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Abstract 

This thesis deals with the nonlinear dynamics of a vertical slender flexible cylinder 

supported at both ends and subjected to axial flow. The goal is to study the dynamical 

behaviour of this system from a nonlinear point of view, both theoretically and 

experimentally. 

A weakly nonlinear model is derived assuming that the cylinder centreline is 

extensible. Nonlinear Euler-Bernoulli beam theory is used for the structure and, the fluid 

forces acting on the cylinder are assumed to be inviscid, frictional and hydrostatic ones. 

The derivation of the equations of motion is carried out in a Lagrangian framework, and 

the resultant equations are correct to third order of magnitude. These nonlinear partial 

differential equations are then recast in nondimensional form and discretized by using 

Galerkin's technique, giving a set of nonlinear second-order ordinary differential 

equations. 

Houbolt's finite difference method and AUTO are used as two numerical methods 

to solve the resulting set of ordinary differential equations. The centre manifold reduction 

method is also used as an analytical method to study the behaviour of the system in the 

vicinity of the pitchfork bifurcation point. 

The results for a cylinder with various boundary conditions are presented in the 

form of bifurcation diagrams with flow velocity as the independent variable, supported 

by time histories, phase-plane plots, PSD plots and Poincaré maps. The influence of 

different parameters on the behaviour of the system is also investigated. 

Three series of experiments were conducted on vertical clamped-clamped 

cylinders. In the first series of experiments, the downstream end of the c1amped-c1amped 

cylinder was free to slide axially, while in the second series of experiments, the 

downstream end was fixed. The influence of externally applied axial compression has 

also been studied in the second series of experiments. In the third series of experiments, a 

more flexible cylinder was used, and the effect of externally applied axial compression on 

the dynamic instability of the cylinder was also studied. 



Sommaire 

Cette thèse traite de la dynamique non-linéaire d'un cylindre vertical flexible mince qui 

est soutenu aux deux extrémités et qui est soumis à un écoulement axial. Le but est 

d'étudier le comportement dynamique de ce système d'un point de vue non-linéaire, 

théoriquement et expérimentalement. 

Un modèle faiblement non-linéaire est dérivé supposant que la ligne centrale du 

cylindre est extensible. La théorie non-linéaire de poutre d'Euler-Bernoulli est employée 

pour la structure et on suppose que les forces dues au fluide agissant sur le cylindre sont 

(i) non visqueuses, (ii) visqueuses et (iii) hydrostatiques. La dérivation des équations du 

mouvement est effectuée dans un cadre Lagrangien, et les équations résultantes sont 

correctes au troisième ordre de grandeur. Ces équations différentielles partielles non

linéaires sont alors remaniées sous une forme nondimensionalisée et discrétisées en 

employant la technique de Galerkin, donnant un ensemble d'équations ordinaires de 

second ordre non-linéaires. 

La méthode des differences finis de Houbolt et l'AUTO sont employés comme 

deux méthodes numériques pour résoudre l'ensemble des équations ordinaires. La 

méthode des variétés centrales est également employée comme méthode analytique pour 

étudier le comportement du système à proximité du point de bifurcation de fourche 

(pitchfork) . 

Les résultats pour un cylindre avec de divers états de frontière sont présentés sous 

forme de diagrammes de bifurcation avec la vitesse d'écoulement comme la variable 

indépendante, et sont complétés par des lois horaires, portraits de phase, les tracés DSP et 

cartes de Poincaré. L'influence de différents paramètres sur le comportement du système 

est également étudiée. 

Trois séries d'expériences sont entreprises sur les cylindres verticaux aux bouts 

encastrés. Dans la première série d'expériences, l'extrémité basse du cylindre encastré

encastré est libre à glisser axialement, tandis que dans la deuxième série d'expériences, 

l'extrémité basse est fixe. L'influence de la compression axiale extérieurement appliquée 

est également étudiée dans la deuxième série d'expériences. Dans la troisième série 

d'expériences, un cylindre plus flexible est utilisé et l'effet de la compression axiale 

extérieurement appliquée sur l'instabilité dynamique du cylindre est également étudié. 
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Statement of Contribution to Original Knowledge 

The nonlinear dynamics of a slender flexible cylinder supported at both ends and 

subjected to axial flow is the subject ofthis thesis study. To the author's best knowledge, 

this is the tirst time that a study of such a system has been undertaken from a nonlinear 

point of view, both theoretically and experimentally. Below is a summary of the main 

contributions ofthis thesis to original knowledge. 

1. A detailed derivation of a nonlinear model for a slender flexible cylinder 

supported at both ends and subjected to axial flow is undertaken with the 

assumption of an extensible centreline. This is the tirst nonlinear model for such a 

system. 

2. Various dynamical tools, such as bifurcation diagrams, phase plane plots, power 

spectral densities and Poincaré maps are used to conduct an in-depth nonlinear 

analysis of the system with various boundary conditions (pinned or clamped at 

both ends, or with mixed supports); the influence of various parameters on the 

system behaviour is studied. The existence of post-divergence dynamic 

instabilities and a quasiperiodic route to chaos are observed theoretically. The 

centre manifold reduction theory has also been used as a tool of modem nonlinear 

dynamics theory to study analytically the behaviour of the system in the 

neighbourhood of the pitchfork bifurcation. This nonlinear analysis is believed to 

be the tirst. 

3. A series of experiments are conducted on vertical cylinders clamped at both ends 

and subjected to axial flow. The post-divergence dynamic instability was 

observed experimentally, confirming the behaviour obtained from the theoretical 

analysis. The influence of extemally applied compression on the dynamical 

behaviour of the system was investigated experimentally as weIl. These are 

considered to be the tirst series of experiments on such system from a nonlinear 

point ofview. 
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1. Introduction 

1.1 Motivation and a review of the literature 

The behaviour of slender structures subjected to flow is a rather complex phenomenon 

mainly due to the complexity in the flow. In general, the angle of incidence of the flow 

with respect to the structure can be arbitrary, but to model these systems, an idealization 

is often made that the flow is nominally either purely normal to the cylinder axis (cross

flow), or purely axial with respect to the axis (axial flow). Cases of structures in cross

flow have been studied extensively, and Blevins (1994) in his book has collected a series 

of theoretical and experimental work on these systems, together with their applications. 

Structures in axial flow have been studied extensively, as weIl. Païdoussis (1998, 2004) 

has discussed the work on structures subjected to axial flow including the pIpes 

conveying flow, cylinders, shells and plates in axial flow in a two-volume book. 

This thesis deals with the case of structures subjected to axial flow~ in particular, 

the system of a slender flexible cylinder subjected to external axial flow is studied. This 

system can be found in many engineering constructions, including nuclear reactor fuel

element bundles, monitoring tubes and control rods, boiling water reactors, gas-cooled 

reactor fuel clusters, steam generators, heat exchanger tubes, Dracone barges and towed 

acoustic arrays used in oil exploration, etc. (see Figure 1-1), in aIl of which, the mean 

flow is mainly axial [see Païdoussis (2004) for more applications]. The dynamics of 

cylinders in axial flow is also dynamically similar to that ofaxially moving one

dimensional structures in quiescent fluid, such as paper web in paper-making, and 

travelling chains, bands and tapes (Mote, 1968; Pramila, 1987). Païdoussis (1980) 

reported a number of case histories involving problems caused by flow-induced vibration, 

including those due to the external axial flow. However, the study of this thesis is not 

only motivated by these industrial applications but is also "curiosity driven" (Païdoussis, 

1993). There have been many studies on slender cylinders in axial flow so far, using 

linear models, as will be discussed in what follows. Using a linear model, one can predict 

reliably the first point of instability, but what is predicted thereafter needs to be proven by 

1 



using nonlinear theories. This has been done for a cantilever cylinder, supported by a 

series of experiments. The aim here is to derive a nonlinear model and conduct a series of 

experiments to observe the behaviour of a cylinder supported at both ends, in axial flow, 

especially after the first point of instability. 

In this Introduction, a review of the previous studies on the system of a sien der 

cylinder subjected to axial flow will be presented, starting from the studies done using the 

linear models. Then a review of the linear work on very similar systems is presented, 

followed by a review of the nonlinear as weIl as experimental studies conducted so far on 

a cylinder in axial flow. The problem of a pipe conveying fluid, which is very similar to 

the present problem and is known as a "paradigm in the study of fluid-structure 

interaction" (Païdoussis, 1991) will be reviewed next, to give the reader a flavour of the 

typical behaviour of such systems. The reader is also referred to Païdoussis (1998, 2004) 

for a comprehensive study on structures in axial flow. 

According to Païdoussis (2004), most of the early interest in the low-amplitude 

vibration of cylindrical structures in axial flow was directly related to the power 

generating industry and was conducted for one of the following reasons: (i) measurement 

of the amplitude of vibration of particular cylindrical structure configurations, modelling 

nuclear reactor components and flow conditions; (ii) understanding the causes of 

vibration; (iii) development of means for predicting the vibration amplitude. Païdoussis 

(2004) mentions sorne of the very early publications on this field: in the United States 

(Burgreen et al. 1958; Shields 1960; Quinn 1962, 1965; Pavilica and Marshall 1966), in 

France (SOGREAH 1962), in Sweden (Rostrom and Andersson 1964a,b; Rostrom 1964), 

and in Canada (Païdoussis 1965, 1966a). 

1.2 A slender flexible cylinder in external axial flow: linear studies 

1.2.1 Linear model 

The most complete linear model for a slender cylinder subjected to axial flow was 

presented by Païdoussis (1973), after sorne earlier work by Hawthorne (1961) and 

Païdoussis (1966b). One of the first specifie studies on the dynamics of a slender flexible 

cylinder subjected to axial flow was by Hawthorne (1961) and was concerned with the 
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stability of the Dracone barge, which is a long flexible towed tubular container with 

tapering ends, designed to carry oil and other liquids lighter than sea-water. Hawthome's 

work was extended and generalized for cylinders with any boundary conditions and 

supported by experiments by Païdoussis (1966b,c). This model itself was later extended 

and corrected leading to the most complete linear model ofPaïdoussis (1973). This work 

is of great importance for this thesis, because the main ide as behind the derivation of the 

nonlinear equations of motion come from there. Here we follow Païdoussis' derivation, 

for the linear mode!. 

The cylinder was assumed to be a flexible cylindrical body of circular cross

section, immersed in an incompressible fluid of density p with uniform flow velocity U 

parallel to x-axis, which coincides with the position of rest of the cylinder axis (Figure 

1-2). Smalliaterai motions of the cylinder were considered during which (i) no separation 

occurs in cross-flow and (ii) the fluid forces on each element of the cylinder may be 

assumed to be the same as those acting on a corresponding element of a long straight 

cylinder of the same cross-sectional area and inclination. 

When the cylinder is given a small lateral displacement, y(x,t), from the straight 

position, the resultant relative transverse velocity between the cylinder and the flow is 

(Lighthill, 1960) 

v(x,t) = Dy = Gy +U Gy. 
Dt ot àx 

(1-1) 

This lateral flow is identical to the 2-D potential flow that would result from the motion 

of the cylinder with velocity v(x,t) through fluid at rest. If M is the added mass of the 

fluid per unit length, the momentum of this flow is considered to be Mv per unit length of 

cylinder. The rate of change of this momentum per unit length gives rise to an equal and 

opposite lateral force on the cylinder, which is the inviscid force per unit length 

(Lighthill, 1960), namely 

F = D(Mv) =(~+U~)[M(Gy +uGy)]. 
A Dt ot ôx ot ôx 

(1-2) 

There are also viscous forces per unit length (F N and FL in the normal and 

longitudinal directions, respectively) and hydrostatic pressure forces (Fpx and Fpy in the x

and y-direction, respectively) acting on the cylinder. An element of the cylinder 
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undergoing small oscillations with the forces acting on it is shown in Figure 1-3, in which 

Q is the lateral shear force, 5W the bending moment, T the axial tension. 

Taylor (1952) discussed the viscous forces acting on a cylinder and explained 

their dependence on the exact nature of surface roughness and proposed the following 

relation: 

D _ 1 Du2 (C . . C . 2.) r N -"2 P f sm 1 + DP sm 1 , (1-3) 

(1-4) 

where Cfand CDP are the coefficients associated with friction and fonn drag, respectively, 

for a cylinder in cross-flow, and 

(1-5) 

For small motions, however, the linearized and more general form of relations (1-3) and 

(1-4) is 

F, =l.pDU2C (By +UBy)+l.pDC By 
N 2 Nat ax 2 D at ' 

(1-6) 

(1-7) 

where CN and CT are the frictional coefficients in the normal and tangential directions, 

respectively, and CD is the fonn drag coefficient. 

The hydrostatic pressure forces have been derived by assuming that the element 

of Figure 1-3 is momentary frozen and immersed in fluid on aIl sides. Then there will be 

additional forces pA and pA +[ a (pA)jax ]th, on the other faces of the element. The 

resultant ofthese forces and of forces Fpxox and Fpyox is the buoyancy force. Assuming 

that the pressure is a linear function of x, the relations for hydrostatic frictional forces are 

_ F = _ _ 8p A + ---,8 (,---pA.....:....) 
px ax ax' (1-8) 

(1-9) 

Considering the relation 
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(1-10) 

for the tension and pressure tenus at the downstream end of the cylinder in the case of a 

free end, the resulting linear equation of motion for small lateral motions, derived using 

force and moment balances is (Païdoussis, 1973) 

(E' ! +E y~ + ZPA(! +U !)' -!8[T+(I-2v)(pA)]+!pD'U'(1-8)C, 

+[ tPDU'Cr(I+ ~J+(m-PA)g ][(I-t8)L-X J}:;' +!PDU'CN(Z +U!) 

+~pDCD ôy +[(m-PA)g+~PDU2CN(!2.J]ÔY +m
a2

;, =0, (1-11) at Dh ax at 

where U is the flow velocity; A and L are the cross-sectional area and the length of the 

cylinder, respectively; Dh is the hydraulic diameter; Cb is the base drag coefficient; CN 

and CT are the frictional coefficients in the nonual and tangential directions~ respectively; 

CD is the fonu drag coefficient; m is the mass per unit length of the cylinder; X is an 

added mass coefficient; v is Poisson's ratio; El is the flexural rigidity of the cylinder; E* 

is the corresponding viscoelastic constant, assuming dissipation in the cylinder to be of 

the Kelvin-Voigt type; <:5=0 signifies that the downstream end is free to slide axially, and 

<:5= 1 if the supports do not allow net axial extension. Solution of this equation, in 

dimensionless fonu, subject to appropriate boundary conditions was obtained via the 

Galerkin procedure (and by other methods). In Section 1.2.2 we shall discuss sorne of the 

results obtained. 

1.2.2 Linear results 

The dimensionless complex frequency (J) for cylinders with simply supported ends or 

cantilevered ones was plotted as an Argand diagram with the dimensionless flow velocity 

ZI as the independent parameter (Païdoussis, 1973). In the case of a simply supported 

cylinder, it was shown (Figure 1-4) that for small flow velocities, the free motion of the 

cylinder is damped, Im(co»O. However, for sufficiently high flow velocities, aIl the first 

three modes become purely imaginary in turn. The first crossing of the Im( co) to the 

5 



negative half plane corresponds to the onset of instability. In this case, since this occurs 

while Re(w)=O, this corresponds to the onset of divergence. The first divergence occurs 

in the first mode, followed by divergence in the second mode. At slightly higher flow 

velocity, the negative branches of the first- and second-mode loci coalesce and leave the 

axis at a point where Im( (j) )<0, indicating the onset of coupled-mode flutter. Finally, there 

is a divergence in the third mode. AIso, close spacing in a c1uster of cylinders was shown 

to destabilize the system dramatically. 

For a cantilevered cylinder with fairly well-streamlined free end, it was shown 

that the cylinder los es stability by divergence in its first mode and then is restabilized; 

subsequently, it loses stability by single-mode or coupled-mode flutter, depending on the 

system parameters. At higher flow velocities, the cylinder loses stability in the third 

mode. 

Similar work has been done by others, e.g. Grigoryev et al. (1979) and 

Prokhorovich et al. (1982). Vendhan et al. (1997) studied the stability characteristics of 

slender flexible cylinders in axial flow by the finite element method. They have used the 

linear equation of motion derived by Païdoussis (1973) and have reduced it to a 

variational form so that the finite element approximation can directly follow from it. 

Their finite element method can solve cases with both ends supported but cannot treat the 

problem of towed or cantilevered cylinders because in these cases the shape of the end 

(tapered or blunt) p]ays a significant role in the stability of the system. Lopes et al. 

(1999), Augu (1999) and Semler et al. (2002) have also done a great deal oflinear work. 

1.2.3 Mechanism of instabilities 

Païdoussis (1966b, 2004) studied the mechanism of static instability of the cylinder by 

considering static equilibrium of a cylinder, assuming it to have momentarily taken an 

arbitrary bowed shape. By analogy to internaI flow, it was shown that for a simply 

supported cylinder, the divergence is due to the term MU2 
( d 2 Y / dx2 

) in (1-11) 

representing a centrifugaI force, where M = X pA, which tends to exaggerate the assumed 

initial bow; (for a solitary cylinder in unconfined flow, x=1 and therefore M=pA). 

Eventually, for sufficiently large flow velocity, this force overcomes the flexural 

restoring force, resulting in divergence. This simple picture is modified by the presence 
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of the viscous force tenns. Externally applied tension and pressurization, clearly stabilize 

the system, as expected. The stabilizing effect of external pressurization bec ornes obvious 

considering that the bowed cylinder has a greater surface area on the outer side than on 

the inner side (Païdoussis, 2004). For a cantilever cylinder, based on work-energy 

considerations, it was found that divergence is principally dependent on the presence of 

the tapering end, specifically on having a free-end shape such that dA/ dx *" 0; A being the 

cross-sectional area. The added drag at the free end of the cylinder destabilizes the 

system for divergence (Païdoussis et al., 2002). 

The situation for flutter is more complex and more interesting. The condition for 

flutter to occur is that the work (il W) done by the fluid on the cylinder during a cycle of 

oscillation be positive, i.e., ilW>O. This condition for a simply supported cylinder 

eventually requires that (Païdoussis, 2004) 

-(cN-Cr )U2 [y'y'dx-(cNU+C·) [idx>O, (1-12) 

the overbar denoting long time averaging. The second tenn inc1uding the negative sign is 

always positive. Hence, for inequality (1-12) to be satisfied, presuming that CN> CT, we 

must have r jy'dx < 0, which implies that different parts of the cylinder must vibrate in 

quadrature. This is an effect that can only be produced by the action of the flow 

(Païdoussis, 1966, 2004). For a cantilever cylinder, the system is stahilized as the free

end shape becomes blunter, yet at the same time it becomes more capable of extracting 

energy from the fluid (it becomes more strongly nonconservative). It is shown that, in 

principle, flutter could occur for a blunt downstream end, if only the naturally occurring 

fonn (base) drag at the free end could he suppressed. For flutter, increased drag at the 

free end stabilizes the system (Païdoussis et al., 2002). 

1.2.4 Linear studies on similar problems 

ln practical applications, there exist many cases where the system is in principle very 

similar to the system of a slender flexible cylinder in axial flow. Sorne studies on these 

systems inc1uding long cylinders, c1ustered cylinders, cylinders in annular flow, etc. are 

reviewed in this sub-section. 
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1.2.4.1 Towed and very long cylinders. The original work by Païdoussis (1966b) was 

later extended to the case for towed cylinders (Païdoussis, 1968, 1970a) (see 

Figure 1-5(a». Païdoussis (1968) and Sudarsan et al. (1997) conducted sorne 

experimental studies on towed flexible cylinders. In general, for a towed flexible 

cylinder, the typical dynamical behaviour with increasing dimensionless towing speed, if 

the tail is not blunt and the towrope not too short, may be summarized as follows: (i) at 

low towing speed, a criss-crossing, essentially rigid-body oscillation develops, with the 

cylinder inclination opposite to that of the towrope, or alternatively stationary yawing; 

(ii) at slightly higher speed, a narrow region of stability occurs in sorne cases, or 

alternatively a region of yawinglbuckling; (iii) at higher speed, second-mode and then 

third-mode flexural oscillation develops. If the tail is blunt or the towrope is sufficiently 

short, the system remains stable for aIl towing speeds. It should be remarked that the 

dynamics of towed cylinders is of interest not only for the Dracone problem, but also for 

the towed arrays used in oil exploration. Apart from Hawthorne' s (1961) and Païdoussis' 

(1968, 1970a) original work, studies on towed systems were made by Pao (1970), 

Païdoussis and Yu (1976), Latorre and Zachariadis (1983), Theodoracatos and Calkins 

(1986), Dowling (1988a,b), Bhattacharyya et al. (2000) and many others; see, e.g., 

Païdoussis (2004). 

TriantafyIlou and Chryssostomidis (1984) studied analytically the problem of a 

towed slender cylindâcal beam and found that, as the cylinder length increases, the 

divergence persists, except for the blunt cylinders. The dynamics of long, very slender 

cylinders - modelled as strings, rather than beams by neglecting bending stiffness - has 

been studied by TriantafyIlou and Chryssostomidis (1985). They presented the necessary 

criteria for a string, hinged at the upstream end and free at the downstream one, to be 

stable in terms of the flow velocity, added mass, string length and diameter as weIl as the 

frictional coefficient. Their results suggest that long cylinders should not flutter at aIl. 

The same conclusion was reached by Dowling (1988a). De Langre et al. (2006) showed 

that contrary to the previous predictions using simplified theories, flutter exists for very 

long cylinders as a secondary bifurcation, provided that the free downstream end is well

streamlined. They also conducted a nonlinear analysis, showing that the Hopf bifurcation 
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(the onset of oscillatory motions) occurs at high flow velocities, when the cylinder is 

already buckled. 1 

1.2.4.2 Clustered cylinders. The dynamics of c1ustered cylinders in axial flow 

(Figure 1-5(b)) has been extensively studied, both because of its inherent interest and for 

applications, to tube-in-shell type heat exchangers for example. Chen (1975) was the 

tirst to study this system by obtaining the equation of motion for cylinders in unbounded 

flow. His study was followed by a study of c1usters in bounded axial flow (Païdoussis and 

Suss 1977), which was later extended and complemented by experiments (Païdoussis 

1979). Both theory and experiment show that with increasing flow the system loses 

stability by buckling in one of its coupled modes, commonly in a pattern where cylinders 

move toward one another symmetrically, maximum displacement occurring just 

downstream oftheir midpoints. With increasing flow, theory predicts that other buckling 

instabilities are superimposed on the tirst; in the experiments the system remains buckled, 

changing modal patterns constantly; sorne of them correspond to those· predicted by 

theory. At sufticiently high flow velocity, oscillatory motion is observed, corresponding 

to theoretical flutter. Païdoussis (2004, Chapter 9) gives a comprehensive study of the 

behaviour of c1ustered cylinders in axial flow together with a list of more publications; 

sorne of them being Dalton (1980), Païdoussis and Besançon (1981), Païdoussis et al. 

(1982, 1983a,b), and Lin and Raptis (1986). 

1.2.4.3 Cylinders in annular flow. Additional extensions to the Païdoussis original theory 

(Païdoussis, 1966b) have been made to deal with the dynamics of slender cylinders in 

highly contined annular flow [e.g. by Païdoussis et al. (1990), see Figure 1-5(c)]. In 

general, for a typical system with tixed ends, as the annular gap becomes narrower, the 

system loses stability by divergence at smaller flow velocities, provided the gap size is 

such that the inviscid fluid forces are dominant. For very narrow annuli, however, where 

viscous forces predominate, this trend is reversed, and further narrowing of the annular 

1 This nonlinear work followed sorne other nonlinear work, which will be discussed later, including the 
work ofthis thesis! 
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gap has a stabilizing effect on the system; furthennore, in sorne cases the system loses 

stability by flutter rather than divergence. There is much more work on cylinders in 

confined flow, e.g. by Païdoussis and Ostroja-Starzewski (1981), Hobson (1982), 

Mateescu and Païdoussis (1985, 1987), and Mateescu et al. (1988, 1 994a,b). 

1.2.4.4 Conical beams. Hannoyer and Païdoussis (1979a,b) have studied the effect of 

nonunifonnity of cantilevered axisymmetric beams on their stability in internaI and 

external flows (Figure l-5( d». Conical beams subjected to internaI flow are less stable 

than cylindrical ones. In the external flow case, the opposite is true; fully conical 

cantilevered beams do not become unstable, while for truncated conical cantilevers, 

instabilities are possible at higher flow velocities than for the cylindrical ones, if the free 

end is streamlined sufficiently. 

1.2.4.5 Articulated cylinders. Articulated cylindrical systems in external axial flow 

(Figure 1-5(e» have been studied in conjunction with the dynamics of fuel strings 

(Païdoussis 1976) and underwater systems towed by submarine (Hamy 1971; Païdoussis 

1986) by using linear models. It was shown that, if a sufficient number of degrees of 

freedom is considered, with increasing flow velocity the system is subject to first-mode 

divergence; then it is restabilized, and at higher flow velocity the system becomes 

unstable by flutter. A nonlinear study of this system has also been conducted, which will 

be discussed in Section 1.3.1. 

1.3 A sIen der flexible cylinder in external axial flow: nonlinear studies 

Unlike the case of internaI flow, in which there have been many nonlinear studies on the 

system with cantilevered or both-end-supported boundary conditions (see Section 1.5), 

nonlinear studies on the system of slender cylinders subjected to axial flow have been 

very limited. The first nonlinear study on slender cylinders subjected to axial flow was on 

cantilevered articulated cylinders in annular flow, followed by work on a continuous 
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cantilevered cylinder, which was also supported by experiments as will be discussed in 

what follows. 

1.3.1 Articulated cylinders 

Using a nonlinear model, the dynamics of an articulated cylinder in annular flow has 

been studied by Païdoussis and Botez (1993, 1995) and Botez and Païdoussis (1996). 

They studied the dynamics of a cantilevered articulated system of rigid cylinders 

interconnected by rotational springs, within a pipe containing fluid flow. The motions 

were considered to be planar, and the equations of motion, apart from impacting terms, 

were linearized. Impacting of the articulated cylinder system on the outer pipe was 

modelled by either a cubic spring (for analytical convenience) or, more realistically, by a 

trilinear spring model. The critical flow velocities for which the system loses stability by 

divergence (pitchfork bifurcation) or flutter (Hopf bifurcation) were determined by an 

eigenvalue analysis. Beyond these tirst bifurcations, it is shown that, for different values 

of the system parameters, chaos is obtained through three different routes as the flow is 

increased: a period-doubling cascade, the quasiperiodic route, and type ID intermittency. 

The dynamical behaviour of the system and different routes to chaos were illustrated by 

bifurcation diagrams, phase-plane portraits, power spectra, Poincaré sections, and 

Lyapunov exponent calculations. 

1.3.2 Cantilever cylinders in external axialflow 

Lopes et al. (2002), derived a nonlinear equation of motion to describe the dynamics of a 

slender cantilevered cylinder in axial flow, generally terminated by an ogival free end 

using the inextensibility assumption, which is reasonable for cantilevered cylinders. 

Inviscid forces were modelled by an extension of Lighthill's slender-body work to third

order accuracy. The viscous, hydrostatic and gravity-related terms were derived 

separately, to the same accuracy. The equation of motion was obtained via Hamilton's 

principle. The boundary conditions related to the ogival free end were also derived 

separately. 

Using this model, the nonlinear dynamics of the system was studied (Semler et 

al., 2002). It was found that the cylinder tirst loses stability by divergence in its tirst 
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mode, the amplitude of which increases with flow. This is gradually transfonned to 

divergence of predominantly second-mode shape, before the system is restabilized. At 

slightly higher flow velocities, the system loses stability by second-mode flutter, which at 

still higher flows is succeeded by third-mode flutter. No chaotic oscillation was observed 

in this study. One important resuIt, obtained by examining the system from the nonlinear 

point of view, is that post-divergence flutter does materialize as predicted by linear 

theory, whether there is post-divergence restabilization or not. One of the motivations for 

the present work is to possibly observe the same phenomenon (occurrence of post

divergence flutter) for the case of cylinders with both ends supported. 

1.4 A slender flexible cylinder in external axial flow: experimental studies 

There have been two series of experimental studies on slender flexible cylinders in axial 

flow. The first series of experiments were conducted by Païdoussis (1966c) on horizontal 

cylinders and were used to validate a linear modeI. The second series of experiments 

were conducted by Païdoussis et al. (2002) on a vertical cantilevered cylinder and were 

used to validate the nonlinear model of Lopes et al. (2002). 

1.4.1 First series of experiments 

Païdoussis (1966c) conducted a series of experiments to study the dynamical behaviour 

of the flexible cylinders in axial flow and to measure the limits of stability, and compared 

them with the theoretical results found using the linear model. The apparatus used was a 

water-tunnel with a horizontal test-section in which various test cylinders could be 

mounted horizontally. The supported ends of the flexible cylinders were anchored on 

slender struts; for experiments with c1amped-free cylinders, tapered plastic end-pieces of 

the same specific gravity as the cylinder were glued to the free end. For simply supported 

cylinders, very short tapered ends were glued to the flexible cylinder and were connected 

to the fixed supports on either side of the cylinder by thin, narrow, polyethylene strips. In 

experiments with c1amped-free cylinders a thin metal strip was embedded in the cylinder 

along its length, in the vertical plane of symmetry, effectively limiting all motion to the 

horizontal plane and also providing additional support in the vertical plane in cases where 
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the weight of the cylinder was considerably greater, or smaller, than that of the displaced 

water. Cylinders with both ends supported were not fitted with a metal strip, so that the 

development of instability would not be impeded by excessive resistance to axial tension. 

In all the tests, at small flow velocities, small random vibrations were damped. 

For a clamped-free cylinder, at sufficiently high flow velocity, the system became 

unstable, for smoothly tapered free ends. The system first buckled and then, as the flow 

velocity was increased, developed second-mode oscillation, followed by third-mode 

oscillation. Similar observations were made with a cylinder pinned at the upstream end 

and free at the other end. 

For a very long simply supported cylinder, it was observed that it sagged slightly 

at its midpoint under its own weight. Increasing the flow velocity in such cases 

exaggerated this sag and slowly shifted it to the horizontal plane, but no distinct threshold 

of buckling and no oscillatory motions were observed. For shorter cylinders, however, at 

a sufficiently high flow velocity, a small bow developed just downstream of the midpoint 

of the cylinder, increasing in amplitude with flow; thus the system lost stability by 

divergence (buckling). This was followed by a spontaneous second-mode oscillation. 

1.4.2 Second series of experiments 

The second series of experiments were conducted by Païdoussis et al. (2002) using a 

water-tunnel with a vertical test-section, in the middle of which the flexible cylinder was 

mounted vertically, with no central metal strip embedded in it, as it was no longer 

essential compared with the 1966 experiments on a horizontal cylinder. Initially, as the 

flow was increased, flow-induced damping was generated, but small vibration could be 

observed in which the cylinder responded to the turbulence-induced fluctuating pressure 

field. At higher flow velocities, the system developed divergence in its first mode, then 

regained its equilibrium configuration, before developing flutter spontaneously in its 

second mode. As the flow velocity continued to increase, second mode flutter was 

succeeded by third-mode flutter, and in sorne cases fourth-mode flutter. This was the 

dynamical behaviour for a cylinder with a reasonably well-streamlined ogival end-shape 

at the free end. If, however, the end was completely blunt, then neither static (divergence) 

nor dynamic (flutter) instabilities materialized. 
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1.5 Pipes conveying fluid (internaI axial flow) 

The dynamics of cylinders in external axial flow is c10sely related to that of pipes 

conveying fluid (internaI axial flow), which has been studied extensively using both 

linear and nonlinear models (Païdoussis, 1998,2004). Here a short review is given for the 

cases of cantilevered pipes and pipes with both ends supported conveying fluid. 

