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Abstract

We study some geometrical properties associated to the contact of submanifolds with
hyperhorospheres in hyperbolic n-space as an application of the theory of Legendrian
singularities.

1 Introduction

In [10] we have studied geometric properties of hypersurfaces in hyperbolic space associated
to the contact with hyperhorospheres. We call this geometry the “horospherical geometry” of
hypersurfaces in hyperbolic space. The main tool for the study of hypersurfaces is the hyperbolic
Gauss mapping which has been originally introduced by Ch. Epstein in [4] for surfaces in the
Poincaré ball model. The target of the hyperbolic Gauss map is the boundary sphere of the
Poincaré ball in the original definition. In [10] we have studied hypersurfaces in the Minkowski
space model of hyperbolic space. In this case the corresponding hyperbolic Gauss map is a
mapping from the hypersurface to the spacelike sphere on the light-cone. However, we have
defined the hyperbolic Gauss indicatrix on the light-cone whose singular set is the same as
that of the hyperbolic Gauss map. We have shown that the hyperbolic Gauss indicatrix is the
wave front set of a certain Legendrian submanifold in the projective cotangent bundle of the
light-cone. Therefore we have been able to apply the theory of Legendrian singularities to this
situation.

In this paper we study the analogous geometric properties of higher codimensional subman-
ifolds in hyperbolic space. Instead of the hyperbolic Gauss indicatrix we introduce the notion
of horospherical hypersurfaces of submanifolds which is a generalization of the notion of hyper-
bolic Gauss indicatrices to the higher codimension case. The singularity of the horospherical
hypersurface of a submanifold describes the contact of the submanifold with hyperhorosphere.
We show that the horospherical hypersurface of a submanifold is the wave front set of a certain
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Legendrian submanifold of the projective cotangent bundle of the light-cone. Moreover we con-
sider the hyperbolic canal hypersurface of a submanifold which is the boundary of the tubular
neighbourhood of the submanifold. Since the hyperbolic canal hypersurface is a hypersurface
in hyperbolic space, we can apply the previous theory on the hyperbolic Gauss indicatrix of a
hypersurface. We show that the corresponding Legendrian submanifolds for the horospherical
hypersurface and the hyperbolic Gauss indicatrix of the hyperbolic canal surface of a subman-
ifold are Legendrian equivalent (cf., Theorem 4.3). As a consequence, we can apply the theory
of Legendrian singularities to study the contact of submanifolds with hyperhorospheres. In §2
we prepare some fundamental concepts on hyperbolic space as the Minkowski space model and
review the previous results on hypersurfaces in hyperbolic space. We consider general submani-
folds in hyperbolic space and study basic properties in §3. The main tools are the horospherical
hypersurface and the hyperbolic canal hypersurface of a manifold. We define the horospherical
height function (family) on a submanifold and show that the discriminant set is the horospher-
ical hypersurface (cf., Proposition 3.4). Moreover we show that the horospherical hypersurface
and the hyperbolic Gauss indicatrix of the hyperbolic canal hypersurface of a submanifold are
diffeomorphic (cf., Lemma 3.9). In §4 we show that the horospherical height function of a
submanifold is a Morse family (cf., Proposition 4.1). Therefore the horospherical hypersurface
of a submanifold is the wave front set of a certain Legendrian submanifold. The main results
in §4 is Theorem 4.3. In §5 we study the contact of submanifolds with hyperhorospheres as
applications of the previous results and the theory of Legendrian singularities.

We shall assume throughout the whole paper that all the maps and manifolds are C'* unless
the contrary is explicitly stated.

2 Hypersurfaces in hyperbolic space

In this section we give a brief review on the horospherical differential geometry of hypersurfaces
in hyperbolic n-space which was established in [10]. We adopt the model of hyperbolic n-space
in Minkowski (n + 1)-space. Let R"™™ = {(z¢,21,...,2,) | ; € R (i = 0,1,...,n) } be an
(n + 1)-dimensional vector space. For any © = (zg, 21, ...,%,), ¥ = (Yo, Y1, ---,Yn) € R"L the
pseudo scalar product of x and y is defined by

(T,y) = —zoyo + Z ZiYi.

i=1

We call (R™*! () Minkowski (n + 1)-space. We denote R instead of (R"*!, (,)). We say
that a non-zero vector & € R} is spacelike, lightlike or timelike if (x,x) > 0, (x,z) = 0 or
(x,x) < 0 respectively. For a vector v € RT™ and a real number ¢, we define the hyperplane
with pseudo normal v by

HP(v,c) = {x e R | (x,v) =c }.

We call HP(v,c) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane if v is
timelike, spacelike or lightlike respectively.

We now define hyperbolic n-space by

HY (1) = {@ € By (@,2) = 1,29 > 1)



and de Sitter n-space by
St ={x c R |(x,z) =1}

For any ay,as,...,a, € R'™ we define a vector a; A ay A --- A a, by
—€) € €y
1 1 1
ay @y a,
ati a? a?
aiNas \N---Na, = 0 1 n |,
n n n
ao al .. an
where eg, €1, . . ., e, is the canonical basis of R7™ and a; = (aj,al, ..., al). We can easily check
that
(a,a; Nas A--- A a,) =det(a,ai,...,a,),
so that a3 A as A -+ A a, is pseudo orthogonal to any a; (i = 1,...,n). We also define a set

LCY ={x = (xo,...2,)[(x,2) =0, 20 >0}

and we call it the future lightcone at the origin. If & = (x¢,21,...,2,) is a non-zero lightlike
vector, then xgy # 0. Therefore we have

T = (1,2,...,ﬁ> e ST ={x = (vo,21,...,7,) | (x,x) =0, zp=1}.
Lo Lo
Here, we call S7™' the spacelike (n — 1)-sphere.

Let @ : U — HY}(—1) be an embedding, where U C R™"! is an open subset. We denote
that M = x(U) and identify M and U through the embedding x. Since (x,x) = —1, we
have (x,,,z) =0 (i = 1,...,n — 1), where u = (uy,...u,—1) € U and we denote that
x,, = (0x/0u;). Define a vector

e(u) = x(u) ANy, (u) A ANay,  (u)
() A @y, (W) A Ay, (W]

I

then we have (e, x,,) = (e,x) = 0 and (e, e) = 1. Therefore the vector x + e is lightlike. Since
x(u) € HY(—1) and e(u) € ST, we can show that x(u) £+ e(u) € LC;. We define a map

Li:U—>LCi

by L% (u) = x(u) + e(u) which is called the hyperbolic Gauss indicatriz (or the lightcone dual)
of . In [10] we have shown that D,e € T,M for any p = x(ug) € M and v € T,M. Here,
D, denotes the covariant derivative with respect to the tangent vector v. Therefore, we have
D,L* € T,M. Under the identification of U and M, the derivative dz(ug) can be identified
to the identity mapping idz,y on the tangent space T,M, where p = x(ug). This means that
dL*(ug) = idy,n + de(ug). Thus, dL*(ug) can be regarded as a linear transformation on the
tangent space T,M. We call the linear transformation Spi = —dL*(ug) : T,M — T,M the
hyperbolic shape operator of M = x(U) at p = x(up). We denote the eigenvalue of SF by &
which is called a principal hyperbolic curvature of x(U) = M at p = x(up). The hyperbolic
Gauss-Kronecker curvature of M = x(U) at p = x(uy) is defined to be

