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k j
ABSTRACT

In the end of 17th century the integral calculus were on the seedtime, Leibniz

and L’Hospital discussed the fractional calculus and simple fractional differential

equations by letters. In the earlist time, since the fractional calculus were short

of physical and mechanical background and were contradiction with the classical

Newtonian intergral system, the development of fractional calculus was very slow.

Till the 20th century, many academicians find that the fractional calculus are used

widely to simulate some special phenominon in fractal kinetics, diffusion and trans-

portation, spread and multiply of population biology, chaos and overfall, random

walks, finance, viscoelastic materials and non-Newtonian fluid mechanics, etc. Since

then fractional calculus obtain rapid development. Now the fractional theories and

applications become a pop reseach subject in the world.

Podlubny concludes that ”the complete theory of fractional differential equa-

tions, especially the theory of boundary value problems for fractional differential

euqtions, can be developed only with the use of both left and right derivatives.”

So the spatial derivatives discussed in the paper are all Riesz potential operator or

Riesz-Feller potential operator, which include the left and right Riemann-Liouville

fractional derivatives.

In Chapter 1, the developmental history of fractional calculus and the previous

works about fractional calculs are introduced, then we present the definiens and

properties of some common fractional operators and their relationship.

In Chapter 2, The fundamental solutions of the space Riesz fractional partial

differential equation(SRFPDE) and the time-space Riesz fractional partial differen-

tial equation(TSRFPDE) are discussed, respectively. Under the condition of peri-

odicity of function about the spatial variable, we solve the Cauchy problems of the

SRFPDE and TSRFPDE by the expansion of Fourier series and Laplace integral

transform. The obtained fundamental solutions can be expressed in the form of

series, then computed easily.

The space fractional Lévy-Feller diffusion equations(SFLFDE) are obtained

from the standard diffusion equation by replacing the second-order space deriva-

tive with a Riesz-Feller derivative Dα

θ
of order α ∈ (0, 2] (α 6= 1) and skewness

θ (| θ |≤ min{α, 2−α}). In Chapter 3 we consider the Cauchy problem of SFLFDE
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b Riesz(-Feller) ifhma FPDE ad`egle
in the sense of probability and numerical approximate computation, respectively.

Firstly, two difference discrete schemes are constructed using numerical integral

technique for the case 0 < α < 1 and 1 < α ≤ 2 in infinite interval, which can

be simulated the random walk’s models. Furthermore, we discuss the domain of

attraction of the stable Lévy distribution corresponding to Lévy-Feller diffusion.

Secondly, in view of practical significance, numerical approximation of the initial

and boundary values problem of SFLFDE is discussed for 1 < α ≤ 2 in a finite

interval. A conditionally stable and convergent explicit difference discrete scheme is

presented. Finally, a numerical example is given to confirm our theoretical analysis.

In Chapter 4, space Riesz fractional diffusion equation with nonlinear source

term is discussed. Due to the equivalence of R-L fractional derivative and G-L

fractional derivative, we discretize the Riesz potential operator by the shifted G-L

technique. Moreover, discretizing the time derivative by the backward difference

quotient deduces a implicit finite difference discrete scheme(IFDDS). Furthermore,

if the nonlinear source term satisfies the Lipschitz’s condition, the IFDDS is uncon-

ditionally stable and convergent. To evaluate the efficiency of the above obtained

IFDDS, a comparison with Method of Lines(MOL) is used. Finally, two numerical

examples are presented to show that the numerical results are in good agreement

with our theoretical analysis.