1.5.1 CantUevered pipes conveying jluid 

Benjamin (1961a,b) was the first to study the dynamics of a cantilevered pipe conveying 

fluid (with no mass or spring attached to the pipe). Later, it was shown [Païdoussis (1963, 

1 970b ); Gregory and Païdoussis (1966a,b); refer also to Païdoussis (1998)] that 

cantilevered pipes conveying fluid lose stability via flutter for sufficiently high flow 

velocities. The nonlinear equations of motion for this system were derived as early as the 

1930s by Bourrières (1939) and then by Ashley and Haviland (1950), Rousselet and 

Hemnann (1977, 1981) and by Lundgren et al. (1979). Applying the centre manifold 

reduction and normal form techniques on a nonlinear model, Bajaj and Sethna (1984, 

1991) found that a plain cantilevered pipe conveying fluid loses stability by a Hopf 

bifurcation and develops either pl anar or three-dimensional flutter in multiple 

interspersed ranges of mass parameter, p. 
It was also found that additional masses or springs attached to the pipe could 

either stabilize or destabilize the system vis-à-vis the plain pipe, depending on the system 

parameters and location of the additional mass or spring [see Hill and Swanson (1970), 

Chen (1971), Jendrzejczyk and Chen (1985), Sugiyama et al. (1988) and Païdoussis 

(1998)]. Nonlinear studies by Copeland and Moon (1992), Païdoussis and Semler 

(1993a,b, 1998), Semler and Païdoussis (1995), and Steindl and Troger (1996) showed 

that in the case of a pipe with an intermediate spring support or an end-mass, at 

sufficiently high flow velocities, the system undergoes a very rich dynamical behaviour, 

involving quasiperiodic and chaotic oscillations [see also Païdoussis (1998) for a 

comprehensive discussion]. Recently, by using a three-dimensional version of the 

nonlinear equations of motion for a cantilevered cylinder (Wadham-Gagnon et al., 2006), 

three-dimensional oscillations of a pipe conveying fluid with a spring attached to it 

(Païdoussis et al., 2006) and in the presence of an end mass (Modarres-Sadeghi et al., 
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2006) have been studied. It was shown that in the case of a pipe with intra-span spring 

supports, depending on the spring configurations, points of attachment and stiffness, in 

sorne cases the system loses stability by planar flutter, and thereafter performs 2-D or 3-D 

periodic, quasiperiodic and chaotic oscillations; in other cases, the system loses stability 

by divergence, followed by oscillations in the plane of divergence or perpendicular to it, 

again periodic, quasiperiodic or chaotic. In the case of a pipe with an end-mass, it was 

shown that the pipe loses stability by a Hopf bifurcation, leading to planar periodic 

oscillations. At higher flow velocities, planar quasiperiodic and chaotic oscillations were 

observed, followed by three-dimensional quasiperiodic and chaotic motions. 

1.5.2 Pipes conveyingfluid supported at both ends 

Feodos'ev (1951), Housner (1952) and Niordson (1953) were the first to study the 

dynamics of such systems. In this case, it has been known for a long time that, for 

sufficiently high flow, the pipe loses stability by divergence. This has been confirmed by 

experiments, by Dodds and Runyan (1965) and others. Then, in the 1970s, Païdoussis and 

Issid (1974) found that linear theory predicts the existence of post-divergence coupled

mode flutter, at higher flow velocities. On the other hand, the work done by the fluid on 

the pipe in a presumed cycle of oscillation is zero. This, then, constitutes a paradox: for 

how is it possible for the pipe to flutter if the system is conservative and no energy is 

supplied to sustain the oscillation (Païdoussis, 2005, 1998)? To find an answer to this 

paradox, the system was analysed by a nonlinear model to as certain the reliability of the 

post-divergence results, as linear theory is valid only up to the first point of instability. 

Nonlinear aspects of the behaviour of pipes with supported ends were first studied by 

Thurman and Mote (1969). They consider an axially extensible pipe and therefore the 

nonlinearities in their equations are associated with the axial elongation and the 

extension-induced tension in the pipe. Holmes (1978) studied this problem by adding 

simply one nonlinear term due to this extension-induced tension to the linear equation; he 

used this equation to show that pipes supported at both ends cannot flutter. Semler et al. 

(1994) have derived a set of nonlinear equations of motion correct to third order of 

magnitude for an extensible fluid-conveying pipe supported at both ends. In this model, 

which was corrected by Païdoussis (2004, Appendix T), the effect of gravity has been 
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taken into account and it is assumed that in general the flow can be steady or unsteady 

and that the moment-curvature relationship is nonlinear; so far, this is the most complete 

nonlinear equation of motion for this system. 

Recently, NikoIié and Rajkovié (2006) used Lyapunov-Schmidt reduction and 

singularity theory to study the behaviour of this system in the vicinity of the bifurcation 

points by using the three above-mentioned models. For certain ranges ofparameters, they 

found that a subcritical pitchfork bifurcation is possible in the two models other than 

Holmes' simplified model. Modarres-Sadeghi et al. (2006) used the complete extensible 

nonlinear model of Païdoussis (2004) to show that the pipe remains in its undeformed 

static equilibrium at low flow velocities and then undergoes a static pitchfork bifurcation 

at a critical flow velocity, which depends on the physical parameters of the system. The 

amplitude of the buckled pipe increases with flow, but no secondary bifurcation is 

observed, in agreement with the results of Holmes. They also studied the influence of 

different parameters on the stability and the amplitude of the buckled solution. 

The dynamics of the pipe problem (internaI flow) has been shown to be 

independent of frictional forces, since they are exactly counterbalanced by the pressure

loss forces along the pipe. As a result, both pressure-Ioss and frictional forces vanish 

from the equation of motion. This is not true for external flow over a cylinder, in which 

the mean pressure is Iargely unaffected by frictional effects on the cylinder surface. Sorne 

of these frictional temlS give rise to terms in the equation of motion of a different 

derivative form vis-à-vis the inviscid-force terms and hence vis-à-vis the internaI flow 

case (Païdoussis, 2005). The linear theory for both internaI and external flow predicts a 

post-divergence dynamic instability (coupled-mode or single-mode flutter), but this was 

not obtained for the internaI flow using a nonlinear model. The question here is what is 

the post-divergence behaviour of a cylinder in external flow according to the nonlinear 

model? Will the cylinder flutter or is it similar to the case of internaI flow, for which 

when the pipe is supported at both ends, no secondary bifurcations occur? This is one of 

the "curiosity-driven" motivations behind the present work. 
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1.6 Outline of this thesis 

This thesis deals with the nonlinear dynamics of a vertical slender flexible cylinder 

supported at both ends and subjected to axial flow. Based on what has been presented in 

the review of the literature, the aim is 

• to derive the nonlinear equations of motion for the system of a slender flexible 

cylinder supported at both ends and subjected to axial flow; 

• to study theoretically the post-divergence behaviour of such systems from a 

nonlinear point of view for various boundary conditions; 

• if there is any post-divergence instability, to study the post-instability behaviour 

of the system and to investigate the possibilities of the existence of chaotic 

oscillations in the system, and to study the route(s) to chaos; 

• to conduct a series of experiments (i) to observe the post-divergence behaviour of 

the system and (ii) to validate the theoretical results by measuring the amplitude 

of buckling and, in the case of oscillatory motions, the frequency and the 

amplitude of oscillations. 

This thesis consists of seven chapters. In Chapter 1, here, a brief review of the 

previous related studies is given. The goals of the thesis have been stated, and now the 

outline of the thesis is being presented. 

In Chapter 2, the weakly nonlinear equations of motion are derived for a slender 

flexible cylinder with an extensible centreline subjected to axial flow. The fluid forces are 

formulated in terms of several components; inviscid, frictional, hydrostatic and pressure

loss forces are taken into account. The derivation of the equations of motion is carried out 

in a Lagrangian framework, and the resultant equations are correct to third order of 

magnitude, where the transverse and the axial displacements of the cylinder are of the 

first- and the second-order of magnitude, respectively. Because the cylinder centreline is 

considered to be extensible, two coupled nonlinear partial differential equations describe 

its motions, involving both longitudinal and transverse displacements. These nonlinear 

partial differential equations are then recast in a nondimensional form and discretized by 

using Galerkin's technique, giving a set of nonlinear second-order ordinary differential 

equations, which can be recast in a first-order form. 
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In Chapter 3, methods of solution used to analyse the nonlinear equations of 

motion are introduced. Houbolt's finite difference method (FDM) and AUTO are used as 

two numerical methods to solve the set of ordinary differential equations after the system 

has been discretized. FDM is applied on the second-order ordinary differential equations 

directly, while to use AUTO one has to employ the first-order form of the ordinary 

differential equations. The centre manifold reduction method is also discussed as an 

analytical method to study the behaviour of the system in the vicinity of the pitchfork 

bifurcation point. 

In Chapter 4, the results for a simply supported cylinder are presented in the form 

of bifurcation diagrams with flow velocity as the independent variable, supported by time 

histories, phase-plane plots, PSD plots and Poincaré maps. The influence of different 

parameters on the stability and the amplitude of the solution is studied. The effect of 

number of modes used in discretizing the partial differential equations by Galerkin's 

technique on the results is also presented. The behaviour of the system for the case of 

linear fluid forces and nonlinear structural equation is studied. The centre manifold 

reduction is used to study the behaviour of the system in the vicinity of the pitchfork 

bifurcation. 

In Chapter 5, the results for a vertical cylinder clamped at both ends (clamped

clamped) or clamped at the upper end and hinged at the lower one (clamped-hinged) or 

hinged at the upper end and clamped at the lower one (hinged-clamped) are presented in 

the form of bifurcation diagrams and supported by time histories, phase-plane and PSD 

plots and Poincaré maps; and the effect of boundary conditions on the cylinder behaviour 

is then summarized. For all these cases, the centre manifold reduction is also used to 

study the system behaviour in the neighbourhood of the pitchfork bifurcation. 

In Chapter 6, the results of three series of experiments conducted on vertical 

clamped-clamped cylinders are presented, together with the comparison with the 

theoretical calculations for each case. In the first series of experiments, the downstream 

end of the clamped-clamped cylinder is free to slide axially, while in the second series of 

experiments, the downstream end is fixed. The influence of extemally applied axial 

compression is also studied in the second series of experiments. In the third series of 
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experiments, a more flexible cylinder is used and the effect of extemally applied axial 

compression on dynamic instability of the cylinder is also studied. 

Chapter 7 wraps up the thesis with a summary of general conclusions and 

suggestions for future work. 
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Figure 1-1 Sorne practical applications of slender cylinders subjected to axial flow: 

(a) part of the core of the boiling water reactor; (b) gas-cooled reactor fuel cluster; (c) 

stearn generator. 
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Figure 1-2 A vertical slender flexible cylinder subjected to axial flow. 
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Figure 1-3 An element ~x of the cylinder showing forces and moments acting on it 

(Païdoussis 1973,2004). 
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Figure 1-4 Argand diagram for the complex frequency, OJ, of the lowest thrée modes of a 

simply supported cylinder in unconfined axial flow, as function of flow velocity, u 

(Païdoussis 1973,2004). 
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Figure 1-5 Problems similar to the subject of this thesis: (a) idealized system of a towed 

cylinder (Païdoussis, 1968, 2004); (b) a cluster of cylinders (Païdoussis, 2004); (c) a 

flexible cylinder in annular flow (Païdoussis, 1990, 2004); (d) a flexible cantilever, 

tapered both extemally and intemally (Hannoyer and Païdoussis, 1979; Païdoussis, 2004) 

and (e) articulated cylindrical system in a flow-channel (Païdoussis and Botez, 1993; 

Païdoussis, 2004). 
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2. A Nonlinear Model for an Extensible Slender Flexible 

Cylinder Subjected to Axial Flow 

2.1 Introduction 

In this chapter, the weakly nonlinear equations of motion are derived for a slender 

flexible cylinder subjected to axial flow. The cylinder centreline is considered to be 

extensible, and hence two coupled nonlinear equations describe its motion, involving 

both longitudinal and transverse displacements. The fluid forces are formulated in terms 

of several components, for convenience. For high Reynolds number flows, the dominant, 

inviscid component is modelled by an extension of Lighthill's slender-body work; 

frictional, hydrostatic and pressure-Ioss forces are then added to the inviscid component. 

The derivation of the equations of motion is carried out in a Lagrangian framework, and 

the resultant equations are correct to third order of magnitude, o( e3
}, where the 

transverse displacement of the cylinder is of 0 ( e ). The resulting nonlinear partial 

differential equations are discretized using the Galerkin technique; leading to a set of 

second-order ordinary differential equations, which can be recast in first-order form. 

2.2 Definitions and preliminaries 

2.2.1 Basic assumptions and concepts 

The system under consideration consists of a cylinder of length L, cross-sectional area A, 

mass per unit length m, and flexural rigidity El, centrally located in a rigid channel within 

which a fluid flows with velocity U parallel to the channel centreline. The undeformed 

cylinder axis coincides with the X-axis (in the direction of gravity) and the cylinder is 

assumed to oscillate in the (X, Y) plane (see Figure 2-1). 

The basic assumptions made for the cylinder and the fluid are as follows: (i) the 

fluid is incompressible; (ii) the mean flow velocity is constant; (iii) the cylinder is 

slender, so that the Euler-Bernoulli beam theory is applicable; (iv) although the 
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deflections of the cylinder may be large, the strains are small; (v) the cylinder centreline 

is extensible. 

The derivation to be presented here, so far as the fluid dynamics of the system is 

concemed, is similar in spirit and procedure to that ofPaïdoussis (1966b, 1973). Thus, for 

convenience, the inviscid, viscous and hydrostatic forces are determined separately, 

rather than being determined together, say by direct application of the Navier-Stokes 

equations. 

2.2.2 Notation and coordinate systems 

One usually has the choice between two sets of coordinate systems: one for the 

undeformed body (Lagrangian coordinates) and the other for the deformed body 

(Eulerian coordinates). The deformation of a point is described by the relation of the 

coordinates of the same material point in the undeformed and deformed states. Let 

(X, Y,Z) represent the position of a material point P in its original state, and (x,y,z) the 

position of the same point in the deformed state. Then, the displacement of that material 

point is defined as u = x - X, v = y - y and w = z - Z . For a slender cylinder with its 

initially undeformed state along the X-axis and undergoing motions in the (X Y) plane, we 

have Y = 0 , hence y = v; and w = z = Z = o. 

Defining E' as the axial strain along the centreline of the cylinder, one may relate 

bX and 80s, where s is the curvilinear coordinate along the cylinder, through the 

condition 

• tSs-tSx 
E =---

tSx 

where 

tSs = .JtSx2 + tSl , 

leading to 

s' = ~(1 +U,)2 +V,2 , 

and therefore using (2-1), 

(2-1) 

(2-2) 

(2-3) 
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(2-4) 

where ( )' = a( )/ax. 

Let el be the angle between the centreline of the cylinder and the X-axis (see 

Figure 2-2). For a cylinder undergoing pl anar motion, extensible or inextensible, the 

curvature is given by 

ael 
K=-. 

as 
For an extensible cylinder, el is defined via 

cose
l 

= 8x = ax/ax = ax/ax 
8s as/ax I+E·' 

sine
l 

= 8y = ôy/ax = ôy/ax 
8s as/ax I+E·· 

In terms of the X-coordinate, Equation (2-5) becomes 

ael ax 1 ael 1(=--=----
ax as I+E* ax· 

Then, using (2-6) and (2-7), one can find 

a
2
x BE· B (1 *). e ael ax2 = ax cos 1 - + E sm 1 ax 

and 

a2y BE·. L1 ( *) L1 ael 
-2 =-smul + I+E COSUI -· ax ax ax 

Solving the set of equations (2-9) and (2-10) for ael 
, leads to 

ax 

Using (2-6) and (2-7) again, one can find 

(2-5) 

(2-6) 

(2-7) 

(2-8) 

(2-9) 

(2-10) 

(2-11) 
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~(), ", ,,, 
B' = _v _1 _ Y x - y X 

1 - ax - (1 + E· r ' 
thus yielding the curvature for cylinders with an extensible centreline, namely 

y"x'-y'x" 
K = -'----'--,-

(l+E·Y . 

2.2.3 On the derivation of the nonlinear equations ofmotion 

(2-12) 

(2-13) 

Large motions imply that terms of higher order than the linear ones have to be kept in the 

equation; here, only quadratic and cubic nonlinear terms are retained. For planar motions, 

the lateral displacement may be supposed to be small, relative to the length of the 

cylinder, i.e. y = v - O( €), where O( E) denotes the first order. One can see that the 

longitudinal displacement u is one order higher than v, i.e. u - O( E2
). 

Because we have assumed that the cylinder is extensible, no relation between the 

virtual displacements t5X and t5Y exists. Therefore, two equations of motion are 

necessary: one mainly in the X- and the other mainly in the Y-direction. 

To derive the equations of motion we shall use Hamilton's principle, usually 

written as 

t5 f .cdt + f t5Wdt = 0, (2-14) 

where .c = r - V is the Lagrangian of the system, in which r and V are, respectively, 

the kinetic and potential energy associated with the cylinder, and t5W is the virtual work 

due to the forces acting on the cylinder; t5 is the variational operator. This variational 

technique requires that the quantities involved be correct to one order higher than that 

sought: in this case to 0 ( E4) at least, so that, after applying the variational technique, the 

third-order terms will still remain in the resulting equations of motion. 

2.3 Kinetic and potential energies of the cylinder 

The kinetic energy of the cylinder is defined by 
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and hence the variation of the kinetic energy is given by 

R 
t/ t/}x 

ô f r dt =m ff(üôü+vôv)cœ =m üôul - füôudt+vôvl - fvôvdt 
o 0 0 0 0 

= -m ff( ÜÔU + vôv) dX dt, 

where () = a( )/at. 

(2-15) 

(2-16) 

The potential energy of the cylinder comprises gravitational and strain energy 

components. In general, the gravitational energy depends on the distribution of mass, and 

is written as VG = fp {b(~) dV, where {b is the gravitational potential per unit mass. In a 

uniform gravitational field as for the system at hand, it becomes 

VG = -mg r (X + u) dX; (2-17) 

hence, 

ô f VG dt = -mg ffôu dX dt. (2-18) 

An exact form of the strain energy, in the case of large deflections and correct to 

o( e4
), was obtained by Stoker (1968) with only one major assumption: the strain is 

small, even though the deflection may be large. Stoker' s analysis finally leads to 

(2-19) 

where X represents the Lagrangian coordinate, A the cross-sectional area, 1 the area

moment of inertia, and E· the axial strain. 

The axial strain may itself be decomposed into two components: (i) a steady-state 

strain due to a tension T extemally applied or associated with gravity and friction, and 

(ii) a time-varying strain due to cylinder oscillation. By reference to Equation (2-19) and 

using Equation (2-8), this strain energy may be expressed as 

(2-20) 
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Following Païdoussis (1973), the gradient of the tension Tcan be expressed as 

~~ =-UPDU
2
CT+mg ); (2-21) 

where CT is the frictional coefficient in the tangential direction. Then, using 

BTjBX=(BTjàx)(àxjBX)=(BTjàx)(l+u') and integrating the resulting equation from 

X to L, one can find 

T(X) = (~pDU2CT +mg )[ L-X +u(L)(I-l)-u J+T(L), (2-22) 

where T( L) is the tension at the downstream end, which can be written as 

(2-23) 

f is an externally imposed uniform tension and Cb is a base pressure coefficient, in case 

the downstream end of the cylinder is exposed to the flow and is free to sI ide axially. The 

terms inside the brackets are due to the compressive load at x=L when the"length of the 

cylinder is fixed. The existence of the last term in (2-23) depends on whether the length is 

fixed while the cylinder is horizontal or not (Païdoussis, 1973); "8 in Equation (2-22) and 

(2-23) is an index: "8 = 0 signifies that the downstream end is free to slide axially, and 

l = 1 if the supports do not allow net axial extension. 

Therefore, the final form of the tension becomes 

-.!.pDU2C D L l +.!.pD2U 2C (l-l)+fl 
2 rD 2 2 b , 

h 

(2-24) 

where it is obvious that when l = 1, u ( L ) = o. 

Recalling that u-O(e2
) and v-O(e), and using Equations (2-4) and (2-12), 

one may obtain 

(: )' = v" - 2v"'u' - 2v"v" - 2vVu' + 0 (E'). (2-25) 
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Therefore, using Equations (2-20), (2-24) and (2-25), 

Ô fVs dt= f 1 {-EA(u" +v'v")-El(v"vm +v'v"") 

+[ tpD'U'C, (1-5)+(t-t PDU'C, ~ ~)5 ]v'v. 

+(mg+tpDu'Cr l[I+u·-tv" +( L-X - ~}'V']}OUdX dt 

+ f r{-EA(v'u"+v"u'+~v'2v")+ElV"" 
- El (3u mv" + 4u"vm + 2u'v"" + v'u'" + 2V"3 + 2V'2V"" + 8v'v"vm

) 

+(mg +!pDU
2
CT ) 

+--l:v" +( L-X -~)(-v. +v'u'+v'u'+Vv'j+(U-U(L))V'] 

+[ -l- pD'U'C, (1-5) +( t - t pDU'Cr ~ ~)5 ] 
x ( -v" + v'u" + v"u' +! V,2V")} ôvdX dt, (2-26) 

where, the tenns giving the boundary conditions have been omitted in this equation due 

to the fact that the variation of v and u at the two boundaries are zero for a both-ends

supported cylinder, i.e. l5u = l5v = 0 at X = 0 and X = L. Also, for a sliding end, l5v = u' = 0 

atX=L. 

2.4 Virtual work of the tluid forces acting on the cylinder 

The fluid-related forces acting on the cylinder are: FA' the inviscid hydrodynamic force, 

which acts in the transverse direction; F N and FL , the nonnal and longitudinal frictional 

forces; and F px and Fpy ' the hydrostatic pressure forces in the x- and y-direction, 

respectively, as shown in Figure 2-2. 
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2.4.1 Sorne prelirninary relationships 

In subsequent calculations, we define by V the axial flow velocity of the undisturbed 

flow; we also utilize Vf ' which represents an axial flow velocity relative to an axially 

defonning cylinder (see Figure 2-3). We can relate one to the other by the following 

relation (Lopes et al., 2002): 

(2-27) 

Let us consider Figure 2-3, showing an element ôx subjected to defonnation 

induced by the fluid. This representation enables one to define the angles required in the 

detennination of the forces: i.e., el' the angle between the longitudinal axis of the 

element and the X-axis, 

e =tan-l[ày/aX] 
1 ax/ax ' (2-28) 

and e2 , the angle between the relative fluid-body velo city (see Equation (2-34) further 

on) and the X-axis, 

e = tan- I [ ày/at ] 
2 V

f 
-(ax/at) . (2-29) 

In the definition of e 2' we notice that the axial velocity of the cylinder is indeed taken 

into account. It should be mentioned that, because Vf is of order zero and axl at is of 

second order, the expression V f - axl at in equation of e2 is always positive. 

The angles el and e2 maybe expressed as 

el = v' - u'v' -1 V,3 + 0 ( E5 ), (2-30) 

. . . ·3 

V xv 1 V ( 5) e =-+--.,-+0 E 
2 V V 2 "V 3 

' 
f f f 

(2-31) 

where primes and dots denote derivatives with respect to X and t, respectively. Renee, 

using series expansions, we can write 
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(2-32) 

Based on Figure 2-3, we define the angle of incidence i = 81 + 82 , which will be 

used later; it corresponds to the angle between the relative fluid-body velocity and the 

centreline of the body, so that 

COSi=1-t(V'2+ 2 v'v + V
2

2 
J+O(E4

), 

UI UI 

• • • ( ·3 ,2 • , • 2 J " , v "uv ,3 V V V V V 5 sml =V +--UV + ___ .1 V +--+-+-- +O(E ) 
U 22 3 U 2 • 

1 UI UI 1 UI 

(2-33) 

2.4.2 The inviscid hydrodynamic forces 

To detennine the inviscid hydrodynamic forces to O( E3
), we adapt Lighthill's work 

(1960), which is essentially an application of slender body theory [see Lopes et al. (2002) 

for details]. 

In Figure 2-3, we introduce the new system of unit vectors (il' j 1)' which 

corresponds to (i, j) rotated by an angle 8 1 in the counterc1ockwise direction. We isolate 

an element of the cylinder as in Figure 2-3, and define the relative fluid-body velocity as 

(2-34) 

Then, projecting this relative fluid-body velocity on j l' the direction nonnal to 

the element, considering the trigonometric expressions (2-32), and replacing UI by U 

by means of expression (2-27), the relative fluid-body velocity becomes 

(2-35) 

The next step involves the extension of Lighthill' s potential flow theory to a third

order nonlinear fonnulation, subject to a number of assumptions. Eventually, a nonlinear 

expression of the lift is derived, correct to third-order of magnitude (Lopes et al., 2002). 
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The inviscid hydrodynamic force, as used here, has the same magnitude as the lift, but 

acts in the opposite direction. For a cylinder of constant cross-section, i.e., (aAjaX) = 0 

and added mass M(X) = M = % pA, the inviscid hydrodynamic force, maybe obtained as 

FA (X,t) = {~+[U(I-U')-(u+uu')J~} 
at ax 

x[v. -(uv' +2Uu'v')-1v.v'2]M -1MV,v'v.'+O(E5
) 1 2 1 2 1 l , (2-36) 

where ~ = li + Uv', and therefore 

F (X t) M[ " ", 2'" 1",2 3 .. " 
A ,= v-uv - uv -"2 vv -"2vvv 

+U(2 " 3'" 4,·,5",22'" 3.,") V - uv - uv -"2vv - uv -"2vvv 

+U2 (v" - 2u"v' -4u'v" -2V,2V")] + O(E5
). (2-37) 

2.4.3 The frictional forces 

The frictional forces are formulated essentially as proposed by G. 1. Taylor (1952), i.e., 

(2-38) 

(2-39) 

respectively, in the normal and longitudinal directions; D is the cylinder diameter, C Dp 

the form drag coefficient due to the normal component, and C N and CT' in general not 

equal, are the coefficients associated with friction in the normal and tangential directions, 

respectively. 

Substituting (2-33) into expressions (2-38) and (2-39) and relating UI to U 

through Equation (2-27), one obtains 
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[( 
. ., . . ( ·3 ,2' "2]) 1 2 , V VU "UV 1 ,3 V V V V V 

FN =-pDU CN V +-+--UV +--- V +-+-+--
2 U U U 2 2 U 3 U U 2 

C (
'1'1 V'IVI+IV'IV vivi]] (4) + Dp V V + +-2 +0 E , 

U U 
(2-40) 

(2-41) 

The quadratic tenns in the expression for FN are modified by using the method proposed 

by TriantafyIlou & Chryssostomidis (1989), in order to obtain forces, which are odd with 

respect to v' and v, thus forces always opposing motion. In Equations (2-40) and (2-41), 

C N' CT and C Dp are supposed to be longitudinally averaged, independent of axial 

location, for simplicity. 

2.4.4 The hydrostatic pressure forces 

Fpx and Fpy ' which are the resultants of the steady-state pressure p acting on the outer 

surface of the element, will be detennined following Païdoussis' procedure (1973). 

Consider the element of Figure 2-4 momentarily frozen and immersed in fluid on aIl 

sides. Then, there will be additional forces, pA and pA +[ a (pA)jax ] 8X, on the two 

flat, nonnally dry faces of the element, in addition to the pressure resultant on the wet 

surfaces, Fpxt:5 X and Fpyt:5 X; the net resultant of aIl forces is known and is equal to the 

buoyancy force. The pressure is assumed to be of the fonn p(x) = a +bx, which covers 

both purely hydrostatic and pressure-drop-modified pressure distributions. Consequently, 

one may write 

DI ,,- - -
- = L..J F = F., + Fp, 
Dt 

(2-42) 

where Ï is the momentum of the fluid, ft: is the resultant of external forces, which is 

equal to zero in this case, and Fp is the resultant of pressure forces, Fp = -cff pn dA . 
A 
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Therefore, considering the forces in Figure 2-4, one can write 

[-Fpr - a~(PACOS~)J 8X i+[Fpy - a~(PASin~)J 8X j=-<f}pn d4 (2-43) 

where n is the outwardly pointing normal. 

According to the Gauss' theorem, 

4.f pn dA = cffjVp dV (2-44) 
A V 

and therefore (2-43) becomes 

(2-45) 

Having assumed that p is a function of x only, the pressure gradient is in the x-direction 

only, 

'Vp = ap i + ap j + 8p k = ap i 
ax ay az ax 

and the elemental volume is 

8V=A 8X; 

therefore, 

Equating the terms in the i- and j-direction, one obtains 

a 8p 
-F --(pAcosB) = --A PXax 1 ax' 

Fpy -~(pAsinBI) = 0, 
ax 

and for a constant cross-section, ( aA = ° ), 
ax 

(2-46) 

(2-47) 

(2-49) 
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-Fpx = op A cos BI + pA~(cosBI)- op A, 
oX oX Ox 

Fpy = op A sin BI + pA~(sinBI)' 
oX OX 

(2-50) 

Substituting Op in this set of equations by op/oX = (op/Ox)( Ox/oX) = (op/Ox)(l + u'), 
oX 

one mayfind 

-Fpx = op (l+u')AcosBI + pA~(cosBI)- op A, 
Ox oX Ox 

Fpy = Op (l+u')AsinBI + PA~(sinBI)' 
Ox oX 

(2-51) 

Finally, substituting (2-6) and (2-7) into (2-51) and keeping tenns up to the third 

order of magnitude, one finds 

(2-52) 

Fpy =: A( v' _!V,3)+ pA( v" -u"v' -u'v" _~V'2V")+O( ES). (2-53) 

Furthennore, by considering that the lateral movement of the cylinder has a 

negligible effect on the axial pressure distribution in the fluid at large (its velocity then 

being U), one may wnte (Païdoussis, 1973) 

(2-54) 

where D is the diameter of the cylinder, Dh is the hydraulic diameter, and CT is the 

unifonn frictional coefficient, as in Equation (2-41). 

Knowing that A(op/oX)=A(op/Ox)(l+u') and using Equation (2-54), one can 

integrate the resulting equation from X=X to X=L, assuming the cross-sectional area to be 

constant, and thus obtain 
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where p(L) is the pressure at the downstream end of the cylinder, which may be 

represented by 

Ap(L) =[(1-2V)PA+ pgA ~}5, (2-56) 

where the -2v PA term is the compressive load due to pressurization-induced radial 

contraction; v is the Poisson ratio; as before, '8 = 1 if there is no sliding at the ends, and 

'8 = 0 if the downstream end can slide axially; P stands for the value of p (the static 

pressure) at X = -tL. 

Combining expression (2-54) with (2-52) and (2-53), we get 

2.4.5 The total virtual work of the fluid forces 

The virtual work of the fluid forces on the whole body may be written as 

(2-59) 

One should be very careful when developing expression (2-59), in the use of the 

expressions for the forces and trigonometric expressions, Equations (2-32), (2-37), 

(2-40), (2-41), (2-57) and (2-58), to ensure that third-order accuracy is maintained. 

For an extensible cylinder, considering two independent variables, one eventually 

obtains 
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f ow dt=-f r{ -!PDU'c,.(I-! ~2 - ~ _v'2 )-M(iiv' +2UVv' +U2v'v') 

-! pDU2CN (~ + v·2 
) -( ! pDU2C, ~ - pgA J( -u' +! v·2 -( L - X)v'v') 

-!PDU2CDpv'( v'lv'I+ v'lvl;vlv,! + j:IH -l:pgLJ +(1-2v)p JAN }ou dX dl 

-f r {MV(I-V'2)+2MUV'(I-~V'2 )+MU2v"(I-~v'2 )-Mv'(ü+3Uü' +2U2u") 

-M(4UU'+2Ü+~Vv')(V'+UV")-!PDU2(CT-CN)(V'-! V;:2
2 

-u'v'- ~2 _V'3) 

+( -l: pDU2CT ~ - pgA J 
x( v' _!V,3 +[ U -u(L )(I-l)Jv" -(L-X)( v" -u"v' -u'v" -~V'2V")) 

-[ i pgLl +(1-2v)P JA( v" -u"v' -u'v" -~V'2V") 

( 

. ,. •. ·3 ) 1 2 V UV UV 1 V 
+-pDU C -+-+----

2 N U U u2 2 u3 

+±PDU2C"" (v'lv,!+ v'lt
vlv

,! + j:I)} ov dX dl+O( E'). 

