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1 Introduction

Let Q be a bounded domain in RY (1 < N < 400) with smooth boundary T’ := 9
and ¢ be a fixed number with 2 < ¢ < +o0o. Then, for each s > 0 let us consider
the following double obstacle problem (P),: Find functions u € C([s, +00); L?(2)) and
6 e L. ((s,+00); L*(€2)) such that

o/ (t) — div(|Vu(?)]972Vu(t)) — g(u(t)) = 0(t,x) in Qs :=[s,+00) X
0<0(tz) < h(t
u(t) =1(t) a.e. on (s,4+00) x I}

(P)s ,U(t,x)) a.e. on (5’ +OO) X Q;

u(s) =ug in Q.

Where g(-), h(-,-), I(-) are given functions. Here we note that (P), with ¢ = 2 is a
regional economic growth model, in which the unknown function u represents a stock of
available capital, the unknown function 6 is a rate of investment and —g(u) is a recursive
depreciation of capital.

In the case that ¢ = 2 and the boundary condition I(t) = 0 for any ¢ > 0, the existence
of solution for (P)s was proved in [2, 9] and Papageorgiou [9] studied the optimal control
problem. Unfortunately, by given double obstacles, (P), loses the uniqueness of solutions
for a given initial value. Recently, from the viewpoint of attractors Kapustian and Valero
[6] considered the asymptotic behaviour of solutions for (P), without uniqueness in the
case that ¢ = 2 and time-independent given functions h(t,-) = h(-), [(t) = 0 for any ¢ > 0.
Namely they constructed the global attractor for the multivalued autonomous dynamical
system associated with (P)s.

In the general case 2 < ¢ < 400, the existence of solution for (P), was proved in [12].
Moreover, assuming that the given functions h(t, ) and [(t) converge to time-independent
ones h*°(+) and [*° as t — +o0 in appropriate senses, the author [12] constructed the global
attractor for (P)g and discussed the relationship to the one for the limiting autonomous
system of (P)s,.

In this paper for a given period Ty > 0 let us consider an asymptotically Ty-periodic
problem (AP), for (P),. Namely we assume that h(t,-) — h,(t,-) — 0, I(t,-) —1,(t,-) — 0
in appropriate senses as t — +oo, where h,(t,-) and [,(¢) are Ty-periodic in time, i.e.

ho(t,) = hy(t +Tp, ), L(t) =L(t+Ty), Ve R, :=][0,+00).

Then, by the above asymptotically Ty-periodic stability conditions we have a limiting
non-autonomous 7j-periodic double obstacle problem (PP)z, of (AP), as follows: Find
functions u € C([0, +00); L*(Q)) and 6 € L ((0, +00); L*(€2)) such that
o' (t) — div(|Vu(t)]972Vu(t)) — g(u(t)) = 0(t,z) in Qo =[0,+00) x Q;
0<0(t,x) < hy(t,u(t,xz)) a.e. on (0,400) x
u(t) =1,(t) a.e. on (0,4+00) x I

u(0) =up in .

(PP)TO

The main object of this paper is to investigate the large-time behaviour of solutions
for (AP), and (PP),, without uniqueness from the viewpoint of attractors. In fact, we
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shall show the existence of attractors for (AP), and (PP);, and discuss the relationship
between them.

Throughout this paper, |- |za@q) (resp. |- |w1eq)) is a standard norm of L(€2) (resp.
Wha(Q)) for each ¢ > 2. For the subset A of L?(f2), A denotes the closure of A in L?(12).
For two sets A and B in L?(Q), we define the so-called Hausdorff semi-distance

dist2(0) (A, B) := sup inf [z — y[12q).
reA yeB

2 Assumptions and weak formulation

In this paper we consider the asymptotically Ty-periodic double obstacle problem (AP);
under the following assumptions:

(A1) g(-) is a Lipschitz continuous function on R satisfying the following property:

min{ liminfl(z), liminf;@ } =:go > 0;
z

Z——00 z z2——400

(A2) h(-,-) and h,(-,-) are non-negative continuous functions on R x R. hy(t, z) is Tp-
periodic in ¢ for each z € R. And there exists a positive constant L with 0 < L < %

such that
|h(t,21)—h(t,22)| SL‘Zl_Z2’7 VtGR-H ZZ€R<Z:172)7
|hp(t,2’1)—hp(t,22)| §L|Zl—2’2|, VtER+, Zi €R<Z:1,2)

