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Abstract

We study the effect of domain perturbation on the behaviour of parabolic equations.
The first aspect considered in this thesis is the behaviour of solutions under changes
of the domain. We show how solutions of linear and semilinear parabolic equations
behave as a sequence of domains €2, converges to an open set ) in a certain sense.
In particular, we are interested in singular domain perturbations so that a change of
variables is not possible on these domains. For autonomous linear equations, it is
known that convergence of solutions under domain perturbation is closely related to the
corresponding elliptic equations via a standard semigroup theory. We show that there
is also a relation between domain perturbation for non-autonomous linear parabolic
equations and domain perturbation for elliptic equations. The key result for this is
the equivalence of Mosco convergences between various closed and convex subsets of
Banach spaces. An important consequence is that the same conditions for a sequence of
domains imply convergence of solutions under domain perturbation for both parabolic
and elliptic equations. By applying variational methods, we obtain the convergence of
solutions of initial value problems under Dirichlet or Neumann boundary conditions.
A similar technique can be applied to obtain the convergence of weak solutions of
parabolic variational inequalities when the underlying convex set is perturbed. Using the
linear theory, we then study domain perturbation for initial boundary value problems
of semilinear type. We are also interested in the behaviour of bounded entire solutions
of parabolic equations defined on the whole real line. We establish a convergence result
for bounded entire solutions of linear parabolic equations under L? and LP-norms. For
the LP-theory, we also prove Holder regularity of bounded entire solutions with respect
to time. In addition, the persistence of some classes of bounded entire solutions is given
for semilinear equations using the Leray-Schauder degree theory.

The second aspect is to study the dynamics of parabolic equations under domain

perturbation. In this part, we consider parabolic equation as a dynamical system in an
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L? space and study the stability of invariant manifolds near a stationary solution. In
particular, we prove the continuity (upper and lower semicontinuity) of both, the local
stable invariant manifolds and the local unstable invariant manifolds under domain

perturbation.
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Introduction

The study of domain perturbation or sometimes referred to as “perturbation of the
boundary” for boundary value problems is a special topic in perturbation problems.
The main characteristic is that the differential operators and the solutions of the per-
turbed problems live in different spaces (depending on the domain of a boundary value
problem). Domain perturbation appears to be a simple problem if we are only inter-
ested in smooth perturbation of the domain. This is because we could perform a change
of variables to consider the perturbed problems in a fixed domain and only perturb
the coefficients. Hence, it turns back to a standard perturbation problem and we may
apply standard techniques such as the implicit function theorem, the Liapunov-Schmidt
method and the transversality theorem. Nevertheless, difficulties arrive when we per-
form a change of variables and standard tools are not enough (see [53]). When a change
of variables is not possible, domain perturbation is even more challenging.

The fundamental question in domain perturbation is to look at how solutions be-
have upon varying domains. In particular, we would like to know when the solutions
converge and what the limit problem is. This topic has been extensively studied for
elliptic equations (see for example [37, 5, 39, 34, 30, 21, 22, 79] and references therein).
Typically, the work of [37] provides a characterisation of domains 2,2 € R" for which

solutions of the perturbed problem subject to Dirichlet boundary condition

—Au=f, in Q,

(0.1)
u=0 on 0f),
converge (in some sense) to a solution of the limit problem
—Au=f in
(0.2)

u=20 on 0f).

Older techniques for the convergence of solutions of the Dirichlet problem for harmonic

functions can be found in [58]. In the above work, the convergence result was referred to
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as “stability of solutions” under variation of the boundary of the domain. In [21, 22], a
sufficient condition on domains for which the solutions converge is obtained for Neumann
problems (u = 0 is replaced % = 0 on 99). A more complicated behaviour occurs
in the case of Robin problems (% +au = 0, @ > 0 on 092). Dancer and Daners
[341] show that both convergence of solutions and boundary homogenisation (the limit
problem prescribed by a different boundary condition) are possible depending largely
on how domains €2, converge to 2. A variation to elliptic equations with nonlinear
boundary condition is studied in [7, 8, 9]. There are also results on nonlinear equations
investigated in [31, 32]. On the other hand, an explicit estimate for solutions under
domain perturbation in terms of a certain “distance” between 2, and 2 is the subject
of [72].

Another aspect of domain perturbation for elliptic equations is the dependence of the
spectrum of an elliptic operator on domains. This involves the study of the eigenvalue

problem

—Au+du=0 in €
(0.3)
Bu=0 on 0f)

under domain perturbation where B is a boundary condition operator. For Dirichlet

problem, it is known that the spectrum behaves continuously under a large class of

domain perturbation as characterised in [37]. In contrast, the spectrum for Neumann
problems is not well-behaved as seen in [29, page 420] or [6, 56]. A sufficient condition
on domains for which the spectrum behaves continuously is given in [10]. Besides, an

explicit estimate for the variation of eigenvalues on domains is considered in [24, 25, 206,
.

The motivation to study domain perturbation comes from various sources. The main
ones include shape optimization, solutions structure of nonlinear problems and numer-
ical analysis. A classical shape optimisation is to find minimisers of shape functionals
(functions where the unknown variable runs over a class of domains). For functionals
arising from differential equations, the problem involves solving and extracting conver-
gent subsequences of solutions of differential equations defined on a sequence of domains
(see [27, 20, 23, 79]). This problem leads to the concept of I'-convergence for a sequence
of open sets and Mosco convergence for a sequence of function spaces related to differ-
ential equations. In particular, the question to establish a sufficient condition for the
I'-convergence in terms of geometrical properties of the domains has attracted interest

in [23, 79, 19]. The solutions structure of nonlinear elliptic equations is the main concern
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in [31, 32]. It is shown that the number of positive solutions and solutions structure of
nonlinear elliptic equations depends on geometric properties of the domain. Examples
of domains are constructed to show that there can be arbitrarily many positive solu-
tions. Lastly, in numerical analysis, the concept of discrete approximation of normed
spaces leads to the study of perturbation of linear operators defined on a sequence of
normed spaces to another sequence of normed spaces (see [18, 78, 75, 76, 77]). The
generalised perturbation results (discrete convergence, discrete compactness of linear
operators) give a general framework for approximation of solutions of linear equations
and eigenvalue problems. A more recent work on numerical approximation of eigenval-
ues of domains with multiple cracks is studied in [16].

Much less result on domain perturbation seems to be known for parabolic equa-
tions. Rauch and Taylor [70] studied domain perturbation for autonomous equations.
In addition, Hale and Vegas [51] investigated the persistence of stationary (equilibrium)
solutions of nonlinear autonomous parabolic equations subject to Neumann boundary
condition. Dancer [32, Section 5] briefly discussed non-autonomous equations but ex-
plicit time dependent is not allowed in higher order terms (equations can be reduced to
autonomous problems by a change of time variable). The methods in these works are
based on domain perturbation results for linear elliptic equations. In [70] and [32], con-
vergence of solutions under domain perturbation is proved by means of convergence of
resolvents or semigroups of the corresponding elliptic operators. The persistence of equi-
librium solutions in [51] is obtained by applying the Liapunov-Schmidt method and the
implicit function theorem to a bifurcation equation derived from the corresponding ellip-
tic equations. A crucial result to study domain perturbation for autonomous parabolic
equations from the corresponding elliptic equations is the convergence of pseudo resol-
vents established by Arendt [/, Theorem 5.2] (see its application in domian perturbation
in [4, Section 6] and [38, Section 6]). For quasilinear parabolic equations, there are con-
vergence results in [15] and [73] using the concept of Mosco convergence. The main work
on domain perturbation for non-autonomous parabolic equations is provided by Daners
[35]. The results of [35] include convergence of solutions for both linear and semilinear
parabolic initial value problems subject to Dirichlet boundary condition as well as persis-
tence of periodic solutions under domain perturbation. There is a different perspective
and theory for non-autonomous parabolic equations in the monograph by Mierczynski
and Shen [64]. In particular, fundamental properties of the principal spectrum and prin-

cipal Liapunov exponents for non-autonomous (as well as random) parabolic equations
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are developed. They also study the effect of the shape of the domain on the principal
spectrum and principal Liapunov exponents and extend the Faber-Krahn inequalities
for elliptic and periodic parabolic problems to general non-autonomous and random
parabolic equations in [64, Section 5.4].

The aim of this thesis is to develop a general theory for domain perturbation for
both autonomous and non-autonomous parabolic equations subject to either Dirichlet
or Neumann boundary conditions. We are particularly interested in singular domain
perturbation so that change of variables is not possible on these domains. Moreover,
we mostly do not assume any smoothness of the domains.

Let ©Q,, and © be bounded domains in RY, N > 2 such that Q,,, Q2 C D for some ball

D € RN. We consider the following parabolic equation

o Au= St i Qx(0.7]
B(t)u=0 on 99 x (0,7 (04)
u('v 0) = Uo in Q’

where A is an elliptic operator of the form
A(t)u := —0;[aij(x, t)05u + a;(z, t)u] + bi(x, t)Oju + co(x, t)u (0.5)
and B(t) is one of the following boundary operators

B(t)u:=u Dirichlet boundary condition (0.6)
B(t)u := [aij(x,t)05u + ai(z, t)u] v; Neumann boundary condition.
In the above, we use summation convention with ¢, j running from 1 to N. The boundary
condition is considered in a weak sense as the (outer) unit normal vector v = (vy,...,vy)
may not exist. Also, we assume that a;;,a;,b; and cg are functions in L>(D x (0,7"))

and that there exists a constant o > 0 independent of (z,t) € D x (0,T) such that

aij(xa t)&l&] > 04’5‘2,

for all £ € RY. We study the perturbed equation

%; + A (H)u = fo(z,t,u) in , x (0,7

B (t)u =0 on 9, x (0,T] (0.7)

u(-,0) =ugp in Q,,,
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where A,, and B,, are defined similarly as in (0.5) and (0.6), respectively.

In this thesis, we investigate two aspects of the above parabolic equations under
domain perturbation. The first aspect is the convergence of solutions of linear and
semilinear parabolic equations under domain perturbation. Most of the time, we follow a
standard bilinear form setting so that existence and uniqueness of solutions for (0.4) and
(0.7) (for linear problems) are available. Our main concern is to investigate conditions
on domains €2, and € for which solutions of the perturbed problems converge to a
solution of the limit problem. We also study the persistence of bounded entire solutions
(solutions that are defined for all time ¢t € (—o0,00) and are bounded in a suitable
function space) of parabolic equations. The second aspect is to study the dynamics
of parabolic equations under domain perturbation. In this part we consider parabolic
equation as a dynamical system in an L? space and study the persistence of invariant
manifolds near a stationary solution of (0.4) when the domain €2 is perturbed.

An overview of this thesis is given below.

We start our domain perturbation analysis for non-autonomous linear parabolic
equations in Chapter 1. This is inspired by the work of Daners [35] for Dirichlet prob-
lems. Our main focus is hence the Neumann problem. In the case of autonomous linear
parabolic equations, convergence of solutions under domain perturbation is closely re-
lated to the corresponding elliptic equations via the semigroups generated by the corre-
sponding elliptic operators. Our results show that this also applies to non-autonomous
problems using variational approach. The link between elliptic and parabolic equations
is obtained by the equivalence of Mosco convergence established in Section 1.3. This
result is an abstract generalisation of a similar equivalence of Mosco convergence of
certain function spaces in [73]. The abstract approach here can be applied to both
Dirichlet problem and Neumann problem. Section 1.4 presents convergence results for
both boundary value problems. We note that Mosco convergence assumption for Dirich-
let problem is weaker than the notion of convergence of domains used in [35]. Hence,
our result allows a larger class of domain perturbation. We also include a direct applica-
tion of convergence results to study final value problems in Section 1.5. In Section 1.6,
we use a similar technique to obtain convergence of solutions of parabolic variational
inequalities under perturbation of the underlying convex sets.

Chapter 2 provides some background and results on domain perturbation for semi-
linear parabolic equations. While most of the material is based on [38], our version

contains an improvement. We prove in Theorem 2.3.5 that the convergence of solu-
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tions under perturbation is also possible when the nonlinear terms converge pointwise
only. This convergence result was originally proved in [38, Theorem 4.6] when the uni-
form convergence of nonlinear terms is assumed. Using this improved result and the
work in Chapter 1, we give domain perturbation theory for non-autonomous semilinear
parabolic equations in Section 2.4. This is complementary to [38] where the application
is done for autonomous semilinear parabolic equations. Nevertheless, we also include
the results for autonomous problems in Section 2.4.2. In particular, we collect known
results on convergence of the spectrum and resolvent operators for the corresponding
elliptic equations under domain perturbation.

In Chapter 3 we study the dynamical behaviour of parabolic equations under do-
main perturbation. Similar studies on dynamical behaviour under domain perturbation
include, for example, the works of [12] for Dirichlet problems and [10, 6] for Neumann
problems. Our main focus in this thesis is the persistence of invariant manifolds near
a stationary point for semilinear parabolic equations under Dirichlet boundary condi-
tion. Section 3.2 introduces the dynamical system in terms of semiflows induced by
solutions of parabolic equations, and outlines the construction of the local stable and
the local unstable invariant manifolds by the method of [14]. The main results on the
persistence of unstable and stable invariant manifolds are stated in Theorem 3.3.3 and
Theorem 3.3.4, respectively. The proofs are given in Section 3.5 for unstable invari-
ant manifolds and in Section 3.6 for stable invariant manifolds. Our continuity (upper
and lower semicontinuity) results for the local stable and the local unstable invariant
manifolds are given in the L? setting using the semiflows induced by mild solutions. In
[10, 68] and [12], they are only interested in continuity of local unstable invariant man-
ifolds (and consequently continuity of attractors), but the convergence is obtained in
H'(RY). Moreover, we keep track of the dependence of invariant manifolds constructed
by the method of [141], whereas the existence of invariant manifolds in [10] follows from
a standard construction in [52].

Finally, in Chapter 4, we turn back to study the behaviour of solutions under do-
main perturbation. However, we give attention to a class of bounded entire solutions of
autonomous parabolic equations on the whole real line rather than solutions of initial
value problems on a bounded interval considered in Chapter 1 and Chapter 2. This in-
vestigation is rather new in the literature. Under an exponential dichotomy assumption,
we collect some results on the existence and uniqueness of bounded entire solutions of

linear parabolic equations in Section 4.1. Roughly, the bounded entire solution can be
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represented in terms of semigroups (evolution systems) and projections onto stable and
unstable subspaces. In Section 4.2, we give domain perturbation results for bounded
entire solutions of linear parabolic equations in an L? setting. The results are then
used in Section 4.3 to establish the convergence of solutions in LP for a certain range
of p > 2. The highlight of this section is the Holder regularity (with respect to time)
of bounded entire solutions in LP proved in Proposition 4.3.7. Although a similar regu-
larity result can be found in [10, Corollary 5.6] for evolution equations in interpolation
spaces or [52, Section 3.3| for evolution equations in fractional power spaces, the same
argument cannot be applied when we work in the LP scales. In Section 4.4, we look at
semilinear parabolic equations. We discuss the cases where the Leray-Schauder degree
can or cannot be applied to establish the persistence of a known bounded entire solution
of semilinear problems under domain perturbation. The technique of using the Leray-
Schauder degree is not new. It appeared in [35] in the context of periodic solutions and
in [31] in the context of nonlinear elliptic equations. We give a remark on the difficulty

of using this technique for almost periodic solutions.
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Chapter 1

Domain perturbation for linear
non-autonomous parabolic

equations

In this chapter, we study the behaviour of solutions of linear non-autonomous parabolic
equations. We first collect preliminary results on the existence and uniqueness of solu-
tions of non-autonomous linear parabolic equations by variational methods. In Section
1.2, we discuss a useful notion of Mosco convergence of closed and convex sets. It will
be the main tool to deal with a sequence of functions belonging to different function
spaces. Section 1.3 presents a key result that enables us to study domain perturbation
for non-autonomous parabolic equations via the corresponding elliptic equations. We
show the equivalence between Mosco convergences of various closed and convex subsets
of a Banach space. This result is an abstract generalisation of the equivalence of Mosco
convergences in W, " (RY) and in LP((0,T), W, " (RN)) proved in [73]. Section 1.4 gives
some applications of the key result. In particular, we prove the convergence of solutions
under domain perturbation for non-autonomous parabolic equations under Dirichlet or
Neumann boundary conditions. Moreover, we include convergence results for final value
problems in Section 1.5. Finally, in Section 1.6, we obtain a similar convergence of solu-
tions for parabolic variational inequalities under perturbation of the underlying convex

set.
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1.1 Abstract parabolic equations

In this section, we introduce basic notations and collect standard results on linear
parabolic equations.