2.5 Equations of motion 

(2-60) 

Substituting Equations (2-16), (2-18), (2-26) and (2-60) into Hamilton's principle, 

Equation (2-14), one finds a large equation involving a double integral from t( to t2 and 

from 0 to L, but since the tenns muItiplied by ôu are independent of the tenns multiplied 

by ôv and the domains of integration remain arbitrary, the integrand itself must be equal 

to zero. The resuIting equations are two coupled partial differential equations, one mainly 

associated with the X- and the other mainly with the Y-direction, describing the behaviour 

of an extensible cylinder subjected to axial flow: 
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mü-M(w' +2UV'v' +U2v"v')-EA(u" +v'v")-EI(v"v'" +v'v"") 

-~ pDU2 (CN -CT)( ~ +V,2 )+~ pOCTli 

+~PDU'CT(I+ ~){u'- ~' +[(l-!O)L-X ]v'v'} 

-!PDU'Cq.v'( v'1v'1+ v'I~;+1 + ~~)+[~pD'U'C.(I-O)+TO+(1-2V)APO Jv'v' 

+(mg- pgAl{u'- V~' +[(l-!O)L-X JV'V}O(E')~O, 

(m + M) li + 2MUv' (1-i V,2 ) + MU2v" (1-% V,2 ) - Mv' ( ü + 3Uil + 2U2u") - MW,2 

-M( 4Uu' +2Ü+~Vv')(v' + Uv") 

+[! pD2U2Cb (1-0')+1'0' +(1-2v)APO' J( -v" +V'U" +V"U' +~V'2V") 

+lpDU2C (v'lv'l+ v'lvl+vlvI+ VIV')_EA(U"V' + u'v" + lV,2V") 
2 Dp U U 2 2 

+Elv"" -EI(8v'v"v" +V'U(4) +2V'2V(4) +2V,,3 +2U'V(4) +4u"v'" +3u"'v") 

+!PDU2CT(I+ ~) 
x[ _~V'3 +[ U -u(L)(I-O')Jv" +( (1-!O')L -X)( -V" +V'U" +V"U' +~V'2V") ] 

( 

. ,. •. ·3 ) 
1 2 V UV UV 1 V 

+-pDU C -+-+----
2 N U U U2 2 U3 

+(mg- pgA){V'-!V,3 +[ u-u(L)(I-O')Jv" 

(2-61) 

(2-62) 

In Equations (2-61), (2-62) and what follows, 8 (defined in conjunction with 

Equations (2-22) and (2-55)) has been replaced by 0' for notational simplicity. In order to 

41 



find the nondimensional form of the equations of motion, which makes the analysis of the 

system more general and not restricted to one specifie system, we first introduce the 

following nondimensional quantities: 

( )

1/2 
V El t 

17 = L' T = m + pA L2 ' 

ZI=(PA)1/2 UL fJ- pA _ (m-pA)gL
3 

El ,- m + pA' r - El ' 

4 4 4 4 L h=~ cn =-CN , CI =-Cp Cd =-CDP ' Cb =-Cb , &=-

" " " " D' D' 
h 

- PAL2 - TL2 EAL2 M 
TI=-- r=- ll=-- X=-· 

El ' El' o El' pA 
(2-63) 

Next, we replace X, u, v, CN , CT andCDP by their corresponding nondimensional 

values, ç, ç, 17, Cn ' CI and Cd' respectively, as defined in (2-63), to yield the following 

form for the dimensionless equations: 

(1- fJ)ç - X(fJ fi17' + 2Z1 fftfJ'17' + Zl217"17') - Ilo (Ç" + 17'17") -( 17"17'" + 17'lP») 

--J: l'li' (c, -c, { Jt tirt + I]'}:\ EC,.81i' + -J:l' lI'c, (1 + h) [ ç' - ~' +(1-18 - q) 1]' 1]'] 

--J:l' lI'cd ( 11'111'1+ JP (rt~+tilrtl) + pz~tilH tll'C, (1-8)+ r" +(1-2v)fi" Jrtl]' 

+r[ ç' - I]~' +( 1-t" -q) I]'I]} 0(.') = 0, (2-64) 
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(1+(X-1}/3)ij+2XZlJP ij(1-~12)+ XZl27f( 1-~12)-x1(J3t +3JP Zlt' +2ZI\,.,,)-x/lij12 

-x( 4Z1Ç +2jPç +~JPi]rf)( JPif +Zlrf) 

+[ ~Zl2Cb (1-b') + Ï"b' +(1-2v}fib' J( -rf' +rfÇ" +rf' ç +~rf2rf') 

+4 el!' Cd ( rfl~+ #( rf~ +lilrfl) + ~I)-~ ( srf +(1 +~ rf'1) 

+V(4) -( 8rf rf' rf + rf ç4) + 2rf2rf4) + 2rf'3 + 2Çrr> +4Ç"rf + 3I;"'rf') 

+~cS'Zl2CI(1+h} 

x( -413 +[ç -Ç(l)(l-b'}]7f +(I-!b'-Ç)( -7f +1Ç" +7fÇ' +~127f)) 

-4 el!' (c. -<;{ rf' +rf( + p';;' +~ pt~ }4e l!'(<;. +c,h)rf 

+ lI'c. ( Jt ';+ Jt (';+ :,. ç .;-4 ~ if J 
+r{1-!13 +[ç -Ç(l)(l-b'}]7f 

+( 1- tb' -ç)( -1/" + 1/' ç" + 1/" ç' + ~1/'21/")} + o( ES) = O. (2-65) 

In these equations, ç and 1/ are, respectively, the nondimensional displacements in the 

longitudinal and transverse direction; ZI is the dimension1ess flow velo city, used 

extensively as the independent parameter in studying the dynamics of the system; 

/3= pA I( m + pA} is a mass ratio; no = EAL2 lEI, fi = PAL2 lEI and r = TL2 lEI are 

dimensionless measures of axial flexibility, pressurization and extemally imposed 

uniform tension, respective1y; C
n 

and CI are the coefficients of frictional forces in the 

normal and tangential (longitudinal) directions, respectively; Cd is the coefficient of 

transverse form drag; b' = 0 or 1 if the downstream end is free to slide axially (or wholly 

free) , or is axially fixed; v is the Poisson ratio; y= (m - pA) g L3 lEI is a gravity 

coefficient; cb is the base-drag coefficient acting in the longitudinal direction at the free 

end of the cylinder when b' = 0; cS' = LI D is the slendemess ratio; h = DI Dh is a 
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hydraulic confinement coefficient, Dh being the hydraulic diameter; and X = M / pA IS 

an added mass coefficient which increases with increasing confinement. 

These equations of motion are val id for all boundary conditions of a slender 

flexible cylinder subjected to axial flow, either supported at both ends or free at the 

downstream end. * The equation of motion derived in Lopes et al. (2002) is valid only for 

cantilevered cylinders. In that derivation the inextensibility assumption has been invoked 

which relates the displacement in the transverse direction to that in the axial direction, 

leading to a single equation of motion. In the present equations of motion, however, no 

such assumption has been made, and hence we have obtained two coupled equations of 

motion, one mainly for the axial and the other mainly for the transverse direction. In 

these equations, there are sorne terms, which would vanish if the inextensibility 

assumption had been used. t There are also sorne terms in Equations (2-64) and (2-65) 

containing external pressure and externally imposed tension on the cylinder, which are 

not present in the equations of motion for the cantilevered cylinder, because such terms 

do not exist when there is a free end (0 = 0). There is also a new essen~ial parameter 

defined in this set of equations, relating the axial and transverse rigidities of the cylinder 

( no), which also does not arise if the centreline is inextensible. 

2.6 Descretization of the partial differential equation 

As a first step towards solving the partial differential equations of motion, (2-64) and 

(2-65), they are transformed into a set of second-order ordinary differential equations 

using Galerkin's technique with the bar and beam eigenfunctions 'If) (~) and (J) (~) used 

as a suitable set of base functions and with Pj (T) and qj (T) being the corresponding 

generalized coordinates; thus, 

• If the end is free, however, special boundary conditions may have to be introduced, to represent the 
possibly tapering tip of the cylinder (Lopes et al., 2002; Païdoussis, 2004). 
t Taking the inextensibility assumption into account, one finds & = 0 in Equation (2-4) leading to 

ç' 1'2 = -T'I . 
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Nu 

ç(ç, T) = Llflj (ç)Pj (T), (2-66) 
j=1 

N. 

17(Ç,T) = LçOj (ç)qj (T), (2-67) 
j=1 

where Nu and Nv represent the number of modes in the longitudinal and the lateral 

direction, respectively. Substituting expressions (2-66) and (2-67) into (2-64) and (2-65), 

multiplying (2-64) by lfIi (ç) and (2-65) by çOi (ç) and integrating from 0 to 1, using the 

fact that ! lfIi {Ç)lfIj (ç)dç = ! çOi {ç)çOj (ç)dç = ôij (ôij being the Kronecker delta), leads 

to the foIlowing equations in indicial form: 

M u .. Cu . KU .JI A2 • A3 •• A4 •• ijPj + ijPj + ijPj + J~kqjqk + ijkqjqk + ijkqjqk + ijkqjqk 

+B~k/qjqk Iq,1 + B~k,q/Ik Iq,1 + B~k/qjqk 14,1 + B;k/q/Ik 14,1 = 0 (2-68) 

and 

Mv·· Cv . KV DI D2 • D3 • D4 •• D5 •• ijqj + ijqj + ijqj + ijkPjqk + ijkPjqk + ijkPjqk + ijkPjqk + ijkPjqk 

+E~kqj Iqkl+ E;~/ij Iqkl+ E~kqj 14kl+ E;iij 14kl 
vi v2· v3 .. v 4 ··· v5 .. 0 +rijk,qjqkq, + rijk/qjqkq, + rijk/qjqkq, + rijk/qjqkq, + rijk/qjqkq, = , (2-69) 

where the coefficients are given in Appendix A. 

Concerning tbe linear terms, M;, C; and K; correspond respectively to the mass, 

damping and stiffuess matrices in the u-direction and M;, C; and K; to the 

corresponding matrices in the v-direction. AIl the other terms are related to coefficients of 

the nonlinear terms in the u and v directions. 

In the foregoing, internaI dissipation in the material of the cylinder was neglected; 

for generality, it is now introduced into the equations of motion, via the simplest possible 

model. The internaI dissipation of the cylinder is assumed to be viscous and linear. In 

order to find the related terms, we look at the linear equations of motion in the axial and 

the transverse directions, assuming that there are no flow- and gravity-related forces. The 

and the transverse directions, respectively, In which M; = ! lfIilfljdç = ôij' 
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l ( )i linear viscous damping can be written as C;,ViSCOUS = 2ç( K;M; t = 2ç -fla! lj/ilj/;dç 

= 2ç ~ fla Ât ; Â;" being the ith eigenvalue of a bar in axial vibration, with the same 

boundary conditions as the cylinder, and ç being the damping ratio. In the same manner, 

one can find the viscous damping in the transverse direction as C;,ViSCOUS = 2ç ( Âi
v r; Âi

v 

being the ith eigenvalue of a beam in transverse vibration. C; and the third term in C; in 

Appendix A are terms associated with this dissipation. 

2.7 The equations of motion recast in first-order form 

In order to make it possible to analyse the system using AUTO as will be described in the 

following chapter, one needs to recast the second-order ordinary differential equations, 

(2-68) and (2-69), in the first-order form. After sorne switching in the indices and re

grouping of terms, Equations (2-68) and (2-69) can be written as 

M u.. A4 ., 
ijPj + ikjqkqj 

+C;Pj + (A;!jqk + A;~/Jk + B;~kq,lqk 1 + B;:jlqk Itl,l)tlj 

+K;Pj +(A~kqk +B~k,qk Iq,I+B;k,qk Itl,l)qj = 0, 

D~J)jqk + (M; + F;~jq,qk ) iij 

+( D;kqk + D;Jh) Pj + ( C; + D~Pk + E;k Iqk 1 + E;k Itlk 1 + F;,~q,qk + F;~jq/Jk + ~~qAI) qj 

+D~kPjqk +( K; + E~k Iqkl + E;k Itlk 1 + F;;k1qkq, )qj = O. 

(2-70) 

(2-71) 

These two equations, can then be put together as one single set of equations in the 

following matrix form: 
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(2-72) 

which can then be written as 

X. =- M C X. - M K. X { .. } [J-I [J { '} [J-I [J {} 
} N,xl y 2N,x2N, y 2N,x2N, } N,xl y 2N,x2N, y 2N,x2N, j N,xl' 

(2-73) 

Assuming {X} = {Y}, the standard first-order form of the ordinary differential 

equations can be written as 

{ . } [[0] 1] {} X N,xN, N,xN, X 

y 2N,xl = -[My JI [Ky] -[My JI [ Cy ] 2N,x2N, y 2N,XI' 

(2-74) 

2.8 Summary 

In this chapter, weakly nonlinear equations of motion, correct to third order of magnitude, 

were derived using Hamilton's principle for the dynamics of an extensible slender 

cylinder subjected to axial flow. Here, lateral deflections were assumed to be of first

order magnitude, while axial ones of second-order. For convenience, inviscid, hydrostatic 

and viscous forces were determined separately, not together, say by direct application of 

the Navier-Stokes equations. The inviscid component was modelled by an extension to 

Lighthill's slender-body work. Frictional forces were formulated as proposed by G. 1. 

Taylor and hydrodynamic pressure forces were the nonlinear extension of Païdoussis' 

formulation. The resulting equations were two coupled nonlinear partial differential 

equations, one mainly associated with the axial and the other mainly with the transverse 
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direction. These nonlinear partial differential equations were nondimensionalized and 

then discretized by the Galerkin technique using the bar and beam eigenfunctions as 

suitable basis functions. The resulting second-order ordinary differential equations were 

recast in first-order form to make it possible to analyse the system using different tools, 

as will be discussed in the following chapters. 
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Figure 2-1 Diagrammatic view of a vertical slender flexible and extensible cylinder 

subjected to axial flow, in the test-section of a circulation system. 

49 



4----.:I~*_~-........ pgA 
FpxÔx 

j 

Figure 2-2 An element 8x of the cylinder, showing the forces acting on it. 
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Figure 2-3 An element of the cylinder used for the determination of the relative fluid

cylinder velocity V and of the angles B( and B2 ; V is the vectorial suin of y and 

-Uf+x. 

51 



F;,x ax 

j 

jt 

81 

i 

Figure 2-4 A rigid element of the cylinder surrounded by fluid. 
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3. Methods of Solution 

3.1. Introduction 

In this chapter, the methods used in this thesis to analyse the behaviour of slender flexible 

cylinders subjected to axial flow are presented. The equations of motion of this system 

are two coupled nonlinear partial differential equations (Equations (2-64) and (2-65)), 

which can be discretized by Galerkin's technique to give a set of second-order implicit 

nonlinear ordinary differential equations, of the type 

Mx + Ci + Kx = F ( x, i, x, t), (3-1) 

with appropriate initial conditions x ( 0) and i (0), in which x contains all the 

generalized coordinates used in the discretization. M, C and K are the mass, damping and 

stiffness matrices associated with the linear part of the system; if Nt = Nu + Nv is the 

total number of degrees of freedom (Nu and Nv are the umber of modes in- the axial and 

the transverse directions, respectively, as explained in Section 2.6), these matrices will be 

of order Nt x Nt; and F, an Nt xl vector, inc1udes aIl the nonlinear terms. Equation (3-1) 

is said to be implicit because of the presence of the nonlinear inertial terms x in F; see 

the nonlinear inertial terms in (2-68) and (2-69). 

The first method discussed in this chapter is Houbolt' s finite difference method 

(FDM), which is an initial value problem solver and is used to solve the second-order 

ordinary differential equation (3-1), directly without any need to recast it in first-order 

form. 

Equation (3-1) can also be expressed as an explicit relation, or in vector form 

y =G(y,t), (3-2) 

where y has the size of 2Nt • Equation (2-74) is the first-order form of the equations of 

motion of a slender flexible cylinder subjected to axial flow. In this thesis, AUTO, which 

is a package for continuation and bifurcation problems in ordinary differential equations, 

is used to analyse the first-order form of the equations of motion for this system. 
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The analytical method of centre manifold reduction, which is used to study the 

behaviour of the system in the neighbourhood of the critical points, is also discussed in 

this chapter, especially to examine the behaviour of the system in the vicinity of the 

pitchfork bifurcation point. In this method, the essential behaviour of the system in the 

neighbourhood of the pitchfork bifurcation point can be studied by restricting attention to 

a one-dimensional invariant subspace, which is called the centre manifold. 

3.2. Houbolt's Finite Difference Method (FDM) 

Houbolt's finite difference method is an initial-value problem solver in which the system 

of equations is integrated numerically for one initial condition at a particular time, and 

the state of the system at any time thereafter can be reproduced. It has been shown that 

Houbolt's method is probably the most efficient time integrator for elastic-plastic 

structural dynamical problems (Tillerson and Stricklin, 1970; Wu and Witmer, 1973). It 

introduces sorne numerical damping, as weIl as sorne frequency distortion (Park, 1975), 

which is also the case for other popular schemes. Nath and Sandeep (1994) showed that 

Houbolt's scheme became unstable for their problem if the time step Il.t was smaller than 

a critical value that depended upon the physical parameters. Semler et al. (1996) showed 

that this method could be used to solve equations of the form of Equation (3-1) directly, 

without re-writing them in the first-order form of Equation (3-2). They studied three 

specific methods, which were candidate numerical schemes to solve the second-order 

implicit nonlinear differential equations (3-1). According to their findings, the Picard 

iteration method using Chebychev series is not val id for solving implicit equations 

containing nonlinear inertial terms. They found that the IncrementaI Harmonie Balance 

method yields accurate periodic solutions, and also the frequency of oscillations and the 

dynamical stability of the system may be assessed very easily, but it cannot compute non

periodic (chaotic) solutions (Païdoussis, 1998, p. 376). Semler et al. (1996) showed that 

Houbolt's 4th order finite difference method can be used to compute time histories of 

initial value problems, if the time step is properly chosen. It was shown that when the 

time step is sufficiently smaIl, e.g., 250 time steps per cycle, FDM yields accurate results. 

The only deficiency in Houbolt's scheme is that it introduces sorne very small numerical 
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damping together with a phase shift, which might be negligible when dealing with 

dissipative systems. It is also noted that FDM finds only stable orbits, which nevertheless 

may be periodic, quasiperiodic or chaotic. 

In Houbolt's finite difference method, the second-order and the first-order time 

derivatives are approximated in terms of the previously calculated values of the unknown 

by 

Xj,n+l = [2Xj,n+l -5xj,n +4xj,n_l -xj,n_2]/(.M)2, 

Xj,n+l =[llxj,n+I- 18xj,n +9Xj,n_l -2Xj,n_2]/(6M), 

(3-3) 

(3-4) 

where x j ,n = X j ( nM ); /).t is the time step; x j is the lh element of the vector of unknowns 

x; n is the step of ca1culations in which xj,n' xj,n_l and xj,n-2 have already been 

calculated in the previous steps, and X. n+l is the unknown, to be found in this step. 
}, 

Using Equations (3-3) and (3-4), we transform the Nt-dimensional second-order 

ordinary differential equation (3-1) to a set of nonlinear algebraic equations: 

f (xn+1) = 0, (3-5) 

where fis an Nt-dimensional nonlinear function of xn+1 that has to be solved numerically; 

Xn' xn-1 and xn-2 are known from the previous steps. 

The Newton-Raphson method is used to solve Equation (3-5) and is known to 

converge very rapidly: in less than 10 iterations usually. In the Newton-Raphson method, 

one has to start with an initial guess for Xn+1' Because the time step, M in (3-3) and 

(3-4), is assumed to be small, a good initial guess is xn+1 = xn' The next step in this 

method is to evaluate f and its Jacobian, 

J = (8J;/àxj,n+l)' (3-6) 

at xn+1' numerically. The Jacobian may generally be obtained either analytically or 

numerically. In most vibration problems, and in the cases considered in this thesis, it is 

assumed that the Jacobian may be obtained analytically, and in the FDM program we 

provide the Jacobian analytically. Solving the linear system of equations, 

(3-7) 
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for y, one can write 

(3-8) 

and repeat these steps until y is negligible to find the converged value of Xn+l , which is 

the solution sought. 

Figure 3-1 shows the flowchart of the FDM program, in which, basically, after 

reading the general physical parameters of the system, the program repeats aIl the above

mentioned steps for each flow velocity to find the time series. The resulting time series is 

then analysed to study the behaviour of the system at each flow velocity. 

3.3. AUTO 

Continuation methods are a very powerful numerical tool, which have been developed 

based on the concept of bifurcation theory. These methods follow a particular type of 

solution as it evolves in phase space as a result of varying one or more independent 

parameter(s). By considering the stability of the solutions, they detect the onset of new 

types of solutions, which bifurcate from a given solution branch. These methods are very 

useful in constructing bifurcation diagrams, which summarize the dynamical behaviour 

as an independent parameter is varied. 

AUTO is a software for continuation and bifurcation problems in ordinary 

differential equations (Doedel and Keméves, 1986). It can do a limited bifurcation 

analysis of algebraic systems of the form 

f(y,p)=O, fandyinRn, (3-9) 

and of systems of ordinary differential equations of the form 

y(t) = f(y(t ),p), f and y(t) in Rn, (3-10) 

subject to initial conditions, boundary conditions, and integral constraints. Here y is the 

vector of variables and p denotes one or more parameters. AUTO can also do certain 

continuation and evolution computations for parabolic partial differential equations. In 

this thesis, we concentrate on the applications of AUTO for the system of ordinary 

differential equations (3-10). AUTO cannot handle second-order equations in the form of 

(3-1) directly, but it is extremely powerful in following stable and unstable solution 
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branches if the equations can be transfonned into first-order fonn as in (3-2). To use 

AUTO, one has to have the solution of the system for sorne particular set of parameters, 

e.g., the initial configuration of the system. Then by varying a parameter, one can follow 

the solution and detect the possible bifurcation points, from which new solution branches 

emerge. As these new solution branches themselves become new initial configurations, 

and as AUTO can switch from one solution to another at the bifurcation point, the new 

solution branches can also be followed in search for other possible bifurcation points. 

Furthennore, AUTO can follow the stable and unstable solutions, which can be static or 

periodic; but it cannot follow quasiperiodic and chaotic solutions. Usually, for the range 

of parameters where quasiperiodic and chaotic oscillations are expected, AUTO finds a 

group of unstable solutions. This, together with the overall behaviour of the system, may 

be a sign of the existence of chaos, which must be proved by other methods (e.g., by 

using FDM in this thesis). 

AUTO detennines the stability of static solutions by computing the eigenvalues of 

the linearized form of (3-10) along the static branches. When detecting a branch point, 

AUTO follows the same branch, which changes stability afterward, and it also switches 

branches and follows the new solutions. AUTO also computes branches of stable and 

unstable periodic solutions and the corresponding Floquet multipliers, which determine 

stability along these branches. Starting data for the computation of periodic orbits are 

generated automatically at Hopf bifurcation points. It can also locate folds, regular 

bifurcations, period doubling bifurcations, and bifurcations to tori along branches of 

periodic solutions. Branch switching is possible at regular and period doubling 

bifurcations, but not at toms bifurcations, as the emerging solution is no longer periodic. 

In this thesis, we introduce to AUTO the equations of motion in their first-order 

form (Equation (2-74)) in a subroutine. AUTO calculates the Jacobian of the equations, 

numerically; therefore, there is no need to provide AUTO with the Jacobian, analytically. 

Varying the flow velocity as the independent parameter, AUTO follows the solutions and 

finds the values of x at every flow velocity. Using variable step sizes, it can locate the 

bifurcation points and construct the bifurcation diagram, very accurately and fairly 

rapidly, except for the ranges of flow velocity where quasiperiodic and chaotic 
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oscillations might exist. For these ranges of flow, we use FDM to find the stable solutions 

and to complete the bifurcation diagram. 

3.4. Centre manifold reduction for pitchfork bifurcation 

The idea of the centre manifold reduction is to use the eigenvalues and eigenvectors of 

the linearized system and to reduce the dimension of the original nonlinear system in the 

vicinity of an equilibrium (degenerate) point. In general, the eigenvalues of the linearized 

system at the degenerate point have negative, positive and zero real parts, whose 

corresponding eigenvectors span three subspaces: the stable (ES), unstable (EU) and centre 

(EC
) subspaces, respectively, onto which the solution space of the linearized system can 

be decomposed. The three invariant subspaces tangent to the above-mentioned subspaces 

are called stable (WS
), unstable (WU) and centre (WC) manifold. The idea here is to tind 

the centre manifold subspace tirst, and then to tind a sub-system on the centre manifold 

whose dimensions are detinitely smaller than those of the original system, such that it 

contains the essential behaviour of the original system, including the existence and the 

stability of aIl the solutions around the equilibrium point. It can be shown that the idea of 

centre manifold is useful only when the unstable subspace is null, i.e. the linearized 

system has eigenvalues with negative and zero real parts only. In the case of existence of 

a positive-real-part eigenvalue, the centre manifold will not be attractive.! 

To tind the equations of motion on the centre manifold, the tirst step is to write 

the equations in their so-called standard Jarm. Here the standard form is formulated for 

the pitchfork bifurcation. In general the governing equations of motion can be written as 

i=Ax+f(x), (3-11 ) 

in which x is the vector containing the unknowns, A is a matrix representing the linear 

part of the equations of motion and f con tains aIl nonlinear terms of the equations of 

motion. Here, li is considered as the only parameter to be varied, in the neighbourhood 

of the critical flow, Zlsp, at which a pitchfork bifurcation occurs. 

1 Carr (1981), Guckenheimer and Holmes (1983), and Païdoussis (1998, appendix F) give a very 

comprehensive explanation on the centre manifold reduction theory. 
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At li = lIap , matrix A has one zero eigenvalue and aIl the other eigenvalues have 

negative real parts. One can construct a modal matrix P consisting of the real and 

imaginary parts of the eigenvectors, such that, by letting x = Py, the system equation 

(3-11), may be brought into the standard form 

y = P-IAPy+P-lf(Py), (3-12) 

where P-IAP contains the eigenvalues of A. For a pitchfork bifurcation, and for the case 

when x has four elements, 

0 0 0 0 

A=P-IAP= 
1 CTI 0 0 

0 0 CT2 -OJ2 

(3-13) 

0 0 OJ2 CT2 

where the eigenvalues of A are ~ = 0, À.z = CTI, À:3.4 = 0"2 ± iOJ2 • 

After transforming the system into the standard form (3-12), we can compute the 

centre manifold and the corresponding sub-system. Separating the centre components 

from the stable ones, we obtain 

Yt = AoYt +fo (Yl'Y2)' 

Y2 = BOY2 +go (Yl'Y2)' 

(3-14) 

(3-15) 

where Yt E}R.n, Y2 E}R.m, and Ao and Bo are constant matrices such that aIl the 

eigenvalues of Ao (of dimension n) have zero real parts while aIl the eigenvalues of Bo 

(of dimension m) have negative real parts. It IS also assumed that 

fo (0,0) = f~ (0,0) = go (0,0) = g~ (0,0) = 0 (here f~ and g~ are the Jacobian matrices of 

fo and go, respectively). 

We introduce the centre manifold for (3-14), h as 

with 

h(O)= 0, Dh(O)=O, 

Differentiating (3-16) with respect to time, 

Yl = Dh(Yt)Yt> 

(3-16) 

(3-17) 
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and substituting (3-16) into (3-14) and (3-15), 

YI = A OYI +fO(Yl,h(Yl))' 

Y2 =Boh(Yl)+gO(Yl,h(Yl))' 

Then, substituting (3-18) and (3-19) into (3-17) gives 

Dh(Yl)[ AOYI +fo (Yl'h(Yl)) ] = Boh(y 1) + go (YI ,h(Yt))· 

(3-18) 

(3-19) 

(3-20) 

Equation (3-18) captures the essential dynamics of (3-11), and (3-20) represents a 

partial differential equation that h(Yt) must satisfy. To find a centre manifold it is 

necessary to solve (3-20) for h(Yt), which cannot, of course, be solved exactly in most 

cases (to do so would imply that a solution of the original equation had been found!), but 

its solution can be approximated arbitrarily c10sely as a Taylor series at Yt=O. Equation 

(3-18) is the sub-system of the original nonlinear system on the centre manifold h(Yt). 

The dynamics of the original nonlinear system around the pitchfork bifurcation can 

therefore be studied by studying the simple equation (3-18). 

3.5. Summary 

In this chapter, the three different methods used in this thesis to de al with the nonlinear 

equations of motion of slender flexible cylinders subjected to axial flow have been 

presented. Houbolt's fourth-order finite difference method (FDM) was introduced as a 

suitable scheme to solve the discretized nonlinear second-order ordinary differential 

equations, directly. Using Houbolt's assumptions, one can transform the nonlinear 

ordinary differential equations to a set of nonlinear algebraic equations, which can be 

solved by the Newton-Raphson method. 

AUTO uses the first-order form of the nonlinear ordinary differential equations 

and, using continuation and bifurcation theories, constructs the bifurcation diagram of the 

system by varying a particular parameter, e.g., the flow velocity. As AUTO is not able to 

find quasiperiodic and chaotic oscillations, we use FDM to complete the bifurcation 

diagrams in the ranges where the possibility of quasiperiodic and chaotic oscillations 

exists. Therefore, by a combination of AUTO and FDM, bifurcation diagrams may be 

constructed for any desired range of flow velocity. 
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Analytical centre manifold theory was presented as a modem tool to study the 

behaviour of the system in the vicinity of the pitchfork bifurcation point. In this method 

one can reduce the dimensions of the system in the neighbourhood of the pitchfork 

bifurcation to one, and study analytically the behaviour of the system by considering the 

resulting simple one-dimensional system, instead of the original multi-dimensional one. 
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4. Nonlinear Dynamics of a Sim ply Supported Cylinder 

Subjected to Axial Flow 

4.1 Introduction 

In this chapter, the dynamical behaviour of a simply supported cylinder subjected to axial 

flow is studied. Figure 4-1 shows the system under consideration: the cylinder is vertical 

and the flow direction is the same as the direction of gravity, i.e., downward. As 

discussed in Chapter 1 (Section 1.2.1), the linear results for this system were presented by 

Païdoussis (1973), showing that the cylinder undergoes a first-mode divergence, followed 

by a second-mode divergence and a so-called "Païdoussis-type" coupled-mode flutter at 

higher flow. These results will be reproduced and discussed in Section 4.2. It should be 

noted that the linear results are reliable only up to the first point of instability, and the 

existence of post-divergence instabilities as predicted by linear analysis· needs to be 

validated by using a nonlinear model. This is what is done in this chapter, using the 

nonlinear equations of motion derived in Chapter 2. The nonlinear behaviour of the 

system is presented in the form of bifurcation diagrams where the cylinder amplitude is 

plotted versus the flow velocity, which is the varying (independent) parameter. Time 

histories, phase plane plots, power spectral density plots and Poincaré maps are also 

presented at different flow velocities. 

The effect of different physical parameters (i.e., frictional coefficients, externally 

imposed uniform tension and dimensionless axial rigidity) on the behaviour of the system 

is studied. AIso, the effect of the number of Galerkin modes used in discretizing the 

partial differential equations on the stability of the results is studied, to find the number of 

modes necessary for reliable results. 

The case when the fluid-related forces are linear while the structure is assumed to 

be nonlinear is also studied, to judge the importance of including the nonlinear fluid 

forces into the equations of motion derived in Chapter 2. The results will show whether 

one can neglect aIl the nonlinear terms due to the fluid forces in the equations of motion 

and still get acceptable results or not. 
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Centre manifold reduction theory is used to study analytically the behaviour of the 

system in the neighbourhood of the first pitchfork bifurcation point. This is done to 

validate the numerical results in this neighbourhood in terms of both the nature of the 

pitchfork bifurcation (subcritical or supercritical) and the amplitude of the buckled 

solution. 

4.2 Linear analysis 

The linear equation of motion for this system was presented by Païdoussis (1966b) and in 

its corrected and more general form by Païdoussis (1973). In this section, a reproduction 

of sorne of the linear results of Païdoussis (1973), also found in Païdoussis (2004), is 

presented to give a flavour of the results found by using a linear model. 

The dimensionless linear equation of motion is 

(1+{x-1)P)ii+2xYJP if + xy2rf -[iZlcb{I-Ô) Jrf +[rÔ+{1-2v)fIôJ{-7f). 

+V(4) +iey2ct {1 +h){[Ç -Ç{I)(I-ô)Jrf -(l-!Ô-~)rf} 

+iey2 (cn +cth )rl +ieYcn#fJ +(l-!Ô -~)( -Tl")} + o( e2
) = 0, (4-1) 

in which the nondimensional parameters are the same as those presented in Chapter 2 

after Equation (2-65). To study the dynamical behaviour of the system, the flow velocity 

is varied starting from zero; the eigenvalues of this linear equation are ca1culated at each 

step and the stability of the system is examined. Here, we study the case of a simply 

supported cylinder subjected to axial flow with the following dimensionless parameters: 

P = 0.1, r = 0.84, en = Ct = 0.025, cb = 0, e = 15.81, X=I, 8 = 1, fi = r = o. 
Figure 4-2 shows the real and imaginary components of eigenvalues as functions 

of the dimensionless flow velocity, Y, for the first two modes. These results show that 

the cylinder is stable for o<y <7r, i.e. at its original equilibrium position; at Y=YBP =7r 

the eigenvalue of the first mode becomes zero, and therefore the system loses stability in 

its first mode by divergence, via a pitchfork bifurcation. The post-divergence dynamical 
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behaviour of this system, i.e. for li> ZlBP ' strictly cannot be predicted by linear theory. 

Linear theory is applicable only up to the fist loss of stability and cannot provide any 

definitive prediction of post-critical behaviour. The reason for this is that, in the linear 

equation of motion, it is required that motions be small so that the system remains in the 

vicinity of the equilibrium state, while for li> ZlBP the system has diverged away from 

that state. Nevertheless, it is ofinterest to see what the linear theory predicts for lI>ZlBP • 

It is found that the cylinder develops divergence in the second mode at ZI==2;r, and 

immediately after, at ZI= 6.45 , the first- and the second-mode eigenvalues coalesce to 

give rise to so-called "Païdoussis-type" coupled-mode flutter (see Done and Simpson 

(1977». 