Moreover, for any z € R, sup |h(mTy+t,2) — hy(t,z)] — 0 as m — +o0;
t€[0,To]

(A3) 1,1, € L®(R; WHi(Q)) with Sup | e prrwraq)) + Sup |l L2t eraswa )y < +oo.
SEEE

eERy
Moreover [, is Ty-periodic in time and

Jm = sup [[(mTy+1t) = 1,(t)|wrage) — 0 as m — +oo;
t€[0,To]

Now we give weak formulations of (AP); and (PP)r,. To do so, we define a closed
convex subset K (t) of Wh(Q) for each t € Ry by

K(t):={>eWh(Q); z=1(t) ae. on T }. (2.1)

Also the set K, () is also defined by replacing [ by [,(¢) in (2.1).
Definition 2.1. (i) For each s > 0 and uy € L*(), a couple of functions {u,6}
is called a solution of (AP), if u € C([s,+00); L2(Q2)) N L} .((s, +00); WH4(Q)), v €

loc

Li,e((s, +00); L*(Q)), 0 € L, ((s, +00); L*(Q)), u(0) = up in L*(Q),
u(t) € K(t) fora.e. t>s,

0<6(t,z) < h(t,u(t,z)) a.e. on (s,+00) x Q,
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and

/Q(U'(t, z) —0(t,z) — g(u(t,x)))(u(t,z) — z(z))dx
+ /Q Vu(t, 2)| "2Vt ) - (Vu(t, z) — Vz(z))de = 0
for any z € K(t) and a.e. t > s.

(i) A solution of (PP)r, is similarly defined by replacing h(t),[(t), K(t) by hy,(t),1,(t),

K,(t) in (1).

3 Existence of global solutions

In this section we shall show the existence and global boundedness of solutions for (AP);
and (PP)r,.
By the same argument in [11, 12], we can get the following the result.

Theorem 3.1. (cf. [11, 12]) Assume that (A1)-(A3) hold. Then, for each s > 0 and
ug € K(s) the double obstacle problem (AP)s has at least one solution {u, 0} with initial
value u(s) = ug. Moreover, for each § > 0 and the bounded set B C L*(Q) there is a
positive constant Ny such that

t+1
sup [u(t) oy +59p [ [Vu()[fuqaydr

t>s

+ sup |ul|%2(t,t+1;L2(Q)) + sup |Vu(t) %q(g) < N;s
t>s+0 t>s+6

for all s >0 and uy € K(s) N B.

In fact, by applying the abstract theory of nonlinear evolution equations governed by
time-dependent subdifferential of convex functions, we can prove Theorem 3.1. For detail
proofs, see [11, 12].

Here note that the limiting Ty-periodic double obstacle problem (PP), can be consid-
ered as the special case of (AP), by taking h,(¢,-) and [,(t) as h(t,-) and I(t). Therefore,
by Theorem 3.1 we can get the similar result on the existence and global boundedness of
solutions for (PP)r, on [0, 400).

4 Attractor for the limiting periodic problem

In this section we shall construct a global attractor for the limiting 7Tj-periodic double
obstacle problem (PP)z, . To do so, let us define a solution operator for (PP)y,. In fact,
by Theorem 3.1 we can define a family {U(t,s);0 < s <t < 400} of solution operators.
But we cannot get the uniqueness of solution for (PP)r,. Hence the solution operator

Ul(t,s) from K,(s) into K,(¢) is multivalued. Namely, for each s,t € R, with s < ¢,
Ul(t,s) assigns to any ug € K,(s) the set

There is a solution {u, 8} of (PP)r,

U(t,s)ug == z € Kp(t) such that
u(s) = up and u(t) = z.
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Then, it is easy to check the following properties of {U(t, s)}:

(U1) U(s,s)=1 on K,(s) foranyse Ry;

(U2) Ulty,s)z = Ulta, t1)U(t1,5)z  forany 0 < s <t; <ty <400 and z € K,(s);
(U3) U(t+Ty,s+Tp) =U(t,s) forany 0<s<t< 400, that is, U is Ty-periodic.

(U4) {U(t,s)} has the following demiclosedness:

o If0 <5, <t, <+400, s, =8, t, = t, 2, € Ky(s), 2 € Kp(s), 2, = z in
L*(Q) and a element w, € U(t,, s,)z, converges to some element w € L*()
as n — +oo, then w € U(t, s)z

Therefore {U(t,s)} forms a multivalued Ty-periodic dynamical process. For some prop-
erties of the multivalued mapping, see [1], for instance.