Kj (ug) = detSy.
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Since @, (i = 1,...n—1) are spacelike vectors, we induce the Riemannian metric (the hyperbolic
first fundamental form ) ds* = Z?;ll gijdu;du; on M = x(U), where g;;(u) = (@, (1), 2., (u))
for any w € U. We also define the hyperbolic second fundamental invariant by B;?(u) =
(—LE (u), @y, (u)) for any u € U. We have an explicit expression of the hyperbolic Gauss-
Kronecker curvature by Riemannian metric and the hyperbolic second fundamental invariant
as follows: _

et (hziy)

" det (gozﬁ ) .
We say that a point u € U or p = x(u) is an umbilic point if Spi = k¥ (p)idr, . We also say that
M is totally umbilic if all points of M are umbilic. A hypersurface given by the intersection of
H"(—1) and a hyperplane in Rf"" is a totally umbilic hypersurface in hyperbolic n-space. It
can be classified as follows: a totally umbilic hypersurface is respectively called a hypersphere,
a equidistant hypersurface or a hyperhorosphere if it is given be the intersection of H}(—1)
and a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane. If the timelike
hyperplane contains the origin, the equidistant hypersurface is simply called a hyperplane. By
using the principal hyperbolic curvature, we have classified the totally umbilic hypersurfaces as
follows:

Proposition 2.1 Suppose that M = x(U) is totally umbilic, then k= (p) is constant k*. Under
this condition, we have the following classification:
1) Suppose that k* # 0.
a) If k£ # —1 and |k + 1| < 1, then M is a part of an equidistant hypersurface.
b) If k= # —1 and |F* + 1| > 1, then M is a part of a hypersphere.
c) If it = —1, then M is a part of a hyperplane.
2) If k¥ =0, then M is a part of a hyperhorosphere.

We say that a point p = x(ug) is a (positive or negative) horospherical parabolic point (or,
briefly a H*-parabolic point) of  : U — H?(—1) if K (up) = 0. We also say that a point
p = x(ug) is a hyperhorospherical point if h}j(uo) =0foreachi,j=1,....,n—1

In [10] we have considered a family of functions on M as a fundamental tool for the study
of hyperbolic Gauss indicatrix. We define a family of functions

H:UxLC: —R

by H(u,v) = (x(u),v) + 1. We call H a horospherical height function on  : U — HT(—1).
We have the following fundamental properties:

Proposition 2.2 ([10]) Let H : U x LC; — R be a horospherical height function on x :
U — H}(—1). Then we have the following:

(1) H(ug,vo) = 0 if and only if there exist real numbers u,&, ..., 1 such that vy =
x(ug) + pe(ug) + &1y, (wo) + -+ - + En12u,_, (Uo).

(2) H(ug,v9) = 0H/Ou;(ug,v9) =0 (i =1,...,n—1) if and only if vy = x(up) £ e(ug) =
IL* (ug).
Under the condition (2) (i.e., v = L*(ug)), we have the following:

(3) p = x(ug) is a HE-parabolic point if and only if det Hess(hvoi)(uo) = 0.

(4) p =@ (uo) is a hyperhorospherical point if and only if rank Hess(h,z )(uo) = 0.

Here, Hess(h,z)(uo) 1s the Hessian matriz of the horospherical height function h,x(u) =
H(u,vZ) at ug.



We have also naturally interpreted the hyperbolic Gauss indicatrix of a hypersurface as
a wave front set in the framework of contact geometry in [10]. We consider a point v =
(vo,v1,...,v,) € LCY, then we have the relation vy = /v +--- 4+ v2. So we adopt the co-
ordinate system (vq,...,v,) of the manifold LC%. Here, we consider the projective cotangent
bundle
7 PT*(LCY) — LC%

with the canonical contact structure. We now review geometric properties of this space.
Consider the tangent bundle 7 : TPT*(LC%) — PT*(LCY) and the differential map dr :
TPT*(LCY) — TLC7 of m. For any X € TPT*(LC?), there exists an element o € T*(LCY)
such that 7(X) = [a]. For an element V' € T, (LC" ), the property a(V) = 0 does not depend on
the choice of representative of the class [a]. Thus we can define the canonical contact structure
on PT*(LC%) by

K ={X e TPT*(LCY)|7(X)(dn(X)) = 0}.

In the coordinate system (vi,...,v,), we have the trivialisation PT*(LCY) = LC7} X

P(R"1)* and we call
(U1, on), Gt &al)

homogeneous coordinates, where [&; : - -+ : &,] are homogeneous coordinates of the dual projec-
tive space P(R™1)*. It is easy to show that X € K, if and only if " | ;& = 0, where
dr(X) = 3", 1i(0/0v;). An immersion ¢ : L — PT*(LC?) is said to be a Legendrian immer-
sion if dim L = n and diy(T,L) C K, for any ¢ € L. We also call the map 7o the Legendrian
map and the set W (i) = imagen o i the wave front of i. Moreover, ¢ (or, the image of 7) is
called the Legendrian lift of W (i). For extra results and notions on the theory of Legendrian
singularities, please refer to the appendix.

For any hypersurface « : U — H?(—1), we denote x(u) = (o(u), ..., z,(u)) and L*(u) =
(((w), ..., L (u)) as coordinate representations. We now define a smooth mapping

LE:U — PT*(LCY)
by
L5 (u) = (L (), [0 (w)zo(w) + G (w)zr (u) -+ =6 (u)zo + €5 (u)za (u)]).
Then we have the following [10]:

Proposition 2.3 For any hypersurface ¢ : U — H}(—1), L* is a Legendrian immersion
whose generating family is the horospherical height function H : U x LCT — R of x.

Therefore, we have the Legendrian immersion £* whose wave front set is the hyperbolic
Gauss indicatriz L*.

Actually we have shown in [10] that the horospherical height function H : U x LC; — R
is a Morse family.

3 General submanifolds in hyperbolic n-space
Let « : U — HY}(—1) be an embedding of codimension (r 4 1), where U C R® (s +7+1=n) is

an open subset. We also write that M = @(U) and identify M and U through the embedding
x.



For any p = x(u) € M C H}(—1), we have (x(u), x(u)) = —1, so that (x,,(u), z(u)) =0,
where u = (uy,us, ..., us). Hence the tangent space of M at p = x(u) is

Ty M = (@, (w), Ty, (0), . . ., Ty, (0))R.