Discretizing the fractional partial differential equations by finite difference tech-

nique(i.e. numerical integral technique or the shifted G-L technique), the conver-

gence order of the numerical approximation of R-L fractional derivative is no more

than one order, so it is necessary to find other numerical discrete scheme with higher

convergence order. In Chapter 5, we use two numerical methods: finite difference

method and Galerkin finite element method to approximate the space Riesz frac-

tional advection-diffusion equation. Firstly, discretizing the Riesz potential operator

by numerical integral technique and time derivative by the backward difference quo-

tient deduce to a implicit finite difference discrete scheme, which is unconditionally

stable and convergent. But it is pity that the convergence order of the numeri-

cal scheme about spatial variable is less than one order. In order to obtain higher

convergence order we moreover approximate the space Riesz fractional advection-

diffusion equation by Galerkin finite element method. We transform the equation

into a equavilent weak form, which is proven that the solution is existent and unique.
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k j
Approximating time derivative by the backward difference quotient and the space

Riesz derivative by Galerkin finite element deduce a implicit Galerkin finite element

fully discrete scheme, which is also unconditionally stable and convergent. Further-

more, if the solution of the equation satisfies some regularity, the convergence order

about spatial variable can reach high order. At the end of Chapter 5 we compare

the convergence order of numerical examples computed by the above two numerical

approximate schemes, which are good agreement with the theoretical analysis.

In Chapter 6 we conclude the works in this thesis.

Key Words: Riesz Potential, Riesz-Feller Potential, Caputo derivative, Fractional-

Order Partial Differential Equation, Stability, Convergence.
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l_r [&
§1.1 ^�� 17��2�,,h�-u`�!�	LLeibniz f L’HospitalGO(%�)�HI℄-,,h�- (fractional calculus FC) fO�u�-,,h-)S (fractional differential equations, FDEs)wN�� 1695= Hospital*%A Leibniz7ws n k-,	 Dnf 5qh-+h�A�_V� Leibniz �A Hospital �{% [40](p.301-302) O�� 1697 =A Wallis �% [41](p.25) /� 1

2
,{,nh-<F�^:*R�J�=0�gl-,,h�-8"�ZQ�J�:/5��R=� 1738 = Euler[16](p.56) TH})`, xa �,�,, p ,{, d

p
x

a

dxp �hSV�� Laplace[39](pp.85,156) � 1812 =L\��^�- ∫
T (t)t−xdt 0��`,;),�,,h-�4��Nl 1820 = Lacroix �N�s [38](pp.409-410) /�iL} Euler �4�4�}� d

1/2
x

a

dx1/2 �Ce0o�� 1822 = Fourier[20] #XK�
dpf(x)

dxp
=

1

2π

∞∫

−∞

λpdλ

∞∫

−∞

f(t) cos(λx− tλ+ pπ/2)dtl�V,�,,{,��O�\��kSLhY-Q!�`, (;*�)`,)�kS�,,{,��V�gl�L�>�tB℄.�,5���z�k?3;T��^f5�(P��3(��-,,<F��Vq Grünwald-Letnikov(G-

L) Riemann-Liouville(R-L) Marchaud Caputo Erdélyi-Kober '-,,<FRiesz q�<F�� [72, 82, 68, 74] �[Lfk-,,h�- h~s�z5�^#Cjfk FC �~s|nB�� Newton �,,O��QO!��Nw��") 20 �� 70 =t2"ZE�p5 Mandelbrot (" [60] !iL\�Gf1f.�\5�*/n�Dp�-,m���4��On�-��n�G�6��O�-,, Brown��n R-L-,,h�-��n�8(|�glSk-(
if-(�z5��^-,,<Fs�J2�-,,h�-f-,,h-)Ss��N^;F [6, 78, 79] �Z�|B�}9;�!�� 1974 = Ross �"ZN!�V�-,,�<n^�!4Z�|X4O Lecture Notes in Mathematics��k((�!0��J�Rk-,,<Fs�n^�|Xs
 [81] �=D�
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6 Riesz(-Feller) ��	J� FPDE �;�J8�CJGf1l���i%!-,,h�-�h-)S℄��-(�z5|�^^�7Wn�z [21, 57]�jwf'�s� [84, 66, 3, 73, 44, 67]��~N! [92, 89],~3b6n$= [1] �~UnZÆ [87, 96, 93] �=�gK [26, 66, 27, 67, 49] �5n�V�n=�℄S [26, 58, 2] �Æx*z5�,?�ÆOz5 [93, 83] �6��pFhW(�^�C%�Gf1f?>\5�p�W(^#C&℄ljl;�Ns�;F�;J>!�� 1998 =Fractional Calculus & Applied Analysis !L5*�(��!)9C!0�k-,,�<�,5)#�-,,)S�^\5	~s�q5�5n��~q5�0s��EsD��)+�1;℄S�5T-,,h�-�h-)S�;FNPkyTZ�|�J>g
;FaN��O=��=.�;F�%\fk-,,�-f{,�;h-<FLh,H�*j�k-+Lh�UnLb*-�A��f&Kjwe,�2��V��zb8℄SLI��h�#�)#4���-,,1''�,,1'D�ik1;Lh��*-�A�f&K�zb8℄SOqh\0-,,)S*fPkJ>8I�4C�;FaN�Z�p�;F��&b�
1995 =���3� Luchko f�6p� Srivastava �sÆ [54] /2;k-,,