Clearly, the limiting Ty-periodic obstacle problem (PP)z, can be reformulated as an
evolution equation

(E)r, W/ (t) +0¢h(u(t) + Gpt,u()) 0 in L*(Q), t>s,

where goz is a Ty-periodic proper lower semicontinuous convex functions on L?(Q) defined
by

1
— [ |Vz|id if z € Kp(t
S Vel iz e (),
+00 if z € L*(Q)\ K,(1).
Also, G,(t,-) is a Ty-periodic multivalued operator in L?(2) defined by

w=—g(z) —v in L*(Q) } |

o (2) =

Gp(t,z) = {w € LQ(Q)§ 0< v(@ < hp(t,2($)) a.e. on )

The author [13] showed the existence of Ty-periodic attractor for (E)r,. So, by applying
the abstract results to (PP)r,, we can get the Ty-periodic stability results for (PP)y, as
follows:

Theorem 4.1. (cf. [13]) Suppose (A1)-(A3). For each 7 > 0, we define the Ty-step
mapping U, := U(1 + Ty, 7) and UF := U(r + kTy,7) for each k € N. Then, there exists
a subset A, of K,(T) such that

(i) A, is non-empty and compact in L?(Q);

(ii) for each bounded set B in L*(§)) and each number e > 0 there exists a positive number
Np. € N such that

distr2)(UFz, A;) <€ forall z € K,(T)N B and all k > Ng;

(iii) UFA, = A, for any k € N.



In fact, we can construct the compact absorbing set By . for the discrete multivalued
dynamical system U,. Here, we define the set A, := ﬂ U UkBy . where Z, := NU{0}.
neZy k>n
Then we see that the set A, has the properties (i)-(iii) in Theorem 4.1. For detail proofs,
see [13].

Theorem 4.2. (cf. [13]) Suppose (A1)-(A3). Let As and A, be the global attractors of
Us and U, with 0 < s <1 < Ty, respectively. Then, we have A, = U(T, s)As.

Theorem 4.3. (cf. [13]) Under the assumptions (A1)-(A3), let A, be the global attractor
of Uy for each T > 0. We put the set A:= | ) A;. Then, A has the following properties:

OSTSTO
(i) A is non-empty and compact in L*(Q);

(ii) for each bounded set B in L*(Y) and each number ¢ > 0 there exists a finite time
Tg. >0 such that
distr)(U(t +7,7)2, A) < €

forallT € Ry, all z € Ky(t)N B and allt > Tg,.

5 Attractor of asymptotically periodic problems

In this section we shall construct a global attractor for the asymptotically Ty-periodic
double obstacle problems (AP);.

In section 3 we see that (AP), has at least one solution on [s,400). So we can define
a solution operator E(t,s) (0 < s < t < 4o00) for (AP);. But we cannot show the
uniqueness of solutions for (AP), on [s,+00). Therefore E(t,s) is multivalued, that is,
E(t,s) (0 < s <t < +00) is the operator from K(s) into K(¢) which assigns to each
uy € K(s) the set

There is a solution {u, 0} of (AP)s on [s, +00)
E(t,s)ug := 4 2z € L*(Q) such that
u(s) = up and u(t) = z.

Then we easily see that {E(t,s) ; 0 < s <t < 400} satisfies the following evolution
properties :

(E1) E(s,s) =1 on K(s) for any s > 0.

(E2) E(t,s)z = E(ta, t1)E(t1,s)z for any 0 < s < t; <ty < 400 and z € K(s).

(E3) E(t,s) has the following demiclosedness:

e Assume that s,, s, t,,t € Ry with s, — s and t,, — t, ug, € K(s,), up € K(s)
with ug, — up in L*(Q) and a element 2, € E(t, + Sn, 5,)ug, converges to
some element z in L?(Q) as n — +o0o. Then, z € E(t + s, s)ug.



In order to construct a global attractor for {E(t,s) ; 0 < s <t < +oo} associated
with (AP),, we give a definition of a discrete w-limit set under E(t, s).

Definition 5.1. (Discrete w-limit set for E(-,-)) Let B(L?(2)) be a family of bounded
subsets of L?(Q). Let 7 € R, be fixed. Then for each B € B(L?*(2)), the set

w-(B):= U  E*T, + mTy + 7,mTy + 7)(K(mTy + 1) N B)

neZy k>nmeZy

is called the discrete w-limit set of B under E(,-).