Let N,(M) be the normal space of M at p = @(u) in R{*" and we define N(M) = N,(M) N
T,H?(—1). Since the normal bundle N(M) is trivial, we can arbitrary choose a unit normal
section n(u) € S"(N}(M)). We can consider differential geometry of general submanifolds in
hyperbolic space which generalizes geometry of hypersurfaces in hyperbolic space in [10]. Since
(n(u),n(u)) =1and (x(u),n(u)) =0, n,,(u) (i =1,...,s) are orthogonal to both of n(u) and
x(u). Therefore we have n,, (u) € T,M @& N}'(M). We now consider the orthogonal projections
7l T,M & NS(M) — T,M and 7V : T,M & NS(M) — NS(M). Let dn, : T,U —
T,M @& N}'(M) be the derivative of n. We define that dn] = 7" o dn, and dnl] = 7" o dn,,.
We call the linear transformation A,,(n) = —dnl : T,,M — T, M the n-shape operator of
M = x(U) at pp = x(up). Under the identification of U and M, the derivative dx, can be
identified with the identity mapping idr, ;. We also call the linear transformation S, (n) =
—(idg, p + dnl ) : T,,M — T, M the horospherical (or, hyperbolic ) m-shape operator of
M = z(U) at py = x(ug). We also call the linear mapping dn® the normal connection with
respect tom of M = x(U) at py = x(ug). We denote the eigenvalue of A, (n) by k,,(n) and the
eigenvalue of S, (n) by &, (n). By the relation of A, (n) and S,,(n) we have a relation that
Rpo (M) = Kp, (1) — 1. We call Ry, (n) the principal horospherical curvature at py with respect to
n. We now define the notion of curvature as follows. The horospherical (or hyperbolic) curvature
with respect to n at py = @(uo) is defined to be

Kn(n)(uo) = Kn(n)y, = detSy,(n).

We say that a point py = @ (uo) is n-umbilic point if S,,(n) = Ky, (n)idr, u. Since the eigen-
vectors of S,,(n) and A, (n) are the same, the above condition is equivalent to the condition
Apy(n) = Kpy(n)idr, p- We say that M = x(U) is totally n-umbilic if all points on M are
n-umbilic. We say that the unit normal vector field n is parallel at py if dnuNO = 0. We simply
say that n is parallel if it is parallel at all points of M. Then we have the following result:

Proposition 3.1 Suppose that M = x(U) is totally n-umbilic and v is a parallel unit normal
vector field on M. Then Ky(n) is constant k. Under this condition, we have the following four
cases:

(1) Suppose that k # 0.
(a) If K # —1 and |k + 1| < 1, then M 1is contained in a equidistant hypersurface.
(b) If K # —1 and |k + 1| > 1, then M is contained in a hypersphere.
(c) If K = —1, then M s contained in a hyperplane.

(2) If K =0, then M 1is contained in a hyperhorosphere.

Proof. By definition, we have —7? on,, = kx,, for i = 1,...,s. Therefore, we have —77 o
Myu; = Koy Ty T KTy SINCE Ty, = Thyjy; AN KTy,u; = KTy u;, We have Ky Ty, = Ky, Ty, By
definition {@x,,, ..., x,, } is linearly independent, so that & = k — 1 is constant.

Since m is a parallel unit normal vector field along M, we have n7on,,, = n,, fori=1,...,s.

We now assume that & # 0. If K # —1 then x # 0, so that we have —n,,, = ka,,. Therefore,
there exists a constant vector a such that * = a + (1/k)n. Since (x — a,z — a) = (1/k)?, we
have (a,x) = —1. This means that M = x(U) C HP(a,—1) N H}(-1). If |k + 1| < 1, then
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a is spacelike. If |k + 1| > 1, then a is timelike. Then the assertion (1) (a), (b) follow. If
k = —1, then n,, = 0, so that n is a constant vector a. Since a is a spacelike vector and we
have (x,a) =0, M = z(U) C HP(a,0) N H?(—1). The assertion (1), (c) follows.

Finally we assume that x = 0. In this case, we have * + m is a constant vector a, so
that we have (x,a) = —1. Since a is a lightlike vector, this means that M is contained in a
hyperhorosphere. O

We now give the following generalized hyperbolic Weingarten formula. Since x,, (i =
1,...s) are spacelike vectors, we induce the Riemannian metric (the hyperbolic first fundamental
form ) ds* = 377, gijduiduj on M = x(U), where g;;(u) = (@, (u), z,,(u)) for any v € U.
We also define the horospherical (or, hyperbolic) second fundamental invariant with respect
to the unit normal vector field m by hij(n)(u) = (—(z + n)y,(v), z,, (u)) for any u € U.
If we define the second fundamental invariant with respect to the normal vector field m by
hij(n)(u) = —(ny,(u), 2y, (u)), then we have the following relation:

ig(n)(w) = —gis (1) + hiy(n)(w), (1,5 =1,...,5).

Proposition 3.2 Under the above notations, we have the following horospherical (or, hyper-
bolic) Weingarten formula with respect to n:

7o (T +n)y, Zhj n)x,,,

where (ﬁi(n)) = (ﬁzk(n)) (gkj) and (gkj) = (gkj)il

Proof. There exist real numbers IV such that
7l o (x +mn), Z T’ 1Ty,

N

Since (7 o (T +n)y,, Ty;) = 0, we have

’I’L) = Zl F?@gufm CL‘U5> = ;F?gaﬁ'

Hence, we have
S S S

—hl(n) = =) his(n)g” => > T¢gasg™ =T
B=1 a=1

B=1
This completes the proof. a

As a corollary of the above proposition, we have an explicit expression of the horospherical
curvature by Riemannian metric and the horospherical second fundamental invariant.

Corollary 3.3 Under the same notations as in the above proposition, the horospherical curva-
ture with respect to m s given by

Fonln) =~ (9as)



Proof. By the horospherical Weingarten formula, the representation matrix of the horospherical
shape operator with respect to the basis {@,,, ...,z } is (kl(n)) = (hig) (¢77) . It follows from
this fact that

Kn(n) = detS,(n) = det (k! (n)) = det (his(n)) (9%) = %'

O

Since (—(x + n)(u), 2y, (u)) = 0, we have hy;(n)(u) = (x(u) + 1(u), Ty, (u)). Therefore
the horospherical second fundamental invariant at a point py = @(ug) depends only on x(ug) +
n(up) and x,,,, (uo). By the above corollary, the horospherical curvature also depends only on
x(uo) + n(u) and @y, (ug). It is independent on the choice of the normal vector field n. We
write Kj(n0)(ug) as the horospherical curvature at py = @(ug) with respect to ng = n(uy).
We might also say that a point py = x(ug) is ng-umbilic because the horospherical n-shape
operator is independent on the choice of the normal vector filed n (it depends on the normal
vector ng = n(ug)).

We say that a point py = x(ug) is a horospherical parabolic point with respect to ng (or,
briefly a H(ng)-parabolic point) of ® : U — HT(—1) if Kj(no)(ug) = 0. We also say that a
point py = x(uyg) is a horospherical point with respect to ng (or, briefly an e(uq, p)-horospherical
point) if it is an my-umbilic point and Kj(n)(u) = 0.

We now arbitrary choose unit orthonormal sections n;(u) € S"(N}(M)) (j=1,...,r+1).
Therefore we have

Ny(M) = (x(u), n1(u), ..., npq1(u))r.

Since {x, Ty, ..., Tu,, M1, ..., Mei1} is a pseudo orthonormal frame of TR?™ along M, we have

s r—+1
("j)u; = D Ny, + D kN + oo for some A,y € R, i =1,2,...s, j =1,...,r+2, where
i=1 =1

— -
we denote (n;),, = (On;/0u;)(u). It follows form the fact (n;, n;) = 1 that ((n;),,, n;) = 0.