Figure 4-3 shows the same graphs as Figure 4-2, but for p = 0.48 and & = 10 . 

The first-mode divergence occurs at ZI==1r. The second divergence is associated with the 

hitherto stable branch of the first mode, followed immediately by a coupled-mode flutter 

via re-coalescence of the two bifurcated branches of the first mode. 

More details on the methods of linear analysis for such systems and a very 

complete study of the dynamics of the system, from a linear point of view, can be found 

in Païdoussis (2004, Chapter 8). What is of interest in this thesis is the fact that, 

according to the linear results, the cylinder loses stability by divergence, followed by 

coupled-mode flutter at higher flow velocities. The nonlinear model must be able to find 

the first point of instability (the onset of divergence) at exactly the same point as 

predicted by the linear model {in fact, by assuming small displacements and neglecting 

aIl the nonlinear terms in the nonlinear equations of motion, one can retrieve the linear 

equation (4-1». The question here is whether or not the post-divergence instability 

(flutter) exists according to the nonlinear analysis. 

In order to investigate the validity of the post-critical behaviour of the system as 

predicted by linear theory, and also to determine the amplitude ofbuckling, as weIl as the 

amplitude and the frequency of oscillatory motion if flutter does exist, the system needs 

to be examined via nonlinear analysis. This will be conducted next, by using the 

nonlinear model of Chapter 2. 
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4.3 Nonlinear analysis: basic concepts 

As for the linear system, the first task is to discretize the equations of motion via the 

Galerkin method, but because there are two equations involved, one in the axial and one 

in the transverse direction, two sets of comparison functions must be utilized. In the case 

of a simply supported cylinder, the eigenfunctions of a both-ends-fixed bar in the axial 

vibration, IfIA~), and those of a simply supported beam in the transverse vibration, 

ljJj ( ~), are used as basis functions, because they satisfy the same boundary conditions as 

the problem at hand. These eigenfunctions are identical; i.e., 

1fI) (~) = fi sin (j1f~), 

ljJ) (~) = fi sin(j1f~). 

(4-2) 

(4-3) 

One can then evaluate the coefficients of the tensor form equations (2-68) and (2-69). 

AUTO and FDM, as explained in Chapter 3, are used to solve equations (2-68) 

and (2-69) for ql' q2' ... , q N +N for different values of the flow velocity, ZI. The number 
u v 

of modes used in the axial and the transverse direction are Nu and Nv, respectively. As 

will be seen, the results found using AUTO and FDM are in perfect agreement for aIl the 

static results and also for the dynamic results before the point at which a toms bifurcation 

occurs; this limitation is because AUTO cannot follow the stable solutions after a toms, 

and only FDM can be used for finding solutions when the system performs quasiperiodic 

and chaotic motions. 

The information gained from a nonlinear analysis of the system is summarized in 

bifurcation diagrams in which, typicaIly, the amplitude of motion is plotted as a function 

of one parameter of the system; in this thesis, the first generalized coordinate in the 

transverse direction, q., is plotted as a function of the dimensionless flow velocity, ZI, 

unless otherwise mentioned. It has been verified that dynamical behaviour of q. is 

representative of that of the full system. In the bifurcation diagrams, a solution on the x

axis represents the original configuration, i.e. the inert cylinder in its equilibrium 

position. A nonzero solution can represent either a non-trivial static equilibrium position 

(representing a buckled stationary cylinder) or the amplitude of oscillation for flutter, 

depending on the context. 
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Figure 4-4 shows a typical bifurcation diagram for this system, found by AUTO 

and FDM to show that the results obtained with these two methods match perfectly. The 

continuous and dotted lines show the stable and unstable solutions, respectively, obtained 

by AUTO, and the asterisks are the results obtained by FDM. Only two Galerkin modes 

have been used to discretize the partial differential equations. This bifurcation diagram 

shows that at low flow velocities, the system is in its original equilibrium position and 

with increasing flow, the system undergoes a pitchfork bifurcation (the onset of 

divergence) at ZI.:::: 3.14 (BP 1) and with further increase of the flow, the amplitude of 

buckling increases. It is noted that AUTO can follow even unstable solutions (dotted 

lines in Figure 4-4), which do not materialize physically, e.g. in the experiments, while 

FDM can only find the stable solutions. The second bifurcation point (BP2) and the 

branches coming out of it (the nonzero dotted lines) are unstable. AUTO finds both 

possible solutions for the cylinder: the upper branch and the lower branch in Figure 4-4; 

while using FDM onlyone solution (on one of the branches) at a time can be obtained, 

depending on the initial conditions. For example, in Figure 4-4, only the solutions on the 

upper branch are found by FDM; however, the lower branch could be obtained simply by 

using opposite initial conditions. 

4.4 The influence of different parameters on the stability and the amplitude of the 

buckled solution 

In this section, the influence of different parameters on the stability and the amplitude of 

the buckled solution of the system is examined for the following physical parameters: 

D=0.0254m, p=1000 kg/m3
, m=0.5817 kg/m, M=O.507 kg/m and 

E = 2.76 MPa; leading to the following dimensionless values: ZI= 3 UL, ft = 0.47, 

r = 12.996L3 and r = 0.27 t/ L2 
, where U is in rn/s, Lin m and t in s. Here ZI is used as 

the independent parameter, which is varied. It is assumed that X = 1 and h = 0, which 

correspond to a cylinder in unconfined flow, and that the coefficient of form drag is zero, 

Cd = o. The cylinder is not allowed to slide at the downstream end; hence, t5 = 1 and 

Ch = o. The damping ratio, ç, is assumed to be 0.01 in all modes. 
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4.4.1 Influence offrictional coefficients 

In this study, the frictional coefficients m the nonnal and tangential directions are 

assumed to be equal, Cn = Ct (Païdoussis, 2004, Appendix Q). AIso, since in the equations 

of motion they always appear as SCn and sct , the effect of varying sCn = sCt is the same 

as varying Cn = Ct. Figure 4-5(a) shows the bifurcation diagram of the system for 

different values of sCn = sct . Here it is assumed that Ilo = 10 000, corresponding to 

L=64 cm and S = 25, and r = fi = o. It is seen that, with increasing sCn and SCt ' the first 

bifurcation point ( divergence) occurs at progressively lower flow velocities; also, at a 

fixed flow velocity, the amplitude of buckling is increased with larger values of these 

coefficients. These two effects could be explained by noting that larger sC
t 

(for i5=1) 

implies that half the cylinder is subjected to an increasing compressive load. 

4.4.2 Influence of externally imposed uniform tension 

An extemally imposed unifonn tension (r = TL2 
/ El) represents a pre-strain m the 

longitudinal direction of the cylinder. Figure 4-5(b) shows the bifurcation diagrams of the 

system with varying f for Ilo = 10 000, fi = 0 and c n = Ct = 0.025. When a larger 

tension is applied on a cylinder, higher flow velocities are needed to cause instability; 

hence, the critical flow velocity (for divergence) increases. With increasing r at a fixed 

flow velocity, the amplitude of bucking decreases. This is because the resistance to a 

lateral displacement in a tensioned cylinder will be larger. One would expect the same 

influence on the behaviour of the system for the coefficient of pressurization (fi), which 

also represents a pre-strain in the longitudinal direction of the cylinder. 

4.4.3 Influence of dimensionless axial flexibility 

The dimensionless axial flexibility, fIo = EAL2 
/ El, is a measure of the axial rigidity as 

compared with the transverse rigidity of the system. For a full cylinder (not hollow), 

fIo = (4L/ Dl; this implies that, for a fixed D, increasing the value of fIo means a larger 
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L; therefore, a larger amplitude of buckling should be expected. Figure 4-5( c) shows the 

bifurcation diagrams of the system for different values of fla for cn = CI = 0.025 and 

r = fi = O. It is seen that, the larger the value of fla is, the sm aller the amplitude of 

buckling becomes, which seems to be contrary to what was expected! The answer to this 

paradox lies in the fact that the dimensionless flow velocity and the dimensionless 

transverse displacement both depend on the length of the cylinder (ZI=-JpA/EI UL, 

11 = v/ L). Once this is taken into account, the results are as one would expect: a longer 

cylinder buckles at lower flow and when buckled, for a given dimensional flow velocity, 

its amplitude is larger compared with a shorter cylinder (Figure 4-5(d)). It has also to be 

noticed that fla has no influence on the critical dimensionless flow velocity for the first 

bifurcation point. 

4.5 Nonlinear post-divergence behaviour of a simply supported cylinder 

In the previous two sections, the behaviour of a simply supported cylinder was studied in 

its static state (pre-buckling and buckling positions). Here, this system is studied over a 

wider range of flow velocities in order to study its dynamical behaviour (if it exists at aIl) 

at higher flow velocities. Figure 4-6 shows the bifurcation diagram for a simply 

supported cylinder with a length of L=40 cm and a diameter of D=2.54 cm and therefore 

G = 15.81. Young's modulus of the cylinder is E = 2.76 MPa and the mass of the 

cylinder per unit length is m = 0.5817 kg/m. The axially flowing fluid is water with 

density of 1000 kg/m3 
• The corresponding dimensionless axial flexibility is fla = 4000. It 

is also assumed that cn = CI = 0.025 and r = fi = O. 

As is weIl known, bifurcations are determined mathematically by the eigenvalues 

in the case of a fixed point, and by the Floquet multipliers in the case of a periodic 

solution. If aIl the generally complex eigenvalues have negative real parts, the system is 

stable; if one of the complex eigenvalues becomes zero, a pitchfork bifurcation (static 

divergence) occurs, and when a set of complex conjugate eigenvalues crosses the 

imaginary axis (the real components become zero) a Hopf bifurcation occurs. If aIl the 

Floquet multipliers are inside the unit circle, the oscillatory solution is stable. If two 
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complex conjugate Floquet multipliers cross the unit circle, a toms bifurcation occurs; 

further, if one of the Floquet multipliers crosses the unit circle at -1, a period doubling 

bifurcation OCCurS, and if it crosses the unit circle at + 1, a saddle-node bifurcation takes 

place. 

To construct the bifurcation diagram (Figure 4-6), at least 6 Galerkin modes have 

been used in both the axial and the transverse directions (the convergence of the results is 

studied in Section 4.7). It has been confirmed that the first generalized coordinate in the 

transverse direction, ql' is representative of the qualitative behaviour of the system. 

As expected, the system is stable at very low flow velocities and remains in its 

original equilibrium state, up to where it loses stability via a supercritical pitchfork 

bifurcation (one eigenvalue becomes zero) at a nondimensional flow velocity ZI:::::r 

(BPI) in conformity with linear theory; this leads to a buckled state (stable nonzero static 

solution or fixed point). Subsequently, ql increases with ZI . The resulting static solution 

eventually loses stability, and the system develops flutter via a supercritical Hopf 

bifurcation (two complex-conjugate eigenvalues with zero real parts) a~ ZI:::: 14.15 

(HB 1), corresponding to periodic solutions around the buckled state. Figure 4-7 shows 

the time history, phase plane plot, power spectral density plot and Poincaré map of the 

periodic response of the system at ZI =14.6, where the system is subject to flutter. The 

system oscillates around the static equilibrium point, where ql :::: 0.082 and the PSD plot 

(Figure 4-7(c» shows that the frequency of oscillation is f:::: 9.5 Hz. The Poincaré map 

(Figure 4-7(d» gives a qualitative picture of the type of dynamical behaviour that OCCurs. 

Thus when the solution is periodic, the phase plane plot is a limit cycle and the Poincaré 

map, which is a section through the limit cycle, has a finite number of points (4 in this 

case). In this thesis, the Poincaré maps have been obtained by plotting 41 versus ql when 

42 = 0, unless otherwise mentioned. It ought to be remarked that the precise number of 

points in the Poincaré map depends on the section one takes. Figure 4-7(d), a map with 

four points, was obtained by plotting 41 versus ql when 42 = 0; if the condition is altered 

to 42 = 0.1, one obtains only two points in the Poincaré map. These figures are 

constructed using 1,000,000 sample points in 100 nondimensional time units. 
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With increasing flow, the Iimit cycle becomes unstable via a toros bifurcation 

(two complex-conjugate Floquet multipliers cross the unit circle) at ZI =: 14.73. This 

bifurcation corresponds to the appearance of a second frequency in the response, 

indicating that quasiperiodic solutions are possible thereafter. Figure 4-8 shows the time 

history, phase plane plot, power spectral density plot and Poincaré map of the system at 

ZI =14.8, which aIl display a quasiperiodic-two oscillation, meaning that the solution 

involves two fundamental frequencies. These two dominant frequencies are i; = 4.19 

and J., = 9.76; all the other peaks in the PSD plot may be written as 1 = mi; ± nJ." with 

m and n integers. For example the first peak in the PSD plot is 1; = -21; + 17' while the 

second one is h = 3 h - J.,. Table 4-1 shows how aIl the peaks shown in Figure 4-8( c) 

can be written in terms of the two fundamental frequencies, h and J.,. 

It has been confirmed that for lI=14.9 and lI=15.0 the system undergoes 

quasiperiodic-2 motions also. Time histories, phase plane plots, PSD plots and Poincaré 

maps for these latter two cases are shown in Figure 4-9 and Figure 4-10. In the PSD 

plots, all the peaks can be written as the linear combination of the two fundamental 

frequencies as shown in Table 4-1. For ZI= 14.9, the fundamental frequencies are 

ft = 4.23 and h = 9.82; and for li = 15.0, theyare ft = 4.31 and h = 9.88. 

If one uses 7 modes in both the axial and the transverse directions, after periodic 

solutions, a period-doubling bifurcation occurs at li = 14.53 (one of the Floquet 

multipliers crosses the unit circle at -1). This is not observed when using 6 modes in each 

direction, but the results with 8 modes in each direction display a period-doubling 

bifurcation at almost the same critical flow velocity. The fact that by using more modes 

one can observe the period-doubling bifurcation confirms its existence, at least 

theoretically; thus 6 modes in each direction are not enough to capture this detail in the 

dynamics. [An alternative explanation is that the period-doubling bifurcation is 

incidental, as it is not a key to the dynamics at higher flow velocities (cf. Table 4-3, the 

columns BP, HP and TR). In this interpretation of the dynamical behaviour, one can 

conclude that even with 3 modes one captions the essential dynamics of the system.] 

The period-2 oscillation becomes unstable by a toros at ZI = 14.73, which 

corresponds exactly to the critical value of the toros bifurcation when using 6 modes in 
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each direction. The time history, phase plane and power spectral density plots and 

Poincaré map for li = 14.6 found using 7 modes in each direction (Figure 4-11) show the 

period-2 motion of the system: as compared to Figure 4-7, we clearly see the 

subharmonic to the main frequency of f:::: 9.5 in the PSD plot. It is also obvious from 

the time history and the phase plane plot (Figure 4-11(a) and (b)) that the period of 

oscillation is twice as much as that for the periodic oscillation of Figure 4-7. The number 

of points in the Poincaré map is also twice as many as those in the map for the periodic 

oscillation. After the critical point for the torus bifurcation, the system displays the same 

behaviour whether analysed using 6 or 7 modes in each direction. To save computational 

time, the analysis of the system henceforth is based on 6 modes in each direction. 

Chaotic oscillations start at li = 15.1. The time history, phase plane plot, power 

spectral density plot and Poincaré map of the system at li = 16 are shown in Figure 4-12. 

The oscillation here is clearly chaotic. In the PSD plot, as expected, chaotic oscillation is 

associated with a wide frequency band. Notice that, at li = 16, although the main 

frequency (f:::: 11 ) and its main subharmonic (f:::: 5.5) and harmonics are still 

prominent, the overall subharmonic background is of high amplitude compared with the 

periodic and quasiperiodic states in the previous figures. As the dynamics is chaotic, the 

Poincaré map bec ornes more complex, but nevertheless retains a definite structure with a 

limited subspace, in contrast to that for a random process. 

As mentioned before, AUTO is unable to switch at a toms bifurcation and follow 

the stable branches thereafter, because the emerging solution is not periodic but 

quasiperiodic. However, sorne useful information can still be obtained. According to the 

results by AUTO, there exist many unstable branches in the bifurcation diagram for the 

range of flow velocity where chaotic solutions are found by FDM. As observed in the 

upper half of the bifurcation diagram of Figure 4-13, which is produced by AUTO, there 

are 6 unstable branches: 

• four nonzero static solutions emanating from the unstable pitchfork bifurcation points 

occurring at li = 6.3, li = 9.4, li = 12.6 and li = 15.7, which, according to linear 

theory, correspond to the instability of the cylinder in its second to fourth mode, 

respectively; 
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• one nonzero statie solution which becomes unstable through the Hopf bifurcation 

(HB); and 

• one dynamie solution that becomes unstable via the toros bifurcation (TR). 

Furthermore, the unstable branches, symmetric to those shown, exist on the lower part of 

the bifurcation diagram (not shown here), corresponding to negative ql. There is also the 

unstable branch of the original trivial solution, after the first pitchfork bifurcation point. 

Thus, for this particular system, in total there exist 13 unstable branches over the range of 

flow where chaotic oscillations have been observed.· Although, the existence of many 

unstable branches in the bifurcation diagram made by AUTO gives a first clue of the 

existence of chaos, it is not a proof, and the chaotic oscillations must be observed using 

other methods of solutions, e.g., FDM. 

There is a range of flow velocities (16.88 < li < 17.2) where two different stable 

attractors co-exist: a stable nonzero static solution and a chaotic solution (strange 

attractor) (see Figure 4-14). Using AUTO, we are able to find the whole range of the 

stable static solution very precisely, from lI=16.88 to lI=18.73. The nonzero static 

branch in the bifurcation diagram loses stability by a Hopf bifurcation at li = 18.73 

(HB2 in Figure 4-13) and a high frequency periodic motion arises. The frequency of 

oscillation is around 30 Hz (nondimensional), while the frequency of the periodic motion 

after the first Hopf bifurcation, at li = 14.4 for example, is around 10 Hz. Figure 4-15 

shows the dynamical behaviour of the system at lI= 19. The resulting high-frequency 

oscillatory motion becomes unstable via a toros bifurcation at li = 19.60 (TR2 in 

Figure 4-13), leading to a quasiperiodic motion. A time history, a phase plane plot, a 

power spectral density plot and a Poincaré map of the system for li = 20.5 (Figure 4-16) 

confirm quasiperiodic-two motion (again, all the frequencies in PSD can be written in 

terms of two main frequencies, which are f. :::: 10 and J; :::: 38). For flow velocities larger 

than li = 21 , the pro gram do es not converge, although different initial conditions were 

tried . 

• Note that we did not attempt to frnd the periodic unstable solution, which would emanate from the Hopf 
bifurcation at ZI = 15.3. 
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Figure 4-17 shows the spatial shape of the cylinder for different flow velocities. 

Figure 4-17(a) shows the cylinder in its buckled state at li = 12, at which the 

defonnation is a defonned half sinusoid (the classical first-mode shape). Figure 4-17(b) 

shows the cylinder motion over one period of oscillations (~r = 0.1) at li = 14.6, where 

it undergoes a periodic oscillation around its buckled position. The cylinder position at 

every one tenth of the period of oscillation (i.e. at every ~r = 0.01) is shown in 

Figure 4-18(a). It should be noted that the amplitude of oscillations is very small 

compared with the amplitude of the buckled state; if the static component of the cylinder 

motion is removed, the oscillatory motions are more obvious (Figure 4-18(b)). 

Figure 4-17( c) and (d) show the cylinder perfonning quasiperiodic and chaotic 

oscillations around its buckled position at li = 14.8 and li = 16, respectively. These two 

figures show the cylinder motion over a time interval of ~r = 0.3. In aIl these cases, the 

maximum displacement of the cylinder is not at the mid-point, but rather at a point in the 

lower half of the cylinder, due to the tension-compression induced by gravity and 

friction. Figure 4-17( e) shows the static defonnation of the cylinder at li = 18. 

Surprisingly, it is basically of first-mode shape, with the maximum displacement in the 

upper half of the cylinder! It should be mentioned that, this solution belongs to a different 

branch in the bifurcation diagram (another family of solutions) and this may perhaps 

justify, mathematicaIly, the difference in the behaviour (the occurrence of the maximum 

amplitude on the upper half, instead of the lower one) compared with the other cases 

shown in this figure. 

4.6 The behaviour of cylinders with different lengths 

In Section 4.5, the dynamics of a simply supported cylinder with L = 40 cm (flo = 4000) 

was discussed in detail. Here, the effect of the cylinder length on the behaviour of the 

system is studied to as certain whether the results predicted in Section 4.5 are particular to 

that cylinder length or are broadly generic. In Section 4.4.3 this study was conducted for 

the critical value for the onset of divergence and the amplitude of buckling. Now, after 

discussing dynamic instabilities of the cylinder for a particular length in Section 4.5, we 

are in a position to extend our study of dynamic instabilities to simply supported 
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cylinders of varying lengths. Cylinders with the lengths of L = 0.2, 0.3, 0.4 and 0.52 m 

are studied. Changing the length of the cylinder changes the nondimensional axial 

rigidity (FIa) as weIl as the nondimensional gravity parameter (y), both of them being 

functions of the length (see Table 4-2). It is observed in Table 4-2 that, qualitatively, the 

behaviour of the system is the same as that for FIa = 4000: a pitchfork bifurcation 

destabilizes the initial position of the cylinder, followed by a Hopf bifurcation and a torus 

at higher flow velocities. It should be mentioned that for aIl the cases studied here, except 

for L=O.2 m, the cylinder undergoes a period-doubling bifurcation before the torus. 

Chaotic oscillations are observed, together with the co-existence of the static nonzero 

deformation and chaotic oscillations in a range of high flow velocities. The static nonzero 

solution undergoes a Hopf bifurcation followed by a torus. The difference, as one 

expects, is in the critical values: by changing the cylinder length, the critical values of 

flow velocity for different bifurcation points are changed. 

Table 4-2 also shows the critical flow velocities and the frequency of oscillations 

at the Hopf bifurcation point for the four different cylinder lengths. For e.ach case, the 

critical value is given in dimensionless form (upper entry) and in dimensional form 

(lower entry), using the relation for the dimensionless flow velocity in terms of the 

dimensional flow velocity: li = 3UL . As the cylinder length increases, the 

nondimensional flow velocities for the bifurcation points increase, while the 

corresponding dimensional values decrease. Following the discussion of Section 4.4.3 on 

the apparently paradoxical results for different values of FIa, these results are as 

expected: a longer cylinder is more susceptible to losing stability than a shorter cylinder. 

It is observed that by increasing the cylinder length, the frequency of oscillation at the 

Hopf bifurcation point is increased, mainly due to the effect of L 2 in the dimensionless 

frequency. 

4.7 Convergence tests 

As mentioned in Chapter 2, the dimensionless partial differential equations of motion 

describing the motion of a simply supported cylinder subjected to axial flow are 

discretized by Galerkin' s technique with the eigenfunctions of a beam and those of a bar 
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as basis functions. A very important issue, while using Galerkin's technique, is to make 

sure that a sufficient number of modes (Nu and Ny, respectively in the axial and the 

transverse directions) are used in the discretization to obtain reliable results. Solutions of 

the equations of motion need to be found for increasing values of Nu and Ny till the 

solution do es not change anymore, both qualitatively and quantitatively. It was shown 

that the necessary number of modes is dependent on the system parameters, the major 

one being the flow velocity. Table 4-3 shows the critical values of flow velocity for 

flo=4000, P=O.I, r=O.84, cn =cn =O.025, Cb =cd =0, 8=15.81, 8=1, v=0.47, 

X = 1, fi = r = 0, found by AUTO using different number of modes. The first column 

gives the number of modes used in the X- and Y-direction: for example, "2-2" means that 

2 modes in the X-direction (Nu = 2) and 2 modes in the Y-direction (Ny = 2) have been 

used. For the first instability point (pitchfork bifurcation) to converge, a very small 

number of modes (2 each in the axial and in the transverse directions) is enough, while 

for the post-divergence critical points (Hopf bifurcation, period doubling and toms) more 

modes are necessary. This illustrates that, as the flow velocity increases, more modes are 

needed to obtain convergent results. It is observed (Figure 4-19) that the critical flow 

velocities for the Hopf and the toms bifurcations converge asymptotically to the final 

values, which can be considered to be ZlHB = 14.2 and ZlTR = 14.8. Period-doubling 

bifurcation is not observed if 6 modes or less are used in each direction, except for the 

3-3 case, which perhaps surprisingly detects the period-doubling bifurcation; however, its 

corresponding value is far from the values found by 7-7 and 8-8 cases. The critical value 

for the period-doubling bifurcation can be considered to be at Zlpo = 14.3. One can finally 

conclude that, except for the range of flow velocities where period-2 oscillations exist, 

for which one must use at least 7 modes, using 6 modes in each direction is reliable for 

studying the behaviour of this system. Furthermore, as remarked in Section 4.5, the 

occurrence of period-doubling is not of fundamental importance in the subsequent 

dynamics; thus it is not part of a period-doubling cascade leading to chaos. Hence, not 

too much importance should be attached to its absence for sorne ranges of Nu and Ny. 
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It may strike the reader as peculiar that in aIl the calculations in Table 4-3, 

Nu = Nv· In fact, there was an earlier series of convergence tests, in which Nu and Nv 

were varied independently; but unfortunately the damping ( dissipative) model used was 

incorrect. Bearing in mind the relatively small influence of damping on the dynamics, the 

effect of varying Nu and Nv on convergence for the correct damping model would be 

little different. It was found that convergence with Nu = Nv was representative of 

convergence with Nu a little different from Nv; hence, in the calculations discussed 

above Nu = Nv was taken throughout. 

Modarres-Sadeghi et al. (2003) studied the dynamics of this system, using only 

two modes in each direction. They showed that if one imposes a very large initial value 

for the first generalized coordinate, large-amplitude high-frequency flutter-like motion of 

the cylinder is predicted; this unrealistic motion disappears when the number of modes 

used in the solution is increased sufficiently. 

4.8 The behaviour of the system for the case of linear fluid dynamics and a 

nonlinear structural model 

As discussed in Chapter 2, the fluid-related forces acting on the cylinder are considered 

to be nonlinear. In this section, we study the dynamics when the fluid-related forces are 

considered to be linear, while for the structure the same nonlinear model as before is 

used, to see if it is possible to assume a linear fluid-dynamics model and still predict the 

behaviour of the system correctly. It ought to be mentioned here that, the advantage of 

this assumption, if at aIl correct, is that the resulting equations of motion are much 

simpler (Equations (4-4) and (4-5) in what follows) as compared to those derived for the 

nonlinear fluid-related forces (Equations (2-64) and (2-65)). Then, of course, it would be 

much simpler to study the system by using these equations and also, in the future, to 

derive the three-dimensional equations of motion for a slender cylinder subjected to axial 

flow, as an extension to these two-dimensional equations of motion. 

The dimensionless equations of motion for the case where the fluid-related forces 

are assumed to be linear are 
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(1- P)Ç - IIo (Ç" + r/17") -( 17" 17'" + 17'17(4») 

+t& lI2ct (1 + h)Ç' +[ tll2cb (1-<5)+ f <5 +(1- 2v)fi<5 J17'17" + o( E5
) = 0, (4-4) 

(1+(X-1)p)i7+2Xll# if + xlI2rf' 

-DlI
2
Cb (1-<5) Jrf' +[f<5+(1-2v)fI<5J( -rf' +rfÇ' +rf'Ç' +~rf2rf')_~( Ç'rf +Ç'rf' +~rf2rf') 

+V(4) -( 8rf rf' rf + rf ç4) + 2rf2rf4) + 2rf'3 + 2Çrf4) +4Ç'rf + 3Ç"rf') 

+~&lI2Ct (1 +h){[Ç -Ç(I)(I-<5)Jrf' -(I-!<5-Ç)rf'} +~& if (Cn +cth)rf +~& lIcn#iJ 

+( l-t<5 -ç)( -17" + 17'Ç" + 17" Ç' +~17'217")} + o( E5
) = O. (4-5) 

These equations have been found by neglecting all the nonlinear fluid-dynamic terms in 

the general form of the equations of motion, Equations (2-64) and (2-65). The 

dimensionless parameters are the same as those introduced in Chapter 2, Equation (2-63). 

The same numerical methods of analysis as those presented earlier for the complete 

equations of motion (AUTO and FDM) are used here also. 

Figure 4-20(a) shows the bifurcation diagram for the system found by AUTO, in 

which ql is plotted versus the dimensionless flow velocity. Initially, the cylinder is at its 

original stable equilibrium position and by increasing the flow velocity, it loses stability 

by a pitchfork bifurcation at li =:: 1r (the tirst circle in Figure 4-20(a», the same as for the 

original case discussed in Section 4.5. This, of course, is not surprising. The amplitude of 

the buckling increases with flow, but unlike the original case, no secondary bifurcation is 

obtained. Figure 4-20(b) compares the amplitude of buckling of the system found by the 

full theory and the linear fluid dynamics theory. It is observed that when the lateral 

displacements are small (i.e., v < 0.07) the two models are in perfect agreement. This 

indicates that for such very small amplitudes, the fluid-related nonlinear effects are still 

negligible and the linear model works very well. However, with increasing flow, the 

amplitude predicted by the linear fluid model becomes larger than that predicted by the 

full theory. The bifurcation diagram (Figure 4-20(a» shows sorne more pitchfork 

bifurcations at li = 27!, 37!, ... in the range of flow shown; these static instabilities, 
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together with the coupled mode flutter [which was predicted by the linear theory (not 

shown in the bifurcation diagram)], happen where the solution is already unstable (dotted 

lines in the bifurcation diagram) and therefore do not materialize. 

It ought to be remarked here very briefly that the behaviour of the cylinder in this 

case is similar to that of a simply supported pipe conveying fluid (internaI flow), in which 

there exists no secondary bifurcation, after the pitchfork bifurcation at li = 'Ir. There is 

one major difference, however: the pipe was studied by using the most general nonlinear 

equations of motion (nonlinear structure and nonlinear fluid-related forces) and the 

results in that case are physically justifiable, while in the case studied in this section, the 

model is incomplete and the results are therefore not physically correct. The dynamics of 

the pipe problem (internaI flow) has been shown to be independent of frictional forces, 

since they are exactly counterbalanced by the pressure-Ioss forces along the pipe. As a 

result, both pressure-Ioss and frictional forces vanish from the equation of motion [see 

Modarres-Sadeghi et al. (2006) for more details about the internaI flow case]. 

The results of this section show that to study the nonlinear behaviour of the 

system, one must take into account the nonlinear fluid-related forces togéther with the 

nonlinear structure. The linearized fluid-related forces in combination with the nonlinear 

structure, as discussed here, give erroneous results for the behaviour of the system. 

4.9 The behaviour of a simply supported cylinder around the pitchfork 

bifurcation point via centre manifold reduction 

The aim of this section is to apply the modem dynamical system theory of centre 

manifold reduction to the problem of a simply supported cylinder subjected to axial flow 

and, by reducing the system to a one-dimensional one, so as to extract sorne of its key 

features in the neighbourhood of the pitchfork bifurcation. 

To begin with, the first-order form of the equations of motion, presented in 

Chapter 2, Equation (2-74), is rewritten in compact form as 

i = Ax + f ( x ) (4-6) 

in which, 
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{X} x= x = {}2N,XI y . 
2N,xI 

We consider the system already analysed by the numerical methods in Section 4.5 with 

the same parameters. Here, to make it simpler to understand the procedure, we use only 

one mode in each direction in Galerkin's technique, leading us to a system of 4 first-order 

ordinary differential equations. 

From the linear analysis, and also confirmed by the nonlinear results of the 

previous sections, the critical flow velocity for buckling is Z1ap =::. 1[, where aB the 

elements of x are zero (PI = ql = FI = iJl = 0). The eigenvalues of the linearized matrix 

evaluated at the critical point are 

~ =0, 

~ = 0"1 = -0.623068, 

~ 4 = 0"2 ±iW2 = -3.7489 ± i272.908. 