R-L<F�R�f*-A\�Jp_ R-L-,,{,�Kh-)S,#wN�0=l Luchko f�Z� Gorenflo � 1999 = [55] up6�\0�Jp_ Caputo -,,{,�Kh-)S[#wN�?VU� 1997= [94]v Laplace-xf Mellin-xA\�n-,,Kh-)S[#wN�^�-,,�-)S�0�0� 2000=3�<� Elizarrarazf Star[14]L\-,,I{<Ffhs`,#\0_ R-L-,,{,�PiKh-)S Cauchy wNg)#���*t,/L��^|L�\l��T=Ox�� Metzler f Klafter �sÆ [65] /v�--x�	�-,,jw)S	-,, Fokker-Planck )S��;T,#Q!�;)\0?��/[0.-,,jw1'?-+��Gf12��V/�,�Kjw��� 2001=Spv� Mainardi � [59] 2;k?3�--xA\�� - 	�-,,jw)S Cauchy wN��%04��}�?3(���%00�P _	��9��7�(�`,� 2003 = Duan f Xu[12] 2;k Laplace -xf Fourier ��l�-x�}��{1^p|�-,,jw)S�0=lA% [13] � 2004 =v Laplace -xfh���-x;F�h1^p|�	�-,,jw - 7�)S�0�0� 2004 =y�p5�-.V("fA�8���A%�8�(H�st-
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�,A ) a2I��B~e��V�,?�ÆOz5�Æx*A���^wN#x�-,,,51'4v�--xfJ&`,\\1'�0 [35, 52] � Huang f Liu �
2005 =�	� - �-,,jw)S[W}	��	� - �-,,�Æ - 'w)Sv�--x�})S��%0 [32, 33] �\�� Gejji f Jafari[8] � 2005 =v-q-�#Z��Jm,Pif mPi	�-,,jw - 7�)S�Pi~i,#wN��0�0�=l 2006 =53 [91] �A�2��s/� [8] �/[[W}um�Z(�)k-,,h-)S�,#=6)#fs�-��;F)+i%!
V�k-,,Kh-)S�,#=6���v� Lubich ("� 1986 =L\�-,,��*�>#0-,,Kh-)S [53] ��Z� Diethelm ("�j ���2OlJ"*zk�-,,Kh-)S,#=6�;FL\�^[# [9]�rM - ��# [10] �-,, Adams # [11] ,#\0-,,Kh-)S�2005 =��� Mesiry� [64] Z��_��-,,{,�,�*Kh-)S�,#0'*�-2�K(\�K� (Product traoezoidal quadrature formula) n�I(#
 (Product