Thus we have p; = 0. By the relation (z,n;) = 0, we have (x, (n;),,) = —(@,,;, ;) = 0. Hence
tri2 = 0. Therefore, we have a relation

(1)) (1) € (@ (u), - @ (W), (w) -y (), g (), M (1)),

The boundary of the tubular neighbourhood of M with sufficiently small radius is called
the hyperbolic canal hypersurface of M. In general it is the image of an embedding from the
unit normal bundle of M in H?(—1). Since we consider the local parameterization & : U —
H?(—1), we can explicitly write the embedding as follows: We define a mapping & : U x S" —
H (1) by

r+1
& (u, ) = cosh fx(u) + sinh 6 Z i (u),
j=1

r+1
where g1 = (1, ..., ptry1) € R with 3> 42 = 1, w = (ug,...,u,) and 6 is a fixed real
j=1

number. For sufficiently small |#] > 0 we can show that & is an embedding. We write CM =
(U xS") and call it the hyperbolic canal hypersurface of M = x(U). Throughout the remainder

in this paper we write that e(u, ) = Z;E pini(u) by using the fixed pseudo-orthonormal

frame {x(u), 1 (1), ..., 1 (u)} of Ny(M) and p = (p1, ..., prsr) with 32711 5 = 1. We now

Jj=1
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consider the horospherical height function on a general submanifold in H}(—1) as follows: For
any embedding « : U — H7(—1) (U C R?), define a function

H:UxLC: —R

by H(u,v) = (x(u),v) + 1, where v = (vo,v1,...v,) € LCY. We call H a horospherical height
function on M. We denote that h,,(u) = H(x(u),vo), for any vy € LC%, then the following
proposition holds:

Proposition 3.4 We have the following assertions:

(1) hy(u) = 0 if and only if there exist real numbers A1, ..., A, fi1, ..., fry1 Such that v =
T+ > i+ D pm.

(2) hy(u) = (Ohy/0u;)(u) =0 (i =1,...,5s) if and only if v = x(u) + e(u, 1).

Proof. (1) Since {, @y, ..., Tu,, M1, ..., M1} is a basis of the vector space T,R}™ where p =
r41
x(u), there exist real numbers A\, A1, ..., Ay, fo1, . . ., fly1 such that v = Ae+> 0 N+ pyn;.
=1
Therefore H(u,v) = 0 if and only if —1 = (x,v) = ANx,x) = —\.

(2) Since (0H/0u;)(u,v) = (y,,v), we have 0 = (,,, V) = \(Xy,, Ty,). Since v € LCT,
the condition H(u,v) = (0H/0u;)(u,v) = 0 holds if and only if v = x + Z;: pim; with

Z;: 7 = 1. This completes the proof. 0

It follows that

r+1
Y.(H)= {(u,'v) eUxLCY | v=2ox(u)+e(u,p), = (1, ..., hr41) with Z,u? = 1}

j=1
The set 3, (H) is defined in the appendix and the discriminant set of H is
Dy ={z(u)+e(up) | (upelxS"}.
We define a mapping
HSg :UxS" — LCY

by HSg(u, ) = x(u) + e(u, u). We call HSg the horospherical hypersurface of M. Of course,
HSz depends on the choice of the pseudo-orthonormal frame {x,n,...,n,.1} of N(M).
Let {x,n),...,n, } be another pseudo-orthonormal frame of N(M). Then we have n; =
Z;Jj Aijy, where \i; = (n;(u), n);(u)). We now define a diffeomorphism @ : U x " — U x S”

by
r+1 r—+1

D) = (1, (3 M@ X (W),

where © = (p1,..., tr+1). We also define that e'(u,pu) = Z:ill i (u). It follows from the

above definition that e(u, u) = €’ o ®(u, ). Therefore we have

HSgx(u, p) = HSg o ®(u, p),

9



where HS%(u, ) = x(u) + €' (u, ). This means that HS7, defines the same hypersurface as
HSx (U x S™) with a different parameterization.

Since we are interested in the singularity of HSz(U x S"), we arbitrary fix a pseudo-
orthonormal frame

{w(u)a nl(u)v SR nrJrl(u)}
of N(M) throughout the remainder of this paper. We can show the following assertion:

Proposition 3.5 Let « : U — HY}(—1) be a submanifold. Then there exists a smooth map-
ping p 2 U — S™ such that HSgx(u, u(w)) is a constant vector if and only if M = x(U) is
contained in a hyperhorosphere. By Proposition 3.1, the above condition is equivalent to the
condition that M is totally e(u, u(u))-umbilic, the normal vector field e(u, u(w)) is parallel and

Knle(u, p(u))(u) = 0.

Proof.  Suppose that vo = x(u) + e(u, u(u)) is a constant lightlike vector. Since e(u, p(u))
is a normal vector of M for any u € U, we have (vo,x(u)) = —1 for any v € U. This means
that M C HS" '(vy,—1). On the other hand if M C HS" !(vy, —1) for some lightlike vector
vy, then (vg, z(u)) = —1 for any u € U. It follows that we have (vy — x(u), z(u)) = 0 for any
u € U. Moreover, we have (vg,x,,) = 0. Therefore, vy — x(u) is a normal vector of M. We
define a smooth mapping v : U — S™ by u(u) = Z;:ll(vo —x(u), n;(u))n;(u). Then we have
vo — x(u) = e(u, u(u)). This completes the proof. O

Since the image of the horospherical hypersurface H Sz of M is the discriminant set of the
horospherical height function H on M, the singular set of H Sz corresponds to the nondegen-
erate set of the Hessian matrix of the horospherical height function. Therefore we have the
following proposition.

Proposition 3.6 The singular set of HSg is given by
N(HSg) = {(u,p) € Ux 5" | Kn(e(u,))(u) =0 }.

Proof. By a straight forward calculation, the Hessian matrix of the horospherical height
function h, at p = x(u) is given by ((@y,, (u), v)), where v is a unit normal vector of M at
p. Since (u,v) € X,(H), we have v = x(u) + e(u, y1) for some p € S”. By the remark after
Corollary 3.3, Kp(e(u, it))(u) = det((Zyu, (u), z(u) + e(u, 1))). This completes the proof. O

By the proof of the above proposition, we have the following proposition.

Proposition 3.7 For any submanifold x : U — HY(—1) and a lightlike vector vy = x(ug) +
e(ug, o), we have the following assertions:

(1) po = x(ug) is an H(e(ug, po))-parabolic point if and only if det Hess(hy,)(ug) = 0,

(2) po = x(ug) is an e(ug, po)-horospherical point if and only if Hess(h,,)(ug) = 0.
Here Hess(hy, )(ug) = 0 is the Hessian matriz of hy,(u) at ug.

On the other hand we now consider the hyperbolic canal hypersurface of M. Since C'M
is a hypersurface in H?}(—1), we can apply previous calculations on the horospherical height
function of a hypersurface (cf., §2). We consider the horospherical height function on the
hyperbolic canal hypersurface C'M:

H:CM x LC, — R; H((u, p),v) = (@((u, ), v)) + 1.
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Denote that h,(u) = H((u, u),v) for any v € LC% and N (u, ) = sinh 0z (u) + cosh fe(u, u),
then we have the following proposition.

Proposition 3.8 We have the following assertions:
(1) hy(u, ) =0 z'f and only if there exist real numbers Als.voy Ap—1,p such that v = & +

nilAZ%(U u)+ZAn r=145Cu, (U, ) + pIN (u, p) cdeA“rp =1
(2) h (uu)z_(ah/auz)(uu) (Ohy /Oy ) (u, ) = 0(21--- n—r—1; j=1,...,7) if

and only if v = (u, p) £ N (u, p) = (sinh 6 £ cosh 0)(x(u) + e(u, ).