Remark 5.1. By definition of the discrete w-limit set w,(B), it is easy to see that z €
w,(B) if and only if there exist sequences {k, } C Z, with k,, T +o0, {m,} C Z,{z,} C B
with z, € K(m,Ty +7) and {z,} C L*(Q) with z,, € E(k, Ty + m, Ty + 7,m,Ty + 7)z,
such that x, — z in L*(Q) as n — +oo.

Now let us mention main theorems in this paper.
Theorem 5.1. (Discrete attractors of (AP),) Suppose the conditions (A1)-(A3). For
each T € R, let A, be the global attractor of Ty-periodic dynamical systems U, which 1s
obtained in section 4. Here we put

A= | w(B) (5.1)

BeB(L2(Q))

Then, we have
(i) Ax(C K,(7)) is non-empty and compact in L*(Q);

(ii) for each bounded set B € B(L*()) and each number ¢ > 0 there exists a positive
number Ng. € N such that

distrzo)(E(KTy + 7,7)2, AY) < €

for all z € K(t1)N B and all k > Np;
(iii) A C ULA: C A, for anyi € N.

Remark 5.2. By the definition of w,(B) and A}, we easily see that Ay = AZ, . for any
number n € N. Hence A is Ty-periodic in time.

Our second main theorem gives a relationship between global attractors A% and AZ.
Theorem 5.2. Suppose the conditions (A1)-(AS3). Let A% and A* be discrete attractors
for E(-,s) and E(-,7) with0 < s < 7 < 400, respectively. Then, we have A% C U(T,s)A%,
where U(T,s) is the Ty-periodic process given in section 4.

By Theorems 5.1 and 5.2, we can construct the attractor for asymptotic Ty-periodic
problems (AP),.



Theorem 5.3. (Global attractor of (AP),) Assume (A1)-(A3). For any 7 € R, let A:

be the discrete attractors for E(-,T) obtained in Theorem 5.1. Here we put

A= ) AL (5.2)

7€[0,To)

Then, for any bounded set B € B(H),

we(B):=() U E(t+r7)(K()NB)C A" (5.3)

s>0t>s,7TeER4

By Theorem 5.3, we can say that the set A* can be called the attractor of (AP),.

In order to prove Theorems 5.1-5.3, we prepare some lemmas.
Lemma 5.1. If{s,} CR,, {m,} CRy,s€ R, TE R, 8, =58, T, =T, {m,} C Z4
with m,, — +00, 2, € K(m, o+ s,), 2 € Ky(s), 2z, — 2z in L*(Q) and a element
Wy € E(mpTo+ 7o + Sp, mpTo + $p) 2, converges to some element w € L2(Q) as n — +00,
then w € U(T + s, 5)z
Proof. Since 7,, — 7, we may assume that {7,} C [0,T] for some T > 0.

By w, € E(myTo+Tn+ Sn, mnTo+5n) 2n, there exists a solution {v,,, 0, } of (AP) . 10+5,
such that

Un(MmpTo + T + $p) = wy, and v, (M, Ty + $,) = 2.

Here we put u,(t) := v,(t + m, Ty + s,). Then, we easily see that the function wu,, is the
solution for

ul (t) — div(|Vu, ()72 Vu,(t)) — g(un(t)) = 0,(t + myTo + s, ) in Qo;
(AP), 0 <0,(t+m,Ty+ sn,x) < h(t+m,To+ sp,un(t,z)) a.e. on (0,4+00) x €
un(t) =1t + mpTo +s,) a.e. on (0,+00) x I';
un(0) =z, in Q.
Let § € (0,1) be fixed. Since z, — z in L*() as n — +00, {z,} is bounded in L?(12).
Therefore, by Theorem 3.1 there exists a positive constant Ns > 0 such that

t+1
sup \un(t)|%2(9) + sup/ |V, (T) %q(Q)dT
>0 1>5 Jt

(5.4)

t>6 t>6

Here it follows from the convergence assumption (A2), (A3) and (5.4) that (by taking a
subsequence of {n}, if necessary) there are functions us and 6s such that

ws(t) — div(|Vugs(t)|7>Vus(t)) — g(us(t)) = 05(t + s,x)  in [§, +00) x €
0<0s5(t+s,z) < hy(t+s,us(t,z)) a.e. on (d,+00) X £
us(t) =1,(t +s) a.e. on (0,+00) x I'.