One can construct a modal matrix P consisting of VI, V 2 and the real and 

imaginary parts of V 3, where VI, V 2 and V 3 are the eigenvectors of the linearized matrix, 

P=[VI V2 Re(V3 ) Im(V3 )] 

0 0 0 0.0037 

1 -0.85 0 0 
= 

0 0 1 0 

0 0.53 0 0 

Letting x = Py, one can write the standard form of the equations III the 

neighbourhood of the pitchfork bifurcation point as 
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YI = (99. 53.u + 15.84.u2 )YI -( 84.59.u + 13.44.u2 )Y2 +(0.16 + 0.05.u )Y2Y4 

-( 467742 + 924.23.u + 147.1.u2 )y~ 

+(1190964+ 2353,u + 374.536,ll )Y~Y2 

-( 1010810+ 1996.85.u + 317.88.u2 
) YI yi 

+( 285968 + 564.87.u + 89.93.u2 +0.0113/(.u +1l") )y~ + o( 4), 

Y2 = (117.27.u + 18.66.u2 )YI -(0.62 + 99.66.u + 15.84.u2 )Y2 +(0.19 + 0.06.u )Y2Y4 

-( 551105 + 1088.95.u+ 173.31.u2 )y~ 

+ (1403224+ 2352.74.u + 441.29.u2 )Y~Y2 

-( 1190961 + 2352.74.u + 374.54.u2 ) YI yi 
+( 336935 + 665.54,u + 105.96.u2 + 0.0113/(.u +1l") )Y; +o( 4), 

where .u = ZI - Zlap and 0 ( 4) me ans terms of order four, or higher. 

(4-7) 

To find the centre manifold, we substitute Y2 = hz (yp.u), Y3 = ~ (YI'.u) and 

Y4 = h4 (YI'.u) into the second, third and fourth equations of the standard form, Equation 

(4-7), and then using the chain rule and following the notation of Equations (3-18) and 

(3-19), we obtain 

y; =:: ~I = :: (Aox+fo(Yphz(Yp.u),~(Yp.u),h4(YP.u))) 
= BoX + go (YI'hz (YI'.u ),~ (YI'.u ),h4 (YI'.u)), 

with boundary conditions 

h; (0,0) = ah; (0,0)=0, 
0'1 

i=I-4. 

(4-8) 
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In this case, the centre eigenspace, EC
, is one-dimensional and the stable eigenspace, ES, is 

three-dimensional. To approximate the centre manifold, we set 

i =2-4, (4-9) 

which satisfies the boundary conditions of the centre manifold. Now we substitute (4-9) 

into (4-8) and equate the powers of Y~ and Y~ to find the unknown coefficients, a2, b2, 

a), b), a4, b4. Doing so, for this set of parameters, we obtain 

a = a = a = b = b = 0 b = 8697.81 + 17.1864JL + 2.73529JL2 
2 3 4 3 4 '2 -0.00983357 _ 6.28532JL _ JL2 ' 

(4-10) 

which suggests that the centre manifold is the surface defined by 

( )
= 8697.81+17.1864JL+2.73529JL2 2 = =0 

Y2 YI -0.00983357 _ 6.28532JL _ JL2 YI' Y3 (YI) Y4 (YI) . (4-11) 

Moreover, the first equation of the standard form which captures the essential behaviour 

of the system, becomes 

(4-12) 

This is the goveming equation on the centre manifold and is in its normal form already. It 

is c1ear that the bifurcation occurring at the critical parameter is a supercritical pitchfork 

bifurcation: when JL < 0 (ZI < IIsp ), the origin is stable and when JL > 0 (ZI > IIsp ), the 

origin becomes unstable and two symmetric equilibrium positions appear. The solutions 

diverge to one of the stable equilibria, depending on the initial condition. This was also 

found through the numerical integration of the equations in Section 4.5. 

Moreover, the equilibrium position can be evaluated very easily from Equation 

(4-12); letting YI = 0 yields 
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0.9787 p 
(4-13) 

4599.57 + 2204190p2· 

Using the modal matrix P, one can reconstruct the stationary solution through the 

transformation x=Py and find the values for PI and ql. Figure 4-21 shows the bifurcation 

diagram in the neighbourhood of the critical point, where centre manifold theory is valid. 

The continuous line shows the result found by the centre manifold theory, and the dots 

show the results by AUTO using one mode in each direction. Centre manifold theory, in 

agreement with the numerical results, has predicted a supercritical pitchfork bifurcation; 

also, a parabolic shape for ql versus J1. is obtained. As J1. is increased the difference 

between the amplitudes predicted by the centre manifold theory and those predicted by 

AUTO increases, because the centre manifold theory is valid only in the neighbourhood 

of the equilibrium point (in this particular case, for very small values of J1.). 

4.10 Summary 

Based on the nonlinear equations of motion derived in Chapter 2, the dynamics of a 

simply supported cylinder in axial flow was studied from a nonlinear point of view, and 

the existence of post-divergence instabilities of the cylinder was proved. In general, the 

system was found to be stable at low flow velocities until the critical value for the onset 

of divergence, at which point the initial equilibrium position of the cylinder becomes 

unstable, giving rise to a new stable buckled static state. The amplitude of the buckled 

solution increases with flow velocity. At higher flow, the buckled stationary cylinder 

loses stability by a Hopf bifurcation, after which a periodic solution does arise; this 

proves the prediction of linear theory about the existence of post-divergence dynamic 

instability. The periodic solution is then followed by a period-doubling bifurcation giving 

rise to period-2 oscillations, which lose stability by a torus bifurcation afterward, 

followed by quasiperiodic and chaotic oscillations at higher flow velocities. At still 

higher flow velocities, there is a range of flow velocities in which chaotic and static 

solutions co-exist. This new nonzero static solution itself loses stability by a Hopf 
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bifurcation and the resulting high-frequency periodic solution becomes quasiperiodic via 

a toms bifurcation at higher flow. 

The effect of sorne of the key parameters affecting the critical flow velocities and 

the amplitude of the resultant motions were explored. It was observed that the simply 

supported cylinders with different parameters studied here have qualitatively simiIar 

dynamical behaviour, and the main difference for varying parameters is in the values of 

the critical flow velocities. AIso, the effect of the number of modes used in Galerkin's 

technique was studied. It was shown that at least 6 modes each in the axial and the 

transverse direction are necessary to obtain reliable results. 

It was shown that, by assuming a nonlinear structure and linear fluid-related forces, 

the cylinder buckles and the amplitude of buckling increases with flow, but no secondary 

bifurcation is obtained. This is not physically the case (Chapter 6) and it is not in agreement 

with the results of the general nonlinear model, implying that one must use nonlinear fluid

related forces as well as a nonlinear structural model to predict correctly the overall 

dynamical behaviour of the system. 

The system behaviour was also analysed by centre manifold reduction in the vicinity 

of the pitchfork bifurcation point. The analytical results confirmed the numerical ones by 

showing that the pitchfork bifurcation is supercritical. AIso, the amplitude of the results 

found using the numerical and analytical methods were in very good quantitative agreement 

in the small neighbourhood ofthe critical point, where centre manifold theory is applicable. 
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ZI= 14.8 ZI = 14.9 ZI = 15.0 

h -2/; + 1; -2ft + h -2ft + h 

h 3/;-1; -4ft +2h -4ft +2h 

/; 
4.19 3ft- f;; 3ft-f;; 

ft -/;+ 1; 4.23 4.31 

fs -3/; +21; -ft + h -ft+h 

h 2/; -3ft +2f;; -3ft +2h 

1; 9.76 4ft-h 4ft - h 

fs -2/; +21; 2ft 2ft 

h 3/; 9.82 9.88 

ho /;+1; -2ft + h -2ft + h 

hl -/;+21; -4ft +3h -4ft +3h 

h2 -3/; +31; 3/4 3ft 

h3 2/;+ 1; ft+h ft+h 

h4 21; -ft+2h -ft+2h 

h5 -3ft +3h -3ft +3h 

h6 2ft + h 2ft + h 

h7 2h 2h 

Table 4-1 AlI the peaks in the PSD plots of the system can be written as the linear 

combinations of the fundamental frequencies when the system has quasiperiodic 

oscillations. These results are for the system with parameters defined in Section 4.5 and 

correspond to Figure 4-8 to Figure 4-10. 
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'Tl .., 
L (m) Ilo{-) Y (-) PB HB PD TR CH ST HB2 QP2 

Cl> .c c 
Cl> ::s 
(') 

'< 

0.20 1000 0.1 3.14 9.64 - 10.37 10.5 11.02 11.91 12.34 6.52 

5.23 16.10 - 17.28 17.5 18.37 19.81 20.57 

0.30 2000 0.35 3.14 Il.54 12.06 12.28 12.5 13.73 14.97 15.43 7.81 

3.49 12.82 13.40 13.64 13.89 15.26 16.63 17.14 

0.40 4000 0.84 3.14 14.23 14.53 14.76 15.1 16.88 18.73 19.60 9.79 

2.61 11.86 12.10 12.3 12.58 14.10 15.60 16.30 

0.52 6707 1.83 3.14 17.68 17.96 18.01 21.5 21.2 23.65 24.63 19.42 

2.01 11.33 11.51 11.54 13.78 13.59 15.16 15.79 

Table 4-2 The critical flow velocities and the frequency at the Hopf bifurcation point for 

a cylinder of different lengths for the system with parameters f3 = 0.47, cn = Ct = 0.025, 

Ô = 1, v = 0.47, X = 1, fi = r = 0, Ch = Cd = 0, showing the onset of the first buckling 

(BP), periodic oscillations (HB), quasiperiodic oscillations (TR), chaotic oscillations 

(CH), nonzero static solution (ST), high frequency periodic oscillations (HB2) and the 

subsequent quasiperiodic oscillations (QP2); upper entries: nondimensional; lower 

entries: dimensional (mis). The frequency is in nondimensional Hz 
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Numberof BP HB PD TR 

modes 

2-2 3.14 29.63 - >40 

3-3 3.14 14.57 15.22 15.35 

4-4 3.14 14.31 - 15.07 

5-5 3.14 14.78 - 15.05 

6-6 3.14 14.23 - 14.76 

7-7 3.14 14.16 14.53 14.73 

8-8 3.14 14.11 14.35 14.65 

Table 4-3 The effect ofnumber of bar and beam modes (Nu and Nv' respectively) on the 

critical flow velocities for pitchfork bifurcation, Hopf bifurcation, period doubling and 

toms for a simply supported cylinder with parameters fi = 0.47, r = 0.838, 

Cn =ct =0.025, &=15.81,8=1, v=0.47, flo=4000, ,%=1, IT=f=Cb=Cd=O, 

taking Nu = Nv 
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Figure 4-1 A vertical simply supported cylinder subjected to axial flow. 
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Figure 4-2 (a) Real and (b) imaginary parts of the eigenvalues of a simply supported 

beam subjected to axial flow versus flow velocity with the following system parameters: 

f3 = 0.1, r = 0.838, cn = CI = 0.025, 8 = 15.81, 8 = 1, fi = r = o. 

89 



Re(Â) 

Im(Â) 

40 ····················_··,·······-··········-··-r······-.•.......... _ •.. r. __ ....• _._ ..... ~ .•.•......•.•... - •. -,........... . ................ , ...•.....•..•.• - ... - ....• , .... - •.. _ ................ . 

30 ---------

20 - - First point of 
instability 

JO . -'\---.,.---,--Z 

-JO 

-20 

·30 

, , 

Second point 
of instability 

-40 L--_~ __ ~_~ __ -'-__ -'--_---'-__ ---'--_------i 

li 
50 

40 

30 

20 

JO 

0 

-10 

-20 

-30 

-40 - - -..,- - - - - - - - - - -,. - - - - - - - - - - - .... - - - - - - - - - - - ~ - - - - - - - - • - - T-, , 

-50 
(b) 

li 

Figure 4-3 (a) Real and (b) imaginary parts of the eigenvalues of a simply supported 

beam subjected to axial flow versus flow velocity with the following system parameters: 

p = 0.48, r = 0.838, cn = Ct = 0.025, cS" = 10.0, 0 = 1, fi = f = o. 
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Figure 4-4 A typical bifurcation diagram for a simply supported cylinder subjected to 

axial flow, obtained by AUTO (continuous and dotted lines) and by FDM (asterisks). 
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Figure 4-5 Bifurcation diagrams of a simply-supported cylinder obtained with 

Nu;: Nv ;: 2 and with (a) different values of CCn = CCI' ranging from 5 to 40, (b) different 

values of r, ranging from -5 to 20, (c) different values of no, ranging from 1000 to 

10 000, and (d) different values of no, ranging from 1000 to 10 000 with dimensional 

values for the transverse displacement and the flow velocity. 
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Figure 4-6 Bifurcation diagram of a simply supported cylinder with p = 0.47, r = 0.838, 

Cn =ct =0.025, &=15.81, ô=l, v=0.47, IIo=4000, %=1, ll=r=O, Cb=Cd=O, 

obtained with Nu = Nv = 6, showing different states of the system: 1: original 

equilibrium position; 2: buckled state; 3: periodic oscillations; 4: quasiperiodic and 

chaotic oscillations; 5: nonzero static solution; 6: high-frequency periodic oscillations; 7: 

quasiperiodic oscillations. 
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Figure 4-7 (a) Time history, (b) phase plane plot, (c) power spectral density plot and (d) 

Poincaré map for the system of Figure 4-6 for ZI = 14.6, obtained with Nu = Nv = 6 

(periodic motion). 
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5. N onlinear Dynamics of Clamped-Clamped, Clamped

Hinged and Hinged-Clamped Cylinders Subjected to Axial 

Flow 

5.1. Introduction 

The focus of this chapter is to extend the study of the dynamical behaviour of a slender 

flexible cylinder subjected to axial flow to various other boundary conditions. The main 

motivations are: (i) to discuss and study the physical behaviour of this system under 

various possible boundary conditions, because, to the best of our knowledge, the 

nonlinear analysis of such systems has never been conducted before; (ii) to examine in 

more depth the possibilities and the limitations (if any) of the nonlinear model of Chapter 

2 and of the numerical and analytical methods ofChapter 3. 

Three different boundary conditions are considered for the cylinder. First, a 

vertical cylinder with clamped-clamped boundary conditions is investigated 

(Figure 5-1(a». From an experimental point of view, as will be discussed in Chapter 6 

where the results of sorne experiments conducted on clamped-clamped cylinders will be 

compared with the theoretical ones, this is the simplest set of boundary conditions to 

realize. In this chapter, however, only the theoretical results are presented. After 

analysing a clamped-clamped cylinder, the cylinders with mixed support conditions are 

studied: a cylinder clamped at the upper end and hinged at the lower one (referred to as a 

clamped-hinged cylinder, see Figure 5-1(b»; or hinged at the upper end and clamped at 

the lower end (referred to as a hinged-clamped cylinder, see Figure 5-1(c». In aIl the 

cases studied in this chapter, it is assumed that the downstream end of the cylinder is 

fixed and no axial sliding is permitted (l5=1 in the equations ofmotion). 

The nonlinear equations of motion derived in Chapter 2, which are the general 

goveming equations for a cylinder with any boundary conditions, are used in aIl cases. 

The equations are discretized by using the proper comparison functions satisfying the 

cylinder boundary conditions (given in Table 5-1), and the resulting set of ordinary 

differential equations is solved either by numerical (FDM and AUTO) or analytical 
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(centre manifold reduction) methods, as presented in Chapter 3 and used in Chapter 4 for 

a simply supported cylinder. The results are presented in the form of bifurcation 

diagrams, as weIl as time series, phase plane plots, power spectral densities and Poincaré 

maps, together with the spatial shapes of the cylinder at different flow velocities. 

5.2. A clamped-clamped cylinder 

In this section, the dynamical behaviour of a clamped-clamped cylinder subjected to axial 

flow is studied for the dimensional and nondimensional physical parameters listed in 

Table 5-2. As shown in Figure 5-1(a), the cylinder is assumed to be vertical and the flow 

direction is downward. To use the nonlinear model of Chapter 2, one has to first calculate 

the coefficients of the tensor-form equations (Equations (2-68) and (2-69». To this end, 

the eigenfunctions of a both-ends-fixed bar for axial deformations, 'l/j (~), and those of a 

c1amped-clamped dry beam for transverse deformations, tPj ( ~), are used. For 

convenience, these eigenfunctions are given in Table 5-1. InitiaIly, the numerical 

methods of AUTO and FDM are used to analyse the system, and then the analytical 

centre manifold reduction is applied to study the behaviour of the system in the vicinity 

of the first point of instability. 

Figure 5-2(a) shows the bifurcation diagram of the system found by AUTO, 

where q[ is plotted versus nondimensional flow velocity, ZI. The cylinder is at its 

original equilibrium state at low flow velocities. With increasing flow, it loses stability 

via a supercritical pitchfork bifurcation at a nondimensional flow velocity ZI == 2" (the 

first circ1e in Figure 5-2(a), BP) leading to divergence (a buckled state, i.e., a stable non

zero static solution or fixed point). The original equilibrium state (the continuous line on 

the horizontal axis until ZI == 27l) bec ornes unstable for ZI > 27l. The dotted line on the 

horizontal axis corresponds to this unstable state. It is interesting to observe that this 

unstable solution itself undergoes sorne additional pitchfork bifurcations as the flow 

velocity is increased (the circ1es on the horizontal axis) and sorne new unstable branches 

emanate from these bifurcation points. However, because they are aIl unstable, theyare 

not solutions that could materialize physicaIly. The continuous line coming out from the 
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first pitchfork bifurcation point (BP) in Figure 5-2(a) corresponds to the stable buckled 

state of the cylinder. The amplitude ofbuckling (q\) increases with the flow (li). 

The static solution eventually loses stability, and the system develops flutter via a 

supercritical Hopf bifurcation at li = 21.60 (the asterisk in Figure 5-2(b), HB) giving 

rise to periodic solutions with the frequency of f = lO.8 Hz. The system oscillates 

around the static equilibrium point, where ql = 0.085. Time history, phase plane and 

power spectral density (PSD) plots and a Poincaré map for the system at li = 21.8 are 

shown in Figure 5-3. The phase plane is a closed curve and the Poincaré map displays 

two dots, where the trigger is q2 = o. 

The oscillatory motion loses stability VIa a period-doubling bifurcation at 

li = 21.92 (the square in Figure 5-2 (b), PD) and the system develops period-2 motions 

afterward. Figure 5-4 shows the same plots as Figure 5-3 at li = 21.95, for period-2 

oscillation: it takes for the cylinder motion two cycles to close the curve in the phase 

plane; the PSD plot shows that the main frequency is f = lO.4 Hz, but a subharmonic 

exists at f = 5.2 Hz; and the Poincaré map shows 4 points (instead of 2 in the periodic 

case). 

Quasiperiodic oscillations are observed for flow velocities greater than 

li = 22.03 (the diamond in Figure 5-2 (b), TR), where a toms bifurcation occurs. 

Figure 5-5 indicates that the motion at li = 22.5 is quasiperiodic-2, i.e. aIl the frequency 

peaks observed in the PSD plot can be expressed as the linear combination of the two 

"fundamental frequencies": ft = 0.76 Hz and h = 10.7 Hz. [It is of course obvious that 

aIl the peaks can be expressed as linear combinations of any two of them. Here we have 

chosen as one of them the peak that is clearly the descendant of the peak dominating the 

period-l and period-2 motions (see Figure 5-3 and Figure 5-4), namely h. As the second 

fundamental frequency, we took the lowest, which clearly corresponds to the beat 

frequency of the envelope of the oscillation in Figure 5-5(a), namely ft.] Also, it is noted 

that the structure of a period-2 oscillation is obvious in the PSD plot, while the 

contribution of the first fundamental frequency, ft, has altered that structure to a 

quasiperiodic one. The phase plane plot and the Poincaré map (a closed curve) confirm a 

quasiperiodic oscillation, as weIl. 
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The quasiperiodic oscillations become chaotic at ZI:::: 23 and remain chaotic 

thereafter for the flow range studied here (ZI < 27). Figure 5-6 shows the chaotic 

behaviour of the system at ZI = 25, where the time history shows a complex motion with 

no visible pattern or periodicity; the phase plane plot shows orbits that never close or 

repeat and their trajectories tend to fill up a section of the phase plane with time; the PSD 

plot shows a broad band; and the Poincaré map does not consist of either a finite set of 

points or a closed orbit. 

Figure 5-7 shows the spatial shape of the cylinder at different dynamical states 

found by FDM, where the flow direction is downward. In Figure 5-7(a), the cylinder is 

buckled mainly in its first mode at li = 15.0. The clamped condition is obvious at both 

the upstream and the downstream ends of the cylinder. At higher flow, as already 

discussed, the cylinder undergoes a dynamic instability and oscillates around its buckled 

state. Figure 5-7(b) shows this oscillation at li = 21.8. The amplitude of oscillation is 

relatively small compared with the amplitude of the buckled state. This figure shows ten 

configurations of the cylinder (every 0.01 of nondimensional second) in one period of 

oscillation (~r:::: 0.1). These configurations are shown in Figure 5-8(a) in a separate 

sequence of plots. Figure 5-8(b) shows the oscillations of the cylinder at this flow 

velocity if the static buckled state is removed. These predominantly third-beam-mode 

shape oscillations are not obvious in Figure 5-8(a) because the amplitude of buckling is 

very large compared with the amplitude of oscillations. Period-2 oscillation of the 

cylinder at li = 21.95 is shown in Figure 5-7( c) for one period of period-2 oscillations 

( ~ r :::: 0.2), which is in fact equal to two periods of the period-1 oscillations. The 

cylinder performs oscillations around its buckled position and the maximum amplitude of 

these oscillations is larger than that of the period-1 oscillations. Quasiperiodic oscillations 

of the cylinder at li = 22.5 are shown in Figure 5-7( d) for an arbitrary time interval of 

~r = 0.3, showing even larger maximum amplitude of oscillations. At li = 25.0, the 

cylinder undergoes chaotic oscillations and, as is observed in Figure 5-7(e), the range of 

oscillations in the upper half of the cyl in der is much wider than that at the lower flow 

velocities. 

The critical flow velocities for this system, found using various numbers of modes 

in Galerkin's technique are given in Table 5-3. From these results, it is obvious that by 
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using 5 modes in each direction, the critical flow velocity for the pitchfork bifurcation 

can be obtained accurately, i.e., ZlBP = 6.25. However, the results with even 3 modes only 

in each direction suggest ZlBP = 6.26, which can be considered accurate enough. By 

increasing the number of modes, the corresponding critical values for the Hopf 

bifurcation oscillate around a value which can be thought of as the converged critical 

value for the Hopf bifurcation: ZlHB = 21.6. This is more obvious in Figure 5-9. The case 

of 4 modes in each direction appears to be a weird one, where there is a sudden jump in 

the critical flow velocity. This jump can be said to be due to an insufficient number of 

modes (4 in each direction, 4-4) and will not affect the final converged critical flow 

velocity for the Hopf bifurcation, i.e. ZlHB = 21.6. No explanation was found for the fact 

that only the 4-4 case displays a pathologically large value for the Hopfbifurcation, while 

results with even a fewer number of modes do not result in such large values. The 

oscillatory convergence of the critical values also arises for the critical flow velocities for 

the period-doubling (PD) and toros (TR) bifurcations (see Figure 5-9). Due to the fact 

that the dynamic rons of AUTO (which was the method used in this thesis·to obtain the 

critical flow velocities) for a large number of modes are very time consuming for the 

present problem, the critical values of the period-doubling and toros bifurcations are 

found using up to 7 modes in each direction only. From the results of Table 5-3 and 

Figure 5-9, the critical flow velocities for the period-doubling and toros bifurcations can 

be considered to be l4D = 21.9 and ZlTR = 22.4. To save a lot of computational time, the 

graphs presented in this section are found by using 6 modes in each direction, unless 

otherwise mentioned. 

The behaviour of the system in the neighbourhood of the pitchfork bifurcation can 

be studied by centre manifold reduction theory for the clamped-clamped cylinder with the 

properties given in Table 5-2. The idea is to compare the results of this analytical study 

with the numerical ones. Keeping in mind that the analytical calculations for this system 

with many modes will be computationally very expensive, the results are found using one 

mode in each direction. Following the steps discussed in Section 4.9, the centre manifold 

for this system can be found to be the surface defined by 
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(5-1) 

and the dynamics of the clamped-c1amped cylinder on this manifold is govemed by 

. 751.62J.i+177.5f.i 792000+2.14xI08J.i+8.5xI07 J.i2 3 
YI = YI- 2 YI' 

6.35+ J.i 1.42 + 513.3J.i +201.86J.i 
(5-2) 

indicating a supercritical pitchfork bifurcation. Figure 5-10 shows the bifurcation 

diagrams of this system found by centre manifold reduction and by AUTO with one 

mode in each direction. The amplitudes found by the two methods are in very good 

agreement for small Ji, e.g., Ji<O.0025. By increasing Ji beyond the range of applicability 

of the centre manifold reduction, the difference between the results of numerical and 

analytical methods becomes larger. 

5.3. A clamped-hinged cylinder 

In the studies presented in Chapter 4 and Section 5.2, the cylinder was assumed to be 

under the same support conditions at both ends: either hinged (simply supported) or 

clamped. In this section and the following one, the dynamical behaviour of "mixed" 

support conditions is studied, i.e., a vertical cylinder c1amped at the upper end and hinged 

at the lower one (clamped-hinged) or vice versa (hinged-clamped). The case of a 

clamped-hinged cylinder (Figure 5-1(b» with the same physical properties as in Section 

5.2 (given in Table 5-2) is studied in this section. 

Again, the nonlinear model of Chapter 2 is used and the coefficients of the 

equations in tensor form (Equations (2-68) and (2-69» are calculated by using the 

appropriate comparison functions (given in Table 5-1). It should be noted that for a 

clamped-hinged cylinder, one must use very accurate eigenvalues. By using only up to 6 

significant figures, sorne unrealistic results were found: the cylinder lost its original 

stability by a Hopf bifurcation! This behaviour was not observed when more accurate 

eigenvalues were used: i.e., accurate to twelve significant figures. The sensitivity of the 
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results to the accuracy of the eigenvalues has also been observed for clamped-hinged 

shells in axial flow by Païdoussis (2004, Chapter 7). The results are not as sensitive for 

the case of c1amped-c1amped and even hinged-c1amped cylinders (discussed in Section 

5.4). 

Figure 5-11(a) shows the bifurcation diagram of the c1amped-hinged cylinder. 

Qualitatively, the cylinder behaves similarly to the c1amped-c1amped one. It is at its 

original equilibrium state, up to where it loses stability via a supercritical pitchfork 

bifurcation at a nondimensional flow velocity li == 4.37 (the first circ1e in 

Figure 5-11(a), BP) leading to divergence. The amplitude of divergence increases with 

the flow, and then the static solution loses stability via a supercritical Hopf bifurcation at 

li = 17.60 (the asterisk in Figure 5-11 (b), HB), and the system develops flutter around 

its buckled state. The frequency of these periodic oscillations is almost twice as high as 

the frequency of oscillations for a c1amped-c1amped cylinder (fC-H = 22.0 Hz compared 

to fc~ = 10.8 Hz). It ought to be mentioned that the frequency of oscillation at the Hopf 

bifurcation for a simply supported cylinder with the same length as the cylinders studied 

in this chapter is fs-s = 19.4 Hz, which is comparable with that of the c1amped-hinged 

cylinder. In both the c1amped-hinged and the simply supported cases, at the Hopf 

bifurcation, the third mode of the system loses stability, and as a result the cylinder 

performs high-frequency oscillations, while in the c1amped-c1amped case, the second 

mode becomes unstable. The high-frequency oscillation of the clamped-hinged cylinder 

at li = 18.0 is obvious in the time history and the PSD plot of Figure 5-12. A phase 

plane plot and a Poincaré map of the system (Figure 5-12) also confirm the periodic 

nature of the oscillations at li = 18.0. 

The periodic oscillations of the cylinder are followed by period-2 oscillations via 

a period-doubling bifurcation at lI= 18.76 (the square in Figure 5-11(b), PD), followed 

immediately by a torus bifurcation at li = 19.13 (the diamond in Figure 5-11(b), TR). 

Figure 5-13 shows very c1early that the cylinder has undergone a period-2 oscillation at 

li = 18.8. The main frequency is still f = 22 Hz, and its subharmonic is observed at 

f = Il Hz in the PSD plot. Figure 5-14 shows the quasiperiodic behaviour of the system 

at li = 19.5. The high-frequency oscillation as weIl as the low frequency envelope signal 
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are obvious, in the time history. The Poincaré map displays two c10sed curves, indicating 

that the oscillation is quasiperiodic and the PSD plot shows that the fundamental 

frequencies are 1; = 1.8 Hz and J; = 22.5 Hz. 

The system undergoes chaotic oscillations for ZI > 19.7. Figure 5-15 shows time 

history, phase plane plot, PSD plot and Poincaré map of the cylinder at ZI = 20. The time 

history shows that the oscillation is not periodic or quasiperiodic and this is the first sign 

of chaotic oscillation. The trajectory of the orbit in the PSD plot fills up a section of the 

phase space and the PSD plot displays a broad spectrum, both indicating a chaotic 

oscillation. The Poincaré map of this chaotic oscillation contains a cloud of points; 

however, it displays four black clusters of points (marked by the arrows), indicating the 

possibility of existence of sorne local attractors at these points. 

Figure 5-16 shows the spatial shape of the c1amped-hinged cylinder for the flow 

velocities discussed above. Figure 5-16(a) shows the cylinder in its buckled state at 

ZI = 14, which resembles mainly first-mode buckling, and the maximum amplitude 

occurs at a point lower than the midpoint. Also the c1amped and hinged co~ditions of the 

cylinder at the boundaries are obvious. The periodic oscillations of the cylinder at 

ZI=18.0 are observed in Figure 5-16(b) for a period of oscillation (ôr=0.05) where 

similarly to the clamped-c1amped case, the cylinder oscillates around its buckled position 

with relatively small amplitude of oscillations. However, in this case, it is more obvious 

than for the c1amped-c1amped cylinder that the cylinder oscillates mainly with a third

mode shape and there are two nodes noticeable at ç = 0.4 and ç = 0.7. These two nodes 

are observed also in the case of the period-2 oscillations at ZI = 18.8 (Figure 5-16(c)), 

showing still mainly third-mode oscillations. Here, the maximum amplitude of oscillation 

is larger than that of the period-l case. When the cylinder undergoes quasiperiodic 

oscillation at ZI = 19.5 (Figure 5-16(d)), the two nodes are not c1early visible anymore, 

but still exist, and the oscillations are of even larger maximum amplitude. The chao tic 

oscillations of the cylinder at ZI = 20.0 (Figure 5-16(e)) do not show any nodes 

(suggesting spatio-temporal chaos) and the amplitude of oscillations is comparable with 

the amplitude of the buckled state of the cylinder. 
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Table 5-4 shows the effect of the number of modes used in Galerkin' s technique to 

discretize the partial differential equations of motion on the critical flow velocities of a 

c1amped-hinged cylinder. It is obvious that by using only 3 modes in each direction, one 

can find the exact value of the critical flow velocity for divergence, i.e., ZlBP = 4.37. The 

results for the critical flow velocities for the Hopf and period-doubling bifurcations 

display oscillatory convergence, similarly to the case of a c1amped-c1amped cylinder, 

while the critical values for the toms converge monotonically (see also 

Figure 5-17). The critical values, therefore, can be considered to be ZlHB == 17.9, 

Z!po == 18.4 and ZlTR == 19.0. The graphs presented in this section have been produced 

using 6 modes in each direction, unless otherwise mentioned. 

Using the centre manifold theory, one can find that the centre manifold surface for 

a system discretized using one mode in each direction is 

( ) _21821.4+35.76,u+4.02,ll 2 ()- ( )-0 
Y2 YI - 0.0201 +8.90,u +,u2 YI' Y3 YI - Y4 YI - , (5-3) 

and the goveming equation of motion on the centre manifold is 

. =(108.03 +12.15 2) _ 67954.2+2.25x10
7 
,u+7.62x10

6 
,u2 3. 

YI ,li ,li YI 0.09 + 39.58,u + 13.34,u2 YI 
(5-4) 

Figure 5-18 shows the bifurcation diagrams of the system by AUTO and the centre 

manifold theory with qualitative agreement (supercritical pitchfork bifurcation) and very 

good quantitative agreement for the transverse amplitude for small values of /1. 

5.4. A hinged-clamped cylinder 

After studying the behaviour of a mixed supported cylinder with a c1amped upstream end 

and a hinged downstream one, in this section the other possible case of a mixed supported 

cylinder is studied: a cylinder with the hinged upstream end and c1amped downstream 

one, called a hinged-c1amped cylinder (Figure 5-1(c)). Obviously, because the direction 
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of the flow and gravity is fixed (downward) in both the clamped-hinged and the hinged

clamped cylinders, the dynamical behaviour of these two systems is not expected to be 

the same. Païdoussis (2005) discusses the dynamics of fluid-conveying shells with mixed 

supports (clamped-hinged and hinged-clamped). 

The cylinder studied in this section has the same physical properties as in the two 

previous sections (Table 5-2). The nonlinear model of Chapter 2 is used, with the 

eigenfunctions for the Galerkin technique as given in Table 5-1. 