Proof. Since &(u, p1) = cosh 0x(u) + sinh fe(u, 1), we have
&y, (u, ) = cosh 0z, (u) + sinhfe,, (u, pu) (i=1,...,s),

&, (u,pu) =sinhbde, (u,p) (j=1,...,7),
where e,, = Oe/0u;. Without the loss of generality we consider the case that ., > 0, so
that 1 =4 /1 =377, p3. Since e = S umg, we have e, =n; — M‘:—ilnrﬂ. By definition,
(N,z) = 0. It follows that

(N, z,,) = (sinh fx + cosh fe, cosh 6z, + sinh fe,,) = (coshfe, coshbx,,) = 0.

On the other hand, we have

(N,z,,) = (sinhfx + coshbe, smh98—>

op;
r+1 .
= (sinh @z + coshd Z pin;,sinh6(n,; — o Nyi1))
j=1 M1

= coshfsinh Q(Z Winy + 1My, M — Mu—jn,url)
j=1 r+1

= cosh@sinhO(p; — p;) = 0.

This means that N (u, p) = sinh 6 (u)+cosh fe(u, 1) is a unit normal vector of CM at &(u, p) =
p. Therefore

{Z,Zy,,... . %u,, Tpy, ..., Ty, N}
is a basis of TﬁR’fH. Hence there exist real numbers A\, X;, p (i =1,...,n — 1) such that
v=(\T+ Z Ny, + Z Asti Ty, + pIN ) (u, p).
i=1 j=1

(1) The condition h,(u, 1) = 0 is equivalent to the condition that —1 = (x, v) = \(Z, &) =
—A. Hence, we have the assertion (1).

(2) The condition h,(u, ) = (Oh,/0u;)(u, ) = (Ohy/Op;)(u, i) = 0 (i = 1,...,s; j =
1,...,r) is equivalent to the conditions that A = 1, (Zy,(u, 1), v) = (Z,,(u, ), v) = 0 and
v € LC%. Therefor we have the condition that A =1, \; =0, A\ = £pand v = (2+ N )(u, i) €

11



LC% By definition, we have (& = N)(u, ) = (sinh 0 & cosh §)(x £ e)(u, ). This completes the
proof of the assertion (2). O

Since the unit normal vector field of the hyperbolic canal hypersurface C'M is given by N,
the hyperbolic Gauss indicatrix of the hyperbolic canal hypersurface C'M is a mapping

Loy : U x 8" — LCY
given by
Lom(u, p) = &(u, ) + N (u, ) = (sinh 6 + cosh 0) (x(u) + e(u, p1)).
We now define a diffeomorphism
M. : LCT — LC7
by M.(v) = cv for a fixed positive real number c¢. Then we have the following lemma:
Lemma 3.9 Under the above notations, we have
Mo HSg(u, p) = Lo (u, p),
where ¢ = cosh 6 4 sinh 6.

By Lemma 3.3, the horospherical hypersurface of M is diffeomorphic to the hyperbolic
indicatrix of the hyperbolic canal surface CM of M.

4 Horospherical hypersurfaces as wave fronts

In this section we naturally interpret the horospherical hypersurfaces of M in the future light-
cone LC% as a wavefront set in the framework of contact geometry. We also refer to the
appendix for basic notions and results on the theory of Legendrian singularities. For an s-
dimensional embedding @ : U — H?}(—1), we have defined the horospherical height function
H in §3 and shown that the discriminant set is the horospherical hypersurface of (U) = M in
L. Moreover, we have the following proposition:

Proposition 4.1 The horospherical height function H : U x LC — R is a Morse family.

Proof. For any v = (vg,v1,...,v,) € LC%, we have vy = /v] + - - - + v2, so that
H(u,v) = (x(u),v) + 1 = —zo(u)\/ v + -+ + 02 + 21 (w)vy + - - + 2 (0) 0y,
where x(u) = (xo(u), ..., x,(u)). We now prove that the mapping
OH OH
AN'H=(H —,...,—
(#, ou,” 8us>

is non-singular at any point. The Jacobian matrix of A*H is given as follows:
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U1 Un,
(Ty,,v) (xy,,v) —xov—o + 11 —xov—o + z,

U1 n

<wu1u17 'U> <mu1usa 'U> —ZLou, U_ + T1u,y —ZLou, U_ + Tnu,
0 0

)

U1 Un,

<wusu17 'U) <wu5u57 ’U) —ZL0u, U_ + HATTN —Tou, U_ + Tnug
0 0

where @, = 0x /0u; and @, = 0°x/0u;Oui(u). We now show that the rank of the matrix

(%1
—zo— + 1y
v
Y

—I'Oul — + xlul

X = Vo

U1

_:COuS — + xlus

Vo

is s+ 1 at (u,v) € X (H).

Un
—z0-" + T,
(¥
UO

n
_xOul — + xnul

Vo

(Y

n
_:COuS — + xnus

Vo

Since (u,v) € X.(H), we have v = x(u) + Z;Jj pini(u) with

ZTH ,u? = 1. Without the loss of generality, we assume that pu,.; # 0. We denote that

j=1 ,
n;(u) = (mf(u),. ..
matrix

n

U1
—mgy— + mj
Vo

is n at (u,v) € X.(H). We denote that a; =

Then we have

A:(—aoﬂ—l—al,...

Vo

and

v
detA = Zdet(ay, . ..
Vo Vo

On the other hand, we have

v
, Q) — —1det(a0, a, ...

Un,
—z0— + @
Vo
Un,

_xOul — + xnul
Vo

Un
_IOus — + xnus
Vo

17n 1
—my— +m,

Vo

a = NN NZsg ANy N---A\n,

= (—det(al, ..

., ay), —det(ag, as, . ..

)y

13

,(—1)"det(a, . .

,m! (u)) fori=1,...,r+1. Then it is enough to show that the rank of the

Vo
Up,
—my— +m,,
Vo
t 1 C_
(Tiy Tiugy - s Tingy M5 .. .,mL) for i =0,...,n.
Un
y —@o— +an)
Vo
Un
,Qp) — - — —det(ay,...,a,_1,ap).

>a'n—1))'



Therefore we have

detd = (20,41 a) = (@ + e(w, ), llall )
= &llallu #0
for (u,v) € ¥,(H). This complete the proof of proposition. O

By the above proposition, we can define the Legendrian lift of the horospherical hypersurface
as follows: We denote that x(u) = (zo(u),...,z,(uw)) and HSx(u, p) = (Co(u, p), ... lo(u, 1))
as coordinate representations. Define a map

Lz :U xS — PT*(LC?)

by

»CCC(U7 M) = (HSCB (ua :U’)v [E(u7 M)D

where

8w, 1)) = [~ (1 ) (u) + Ty, s () = -+ — 0, ) () + Eo (o, ()]
By definition, we have the following corollary of the above proposition:

Corollary 4.2 For an s-dimensional embedding ® : U — HY(-1), Lg : U x " —
PT*(LCY) is a Legendrian immersion such that the horospherical height function H : U X
LCY — R of x(U) = M is a generating family of L.