Suppose V is a real separable and reflexive Banach space and H is a separable
Hilbert space such that V is dense in H. By identifying H with its dual space H', we

consider the following evolution triple
vy
For an interval (a,b) C R, we denote by L?((a,b), V), the Bochner-Lebesgue space. We

define the Bochner-Sobolev space
W((a,b),V, V') := {u € L*((a,),V) : v’ € L*((a,b),V")},

where v’ is the derivative in the sense of distributions taking values in V’. The space

W ((a,b),V,V') is a Banach space when equipped with the following norm

b b 1/2
fullw = ([ Tl de+ [ 1@l )"

It is well known that W((a,b),V,V') — C([a,b], H), where the space of H-valued
continuous functions C([a,b], H) is equipped with the uniform norm ([1!, Theorem
I1.3.1]). More precisely, if u € W((a,b),V, V'), then there exists a uniquely determined
H-valued continuous functions on [a, b] which coincides almost everywhere on (a, b) with
the function u. Hereafter, we use this uniquely determined function in C([a,b], H) as a
representative of a function u € W((a,b), V,V’). In this sense, there exists a constant
C > 0 such that

sup [lu(®)||lz < Cllullw,
tela,b]

for all w € W((a,b),V,V’). Moreover, for u,v € W((a,b),V,V’) and ag, by € [a,b] with
ag < by, we have the integration by parts formula
bo

(u(bo)v(bo)) — (u(ao)|v(ao)) = / (W' (£), v(t)) + ('(2), u(t)) dt. (1.1)

ao
Here and throughout the thesis, we denote by (-|-), the scalar product in H and by (-, -),
the duality paring between V'’ and V. Let I and .J be two sets, we write J cC I if
J C Int(I), where Int(I) denotes the interior of I. For a subset X of a Banach space
V', we define the closed convex hull by

=1 =1

k k
conv(X) := {Zaiaji |z € X,a; € R,y 20,20@ =1,k= 1,2,...}.
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The framework of parabolic equations studied throughout this thesis follows a stan-
dard bilinear form setting. For each t € [0, T, suppose a(t;-,) is a continuous bilinear

form on V satisfying the following hypothesis:
e For every u,v € V, the map ¢ — a(t; u,v) is measurable.
e There exists a constant M > 0 independent of ¢ € [0, 7] such that
|a(t; u,v)] < Mlfullv([v]lv, (1.2)
for all w,v € V and ¢ € [0,T].
e There exist & > 0 and A € R such that
a(t; u,u) + Allullf > allull?, (1.3)
for all w € V and t € [0, 7).

For each t € [0,7] and u € V, the bilinear form a(¢;-,-) induces a continuous linear
operator A(t) € £ (V,V') with

(A(t)u,v) = a(t; u,v), (1.4)

for all u,v € V.. We easily see from (1.2) that supycpo 7 [|A(0)] 2v,vy) < M.

Let us consider the abstract linear parabolic equation

u'(t)+ At)u = f(t) forte (0,T]
u(0) = wo,

where vy € H and f € L2((0,7),V").

Definition 1.1.1. A function u € W (0, T, V, V') satisfying (1.5) is called a weak solution
of (1.5).

It is well known that u is a weak solution of (1.5) if and only if u € L2((0,T),V)
and
T T
- [ @l @ de+ [ attato. vo) d
0 . (1.6)
= (wl0)o(0) + [ (001600 at

for all v € V and for all ¢ € 2(]0,7)). The existence and uniqueness of solution is
given in the following theorem (see, for example, [11, XVIII §3] and [1, §23.7]).
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Theorem 1.1.2. Given f € L?((0,T),V') and ug € H, there exists a unique weak
solution of (1.5) satisfying

lullwozvyy < € (lluollar + 120, (L.7)

with C' > 0 independent of f and ug. Moreover, if A =0 in (1.3), then the weak solution

satisfies
t t
lu(®)]3 + o /0 ()2 ds < [lupll? + o~ /0 17()]12 ds, (18)
for all t € [0,T].

Note that v(t) := e *Mu(t) is a weak solution of (1.5) with A(t) replaced by A(t)+ \.
Hence, we can assume without loss of generality that A = 0 in (1.3).

The remaining part of this section is devoted to an abstract formulation of linear
non-autonomous parabolic equations. In other words, we consider the equation (0.4)

in Introduction when the inhomogeneous term f(¢,x,u) is independent of u as written

below 5
S AGu=f@t)  mQx(0.1]
B(t)u =0 on 9Q x (0,7 (1.9)
u(-,0) = up in Q.

For ¢t € [0,T], we consider a bilinear form a(¢;-,-) given by
a(t;u,v) == / [aij(x,t)0ju + a;(x, t)u]Oiv + bi(z, t)0;uv + co(z, t)uw dz, (1.10)
Q

for u,v € V. By assumptions on a;j, a;, b; and co, it is clear that the map ¢ — a(t;u,v)
is measurable for all u,v € V. Moreover, it can be verified that the form a(t; -, -) defined
above satisfies (1.2) and (1.3) (see [11]).

It is well known that (1.9) can be written as an abstract equation (1.5) by taking
the evolution triple V' i) H <i> V' with

V = H}(Q) and H = L*(Q) for Dirichlet boundary value problem or,

(1.11)
V = HY(Q) and H = L*(Q) for Neumann boundary value problem
(see [21, Corollary 23.24)).
1.2 Mosco Convergence
Mosco convergence was originally introduced in [65] for a sequence of convex sets and

was the main tool to establish convergence properties of solutions of elliptic variational
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inequalities when the underlying convex set is perturbed. We assume that V' is a reflexive
and separable Banach space, and K, K are closed and convex subsets of V. We start
by giving a definition of Mosco convergence in various spaces including V', L?((0,7), V)
and W((0,7),V,V").

Definition 1.2.1. We say that K, converges to K in the sense of Mosco if the following

conditions hold:
(M1) For every u € K, there exists a sequence u,, € K,, such that u,, — u in V strongly.

(M2) If (ng) is a sequence of indices converging to oo, (ug) is a sequence such that

uy € Ky, for every k and uj — u in V weakly, then u € K.

There is an alternative definition of Mosco convergence defined in terms of Kura-
towski limits. A general result on Mosco convergence and equivalence of these definitions
can be found in [11, Chapter 3]. We give a trivial example of Mosco convergence from
our domain perturbation point of view below.

Example 1.2.2. Let Q,, and Q be bounded open sets in RV such that Q,,Q C D for
some ball D for all n € N. By identifying a function u € HE(Q) with its trivial
extension (extension by zero on D\{)), we regard u as a function in H'(D). By a
similar identification for functions in Hg(Q,), we regard H}(2) and HE(€2,,) as subsets

of H(D). Tt is easy to see that they are closed subspaces (hence, closed and convex
subsets) of H'(D). If Q, C Quq1 C Qfor all n € N and Q = (J,,cy Qn, then H{ ()

converges to HE () in the sense of Mosco.
As seen in Section 1.1, solutions of parabolic equation (1.5) is in L?((0,7), V). Thus,
it is worthwhile to study Mosco convergence in L2((0,7),V). We let
L*((0,T),K) := {u € L*((0,T),V) | u(t) € K a.e.},
and
C([0,T],K) :={u e C([0,T],V) |u(t) e K Vte][0,T]}.

It can be verified that L2((0,T), K) is a closed and convex subset of L2((0,T),V). We

next state Mosco convergence of function spaces for parabolic problems.

Definition 1.2.3. We say that L?((0,T), K,) converges to L?((0,T), K) in the sense

of Mosco if the following conditions hold:

(M1") For every u € L?((0,T), K), there exists a sequence u,, € L*((0,T), K,,) such that
up — u in L2((0,T), V) strongly.
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(M2') If (ng) is a sequence of indices converging to oo, (uy) is a sequence such that
up € L%((0,T), Kp,) for every k and u, — u in L2((0,T),V) weakly, then u €
L*((0,7), K).

Similarly, we can state Mosco convergence in W ((0,7),V, V).

Definition 1.2.4. We say that W((0,7),V,V’) n L%*((0,T),K,) converges to
W((0,T),V,V"YNn L?((0,T), K) in the sense of Mosco if the following conditions hold:

(M1") For every u € W((0,7),V,V') N L?((0,T),K), there exists a sequence u, in
W((0,T),V,V")yn L*((0,T), K;,) such that u,, — u in W((0,T),V,V’) strongly.

(M2") If (ng) is a sequence of indices converging to oo, (ug) is a sequence such that
ug € W((0,T),V,V')NL3((0,T), K,) for every k, u, — u in L*((0,T), V) weakly
and u}, — w in L2((0,T),V’) weakly, then v/ = w and u € W((0,T),V,V') N
L*((0,T),K).

1.3 Equivalence of Mosco convergences for parabolic and

elliptic equations

In this section, we prove a key result that relates domain perturbation for non-
autonomous parabolic equations and domain perturbation for elliptic equations. We re-
mark that for autonomous parabolic equations, the convergence of solutions of parabolic
equations can be deduced from the convergence of solutions of the corresponding elliptic
equations under domain perturbation. This is simply because we can apply semigroup
methods together with the convergence result of degenerate semigroups due to Arendt
[4, Theorem 5.2]. In Section 6 of the same paper, the convergence of solutions of Dirich-
let heat equations is given as an application. Further examples on other boundary
conditions including Neumann and Robin boundary conditions can be found in [38,
Section 6].

We state our key result below.
Theorem 1.3.1. The following assertions are equivalent:
(i) K, converges to K in the sense of Mosco.

(i) L2((0,T), K,) converges to L*((0,T), K) in the sense of Mosco.
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(iii) W((0,T),V, V') N L?((0,T), K,,) converges to W((0,T),V,V')n L2((0,T), K) in

the sense of Mosco.

Before proving the equivalence of Mosco convergences in Theorem 1.3.1, we require

some technical lemmas.

Lemma 1.3.2. For a bounded open interval (a,b) C R, let u € L*((a,b),K). If ¢ €
2((a,b)) such that ¢ >0 and f; o(t) dt =1, then f:u(t)¢(t) dt € K.

Proof. Since K is closed and convex, we have fabu(t)¢(t) dt € conv{u(t) | t € (a,b)} C
K for all u € L?((a,b), K). O

Lemma 1.3.3. Let I = (a,b) be a bounded open interval in R. If u € L*(I,V) and
J;u®)o(t) dt € K for all ¢ € D(I) with ¢ > 0 and [, $(t) dt =1, then u € L*(J, K)
forall J = (c,d) CC I.

Proof. Let n € Z(R) be the standard mollifier. For e > 0, we define n.(t) = %n(g) SO
that n. € 2(R) with [, n.(t) dt = 1 and supp(n.) C (—¢,¢). Consider the mollified
function wu. := 1. * u. For a.e. t € I, we have

t+e
ﬂ' ne(t — 8)[u(s) — u(t)] ds

—&

|WAU—U@WV:’
)

<[ () ) —uol ds

€ —€

1 t+e
<C- [u(s) —u(®)]lv ds.

€ Jt—e

By Lebesgue’s differentiation theorem for vector valued functions (Theorem I11.12.8 of
[11]), ue(t) — u(t) in V a.e. t € I. By the definition of u,

wt) = [ nle=s)uts) ds = [ u)o.() ds.

1

where we set ¢.(s) := n.(t —s). Let J CC I. For t € J, we can choose ¢ sufficiently
small so that supp(¢.) C (t—e,t+e) C I. It follows from the assumption that u.(t) € K
for all ¢ € J. Since K is a closed subset of V, the limit point u(t) € K a.e. t € J.
Hence, u belongs to L?(.J, K) as required. O

Lemma 1.3.4. The set C([0,T], K) is dense in L*((0,T), K).

Proof. Note first that the lemma is trivial if K is a subspace of V (i.e. K is a Ba-
nach space) [21, Theorem 23.2 (c)]. Let u € L?((0,T), K) be arbitrary. We choose
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a function ¢ € 2((0,T)) with fOT ¢(t) dt = 1. It follows from Lemma 1.3.2 that
&= fOT u(t)p(t) dt € K. Define the extended function @ € L*((—1,T + 1), K) by

€ on (—1,0)U(T,T+1)
u(t) on (0,7).

By a mollification argument, the function wu. := 7. * @ belongs to C(R, V). Moreover,
ue converges to 4 in L2((—1,T + 1),V). By choosing 0 < ¢ < 1, we have u.(t) € K
for all t € [0,T]. Therefore, the restriction of u. to [0,77] belongs to C(]0,7T], K) and
converges to u in L2((0,T),V) as € — 0. O

Lemma 1.3.5. The set C*([0,T],V) N C([0,T],K) is dense in W((0,T),V,V') N
L*((0,T), K).

Proof. Let u € W((0,T),V,V') N L?((0,T), K) be arbitrary. For 6 > 0, we define the
stretching map Ss : [0,7] — [-9,T + 4] by

Ss(t) = (T ;25)15 _s.
We define us € W((—6, T+0), V, V/)NL%((—6, T+0), K) by us := uoS; '. It can be easily
seen from the dominated convergence theorem and a chain rule that the restriction of ug
to (0,7) converges to v in W((0,T"),V, V') as § — 0. Let 7. be a mollifier. For ¢ € [0, 7]
and € < J, the translation of n. by t (denoted by 7. ;) belongs to Z((—6,T+6)). Hence,
if € < §, then 7. * us belongs to C*°([0,T1,V) N C([0,T], K). Moreover, a mollification
argument shows that 7. x us converges to ug in W((0,7),V,V') as ¢ — 0. The result
then follows. O

(1.12)

Proposition 1.3.6. Suppose that the Mosco condition (M1) is satisfied. For 6 > 0, let
Asp = {2111 oi(t)vi,m € N}, where

v; € Ky, i € C°([=0, T +6]) foralli=1,...,m,

0<¢i(t) <1 forallte|-6,T+46] and for alli=1,...,m, (1.13)

S 6it)=1 forallte[-5T +0l.
=1

If us € C([=9,T + 9], K), then there exists a sequence of functions us,, € Asp such that
usn(t) = us(t) in V uniformly on [—0,T + 6] as n — oo.
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Proof. Let us be a function in C([—9,T + 6], K). We extend u; to 45 € C(R, K) by

ug(—0) on (—oo, —0)
Us(t) == us(t) on [—6,T + ¢]
us(T+9)  on (T +6,00).

Let £ > 0 be fixed. We denote by B(t) := By (us(t),e/2) the open ball in V' about ()
of radius /2. Let us construct an open covering & of (=6 — 1,7+ + 1) by

0 ={ig (B(t)N (=6 — L, T+ 6+ 1) }be(—s7+4-

Since ¢ is also an open covering of the compact set [—0,T + ], there exists a finite
subcovering
O = {ua; (B(t:)) N (=6 = 1L,T+ 0+ 1)}ict,.ms

where t; € [=6,T 4 0] for all @ = 1,...,m. We can assume that t; < to < ... < tp,
and t; = —0, ty, = T + ¢ (add them if required) so that 0 is an open covering of
[-0—1/2,T+0+1/2]. Foreachi € {1,...,m}, we have us(t;) € K. Thus, by the Mosco
condition (M1), there exist v; , € K, and N; € N such that ||v; , —us(t;)||v < e/2ifn >
Njforeachi=1,...,m. Let N := max;—1,._m N;. It follows that ||v;, —us(t;)||v < &/2
if n> N forallie{l,...,m}.

Choose a smooth partition of unity {¢; }i=1,.m for [-0—1/2,T+0+1/2] subordinate
to @. More precisely, we choose ¢; such that ¢; € Co (i {(B(t:))N (=6 — 1, T+ +1))
and Y ", ¢i(t) = 1 for all t € [0 —1/2,T + 6 + 1/2]. Define a function wus, on
(=0—-1,T+6+1) by

usn(t) ==Y 6i(t)vin.
=1

It is clear that the restriction of us,, to [=0,T + d] belongs to As,, if n > N. Moreover,
for t € [-0,T + 0],

s (8) = us(®)llv < D di()llvin — us(®) v
i=1

<D bl vin —us(t)lv + Y di(®)llus(ts) = us(t)llv
i=1

i=1
<e/2+¢e/2=c¢,

if n > N. Note that m and N chosen above depend on €. As the above argument holds

for each fixed e, we conclude that for every e > 0, there exist a sequence us, € Asy,
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and N(e) € N such that

[u§(t) = us(@)|lv <,

for all t € [-0,T 4 6] if n > N (e).
In particular, for every k € N we can find a sequence ulgm € A and Ni € N such
that
() — us(O)lv < . (114)

for all t € [0, T+6] if n > Nj. By choosing inductively we can assume that Ny < Ngyq

for all £ € N. We extract a sequence of the form

1 1 1 1 2 2 3 3
U6’17u5727 “e . 7u67(N1+1)7. . .,u5’N2,u57(N2+1), .. ,ua’NB,U57(N3+1)’ o .. 7U§7N47. ..

so that the n-th element of this sequence belongs to As,, for all n € N. Moreover, by
(1.14), we see that this sequence converges to us uniformly with respect to ¢t € [—9, T+ ]

as n — oo. This proves the statement of the proposition. ]
We are now in a position to prove our main result.