By the standard diagonal process, we can get the solution {u, 8} for (PP)yz, such that

o' (t) — div(|Vu(t)|72Vu(t)) — g(u(t)) = 0(t + s,x) in Qu;
0<0(t+s,x) <hy,(t+s,u(t,z)) a.e. on (0,+00) x

(PP)TO
u(t) =1,(t+s) ae. on (0,+00) x T}
u(0) =z
and
up, — uwin C([0,T]; H) as n — +o0. (5.5)

Therefore, it follows from (5.5) and u,(7,) = w, that u(7) = w. Hence we have w €
U(T + s,s)z. &

Lemma 5.2. Let 7 € Ry and By, be the compact absorbing set for U.. Then
w,(B) C By,, VB e B(L*Q)). (5.6)

Proof. For simplicity, at first let us consider the case of 7 € [0, Tp]. Let us fix a bounded
subset B € B (L*(f2)). By the global boundedness result obtained in Theorem 3.1, there
is a constant Ng > 0 such that -
sup [u(t) Faey +5up [ [Vu(r)[f,qdr
tZS tZO t (57)

+ sup ‘u/’%%,tﬂ;m(ﬂ))"‘ sup ’Vu<t)’qu(Q) < Np,
t25+T0 tZS+T0

for the solution u of (AP), on [s, +00) with initial value z aslong as s > 0 and z € K (s)NB.
Here for each m € Z,, 7 € [0,Tp], n € N, z € K(mTy+7) N B and w € E(nTy +
mTy + 7,mTy + 7)z, we put @ :=w — I(nTy +mTo+ 7) + I,(7). Then w € K,(7) and

‘U~} - w|L2(Q) < Cljm—Hu

(5.8)
(hence [@]12(0) < \/Np + CrJmn)
and )
|V@|Lq(g) < Ng+ Jmsn, (5'9)

—2
where C = meas.(Q)q?T.
Since J; converges to 0 as k — +oo, there exists a positive number Ny € N such that

Jk < 1, vk > No.
Here we put Jy:=14+ sup Jp < 4o0.
1<k<No_
Now, we denote the set B, by
B, = {z € L*(Q); |2|12(0) < \/Np + C1Jo} N K,(7) (5.10)
Since By, is the absorbing set for U, there is a positive number N € N such that
UB, C By,, VI>N. (5.11)
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Now, let us prove (5.6). Let = be any element of w,(B). Then, by Remark 5.1 we
see that there exist sequences {k,} C Z, with k, T +o0, {m,} C Z;, {2z} C B with
2, € K(m,Ty +7) and {x,} C L*(Q) with =, € E(k,Ty + m,Ty + 7,m,Ty + 7)2, such
that

T, — xin L*(Q) asn — +oo. (5.12)

Let N be the positive number obtained in (5.11). It follows from (E2) that
Tn € E(k’nTo + mnTo + T, knTO =+ mnTO 4+ 7= N/To)

oE(knTy +mynTy +7 — NTy, myTy + 7) 2 (5.13)
for any n with &, > N +1.
By (5.13) there is a element y,, € E(k, Ty +myTy + 7 — NTO, myTo + T)z, such that

Tn € E(knTo + mnTO + 7, knTO + mnTo +7— NTO)yn (514)
Here we note that
Ynl2) < Np and |Vyu|feq) < Np for any n with k, > N +1,

where Np is the same positive constant in (5.7). -
It follows from (5.8)-(5.9) that for y, € E(k,To + m,To + 7 — NTy, m,To + 7)z, we
can take g, = yn, — l(k,To + m,To + 7 — NTp) + 1,(7) € K,(7) satisfying
Unlr2@) S YN+ CJ, . 5 and  |[Vi[rag) < N§ + T N

Clearly, {7, € K,(1) ; n € N with k, > N 4 1}(C B;) is relatively compact in L?(Q),
hence we may assume that

Un — Too in L*(Q) asn — +o0
for some 7, € L?(Q); it is easily see that 7., € B, and
Yn — Too in L*(Q)  asn — +oo. (5.15)
Here, applying Lemma 5.1, it follows from (5.12)-(5.15) that

2 € UNTy+ 7,7)sc C UNTy +7,7)B, = UNB, C By,

Therefore we observe that w,(B) C By ;.
For the general case of 7 € R there are positive numbers i, € N and 15 € [0, 7] such
that 7 = 79 + i, 1. Therefore, by the same argument as above, we can prove (5.6). &

Proof of Theorem 5.1. By Lemma 5.2 we easily see that AX C By, hence, Theorem
5.1 (i) holds. Also, it follows from (5.1) and Remark 5.1 that Theorem 5.1 (ii) holds.