On the other hand, we define a contact diffeomorphism

M, : PT*(LC) — PT*(LC?)
by Mvc(v, [€]) = (cv, [€]) for a fixed positive number ¢, which is the unique contact lift of the
diffeomorphism M, : LC} — LC?. By definition we have the following theorem:

Theorem 4.3 For an s-dimensional embedding « : U — H?(—1), we have

—~

MC o E:c(% M) = CCM(Uﬁ /'L)v

where ¢ = cosh @ +sinh 6 and Loy is the Legendrian lift of the Gaussian indicatriz Loy of the
hyperbolic canal hypersurface C'M.
In other words, the Legendrian lift of the Gaussian indicatriz Ly of the hyperbolic canal hyper-

surface C'M is Legendrian equivalent to the Legendrian lift Ly of the horospherical hypersurface
HSx of M = x(U).

Corollary 4.4 Under the same assumption of the above theorem, the horospherical height func-
tion germ H of x at (ug,vo) and and the horospherical height function germ H at (ug, o, Vo)
are stably P-K-equivalent, where vg = x(ug) + e(uo, fto) and vy = &(ug, po) + N (ug, o).
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5 Contact with hyperhorospheres

In this section we consider the contact of submanifolds with hyperhorospheres. Before we
start to consider the contact between hypersurfaces and hyperhorospheres, we briefly review
the theory of contact due to Montaldi [17]. Let X;,Y; (i = 1,2) be submanifolds of R" with
dim X; = dim X5 and dim Y; = dim Y5. We say that the contact of X; and Y; at y; is same type
as the contact of Xy and Y, at yo if there is a diffeomorphism germ & : (R",y;) — (R", y5)
such that ®(X;) = X, and ®(Y;) = Ys. In this case we write K (X1, Y1;11) = K(Xo, Yo 10). It
is clear that in the definition R"™ could be replaced by any manifold. In his paper [17], Montaldi
gives a characterization of the notion of contact by using the terminology of singularity theory.

Theorem 5.1 Let X;,Y; (i = 1,2) be submanifolds of R" with dim X; = dim X, and dimY; =
dimYs. Let g; : (Xi,x;) — (R™,y;) be immersion germs and f; : (R",y;) — (RP,0) be
submersion germs with (Y, y;) = (f;1(0),v:). Then K(X1,Y1;y1) = K(Xa,Ya; 1) if and only
if fiog1 and fy0 go are K-equivalent.

Define a function $ : H}(—1) x LC7 — R by (v, v2) = (v1,v2) + 1. For any vy € LC7, we
define that b, (u) = $(u, vo) and we have a hyperhorosphere b ' (0) = HP(vo, —1)NH}(-1) =
HS" Y(vg,—1). Let @ : U — HY}(—1) be an embedding of codimension (r+1). For any ug € U
and py € S”, we consider a lightlike vector vy = x(ug) + e(ug, o) € LC7, then we have

oo © (ug) = $Ho (x X idLer)(uo,'vo) = H(ug,vo) =0
by Proposition 3.1, (1). It also follows from Proposition 3.1, (2) that we have

0D, OH
2602 (ug) = 5 (o, (o) + efuo o)) = O,

for i = 1,...,n —r — 1. This means that the hyperhorospheres h,'(0) = HS" !(vo,—1) is
tangent to M = x(U) at p = x(up). In this case, we call HS" !(vg, —1) the tangent hyper-
horosphere of M = x(U) at py = x(ug) (or, ug) with respect to x(ug) + e(uo, fto), which we
write HS(x, (ug, it0)). In the case when s = n — 1 (i.e., the hypersurface case), we have exactly
two normal direction at each point. Therefore, there are two tangent hyperhorospheres of a
hypersurface at each point. For the higher codimensional case, we have the hyperbolic canal
hypersurface & : U x S — HZ(—1) of &(U) = M. We denote HS(Z, (uo, p10)) as the tangent
hyperhorosphere of CM = (U x S™) at (ug, o) with respect to &(ug) + IN (uo, o).

We now consider the contact of M with tangent hyperhorospheres at py € M as an
application of Legendrian singularity theory. Let f; : (N;,2;) — (PL,y:) (1 = 1,2) be
C* map germs. We say that fi, fo are A-equivalent if there exist diffeomorphism germs
¢ (Ny,z1) — (Noyxg) and ¢ @ (Pr,y1) — (P, y2) such that ¢ o fi = fy 0. Let
HSg, : (U x S", (u;, ;) — (LC%,v;) (i = 1,2) be horospherical hypersurface germs of sub-
manifold germs x; : (U, u;) — (HZ(—1),x;(u;)). If both the regular sets of HSg, are dense in
(U x S", (us, f17)), it follows from Proposition A.2 that HSg, and HSg, are A-equivalent if and
only if the corresponding Legendrian immersion germs Lg, : (U x S”, (u1, 1)) — (LC%, v4)
and Lg, : (U x S7, (ug, n2)) — (LC%,vs) are Legendrian equivalent. This condition is also
equivalent to the condition that two generating families H; and H, are P-K-equivalent by The-
orem A.3. Here, H; : (U x LC%, (u;,v;)) — R is the horospherical height function germ of ;.
By Lemma 3.9, the above condition is equivalent to that Leyay,, Lens, are A-equivalent, where
CM; = z;(U x S™) (i =1,2) is the hyperbolic canal hypersurfaces of ;.
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On the other hand, we define that h;,,(v) = H;(u,v;), then we have h;,,(u) = b,, o x;(u).
By Theorem 5.1, K(x1(U), HS(x1, (u1, p11)), v1) = K(x2(U), HS (22, (ug, f12)), v2) if and only
if hy,, and hy,, are K-equivalent. Therefore, we can apply the arguments in the appendix to
our situation.

Theorem 5.2 Let x; : (U,u;) — (H}(—1),2:(w;)) (¢ = 1,2) be hypersurfaces germs such that
Y(HSg,) (i = 1,2) have no interior points as subspaces of U x S". Then we have the following
assertions:

(A) The following conditions are equivalent:
(1) Horospherical hypersurface germs HSg, and HSg, are A-equivalent.
(2) Lg, and Lg, are Legendrian equivalent.
(3) Hy and Hy are P-K-equivalent.
(4) Hyperbolic Gauss indicatriz germs Loy, and Loy, are A-equivalent.
(5) Loy and Lon, are Legendrian equivalent.
(6) H, and Hy are P-K-equivalent.

(B) If one of the above conditions hold for x; (i = 1,2),

K(z,(U), HS (21, (w1, 1)), v1) = K(x2(U), HS (22, (ug, f12)), v2).

In this case, (27 (HS(xy, (u1,111))),u1) and (x5 (HS(xy, (ug, i12))), u2) are diffeomorphic as
set germs.

Proof. (A) By the assumption, the corresponding Legendrian lifts Lz, satisfy the hypothesis
of Proposition A.2. It follows from Proposition A.2 and Theorem A.3 that the conditions (1),
(2) and (3) are equivalent. By Theorem 4.3, the condition (2) is equivalent to the condition
(5). It also follows from Proposition A.2 and Theorem A.3 that the conditions (4), (5) and (6)
are equivalent.