Proof of Theorem 1.3.1. The proof is divided into four parts including (i) = (i), (i7) =
(1), (i) = (i) and (ii1) = (7). For (i) = (i1), we actually show that (M1) = (M1)
and (M2) = (M2'). The other three directions are proved in a similar way.

(i) = (ii): Let u € L?((0,T), K) be arbitrary. By the density of C([0,7], K) in
L?((0,7),K) (Lemma 1.3.4), we may assume that u € C([0,T], K). We apply Propo-
sition 1.3.6 with § = 0 to obtain a sequence of functions u,, € L?((0,T), K,,) such that
un(t) — u(t) in V' uniformly on [0,7]. The uniform convergence on [0,T] implies that
u, — win L2((0,T),V), showing (M1"). To verify condition (M2'), suppose (ny) is a
sequence of indices converging to co, (ux) is a sequence such that ug € L((0,T), Ky, )

for every k and ux — u in L%((0,T),V). By the definition of weak convergence,

T T
| wa) - [, u@) (1.15)
0 0

for all w € L%((0,T),V’). By taking w of the form w = £@(t) where & € V' and
¢ € 2((0,T)) in (1.15) and applying a basic property of Bochner-Lebesgue space [31,
Proposition 23.9(a)], it follows that

T T
/ wp(H)6(#) dt — / w(t)o(t) dt (1.16)
0 0
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in V weakly for all gb € 2((0,7)). Let ¢po € 2((0,T)) with fo ¢o(t) dt =1 and define
fo ug(t ) dt. Lemma 1.3.2 implies that (; € K, for all & € N. Since
- C = fo ) dt by (1.16), the Mosco condition (M2) implies that ¢ € K. We
now extend uy to 4y € LQ((—I,T +1), Ky,) by
Cx on (—1,0)U(T,T+1
Ug(t) := ( ) Ul ) (1.17)
ug(t) on (0,7).
It can be easily seen that @, — @ in L?((—1,T + 1), V) weakly, where @ is defined as
(1.17) with k deleted. Using the definition of weak convergence in L2((—1,T + 1), V)

and a similar argument as above, we obtain

T+1 T+1
/ i (D)6(1) dt — / at
—1 —1

in V weakly for all ¢ € Z((—1,7 + 1)). In particular, taking ¢ € 2((—1,7 + 1)) with

T+1 o(t) dt = 1, we have that [~ ™y k(t)o(t) dt € K, converges to T;rl u(t)p(t) dt
in V weakly. Thus, the Mosco condition (M2) implies [~ T (t)o(t) dt € K for all
¢ € 2((—1,T + 1)) with fT+1 ) dt = 1. By Lemma 1.3.3, we conclude that u €
L?((0,T),K) and the Mosco condltlon (M2") follows.

(ii) = (i): Let u € K be arbitrary. Define v € L?((0,T), K) by the constant
function v(t) := u for t € (0,7). By condition (M1’), there exists (vp)nen with v, €
L*((0,T), Ky) such that v, — v in L2((0,T), V). Let ¢o € 2((0,T)) with [ ¢o(t) dt =
1. We show that the sequence (uy, )nen defined by u,, := fo v (t)Po(t) dt gives the Mosco
condition (M1). First note that u,, € K, for all n € N by Lemma 1.3.2. Moreover,

o=t = | o -,
= || [ o)~ vrso ],
T
< [ 16o®lln( = ool a
<VI( [ o)~ @l ) ol
— 0,

as n — 0o. To verify condition (M2), suppose (ng) is a sequence of indices converging
to oo, (ug) is a sequence such that u, € K,, for every k and vy — w in V. Define

vr, € L2((0,T), K, ) by the constant function vg(t) := uy, for t € (0,T). It can be easily
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verified that v, — v in L2((0,7T),V), where v is the constant function v(t) := u for
t € (0,7). It follows from the Mosco condition (M?2') that v € L?((0,T), K). Hence, u
belongs to K as required.

(i) = (iii): Let u € W((0,T),V,V') N L%((0,T), K) be arbitrary. By Lemma 1.3.5,
we may assume that u € C*>°([0,T],V)NC([0,T], K). For 6 > 0, we define the stretched
function us € C=([~3,T + 4], V) N C([—6,T + 0], K) by us = uo S5 ', where Sj is the
stretching map given by (1.12). As before, it can be easily seen from the dominated
convergence theorem that the restriction of us to [0, T] converges to u in W((0,7),V, V")
as 6 — 0. By Proposition 1.3.6, there exists a sequence of functions us,, € As,y such that
usn(t) — us(t) uniformly on [—6, T+ 6] as n — oo. Let 1y /; be a mollifier. For ¢ € [0, T]
and j > 1/0, the translation of ;,; by ¢ (denoted by 7;/;,) belongs to Z((—9,T + ¢)).
Hence, if j > 1/§, we have n; /; * us,, € C*°([0,7],V)NC([0,T], Ky). By the continuity
of convolution and the well known fact on the r-th order derivative that

d" d" d"

%(771/3' * Ué,n) = @771/]‘ *Usn = T/j* %ué,m
we deduce that 7,/; * us, — n1/; * us in C°([0,7],V) as n — oo. Similarly, we
have 7/; * us — us in C*°([0,T],V) as j — oo. The above argument shows that
we can construct a function of the form 7y /; * us, € W((0,T),V, V') N L*((0,T), K,,)
converging to u in W((0,7),V,V’). Hence, the Mosco condition (M1”) follows. To
verify condition (M2"), suppose (ny) is a sequence of indices converging to oo, (uy)
is a sequence such that u, € W((0,7),V,V’) N L?((0,T), K,,) for every k, u — u
in L?((0,7),V) and u), — w in L*((0,7),V’). Since V is continuously embedded in
V', it follows immediately that ' = w and hence we have u € W((0,T),V,V’) (see
[31, Proposition 23.19]). Using (i) = (i), specifically the Mosco condition (M?2'), we
conclude that w € W((0,T),V,V') N L%((0,T), K).

(iii) = (i): Let u € K be arbitrary. Define v € W((0,T),V,V’) N L%((0,T), K) by
the constant function v(t) := u for ¢ € (0,7). By condition (M1"), there exists (v, )nen
with v, € W((0,T),V,V’)n L?((0,T), K,) such that v, — v in W((0,T),V,V’). In
particular, v, converges to v in L2((0,T), V) strongly. By the same argument as in the
proof of (ii) = (i), we can show that u, := fOT vn(t)po(t) dt, for some ¢pg € 2((0,T))
with fOT ¢o(t) dt = 1 establishes the Mosco condition (M1). To verify condition (M2),
suppose (ng) is a sequence of indices converging to oo, (ug) is a sequence such that
ug € Ky, for every k and uy — u in V. Define vy, € W((0,T),V,V') N L*((0,T), Ky, )
by the constant function v (t) := wuy for ¢t € (0,7"). By the same argument as in the
proof of (ii) = (i), we have v, — v in L%((0,T),V), where v(t) := u for t € (0,T).
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Moreover, it is clear that vj, = 0 for all k¥ € N and hence v}, — ¢’ = 0 in L2((0,T), V).
We apply (M2") to deduce that v € W((0,7),V, V') N L?((0,T), K). Hence, we have
uec K. O

1.4 Convergence of solutions of initial value problems

In this section, we give an application of the main theorem in Section 1.3. We consider
a non-autonomous linear parabolic equation subject to Dirichlet or Neumann boundary

conditions under domain perturbation.

Assumption 1.4.1. We assume that €, and Q are bounded open sets in RY and that
D c RY is a ball such that ©,,Q C D for all n € N.

Suppose a;j, a;, b; and ¢y are functions in L*(Dx (0,T’)) and a;; satisfies an ellipticity
condition. More precisely, there exists @ > 0 such that a;j(z,t)&& > al¢|? for all

¢ € RN. We consider the evolution triple V;, <i> H, <i> V!, where we choose
e V, = H}(Q,) and H,, = L*(Q,) for the Dirichlet problem
o V,=HYQ,) and H, = L*(Q,) for the Neumann problem.

For t € (0,T), suppose a,(t;-,-) is a bilinear form on V,, defined by
an(t;u,v) == / lagj(x,t)0ju + a;(x, t)u]Ojv + bi(x, t)0juv + co(z, t)uv de.  (1.18)
Qn

It follows that for all n € N, there exist three constants M > 0,a > 0 and A € R
independent of ¢ € [0, 7] such that

|an(t;u, v)| < Mullv, [|v]lv,, (1.19)

for all u,v € V,, and
an (t;u,u) + A, > allullf,, (1.20)

for all u € V,,. Given ug,, € L?(D) and f,, € L?(D x (0,T)), let us consider the following
boundary value problem in €,, x (0,7).

(2;; + An(t)u = fo(z,t) in , x (0,7

B (t)u =0 on 8, x (0,7 (1.21)

u(-,0) = uon in Q,,
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where A, and B,, are operators on V,, given by
Ap(t)u := —05[a;j(x, t)0ju + a;(z, t)u] + bi(x, t)iu + co(x, t)u (1.22)
and B, is one of the following

B, (t)u :=u Dirichlet boundary condition (1.23)
B (t)u = [aij(x,t)05u + a;(z, t)u] v; Neumann boundary condition.
We wish to show that a sequence of solutions of the above parabolic equations on

Q,, x (0,T) converges to the solution of the following limit problem

881; + A(t)u = f(z,1) in Q x (0,7
B(t)u=0 on 99 x (0,7 (1.24)
U(', 0) = ug in Q.

However, we will consider the boundary value problems (1.21) and (1.24) in the abstract
form. As discussed in Section 1.1, we can write (1.21) as
W)+ A,(Du = f.(t) forte (0,T
() + An(t)u = fu(t) (0, 7] (1.25)
u(0) = ug p,
where A, (t) € £(V,,,V,) is the operator induced by the bilinear form a,(¢;,-,-). Simi-
larly, we write (1.24) as

u'(t) + At)u = f(t) forte (0,7

o (1.26)
U = ug.

Throughout this section, we denote the weak solution of (1.25) by u, and the weak
solution of (1.26) by wu.

1.4.1 Dirichlet problems

The convergence of solutions of Dirichlet problems under domain perturbation has been
extensively studied in the literature. In particular, Daners [35] provides convergence
results for solutions of non-autonomous parabolic equations under domain perturbation.
In [35], it is assumed that a sequence of domains 2, converges to 2 in the following
sense:

There exists a compact set K C  of capacity zero and a compact set K’ C RV of

measure zero such that
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o if O cC Q\K, then Q' CcC Q, for large n € N,
e if U is an open set with QU K’ C U, then €,, C U for large n € N.

A weak regularity assumption on the limit domain €2 is also imposed as follows:
u € H'(RY) and suppu C Q imply u € HL ().

In this section, we prove the convergence of solutions under domain perturbation
using a technique adapted from [35]. However, we replace the notion of convergence
of the domains mentioned above by Mosco convergence. In fact, it is not difficult to
see that the assumptions on domains in [35] implies Mosco convergence of HE () to
H& (©2). We explain a precise concept of Mosco convergence for these Sobolev spaces
below.

When the domain is perturbed, the weak solutions belong to different function
spaces. We often extend functions by zero outside the domain. We embed the spaces
H} () into H(D) by the inclusion map

v on €,
in(v) := (1.27)
0 on D\Q,,
for all v € H}(2,). The map i, also maps LP(€2,) into LP(D). We may consider the
embedding L?((0,T), H}(2,)) < L*((0,T), H(D)) by a similar inclusion i, for a.e.
t € (0,7). In the same way, we consider H}(Q) and L?((0,T), H3(€2)) as subspaces of
HY(D) and L%((0,T), H'(D)), respectively by the trivial extension
=1 " (1.28)
0 on D\,
for all v € HZ(92). On the other hand, we have the restriction map r, : LP(D) — LP(Q,,)
defined by
rn(v) = vlq,. (1.29)

We denote again by r, the restriction map L?((0,7),LP(D)) — L2((0,T), LP(Qy)).

Similarly, we define the restriction map
r(v) = vlg (1.30)

when considered as a map LP(D) — LP(Q) or L?((0,T), LP(D)) — L?((0,T), LP()).
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Remark 1.4.2. 1t is clear that rpiy(v) = v for all v € LP(£,). However, i,r,(v) # v
for most v € LP(D) (v such that v|p\o,) # 0). A similar conclusion is valid for the

inclusion ¢ and the restriction r.

Let us take V := HY(D), K, := H}(Q,) and K := H}(f), and consider Mosco
convergence of K, to K. In this case, K,, and K are closed and convex subsets of V in
the sense of the above embedding. In fact, K,, and K are actually closed subspaces of
V.

The main application of Theorem 1.3.1 is to show that the weak solution w,, of (1.25)

converges to the weak solution u of (1.26) by applying various Mosco conditions.

Theorem 1.4.3. Suppose that iy, f, is uniformly bounded in L?*((0,T),L?(D)) and
inlon is uniformly bounded in L*(D). Assume that ri,f, — f in L?((0,T),L*(Q))
weakly and Tipug, — uo in L2(Q) weakly. If HE(Qy) converges to HY(Y) in the sense
of Mosco, then inu, converges to iu in L2((0,T), HY(D)) weakly.

Proof. Since iy, f, is uniformly bounded in L?((0,T), L*(D)) and inuq,, is uniformly
bounded in L*(D), it follows from (1.7) that |un|lw (o 7,v, v;) is uniformly bounded.
Hence i,uy, is uniformly bounded in L2((0,7), H'(D)). We can extract a subsequence
(denoted again by wu,) such that i u, — w in L?((0,T), H(D)) weakly. The Mosco
condition (M2') (from Theorem 1.3.1) implies that w € L%((0,T), Hi(Q2)). It remains
to show that w = u in L2((0,7T), H}(Q)).

Let £ € HY(Q) and ¢ € 2([0,T)) be arbitrary. The Mosco condition (M1) implies
that there exists &, € H&(Qn) such that i,&, — i€ in H'(D). As u,, is the weak solution
of (1.25), we get from (1.6) that

T

T
- / (un (B)|Ea) (1) dt + / it n (), £0)6(8) dt
0 0 (1.31)

T
= (UO,n
0

£)00)+ [ {a(0). €0)o(0) .
Now
(inton)linén) L2(Dy = (Tinton|Tinén) L2(0) + (intonlinén) L2(D\0)-

Since i,&, — i€ in L?(D), we have ri,&, — ri¢ = ¢ in L?*(Q) and inénl(D\) — 0 in
L?*(D\Q). Applying the dominated convergence theorem in the second term above and
using the weak convergence of initial condition 7i,ug, in the first term above, we see
that

(w0.nlén) L2(0n) = (w0l€) L2(02)- (1.32)
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By letting n — oo in (1.31), we get

T T
- / (w(D|€)' (1) di + / alts w(t), ©)(t) dt
0 0 (1.33)

T
— (uol€)6(0) + / (). 0(t) dt.

Hence, w is a weak solution of (1.26). By the uniqueness of solution, we conclude that

w=wuin L*((0,T), H}(2)) and the whole sequence converges weakly. O

In fact, we can expect a better convergence result by using the following compactness

from [35].

Lemma 1.4.4 ([35, Lemma 2.1]). Let D be a ball in RY. Suppose that Q, C D
for all n € N and J is a bounded interval. If {vy}nen is a sequence with v, €
W (J, H} (), H1(Qy,)) for each n € N and

”Un||W(J,H5(Qn)7H—1(Qn)) <M

for some constant M > 0, then {i,v, tnen is relatively compact in L?(J, L4(D)) for all
q€[1,2N(N —2)71).

Theorem 1.4.5. Suppose that the hypothesis of Theorem 1.4.3 holds. Then inu, — iu
in L?((0,T), L*(D)) strongly.

Proof. By Lemma 1.4.4, we can extract a subsequence u,, such that i, u,, — v in
L?((0,T), L*(D)) strongly. Since we know from Theorem 1.4.3 that the whole sequence
inuy, converges to du in L?((0,T), H'(D)) weakly, we conclude that v = iu and the

whole sequence converges in L2((0,T), L?(D)) strongly. O

Lemma 1.4.6. Suppose that the hypothesis of Theorem 1.4.3 holds. Then for each
t € [0,T), we have ripuy,(t) — u(t) in L?(£2).