Now, let us prove Theorem 5.1 (iii). At first, we show that A* C ULA* for any i € N.
To do so, let x be any element of A*. By the definition of A, we may assume that there
exist sequences {B,} C B(L*(Q?)) and {z,} C L*(Q) with z,, € w,(B,) such that

T, — xin L*(Q) asn — +oo. (5.16)
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It follows from Remark 5.1 that for each n, there exist sequences {k,;} C Z,. with
kn; — +oo, {mn;} C Z4, {zn;} C B, with z,; € K(m, ;1o +7) and {v,;} C L*(Q)
with Un,j < E(kﬁn’jTO —+ mn,jTo —+ T, an'T(] -+ T)ij such that

Upj — Tn in L*(Q)  as j — +oo. (5.17)
Let ¢ be any number in N. We note that
Un,j € E(kn’jT() + mn’jTg + 7, kn’jTg + an'T() +7— ZT())

OE(/{Zn,jTO + mn,jTo + 7= iTO, mn’jT() + T)ZnJ'

for j with k,, ; > i+ 1. Hence there is a w,, ; € E(ky, ;jTo+my, ;To+71—1iTo, my ;To+T)zn,
such that
Un,j € E(k’ij() + mijO + T, k’n’jTQ + mn,jTO + 7 = iTo)ww-. (518)

For each n, by Theorem 3.1, the set {w,; € L*(Q) ; j € N with k,,; > i + 1} is
relatively compact in L?(f2). So, we may assume that the element w, ; converges to some

element w, o, € L*(2) as j — +oo. Clearly, W, € w,(B,). Moreover, from Lemma 5.1
and (5.17)-(5.18), we observe that

xn, € U(WTy + 7, 7)Wnoo C U(Ty + 7, T)w, (By),
which implies that

zn € |J Ulw,(B,), VYn>1. (5.19)

n>1

Moreover, by the closedness of U(-,-), we observe that for each subset X of By,
UiX CU'X, VieN. (5.20)

Since Lemma 5.2, (5.16), (5.19) and (5.20), we see that

v e |J Ulw,(B,) =Ui | w-(B,) C UL w-(B,) C ULAL

n>1 n>1 n>1

Hence we observe that A’ is semi-invariant under the Ty-periodic dynamical systems U,
namely

A CULAS, Vi€ N. (5.21)
Next we shall show that U'A* C A, for any i € N. By (5.21), for each i € N

ULA* CUUMPA = UM A, ¥n e N. (5.22)
Since A* C By, from (5.22) and the attractive property of A, it follows that
UlA:C A, YieN,

hence we conclude that A% C ULAX C A, for any i € N. &
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Proof of Theorem 5.2. Let z be any element of A*. Then by (5.1), we see that there
exist sequences {B,,} C B(L*(Q)) and {z,} C L*(Q) with z,, € w,(B,) such that

T, — xin L*(Q) asn — +oo. (5.23)

It follows from Remark 5.1 that for each n, there exist sequences {k,;} C Z, with
kn; — 400, {mn;} C Zy, {zn;} C By with z,; € K(m,;To + 7) and {v,;} C L*(Q)
with v, ; € E(ky, ;1o +mp jTo + 7, my, ;1o + T)z,; such that

Upj — T, in L*(Q)  as j — +oo. (5.24)

Note that for given s,7 € R, with s < 7, we can take a positive number iy, € N
satisfying
s <71 <5411y

From (E2) it follows that
Un,j S E(k’nJ‘To + mij() + T, k’ij() + mijO + 8)
OE(kijTO —|— mij() =+ S, iSTO —|— mij() + s —f- To)

oE(isTo + my jTo + s + To, my;To+ T)zn;

for any j € Z, with k,; > is + 2. So, there are element w, ; € L*(Q) and y,; € L*(Q2)
such that