(B) Suppose that Hy and Hy are P-K-equivalent. Then h; ,, and hy ,, are K-equivalent. By
Theorem 5.1, we have

K(ml(U)7 HS(mla (U/l) Ml))) 'Ul) = K(mQ(U)u HS(Q:Q, (U/Qa /‘LZ))a ’UQ)‘
On the other hand, we have (z; ' (HS(x;, (ui, 117))), ;) = hy, (0). It follows that

(1" (HS (21, (u1, 11))), u1) and (5 ' (HS (s, (us, p12))), u2)

are diffeomorphic as set germs because the K-equivalence preserves the zero level sets. O

For a submanifold germ @ : (U, up) — (H(—1),x(uo)), we call (= (HS(z, (uo, o)), to)
the tangent hyperhorospherical indicatriz germ of @ with respect to e(ug, to). By Theorem 5.2,
the diffeomorphism type of the tangent hyperhorospherical indicatrix germ is an invariant of
the A-classification among the horospherical hypersurface germs for generic submanifolds.

In the case when the corresponding Legendrian immersion Lg is Legendrian stable, we
have more detailed assertions. We now denote Q(z, (ug, f10)) the local ring of the function germ
hyy © (U,ug) — R, where vy = @(ug) + e(ug, po). We remark that we can explicitly write the
local ring as follows:

Cn(U)
x(u), x(uo) + e(ug, o)) + 1>033(U) 7

Q(m7 U, ,U’O) = <<
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where C5°(U) is the local ring of function germs at uy with the unique maximal ideal 2,,(U).
We also denote Q(&, (ug, f10)) as the local ring of the function germ hy, : (U xS", (ug, o)) — R,
where vy = Z(ug, po) + N (ug, fo)-

Theorem 5.3 Let x; : (U,u;) — (HY(=1),zi(w;)) (1 = 1,2) be hypersurfaces germs such that
the corresponding Legendrian immersion germs Lg, = (U x S”, (u;, ;) — (PT*(LCY), z;) are
Legendrian stable. Then the following conditions are equivalent:

(1) Horospherical hypersurface germs HSg, and HSgx, are A-equivalent.
(2) Lg, and Lg, are Legendrian equivalent.
(3) Hy and Hy are P-K-equivalent.
(4) hya, and hy,, are K-equivalent.
(5) K(x1(U), HS(x1,u1), v1) = K(x2(U), HS (@2, u2), v2).
(6) Q(x1,ur; 1) and Q(xa, ug; 2) are isomorphic as R-algebras.
(7) Hyperbolic Gauss indicatriz germs Loy, and Loy, are A-equivalent.
(8) Loy, and Lo, are Legendrian equivalent.
(9) H, and Hy are P-K-equivalent.
(10) Ay, and hy,, are K-equivalent.
(11) K(21(U x S"), HS(&1, (u1, 1), v1) = K(22(U x S™), HS(Z2, (ug, ti2)), v2).
(12) Q(z1, (u1, 1)) and Q(Za, (ug, u2)) are isomorphic as R-algebras.
Proof.  We remark that if L, is Legendrian stable then the singular set 3(HSg,) of the
corresponding horospherical hypersurface has no interior points as a subspace of U x S". By
Theorem 5.2, the conditions (1), (2), (3), (7), (8) and (9) are equivalent. It follows from
Propositions A.3 and A.4 that the conditions (2),(4) and (6) are equivalent. Since Lg, and
Ly, are Legendrian equivalent, Loy, is also Legendrian stable. Therefore the conditions (8),
(10) and (12) are also equivalent. By Theorem 5.1, the conditions (4) and (5) (respectively,
(10) and (11)) are equivalent. O

In the next section, we will prove that the assumption of the theorem is generic in the case
when n < 6. For general dimension, we need the topological theory (cf., Proposition A.5).

Theorem 5.4 Let x; : (U,u;) — (H?(—1),x;(u;)) (i = 1,2) be submanifold germs such that
the map germ given by wy, : (H; '(v;), (ui,v;)) — (LC*,v;) at any point u; € U is an MT-
stable map germ, where H; is the horospherical height function of ©; and v; = @;(u;) + e(u;, ;).
If Q(xy, (u1, 1)) and Q(xs, (ug, p2)) are isomorphic as R-algebras, then HSx, and HSg, are

stratified equivalent as set germs.

By the above results, we can borrow some basic invariants from the singularity theory on
function germs. We need KC-invariants for function germs. The local ring of a function germ is a
complete K-invariant for generic function germs. It is, however, not a numerical invariant. The
K-codimension (or, Tyurina number) of a function germ is a numerical K-invariant of function
germs [13]. We denote that

Ca)
((@(u), vo) + 1, (@u, (1), vo)) ez

where vy = x(ug) + e(ug, po). Usually H-ord(z, (ug, 110)) is called the K-codimension of h.,.
However, we call it the order of contact with the tangent hyperhorosphere at @ (ug) with respect

H-ord(z, (ug, pto)) = dim
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to e(ug, f10). We also have the notion of corank of function germs.
H-corank(ax, (ug, po)) = s — rank Hess(h,, (uo)).
By Proposition 3.7, x(ug) is a H (e(uq, fo))-parabolic point if and only if
H-corank(x, (ug, 10)) > 1.

Moreover x(ug) is a e(uqg, fp)-horospherical point if and only if H-corank(x, (ug, i0)) = s.

On the other hand, a function germ f : (R"! a) — R has the Ag-type singularity if
f is K-equivalent to the germ #+u? + --- + w2 , + u*™}. If H-corank(, (uo, o)) = 1, the
horospherical height function h,, has the Ax-type singularity at uy in generic. In this case we
have H-ord(z, (uo, tto)) = k. This number is equal to the order of contact in the classical sense
(cf., [2]). This is the reason why we call H-ord(z, (uo, o)) the order of contact with the tangent

hyperhorosphere with the polar vector vy = @(ug) + e(ug, o) at x(ug).

6 (seneric properties

In this section we consider generic properties of submanifolds in H}(—1). The main tool is
a kind of transversality theorems. We consider the space of embeddings Emb (U, H}(—1))
with Whitney C*°-topology for an open subset U C R®. We also consider the function §) :
H?(—1) x LC7 — R which is given in §5. We claim that §),, is a submersion for any u € LC%,
where $,(v) = H(u, v). For any € Emb (U, H}(—1)), we have H = §) o (x X idrc; ). We also
have the /-jet extension
JiH : U x LCT — JY(U,R)

defined by jiH (u,v) = j*h,(u). We consider the trivialisation J(U,R) = U x R x J*(s,1). For
any submanifold Q C J%(s, 1), we denote that Cj = U x {0} x Q. Then we have the following
proposition as a corollary of Lemma 6 in Wassermann [21]. (See also Montaldi [18]).

Proposition 6.1 Let Q be a submanifold of J*(s,1). Then the set
To = {x € Emb (U, H?(-1)) | jiH is transversal to Q)
is a residual subset of Emb (U, H}(—1)). If Q is a closed subset, then Ty is open.

On the other hand, we already have the canonical stratification A§ (U, R) of J*(R*, R)\W*(R*, R)
(cf., the appendix). By the above proposition and arguments in the appendix, we have the fol-
lowing theorem.

Theorem 6.2 There exists an open dense subset O C Emb (U, H}(—1)) such that for any
x € O, the germ of the corresponding horospherical hypersurface HSg at each point is the
critical part of an MT-stable map germ.