Proof. Since iy, f,, is uniformly bounded in L2((0,T), L*(D)) and inuo, is uniformly
bounded in L?(D), we have from (1.8) that

SuUp max ||2,Un (T <M,
nEII\)ItE[O,T] [[in1un( )HL2(D) <

for some M > 0. Hence, for a subsequence denoted again by wu,(t), there exists w €
L%(Q) such that 7i,u,(t) — w in L3(Q). Let £ € H(Q) and ¢ € 2((0,]) be arbitrary.
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The Mosco condition (M1) implies that there exists &, € H () such that i,&, — i€
in H'(D). As u, is the weak solution of (1.25), we have

t

- / (tn()€0)6(5) ds + / (5310 (5), £0)6(s) dis
0 0

t
0

= (un(B)[En)(1) + / (), En)b(5) ds.

We get in the same way as in (1.32) that

(inun(D)]inén) 2Dy = (Fintn(D)[1inén) 2(0) + (intn(t)]inén) L2(p\0) = (WIE) L2(0)

as n — oo. Hence,

- [ w199y ds+ [ atsus). () ds
0 0 (1.34)

— (w|)o(t) + /0 (f(s), £)6(s) ds,

as n — 00. As u is the weak solution of (1.26), a similar equation holds with (w|£)72(q)
replaced by (u(t)|€)r2(q). Therefore, (w|€)r2q) = (u(t)|§)r2(q) for all £ € H(Q). By
the density of H}(Q) in L?(2), we deduce that w = wu(t). Hence, for subsequences,
Pintn(t) — u(t) in L2(Q). By the uniqueness of solutions, the whole sequence 7,1, (t)

converges to u(t) in L?(£2) weakly. O
Next we show the strong convergence of solutions in L2((0,T), H'(D)).

Theorem 1.4.7. Suppose that the hypothesis of Theorem 1.4.3 holds. Then for any
§ € (0,T), the solution inu, converges to iu in L?((6,T), H (D)) strongly. In addition,

if into.n — iug in L*(D) strongly, then the above assertion holds for § = 0.

Proof. Recall that we have the weak convergence inu, — iu in L?((0,7), H'(D)) from
Theorem 1.4.3 and the strong convergence i,u, — iuin L*((0,T), L?(D)) from Theorem
1.4.5. Hence, we can extract a subsequence (denoted again by w,) so that i,u,(t,-)
converges in L?(D) for almost every ¢ € (0,T). Choosing § € (0,7T] arbitrarily close
to zero such that i,u,(8) — iu(8) in L?(D) strongly. By the Mosco condition (M1')
(from Theorem 1.3.1), we can find w,, € L?((0,T), Hi(Qy)) such that inw, — iu in
L?((0,T), HY(D)). For t € (4,T), we consider

L . " .
dn(t) = §||znun(t) - ZU(t)H%Q(D) + oz/(S llinun(s) — ann(s)H?{l(D)ds. (1.35)
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By (1.20) (with A = 0), we have
1. 5 ¢
dn(t) < §Hlnun(t)HL2(D) + s an(s;un(s), un(s)) ds
1,. ) t
+ ol oy + [ anlsiwn(s),un(s)) ds
J (1.36)

— (inun(t)]iu(t))Lz(D) — /6 an (85 un(s), wn(s)) ds
—/ an(s;wn(s), un(s)) ds,
1

for all n € N. It can be easily seen from the weak convergence of i,u, and the strong

convergence of i,wy, to iu in L2((0,T), HY(D)) that

n—oo

lim {/; an (85 un(s), wn(s)) ds + /; an(8;wn(s), un(s)) ds}

t (1.37)
= 2/ a(s;u(s),u(s)) ds,
é
and . .
li_)m an(8; W (s), wnp(s)) ds = / a(s;u(s),u(s)) ds. (1.38)
Also, by Lemma 1.4.6, we have
Tim (it () iu(t)) 2oy = T (rinwn (O(®) 20y = NGy (1:39)

Finally, as u,, is the weak solution of (1.25) it satisfies

1 t
SO0,y + [ oulsiun().un(s) ds

= 5l + [ (o) unls) ds.

Using that i,u,(5) — iu(d) in L%(D) strongly, ri,f, — f in L2((0,T), L*(Q)) weakly

and the strong convergence of solution 4,u, — iu in L2((0,T), L?(D)), we get

n—oo

. 1 ¢
i, [3l00 () Ea,) & [ u(st00(5), 0 (5) s

= SIu@Baq + [ (7). ul) ds (1.40)

Hence, it follows from (1.36) — (1.40) that d,(t) — 0 for all ¢t € [§,T]. As § > 0 was

arbitrarily chosen, this implies pointwise convergence i,uy,(t) — iu(t) in L*(D) for all
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t € (0,T]. Moreover, by taking t = T we get

T
A|mw@wwww%wnw
T 2 T 2
sA\mw@—uw@mﬂmw+Arm%@—w@mwww

— 0,

as n — 0o. This proves the strong convergence i,u, — iu in L*((5,T), H(D)) for all
0 € (0,7
If i,up,n — tup in L?(D) strongly, we repeat the above arguments with § = 0. It is

trivial that all arguments remain valid. Hence, the statement of the theorem follows. [J

In the next theorem, we prove convergence of solutions in a stronger norm. We show
that Mosco convergence is sufficient for uniform convergence of solutions in L?(D) with
respect to t € [0,7]. We require the following result on Mosco convergence of H3 ()
to HY(Q) [37, Proposition 6.3].

Lemma 1.4.8. The following statements are equivalent.

1. Mosco condition (M1): for everyw € H}(RQ), there exists a sequence wy, € HE(Q,)
such that inw, — iw in HY(D).

2. cap(KNQE) — 0 as n — oo for all compact set K C §Q.

Theorem 1.4.9. Suppose that the hypothesis of Theorem 1.4.3 holds. Then for any
§ € (0,T), the solution i,u, converges to iu in C([5,T], L*(D)) strongly. In addition, if

inUo,n — 1Ug 1N LQ(D) strongly, then the above assertion holds for 6 = 0.

Proof. Let w, be a sequence chosen as in the proof of Theorem 1.4.7. We notice from

the proof of Theorem 1.4.7 that
t
| Wit (s) = it (9 s 0
uniformly with respect to ¢ € [, T]. Indeed, by (1.35), we have
t
| Winten(s) = b0, 3) sy s < 071, (),

for all n € N and for all t € [§,T]. Moreover, it is clear that (1.37), (1.38) and (1.40)

hold uniformly on [4, T]. It remains to show uniform convergence of (1.39).
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Fix s € [0,T]. For € > 0 arbitrary, we choose a compact set K C € such that
lu(s)ll 2\x) < €/2. Since u € C([0,T], L?(£2)), there exists > 0 only depending on
e such that [|u(t) — u(s)||p2(q) < e/2 for all t € (s —n,s+n) N[5, T]. It follows that

[u®)llz2@\r) < llult) = ws)llr2@) + uls)ll2@k) < /2 +¢/2=¢, (1.41)

forall t € (s—mn,s+mn)N[,T]. We next choose a cut-off function ¢ € C5°(€2) such that
0<¢<1land ¢ =1on K. Since H} () converges to Hg () in the sense of Mosco,
we have from Lemma 1.4.8 that cap(supp(¢) N2 ) — 0. By the definition of capacity,
there exists a sequence &, € C°(€2) such that 0 < ¢, <1, &, =1 on a neighborhood of
supp(¢) N Qf, and [|§y ]| g1 ey < cap(supp(¢) N Q) + 1/n. Define ¢, := (1 —&,)¢. We
have that ¢, € C§°(Q,) and ¢, — ¢ in L?(D). Consider

(it () — du(t) iu(t)) 12|
< | Gntin(B)|énin(t)) g2y — (iu(t) giu(t)) 12|

(it (DI = $)i(®)) 12y — (ut)|(1 = $)iu(t)) 12| (1.42)
< [ (inten(B)l@niu(t)) 12y — (iu(t) giut)) 12(p)|

(it (t) — iu®)|(L = du)iu()) 2| + |(EuBl(S — Su)iult)) 12y

We prove that each term on the right of (1.42) is uniformly small for ¢t € (s —n,s +
n) N [0, T] if n is sufficiently large. For the first term, applying the integration by parts

formula (1.1) and the definition of weak solutions, we obtain
(inun(t)wniu(t))L?(D)
t

= <un<a>\¢nu<6>>mn>+/5 (un (), Pniu(s)) d8+/5 (u'(s), pninun(s)) ds
(1.43)

= (0t 0, + [l 0nin(s) ds = [ (5500, dnin(s) s
" /5 (F(5)s dintin(s)) ds — /5 a(5:u(S), drintin(5)) ds.

It can be easily verified using the dominated convergence theorem that ¢,iu — ¢iu in
L?((0,T), L*(D)). Moreover,

T
[ Wonintn(®) = 6i0(0)3 )
T T
= /5 [pniu(t) — diu(t)|[7zpy dt + /5 | bnintin(t) = dniu(t)|[72(py dt

T T
< [ Nint) = dint) oy dt+ 1ule [ i) = iut) oy
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Hence, ¢pinu, — ¢iu in L?((0,T), L*(D)). Taking into consideration that i,u,(§) —
iu(0) in L2(D) and 7iy, f, — f in L?((0,T), L?(2)), we conclude form (1.43) that
(it (O wit(t)) 12 — (i0(8) $iu(t)) 2 (1.44)

uniformly with respect to ¢ € [§,T]. For the last term on the right of (1.42), applying

a similar argument as above, we write

t
(tu(®)|@niu(t)) 2(p) = (w(6)|dnu(d))L2(0) +2/5 (u'(s), pnt(s)) ds.
We conclude that
(tu(t)|pniu(t)) 2(p) — (1u(t)|diu(t)) r2(p) (1.45)
uniformly with respect to ¢ € [§,T]. Finally, for the second term on the right of (1.42),
we notice that 0 <1 —¢, <lonQand 1 —¢, =1— (1 —&,)p =&, on K. Moreover,
by the uniform boundedness of 7,ug, in L? (D) and the uniform boundedness of i, f,
in L2((0,T), L?(D)), we see from (1.8) that there exists a constant My > 0 such that
lintn 2oy, il 2y < Mo, (1.46)
for all t € [0,T]. Hence, by the Cauchy-Schwarz inequality and (1.41),

[ inttn () = 7u(8)| (1 = Sn)iu()) L2(p)| < llintun (t) = ()| 20y |1 = Sm)iu(®)] 2(p)
< 2My (16O 30y + Inu(®) 200 )

< 2Mo (= + [|€nu®)ll2(x)) -
(1.47)

for all t € (s — 1,5 +n) N[5, T] and for all n € N. Since &, — 0 in L?(D), a standard
argument using the dominated convergence theorem implies that &,u(s) — 0 in L2(Q).
Hence, there exists Ns. € N such that [[,u(s)||2(q) < €/2 for all n > N; .. Therefore,
1€nu() | L2(x) < [[€nuls)llL2(x) + [€nult) = Enuls)ll2(x)

< [1€nuls)l L2y + [Jut) = uls)l 2k

<e/2+¢/2=F¢,
for all t € (s —n,s +n) N[, T] and for all n > Ny .. It follows from (1.47) that

|(intin () — iu(t)|(1 — ¢n)iu(t) 2(py| < 2Mo(e +€) = 4Moe, (1.48)

forallt € (s—n,s+n)N[0,T] and for all n > N, .. Therefore, by (1.42), (1.44), (1.45),

and (1.48), we conclude that there exist N, s, € N and a positive constant C' such that

[(inun(t) — u()liut)) 12| < Ce,
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for all t € (s — 1,5 +1) N[5, T] and for all n > N .

Finally, as [§,T] is a compact interval and 1 only depends on e, it follows that
(inun(t)|iu(t))r2py — (iu(t)|iu(t))r2(py uniformly with respect to ¢t € [6,7]. This
proves the convergence i,u, — iu in C([§,T], L*(D)) for all 6 € (0,T). If inug, — iug
in L?(D) strongly, we take § = 0 in the above arguments. The last assertion of the

theorem follows. O

It is known that the convergence of solution of elliptic equations subject to Dirichlet
boundary condition under domain perturbation can be obtained from Mosco conver-
gence of H}(Qy,) to HF(Q) [37]. Hence, we can use the same criterion on €, and
Q to conclude the convergence of solutions of parabolic equations. In particular, the
conditions on domains given in [37, Theorem 7.5] implies convergence of solutions of
non-autonomous parabolic equations (1.21) subject to Dirichlet boundary condition

under domain perturbation. For an open set U C RV, we define

\V4 2
0=y 1T
ueHy(U)uz0 ||u
and A1(0)) = co. As a consequence of [37, Theorem 7.5], we can state the following

corollary.

Corollary 1.4.10. Suppose that i, f, is uniformly bounded in L*((0,T), L*(D)) and
inUon is uniformly bounded in L*(D). Assume that ri,f, — f in L?((0,T),L*(Q))
weakly and ripug, — ug in L2(Q) weakly. If Q, and Q are open and bounded sets in

RN satisfying
1. cap(K N Q%) — 0 as n — oo for all compact set K C Q;

2. There exists an open covering O of RN\Q such that A\ (U N §Qy,) — 0o asn — oo
for ollU € O;

3. H3(Q) = HY(QUT), where

r=){UJ®no |,

neN \ k>n

then for any 6 € (0,T), the solution i,u, converges strongly to iu in L*((6,T), H' (D))
and in C([5,T), L3(D)). In addition, if inug, — iug in L*(D) strongly, then the above

assertion holds for 6 = 0.
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Examples of domains satisfying the above conditions include the following (see [37]

for details and further examples):

(i) a standard dumbbell-shaped domain with shrinking handle (possibly also with a

hole converging to zero in capacity) as shown in Figure 1.1;

(ii) a square with “fingers” attached in Figure 1.2. Here we increase the number of
fingers and reduce their width so that the Lebesgue measure of §2,, is preserved.

This means |$2,| /4 Q] as n — occ.

o000

Figure 1.1: Dumbbell-shaped domains with shrinking handle.

Figure 1.2: A square with fingers attached.

1.4.2 Neumann problems

It is more difficult to handle Neumann boundary condition than Dirichlet boundary
condition. Convergence results for Neumann problems often require a certain regularity
of the domains. For autonomous problems; it is proved in [10, Proposition 2.7] that
linear semigroups converge under the following assumptions on domains (referred to as

“admissible family of domains” in [10, Definition 2.5]):

e (), is bounded and Lipschitz for all n € N;
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e For every K CC ), there exists Nx € N such that K C 2, if n > Ng;

e Spectra of the corresponding elliptic operators behave continuously (one of the

conditions (i)—(iv) of [10, Proposition 2.3]).

Our main emphasis in this work is to study non-autonomous problems without any
smoothness of domains. We cannot simply consider the trivial extension by zero outside
the domain for functions in H'(2) as in the case of Dirichlet problems, because the
extended function does not belong to H'(R"). Also, there is no smooth extension from
H'Y(Q) to H'(D) as we do not impose any regularity of the domain. Furthermore,
the compactness result in [35, Lemma 2.1] cannot be applied in the case of Neumann
problems.

In order to study the limit of u,, € H'(£2,) when the domain is perturbed, we embed
the space H'(),,) into the following space

HY(Q,) — L*(D) x L*(D,R")
by
Up, > (I Un, iy, Vo),

where i, is the inclusion map defined in (1.27). Note that i, Vv, is not the gradient of
inVp in the sense of distribution, that is i, Vv, # V(invy,). By a similar embedding for

H'(Q), we can consider Mosco convergence of
Kpn = {(invn, inVvn) € L*(D) x L*(D,RY) | v, € H'(Qn)}
to
K :={(iv,iVv) € L}(D) x L*(D,R™) | v € H}(Q)}

in V := L*(D) x L?>(D,RY). In this case, K,, and K are closed subspaces of V. For
simplicity, we say H'(,) converges to H'(f) in the sense of Mosco for K, and K
chosen above.

When dealing with solutions of parabolic equations, we identify the space
L*((0,T),V) = L*((0,T), L*(D)) x L*((0,T), L*(D,R™))
via the isomorphism between them. Hence,

L2((0,T), Kp) = {(inwn, inVwy,) | w, € L*((0,T), H*(Q2,)}
c L2((0,T), L*(D)) x L*((0,T), L*(D,RY)),
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and
L*((0,T),K) = {(iw, iVw) | w € L*((0,T), H ()}

c L?((0,7), L*(D)) x L*((0,T), L*>(D,R™Y)).

We point out that the assumptions on domains in [10, Definition 2.5]) imply Mosco
convergence of H'(€,,) to H' ().

Lemma 1.4.11. Suppose that 2, and 2 satisfy the assumptions in [10, Definiton 2.5].
Then HY(Q,,) converges to H*() in the sense of Mosco.