Un,j € E(]{]nJ'T(] + an'T() + 7, knJ'T() + anTO + S)’LUn’j, (525)
Wn,,j € E(kn’jTo + mn’jTo + s, iSTo + mn’jTo + s+ T0>yn,j (526)

and
Yn,j S E(ZSTO + mijo + S+ To, mijo + T)Zn’j. (527)

Since {z,;} C B,, it follows from the global boundedness results in Theorem 3.1 that
there is a positive constant C,, := C,(B,,) > 0 satisfying

[Ynjlrz@) < Cny Vyny € E(isTo + mpTo + s+ To, My 1o + 7)zn . (5.28)

By (5.28) and Theorem 3.1, the set

9 . Wp,j € E(k’nJ‘To + mijo + s, iSTO + mijo + s+ TO)yn,j
Wp,j € L (Q) ;

for any j € Z; with k,,; > 15+ 2

is relatively compact in L*(2). So, we may assume that the element w, ; converges to
some element 0, o, € L*(Q) as j — +oo. Clearly, W, € ws(Bc,), where Be, = {b €
L*(Q) ; b 22() < Crn}. Moreover, by Lemma 5.2, we see that

ws(Bcn) C BO,S C Kp(s),

where By s is the compact absorbing set for Us. Also, by Lemma 5.1 and (5.24)-(5.25) we
have
xn € U(T,8)Wn0o CU(T,s)ws(Be,), Yn>1,
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which implies that
zn, € |JU(T, s)ws(Be,), VYn>1. (5.29)

n>1

Moreover, by the closedness of U(-,-), we observe that for each subset X of By,

U(r,s)X C U(r,s)X. (5.30)

Since Lemma 5.2, (5.23), (5.29) and (5.30), we see that

T € U U(r,s)ws(Bg,) = U(T,s) U ws(Be,) C U(T,s) U ws(Be, ) C U(T,s)A:.

n>1 n>1 n>1

Hence we observe that A¥ is the subset of U(r, s).A%, namely AX C U(r,s)A. o

Proof of Theorem 5.3. For any B € B(L?*(12)), let zg be any element of wg(B). Then

there exist sequences {t,,} C Ry with ¢, T 400, {7,} C R4, {yn} C B with y,, € K(7,)
and {z,} C L*(Q) with z, € E(t, + Tn, Tn)¥n such that

t, = knTO +t;-u kn S Z+7 kn / +00, t;z S [T072T0]7 t;l - t6’
To 1= inlo + 7, in € Zy, 7, € [0, T0], 7, — 74

and
Zn — 2o in L*(Q) (5.31)

as n — —+00; we may assume further that
(@) t, 47 Sty+71 or (b)) t 47\ ty+ T
Assume that (a) holds. Let us consider the semiflow
vy € E(1+ k,To + i, To + to + 70, kLo + 02T + t, + 7,) 2. (5.32)

Then, there exists functions u,, and 6,, such that

u (t) — div(|Vu, (8)]972Vu,(t)) — g(un(t)) = 0,(t,x)  in [0,+00) x Q,
0<0,(t,x) <h(t+ k,To+ i,To +t, + 7., u,(t,x)) a.e. on (0,400) x €,

un(t) = Ut + k, Ty + 1,70 +t, + 7)) ae. on (0,400) x T,
un(0) = 2z, in Q,

un(L+ty+ 715 —t, — 7)) = Un.

Since z, — 29 in L*(Q), {z,} is bounded in L*(Q2), hence we see that

{U ¢ 12(Q) Up € BE(1+kyTo + i, To + ) + 78, knTo +i,To + ), + 7)) 2 }

for any n € N

is relatively compact in L?(2). So we may assume that

v, — v in L*(Q) for some v € L*(Q). (5.33)
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Therefore, by Lemma 5.1 and (5.31)-(5.33), we have
veU(l+ty+ 1, t,+ 1),

more precisely, (taking the subsequence of {n} if necessary) there are functions u and 6
such that

o' (t) — div(|Vu(t)]92Vu(t)) — g(u(t)) = 0(t,x) in [0,+00) x Q,
0<0(t,x) < hy(t+ty+ 15, u(t,z)) a.e. on (0,400) x Q,

(PP)7, u(t) =1L,(t+t,+ 7)) ae on (0,400) x T,
u(0) = zp in Q,
u(l) = .
and
u, — u in C([0,2]; L*(2)) as n — +oo. (5.34)

By (5.34), we easily observe that

un(ty + 70—t —T.) — 29 as n — +00. (5.35)

Here, we note that
un(to + 70 — b, = 7)

€ E(k Ty + inTo +ty + 7, knTo + i, To + ), + 70) 2y

= E(k, o + i, 1o + t) + 15, inTo +ty + 70) E(inTo + ty + 10, 0210 + 7)) Yn,
hence there is a element z,, € E(i,To + t{, + 7, inTo + 7),)yn such that

un (ty + 10 — t, — 7)) € E(ky/To + i, To + ty + 75, inTo + b + 70) Tn- (5.36)
Clearly, by the global estimate of solutions, {z,} is bounded, i.e.

