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BV as a Dual Space.

FABIO MACCHERONI (*) - WILLIAM H. RUCKLE (**)

ABSTRACT - Let C be a field of subsets of a set I. It is well known that the space FA
of all the finitely additive games of bounded variation on C is the norm dual of
the space of all simple functions on C. In this paper we prove that the space
BV of all the games of bounded variation on C is the norm dual of the space of
all simple games on C. This result is equivalent to the compactness of the unit
ball in BV with respect to the vague topology.

1. Introduction.

Let C be a field of subsets of a set I. It is well known that the space
FA of all the finitely additive games of bounded variation on C, equipped
with the total variation norm, is isometrically isomorphic to the norm du-
al of the space of all simple functions on C, endowed with the sup norm
(see [2] p. 258).

In this paper we establish a parallel result for the space BV of all the
games of bounded variation on C. To this end, we first introduce simple
games on C: the ones that assign non zero worth only to a finite number
of elements of C. Then we show that BV , equipped with the total varia-
tion norm, is isometrically isomorphic to the norm dual of the space of all
simple games, endowed with a suitable norm. A first proof of this result
builds on the compactness of the unit ball in BV with respect to the
vague topology, proved by Marinacci [4].
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Another contribution of this paper is showing that the duality of BV
is indeed equivalent to the vague compactness of the unit ball. In order
obtain this result, we provide a second direct proof of the dual nature of
BV , and then observe that the vague topology can be viewed as the
weak* topology induced by duality.

T h e p a p e r i s o r g a n i z e d a s f o l l o w s . A f t e r a br i e f s e c t i o n o f p r e l i m i -
n a r i e s , i n S e c t i o n 3 we us e c o m p a c t n e s s t o o b t a i n d u a l i t y . I n S e c t i o n 4 ,
w e g o t h e o t h e r w a y a r o u n d : w e p r o v e d u a l i t y a n d o b t a i n c o m p a c t n e s s
a s a co r o l l a r y . S e c t i o n 5 cl a r i f i e s t h e c o n n e c t i o n s b e t w e e n t h e t w o
a p p r o a c h e s .

2. Preliminaries.

This section contains a few, well known, definitions and properties.
We follow the notation of cooperative game theory, instead of the more
common one of measure theory, since the spaces of set functions we con-
sider are widely used in that field (see, e.g. [1]).

Let C be a field of subsets of a non empty set I. A set function v :
C KR is a game if v(¯) 40. A game on C is monotone if v(A) Gv(B)
whenever A’B.

A chain ]Si (i40
n in C is a finite strictly increasing sequence

¯4S0 %S1 %R%Sn21 %Sn 4I

of elements of C. BV is the set of all games such that

VuV4 sup m!
i41

n

Nu(Si )2u(Si21 )N : ]Si (i40
n is a chain in CnEQ .

A game in BV is said to be of bounded variation. The pair (BV , V QV) is a
Banach space, generated by all monotone games (see [1] pp. 14,
26-28).

Since BV is a (proper) subspace of RC , it inherits a topology from the
product topology of RC. This is the weak topology generated by the pro-
jection functionals

pA : BV

u

K

O

R

u(A)
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where A� C. A net ]ua ( converges to u in this topology iff ua (A) Ku(A)
for all A� C (we write ua K

C

u). This topology is called vague topology
(for the analogy with the vague topology on the set of probability
measures).

3. From compactness to duality.

In this section, we start by observing that the unit ball in BV is com-
pact in the vague topology, and we use this fact to show that BV is a dual
space.

THEOREM 1 (MARINACCI). The unit ball U(BV) 4 ]u�BV : VuVG1(

is compact w.r.t. the vague topology.

PROOF. See [4]. The proof is based on the Tychonoff Theo-
rem. r

Let X be the space of all the games which are non zero only on a finite
number of elements of C, the simple games. The pair (BV , X) is dual
w.r.t. the following functional

D : BV3X

(u , x)

K

O

R

!
A� C

u(A) x(A) .

That is:

l D is bilinear,

l if D(u , x) 40 for all u , then x40,

l if D(u , x) 40 for all x , then u40.

Therefore, X can be interpreted as a total subspace of the algebraic
dual of BV by identifying x�X with the linear functional

Dx : BV

u

K

O

R

D(u , x) .

For this reason, in the rest of this section, we will write au , xb instead of
D(u , x). Some useful properties of X are stated in the following lemma,
whose easy proof is omitted.
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LEMMA 2. X is a total subspace of the norm dual BV 8 of BV , and

VxVBV 84 max
VuV41

g !
A� C

u(A) x(A)h
for all x�X.