Proof. We show that the Mosco conditions (M1) and (M2) are satisfied. Let v € H' ()
be arbitrary. Since € is Lipschitz, there exits an extension operator & : H'(Q) —
H'(RN). We extend v to a function &v in H'(RN). By restriction to ,, we have
Un = &0 € HY(Qy). Clearly, [linv, — ivl|g1gng,) = 0 for all n € N. The condition
[10, (1.4)] implies that there exists a non-increasing sequence p,, converging to zero such
that the set

K, :={z € Q:dist(z,00) > pn} C O,

for all n € N (see also [10, (2.1)]). As € is bounded, this yields |Q2\Q,| < [Q\K,| — 0
as n — oo. Hence,
linvn — vl L2\0,) T+ [lin Von — VOl 200y ,rY) = [0lHTQ\0,) — 0

as n — oo. Using that |,\K,| — 0 (condition (v) in [10, Proposition 2.3]), we easily
see that

[vnll i1 @a\e) = M &0l a1 @00) = 0
as n — oo. Therefore,
[tnvn — vl L2(0,0\0) + 10 Von — V0 L2\ &Y) = [[vnllH1@0\0)
—0

as n — oo. The above implies
Hinvn — iU”LQ(RN) -+ Hzann — ivv”LQ(RN’RN) —0

as n — oco. Hence, condition (A1) holds.
Next, suppose (ny) is a sequence of indices converging to oo, (vg) is a sequence such
that v, € HY(Qy, ) for every k and (in, Vg, in, Vop) — (v,w) in L2(RY) x L2(RY,RY)
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weakly. By condition (iv) in [10, Proposition 2.3], we can extract a subsequence so that

there exists ¢ € H'(2) such that lny,, Uk; = i¢ in L?(RN) as j — oo and
/ Vo, Vxdr — / VoVyde,
Dy, Q

as j — oo for all y € HY(RY). In fact, we can show by modifying the proof in [10] that

/ Vvkj¢dx—>/v¢d)dx,
Dy, Q

as j — oo for all ¥ € L?(RY ,RY). To see this, we replace y € H'(RY) by ¢ €
L*(RY RY) in the second part of (iii) = (iv) in [10, Proposition 2.3]. Since |Q\ K| and
12,\2| converge to zero (condition (iv) in [10, Proposition 2.3]), for any given n > 0,
we can find N € N sufficiently large so that ||1/1||L2((anj voN\Ky) < 7 for all j € N with
Nk, > N. Then

’/Qn .Vvkjwdx—/ﬂvmﬁdx’

<| [, (Vo= vowarl [ vl [ (ol

<| /K (o, — Vobda| + 2] (e g

= 2n[|Y]| Lo ®y YY),

as j — oo. As n > 0 was arbitrary, this means inkj Vg, — iVe in L2(RN RM).
Therefore, we conclude that (v, w) = (i¢,iV¢) and the whole sequence iy, vy, — v = i¢
in L2(RY) and i, Vv, — w = iV¢ in L2(RY,RY) as k — oco. This proves the Mosco
condition (M?2). O

As in the case of Dirichlet problems, we apply various Mosco conditions from The-
orem 1.3.1 to prove that the weak solution u,, of (1.25) converges to the weak solution
u of (1.26). We emphasis that we do not explicitly impose any regularity of the do-
mains and only assume the abstract Mosco convergence of H'(€2,) to H'(£2). However,
the Mosco convergence assumption requires some topological (and/or regularity) con-
ditions on domains. We shall discuss the conditions on domains after we establish the

convergence results for solutions.

Theorem 1.4.12. Suppose that iy f, is uniformly bounded in L*((0,T), L*(D)) and
inton is uniformly bounded in L?(D). Assume that ri,f, — f in L?((0,T), L*(Q))
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weakly and ripug, — ug in L2(Q) weakly. If H(Qy,) converges to HY(Y) in the sense
of Mosco, then the solution inu, converges to iu in L*((0,T), L?(D)) weakly and i, Vuy,
converges to iVu in L2((0,T), L*(D,RN)) weakly.

Proof. By a similar argument as in the proof of Theorem 1.4.3, we have the uniform
boundedness of (inty,,i,Vu,) in L2((0,T), L*(D)) x L*((0,T),L*(D,RY)). We can
extract a subsequence (denoted again by u,,), such that i,u, — w in L?((0,T), L?(D))
and i, Vu, — (vi,...,vy) in L2((0,T), L?(D,RY)). The Mosco condition (M2') (from
Theorem 1.3.1) implies that w € L?((0,T), H'(f2)).

To show that w = u, we let £ € HY(Q) and ¢ € 2([0,T)) and then use Mosco
convergence of H'(Q,) to H'(Q). In the same way as the proof of Theorem 1.4.3, we
get (1.33) holds for all ¢ € H(Q2) and all ¢ € 2([0,T)). Hence, by the uniqueness of

solution, w = u in L2((0,T), H*(2)) and the whole sequence converges weakly. O

Lemma 1.4.13. Suppose that the hypothesis of Theorem 1.4.12 holds. Then for each
t €10, 7], we have ripu,(t) — u(t) in L?(£).

Proof. We use the same argument as in the proof of Lemma 1.4.6 with Mosco conver-
gence of HE(Qy,) to H} () replaced by Mosco convegence of H(€,) to H(Q2) and the
fact that H'(€) is also dense in L2(Q). O

In the remainder, we impose the strong convergences of inhomogeneous terms and

initial data to obtain the strong convergence of solutions.

Theorem 1.4.14. Assume that i, f,, — if in L*((0,T), L*(D)) strongly and inug ., —
iug in L?(D) strongly. If H(Q),) converges to H*(Q) in the sense of Mosco, then the
solution inu, converges to iu in L*((0,T),L*(D)) strongly and iVu, converges to iVu

in L2((0,T), L*(D,RYN)) strongly.

Proof. The proof is similar to the one in Theorem 1.4.7. We show some details here for
the sake of completeness. By Theorem 1.4.12, (iyuy, inVuy,) converges to (iu,iVu) in
L2((0,T), L*(D)) x L*((0,T), L*(D,R?)) weakly. Since u € L2((0,T), H*(Q)), we can
find w, € L2((0,T), H'(Q,)) from the Mosco condition (M1’) in Theorem 1.3.1 such
that i,w, — iu in L2((0,T), L*(D)) and i, Vw, — iVu in L?((0,T), L?(D,RY)). For
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t € [0,T], we consider

1, .

nlt) = 3 intin(1) — (D) 32y + 0 / Jitn(5) = wa(5) 22, ds
—i-a/ | Vun(s) an(s)H%QQ gy ds (1.49)
lintun () — iu(®) 32y + / l1tn(5) — wn () s, -

By (1.20) (with A = 0), we can show that d,, satisfies (1.36) with § = 0 for all n €
N. It can be easily seen from the weak convergence of (ipun,i,Vu,) and the strong
convergence of (i,wy, 1, Vw,) to (iu,iVu) in L2((0,T), L3(D)) x L%((0,T), L*(D,RY))
that (1.37) and (1.38) also hold with § = 0. By using Lemma 1.4.13 instead of Lemma
1.4.6, we obtain (1.39). Finally, using that in,ug, — iug in L?(D) strongly, infn, —
if in L?((0,T),L?(D)) strongly and the weak convergence of solution inu, — iu in
L?((0,T), L*(D)), we get (1.40) with § = 0. Hence, d,(t) — 0 for all ¢ € [0,7]. This
shows pointwise convergence of i,u,(t) to su(t) in L?(D) for all t € [0,T]. Moreover,

by taking t =T we get

T
[ i) = ins)l g s
T T 5
< /0 [inun(s) — inwn(s HL2 ds +/ linwn(s) — Z.U(S)HL?(D) ds

— 0,

and

T
/o linVun(s) — iVU(S)”%Q(D,RN) ds

. T
< /0 |in Vitn (s) — invwn(S)H%Q(D’RN) ds +/0 |in Vwn(s) — iVU(S)||%2(D,RN) ds

— 0.

This proves the strong convergence i,u, — iu in L2((0,T), L?(D)) and i,Vu, — iVu
in L2((0,7T), L*(D,R")). O

Recall that we embed the space K = H'(Q) in V = L?(D) x L*(D,RY). If v is
a function in W ((0,T), H'(Q), H()"), then v € L?((0,T), H(Q)"). It is not always
true that we can embed v/(t) in V' = L?(D) x L*(D,RY) a.e. t € (0,T) and claim that
v € W((0,T),V,V')n L*((0,T), K). However, a similar argument as in the proof of
Theorem 1.3.1 (i) = (i4i) for the Mosco condition (M1") gives the following result.
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Lemma 1.4.15. Suppose that H'(2,,) converges to H'(2) in the sense of Mosco, If w €
C>=([0,T], H' (), then there exists w, € C>([0,T), H'(Q,)) such that i,w, converges
to iw in C*([0,T], L*(D)) strongly.

Proof. We note that Proposition 1.3.6 gives uniform convergence of the approximation
sequence in V = L?(D) x L*(D,RY). The proof follows from the same arguments
as in the proof of Theorem 1.3.1 (i) = (éi7). The only difference is that we assume
here w € C*([0,T], H'(Q)). Hence, the stretched function ws = w o S5 ' belongs
to C®°([-5,T + 6], H(£2)). We point out that, by using uniform continuity of the
k-th order derivative w®) on [0, 7], the restriction of ws to [0,T] converges to w in
C>([0,T], H'()). This gives the required convergence in C°°([0,T], L*(D)). O

Using the above lemma, we show in the next theorem that the solution w, of (1.25)

indeed converges uniformly with respect to ¢t € [0, 7.

Theorem 1.4.16. Suppose that the hypothesis of Theorem 1./.14 holds. Then the
solution inu, converges to iu in C([0,T], L*(D)) strongly.

Proof. As in the proof of Theorem 1.4.9, it requires to show the uniform convergence
of (intn (D)i1(1)) 2y — (i (D]iu(t)) 2.

Let € > 0 arbitrary. By a similar argument as in the proof Lemma 1.3.5, we have
the density of C*°([0, 7], H'(2)) in W((0,T), H(2), H*(Q2)"). Since the solution u is
in the space W((0,7), HY(Q), H'(Q)"), there exists w € C*°([0,T], H()) such that

lw — ullw o)1 (@)1 () <€
As W((0,T), HY(Q), H'(Q)") is continuously embedded in C([0,T], L*(Q2)), we can in-
deed choose w € C*([0, 7], H'(2)) such that
Jw(t) —u(®)l|z2) <&, (1.50)

for all t € [0,7]. By Lemma 1.4.15, there exists w, € C°°([0,T], H*(Q,)) such that
inwy, — iw in C([0,T], L*(D)). We can write

|(inun (t) — du(t)|iu(t) 20y | < |(intin ()linwn(t)) 2(p) — (u()|iw(t)) L2(p)]
+ | (inun (t) — iu(t) [iu(t) — iw(t)) p2(p)| (1.51)
+ ‘(znun(t)\zw(t) — inwn(t))Lz(D)

)
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for all n € N. Since u,, is the solution of (1.25),
(inun(tﬂinwn(t))L?(D) = (into,n|inwn (0 ))L2(D / (fn(8);wn(s)) ds
—i—/o (wy,(8), un(s)) ds —/0 an(8;un(s), wn(s))) ds,

for all n € N. Taking into consideration that i,up, — iug in L*(D), infn — if in
L2((0,T), L*(D)) and i,w!, — iw' in C([0,T], L?(D)), we conclude that
(intn (t)|inwn(t)) L2y = (iu(t)|iw(t)) 2(p) (1.52)

uniformly with respect to ¢ € [0,T]. Moreover, by (1.50) and the uniform boundedness

of solutions as in (1.46), we have

(inton(t) = iu(®) iu(t) = (1)) o |

< Nimtin(®) — D)l 2y l(t) — #0(8) 22 (1.53)
< 2Moge,

for all t € [0,7] and for all n € N. Finally, as i,w, — iw in C*([0,T], L*(D)), there
exists V. € N such that

linwn(t) = iw(®)|L2(p) <,

for all ¢ € [0, 7] and for all n > N.. Hence,

‘(inun(tﬂinwn(t) - iw(t))m(D)’ < linten (@) 220 e (£) = 0 (D)l 20y (1.54)

< M[)Ea
for all t € [0,7] and for all n > N.. Therefore, by (1.51) — (1.54), there exist N. € N

and a positive constant C such that
)(z‘nun(t) - z‘u(t)yw(t))Lz(D)) < Ce,

for all t € [0,T] and for all n > N.. As e > 0 was arbitrary, this proves the required
uniform convergence of (inun(t)[iu(t))r2py — (iu(t)|iu(t))r2(py with respect to t €
[0, 7. O

We can use the same criterion on €, and € for elliptic equations with Neumann
boundary condition to conclude the convergence of solutions of parabolic equations
subject to Neumann boundary condition under domain perturbation. In particular,
in two dimensional space, conditions on domains given in [21, Theorem 3.1] imply
the convergence of solutions of non-autonomous parabolic equations (1.21) subject to

Neumann boundary condition.
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Corollary 1.4.17. Assume that i fn, — if in L?((0,T), L?(D)) strongly and inug, —
iug in L*(D) strongly. Let Q, and Q be uniformly bounded open sets in R? such that Q,
converges in the Hausdorff complementary topology to Q and the number of connected
components of 2, and Q¢ are uniformly bounded. If the Lebesgue measure |y, — || as
n — 0o, then the solution inu, converges to iu in C([0,T], L*(D)) strongly and i,Vuy,
converges to iVu in L*((0,T), L*(D,R?)) strongly.

Examples of domains in R? satisfying the conditions of [21] include the following:

(i) a domain obtained by cutting a line segment and then rotating the segment about

a point as shown in Figure 1.3;

(ii) a square with fingers attached in Figure 1.2. In contrast to Dirichlet problems,

here we require the measure of fingers converges to zero.

Q, Q

Figure 1.3: Rotating a line segment inside a domain

Remark 1.4.18. The assumptions that i, f,, — if in L2((0,T), L?(D)) strongly and that
inUo,n — 1o i L?(D) strongly were imposed to overcome the lack of compactness result
similar to Lemma 1.4.4 for a sequence in W((0,7), H'(Q), H'(R2)"). In particular, this
assumption is required to obtain the convergence fg(fn(s), un(s))ds — fOT(f(s), u(s))ds
in the proof of Theorem 1.4.14. However, if we impose some regularity on the domains,
we could only assume weak convergences of the inhomogeneous terms and the initial
data to obtain the convergence of solutions in C([6, T|, L?(D)) for all § € (0, T] as stated
in Dirichlet problems.

We give an example of domains satisfying the cone condition (see [1, Section 4.3])

below. Clearly, the example below is excluded from [10] as the domains are not Lipschitz.
Ezample 1.4.19. Let N = 2 and let
Q:={zeR?:|z| <1}\{(21,0): 0 <z <1},
Q= {r eR?: |z| < 1\ {(21,0) : 6, < 1 < 1},
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where 6, N\, 0 (shown in Figure 1.4). This example is an exterior perturbation of the

Q, Q

Figure 1.4: Cutting into a unit disk.

domain, that is Q C Q,4+1 C Q, for all n € N. It is easy to see that {2 and €, satisfy
the cone condition uniformly with respect to n € N, but H*(Q) and H*($,) do not
have the extension property. Moreover, these domains satisfy the conditions in [21] (i.e.
conditions listed in Corollary 1.4.17). Hence, H'(Q,) converges to H'(Q) in the sense
of Mosco. Note that here we take D to be the open unit disk center at 0 in R2. In this
example, we only need that ri, f,, — f in L((0,T), L*()) and ri,ug, — uo in L*(Q)
to conclude the convergence of solutions i,u, — iu in C([5, T], L?(D)) for all § € (0, 7).
In addition, if i,ug, — iup in L?(D), then the assertion holds for § = 0.