{z,} C B for some B € B(L*(Q)). (5.37)

Hence it follows from (5.35)-(5.37) and Remark 5.2 that

2o € wt6+76(B) C A;%JFT/ C A*

0

Thus (5.3) holds. Assuming that (b) holds, we similarly get (5.3). &

Theorem 5.1 says that the attracting set A¥ for (AP)s is semi-invariant under U,
associated with the limiting Ty-periodic problem (PP)r,, in general. Moreover, in Theorem
5.2 we see that A* C U(r, s).Ax.

In order to get the invariance of A¥ under U, and A% = U(r, s).A%, we have to assume
the additional conditions for [ and h.

Theorem 5.4 Suppose all conditions (A1)-(A3). Let A: and A% be discrete attractors
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for E(-,8) and E(-,7), with 0 < s < 7 < 400, respectively. Furthermore we assume that
the boundary condition l(t) for (AP)s coincides with 1,(t), namely l(t) = [,(t) on T for
any t > 0. And we suppose that hy(t,z) < h(t,z) for any 0 <t < 400 and z € R. Then,
(i) Ar =U(t,s)A: for any 0 < s <7 < +00.

(ii)) AL = A, for any T € Ry, where A, is the discrete attractor of U, for (PP)r,.

Proof. Let us show (i). By taking account of Theorem 5.2, we have only to show that
U(r,s)AL C A: To do so, let = be any element of U(r, s).AZ.
At first, we note that for each n € N

Uru(r,s)A: =UMnTy+ 7,7)U(T,s)A:
U(nTy + 7,nTo + s)U(nTy + s, s)Ax
U(r,s)UrA:
U(T, s)A;
By (5.38), there is a element y,, € A% such that
x € UMU(T, 8)yn = U(nTo + 7, 8)Yn-

(5.38)

Therefore, there is a solution {u, 8} of (PP)r, on [s,+00) such that u(nTy + 7) = x and

u(s) = Yn.

Let {k,} C N be a sequence with k, — +o00 as n — +oo. Here, we put
up(o,- ) :=u(o — k,Tp,- ) and 0, (o, ) :=0(c — k,Tp, - )
for any o > k, Ty + s. Then, by the assumptions of Theorem 5.4 we see that
un(0) = u(o — k, 1) = l,(0 — k,To) = l,(0) =1(c) on T’
and
0<60,(0,2)=0(c —k,Tp,z) < hy(oc—Fk,To,u(oc—k,Tp,x))
= hy(o,un(o,2)) < h(o,u,(o,x))
for any o > k,Ty+ s and = € Q. Therefore, the pair of functions {u,, 6, } is the solution of
(AP)k, 1+s such that u,(nTy + k,To+7) = w(nTy+7) = x and u, (k,To + $) = u(s) = yn,
which implies that © € E(nTy+ k, Ty + 7, k,To + s)y, for any n > 1. By (E2), we see that
r € EnTy+ k. To+ 7, k,To + s)y,
= EnTy + kT o+ 1, To + k. To + 7)E(To + k. To + 7, koo + S)yn
Hence there is an element z, € E(Ty + k,To + 7, k1o + s)y, such that
€ EnTy+ k., Ty + 7, To+ k,To+ 7)zn. (5.39)

Since {y,} C A% and the global estimate obtained in Theorem 3.1, we see that {z,} is
bounded in L2(Q), namely {z,} C B for some B € B(L*(Q)). The above fact (5.39)
implies (cf. Remark 5.1) that z € w,(B) C A*. Thus U(r,s).A* C A*, which implies that
(i) of Theorem 5.4 holds.

Since A, is invariant under U, (cf. Theorem 4.1 (iii)), by the same argument in (i),
we can show (ii). Therefore, Theorem 5.4 has been completed. &
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