Figure 5-19(a) shows the bifurcation diagram ofthis system. The system behaves 

very similarly to the case of a cylinder with clamped-clamped or clamped-hinged 

boundary conditions. The original equilibrium position of the cylinder loses stability by a 

supercritical pitchfork bifurcation at li = 4.61 (the first circle in Figure 5-19(a), BP) and 

the amplitude of the resulting buckled state increases with the flow and then this stable 

state loses stability by a Hopf bifurcation at lI= 21.23 (the asterisks in Figure 5-19(b), 

HB) leading to periodic oscillations. The frequency of oscillation at the Hopf bifurcation 

is fH-c = 8.7 Hz, which is close to the frequency of oscillation for the clamped-clamped 

cylinder; the relatively high-frequency oscillation of the clamped-hinged or simply 

supported cylinder is not observed in this case, because it is the second mode that 

becomes unstable at the Hopf bifurcation. Figure 5-20 gives the time history, phase plane 

and PSD plots, as weIl as a Poincaré map of the system at li = 22 , aIl of them showing 

periodic oscillation. 

The periodic oscillation undergoes a period-doubling bifurcation at li = 22.5 (not 

shown in Figure 5-19). This is obtained when 9 modes in each direction are used. By 

using 8 modes or less in each direction, no period-doubling bifurcation is obtained (see 

Table 5-5). Similarly to the previous cases, the resulting period-2 oscillations become 

quasiperiodic at li = 22.93 (the diamond in Figure 5-19(b), TR), when a toms 

bifurcation occurs. Figure 5-21 shows the system graphs at li = 24 when the cylinder 

undergoes a quasiperiodic oscillation. As can be observed in the time history and also in 

the PSD plot, the two fundamental frequencies of oscillation are taken to be 1; = 1.3 and 

J; = 12.1. With increasing flow, chaotic oscillations are observed from li = 25 on, and 

the system behaviour remains chaotic thereafter until the maximum flow velocity studied 

here, li = 30. Figure 5-22 shows the plots of the chaotic oscillation of the system at 

119 



ZI = 26. A complex motion with no visible pattern or periodicity in the time history, 

partially filled phase plane, broad spectrum PSD plot and a cloud of points in the 

Poincaré map, aIl indicate the existence of chaos at this flow velocity. 

Figure 5-23 shows the spatial shapes of the cylinder in various dynamical states. 

At ZI= 20.0, the cylinder has buckled (Figure 5-23(a)) and the maximum of its 

transverse amplitude is on the lower half of the cylinder, as one would expect. The very 

small-amplitude periodic oscillation of the cylinder around its buckled position is shown 

in Figure 5-23(b) for ZI = 22.0. At higher flow, the cylinder performs quasiperiodic and 

chaotic oscillations as are shown in Figure 5-23(c, d) for ZI = 24.0 and ZI = 26.0, 

respectively. 

In Table 5-5, the effect of the number of modes used in the discretization on the 

system critical flow velocities is tabulated. Obviously, to find the converged value for the 

pitchfork bifurcation point, at least 3 modes in each direction are necessary. The critical 

values for the Hopf and the period-doubling bifurcation points converge monotonically, 

as the number of modes is increased (Figure 5-24), instead of showing oscillatory 

convergence, as for the other boundary conditions. These results also show that unlike the 

two previous cases, in this case one should use at least 8 modes in each direction to study 

reliably the system behaviour. By using 9 modes in each direction, one can see that the 

system undergoes a period-doubling bifurcation at ZI= 22.49, followed by a toms at 

ZI = 22.75. Otherwise, the system behaviour does not change whether 8 or 9 modes are 

used, and the results found with 8 modes in each direction are reliable. The graphs 

presented in this section are found using 8 modes in each direction, unless otherwise 

mentioned. 

The governing equation of motion on the centre manifold can be found to be 

. =(8555 +92 2) _ 217098+4.62x10
7 
,u+2.49x10

7 
,u2 3 

YI .,u.,u YI 0.71+ 200.97,u + 108.0,u2 YI> 
(5-5) 

where, the centre manifold surface is defined as 
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(5-6) 

The bifurcation diagrams for this system at small post-divergence values of the flow 

velocity are presented in Figure 5-25, showing, similarly to the previous two cases, 

qualitative and very good quantitative agreement between the numerical (AUTO) and 

analytical (the centre manifold) results. 

5.5. The axial displacement and the strain in a clamped-clamped cylinder 

In this section, sorne calculations are conducted on a clamped-clamped cylinder as a 

sample of the systems studied in this thesis to validate sorne of the assumptions made in 

the derivation of the equations of motion in Chapter 2.· In the results presented so far, in 

aIl the bifurcation diagrams, the transverse displacement of the cylinder was plotted 

versus the flow velocity. In this section, a typical bifurcation diagram with the axial 

displacement versus the flow velocity is presented and also the assumption of the second-

order axial displacement being u = 0 ( €2) and the first order transverse displacement 

being v = 0 ( €) is investigated. AIso, the importance of the extensibility of the centreline 

for both-ends-supported cylinders is examined. In the derivation of the equations of 

motion in Chapter 2, it is assumed that the cylinder centreline is extensible, i.e., the axial 

strain along the centreline, E, is not negligible. On the other hand, the inextensible model 

of Lopes et al. (2002) assumes E = 0 for a cantilevered cylinder, which is acceptable for 

that case. The axial strain along the centreline of a cylinder can be found by using 

Equation (2-4). 

The transverse (v) and the axial displacements (u) of the cylinder at ç = 0.8 (80 

percent of the length from the upstream end) versus the flow velocity are shown in 

Figure 5-26(a,b). The transverse displacement behaves similarly to q\ in Figure 5-2, as 

expected. The axial displacement, which is zero before the onset of buckling, becomes 

negative for the flow velocities immediately after the critical flow for the pitchfork 

• Of course, this study can be conducted for any boundary condition. 
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bifurcation, indicating that this point of the cylinder moves upwards to accommodate the 

lateral deflection. With increasing flow, the axial displacement vanishes, and then 

increases exponentially (compared to the transverse displacement, which increases 

parabolicaIly). It is observed that for aIl flow velocities, v = 0(0.01), while 

u=O(O.OOI), which is in agreement with the assumption made in the derivation of the 

model: the axial displacement is one order of magnitude smaller than the transverse 

displacement. Figure 5-27(a) shows the cylinder axial displacement along its length at 

ZI = 15. It is observed that the axial displacement is a fourth-mode (string-mode): on the 

upper half of the cylinder, it has a maximum at ç::::. 0.18 and becomes zero at ç::::. 0.4, but 

no negative axial displacement is observed in the upper half, which is physically correct: 

the upper half of a vertical cylinder subjected to downward flow stretches downwards. 

The maximum axial displacement occurs at ç::::. 0.65, which is almost equivalent to the 

point of maximum total displacement (see Figure 5-7(a)). For ç > 0.82, the axial 

displacement becomes negative indicating an upward motion for this part of the cylinder. 

Figure 5-26( c) shows the axial strain of the cylinder in its buckled state at ç = 0.8 

versus the flow velocity. It is observed that the axial strain increases from zero at 

ZI = ZlBP ' to its maximum (e = 0.06) before the onset of oscillatory motions. This is the 

maximum strain at this particular point on the cylinder. Figure 5-27(b) shows the axial 

strain along the cylinder length at ZI = 15. The strain changes in a sinusoidal pattern 

(with twice the number of spatial cycles as u), and its maximum (&::::. 0.031) at this flow 

occurs on the lower part of the cylinder, at ç::::. 0.78. It has been found that the maximum 

strain in the cylinder at ZI::::. 21.6, right before the onset of periodic oscillations, is 

&::::. 0.083, occurring at ç::::. 0.82. It can be concluded that in general, for the both-ends

supported cylinders in axial flow, the axial strains, though small, are not negligible and 

therefore one cannot use the equations based on the inextensibility assumption to 

accurately predict the dynamics of such systems. However, for particular cases where 

&::::. 0.1 is deemed to be negligible, the inextensibility assumption can be used. 
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5.6. Summary 

In this chapter, the nonlinear behaviour of a slender flexible cylinder with various 

boundary conditions (clamped-clamped, clamped-hinged and hinged-clamped) and 

subjected to axial flow was studied. The general equations of motion presented in 

Chapter 2 were used as the goveming equations and the numerical and analytical 

methods discussed in Chapter 3 were used to analyse the system. 

For aIl the boundary conditions, it was found that the system behaviour is 

qualitatively similar to that of a simply supported cylinder. The system is stable at low 

flow velocities until the critical flow for divergence, at which point the initial equilibrium 

position of the cylinder becomes unstable, giving rise to a new stable buck.led solution. 

The amplitude of the buck.led solution increases with flow velocity. At higher flow, the 

stationary buck.led cylinder loses stability by a Hopf bifurcation, followed by periodic 

oscillations, which are destabilized at higher flow by a period-doubling bifurcation, 

giving rise to period-2 oscillations. A toms bifurcation occurs thereafter, followed by 

quasiperiodic and chaotic oscillations at higher flow velocities, showing a quasiperiodic 

route to chaos. 

In the case of a simply supported cylinder (discussed in Chapter 4), at still higher 

flow velocities, there is a range of flow velocities in which chaotic and static solutions 

co-exist. This new nonzero static solution itself loses stability by a Hopf bifurcation and 

the resulting high-frequency periodic oscillation becomes unstable by a toms bifurcation 

at higher flow giving rise to quasiperiodic oscillations. The co-existence of chaotic and 

static solutions is not observed for clamped-clamped, clamped-hinged and hinged

clamped cylinders (at least for the parameters used in these calculations). However, to 

find these co-existing solutions one must try many different initial conditions in the FDM 

program. Such a comprehensive search was not conducted but, for the initial conditions 

considered here, a co-existing static solution was not obtained. 

It was found that the frequency of oscillations at the Hopf bifurcation point, in the 

case of a simply supported or a clamped-hinged cylinder is almost twice as high as the 

frequency of oscillations for the other two cases. This is due to the fact that, where high 

frequency oscillations are observed, the third mode of the system becomes dynamically 

unstable (the real part of the corresponding eigenvalue becomes zero) at the Hopf 
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bifurcation point, and the cylinder undergoes mainly third-mode oscillations (with two 

nodes in the spatial shapes). On the other hand, for a clamped-clamped or a hinged

clamped cylinder, the cylinder loses stability in its second mode, even though the fonn of 

these oscillations around the buckled solution is mainly of third-beam-mode shape. One 

can conclude from this discussion that, for a cylinder with fixed physical parameters, the 

downstream boundary condition plays a key role in high- or low-frequency oscillations: a 

hinged lower support results in high-frequency oscillations, while a clamped lower end 

results in low-frequency oscillations. 

A summary of the critical flow velocities for the cylinder with the physical 

properties of Table 5-2 for various boundary conditions together with the corresponding 

frequency at the Hopf bifurcation point are given in Table 5-6. In general, the critical 

flow velocities for the simply supported cylinders are smaller than those for the clamped

hinged cylinders, which themselves are smaller than those for the hinged-clamped 

cylinders. [The reason for Zlap being lower for clamped-hinged than for hinged-clamped 

cylinders is that the lower half in the fonner case, which is subjected to compression 

(weakening the flexural restoring force), is also close to a point where free rotation is 

pennitted.] There is, however, one exception: the Hopf bifurcation (first dynamic 

instability) for the clamped-hinged cylinder occurs at lower flow velocity than for a 

simply supported cylinder. This could be related to differences in the divergence-induced 

tension in the twO cases. In general, clamped-clamped and simply supported boundary 

conditions are, respectively, the most and the least stable boundary conditions. 

Although the critical flow velocity for the pitchfork bifurcation for the clamped

clamped cylinder is larger than that for a hinged-clamped cylinder, the critical flow 

velocity for dynamic instabilities (Hopf bifurcation, period doubling and toms) in these 

twO cases are almost the same. This implies that the hinged-clamped cylinder remains 

buckled for a wider range of flow velocities compared to the clamped-clamped cylinder 

and loses stability by a Hopfbifurcation at almost the same flow velocity as the clamped

clamped cylinder. 

Figure 5-28(a) shows the bifurcation diagrams of a cylinder with vanous 

boundary conditions in the range of static deflection only. In these diagrams, the 

maximum nondimensional midpoint displacement of the cylinder is plotted versus the 
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nondimensional flow velocity. The simply supported cylinder buckles at a lowest flow 

velocity, and at any given flow velocity its amplitude is larger than that of the other three 

boundary conditions for li < 17. It ought to be noted that the maximum midpoint 

displacement is not representative for the maximum displacement of the cylinder. As can 

be observed in Figure 5-28(b), where the spatial shape of the buckled state of a cylinder 

with various boundary conditions are shown at li = lIHB -1, the maximum transverse 

amplitude for the cases with the hinged lower end is lower than that for the cases of 

c1amped lower end. Therefore, what we observe in Figure 5-28(a) is not the maximum 

transverse displacement. It is interesting to notice that, again, the boundary condition at 

the lower end is responsible for the difference in the system behaviour (the place of the 

maximum transverse displacement), similar to the difference in the frequency of 

oscillations, due to the different lower-end boundary. 

A convergence test showed that, except for the case of a hinged-c1amped cylinder, 

where one has to use at least 8 modes in each direction to obtain reliable results, in the 

other cases, 6 modes in each direction are sufficient. 

The analytical centre manifold theory was used to study the behaviour of the 

cylinder in the vicinity of the first point of instability for aIl the boundary conditions. In 

aIl cases, a supercritical pitchfork bifurcation is found using the centre manifold theory, 

in qualitative agreement with the numerical methods. Also, the amplitude of the buckled 

state in this neighbourhood was found by the centre manifold method and very good 

quantitative agreement with the numerical results was obtained. 
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Boundary Eigenfunctions Eigenvalues 

conditions 

Clamped- (Jj (~) = COSh(Aj~)-COS(Aj~) 
fij = 

cos Aj - cosh Aj ~ = 4.730040744862704 

clamped + fij [sinh (Aj~) - sin( Aj~) ] sin Aj - sinh Aj ~ = 7.853204624095838 

À:l = 10.99560783800167 

A4 = 14.13716549125746 

~ = 17.27875965739948 

Aj = (2j+1)7%/2 

Clamped- (Jj (~) = cosh (Aj~) - cos ( Aj~) fij = COtAj ~ = 3.926602312047919 

hinged - fij [sinh( Aj~) - sin( Aj~) ] ~ = 7.068582745628732 

À:l = 10.21017612281303 

A4 =13.35176877775409 

~ = 16.49336143134641 

Aj = (4j + 1)7%/4 

Hinged- (Jj (~) = sin (Aj~) + fij sinh (Aj~) sin Aj À, = 3.926602312047919 

clamped 
fij = - 'nhA ~ = 7.068582745628732 SI j 

À:l = 10.21017612281303 

A4 = 13.35176877775409 

~ = 16.49336143134641 

Aj = (4j + 1)7%/4 

Bar Vlj (~) = h sin ( Aj~)' - Aj = j;r 

Table 5-1 Eigenfunctions and eigenvalues of a dry beam with vanous boundary 

conditions for the transverse deformation and those of a bar with both ends fixed, used as 

comparison functions in the Galerkin discretization 
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Dimensional parameters Nondimensional parameters 

L (m) 0.52 Ilo 6707 

D(m) 0.0254 G 20.47 

P (kg/m
3

) 
1000 P 0.47 

m (kg/m) 0.5817 Y 1.83 

E (Pa) 
2.76x106 X 1 

P 0 Il 0 

f 0 r 0 

cn 
0.025 

0.025 
CI 

0 
Cd 

t5 1 

0 
cb 

Table 5-2 Dimensional and nondimensional parameters of the cylinder subjected to axial 

flow 
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Numberof BP HB PD TR 

modes 

2-2 6.35 22.67 >40 >40 

3-3 6.26 20.12 29.60 30.12 

4-4 6.26 39.12 >40 >40 

5-5 6.25 23.29 25.29 25.51 

6-6 6.25 21.60 21.92 22.03 

7-7 6.25 22.02 22.60 22.63 

8-8 6.25 20.95 Not calculated Not calculated 

9-9 6.25 21.31 Not calculated Not calculated 

10-10 6.25 21.71 Not calculated Not calculated 

11-11 6.25 22.45 Not calculated Not calculated 

Table 5-3 Critical flow velocities for a clamped-clamped cylinder with the physical 

parameters of Table 5-2 using different numbers ofmodes. BP: pitchfork bifurcation; HP: 

Hopfbifurcation; PD: period doubling; TR: toms 
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Numberof BP HB PD TR 

modes 

2-2 4.38 20.00 25.60 26.60 

3-3 4.37 18.47 19.32 23.58 

4-4 4.37 16.51 17.99 21.43 

5-5 4.37 19.10 19.28 -
6-6 4.37 17.60 18.76 19.13 

7-7 4.37 18.27 Not calculated Not calculated 

8-8 4.37 17.87 Not calculated Not calculated 

Table 5-4 Critical flow velocities for a clamped-hinged cylinder with the physical 

parameters of Table 5-2 using different numbers of modes. BP: pitchfork bifurcation; HP: 

Hopfbifurcation; PD: period doubling; TR: torus 
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Numberof BP HB PD TR 

modes 

2-2 4.62 38.80 - 39.12 

3-3 4.61 33.33 - 34.14 

4-4 4.61 29.87 - 32.28 

5-5 4.61 26.77 - 27.61 

6-6 4.61 25.61 - 28.05 

7-7 4.61 22.39 - 23.85 

8-8 4.61 21.23 - 22.93 

9-9 4.61 2l.11 22.49 22.75 

Table 5-5 Critical flow velocities for a hinged-clamped cylinder with. the physical 

parameters of Table 5-2 using different numbers of modes. BP: pitchfork bifurcation; HP: 

Hopfbifurcation; PD: period doubling; TR: toms 
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BP HB Frequency PD TR 
at the HB 

Simply 3.14 17.68 19.4 17.96 18.01 
supported 

Clamped- 4.37 17.6 22.0 18.76 19.13 
hinged 

Hinged- 4.61 21.23 8.7 22.49 22.93 
clamped 

Clamped- 6.25 21.60 10.8 21.92 22.03 
clamped 

Table 5-6 Critical flow velocities and frequencies at the Hopf bifurcation point for the 

cylinder of Table 5-2 subjected to axial flow, with various boundary conditions. BP: 

pitchfork bifurcation; HP: Hopfbifurcation; PD: period doubling; TR: toms 

131 



u 
l l l 

g g 

(a) (b) (c) 

Figure 5-1 A vertical slender flexible cylinder with various boundary conditions 

subjected to axial flow: (a) clamped-clamped, (b) clamped-hinged, and (c) hinged

clamped boundary conditions. 
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Figure 5-2 Bifurcation diagram for a clamped-clamped cylinder with the physical 

parameters of Table 5-2: (a) a global view, (b) a zoomed view. 
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Figure 5-3 (a) Time history, (b) phase plane plot, (c) power spectral density plot and (d) 

Poincaré map for the system of Figure 5-2 (clamped-clamped cylinder) for lI= 21.8, 

obtained with Nu = Nv = 6 (periodic oscillation). 
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Figure 5-4 (a) Time history, (b) phase plane plot, (c) power spectral density plot and (d) 

Poincaré map for the system of Figure 5-2 (clamped-clamped cylinder) for ZI = 21.95, 

obtained with Nu = Nv = 6 (period-2 oscillation). 
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Figure 5-5 (a) Time history, (b) phase plane plot, (c) power spectral density plot and (d) 

Poincaré map for the system of Figure 5-2 (clamped-clamped cylinder) for li = 22.5, 

obtained with Nu = Nv = 6 (quasiperiodic oscillation). 
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Figure 5-6 (a) Time history, (b) phase plane plot, (c) power spectral density plot and (d) 

Poincaré map for the system of Figure 5-2 (clamped-clamped cylinder) for li = 25.0, 

obtained with Nu = Nv = 6 (chaotic oscillation). 
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Figure 5-7 Spatial shape of the c1amped-c1amped cylinder of Figure 5-2(a) at different 

flow velocities: (a) ZI =15, buckled position, (b) ZI =21.8, periodic oscillation, (c) 

ZI =21.95, period-2 oscillation and (d) ZI =22.5, quasiperiodic oscillation, (e) ZI =25.0, 
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Figure 5-8 Oscillations of the clamped-clamped cylinder, plotted at every 1/10th of the 

period: (a) the total oscillations; (b) the oscillations around the buckled state. 
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Figure 5-9 Critical values for the Hopf (HB), period-doubling (PD) and toms (TR) 

bifurcations of the clamped-clamped cylinder with the physical parameters of Table 5-2 
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Figure 5-10 Bifurcation diagram for the clamped-clamped cylinder with the physical 

parameters of Table 5-2 in the vicinity of the pitchfork bifurcation point, obtained with 

Nu = Nv = 1 using centre manifold reduction (continuous line) and AUTO (dots). 
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obtained with Nu = Nv = 6 (periodic oscillation). 
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Poincaré map for the system of Figure 5-11 (clamped-hinged cylinder) for ZI= 18.8, 
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Poincaré map for the system of Figure 5-11 (clamped-hinged cylinder) for ZI = 20.0, 

obtained with Nu = Nv = 6 (chaotic oscillation). 
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Figure 5-16 Spatial shape of the clamped-hinged cylinder at different flow velocities: 

(a) li =14.0, huckled position, (h) li =18.0, periodic oscillation, (c) li =18.8, period-2 

oscillation and (d) li =19.5, quasiperiodic oscillation, (e) li =20.0, chaotic oscillation. 
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Figure 5-20 (a) Time history, (b) phase plane plot, (c) power spectral density plot and (d) 
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Figure 5-23 Spatial shape of the hinged-c1amped cylinder of Figure 5-19 at different flow 

velocities: (a) li =20, buckled position, (b) li =22.0, periodic oscillation, (c) li =24.0, 

quasiperiodic oscillation, (d) li =26.0, chaotic oscillation. 
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Figure 5-25 Bifurcation diagram for the hinged-c1amped cylinder with the physical 

parameters of Table 5-2 in the vicinity of the pitchfork bifurcation point, obtained with 

Nu = Nv = 1 using centre manifold reduction (continuous line) and AUTO (dots). 
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Figure 5-26 (a) Transverse displacement, (b) axial displacement and (c) axial strain 

versus ZI for a clamped-clamped cylinder with the physical parameters of Table 5-2 in 

the bucked state at ç = 0.8. 

157 



o~------------~ 

.0.2 

.0.4 

.0.6 

.0.8 

l~----~~----~ 
-5 o 

u 

o~--~--~----~ 
(b) : 

0.2 

0.4 ------

0.6 --------' 

0.8 

l~------~--~~ 

0.024 0.026 0.028 0.03 0.032 

c 
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6. Experiments on Vertical Sien der Flexible Cylinders 

Clamped at both Ends and Subjected to Axial flow 

6.1. Introduction 

The experimental behaviour of slender flexible cylinders subjected to axial flow is 

discussed in this chapter. A vertical elastomer cylinder, clamped at both ends and placed 

in the middle of the test-section of a water tunnel was used in the experiments. The 

downstream end of the cylinder could be fixed or free to slide axially. This is the second 

experimental study on such a system; the first one, by Païdoussis (1966c), as discussed in 

detail in Chapter 1, was conducted on horizontal cylinders and its results were compared 

with the linear theoretical results. According to the nonlinear theory discussed in Chapter 

5, with increasing flow, the cylinder buckles at a certain flow velocity and the amplitude 

of buckling increases thereafter. At higher flow the statically deformed cylinder 

undergoes a Hopf bifurcation, which gives rise to periodic oscillations; followed by 

quasiperiodic and chaotic oscillations. The idea here is (i) to observe the post-divergence 

behaviour of the system and measure the corresponding data (the amplitude of buckling, 

as well as the amplitude and the frequency of oscillations in case of dynamic motions, if 

at aIl exist) and (ii) to compare the experimental observations with the results of 

nonlinear theory, both qualitatively and quantitatively, in order to validate the theoretical 

model, and hopefully to observe experimentally the same sequence of dynamical states as 

predicted by the nonlinear model. 

First, experiments with a cylinder c1amped at both ends, but free to slide axially in 

its downstream end are discussed. Then, the results for clamped-c1amped cylinders with 

no axial sliding are presented. The influence of axial compression is also studied 

experimentally for this case. Because no dynamic instability was observed in these two 

series of experiments due to flow limitations in the water tunnel, another series of 

experiments were conducted on a more flexible cylinder. These experiments, in which 

flutter was observed, are also discussed. In all the experiments, graphs of the frequency 

versus nondimensional flow velocity are presented for pre-buckling turbulence-induced 
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vibrations of the cylinders. AIso, in each case, bifurcation diagrams of the system are 

presented in which the maximum midpoint amplitude of the cylinders is plotted versus 

nondimensional flow velocity. Three different methods are used to approximate the onset 

of divergence, aIl of which give comparable results. AIso, the influence of different 

parameters on the onset of periodic motions is discussed. 

6.2. Experimental set-up 

The experiments were conducted with flexible cylinders, which were made of silicone 

rubber by casting in special moulds. Each cylinder was fitted with metal discs, which 

could be screwed onto different support assemblies at the upper and the lower ends to 

provide clamped boundary conditions (see Figure 6-1): The upper end support was weIl 

streamlined. The cylinder was mounted vertically in the test-section of the water tunnel, 

which is shown schematically in Figure 6-2. The test-section ("channel") diameter was 

DCh = 0.20 m and its length was LCh = 0.75 m. Flow straighteners, screens, and a large 

flow-area reduction were utilized to ensure an axial, uniform flow stream in the test

section. The velocity profile was flat and uniform over the central portion of the test

section, covering at least 15 cm in diameter. The highest attainable flow velo city in the 

water tunnel was 5 mis [see Païdoussis (2004, Chapter 8), for a complete description of 

the water tunnel]. 

To measure the midpoint displacement of the cylinder, two non-contacting optical 

motion-followers were used, measuring the displacements in two perpendicular directions 

to guarantee that the plane and the value of the maximum displacement were measured. 

Figure 6-3(a) shows schematically how the two motion-followers were placed relative to 

the cylinder. The first measuring device measured the displacements of the cylinder 

perpendicular to the axis of the device, while the second device measured the 

displacements in the direction of its axis. The output of these two motion-followers was 

saved in a computer for later analysis by the Lab View© software. The resultant of these 

two measurements, as shown in Figure 6-3(b), gives the plane and the value of the 

maximum displacement, which is the value plotted in the theoretical results. In each 

• For details about the method ofmaking these cylinders, see Païdoussis (1998, Appendix D). 
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experiment, the flow velocity was increased gradually from zero, and at each step the 

midpoint displacement of the cylinder was measured. 

6.3. First series of experiments: clamped-sliding cylinder 

In the first series of experiments, the cylinder with the physical parameters given in 

Table 6-1 was used (the corresponding dimensionless parameters are given in Table 6-2). 

In this case, the lower end could slide axially in its support. The maximum attainable 

nondimensional flow velo city for this system was ZI = 7. 

The cylinder was at its original equilibrium position at zero flow velocity. At 

small flow velocities, turbulence-induced vibrations were damped. With increasing flow, 

the cylinder buckled mainly in its first mode; i.e. its amplitude at that point increased 

dramatically. This, however, occurred at almost the maximum attainable flow. Therefore, 

the cylinder behaviour substantially beyond the onset of divergence could not be 

observed. The PSD plots of the vibrations of the cylinder were produced at each flow 

velocity to construct the frequency-versus-flow graph and to obtain the cri~ical value for 

divergence. Figure 6-4 shows the PSDs of the vibrations of the cylinder measured at its 

midpoint at two different flow velocities before the onset of divergence. The dominant 

frequency of vibration is at ft::: 3.5 Hz for ZI = 2.2 (Figure 6-4(a», which Can be 

identified with the first eigenfrequency of the system at this flow. At ZI = 5.6, two peaks 

are noticeable in the PSD plot: ft ::: 2 Hz and 1; ::: 8 Hz , which correspond respectively 

to the first and the second eigenfrequencies of the system.t It is observed that the 

eigenfrequencies of the system vary with the flow velocity. 

Figure 6-5(a) shows how the dominant frequency (lü( = 21r ft) varies with the 

nondimensional flow velo city for this system. The asterisks are the experimental results 

and the full dots are the theoretical ones. Theoretically, the first-mode frequency varies 

with ZI parabolically, and at the onset of divergence the first-mode frequency vanishes: 

lü( = O. The experimental values follow very closely the theoretical parabola, showing 

good agreement between theory and experiment. To approximate the critical flow 

t Although the deformation was sensed at the midpoint of the cylinder, the second mode was still picked 

up, since, with flow, the midpoint is not a stationary node. 
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velocity for divergence, one should fit a parabola to the experimental results (the 

continuous line in Figure 6-5(a» and extend it to cross the flow-velocity axis at a point 

which is considered as the critical flow velocity for divergence. This is called "the first 

method" to determine the critical point for divergence in this thesis. Doing so, it was 

found that the critical flow velocity for divergence is ZIs~) = 6.5, as shown in 

Figure 6-5(a). 

Figure 6-5(b) shows the experimental results in the form of a bifurcation diagram. 

In this diagram, the midpoint displacement of the cylinder is plotted versus the 

nondimensional flow velocity. The crosses and the circles are the values measured by the 

two motion-follower devices in two perpendicular directions. The resultant (maximum) 

midpoint displacements are shown by asterisks. There is a smooth increase in the 

amplitude in the direction measured by the first motion-follower device (x), while there 

is a sudden jump in the amplitude measured by the second one (0). This jump 

corresponds to a change in the direction of the plane of maximum displacement, due to 

flow irregularities or imperfections in the cylinder itself. However, we concentrate on the 

resultant displacement, which is the maximum midpoint amplitude of the cylinder, and 

this will be used as the experimental result that follows. The sudden jump in the 

amplitude measured by the second device has no effect on the resultant value, because 

the change in the plane ofbuckling does not change the maximum amplitude. 

Figure 6-5( c) shows the comparison between experimental and theoretical 

bifurcation diagrams, for the whole range of attainable flow velocities in the water tunnel. 

Theoretically, the displacement should be zero, from ZI = 0 to the critical flow velocity 

for divergence, ZlBP ' when the amplitude should increase precipitously with flow. In the 

experiments, however, one obtains nonzero " for aIl 0 < ZI < Zlsp, as seen m 

Figure 6-5( c) for the experimental results (*). This is called the first zone in the 

experimental bifurcation diagram, where nonzero amplitudes are observed due to the 

growth of initial geometric and structural imperfections of the cylinder. The second zone 

is for ZI > Zlsp where " increases much more rapidly with ZI, showing the occurrence 

of divergence. To find the critical flow for divergence, one can fit the results in the two 

above-mentioned zones by two straight lines and consider the flow velocity at the 
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intersection as the critical flow for divergence (see Figure 6-5(c)). We caB this "the 

second method" for determining the critical flow velocity for divergence. According to 

this method, the critical flow velocity for divergence is ZIs~) = 5.8, as shown in 

Figure 6-5( c). 

Another, pragmatic criterion used to find the critical values for divergence is to 

set 17 = 0.01 == y/ D = 0.2 as the threshold of divergence. If the cylinder amplitude goes 

beyond this threshold, the cylinder will be considered buckled. This is called "the third 

method" to find the critical flow velocity for divergence in this thesis and it yields 

lIJ;) = 6.2 for the system studied here (see Figure 6-5(c)). Table 6-3 shows the critical 

values for divergence found by the three methods discussed ab ove together with the 

corresponding theoretical value. The first method is in very good agreement with the 

theoretical result, with only 2.9 percent error; this does not necessarily mean, however, 

that the first method is superior t~, say, the second. 

To find the theoretical results, the nondimensional parameters given in Table 6-2 

have been used, where IIo, f3, r and & are ca1culated using the physical parameters of 

the cylinder given in Table 6-1, h = D / DCh and 

(6-1) 

according to Païdoussis (2004, p. 796). The coefficient of transverse form drag, Cd' can 

also be calculated, following Païdoussis (2004, Appendix Q)t: 

Cd = g .. /2nv·, (6-2) 

where, n is radian frequency and v· is the kinematic viscosity; for water flow 

v· = 10-6 m2/s. One can take cn/ct = 1 and the tangential frictional coefficient to be 

Ct = 0.025. 

tIn Appendix Q ofPaïdoussis (2004), the following relations are given: Cd = (4j;r)(tljU) CD , where 

CD = (;rj2) DnCd and Cd = 2.fi/fS , in which S = QR2 Iv' . Now substituting these relations backward, 

one fmds Cd = 4.fi/ D~nlv' , and therefore CD = 2;r"/2nv' , and assuming tljU =. 0(1), it can be 

found that Cd = 8 • .120. v' . 

164 



The indicial-form equations of motion (2-68) and (2-69) are used. The 

eigenfunctions of a c1amped-c1amped cylinder for the transverse deformation (see Table 

5-1) are used as the basis functions for the transverse displacement; moreover the 

eigenfunctions of a fixed-sliding bar undergoing axial motion, 

(6-3) 

are used as the basis functions for the axial displacement. These eigenfunctions are used 

to reflect the fact that axial displacement at the lower end of the cylinder can occur freely. 