To see this, we note from Lemma 1.4.13 that 7i,u, (t) — u(t) in L?(Q) weakly for all
t € [0,T). Since u € L2((0,T), H'(2)), we have u(t) € H*(Q) for almost everywhere ¢t €
(0,T). Fix now such ¢t € (0,7). By the continuity of solutions u, € C([0,T], L?(2,)),

for each n € N we can choose p, > 0 such that

[un(s) — un(®)ll L2, <

I

S

for all s € (t — pp,t + pn) N (0,T). As u, € L*((0,7), H'(2,)), we can choose t, €
(t — pn,t + pn) N (0,T) such that u,(t,) € H'(Q,) for all n € N. For these choices of
tn, we have |lu,(tn) — un(t)|l2(q,) — 0 as n — oc. It follows that ri,uy,(t,) — u(t) in
L?(9) weakly. Since Q C €, for all n € N, the restriction ru,(t,) belongs to H(§2) for

~—

all n € N. Hence, it follows from the weak convergence of rinuy(ty) = run(t,) — u(t)
in L?(2) that

/Qé?j(run(tn))dnix:—/glrun(tn)8j¢dx—>—/Qu(t)ﬁjaﬁdx:/ﬂaju(t)qﬁdx,

for all ¢ € C(Q) for j = 1,2. This means Vru,(t,) — Vu(t) in L*(Q,R?). Thus,
Ty (t,) is bounded in H'(Q). As Q is bounded and satisfies the cone condition, we have

from the Rellich-Kondrachov theorem that the embedding H*()) < L?(f2) is compact
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(see [1, Theorem 6.2]). Therefore, ru,(t,) has a subsequence which converges in L%(Q)
strongly. Since we have a prior knowledge of weak convergence ruy,(t,) — u(t) in L2(Q),
we conclude that the whole sequence 7uy,(t,) — u(t) in L?(Q) strongly. By the choices
of t,, we conclude that ru,(t) — u(t) in L?(f2) strongly. Since the above argument
works for almost everywhere t € (0,7), we deduce from the dominated convergence
theorem that rinu, = ru, — u in L2((0,T), L?(Q2)) strongly. As the cutting line is a
set of measure zero in R?, we have i,u, — iu in L?((0,T),L?(D)). By extracting a
subsequence (indexed again by mn), we can choose ¢ arbitrarily closed to zero in (0, 7]
such that i,u,(0) — iu(d) in L2(D). We can now follow the proof of Theorem 1.4.14
and Theorem 1.4.16 with the integration taken over [4,T] instead of [0,7] to conclude

the claim.

1.5 Convergence of solutions of final value problems

In this short section, we give some remarks on domain perturbation for final value
problems. It is a direct application from initial value problems. Let T > 0. We consider

the final value problem

—% + A(t)u = g(z,t) in Qx1[0,7)
B(t)u =0 on 092 x [0,T) (1.55)
u(+,T) = up in Q,

where A and B are defined by (0.5) and (0.6) in Introduction, respectively. As in the
case of initial value problem, we choose the evolution triple V' <i H <$ V' asin (1.11).
Let a(t, -, -) be the corresponding bilinear form on V' given by (1.10) and A € Z(V, V")
be the operator defined by (1.4). Then we can consider the final value problem in an
abstract form

—u'(t) + A{t)u = g(t) forte[0,T)

uw(T) = urp

in V' for a given final condition ur € H and g € L*((0,T),V").

(1.56)

Definition 1.5.1. A function v € W(0,T,V, V") is called a weak solution of (1.55) if u
is a solution of (1.56), that is u satisfies (1.56) a.e. t € [0,T).
As in [2, Chapter V 2.5], we may associate (1.56) with the initial value problem
V() + AT —tyv=g(T —t) forte (0,T]

o (1.57)
v =ur
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in V'. Let u(t) := v(T —t). Then it is trivial that u is a solution of the final value
problem (1.56) if and only if v is a solution of the initial value problem (1.57). Moreover,
u is a weak solution of (1.55) if and only if u € L2((0,T), V) and

T T
- / (u(t)0)) (1) dt + / alt, u(t), v)o(t)dt
0 0 (1.58)

T
= (urlo)d(T) + / (9(t), 0)()dt,
0
for all v € V and for all ¢ € 2((0,T]).

Theorem 1.5.2. Given g € L*((0,T),V') and ur € H, there exists a unique weak

solution u of (1.55) satisfying

lullwioryvy < C(llurln + gl 2o ) (1.59)

Moreover, if A =0 in (1.3), then

T T
lu(®)% + o / la(s)I3 ds < urlly + o / lg(s)II% ds, (1.60)
for all t € [0,T7].

Proof. By the above observation and Theorem 1.1.2, there exists a unique weak solution
v e W(0,T,V,V') of the associated initial value problem satisfying the estimates (1.7)
and (1.8) with ug, f and f(s) replaced by ur, g and g(T — s), respectively. Taking into
account that u(t) = v(T —t) is a weak solution of the corresponding final value problem,
we obtain the estimates (1.59) and (1.60). O

We now consider domain perturbation for final value problems with Dirichlet or
Neumann boundary conditions. We assume the same assumptions on the domains €2,
and €, and on the bilinear forms ay(-,u,v) for u,v € V,, and a(-,u,v) for u,v € V
as in Section 1.4. Also, the operators A,, A, B, and B, and the induced operators
A, € L(V,,V!) and A € Z(V,V') are defined in the same way as in Section 1.4.
Similar to the initial value problems, we study the following perturbation of the final
value problem

—?;: + A, (t)u = gp(z,t) in Q, x[0,7)
By (t)u =0 on 99, x [0,T) (1.61)

u(-,T) =ury in Q,
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where B, is either Dirichlet boundary condition or Neumann boundary condition. As
usual, we write (1.61) in the abstract form as
—u'(t) + Ap(t)u = gp(t) fortel0,T
(t) + An(t)u = gn(t) [0,T) (1.62)
u(T) = urp.
As a consequence of the continuity of solutions of initial value problems under domain

perturbation, we can state a convergence result for final value problems.

Theorem 1.5.3. Suppose that ing, is uniformly bounded in L*((0,T),L*(D)) and
inUrn s uniformly bounded in L*(D). Let u, and u be the (unique) weak solutions

of (1.62) and (1.56), respectively.

(i) Dirichlet problems: Assume that ri,g, — g in L?((0,T), L*(Q)) weakly and
Tipur, — up in L2(Q) weakly. If H}(Q) converges to H} () in the sense of
Mosco, then inu, converges to iu in L*((0,T), HY(D)) and in C([0,6], L*(D))
for every § € [0,T). In addition, if inur, — iur in L*(D) strongly, the above

assertion holds for § =T.

(i) Neumann problems: Assume that ing, — ig in L?((0,T), L*(D)) strongly
and ipur, — iur in L*(D) strongly. If HY(,) converges to HY(Q) in the
sense of Mosco, then (iyun,i,Vuy,) converges to (iu,iVu) in L2((0,T), L*(D)) x
L2((0,T), L*(D,RN)) and inu, converges to iu in C([0,T], L2(D)).

Proof. This immediately follows from the above observation that v, (t) = u,(T —t) and
v(t) = u(T — t) are weak solutions of the corresponding initial value problems and the
results in Theorems 1.4.7, 1.4.9, 1.4.14 and 1.4.16. O

We remark that if —u/(t) is replaced by «/(¢) in the final value problem (1.56),
then the associated initial value problem is v'(t) — A(T — t)v(t) = —g(T — t) with
v(0) = up. We cannot apply the results for parabolic initial value problems in Section
1.4 as —A(T — t) no longer satisfies the ellipticity assumption. We will discuss final
value problems for autonomous parabolic equations of the form u/(t) + Au(t) = g(¢) for
t € [0,T) with u(T") = ur where A is a generator of a group later. In particular, we
prove convergence of the component of solutions of autonomous parabolic equations in

the unstable direction in Lemma 4.2.4 (ii).
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1.6 Domain perturbation for parabolic variational inequal-
ities

In Section 1.4, the applications of the equivalence of Mosco convergences established
in Theorem 1.3.1 were given when K, and K are closed subspaces of V. The purpose
of this section is to give an application when K, and K are just closed and convex
subsets of V. We show here a similar convergence of solutions of parabolic variational
inequalities.

Suppose that K is a closed and convex subset of V. We denote by
L*((0,T),K) := {u € L*((0,7),V) | u(t) € K a.e.}.

For each ¢ € (0,T), suppose a(t;-,-) is a continuous bilinear form on V satisfying (1.2)
and (1.3). As before, we denote the induced linear operator by A(t). Given uy € K and
f € L?((0,T),V’), we wish to find u such that for a.e. t € (0,T), u(t) € K and

(' (), v = u(t)) + (A@)u(t),v — u(t)) = (f(t),v —u(t)) 20, YveK
u(0) = up.

(1.63)

A function u € W((0,T),V, V') satisfying (1.63) is called a strong solution of parabolic
variational inequality (1.63). There are various (slightly different) definitions of weak
solution of parabolic variational inequalities (see e.g.[18, 55, 60, 61]). We shall define a

weak notion of solution similar to the one in [55] as follows.

Definition 1.6.1. A function u is a weak solution of parabolic variational inequality
(1.63) if u € L?((0,T), K) and

T
/ (v'(t),v(t) — u(t)) + (Alt)u(t), v(t) — u(t)) — (f(t),v(t) — u(t)) dt
0 (1.64)

1
+3110(0) = uoll7 > 0,
for all v € W((0,T),V,V')n L?((0,T), K).

The existence and uniqueness of weak solutions of parabolic variational inequalities
have been studied by various authors according to their definitions. In our case, we can

state the result in the following theorem.

Theorem 1.6.2. Given ug € K and f € L?((0,T),V'). There exists a unique weak
solution u of the parabolic variational inequality (1.63) satisfying uw € L*((0,T), H).
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Note that the existence of our weak solution follows immediately from the existence
results in [60, Theorem 6.2]. The uniqueness can be proved in the same way as in [(1,
Theorem 2.3].
Similar to domain perturbation for parabolic equations, we examine the behaviour
of weak solutions of parabolic variational inequalities when the underlying convex set
K is perturbed.
Let K, and K be closed and convex subsets of V. For each t € (0,T), suppose
a(t;-,-) is a continuous bilinear form on V satisfying (1.2) and (1.3). For simplicity, we
assume that A =0 in (1.3). We denote by A(¢) the linear operator induced by a(t; -, ).
Let us consider the following parabolic variational inequalities. Given ug, € K, and
fn € L*((0,T),V"), we want to find u, such that for a.e. t € (0,T), u,(t) € K,, and
(W' (t),v —u(t)) + (At)u(t),v — u(t)) — {(fut),v —u(t)) >0, YveK, (1.65)

u(0) = ug . .
When K, f,, and ug, converge to K, f and ug respectively, we wish to obtain conver-
gence results of the weak solution of (1.65) to that of the limit inequalities (1.63). In
the remainder of this section, we denote the weak solution of (1.65) by w,, and the weak

solution of (1.63) by wu.

Theorem 1.6.3. Let up,, € Ky, ugp € K and fn,f € L*((0,T),V’). Suppose that
fo — fin L2((0,T), V') strongly, ugn — ug in V weakly and ug, — ug in H strongly.
Then the sequence of weak solutions uy, is bounded in L*((0,T),V).

Proof. Let v € W((0,T),V,V') N L?((0,T), K) be the constant function defined by
v(t) = ug for t € [0,T]. Similarly, v, € W((0,T),V,V') N L?((0,T), K,) defined by
vn(t) == ugp for t € [0,T]. It follows that v, — v in L2((0,T), V). Since u,, is the weak

solution of (1.65), we have
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It follows that
T
/0 (At un(t) — A(E)on(t), wn(t) — va (1)) dt
T
< /0 CA(E)n(t), 0n(t) — wn()) — (fa(t), va(t) — un(8)) dt

<|A®)vn = full2o,m), v llvn = unllL2(0,m),v)-

By the coercivity of A(t), we get

allun — vnll20,1),v) < NJA@) v = fallL2(0,1),v7)-

By the weak convergences of v, and f,,, we conclude that u, is bounded in L2((0,7T), V).
[

Theorem 1.6.4. Let ug, € Ky, up € K and fo,f € L?((0,T),V’). Suppose that
fo — fin L2((0,T), V") strongly, ug, — ug in V weakly and ug, — ug in H strongly.
If K, converges to K in the sense of Mosco, then the sequence of weak solutions un,

converges to u in L*((0,T),V) weakly.

Proof. By Theorem 1.6.3, we can extract a subsequence of u,, (denoted again by wu,,)
such that u, — s in L?((0,T),V) weakly. Since u, € L?*((0,T), K,), we apply the
Mosco condition (M2') (from Theorem 1.3.1) to deduce that the weak limit x belongs
to L?((0,T), K). By the uniqueness of weak solutions, it suffices to prove that « satisfies
(1.64) (with u replaced by k) in the definition of weak solution.

By the Mosco condition (M1'), there exists w, € L*((0,T), K,) such that w, — &
in L2((0,7),V). Let v € W((0,7),V,V’) N L?((0,T), K) be arbitrary. We again
apply Theorem 1.3.1 (Mosco condition (M1”)) to get a sequence of functions v €
W ((0,T),V,V"Yn L?((0,T), K,) such that v, — v in W((0,T),V,V"). For each n € N,

we can write

(A@)wn(t), vn(t) — un(t))
= (A)un(t), vn(t) — un(t)) + (At)wn(t) — At)un(t), vn(t) — un(t))
= (A)un(t), vn(t) = un(t)) + (AR)wn(t) = A)un(t), wn(t) — un(t))
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Hence, by the definition of weak solution on K, and the coercivity of A(t), we have
T
[ 00000 = 0) + (A0 00 = 1)
T
— [0 00 = 0 0) e+ G 0) = ol
T
= [ 01,000 = s 0) + (A 1), 0,(0) = (1)
T
= [ 000 = 0 0) e+ G 0) = ol
T
+ [ (@O0 = Au0),00(6) = (1)
T
b [ A0 (0) = Aunl0),00(0) = (1) d
0

T
> / (A(t)wn(t) — A(t)un(t), vn(t) — wn(t)) dt,
0

for all n € N. Letting n — oo, we get
T
/0 ('(t),v(t) — k(1)) + (At)s(t), v(t) — k(1)) dt

T
1
- /0 (F(1),v(t) = w(t)) dt + 5 [[0(0) — uollf; > 0.
This implies that x is a weak solution of (1.63) as required. O
We finally prove the strong convergence of solutions.

Theorem 1.6.5. Let up, € Kn, ugp € K and fn,f € L*((0,T),V’). Suppose that
fn— fin L2((0,T),V") strongly, up, — ug in V weakly and ug,, — ug in H strongly.
If K,, converges to K 1in the sense of Mosco, then the sequence of weak solutions u,

converges to u in L*((0,T),V) strongly.

Proof. By the coercivity of A(t), we have

n—oo

Jim inf /0 A un(t) — A@)a(t), un(t) — u(®)) dt > 0. (1.66)
For each € > 0, we define u, by
€uL + ue =u
ue(0) = up.
Then u. € W((0,7),V, V)N L((0,T),K) and ue — u in L2((0,T),V) as € — 0 (see
in the proof of [61, Theorem 2.3]). For each € > 0, the Mosco condition (M1”) (from
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Theorem 1.3.1) implies that there exists uc, € W((0,T),V,V’) N L?((0,T), K,,) such
that uc, — u. in W((0,7),V,V’) as n — oo. Since u,, is the weak solution of (1.65),

we have

T
/0 (A()un(t), wn(t) — u(t) dt
T T
< /0 (W (), vn(t) — (1)) dt /O (), 0n(t) — un(t)) dt

T
+ 5 100) =l + [ (A0, 000~ u(v)

for all v € W((0,7T),V,V') N L2((0,T), K). In particular, taking v,, = u,, we get
T
/0 (AW (1), un(t) — u(t)) dt
T T
< /0 (t] (), ten(£) — wn(t)) dt — /0 (), tien(t) — wn (1)) dt

T
+ %Huem(o) - UO,nH%I +/0 (A()un(t), uen(t) — u(t)) dt.

Letting n — oo, we obtain

T
lim sup /0 (AW n (1), wn(t) — u(t)) dt

n—oo

T T
< /0 (ul (1), ue(t) — u(t)) dt — /O (1), ue(t) — u(t)) dt
1 T
+ §Hue(0) — uo||%{ +/0 (A(t)u(t), ue(t) — u(t)) dt
T T
= / (1)1 dt / (), ue(t) — u(t)) dt
0 0
T
T /0 (AE)u(t), e () — u(t)) de
T T
< /0 (D) ue(t) — u(t)) di + /0 (A(tyu(t), uc(t) — u(t)) d.

This is true for any € > 0. Hence, by letting ¢ — 0, we conclude that

T
lim sup /0 (A un(8), () — u(t)) dt < 0.

n—oo
On the other hand, the weak convergence of u,, in Theorem 1.6.4 implies
T
lim (A(t)u(t), un(t) —u(t)) dt = 0.

Thus, we have

T
lim Sup/0 (A(t)un(t) — A(t)u(t), uny(t) — u(t))dt < 0. (1.67)

n—oo
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It follows from the coercivity of A(t), (1.66) and (1.67) that

T
allun — u”%%(oy)jv) < /0 (A un(t) — At)u(t), un(t) — u(t)) dt — 0,

as n — oo. Therefore, u,, converges to u in L%((0,T), V) strongly.
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Chapter 2

Domain perturbation for

semilinear parabolic equations

The main purpose of this chapter is to present some preliminary results on domain per-
turbation for semilinear parabolic equations which are required for the study of invariant
manifolds in Chapter 3. Although we will only consider the dynamics of autonomous
semilinear equations in L2(]RN ) in Chapter 3, we give an abstract domain perturbation
result for non-autonomous semilinear evolution equations. Most of the material pre-
sented in this chapter is based on [38]. However, we point out that the convergence
result in [38, Theorem 4.6] only requires a weaker assumption on convergence of the
nonlinear terms. We show that the same result holds if we replace the local uniform
convergence of the nonlinear terms by pointwise convergence (see Theorem 2.3.5 be-
low). Using this improved convergence result, we consider domain perturbation for
both autonomous and non-autonomous semilinear parabolic equations under pointwise
convergence of the nonlinear terms in Section 2.4. We note that in [35] and [38] the
nonlinear terms are fixed for the perturbed problems. As in Chapter 1, we use Mosco
convergence to establish the stability of solutions under domain perturbation. The
convergence results are obtained for parabolic equations under Dirichlet or Neumann
boundary conditions, but stronger assumptions are required for Neumann problems.
For autonomous problems, we also include some known results on convergence of the
spectrum and resolvent operators under domain perturbation.