Moreover, the topology s(BV , X) coincides with the vague topology.

Given a game u of bounded variation, let Ju : XKR be the functional
defined by

Ju (x) 4 au , xb

for all x�X.

THEOREM 3. Let X 8 be the norm dual of (X , V QVBV 8). The operator

J : BV

u

K

O

X 8

Ju

is an isometric isomorphism from BV onto X 8. Moreover, J is a vague-
weak* homeomorphism.

PROOF. The operator J is well defined, linear, injective and VJVG1.
Let U(BV) be the unit ball in BV , U(X 8 ) be the unit ball in X 8. For the
Goldstine-Weston density Lemma J(U(BV) ) is weak* dense in U(X 8 )
(see, e.g., [3] p. 126).

Consider the vague topology on BV and the weak* topology on X 8.

Let ]ua ( be a net in BV. We have that ua K
C

u iff ua K
s (BV , X)

u iff aua , xb K

K au , xb for all x�X iff Jua
(x) KJu (x) for all x�X iff Jua

weak* converges
to Ju (briefly Jua

K
w *

Ju). Thus J is vague-weak* continuous. Therefore,
J(U(BV) ) is weak* compact in X 8 and

J(U(BV) ) 4U(X 8 ) .

Since VJVG1, then VJu VGVuV , for all u�BV. Suppose that there exists
u�BV such that VJu VEVuV. Then uc0 and 0 EVJu/VuV

V4rE1, set

w4
u

VuV

. Since VJw/r V41, it follows that Jw/r�U(X 8 ), but w

r
�U(BV) and

J is injective, which is absurd. Thus VJu V4VuV , for all u�BV and J is an
isometry.

If x 8�X 82 ]0( then there exists u�U(BV) s.t. Ju 4
x 8

Vx 8 V

, hence

J
Vx 8 Vu 4x 8. That is J is surjective. Since, for every net ]ua ( in BV , ua K

C

u
iff Jua

K
w *

Ju , then J is a vague-weak* homeomorphism. r
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4. From duality to compactness.

In this section the opposite approach is adopted, we directly prove
that BV is a dual space and use this fact to provide an alternative proof
that the unit ball in BV is compact w.r.t. the vague topology, thus obtain-
ing the equivalence of the two results.

We define the game eA : C KR by

eA (B) 4
.
/
´

1

0

if B4A

otherwise

for all A� C 2]¯(, and e¯40. Being x4 !
A� C

x(A) eA for all x�X , we
have X4 aeA : A� C b.

For each chain V4 ]Si (i40
n in C, define a seminorm on X by

VxVV4 max
0 GkGnN !

i4k

n

x(Si ) N(1)

for all x�X. Let XV4 aeA : A�Vb. If x�XV , we say that x depends on
the chain V.

For all x�X , set

VxV4 inf !
l41

L

Vxl VV l

where the inf is taken over all finite decompositions x4 !
l41

L

xl in which xl

depends on the chain V l and V QVV l
is defined as in (1) for all

l41, R , L.

LEMMA 4. The function V QV : XKR is a norm on X.

PROOF. It is easy to prove that V QV is a seminorm. We just show that
xc0 implies VxVc0. If x�XV and A�V then

VxVVF
1

2
Nx(A)N .

In fact,

Nx(A)N4 N !
i : Si*A

x(Si )2 !
i : Si&A

x(Si ) N G N !
i : Si*A

x(Si ) N1

1N !
i : Si&A

x(Si ) N G2VxVV .

Let x�X2 ]0(. There exists A� C such that x(A) c0. If x4 !
l41

L

xl ,
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xl �XV l
for all l41, R , L , then A�V l for some l (otherwise x(A) 40).

Hence,

Nx(A)N4 N !
l : A�V l

xl (A) N G !
l : A�V l

Nxl (A)N ,

and so

!
l41

L

Vxl VV l
F !

l : A�V l

Vxl VV l
F !

l : A�V l

1

2
Nxl (A)NF

1

2
Nx(A)N ,

then VxVF
1

2
Nx(A)ND0. r

Given a linear continuous functional f : XKR , define the game Gf as
follows

Gf (A) 4 f (eA )

for all A� C.

THEOREM 5. Let X 8 be the norm dual of (X , V QV). The operator

G : X 8

f

K

O

BV

Gf

is an isometric isomorphism from X 8 onto BV. Moreover, G is a weak*-
vague homeomorphism.