Only 2 modes in each direction are used to discretize the partial differential equations, 

because the maximum flow studied here is not very high, and two modes in each 

direction are enough to get converged results. 

6.4. Second series of experiments: clamped-clamped cylinder with no sliding 

In this series of experiments, the same cylinder, c1amped at both ends was used, but no 

end-sliding was permitted. Similarly to the first series of experiments, the midpoint 

displacement of the cylinder was measured at each flow velocity and the éorresponding 

PSD plots were produced. Figure 6-6 shows the PSD plots of the vibrations at a pre

buckling flow velocity (lI= 3.2) and a post-buckling flow velocity (lI= 6.1). The 

dominant frequency, at 1; == 3 Hz for lI= 3.2, can be identified with the first 

eigenfrequency of the system. The PSD plot at lI= 6.1 shows three peaks: at 1; == 2 Hz, 

;; == 8 Hz and J; == 17 Hz in Figure 6-6(b), which correspond to the first, second and 

third eigenfrequencies of the system, respectively. The dominant peak in Figure 6-6(a) 

corresponds to the first-mode eigenfrequency. In Figure 6-6(b), this frequency peak has 

migrated further towards zero, but it is not zero. In contrast to linear theory, nonlinear 

theory does not imply zero net rigidity in the buckled state, and the first, second and third 

mode frequencies seen in Figure 6-6(b) are those of the buckled cylinder. AlI modes 

respond to the wide-band turbulence spectrum. 

Figure 6-7(a) shows how the frequency of vibrations varies with the 

nondimensional flow velocity for this system. The asterisks are the experimental results 

and the continuous line represents the theoretical ones, calculated using the dimensionless 
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parameters of Table 6-2. For relatively small flow velocities (li < 5), the experimental 

values for the frequency of vibrations follow the theoretical curve very closely. But for 

higher flow velocities, the experimental values deviate from the theoretical ones and it 

seems that they are tending toward a constant value: lUI == 10 rad/s, in contrast to the 

theoretical curve, which goes toward zero parabolically. This deviation is due to the fact 

that in the experiments, because axial sliding is prevented, increased deflection generates 

an increase in tension and therefore the frequency never becomes zero (Figure 6-7(b) 

shows the nonzero pre-buckling deflection of the cylinder). But, the theory assumes that 

there is no pre-buckling deflection and vibration, and therefore that there is no tension in 

the cylinder before the onset of buckling. It ought to be noted that in fitting the parabola 

to estimate the critical flow velocity for divergence by "the first method", only the 

sampling points which resemble a parabola have been taken into account and the almost

constant-frequency points have been neglected. The fitted parabola is shown in Figure 

6-7(a) and the corresponding critical flow velocity is at lIa~) == 6.8. 

Figure 6-7(b) shows the bifurcation diagram of the system for this case. The 

asterisks are the experimental values for the maximum midpoint displacement of the 

cylinder and the continuous line is the theoretical result. The post-buckling range in the 

bifurcation diagram is very limited (6.3 < li < 7), making it difficult to study the 

behaviour of the system in this range. However, for the existing range of buckling, the 

experimental amplitude of buckling is in good agreement with the theoretical ones. The 

first row in Table 6-4 gives the critical values for the pitchfork bifurcation found using 

the three methods previously discussed, together with the corresponding theoretical 

results. Relatively good agreement is obtained between the theoretical and experimental 

results. The second method gives the closest value to the theoretical prediction for the 

critical flow velocity for divergence, in this case. 

Because in both cases discussed so far, divergence occurred at a flow velocity 

very close to the maximum flow attainable in the water tunnel, it was not possible to 

study the post-divergence behaviour of the system, either in terms of the amplitude of 

buckling or with respect to the possible existence of a post-divergence dynamic 

instability. Therefore, in what follows we discuss: 
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• the experiments with the same cylinder under axial compression, and 

• the experiments with a more flexible cylinder. 

In both cases, the critical nondimensional flow velocity for divergence is lower than in 

the present case, making it possible to observe the post-divergence behaviour of the 

cylinder over a wider flow range. Also, in the case of a more flexible cylinder, the 

theoretical nondimensional flow velocity for flutter is lower and, as we shaH see in 

Section 6.5, dynamic instability can be observed. 

6.4.1. Influence of axial compression 

In order to study the influence of axial compression on the system and also to make it 

possible to study the post-divergence behaviour of the system over a wider range of flow 

velocity by decreasing the critical flow velocity of divergence, experiments were 

conducted with the same cylinder, but under an extemaHy applied compression. To apply 

this axial compression, rings of varying thickness and with the same outer diameter as the 

cylinder (Dr.o = D = 0.0254 m) and with the inner diameter of Dr.i = 0.0067 m were 

inserted between the lower end of the cylinder and the lower support assembly (see 

Figure 6-8). The inserted ring, depending on its thickness, results in pre-straining 

(shortening) the cylinder and therefore applies a pre-stress (an axial compression) on the 

cylinder with no flow. 

To relate the applied axial pre-shortening to the nondimensional compression, we 

start from one of the relations in Equation (2-63), namely 

_ TL2 

r=-
El' 

where T = a A = EcA . Therefore, 

- ML r=--, 
1 

(6-4) 

(6-5) 

where, .1 is the pre-shortening, L is the cylinder length, 1 = ( 1i /64) D 4 is the moment of 

inertia of the cylinder, and A is the cylinder cross-sectional area. Therefore, for the 

cylinder used in the present experiments, r = 1.29 x 104 .1. 

The procedure, measurements and the nomenclature of the figures are the same as 

previously described. Figure 6-9 shows how the frequency of turbulence-induced 

167 



vibrations of the cylinder varies with the flow velocity for different axial compressions. 

In aIl cases, similar to the case of no axial compression, the frequencies decrease in a 

more or less parabolic form with flow for smaIl flow velocities. From a certain flow 

velocity on, the frequencies do not foIlow the theoretical parabola and tend to an almost 

constant asymptote instead of going toward zero. By increasing the axial compression, 

the corresponding frequency of turbulence-induced vibration decreases, as expected. In 

the experimental observations (Figure 6-9) the frequency for li = 0 varies from 

Cùl :::: 21.0 radis to Cùl :::: 19.5 radis when the nondimensional axial compression is varied 

from f =-12.9 to f = -29.7. Theoretical results, however, show much more significant 

changes in the corresponding first-mode frequency. This implies that by increasing the 

axial compression, the deviation of the experimental results from the theoretical curve 

starts at lower flow velocities. This becomes more significant for higher axial 

compressions. The main reason for this disagreement lies in the fact that the original 

position of the cylinder in the experiment, even before turning on the flow, was not 

totally straight anymore, because of the relatively large applied initial c~mpression. A 

fairly large bow existed at zero flow, which was not considered in the theory; the theory 

is for initiaIly straight cylinders. As the axial compression increases, the initial bow 

becomes larger and the initial position of the cylinder in the experiment diverges farther 

from the assumption of the straight initial position. This deviation from the theoretical 

assumptions affects the pre-buckling behaviour of the system much more than the post

buckling behaviour§ as will be discussed in what foIlows, using the corresponding 

bifurcation diagrams. 

Figure 6-10 shows the bifurcation diagrams for the system with different axial 

compressions. The above-mentioned initial bow is not obvious in the bifurcation 

diagrams, because the measurements were conducted relative to the initiaIly bowed 

cylinder." The same three "divergence criteria" are used here to find the critical flow 

velocities for divergence in the presence of an axial compressive load. The corresponding 

§ The reason is that the theory assumes a straight cylinder, while in the experirnent the cylinder is not 

straight before buckling. After buckling, both theory and experirnent say the cylinder is no longer straight. 

•• The occurrence of the bow of course means that the cylinder has developed buckling due to compression 

a great deal sooner (for smaller compression) than theoretically predicted, because of imperfections. 
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results are given in Table 6-4 and plotted in Figure 6-11 and compared with theory. The 

theoretical result (continuous line) shows that, as expected, by increasing the axial 

compression, the critical flow velocity for divergence decreases, and there is a certain 

value of axial compression for which the cylinder buckles, even with no flow. This 

occurs at r:::: 41, which is slightly different from the critical value of the Euler problem 

for a c1amped-c1amped column, r = 41Z"2, due to the effect of gravity, which increases the 

critical value for divergence. It is noted that, by increasing the axial compression, the 

experimental values follow the theoretical curve less c1osely. It is also noted that for large 

axial compressions the cylinder amplitude has an immediate parabolic increase with flow, 

making the approximations of the critical flow velocity for divergence much less accurate 

(e.g., Figure 6-1O(c». 

In all these cases, the cylinder midpoint amplitude increases with flow as shown 

in Figure 6-10. As the axial compression increases, the range of flow velocity in which 

the cylinder is buckled becomes wider (by decreasing the critical flow velocity for 

divergence, while the maximum attainable flow remains the same) and, therefore, the 

amplitude of buckling can be compared with the theoretical results. Fairly good 

quantitative agreement between the theoretical and experimental results is observed. 

Simi1ar to the case of a c1amped-sliding or c1amped-c1amped cylinder with no end-sliding 

and no axial compression, the main qualitative difference is that in the experimental 

results the amplitude of the buckled cylinder increases with flow exponentially, while the 

theory predicts a parabolic increase in the amplitude. The imperfections and the 

deformation-induced tension in the cylinder can be thought of as the main source for the 

difference. 

For all the cases studied in this series of experiments, the cylinder did not undergo 

any dynamic instability before the maximum attainable flow velocity was reached, 

encouraging us to conduct another series of experiments with a more flexible clamped

c1amped cylinder, as will be discussed in the next section, in order to hopefully observe 

the post-divergence dynamic instability predicted by theory. 
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6.5. Third series of experiments: a more flexible cylinder with no end-sliding 

In this series of experiments a more slender and more flexible hollow c1amped-c1amped 

cylinder was used. This results in a decreased dimensional flow velocity for any given 

nondimensional one; in this way, it was hoped that the maximum attainable flow velocity 

could exceed that necessary to give rise to post-divergence flutter (presuming that it 

exists). Table 6-5 gives the physical parameters of the cylinder used in this case. The 

same set-up as for the previous series of experiments was used. 

Similarly to the previous experiments, at small flow velocities the cylinder was 

straight and the turbulence-induced vibrations were damped (Figure 6-12(a)). With 

increasing flow, the cylinder buckled mainly in its first mode (Figure 6-12(b)) and the 

amplitude of buckling increased with flow (Figure 6-12(c)). The flow was increased to 

almost its maximum, and the cylinder started to oscillate in its second mode around its 

equilibrium position (Figure 6-12(d)). The experiment was repeated and the oscillatory 

motions were observed at almost the same flow velocity. In what follows, the 

observations are discussed quantitatively. 

Figure 6-13(a) shows how the frequency of turbulence-induced vibrations varies 

with the nondimensional flow velocity. Similarly to the cases previously discussed, the 

experimental frequency of turbulence-induced vibrations tends toward zero parabolically 

for small flow velocities but never reach zero; instead, they have a more or less constant 

value over a range of high flows (not shown here). The critical flow velocity for 

divergence, based on this graph can be approximated as lI~!) == 7.5, which is larger than 

the theoretical value of lIB~· = 6.25. 

Figure 6-13(b) shows the bifurcation diagram of the system. For small flow 

velocities, the cylinder behaviour is similar to the cases previously discussed, in the sense 

that there is a sudden increase in the rate of change of the cylinder amplitude with flow, 

corresponding to the onset of divergence. The critical flow velocity for divergence is at 

lI~;) == 6.2, if ,,= 0.01 is considered as the threshold for buckling ("the third method"); 

and at lIB~) == 5.4, if the so-called "second method" is used. The cylinder then buckles 

mainly in its first mode and the amplitude of buckling increases with flow until li == 10, 

where a sudden decrease in the experimental midpoint amplitude of the cylinder is 
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observed for a short range of flow, after which the cylinder oscillates mainly in its 

second-mode at li:::: II.2. As observed in the bifurcation diagram, the maximum 

attainable nondimensional flow velocity for this system is lIrrw.x:::: 11.5, and the 

oscillatory motion of the cylinder starts just before reaching this maximum flow. 

Figure 6-14( a-c) shows the PSD plots of this cylinder for pre-buckling (li = 4.2 ), 

buckling (lI= 6.5) and oscillatory (lI= II.2) states. The three peaks in the PSD plot for 

li = 4.2 (ft:::: 3, J;:::: 8 and h:::: 16) can be identified with the first, second and third 

eigenfrequencies of the system. With increasing flow, the peaks move to the left; at 

lI= 6.5, they are at ft:::: 2, J; = 7 and h:::: 15. The two peaks in the PSD plot for 

li = II.2 most probably correspond to the second and the third eigenfrequencies of the 

system (at f:::: 1.8 and f:::: 3.3), the first mode being the small peak at f:::: 0.8. This ties 

in with the fact that the observed oscillations were of predominantly second-mode shape, 

with a sizable third-mode contribution. Figure 6-14( d) shows the time history of the 

oscillatory motion of the cylinder at li = II.2, where the displacement measured by the 

first measuring device is plotted for a time interval of 10 seconds. 

6.5.1. Influence of different parameters on the dynamic instability of the system 

The parameters used in the theoretical calculations to compare the results with the 

experimental observations are given in Table 6-6. The nondimensional parameters related 

to the cylinder geometry, and those related to the cylinder material and flow properties, 

namely no, f3, r, &, X and h, are found directly from the physical parameters of the 

system, given in Table 6-5. Various models can be used for the structural damping in the 

axial and the transverse directions. The damping in the axial direction is assumed to be of 

linear viscous type (see Chapter 2), and in the transverse direction the modal structural 

damping is used. The coefficient of transverse form drag, Cd' can be calculated using 

Equation (6-2); however, as we shall see, this parameter has a huge effect on the onset of 

oscillations. On the other hand, the friction-related parameters, cn and Ct' each can vary 

over a certain range, depending on the cylinder and flow properties. It is observed that for 

the system with zero structural damping and when crO, Cn=CFO.O 1, and when there is no 

external pressurization (fi = 0), the critical flow velocity is at lIHB = 21.8. In what 
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follows, the influence of these parameters on the critical flow velocity for the Hopf 

bifurcation is investigated. 

6.5.1.1 Structural damping coefficients. In the model, the structural damping in the 

axial direction is assumed to be the linear viscous one, i.e. C;_SI = a x 2(Â;" ~TIo8ij , where 

aU is a coefficient, which can be varied from zero (for the case of no axial structural 

damping) to 1. With increasing aU, the corresponding critical flow increases as shown in 

Figure 6-15(a). 

The damping ln the transverse direction is assumed to be of modal type: 

C; _sI = 8j ( Â/ r 8ij /1r, where 8j are the modal damping coefficients. These damping 

coefficients were measured experimentally for a vertical cylinder clamped at both ends 

for the first four modes and were found to be 151=0.0718, 152=0.1181, 153=0.1644 and 

154=0.2107. It was then assumed that the higher mode coefficients were linearly 

increasing, i.e., 155=0.2570 and 156=0.3033, etc. We define a coefficient aV such that 

8;nsidered = aV 87easured . Thus, increasing aV from naught to 1, we can study the influence of 

modal damping coefficient on the stability of the system. Figure 6-15(b) shows that by 

increasing the coefficient of modal damping, the critical flow velocity for the Hopf 

bifurcation increases dramatically, indicating, similarly to the axial case, a stabilizing 

effect. 

6.5.1.2 Influence of the coefficient of transverse form drag (ciiJ. Increasing the 

coefficient of transverse form drag from naught to 0.1, the critical flow velocity for the 

Hopf bifurcation increases dramatically as can be seen in Figure 6-15( c). Similarly to the 

other parameters studied here, increasing this coefficient stabilizes the system. Knowing 

that the frequency of the resulting oscillatory motion is around 3 Hz, one can use 

Equation (6-2) to find the corresponding form drag coefficient: Cd =0.06. It is observed 

(Figure 6-15 (c)) that the corresponding critical flow is ZlHB = 31.7, which is very much 

larger than that observed in the experiments. 
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6.5.1.3 Influence of the tangential and the normal friction coefficients (Ct and c,J. 

Païdoussis (2004, Appendix Q) suggests that the reasonable range for Ct and Cn are 

0.010< Ct <0.025, and 0.005< Cn <0.040, implying that Ct and Cn should not necessarily be 

equal, as will be discussed in the next subsection. Here, we assume Ct = Cn• Figure 6-15( d) 

shows that by increasing the friction coefficients, the critical flow velocity for the Hopf 

bifurcation increases. The same stabilizing effect was observed by Semler et al. (2002), 

for increasing Ct = Cn for a cantilevered cylinder. It is found (see Figure 6-15 (d)) that the 

corresponding critical flow velocities for the system studied here is 21.84 < ~B < 22.85 

for the above-mentioned range of Ct. Of course, the sensitivity of the critical flow velocity 

for the Hopf bifurcation to the correct choice of Ct and Cn is small in this range, but still 

considerable. 

6.5.1.4 Influence of the ratio of frictional coefficients (Cn / CI). Generally, the 

longitudinal and the normal viscous coefficients are not equal. Ortloff and Ives (1969) 

suggest that the ratio of cn / CI can vary from approximately 0.5 for very f(~ugh cylinders 

to approximately 2 for smooth ones [see Païdoussis (2004, Appendix Q) for more detail]. 

Figure 6-15( e) shows that the critical flow velocity for the Hopf bifurcation varies from 

ZlHB = 8.5 to ZlHB = 27.4 for the system studied here, as the cylinder becomes smoother 

(with cn/ci varying from 0.5 to 2). 

6.5.1.5 Comparison with the experimental results and discussion. As observed in the 

previous subsections, increasing a, 8j and Cd from zero and Ct = Cn from 0.01 results in 

higher values of ZlHB • It is only by decreasing Cn / CI that one can find lower values for 

the critical flow velocity. According to Figure 6-15( e), the critical flow for a rough 

cylinder (cn/c
i 
=0.5) with no structural damping and with Cd = 0 is ZlHB =8.5. This is 

lower than the experimental value for the onset of flutter (Zli;P = 11.2). By adding any 

damping and by increasing Cd, as discussed in the previous sub-sections, and also by 

having a smoother cylinder, the critical flow increases. Therefore, it is observed that, the 

experimental value for the Hopf bifurcation point is inside the range of flow velocities 
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predicted by the theoretical results and depends on the parameters chosen. The 

assumption of a rough surface for the cylinder used in the experiments is quite 

reasonable. 

According to the theoretical results the cylinder oscillates around its bucked state 

and the frequency of oscillation is fTh =:: 3 Hz ; in the experiments, on the other hand, the 

cylinder oscillates around its original equilibrium position with a frequency of 

fExp 
=:: 1.8 Hz. These two frequencies are of the same order and therefore comparable. 

The difference in the nature of oscillations (around the buckled state in theory and around 

the original equilibrium position in experiment) could be due to the fact that the model 

used in this thesis is correct to third-order magnitude; perhaps, in order to capture the 

relatively large-amplitude oscillations of the system, one needs to use a model correct to 

a higher-order (e.g. fifth-order) magnitude. 

6.5.2. Dynamic oscillation of the small-diameter cylinder with an extemal axial 

compression 

To study the influence of the extemally applied axial compreSSIOn on the dynamic 

instability of the system, experiments were conducted on the small-diameter cylinder of 

the previous section, with a ring inserted between the lower end of the cylinder and the 

downstream support, applying an axial compression of r = -19.0. Figure 6-16 shows the 

bifurcation diagram for this system. Similarly to the case of the large-diameter cylinder 

studied in Section 6.4.1, under axial compression the cylinder buckles at a lower flow 

velocity, and the amplitude of buckling at a given flow velocity is larger than that of the 

cylinder with no axial compression. The critical flow velo city for divergence based on the 

br h d d· d b fi 7/(1) 6 1 7 A2) 5 0 7 A3) 4 3 d 7/Th. 4 5 t ee met 0 s lscusse e ore are U BP = ., UBP = . , U BP = . an UBP = .. 

Except for the first method, reasonably good agreement between the theoretical and 

experimental values of the critical flow velocity for the pitchfork bifurcation is observed. 

What is new in this case and was not observed in the case of the large-diameter cylinder 

(because no flutter was observed in that case), is that the flutter occurs at almost the same 

flow velocity as the case with no axial compression! In fact, the cylinder under axial 

compression buckles at a lower flow velocity (ZI =:: 4.5), and remains buckled for a 
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wider range of flow velocities, until it starts oscillating at li::: Il. This is in agreement 

with what the theoretical nonlinear model predicts. Figure 6-17 shows that by changing 

the extemal axial compression from 0 to -150, the critical flow velocity for the Hopf 

bifurcation increases from ZI = 21.8 to ZI = 22.3. The change in the critical tlow for 

varying r from 0 to -19, is almost negligible according to the results shown in this 

figure. AIso, 100 king at the nonlinear equations of motion of the system (Equations (2-64) 

and (2-65», one can see that aIl the terms involving r (the nondimensional axial 

compression parameter) are associated with static terms: terms with no time-derivatives 

of the unknowns. This, however, does not imply that there should be no effect, or 

negligible effect, on the dynamic behaviour of the system with varying extemal axial 

compression; this negligible effect is observed for the critical tlow velocity of Hopf 

bifurcation in Figure 6-17. 

6.6. Summary 

Three series of experiments have been conducted to study the dynamical behaviour of 

slender tlexible cylinders clamped at both ends and subjected to axial tlow. The 

downstream end of the cylinder could either slide axially or was wholly fixed. 

Nonlinear theory predicts that the system loses stability via a pitchfork 

bifurcation, leading to buckling and that at higher tlows a Hopf bifurcation occurs. The 

second mode of the system becomes unstable at the Hopf bifurcation and the cylinder 

oscillates about the buckled state. This periodic oscillation is then followed by 

quasiperiodic and chaotic ones. The existence of the post-divergence dynamic instability 

had previously been predicted by Païdoussis (1966b) using a linear model and was 

confirmed with experiments (Païdoussis, 1996c), but as discussed in Chapter 1, the 

interest in those experiments was confined to the linear realm. 

Here, in the first series of experiments, the lower end of the cylinder was free to 

slide axiaIly, while in the second series, axial sliding was prevented. In aIl the 

experiments, small static detlections were observed at small tlow velocities, retlecting the 

growth of the initial structural and geometric imperfections. After a certain tlow velocity, 

the cylinder amplitude increased more rapidly with tlow. This tlow velocity corresponds 

to the critical value for divergence. It was observed that, by applying axial compression 
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in the case of fixed ends, the critical flow velocity for divergence decreased, while for a 

given flow velocity, the amplitude of buckling increased, as one would expect. Good 

agreement between theoretical and experimental results was observed for both the critical 

flow velo city for divergence and the amplitude of buckling. No dynamic instabilities 

were observed in these two series of experiments because the cylinder was rather stiff, 

and the maximum attainable dimensionless flow velocity was rather low. 

The third series of experiments were conducted with a more flexible hollow 

cylinder, making it possible to reach higher dimensionless flow velocities. Similarly to 

the previous two series of experiments, the cylinder buckled, and the amplitude of 

buckling increased with flow. In this case, however, at higher flow, the cylinder 

developed a dynamic instability and oscillated mainly in its second mode. This proves, 

experimentally, the existence of flutter, which was previously predicted by linear theory 

and was confirmed by the nonlinear model. These observations also confirm the 

experimental results by Païdoussis (1996c). It was observed that the theoretical value for 

the Hopf bifurcation was largely dependent on system parameters, for which (to the best 

available knowledge) precise values cannot be assigned. The influence- of structural 

damping in the axial and the transverse direction, friction-related parameters, form drag 

coefficient and the external compression on the dynamic instability of the system was 

studied theoretically. It was found that the experimental value of the critical flow velocity 

for the Hopf bifurcation was within the range of flow velocities obtainable by varying 

these parameters of the system, within reasonable margins. It was also observed, both 

experimentally and theoretically, that the influence of externally applied axial 

compression on the ons et of flutter is negligible. 
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Physical parameter Value 

Diameter D(mm) 25.4 

Length L (m) 0.52 

Mass per unit length m (kglm) 0.577 

Flexural rigidity El (N.m2
) 0.0559 

Table 6-1 Physical parameters of the cylinder used in the first two series of experiments 

(large-diameter cylinder) 
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IIo ft r 8 h % Cd CI Cn/CI 

6707 0.47 1.83 20.47 0.125 1.032 0.06 0.025 1 

Table 6-2 Dimensionless parameters used in the theoretical calculations for the 

experiments on the cylinder with the physical parameters of Table 6-1 (the first two series 

of experiments) 
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First method, Zt;J~) Second method, ZIs~) Third method, ZI~;) Theory, ZIs~ 

6.7 5.8 6.2 6.9 

2.9 15.9 10.1 Error (%) 

Table 6-3 The critical flow velocities for the onset of divergence based on the three 

methods discussed in Section 6.3, together with the corresponding theoretical result for 

the clamped-sliding cylinder of the first series of experiments with physical parameters 

given in Table 6-1 and the corresponding error 
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Pre- Axial Critical value of Zlsp (-) 
shortening compreSSlOn Experiment Theory 

(mm) r IS
! method 2n<lmethod 3ra method 

0.0 0 6.8 5.8 5.3 6.25 

1.0 -12.9 6.1 5.5 5.0 5.12 

1.6 -20.6 5.8 5.4 5.0 4.30 

2.3 -29.7 5.3 4.2 4.5 3.10 

Table 6-4 The critical flow velocities for the onset of divergence based on the three 

methods discussed in the text, together with the corresponding theoretical results for the 

second series of experiments, for the clamped-clamped cylinder with the physical 

parameters as in Table 6-1, for different extemally applied axial compressio:p.s 
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Physical parameter Value 

Outer diameter Do (mm) 15.6 

Inner diameter Di (mm) 9.4 

Thickness t(mm) 3.1 

Length L (m) 0.435 

Mass per unit length m (kg/m) 0.1445 

Flexural rigidity El (N.ml
) 0.0065 

Table 6-5 Physical parameters of the hollow cylinder used m the third senes of 

experiments (small-diameter cylinder) 
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IIo fi r G h X Cd 

9124.2 0.57 -5.78 27.88 0.0768 1.0119 0.060 

Table 6-6 Dimensionless parameters used in the theoretical calculations for the 

experiments on the cylinder with the physical parameters of Table 6-5 (the third series of 

experiments). The other parameters (a, 8;, CI' Cn , Cd and fi) are varied as shown in 

Figure 6-15. 
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Upper support 

Flexible cylinder 

Lower support 

Figure 6-1 A schematic, exploded view of the cylinder and its upstream and downstream 

ends. 
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Figure 6-2 Schematic view of the water tunnel [from Païdoussis et al. (2002)]. 
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Figure 6-3 (a) Schematic of the motion-followers ("measuring devices") set-up, (b) the 

plane and the value of the maximum displacement found based on the measurements of 

the two devices. 
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Figure 6-4 PSD plots for the first series of experiments with a clamped-sliding cylinder 

with parameters given in Table 6-1 at (a) lI= 2.2, and (b) lI= 5.6. 
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Figure 6-5 (a) Experimental (*) and theoretical (-) graphs of frequency versus 

dimensionless flow velocity; (b) bifurcation diagram for the first series of experiments 

with a clamped-sliding cylinder with parameters given in Table 6-1; (c) comparison 

between theory (continuous line) and experiment (*) in the form of bifurcation diagrams. 
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cylinder with no end-sliding and with parameters given in Table 6-1 at (a) ZI= 3.2, and 
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Figure 6-7 Experimental and theoretical results for the second series of experiments with 

a clamped-clamped cylinder with no end-sliding and with parameters given in Table 6-1. 

(a) Experimental (*) and theoretical (-) graphs of frequency versus dimensionless flow 

velocity; (b) comparison between theory (continuous line) and experiment (*) in the form 

of bifurcation diagrams. 
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Figure 6-8 A schematic view of the downstream end of the system with a ring inserted 

between the lower end of the cylinder and the lower support. 
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compressions: (a)r =- -12.9; (b)r = -20.6; (c)r = -29.7. 
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Figure 6-10 Experimental (*) and theoretical (-) bifurcation diagrams for the cylinder 

clamped at both ends and with no end-sliding (parameters given in Table 6-1) for 

different extemally applied axial compreSSIOns: (a)r=-12.9; (b)r=-20.6; 

(c)r = -29.7. 
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Figure 6-11 Critical flow velocities for divergence the cylinder clamped at both ends and 

with no end-stiding (parameters given in Table 6-1) for different extemallx applied axial 

compressions, found by using the three methods discussed: squares: the first method, 

triangles: the second method, rotated squares: the third method. The continuous tine is the 

corresponding theoretical curve. 
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(a) (h) 

(c) (d) 

Figure 6-12 The cylinder of the third series of experiments at different states: (a) pre

huckling, (h) small-amplitude huckling, (c) large-amplitude huckling, (d) oscillatory 

motions. 
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Figure 6-13 Comparison between theory and experiment for the third series of 

experiments with a small-diameter clamped-clamped cylinder with no end-sliding and 

with the parameters given in Table 6-5. (a) Experimental (*) and theoretical (-) graphs of 

frequency versus dimensionless flow velocity; (b) comparison between theory 

(continuous line) and experiment (*) in the form of bifurcation diagrams. 
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Figure 6-14 PSD plots for the third series of experiments with a small-diameter clamped
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Figure 6-15 Influence of (a) the axial structural damping, (b) the coefficient of the modal 

damping in transverse direction, (c) the frictional coefficients Cn and CI, and (d) the ratio 

of frictional coefficient Cn/cl and (e) the form drag coefficient on the critical value of 

Hopfbifurcation for the system with the parameters given in Table 6-6. 
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Figure 6-16 comparison between theory and experiment for the third series of 

experiments with the clamped-clamped cylinder with no end-sliding and (parameters 

given in Table 6-5) and under axial compression of r = -19.0. (a) Experimental (*) and 

theoretical (.) graphs of frequency versus dimensionless flow velocity; (b) comparison 

between theory (continuous line) and experiment (*) in the form of bifurcation diagrams. 
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7. Conclusion 

7.1 Overview 

In this thesis, the nonlinear dynamics of a slender flexible cylinder subjected to axial flow 

has been studied, both theoretically and experimentaIly. The linear studies by Païdoussis 

(1 966b,c, 1973, 2004) have shown that, at sufficiently high flow velocity, the system 

loses stability by divergence, followed by coupled-mode flutter at higher flow velocities. 

But what has been predicted by the linear theory is reliable only for the tirst point of 

instability, and the linear results thereafter need to be validated by a nonlinear theory. 

Therefore, as mentioned in the Introduction (Chapter 1), the goals ofthis thesis were 

1. to derive the nonlinear equations of motion for a cylinder supported at both ends 

and subjected to axial flow; 

2. to study the post-divergence behaviour of such systems with various boundary 

conditions; 

3. to study the behaviour of the system after the tirst post-divergence loss of stability 

and to study the possible route(s) to chaos, if and when it occurs; 

4. to conduct a series of experiments to observe the system behaviour 

experimentally and also to validate the theoretical mode!. 

To achieve the tirst goal, a nonlinear model was derived by considering various 

fluid forces, i.e. inviscid hydrodynamic forces, frictional forces and hydrostatic forces 

acting on a flexible cylinder, which was considered as a nonlinear Euler-Bernoulli beam. 

This model can be viewed as a nonlinear extension of the linear model of Païdoussis 

(1973). In fact, the ideas behind the derivation of the equations of motion are the same in 

these two studies: one from a linear point of view; the other from a nonlinear point of 

vlew. 

To achieve the second goal, the dynamical behaviour of cylinders with various 

boundary conditions was investigated using the nonlinear model derived in this thesis. In 

general, for aIl the boundary conditions and for the parameters investigated in this thesis, 
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it was found that the cylinder lost stability by a supercritical pitchfork bifurcation, and the 

amplitude of buckling increased with flow until the cylinder lost stability by a Hopf 

bifurcation, giving rise to periodic oscillations. Thus, by using a nonlinear theory, it was 

proved that flutter does exist at high flow velocities as had been predicted by the linear 

theory. In general, the onset of flutter was not very close to that predicted by the linear 

theory; in fact, flutter manifested itself in a different manner: it occurred when the 

cylinder had already buckled, while according to linear theory the oscillations start from 

the original equilibrium position. The important finding, however, was the existence of 

flutter as a post-divergence instability. 