For the sake of completeness and mathematical necessity, we include the proof of

some background materials from [35].

o1
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2.1 Evolution Systems

We collect some preliminary results for evolution systems arising from (abstract) non-

autonomous parabolic equations. Fix T'> 0 and s € [0,7"). We denote by
Ar:={(s,t) eER*:0<s <t <T}

and
Ar:={(s,t) eR?:0< s <t <T}C Ar.

Consider the following homogeneous parabolic equation

%—I—A(t)u:(] in Q x (s,7]
B(t)u =0 on 090 x (s, T (2.1)
u(+,s) = up in Q,

where A(t) and B(t) are defined by (0.5) and (0.6), respectively. By taking the evolution

triple as in (1.11), we may write (2.1) as an abstract equation of the form

o' (t) + A(t)u(t)

0 forte (s,T] 2.2)

where A(t) € Z(V, V') is the operator induced by a(t, -, ) as in (1.10).
By Theorem 1.1.2, for every given uy € H, there exists a unique (weak) solution

uwe W((s,T),V,V') of the homogeneous non-autonomous parabolic equation.

Definition 2.1.1 (Evolution systems). Denote the solution u of (2.2) by U(-, s)up.
Then U(-,-) defined on Ay is called the evolution system corresponding to the family

(A®))eeio,1)-

It is known that the operator U(-,-) is in £ (H) ([11, Section XVIIIL.3.4]). Since A(-)
is uniform strongly elliptic, a standard heat kernel estimates ([36, Section 7]) shows that
for Dirichlet problems, U(-,-) € Z(LP(2), L9(2)) satisfies the estimate

,ﬂ(;,;)
U (¢, 8)l.2(zr@).Lo)) < Ct—s) 2\ a/, (2.3)

for all 1 < p < ¢ < oo where the constant C is independent of 2. If € satisfies the
interior cone condition or has the extension property, then the estimate (2.3) is valid

for Neumann problems with C' depending on the cone or the norm of the extension
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operator, respectively. In that case, the boundary condition is considered in a weak
sense as the outer unit normal may not exist.

Throughout this thesis, we write Z(E, F') for the space of bounded linear operators
from a Banach space E into a Banach space F' equipped with the operator norm.
We simply write Z(FE) for Z(E, E). The notation Ls(E, F') represents the space of
bounded linear operators under the strong operator topology. More precisely, S,, — 5
in Ls(E,F) if Sy — Sz in F for all x € E as n — oo. Again, we simply denote by
Ls(E) for Ls(E, E).

As mentioned earlier, we will give the perturbation results for evolution equations.

We make the following assumptions for evolution systems.

Assumption 2.1.2. The evolution system U(t,s), (t,s) € Ar on the Banach space F
satisfies the following properties.
(i) U(t,s)=U(t,7)U(r,s) forall0 < s <7<t <T;
(ii) There exists a Banach space F' such that
U(,s) € C(s,T], £o(E, F)) N C(s,T), £4(E)) 1 C((s, T, £o(F)),
for all s € [0,7);

(iii) There exist C' > 0 and v € [0, 1) such that

U, $)l.zm) + U s)| 2ry + (&= 8)V U, 8)|| 22,0y < C, (2.4)
for all (t,s) € Ar.

There are several problems for which the above assumptions are satisfied (see |

)

Example 2.2, 2.3]). In particular, this includes the evolution systems for parabolic
equations discussed above. To see this, we take F := LP(Q) and F := Li(Q) for

1 < p < g < oo satisfying

N/1 1

7::—<7—7)eo,1. 2.5
(o)l (2.5)

Then by the estimate (2.3), U(-,-) satisfies Assumption 2.1.2.
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2.2 Existence of solutions of semilinear evolution equa-

tions

In this section, we prove the existence and uniqueness of solutions of the following

non-autonomous semilinear evolution equation

u'(t) + At)u(t) = f(t,u(t)) forte (s,T] (26)

in a Banach space F¥ whose evolution system satisfies Assumption 2.1.2.

Definition 2.2.1. A function u is called a mild solution of (2.6) with an initial value

ug € F if u satisfies the variation of constants formula

u(t) = Ul(t, s)ug +/ U(t,7)f(r,u(r))dr,

for all t € (s, T], where U(t,s),0 < s <t <T is the evolution system corresponding to
the family (A(t))te[O,T}-

Before studying the existence of solutions of semilinear evolution equations, we give

a basic property of solutions of the inhomogeneous linear equation

u'(t) + At)u(t) = g(t) fort € (s,T]

(2.7)
u(s) = uyp,
where g € L>°((s,T], F) and ug € F. Define
L(ug, g)(t) :==Ul(t, s)uo —i—/ U(t,T)g(T)dr. (2.8)

Then u = Lg(up, g) is called a mild solution of (2.7). The next proposition shows that
Lg(ug, g) belongs to the space

BC((s, T}, F) := C((s, T}, F) N L>([s, T}, F).
Proposition 2.2.2 ([38, Proposition 2.4]). For every s € [0,T"), we have
LS € g(F X LOO((S,T],E),BC((S,T],F))

Proof. See [38, Proposition 2.4] and also [10, Corollary 5.6]. O
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It can easily be seen that u is a mild solution of (2.6) if u is a fixed point of the map

G := Gy, given by

G(u)(t) =Ul(t, s)uy —i—/ Ut,7)f(r,u(r))dr

in the space L™ ([s, ], F).
To get the existence of solutions of semilinear equations, the following Lipschitz

assumption on the nonlinearity is usually imposed.

Assumption 2.2.3. We assume that f € C([0,T] x F, E') and that for every R > 0, there
exists kr > 0 such that

1t u) = ft0)le < krllu—vlF,

for all u,v € F with ||ul|p, ||v]|r < R and all ¢t € [0,T].

By the assumptions on f, we have that f(-,u(:)) € L*>®((s,T],E) for all u €
L*>([s,t], F'). Hence, by Proposition 2.2.2, mild solutions of (2.6) are always in the
space BC((s,T], F).

We next determine an invariant subset of the space BC((s,T], F') such that G is a

contraction.

Proposition 2.2.4 (]38, Proposition 3.3]). For all p > 0, there exist h > 0 and R > 0
such that if ||uo|lr < p and (to,s) € Ap with 0 < to — s < h, then

Guo : MR(tQ,S) — MR(to,S),

where

MEg(to, s) :=={u € BC((s,to], F) : [[u(T)||r < R for all T € (s,to]}.

Indeed, R can be chosen by R := Cp+ 1 where C is the constant from (2.4). Moreover,
h depends only on «y and upper bounds for C,kr and M = sup{||f(7,0)||g : 7 € [0,T]}.

Proof. Suppose that ug is in F' with ||ug||r < p. By the assumptions on U(+,-), we have

IGW)@)r < [UE )l 2 luoll 7 +/ 1O ) 2 f (7, u(T) ]| 2dT

t
<CpiC sup |f(r ()]s / (t—7)dr (2.9)
T€(s,T s

) )
=Cp+ O sup ||f (7, u(7)) |,
Y re(sto]
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for all w € BC((s,to], F') and for all ¢t € (s,tp]. In particular, for u € Mg(to, s), we have
from Assumption 2.2.3 that

1 (mu(r)lle < [1f (7 u(m) = £(7,0)l[e + /(7 0) ||

< Rkp+ sup [|f(7,0)|g
TE(s,to0]

< Rkr+ M,

for all t € (s,ty] where we set M := sup{||F(7,0)||g : 7 € [0,T]}. It follows from (2.9)
that

|G(u)(@)[[F < Cp+C

t—s)t7
(]-f)’y(RkR + ]\4)7

for all u € Mg(to,s) and t € (s,tp). By setting R := Cp + 1 and choosing h > 0 such
that

%(le + MR <1,
-7

we conclude that if (g, s) € Ap with tg — s < h, then
|G (u)l| Lo ((s,00), ) < Cp+ 1 =R,
for all u € Mg(to, s). .

Usually, we use the metric dy on BC((s, tg], F') induced by the norm, that is,

do(u,v) = sup |lu(r)—v(7)|F. (2.10)

TG(S,to}
In domain perturbation problems, it is useful to consider a weaker metric. We consider a
metric d; induced by the Fréchet space LiX.((s, to], ') or a metric inducing the topology
of uniform convergence on compact subsets of (s,#]. Let g; := 277 and h := tg—s. For
j € N, we define the seminorms

gj(u) == sup [ju(7)]|F.
TE[s+ejh,to]

It is well known that for §; := ejl_y,

qi(u —v)
=St o)

((s,to], F') (see [71, Section 1.44]). Note that the set Mpg(to, s)

is a complete metric space with respect to the metrics dy and d; (see [38, Remark 3.4]).

defines a metric on Ly,
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Proposition 2.2.5 ([38, Proposition 3.5]). For every R > 0, (to,s) € Ar and ug € F,
the map

Guo : MR(to, S) — BC((S, to], F)
18 Lipschitz with respect to dy and di. Indeed,
< Ckgr
=15

1=y
B e

for all u,v € Mg(to,s) where C is the constant from (2.4).

do(G(u), G(v)) (to — 8)'do(u, v)

(to — S)lffydl (u,v),

Proof. We give a proof here for the metric dy only. By the definition of G := G, we

have

|G (u)(t) = G (o))l </ U@ ) 2 f (1, u(T)) = f(7,0(7)) || 2dT,

for all t € (s, tp]. Since u,v € Mg(to, s), Assumption 2.2.3 and (2.4) imply

1G(u)(t) = G()(®)llF < CkR/ (t =7)7dr sup |Ju(r) —o(7)|le

TE(s,to]
Ck
< 1= (to =) do(u,v),
for all ¢t € (s,to] and for all u,v € Mg(to,s). Hence, the proposition follows for the
metric do. The proof for the metric d; is a bit more complicated. We refer to [35] for
full details. O

We can now prove the (local) existence and uniqueness of solutions of (2.6).

Theorem 2.2.6 ([38, Theorem 3.6, Corollary 3.7]). Suppose that Assumption 2.1.2 and
Assumption 2.2.3 are satisfied. Given p > 0, there exists h > 0 such that the equation
(2.6) has a unique mild solution uw € BC((s,min{s + h,T}|, F') for every uy € F with
luollF < p. Moreover, h can be chosen depending only on ~ and upper bounds for
C,kcps1 and sup{|[f(7,0)||g : 7 € [0,T1}.

Proof. We can choose R and h so that Mg(to, s) is invariant under G, for all ug € F
with ||ug||lr < p. (Proposition 2.2.4). In addition, by Proposition 2.2.5, we can make
sure that Gy, is a contraction map on Mg(to, s) with Lipschitz constant less than one
by possibly decreasing h (this is possible for both metrics dy and d;). It follows from
the contraction mapping theorem that there exists a unique fixed point u € Mgr(to, s)
of Gy,. Since mild solutions of (2.6) correspond to fixed points of G,,, the assertion
follows. O
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Theorem 2.2.7 ([38, Theorem 3.8]). Suppose that Assumption 2.1.2 and Assumption
2.2.3 are satisfied. For every ug € F and s € [0,T), there exists t*(s,up) € (s,T]
such that the equation (2.6) has a unique mild solution uw € BC((s,t" (s,up)), F) and u

cannot be extended further from t*(s,up).

Proof. By extending a local solution in Theorem 2.2.6 using a standard application of

Zorn’s lemma, we obtain the maximal solution u € BC((s,t*(s,up)), F). O

We call t*(s,ug) the mazimal existence time or the positive escape time of the

solution.

2.3 Convergence of solutions of semilinear evolution equa-
tions
In this section, we study perturbations of semilinear evolution equation (2.6) in a fixed
Banach space E of the form
' (t) + Ap(H)u(t) = fu(t,u(t)) fort e (s,T]
(2.12)
u(s) = uon.

We make the following assumptions on the corresponding evolution systems U, (s,t) on
E.

Assumption 2.3.1. Suppose that the evolution system U, (¢, s) for (¢, s) € A satisfies the

conditions below:
(1) Un(t,s) = Up(t, 7)Un(7,s) for all 0 < s <7 <t < T and for all n € N;
(ii) There exists a Banach space F' such that
Un(-,8) € C((s,T),Ls(E, F)),

for all s € [0,7T) and for all n € N;

(iii) There exist C' > 0 and v € [0, 1) such that

1Un(t, )|l .2y + Un(t, 8)ll 2y + (t = 8)[|[Un(t, 8) || 2(,r) < C, (2.13)

for all (t,s) € Ay and for all n € N;

(iv) Un(t,s) converges to U(t,s) in L,(E,F) as n — oo for all (t,s) € Ap with the
limit U(-,s) € C((s,T], Ls(E, F)).
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Furthermore, we impose the following conditions on the nonlinearity f,.

Assumption 2.3.2. We assume that f, € C([0,T] x F, E) and that for every R > 0,
there exists kg > 0 such that

[fn(t,u) = fu(t, o)l 2 < krllu— o F,

for all u,v € F with ||ul|p,||v||r < R and all ¢t € [0,7] and n € N. In addition, we
assume that
sup{||fn(¢,0)]| : t € [0,T],n € N} < 0.

We now state a convergent result under perturbation.

Theorem 2.3.3 ([38, Theorem 4.4]). Suppose that Assumptions 2.3.1 and 2.3.2 are
satisfied. Let ug,ugr be in F with ||ug||r, ||uon||r < p for some p > 0. Forn € N, let
Gn,G : BC((s,T],F) — BC((s,T], F) be the maps defined by

G (u)(t) := Uy(t, s)uon +/ Un(t,7) fr(T,u(T))dT

G(u)(t) :==Ul(t, s)up —i—/ U(t,)f(r,u(r))dr,

for all w € BC((s,T],F). Suppose that G,,(u) — G(u) in BC((s,T],F) for all u €
BC((s,T],F) with respect to the metric dy (or di). Then there exist h > 0 and
R > 0 such that (2.23) and (2.12) have unique mild solutions u,,u € BC((s, min{s +
h,T}],Br(0,R)) for all s € [0,T). Moreover, u, — u in BC((s,min{s+h,T}], F) with
respect to dy (or di ).

Proof. By the assumptions on U,, and f,, we have from Theorem 2.2.5 that there exist
h >0 and R > 0 such that G,,, G are contractions on Mg(t,s) for all (t,s) € A with
t—s < h for all n € N. Moreover, G, are uniform contractions with a Lipschitz constant
independent of n € N. As the fixed points u, of G,, and u of G are the unique mild
solutions of (2.23) and (2.12) respectively, it remains to show that the corresponding
fixed points converge. Since G, (u) — G(u) in Mg(t, s) for all u € Mg(t, s) with respect
to dy (or dy), a parameter dependent contraction mapping principle (see [52, Section
1.2.6]) implies that the corresponding fixed points converge with respect to dy (or dy).
Thus, the statement of the theorem follows. O

Theorem 2.3.4 ([38, Theorem 4.5]). Suppose that the assumptions in Theorem 2.3.3
are satisfied. Let t;}(s,uon) be the positive escape time for (2.12). Then

tT(s,up) < liminft;} (s, ug.).- (2.14)
n—oo
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Moreover, if G,(u) — G(u) in BC((s,T], F) for all w € BC((s,T], F') with respect to
the metric dy (or dy), then u, — u in BC(s, tg], F) for all ty € (s,t1(s,ug)) with respect
to the metric dy (or dy).

Proof. See [38, Theorem 4.5]. O

Our contribution in this chapter is that we weaken a local uniform convergence

assumption of the inhomogeneous terms in [38, Theorem 4.6]:
fn(T,v) = f(1,v) in E uniformly with respect to (7,v) € [0,T] x Br(0, R)
forall R >0

by using only pointwise convergence. We obtain the same convergence result as follow.

Theorem 2.3.5 (c.f. [38, Theorem 4.6]). Let Assumptions 2.3.1 and 2.3.2 be satisfied.
Assume that
Un(-, 8)uon, = U(+,s)ug in BC((s,T], F) (2.15)

with respect to dy (or dy) and
Un(-,) = U(,-)  in C(Ap, Lo(E,F)). (2.16)
Finally, assume that f,(r,v) = f(1,v) in E pointwise on (1,v) € [0,T] X F. Then
tT(s,ug) < linnl)gf tr (s, uom)-

Moreover, for every t < t*(s,up), we have u, — u in BC((s,t], F) with respect to the

metric dy (or dy).