Notice that, together with the Alaoglu Theorem (see, e.g., [3] p. 70),
the above result immediately yields Theorem 1, that is, the compactness
of the unit ball U(BV) in the vague topology.

PROOF. We first show that if V4 ]Si (i40
n is a chain in C then

!
k41

n

NGf (Sk )2Gf (Sk21 )NGV f V ,

which implies that Gf �BV and VGf VGV f V.
Define x�XV by

x(Sn )

x(Sn )1x(Sn21 )

x(Sn )1x(Sn21 )1R1x(S1 )

x(S0 )

4

4

4

4

sgn ( f (eSn
)2 f (eSn21

) ) ,

sgn ( f (eSn21
)2 f (eSn22

) ) ,

R

sgn ( f (eS1
)2 f (eS0

) ) ,

0 ,
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Obviously VxVVG1, so that VxVG1. Thus

V f V F

4

4

4

f (x) 4 !
j40

n

f (eSj
) x(Sj ) 4

f (eS0
) !

k40

n

x(Sk )1 !
j41

n k( f (eSj
)2 f (eSj21

) ) !
k4 j

n

x(Sk )l4

!
j41

n

[ ( f (eSj
)2 f (eSj21

) ) sgn ( f (eSj
)2 f (eSj21

) ) ] 4

!
j41

n

Nf (eSj
)2 f (eSj21

)N4 !
j41

n

NGf (Sj )2Gf (Sj21 )N .

Then G is well defined and obviously linear and injective.
Given u�BV , we can define fu on X by

fu (x) 4 !
A� C

u(A) x(A) ,

for all x�X. Trivially, fu is linear.
If x depends on V4 ]Sj (j40

n , then

fu (x) 4

4

4

G

G

G

!
j40

n

u(Sj ) x(Sj ) 4

u(S0 ) !
k40

n

x(Sk )1 !
j41

n k(u(Sj )2u(Sj21 ) ) !
k4 j

n

x(Sk )l4

!
j41

n k(u(Sj )2u(Sj21 ) ) !
k4 j

n

x(Sk )lG

!
j41

n kNu(Sj )2u(Sj21 )NN !
k4 j

n

x(Sk ) NlG

!
j41

n

[Nu(Sj )2u(Sj21 )NVxVV ] G

VxVV !
j41

n

Nu(Sj )2u(Sj21 )NGVxVV VuV .

If x4 !
l41

L

xl with xl �XV l
for all l41, 2 , R , L , then

fu (x) 4 !
l41

L

fu (xl ) G !
l41

L

VuV Vxl VV l
GVuV !

l41

L

Vxl VV l
,

and so

fu (x) G inf mVuV !
l41

L

Vxl VV l
: x4 !

l41

L

xl , xl �XV l
n4

4 VuV VxV .
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We conclude that fu �X 8 , G( fu ) 4u and G is onto. For all u�BV , fu 4Gu
21

and VGu
21

V4V fu VGVuV. Therefore, for all f�X 8 , V f V4VG(Gf )
21

VGVGf V and
G is an isometry.

Finally, let ] f a ( be a net in X 8. We have that f a K
w *

f iff f a (x) K f (x)
for all x�X iff f a (eA ) K f (eA ) for all A� C iff Gf a (A) KGf (A) for all
A� C iff Gf a K

C

Gf . Hence, G is a weak*-vague homeomorphism. r

We conclude the section by observing that Theorem 5 corrects Theo-
rem 1.1 in [5]: it can be shown with a counterexample that the norm used
there does not lead to an isometry.

5. Summing up.

In sections 3 and 4 we have given two independent proofs that BV is
the norm dual of X , when X is endowed with the norms V QVBV 8 and V QV , re-
spectively. The two approaches are indeed one the mirror image of the
other. In fact:

PROPOSITION 6. The norm V QVBV 8 on X coincides with the norm V QV
on X. Moreover, J4G 21.

PROOF. Let (X 8 , V QV8) be the norm dual of (X , V QV). We have, for all x ,

VxVBV 8 4 sup mN !
A� C

u(A) x(A) N: u�BV , VuV41n4

4 sup ]Nfu (x)N : u�BV , VuV41( 4

4 sup ]Nf (x)N : f�X 8 , V f V841( 4

4 VxV .

In particular the norm dual of (X , V QVBV 8 ) and the norm dual of (X , V QV)
are the same space X 8. For all u�BV and x�X ,

Ju (x) 4 au , xb 4 !
A� C

u(A) x(A) 4 fu (x) 4Gu
21 (x) ,

that is Ju 4Gu
21 for all u�BV and J4G 21. r
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