In the case when n < 6, for any x € O, the germ of the Legendrian lift Lg of the hyperbolic
horospherical hypersurface HSg at each point is Legendrian stable.

We remark that we can also prove the multi-jet version of Proposition 6.1. As an application
of such a multi-jet transversality theorem, we can show that the horospherical hypersurface
H Sy is the critical part of a (global) MT-stable map for a generic submanifold z : U —
H?(—1) (cf., Appendix). However, the arguments are rather tedious and we only consider local
phenomenon in this paper, so that we omit it.
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Appendix Generating families

In which we give a brief survey on the theory of Legendrian singularities mainly developed by
Arnol’d and Zakalyukin [1, 24, 25]. Let F : (R* x R",0) — (R, 0) be a function germ. We
say that F'is a Morse family if the mapping

oF oF
A*F = (F——> (R x R",0) — (R x R*,0)
oq gk
is non-singular, where (¢,z) = (q1,...,q, 21,...,2,) € (RF x R? 0). In this case we have a

smooth (n—1)-dimensional submanifold ¥, (F) = A*F~1(0) and a map germ @5 : (X,(F),0) —
PT*R™ defined by

(I)F(an) = (l‘, [g—i(q,x) e gf; (an)])

is a Legendrian immersion. Then we have the following fundamental theorem of the theory of
Legendrian singularities.

Proposition A.1 All Legendrian submanifold germs in PT*R™ are constructed by the above
method.

We call F' a generating family of ® . Therefore the wave front is

F F
W(Pp)= {x € R™ |there exists ¢ € R* such that F(q,z) = g—ql(q,x) == g—qk

(q,x)zO}.

We sometime denote Dp = W (®p) and call it the discriminant set of F.

We now introduce an equivalence relation among Legendrian immersion germs. Let ¢ :
(L,p) C (PT*R™,p) and ¢ : (L',p') C (PT*R™,p’) be Legendrian immersion germs. Then
we say that ¢ and i’ are Legendrian equivalent if there exists a contact diffeomorphism germ
H : (PT*R",p) — (PT*R™,p') such that H preserves fibres of 7 and that H(L) = L. A
Legendrian immersion germ into PT*R"™ at a point is said to be Legendrian stable if for every
map with the given germ there is a neighbourhood in the space of Legendrian immersions (in
the Whitney C'* topology) and a neighbourhood of the original point such that each Legendrian
immersion belonging to the first neighbourhood has in the second neighbourhood a point at
which its germ is Legendrian equivalent to the original germ.

Since the Legendrian lift i : (L, p) C (PT*R", p) is uniquely determined on the regular part
of the wave front W (i), we have the following simple but significant property of Legendrian
immersion germs:

Proposition A.2 Let i : (L,p) C (PT*R",p) and ¢ : (L',p’) C (PT*R™,p') be Legendrian
immersion germs such that reqular sets of wo i,m o are dense respectively. Then i, are
Legendrian equivalent if and only if wave front sets W (i), W (i') are diffeomorphic as set germs.

This result has been firstly pointed out by Zakalyukin [25]. The assumption in the above
proposition is a generic condition for 4,i’. Specially, if i,7 are Legendrian stable, then these
satisfy the assumption.

We can interpret the Legendrian equivalence by using the notion of generating families.
We denote &, the local ring of function germs (R™,0) — R with the unique maximal ideal
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M, ={he€& |h0) =0} Let F,G: (R*xR",0) — (R, 0) be function germs. We say that F
and G are P-K-equivalent if there exists a diffeomorphism germ ¥ : (R*xR", 0) — (R¥xR", 0)
of the form W(z,u) = (¢1(q, z), h2(x)) for (¢, z) € (R¥xR™, 0) such that U*((F)e,, ) = (G)e,, .-
Here U* : &, — Ekyn is the pull back R-algebra isomorphism defined by W*(h) = ho U .

Let F: (R* x R3,0) — (RR,0) a function germ. We say that F is a K-versal deformation
of f = F|R* x {0} if

£ = T.0O)(f) + <§—£\Rk < {0} g [R x {0}>R,
where
T.(O)(f) = <§7f§7ff>g |
(See [13].)

The main result in the theory of Legendrian singularities is the following:

Theorem A.3 Let F; : (RF x R" 0) — (R, 0) be Morse families (i = 1,2). Then
(1) g, and g, are Legendrian equivalent if and only if Fy, Fy are stably P-K-equivalent.
(2) @ is Legendrian stable if and only if F is a K-versal deformation of F' | RF x {0}. By the

uniqueness result of the IC-versal deformation of a function germ, Proposition 5.2 and Theorem
5.3, we have the following classification result of Legendrian stable germs: For any map germ

f:(R",0) — (RP,0), we define the local ring of f by Q(f) =&,/ f*(IM,)E,.

Proposition A.4 Let F; : (RF x R",0) — (R,0) be Morse families (i = 1,2) such that ®p,
are Legendrian stable. Then the following conditions are equivalent.

(1) (W(Pp,),0) and (W(Pg,),0) are diffeomorphic as germs.

(2) g, and g, are Legendrian equivalent.

(3) Q(f1) and Q(fs) are isomorphic as R-algebras, where f; = F;|R¥ x {0}.

We have another characterization of K-versal deformations of function germs. Let J*(R* R)
be the /-jet bundle of n-variable functions which has the canonical decomposition: J¢(R¥ R) =
R* x R x J*(k,1). For any Morse family F : (R¥ x R", 0) — (R, 0), we define a map germ

GEF (R x R™,0) — JY(R* R)

by jtF(q,x) = j*F.(q), where F,(q) = F(q,x). We denote K‘(z) the K-orbit through » =
3°F(0) € JYk,1). (cf., [13]). If f(q) = F(q,0) is (-determined relative to K, then F is a
KC-versal deformation of f if and only if j¢F is transversal to R* x {0} x Kf(z) (cf., [13])

We now consider the stratification of the (-jet space J*(R*, R) such that the discriminant set
of K-versal deformations has the corresponding canonical stratification. By Theorem 5.3, such
a stratification should be K-invariant, where we have the K-action on J¢(k, 1) (cf., [13, 14]). By
this reason, we use Mather’s canonical stratification here [6, 15]. Let A‘(k, 1) be the canonical
stratification of J¢(k, 1)\ W¥(k, 1), where

Wk, 1) = {5°F(0) | dimp&i/((TK)(f) + M) > € }.
We now define the stratification A§(R*, R) of JY(R* R) \ W(R* R) by
RE x (R\ {0}) x (J*(k, 1)\ Wik, 1)), R* x {0} x A(K, 1),
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where W4RF R) = RF x R x W¥(k, 1). In [23], Y.-H. Wan has shown that if j{F(0) ¢ W*(k, 1)
and j{F is transversal to A§(RF,R) then 7p : (F~1(0),0) — (R",0) is a MT-stable map
germ. (See also [8]). Here, we call a map germ MT-stable if it is transversal to the canonical
stratification of a jet space which is introduced in [6].

Proposition A.5 Let F,G : (RF x R",0) — (R,0) be Morse families such that 7 and mg
are MT-stable map germs. If Q(f) and Q(g) are isomorphic as R-algebras, then mp and 7g are
topological equivalent. Moreover, in this case, Dr and Dg are stratified equivalent.
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