rectangle rule) =6-,,�-��I� 2007 = Lin f Liu[42] v-,,�*�>#A\�,�*-,,Kh-)S�:, ~�,#qw=���k-,,Fh-)S,#=6�;FQ>��CbJ��j 20 ��2V� Gorenflo � [25-29]�1Z��	�{,k�,,� Caputo -,,�{,k Riesz-Feller q�<F�	����	� - �-,,jw)S2;kJ�Q!� R-L -,,{,n
G-L -,,{,���*Mq� G-L �W&= R-L -,,{,	Mq�
G-L -,,{,Æ,0o�/h��Æ,fl=6 R-L -,,{,��})S�h�I-qw=6=�;���^�qw=�0�P	����	� - �|�qw=�gK1'�g^�sÆ [26] /S�u;J>�.�qw=��-=SV|� ~*�sÆ [25-29] ��j7�f=�gK�'���kMq G-L �W�}�qw=�R�-�f0�� hj,#�<�'��N;)I�� 2002=�!f (Liu) ("��^0>r��0G�;F�5/!LhLn�����0b8℄Sn-,,{,�*E,K�6 [44] !iL\�J3�<h��-,,))# (��-,,Fh-)SAxPKh-)Sfl�	�J,{,�lI-�Wqw�J3G�^Æt<#) k=6\0�-,,Fh-)SPH�-+��H����0G������-,,Fh-)S:D�e�1;
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6 Riesz(-Feller) ��	J� FPDE �;�J8�CJLhLn*E�o-��℄S [46-49] � 2003 ="Z� Lynch � [56] v��3)#�u
f5
I{�'8)S/�QE R-L -,,{,;),#�-�}'8)S���f�[�=6qw=�w4 hA\��3=�� ~*fv�*-�� 2004 ="�n� Meerschaert f Tadjeran[61] Z���-,,�Æ - 'w)Sv Fourier -x#�Mq G-L <F=6 R-L {,��IR�M��}J, ~�/�4%\s/C� G-L <F� R-L {,;),#&=?��,#qw=�{����u�[�=���;v���Mq� G-L <F;)&=	���Q!v�[�
�{Q!v��X ~,kJ,�=l� 2006 =A% [62] TA�)#Z��/E�-,,jw)S���qwf,#-�T	uI�� m-�,-,,'w)S�h�I-&= [63] L\�J3�<h��<#	&P)�#�A\����v�*f ~*-�� 2005 = Shen f
Liu [86] v,#�-#;F�sQx1���-,,jw)S���h�I-=6A\�v�*f ~*-��� 2006 ="Z� Tadjeran � [90] Z��-�,�-,,jw)S2;kMq G-L �Wf Crank-Nicholson )#�}Rk�>LJ,�	�>L , ~�{Q!v��,#qw=�;J>��-�C^[�W��Rk�>L� ~,Fo} ,�|v� Rawashdeh[76] 2;k���AQ`,vE+#A\�Jp-,,�h-)S�,#0w hA\,#-�� Zhuang f Liu [98] Z��	�-,,jw)S�[�I-=6C,5Y7#�I-=�;)v�*n ~*-��T	 F.Liu f P.Zhuang[50]u;J>Z��Dk2��	� - �-,,�Æ - jw)S�[�I-=6=�4,5Y7#A\�gI-=��v�*n ~*-�� Liu f Liu [51] �sÆ [26] /Z��-,,jw)S[W}-,,�Æ - jw)SMq G-L �W&= Lévy-Feller <F�}�qw=�^k1;=�gK�;J>uI��)S�h�^�|�,#0�|+��sÆ�9�kh�I-qw ( i,#�-fMq G-L �W) %�~�} R-L -,,<F�,#=6=�� ~,�;N℄ 1 ,'h;J>C^[�WB:�� ~,o} 2 ,�g^Jp'*J&�,#=6)# ({,�)S;)qwd^O�}Æ,(��=60) q--Æt#�Adomian -0#�Lagrange J�#�F$i%^}-,,h-)S�,#=6|l� 1998 =|^� He[30] 2;k--Æt�4�Z��-,,{,1;��d3-/��Æ1'�=60�0� 2002 =
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