To achieve the third goal, the dynamics of the system with various boundary 

conditions was investigated for flow velocities greater than the critical flow velocity for 

flutter. This was done by using time histories, phase plane plots, power spectral density 

plots, and Poincaré maps; and by calculating the eigenvalues and Floquet multipliers. It 

was shown that, as the flow velocity increased, the periodic oscillations of the cylinder 

became period-2 oscillations via a period-doubling bifurcation. This was followed 

immediately (as the flow was further increased) by a toms bifurcation, giving rise to 

quasiperiodic oscillations. At higher flow velocities, it was shown that chaotic 

oscillations do exist. This trend was almost consistent for aIl the boundary conditions 

studied in this thesis, showing a quasiperiodic route to chaos for the system. 

To achieve the fourth goal, three series of experiments were conducted on a 

vertical clamped-clamped flexible cylinder. In these experiments, by increasing flow 

velocity, the cylinder lost stability by divergence and the amplitude of buckling increased 

thereafter. At higher flow velocities, the cylinder lost stability by flutter, confirming the 

existence of a post-divergence oscillatory instability, this time experimentaIly. AIso, good 

quantitative agreement was obtained between theoretical and experimental results for the 

amplitude ofbuckling, and for the critical flow velocities. 

7.2 Summary orthe work in this thesis 

In the previous section, the major results of this thesis work were mentioned, while in this 

section, a detailed enumeration is presented. 
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A set of nonlinear equations of motion was derived using Hamilton's principle to 

describe the cylinder motion with increasing flow velocity. It was assumed that the 

cylinder centreline was extensible and also that the deflection in the transverse direction 

was of first-order magnitude, while the axial one of second-order. The final equations of 

motion were correct to third-order magnitude. The inviscid hydrodynamic forces were 

modelled by an extension to Lighthill's slender-body work. The frictional forces were 

formulated essentially as proposed by G.1 Taylor, and hydrostatic pressure forces were in 

fact the nonlinear extension of Païdoussis' formulation. These forces were determined 

separately for convenience and were put together in the form of the total virtual work of 

the fluid forces in Hamilton's principle. The resulting equations of motion were two 

coupled nonlinear partial differential equations with the cylinder axial and transverse 

displacements as the unknowns. By defining sorne dimensionless parameters, the 

equations of motion were nondimensionalized and the resulting nondimensional set of 

equations was discretized by Galerkin's technique. The eigenfunctions of a bar for the 

axial deformation and those of a beam for the transverse deformation were used as the 

basis functions. Depending on the boundary conditions of the system, the related 

eigenfunctions could be used. The resulting second-order differential equations were 

recast in a first-order form to make it possible to analyse the system using different tools. 

To solve the set of ordinary differential equations, two numerical methods were 

used: Houbolt's finit~ difference method (FDM) and AUTO. In FDM the set of second

order ordinary differential equations were transformed to a set of nonlinear algebraic 

equations, which could be solved by the Newton-Raphson method. In AUTO the first

order form of the ordinary differential equations were solved, and using continuation and 

bifurcation theories the bifurcation diagram of the system were constructed very quickly, 

as compared to FDM; this was continued until the onset of quasiperiodic oscillations, 

after which only FDM was able to find the solutions. A combination of these two 

numerical methods was used to study the dynamical behaviour of the system for desired 

ranges of flow velocity. 

The case of simply supported cylinders was studied thoroughly by producing 

sorne bifurcation diagrams, time histories, power spectral density and phase plane plots, 

together with Poincaré maps. It was found that the system lost stability by a pitchfork 
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bifurcation, leading to divergence. The amplitude of buckling increased with flow 

velocity until the cylinder lost stability by a Hopf bifurcation at a higher flow velocity, 

leading to flutter. This confirmed the linear prediction of the existence of post-divergence 

oscillatory motions. With further increase in the flow velocity, a period-doubling 

bifurcation occurred; the resulting period-2 oscillations were followed at slightly higher 

flow by a toms bifurcation, giving rise to quasiperiodic oscillations. Chaotic oscillations 

were observed at still higher flow velocities. There was a range of flow velocities in 

which chaotic and stable nonzero static solutions co-existed, and the system could have 

one of these two solutions, depending on the initial conditions. The new nonzero static 

solution itself lost stability by a Hopf bifurcation and then the resulting periodic 

oscillations became quasiperiodic via a toms bifurcation. The influence of different 

parameters on the critical value and the amplitude of buckling was also investigated in 

the case of a simply supported cylinder. 

Analytical centre manifold theory was used to study the behaviour of the system 

in the vicinity of the pitchfork bifurcation point by reducing the dimensions of the system 

in this neighbourhood to one. The results of this method confirmed the numerical results, 

by showing that the pitchfork bifurcation was indeed supercritical. 

The study of the dynamics of the system was extended to different boundary 

conditions, such as clamped-clamped, clamped-hinged and hinged-clamped. It was found 

that, qualitatively, the cylinder behaviour with any of these boundary conditions was the 

same as a simply supported cylinder, but the quantitative behaviour changed from one set 

of boundary conditions to another. In general, the critical flow velocities for the simply 

supported cylinder were smaller than those for the clamped-hinged cylinders, which 

themselves were smaller than those for the hinged-clamped cylinders. A clamped

clamped cylinder was found to be the most stable one. Also, it was found that the 

frequency of oscillations for a simply supported or a clamped-hinged cylinder was almost 

twice as large as that for the other two boundary conditions. 

The effect of number of modes used in Galerkin' s technique was studied for aIl 

sets of boundary conditions. It was found that for simply supported, clamped-clamped 

and clamped-hinged cylinders at least 6 modes in each direction (axial and transverse) 
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had to be used to obtain reliable results. For the case of a hinged-clamped cylinder, 

however, the minimum necessary number of modes in each direction was found to be 8. 

Three series of experiments were conducted on a vertical clamped-clamped 

cylinder to observe experimentally the behaviour of the system, and to compare the 

results with the theoretical ones, and also to investigate the existence of post-divergence 

flutter. The flow velocity was increased from zero, and at each step the midpoint 

displacement of the cylinder was measured. In order to obtain the maximum transverse 

displacement of the cylinder midpoint, the measurements were conducted in two 

perpendicular directions, the resultant of which gave the value and the plane of the 

maximum transverse displacement. 

In the first series of experiments, the lower end of the cylinder was free to slide 

axially, while in the second series of experiments, axial movement was prevented. The 

critical flow velocity for divergence was defined as the flow velocity at which the rate of 

change of the transverse displacement increased considerably. It was observed that the 

frequency of pre-buckling oscillations decreased parabolically with flow velocity, going 

toward zero at the critical flow velocity for divergence. In the second series of 

experiments, as an axial compression was applied on the cylinder extemally, the critical 

flow velocity for divergence decreased and the amplitude of divergence for a fixed flow 

velocity increased, as one would expect. In both of these two series of experiments, no 

dynamic instabilities were observed, because the maximum attainable flow velocity in the 

water tunnel was limited. 

In order to observe dynamic instabilities in the system, a third senes of 

experiments was conducted on a more flexible cylinder, to make it possible to reach 

higher dimensionless flow velocities in the water tunnel. With increasing flow, the 

cylinder buckled and the amplitude of buckling increased thereafter. At higher flow 

velocities, the cylinder started oscillating mainly in its second mode. This was in 

agreement with the prediction of existence of flutter as post-divergence instability for a 

slender cylinder in axial flow. The extemally applied axial compression was shown to 

have negligible effect on the critical flow velocity for dynamic instability; however, as 

observed also in the second series of experiments, it decreased the critical flow for the 

onset of buckling. Good agreement was obtained between theoretical and experimental 
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values of the critical flow velocities and of the cylinder amplitude in aIl three series of 

experiments. 

7.3 Suggestions for future work 

The main goal of this thesis work was to introduce a nonlinear model for a slender 

flexible cylinder subjected to axial flow and then to use this model to study the behaviour 

of such a cylinder with various boundary conditions. This was also supported by a series 

of experiments conducted on a vertical cylinder in water flow. 

The results of this thesis proved the existence of post-divergence flutter as 

predicted by linear theory (albeit with a different origination) and also showed a very rich 

dynamical behaviour of the system, including quasiperiodic and chaotic oscillations. 

Therefore, it is worth conducting a more comprehensive parametric study for the system 

using the model derived in this thesis for aIl the boundary conditions discussed in Chapter 

5 to observe more interesting dynamics and possibly other routes to chaos. AIso, it has 

been shown (Modarres-Sadeghi et al., 2006) that, in the very similar problem of a pipe 

conveying fluid and supported at both ends (internaI axial flow), the system undergoes a 

subcritical pitchfork bifurcation for sorne particular parameters, when subjected to 

external axial compression. It is worth conducting a parametric study for the case of a 

cylinder in external flow to investigate the existence of subcritical pitchfork bifurcations. 

AIso, in Chapter 6 of this thesis, it was shown that the normal and tangential frictional 

coefficients have a large influence on dynamic instability of the system. A more complete 

study of the values of these coefficients will be useful in the future to generalize the 

findings of this thesis to a wider range of cylinder properties. 

The case of a cantilever cylinder with extensible centreline can be studied, in 

principle, by using the model presented in this thesis after taking into account the 

boundary conditions due to the ogival end of the cantilever cylinder. Sorne investigation 

on this case has already been started (Appendix B), showing a subcritical pitchfork 

bifurcation, but the fold and the stable nonzero solution thereafter could not be observed. 

On the other hand, the nonlinear study of a cantilever cylinder with inextensible 

centreline (Semler et al., 2002) has shown a supercritical pitchfork bifurcation. This 
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discrepancy needs to be resolved or explained, in the future. One of the first steps toward 

resolving it would be to derive a model correct to a higher-order magnitude (e.g. fifth

order). 

There are sorne possible improvements to the model. As an example, the model 

used in this thesis for structural damping is one of the simplest, which can be replaced by 

a more sophisticated and maybe even a nonlinear model in the future. AIso, the models 

used for the fluid forces can be improved to bring the model closer to physical reality. 

For example, it was assumed that the flow velocity was constant aIl along the cylinder, 

even when the cylinder buckles or oscillates. The effect of changes in cylinder position 

on flow velocity can be included in the nonlinear model. 

The quasiperiodic and chaotic oscillations of the cylinder in high flow velocities 

suggest the possibility of three-dimensional motions of the cylinder. A three-dimensional 

nonlinear model can be derived to investigate the existence of these motions. This seems 

to be much more complicated than the generalization of a two-dimensional model for a 

pipe conveying fluid to a three-dimensional one (Wadham-Gagnon et al., 2006), because 

of the complexity of the flow field around the cylinder compared to that inside a pipe. 

A nonlinear finite-element model for the system of a slender flexible cylinder in 

axial flow can be obtained. Sorne attempts in this regard have been unsuccessful for the 

cases of structures (shells or cylinders) in axial flow. Work by Drs A. Lakis and M. 

Amabili has shown that the standard finite-element codes cannot yet handle these 

problems (Païdoussis, 2004; p. 1371). More investigation on this issue is necessary. 

Sorne linear studies on problems similar to the problem of a slender flexible 

cylinder subjected to axial flow were discussed in the Introduction (Chapter 1), including 

the problem of a cylinder in confined flow, clustered cylinders, and towed and very long 

cylinders in axial flow. BasicaIly, the nonlinear model of this thesis can be extended to 

study these cases from a nonlinear point of view. The model of this thesis can also be 

modified to consider cases of compressible subsonic and supersonic flow. 

From a computational point of view there is sorne work to be done in the future. 

The first thing to be considered is to optimize the FDM program to increase the speed of 

convergence, e.g. by using variable time steps, or by using parallel programming 

methods. This pro gram can also be modified to ca1culate the Jacobian numerically, so 
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that one should not have to provide the program with an analytical fonn of the Jacobian. 

The centre manifold reduction method can also be applied to study the dynamic 

instability (Hopf bifurcation) of the cylinder analyticaIly. AIso, it is worth discretizing the 

equations of motion by using other methods of discretization, e.g. the one used for the 

linear model by Hannoyer (1972), in order to investigate the possibility of having faster 

convergence as compared with the Galerkin technique. 

The experiments conducted in this thesis work were on a vertical clamped

clamped cylinder. Other series of experiments can be conducted on the cylinders with the 

other boundary conditions discussed theoretically in Chapter 4 and Chapter 5 of this 

thesis, i.e. simply supported, clamped-hinged and hinged-clamped. In all these cases as 

weIl as the case of clamped-clamped cylinder studied already in this thesis 

experimentaIly, the experiments can be conducted over a wider range of nondimensional 

flow velocities to make it possible to see the post-flutter behaviour of the system as 

predicted by theory, i.e. period-2, quasiperiodic and chaotic oscillations. This is possible 

by using more flexible and longer cylinders or by increasing the maximum attainable 

flow velo city in the water tunnel. 
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A. The coefficients of the tensor-form equations 

In this appendix, the coefficients of the tensor-fonn of the equations of motion (2-68) and 

(2-69), are presented, as follows: 

A,: =-G r+ ~ ZI'+. + ~(h-I)C,))! !l',tl;tl;d~ 

+(r(I- ~ 0 )-Zl'X+(1-2v)fio 

+Ï' 0 + ~ ZI'c, (1-0)+ ~ ZI' cc, (1 + h)( 1- ~ 0 ) - no) ! !l',tl;tl:d~ 
-(r + ~ lI2 

CCI (1 + h) ) ! q'l/;r/l;r/l;dq - ! 'I/;r/l;r/l;dq - ! 'I/;lfJ;r/lt> dq, 

Aij/ = ~ lI.JP c(cl -Cn )! 'I/;r/l;r/lkdq -2Xll.JP ! 'l/jr/l;r/l;dq, 

BijkJ 
1 = - ~ lI2 

C Cd ! 'l/jr/l;r/l; 1r/l:1 d q, 

BijkJ3 = - ~ lI.[pc Cd ! 'l/jr/l;r/l; 1r/l,ldq, 

BijkJ 
2 

= - ~ lI.JPc Cd ! 'l/jr/l;r/lk Ir/l:ldq, 

BijkJ 
4 = - ~ Pc Cd ! If/jr/l;r/lk 1r/l,ldq, 

• Here, Ât is the ith dimensionless eigenvalue of a bar in axial vibration and ç is the damping ratio. 
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MijV = (1 + (z -1) p) ! ç)jç)jdç, 

Ci/ = ~lI.s cn.JP !ç)jç)jdq + 2Zll.JP !ç)iç);dq+2Ç(Âtrt. 

K/ = (r+ ~ lI2.s(cn +h CI)) ! ç)iç);dq 

-(r(l- ~o )-lI'X+(1-2V)fïo +['0 

+ ~ lI'c, (1-0)+ >'&C, (1 +h)(I- ~ O))! ;,;;dç 

+(r + ~lI2.sCI (1 + h)) ! çç)jç);dq + ! ç)jç)j4> dq, 

Dijk l =(r+ ~lI2.sCI (l+h))! rPjlf/jrP;dq 

+(r(l- ~O )-2l1'X+(1-2v)fïo + fo 

+ ~ lI'c, (1-0) + ~ lI'&c, (1 + h )(1- ~O )-II, )! ;,V';;;dç 

-(r + ~lI2 & CI (1 + h)) ! çç)jlf/;ç);dç - ~ lI2.s (cn -cJ ! ç)ilf/;ç);dq 

+(r(l- ~O )-4l1'X+(1-2V)fïo +f 0 

+ ~ lI'c, (1-0)+ ~ lI'&c, (1 + h )(1- ~O )-II,)! p,V';;;dç 

-[r + ~ lI2.scl (1 + h) J ! qç)ilf/;ç);dq - [r + ~ lI2.scl (1 + h) J(1-0) ! ç)ilf/j (1 )rP;dq 

-4 ! ç)jlf/;ç);dq - 3 ! ç)jlf/;ç);dq - 2 ! ç)jlf/;ç)t>dq - ! ç)jlf/t>ç);dç, 

Dij/ = -Zll.JP( 3 ! rPilf/;ç);dq + 2 ! ç)ilf/jç);dq) , 

Dij/ = ~ lI.JP.scn! ç)ilf/;ç)kdq -4Zll.JP ! rPilf/;ç);dq, 

t Â j
V is the ith dimensionless eigenvalue of a beam in transverse vibration. 
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Eij/ = ~ y2&Cd 1 rfJjrfJ; IrfJ;ld~, 

Eij/ = ~ li .[ft & Cd! rfJjrfJ; IrfJk 1 d ~, 

Eij/ = ~ lI.[ft& Cd! rfJjrfJj IrfJ;ld~, 

Eij/ = ~ p& Cd ! rfJjrfJj IrfJk 1 d ~, 

F",/ = -Hr+ lI'C( Co + ~ c, (h - 1))) 1 (11,,,;;;(11; dç 

+(~r(I-.!.8)-~Y2X+~(1-2V)fi8 +~r8 
2 2 2 2 2 

+ ! lI'c, (1-0) + ! lI'cc, (1 + h)( 1- ~ 0 )- ~ no) 1 (II,,,;,,;,,,' dç 

-(~ r+ ! y2&C1 (1 +h))! ~rfJ;rfJ;rfJ;rfJ/' d~ -2 ! rfJ;rfJ;rfJ;rfJf4)d~ -8 ! rfJjrfJ;rfJ;rfJ/" d~ 

-21 rfJ;rfJ;rfJ;rfJ," d~, 

Fijk/ = ~ y &P( CI -cn) ! rfJjrfJ;rfJ;rfJ, d~ - l'y #(~ ! rfJ;rfJ;rfJ;rfJ/ dç + ~ ! rfJjrfJ;rfJ;rfJ, d~). 

F;jk/ = ~ p&( CI - cn ) 1 rfJjrfJ;rfJkrfJ, d~ - ~ xP! rfJjrfJ;rfJkrfJ/ d~, 
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B. An Inextensible or Extensible Cantilever Cylinder Subjected 

to either an Axial Flow or a Tip-Concentrated Force 

In this appendix, the dynamical behaviour of a cantilevered cylinder subjected to axial 

flow, with an inextensible or extensible centreline is studied very briefly, using the 

inextensible model of Lopes et al. (2002) and the extensible model of this thesis 

(presented in Chapter 2). This study is then extended to the case where instead of being 

subjected to axial flow, the cylinder is subjected to a tip-concentrated force. Three 

possible arrangements for the forces are considered: (i) a fixed-direction force, (ii) a 

follower force, and (iii) a subtangential follower force. In aIl cases, the results are shown 

in the fonn of bifurcation diagrams. A more detailed discussion on different problems 

presented in this appendix can be found in a report (Modarres-Sadeghi, 2006). 

B.l. Cantilever cylinder subjected to axial flow 

In this section, the nonlinear behaviour of a cantilever cylinder subjected to axial flow is 

studied. Figure B-I shows such a cylinder, which is tenninated by a short, ogival end. 

This system has already been studied in a three-part paper by Païdoussis et al. (2002), 

Lopes et al. (2002) and Semler et al. (2002) with the assumption of an inextensible 

centreline for the cylinder, leading to one partial differential equation as the governing 

equation of motion. As discussed in Chapter 1, their results show that the cylinder loses 

stability by a pitchfork bifurcation and the system buckles in its first mode, followed by a 

buckling in the second mode; at higher flow the system undergoes a Hopf bifurcation 

after re-gaining its equilibrium position, as shown in the bifurcation diagram of this case 

in Figure B-2(a). 

Using the nonlinear model of this thesis, a cantilever cylinder can be analysed 

assuming its centreline to be extensible. Nonlinear equations of motion as presented in 

Chapter 2 (Equations (2-61) and (2-62» are used as the governing equations, while the 

boundary conditions at the tip due to the tapering end are 
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-El v", +(m- pA)gsev' + fXp(v+Uv')Ase - fXPU(v+Uv')A 

+t pDs.,U2CN (v+Uv')+t pDU2Crsehv' +msev = 0, 

(B-l) 

(B-2) 

where Se = ~ cr A (s) ds, ~ = ~ cr D( s) ds; f ~ 1 is taken for a well-streamlined 
A JL-I D JL-1 

end, and f ~ ° for a blunt end. The other parameters are the same as those used in the 

dimensional equations ofmotion (Equations (2-61) and (2-62». 

The dimensionless nonlinear equations of motion can be written in the form of 

F,. (Ç(;, 'r ),,,(;, 'r ),Z/) = 0, 

F. (ç (;, 'r),,, (;, 'r), Z/) = 0, 

and the boundary conditions in the form of 

ç ( 0, 'r) = -Ç' (1, 'r) + Bu (ç (ç, 'r), Z/) = 0, 

,,( 0, 'r) = ,,' (0, 'r) = ,," (1, 'r) = -,,'" (1, 'r) + Bv ( ,,(;, 'r), Z/) = 0, 

(B-3) 

(B-4) 

(B-5) 

(B-6) 

where, Bu (ç (;, 'r), Z/) and Bv ( ,,(;, 'r), Z/) represent complementary terms in the 

boundary conditions due to the tapering end. An alternative way of formulating the 

problem is [see Lopes et al. (2002)]: 

F,. (ç (;, 'r),,, (;, 'r), Z/) + ô ( ; -1) B2 (ç (;, 'r), Z/) = 0, 

F. (ç (;, 'r),,, ( ;, 'r), Z/) + ô (; -1) Bv ( ,,(;, 'r), Z/) = 0, 

(B-7) 

(B-8) 
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where, Ô ( ~ -1) is the Dirac delta function. 

The eigenfunctions of a cantilever cylinder for the transverse deformation and 

those of a fixed-free bar for the axial deformation are used to discretize the partial 

differential equations. The bifurcation diagram of Figure B-2(b) shows that the system is 

stable up to li = 2.1, at which a pitchfork bifurcation occurs and the original stable 

equilibrium position of the cylinder becomes unstable. AIthough the inextensible model 

predicts a supercritical pitchfork bifurcation, here, two nonzero unstable branches 

emanate from the pitchfork bifurcation point, and both go backward. This is a sign of a 

subcritical pitchfork bifurcation, in which case, one would expect these two unstable 

branches to reach a limit point at sorne flow velocity li < 2.1 and then become stable, 

giving rise to the possibility of a sudden jump in the amplitude of the cylinder from zero 

to a relatively large value, in a range of flow velocity around li = 2.1. This is not 

obtained in the numerical resuIts. In fact, for this case, although the solution in the 

vicinity of the critical point behaves like a subcritical pitchfork bifurcation, the fold and 

the stable non-trivial solution thereafter cannot be seen. This can be justified as follows: 

in the present problem the third-order model is valid in the vicinity of the pitchfork 

bifurcation, where the amplitude of displacement is not large, showing the existence of a 

subcritical pitchfork bifurcation, but to obtain the nonzero stable solution, one needs a 

fifth-order model. A similar problem has been discussed in Païdoussis (1998, p. 54), 

where Equation (2.165) is cubic in the stiffness terms (O( (03 )); so an unstable nonzero 

solution is obtained in Figure 2.12. Once a fifth-order component is added as in (2.166), 

both an unstable and a stable solution are obtained as we see in Figure 2.13. The 

dynamical behaviour related to the second pitchfork bifurcation in Figure B-2(b) (at 

li = 5.6) suggests an unstable supercritical behaviour. However, in view of the 

foregoing comments on the necessity of a higher-order mode to follow the dynamics 

beyond the first bifurcation and at least up to the Hopf bifurcation (* in the figure), the 

interpretation of the dynamics remains uncertain. In order to investigate if this behaviour 

is particular to the present problem or not, the simpler problem of a beam (column) under 

a tip-concentrated force is studied. 
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B.2. A cantilever beam subjected to tip-concentrated force 

The problem of buckling of a beam (column) subjected to a tip-concentrated force is 

studied in this section. The load can be (i) of fixed direction (Euler's problem); (ii) 

tangential to the deflection curve (Beck's problem); or (iii) lying slightly ahead or behind 

the tangent to the elastic line in the process of deformation (Figure B-3). The main 

interest here is the behaviour of the beam after the point of first instability using a 

nonlinear model. The first critical points, especially for the case of Euler's and Beck's 

problems, are very weIl documented and can be found in the text books (e.g. Ziegler, 

1952): Ji = PL2/El =2.48 is the critical value for the onset ofbuckling in Euler's problem 

and Ji = 20.05 is the critical value for the onset of flutter in Beck's problem with no 

structural damping. The effect of damping on the onset of instability in the latter case has 

had the most interest for the researchers. 

The nonlinear equations of motion for an inextensible or extensible column under 

various tip-concentrated force are given in Table B-l. Figure B-4 Shows the bifurcation 

diagrams of an inextensible and extensible column under a fixed-direction force (Euler 

problem). According to the inextensible theory, the column buckles at Ji = 2.48 and the 

amplitude of buckling increases with force, thereafter. The extensible theory, however, 

shows a behaviour similar to the one discussed in Section B.l for the corresponding 

extensible model: two unstable backward branches are observed with no fold and no 

stable solution thereafter. If the force acting on the tip is always tangential to the 

deflection curve (a follower force), the cylinder loses stability by a Hamiltonian Hopf 

bifurcation at Ji = 17.03 and undergoes periodic oscillations thereafter (Figure B-5). It is 

the type of damping assumed for the results shown in this figure that has produced a 

critical value for the bifurcation point less than Ji = 20.05. Destabilization by damping 

should not be surprising, as the system is nonconservative. In this case, both inextensible 

and extensible models give the same results. 

A system under subtangential follower force can undergo either a pitchfork or a 

Hopf bifurcation, depending on the angle that the force makes with the deflection curve. 

This angle is measured by the parameter y. It can be shown that for y <0.5 the system 

undergoes a pitchfork bifurcation, while for y >0.5 a Hopf bifurcation destabilizes the 
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system. The case of y = 0 and y = 1 correspond to Euler's and Beck's problem, 

respectively. Figure B-6 shows the bifurcation diagrams of this system for three different 

values of y. The first bifurcation diagram (Figure B-6(a», which is for y =0, corresponds 

to the one shown in Figure B-4(a) for the Euler's problem. The second bifurcation 

diagram (Figure B-6(b» is for y = 0.3 where the cylinder loses stability by a pitchfork 

bifurcation and ql increases with force for P < 12. For P> 12, the value of the first 

generalized coordinate of the system in the transverse direction (ql) decreases while q2 

increases (not shown), indicating a change in the buckling mode from the first to the 

second mode. If y = 0.7, the cylinder loses stability by a Hopf bifurcation and undergoes 

periodic motions thereafter, showing a behaviour very similar to that shown in Figure B-5 

for Beck's problem. 

The unstable backward branches were observed in Euler's problem for an 

extensible column as weIl as the problem of an extensible cantilever cylinder in axial 

flow. The main reason for which the subsequent stable nonzero solution was not found in 

both cases is that the model used here is correct only to third-order magnitude, while one 

needs a model which takes into account terms of higher order of magnitude (fifth order) 

to find a stable nonzero static solution. 
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Problem Equation of motion Be 

Inextensible 
mV+cV+EI(v(4) +4v'vwv" +v·2 +V(4)V,2 )+p(v· +V,2VW) = 0 

Elv~ =Pv~, 

Euler v; =0. 

mü + cù - EA (u· + v'v·) - El ( vV' + V'V(4)) - Pv'v· = 0, u~ =0, 

Extensible 
mv +cV- EA( v'u· +v·u' +tv'2V·)+ p( v· -v'uw -vwu' -tv'2V") 

Elv~ =Pv~, 

Euler v; =0. 
+EI( V(4) -8v'vwv" -v'u· - 2V,2V(4) _2vw3 - 2U'V(4) _4u·v" -3u"v") = 0, 

Inextensible mv +cV+ EI( V(4) +4v'v"v" +v·2 + V(4)V,2) + p( v· +V,2V") = 0 v~ =0, 

Beek v; =0. 

Extensible 
mü + cù - EA (u· + v'VW) - El (vV" + V'V(4) ) - Pv'v· = 0, 

mV+cV-EA(v'u· +v·u' +tv'2V·)+ p(v· -v'u· -v·u' -tv'2VW) u~ =0, 
Beek v~ =0, 

+EI( V(4) -8v'v·v" -v'u· - 2V'2V(4) _2vw3 -2U'V(4) -4u·vw -3u"v·) = O. 
v; =0. 

-Elv" = P(-l+r)v~ 
Inextensible 

mv + cV + El (V(4) + 4v'vwv" + V(4)V,2 + v·3) + Pvw _:lPrv,2 2 L 

subtangential +p[+r2 -tr(1+r2)Jv2, -tPr2vWv~2 + Prv'v"v~ = 0 
v; =0. 

Table B-l Nonlinear equations of motion for the problems discussed in Section B.2, 

together with the corresponding boundary conditions at the tip 
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Figure B-1 A cantilever cylinder with a tapering end subjected to axial flow. 
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Figure B-2 A typical bifurcation diagram for a cantilever cylinder subjected to axial flow: 

(a) inextensible model, (b) extensible model. 
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Figure B-3 A cantilever beam (column) subjected to a tip-concentrated force: (a) a fixed

direction force (Euler's problem); (b) a follower force (Beck's problem); and (c) a 

subtangential follower force. 
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Figure B-4 Typical bifurcation diagram for a cylinder subjected to a fixed-direction tip

concentrated force (system of Figure B-3(a)): (a) inextensible model, (b) extensible 

mode!. 
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Figure B-5 Typical bifurcation diagram for an inextensible or extensible cylinder 

subjected to a tip-concentrated follower force (system of Figure B-3(b)). 
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Figure B-6 Typical bifurcation diagram for an inextensible cylinder suhjected to a tip

concentrated suhtangential follower force (system of Figure B-3(c» with (a) y =0, 

(h) Y =0.3, (c) y =0.7. 
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c. Experiments to Measure the Flexural Rigidity and the 

Damping Factor of the Cylinder 

In this appendix, the experiments conducted on a silicone rubber cylinder to measure the 

flexural rigidity and the modal damping coefficients are discussed. These values have 

been used in the calculations of Section 6.5 to compare the theoretical results with the 

resuIts of the third series of experiments. 

C.l. Measurement of the flexural rigidity 

In order to determine the flexural rigidity of the cylinder, following the method discussed 

in Païdoussis (1998, Appendix D), the cylinder was hung vertically, cantilevered, and 

was excited in its first mode. This was done by simply holding the cantilevered cylinder 

in approximately its first mode configuration and then releasing it. The amplitude of the 

resulting oscillatory motion was measured by using a non-contacting motion follower 

device (Figure C-l(a)). The damped frequency of oscillation was then 'calculated by 

constructing the PSD plot ofthis motion (Figure C-l(b)). For the small-diameter cylinder 

used in the experiments (Table 6-5), it was found that ;; = 1.14 Hz. Then, following 

equation (D.2) in Païdoussis (1998), 

r = g = 9.81 = 0.4396 
[Re(mJJ [Re(nJ)J L 7.l626

2 
x 0.435 ' 

where nJ = 27r ft is the dimensional first-mode radian damped frequency, which has been 

measured in the experiment. Having found the numerical value for r j[ Re ( mJ ) J and 

using Figure D.4 in Païdoussis (1998), the corresponding gravity parameter can be found: 

r =:: 18 . Then using the nondimensional relation for the gravity parameter 

(r = mgL3 
/ El), one can find the flexural rigidity: El = 0.0065 N.m2

, and therefore 

Young's modulus can also be found: E = El/ 1 = 2.57 xl 06 Pa. 
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C.2. Measurement of the modal damping coefficient 

To measure the modal damping coefficient, the experiments were conducted on the same 

cylinder but clamped at both ends, because this was the boundary condition used in the 

experiments. Again, the cylinder was excited in its first mode and the amplitude of the 

resulting oscillation was measured. A high-pass filter1 with cut-off frequency of 

f p = 2 Hz was used to remove the components of the higher modes. Figure C-2(a,b) 

shows the filtered vibration signal and its corresponding PSD plot. After construction of a 

"log-amplitude versus time" plot (Figure C-2(c» one should divide the slope (slope = 

004) of the resulting graph by the frequency of oscillation (f = 5.5 Hz) to find the 

logarithmic decrement: 8\ = 0.074, which is equal to the first-mode modal damping 

coefficient. 

In the same manner and by exciting the cylinder in its second mode by a 

mechanical exciter and using a band-pass filter with f p \ = 6 Hz and f p 2 = 16 Hz, it was 

found that the second-mode modal damping coefficient is 82 = 1.5/13 = 0.111 (see Figure 

C-3). Similarly the third and the fourth mode coefficients were measured as 83 = 0.172 

and 84 = 0.208. It was then assumed that the higher mode coefficients were linearly 

increasing, i.e., <:55=0.2570 and <:56=0.3033, etc. 

\ A Chebyshev Type 1 infmite impulse response filter was used. 
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Figure C-I (a) Time history and (h) PSD plot for the first-mode oscillations of the 

cantilevered cylinder. 
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Figure C-2 (a) Time history, (b) PSD plot and (c) the log-amplitude versus time plot of 

the first-mode oscillation of the clamped-clamped cylinder. 
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Figure C-3 (a) Time history, (h) PSD plot and (c) the log-amplitude versus time plot of 

the second-mode oscillation of the c1amped-c1amped cylinder. 
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