from Theorem 1.2 satisfy the condition

”UHW;H’H%(QTl) <9 (5.3)

with a sufficiently small number 6 > 0. Then

l
U\ = \Y <c(A72
)= 10l s gy 19708 0 < €O H 0o + 1701t )

W5 2 (Qeo)
(5.4)

(@A

where A € (0,1), Q(A\) = Qx (2tg+ A, 1Y), to > 0, 2tg+ A < Ty. Furthermore,

t ?tupT)(||v(t)|IW;+z(Q) +IVeO)llwyey) < clllvllza@on + 1 fllyzaq.) (5.5)
€(t1,141

is valid for each ty € (2ty,T1).

Proof. Let (\(t) be a smooth function of ¢ € R which vanishes for ¢ < ¢y + %,
equals to 1 for ¢t > ¢y + X and satisfies 0 < (,\(t) < 1, |</(\k) (t)] < eA™*. Then
it is easily seen that (vy, Vpy) = ((\v, (\Vp) satisfies the equations

%—V.P@mp/\):CAJ[—FC)\(U-V)U—C/'\U’ V-u,=0 inQ()\),

Uxl,eg =0 on Q,

vy-n=0, 2(1—K)JIID(w)n—Kuvy=0 onIT'(A\) =T x(2ty+ A, T1).
(5.6)

Applying Theorem 3.4 in [14], we obtain

v 1 + ||V L

| )\HW22+Z’1+£(QT1) I p)\“W;é(QTl)

<c + v-V)v + I
(1651t + 160 D0 g+ 1650l )

<c 1 +dflv 1+4 + A7 v 3 '

< el g, + S0 ke g )+ X7 M0l t )

18



Therefore,

UAN) <c + A . 5.7
0= eyt o, 371000 ) 57
Using the interpolation inequality (see [12]), we find
_ Ele _ 1
A < —) 5.8
Aol 18 g0y S S rinst gy + C2) ol (59)

where £; > 0 is an arbitrary small number. Substituting (5.8) into (5.7) leads
to

E1A L
)+ () llolleaeon +ellfll (5.9)

)

U\ < U (

A
2

If £; > 0 is so small that % < 1, then using (5.9) recursively, we get (5.4).

22
Next consider the difference (v (z,t), Vp\¥(z,t)) = (va(z,t) — va(z,t —
s), Vpa(z,t) — Vpa(z,t —5s)), 0 < s < tg. Subtracting from (5.6) the similar
equations for (vy(z,t — s), Vpa(z,t — s)), we obtain the system of equations
for (v (x,t), Vp©)(x,t)). We apply to it Theorem 3.4 in [14] once again.
Then the following inequality holds :

(s) \V4 (s)
||lv ||W22+l’1+%(QT1)+|| p ”Wé’é(QTl)

< c(ll(G(v - V)v) (1) = (G(v- V)o)(t = s)l|

1
Wy 2 (Qry)

by, HIGNO = @NE= gy, )

Wy (Qry)
(5.10)

(G () = (Go)t =)l

l
2 T

We calculate the right hand side of (5.10), for example, as follows.

(G- Vo) () = (v V) (t = s)ll

1
Wy 2 (Qry)

<@ -V oy At =) VRO

L L
- W2 2 (QTl) VVQY 2 (QTl)

+ (=) = Q@) (vt = 5) - V@) 4

W27§(QT1)

< c(d]0"] AT OSIIngeg )
2

@)

141,44+
W2 272

(Qry)
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(G (@) = (Qu)E =9l 1

Wy = (Qry)

< NGQE) =Gt =D or A+ NGE=s) () —v(E =) .2

Wy 2 (Qr,) Wy'2(Qry)

cONTPE N s |lw I .
( sl avareh g,

Therefore we conclude from (5.10) that

(s) (s)
v 1 + \V
H ”W;H’Hé(Q ) H p ||W2l’2(Q 1)

c(lvllza@oy + 1 fllyzag.))s'
(5.11)

Since [ > 1, (5.11) together with well-known imbedding theorem yields (5.5).
[ |

Proof of Theorem 1.3. Let gy be a number such that if Fy < &g, then
solution (v, Vp) from Theorem 1.2 exists on [0, 1]. This solution satisfies

“UHW;H’H%(QQ + vaHWQI'%(Q ) < c1 By,

1

where @1 = 2 x (0,1). Then condition (5.3) is true provided ¢; Ey < 6. On
the other hand

sup |]v(-7t)HW22+z(Q) < cEy
te(ti,1)

holds by virtue of Lemmas 5.1 and 5.2. Therefore assuming c;Ey < &g, we
have

“U('a 1)||W22+1(Q) < €o,

which implies that Theorem 1.2 is applicable for the initial time ¢ = 1. This
J

means that the solution exists on [1,2]. Hence if Ey < min{eg, — —} then
c

we can repeat above argument infinitly many times. This completes the
proof. i

6 Proof of Theorem 1.4

It is easy to see that (u, Vq) = (v — v, Vp — Vp) satisfies the equations

20



(O (4 V)u—V Plug) = (5 V)ut (u-V)7) + (f — ).

ot
Vu=0 2€Q,t>0,
ul,_g = vo(x) — 0(x) = up(x) =€,

u-n =0,

(2(1 — K)IID(u)n — Ku = (K — K)(2IID(v)n+v) z €T, t>0.

(6.1)

Multiplying the first equation of (6.1) by w and integrating it over €2, we find

1d, o, vV

et YE

Sl + 2 )

= —/P(u,q)n-udS— /(u-V)v-udx—f—/(f — f) - udx, (6.2)

r Q Q

from which

1d, o, v K 9
-4 e _
2arll 5 (“)+”/F* s

:_V/m) (1_If(&f{_K)u-udS—/Q(u-V)@-udH/Q(f—f)-udx

K-FR i
<v — ull Loy 1ol Loy + 1V L@ llull? + 1 F = Flll]ul]
(1= K)1=E) ||y 0
K-—K 2 _
< evB@) + |Voll ol +c8( ' s ol + 1 — f||2),
@ 1=K~ K)oy 2
(6.3)
1
where 0 < € < 3 Inequality (6.3) can be written as
d 2 2
&HUII + M|ul|* < F(t) (6.4)
with
M = e3¢ v(1 - 20) — 2| Val| Lo, (6.5)
Flr) =2 (] KoK 1 e + If fn?) (6.6)
= 4Cg = 1 — . .
(1= K)A=E) [, 2

From (6.4) we can conclude (1.10).
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