Proof. We only need to verify the assumptions of Theorem 2.3.3 that Gy (u) — G(u)
in BC((s,T),F) for all w € BC((s,T], F) with respect to the metric dy (or di). The
statement of the theorem then follows from Theorem 2.3.4.

Fix s € [0,T) and w € BC((s,T], F). By our assumptions, we have U,(-, $)ug, —
U(-, s)up in BC((s,T], F') with respect to do (or di). Hence, we only need to show that

Hy,(u)(t) ::/ Upn(t,7) fro(m,u(r))dr — H(u)(t) := / U(t,7)f(r,u(r))dr

in F' uniformly with respect to t € [s,T], that is with respect to the metric dy and hence
dy. If we set Vi, (¢t,7) := Up(t,7) —U(t,7), gn(7) := fu(r,u(1)) and g(7) := f(7,u(1)),
then

t t
H (u)(t) — H(u)(t) = / Un(t,7)(gn(7) — g(r))dr + / Vi(t, 7)g(r)dr.
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By the heat kernel estimates on U,, and U, we know that ||U, (¢, )| z(p,r)y < C(t—7)77
and |V (t, 7)[lz(g,r) < 20(t —7)77 for all (t,7) € Ar. Since u is a bounded function,
we conclude from the assumptions on f, and f that g,(7) — ¢(7) in E pointwise on

T € (s,T]. Moreover, for every 7 € (s,T], we have

lgn(M)lE < lfn(7: u(7)) = fu (7, 0)| & + [ fu (7, 0)|| 2
< kgllu(r) = 0l + [[fu(7,0)l| &

< kg P [u(T)[|F + sup{[[fu(7, 0)[l& : 7 € [0,T],n € N}.
TE(s,T

If we set [|glloc == sup,e(s,71 [19(7T)||E and [|gn oo = sup-c(s 17 [|9n(7)| £, then it follows

from Assumption 4.3 that sup,cy ||gnllco < 00. We first show that

/ Un(t,7)(gn(r) — g(r))dr = 0

in F' uniformly with respect to ¢ € [s,T]. To do so, it suffices to show that for every

sequence (t)nen in [s,T], we have that

/ Uty 7)(gn(7) — g(7))dr

— 0
F

as n — o0o. Indeed, we only need to show that for every sequence (t,)nen in [s, 7],
if (t,,) is an arbitrary subsequence, then we can find a further subsequence (denoted

again by t,,) such that

as k — oo. Let (ty)nen be a sequence in [s,T] and (,, )ken be an arbitrary subse-

-0 (2.17)
F

[ Uniltnm)om(7) - gy

quence. Since t,, is a bounded sequence and [s, T'] is compact, there exists a convergent
subsequence (denoted again by t,, ) such that ¢, — tp as k — oo for some g € [s,T].
If tg = s, then

[ Uit s (7) = gt

F
tn

< [ Cltn, — 1) ar <sup lgnlloe + ||g||oo)
neN

to
(tn, —t0)' ™7
= 07%1 sup Hgnnoo + ||g||oo
-7 neN

— 0,
as k — oo. Hence, we assume ty € (s,T]. Fix € > 0 arbitrary and choose n € (0,¢9 — s)

such that

2n)1 =7 €
B (sup lgnlloo + ngoo) <&
1—vy neN 2
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By the convergence of t,,, we can find K; € N such that tg —n < t,, <ty +n for all
k > K1i. We can write

tny, to—n
/ Uny, (tnk . T) (gnk (1) —g(r))dT = / Uny (tnk . T) (gnk (1) —g(7))dr

" / " U (s ™) (g () — g(7)

0—"n

for all k£ > K. By the choice of 1, we have

t"k
Unk (tnk ’ T)(gnk (T) - 9(7))d7
to—n F
tny,
< [ Cltyy — ) dr (sup 9wl + Hgloo>
to—n neN
(tny — (t0 — 7)) .
=t U [[galloc + lglloc (2.18)
Y neN
o201
< B (sup gl + g
- neN
< £
2’

for all £ > K. In addition, for all 7 € (s,tg —n), we have
[Unj, (e 7) (i (T) = g(T) |l < Ctny = 7) gy (7) — 9(7)| 2
< Ctn, = (to = 1)) " lgn, (1) — 9(7)|| &

for all k > K;. By the pointwise convergence of g, and the convergence of ¢,, , we get

(2.19)

Cltn, — (to = 1) lgn (1) = 9(7)|l 2 = Cn77(0) =0,

for all 7 € (s,t9 —n) as k — oco. Hence, Uy, (tn,,7)(gn,(7) — g(7)) — 0 in F' pointwise
on 7 € (s,t9g —n). We can also estimate (2.19) for 7 € (s,tg —n) by

1Uni (s T) (g (7) = g(T) | < Cltny, =) Mgy (7) = 9(7)[|

< C(to—m) — 7)™ (sug lgnlloe + uguoo) |
ne

for all k > K. Since [[*7"C((to — 1) = 7)™ (suppen l|9nlloo + |9loc) dT < o0, we

conclude from the Dominated Convergence Theorem that

[ st o () gty =0

in F as k — oo. Thus, we can find Ky > K; in N such that

<
F

, (2.20)

| ™

[ Um0 (7) = gty
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for all k > Kj. By (2.18) and (2.20), we get

for all £k > Kjy. As e was arbitrary, we obtain (2.17) and thus the required uniform

<eg
F

9

[ Ot s (7) = gl

convergence holds.
It remains to show fst Vo(t,7)g(T)dT — 0 in F unifromly with respect to ¢ € [s, T].
We follow the argument in [38]. Fix ¢ > 0 and choose n € (0,7 — s) such that

2C
2l 11 _ 2

2.21

For t € [s +n,T], we have
t—mn t
[ Wt msiear < [ Wateamledr + [ Vit rg(r) e
s t—n
By the definition of V,,, the heat kernel estimates and (2.21), we have

t t
/ 1Valt, )g(r) | pdr < 2Clg]loc / (t— ) dr
t—n t—n

< Cllglle 1+
<

| ™

for all t € [s +n,T]. Hence,

t—n €
[ Wt ms(lear < [ Wit gl + 5,

for all t € [s +n,T]. Since u € BC((s,T], F), we have g € C([s+n,T], E). It follows
that the set {g(7) : 7 € [s +n,T]} is compact in E. We also have that the set

K:={(t,7):s+n<t<Tands<t<t}

is a compact subset of Ap. By our assumptions, V,(t,7) — 0 in £,(F, F) uniformly
with respect to (¢,7) € K. Since strongly converging operators converge uniformly on

compact sets, we can find Ny € N such that

3

< —

for all (¢,7) € K and for all n > Ny. It follows that

t—n
/ IVi(t, T)g HFal7'</S —dT—l—% %—i—%:e,



CHAPTER 2. SEMILINEAR PROBLEMS 64

for all t € [s+n,T] and for all n > Ny. By the choice of 7 in (2.21), we obtain from the

heat kernel estimates that

t
/ Vit )g(r) | rdr < 2Clgloc / (t—7)dr

< Cllglle 14
<2

| ™

for all t € [s, s + ] for all n € N. Therefore,

/Hv (t, 7)g(r) || pdr <,

for all t € [s,T] and for all n > Ny. Since € > 0 was arbitrary, we conclude that

/ WVi(t, 7)g(T)||pdT — 0

uniformly with respect to ¢ € [s,T]. This completes the proof of the theorem. O

2.4 Convergence of solutions of semilinear parabolic equa-

tions

In this section, we concentrate on semilinear parabolic equations. We apply the con-
vergence results under the perturbation of evolution equations studied in Section 2.3 to

deal with domain perturbation for semilinear parabolic equations.

2.4.1 Non-autonomous semilinear parabolic equations

Let T'> 0 and s € [0,7). As before, we assume that €, and Q satisfy Assumption

1.4.1. Consider the following non-autonomous parabolic equation

%:%—A( tu = g(x,t,u) in Q x (s,7]
B(t)u =0 on 09 x (s, T (2.22)
u(-,s) = up in Q,

where A(t) and B(t) are defined by (0.5) and (0.6), respectively. By taking the evolution

triple as in (1.11), we may write (2.22) as an abstract equation of the form

U () + A(u(t) = f(tult))  for t € (s, T] (2.23)
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where f(t,u)(x) := g(t,z,u(x)) is the substitution operator induced by g and A(t) €
Z(V, V') is the operator induced by a(t,-,-) defined in (1.10).
Since we have an improved convergence result in Theorem 2.3.5, we can consider a

more general perturbation result. We study the following perturbation of (2.22)

% + A, (t)u = gn(z,t,u) in Q, x (s,7]
B,(t)u=0 on 09, x (s,T] (2.24)
u(-,8) = uon in Q,,,

where A, (t) and B,,(t) are defined by (1.22) and (1.23), respectively. As usual, we write
(2.24) in the abstract form as
' (t) + An(t)u(t) = fu(t,u(t)) fort e (s,T] (2.25)
u(s) = uo,n,
where f,,(¢t,u)(x) := gn(t,x,u(x)) is the substitution operator induced by g,, and A, (t) €
L (Vp, V) is the operator induced by ay, (¢, -, -) defined in (1.18).

Note that here we allow a perturbation g, of the nonlinear term g, whereas in [37]
the nonlinear term is fixed (see [35, Equation (6.17)]). Also, the application in domain
perturbation in [38] is given for autonomous equations with a fixed nonlinear term (see
[38, Equation (6.1)]). Possibly, the nonlinear terms are fixed under perturbation in
[35] and [38] in order to have a local uniform convergence of the substitution operators
without any further conditions on g, and g. Here, we only need that g,, converges to g
pointwise to get the pointwise convergence of the substitution operators.

We see from Theorem 1.1.2 that the evolution system U,(-,-) corresponding to the
family (An(t))ieor) exists for all n € N and Uy(-,-) € ZL(L*(Qy)). Similarly, the
evolution system U(:,-) corresponding to the family (A(t))ico,r) exists and U(-,-) €
ZL(L*(Q)). Since the perturbation result in Section 2.3 is proved for evolution systems in
a fized Banach space E, we consider i,Uy (-, -)rn, € Z(L*(D)) and iU(-,-)r € £ (L*(D))
where i, and 7 are inclusion maps defined by (1.27) and (1.28) respectively, and r,, and
r are restriction maps defined by (1.29) and (1.30), respectively. In particular, we take
E :=L?*(D) and F := L?(D). Clearly, iU(-,-)r satisfies Assumption 2.1.2 with v = 0 in
(2.4). Moreover, i,Uy(-,)ry, satisfies Assumption 2.3.1 (i) — (iii) with v = 0 in (2.13).

We show that Assumption 2.3.1 (iv) is satisfied in the following lemma.

Lemma 2.4.1. Suppose that H(Qy,) converges to HE(Q) in the sense of Mosco for
the case of Dirichlet problems; or H(§,) converges to H'(S) in the sense of Mosco
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with |Qy| — || for the case of Neumann problems. Then the corresponding evolution
systems satisfy
inUn(t, s)rn — iU(t, s)r

in Ls(L2(D)) for all (t,s) € Ap.
Indeed, iUy (-, -)rn — iU+, )r in Lo(L2(D)) uniformly with respect to (t,s) € Ar,
that is
inUn(,)rn = iU, )r

in C(Ar, L(L*(D))).

Proof. Let ug € L?(D) be arbitrary. By the definition of evolution systems u,(t) :=
Up(t, s)rpug is the unique (weak) solution of (1.25) with f,, = 0 € L2((0,T), L*(Q2,))
satisfying the initial condition r,ug at time s. Similarly, u(t) := U(¢, s)rup is the unique
(weak) solution of (1.26) with f =0 € L?((0,T), L?(9)) satisfying the initial condition
rug at time s. Clearly, we have i, f,, — if in L2((0,T), L*(D)) strongly as n — co. We
consider first the case of Dirichlet problems. Since we have cap(K N QS) — 0 for all
K cc Q from Mosco convergence (Lemma 1.4.8), it is easy to see that ri,rpug — rug
in L?(Q2) strongly. As the initial time that we start with is irrelevant, we conclude
from Theorem 1.4.9 that i,u,(t) — iu(t) in L?(D) uniformly on (s,7]. Since the
argument holds for all ug € L?(D) and s € [0,T), this implies i, U, (t, 8)rn, — iU(t, s)r
in Ly(L*(D)) for all (t,s) € Ap and iUy (-, ) — iU (-, 8)r in C((s, T], Ls(L?*(D))) for
all s € [0,7). Again, as the initial time that we start with is irrelevant, we also have
inUn(t, )rn — iU(t,-)r in C([0,t), Ls(L*(D))) for all t € (0, T]. Hence, the assertion of
the lemma for Dirichlet problems follows.

Similarly, we use the assumption that [2,| — || for Neumann problems to get
inTnuo — irug in L?(D) strongly. We conclude from Theorem 1.4.16 that i,u,(t) —
iu(t) in L2(D) uniformly on (s,T]. By a similar argument as in the case of Dirichlet

problems, we can deduce the assertion of the lemma for Neumann problems. ]

We require the following conditions on the nonlinearity.
Assumption 2.4.2. We assume that g,,g € C(RY x [0,T] x R) satisfy the following

conditions:

(i) There exist ¢ > 0 and 1 € L*(R") such that

lgn(t, 2, §)| < (x) + cl¢]
lg(t,2,8)| < (x) + cl¢],

(2.26)
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for all z € RY, ¢ € R and n € N,
(ii) There exists an essentially bounded function ¢ such that

|gn(x7t7£1) - gn($,t,§2)| < ¢($,<>‘§1 - 52’
!g(x,t,&) _g($7t7§2)‘ < (b(x:C)‘gl - 52’7
for all |&1], &2 < ¢ and all n € N.

(2.27)

(iii) g, converges to g pointwise on RV x [0, 7] x R.

It is well known that the condition (2.26) is a necessary and sufficient condition
for the substitution operators f,(t,-) defined by f,(t,u)(x) := gn(z,t,u(x)) and f(¢,-)
defined by f(t,u)(z) = g(z,t,u(x)) to be in C(L*(RN), L2(RY)) ([3, Chapter 3]).
Moreover, by condition (2.27), we have f,(¢,-) and f(t,-) are locally Lipschitz in u
uniformly with respect to ¢ € [0,7] and the Lipschitz constants are independent of
n € N (see [3, Theorem 3.10]). Therefore, the substitution operators f,(¢,-) and f(¢,-)
satisfy Assumption 2.3.2 and Assumption 2.2.3 respectively with the Lipschitz constant
kgr independent of n € N.

Let up, € L?(Qy,) and up € L?(2). By Theorem 2.2.7, there exist t.} (s, uq,)
and t7(s,ug) such that the semilinear equation (2.25) has a unique maximal solu-
tion w, in BC((s,t}(s,u0n)), L?(2y)) and (2.23) has a unique maximal solution u
in BC((s,t(s,ug)), L?(Q)). In fact, the condition (2.26) implies that the substitution
operators f, and f are linearly bounded. More precisely, for any u, € L?*(f,) and
u € L*(Q), we have

It un)ll22(0,) < ¥l 22(0,) + cllunll L2,
£ W2 < 19llz2@) + cllull L2 @)
Hence, the solutions exist globally, that is ¢} (s, uon) = t7(s,up) = oo for all n € N.

We are now in the position to state the convergence of solutions of semilinear

parabolic equations under domain perturbation.

Theorem 2.4.3. Let Q,, and Q be uniformly bounded domains in RN with Q,,Q C D.
Suppose that g, and g satisfy Assumption 2.4.2. Suppose also that inug, is uniformly
bounded in L*(D).

(i) Dirichlet problems: Assume that ripug, — ug in L*(Q) weakly. If H}(Q)
converges to H(Q) in the sense of Mosco, then inu, — iu in C((s,to], L*(D)) for
all tg € (s,00).
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In addition, if inug ., — dug in L*(D) strongly, then inu, — iu in C([s, to], L?(D)).

(i) Neumann problems: Assume that inug, — iug in L?(D) strongly. If H(Qy)
converges to H'(Q) in the sense of Mosco and || — |Q| as n — oo, then
intun — iu in C([s,to], L*(D)) for all ty € (s,00).

Proof. By Assumption 2.4.2 (iii), it is easy to conclude from the dominated convergence
theorem that the substitution operator f,(7,v) converges pointwise to f(7,v) in L?(D)
for all (7,v) € [0,T] x L?(D). For Dirichlet problems, we can see from the convergence

of solutions under domain perturbation in Theorem 1.4.9 that
inUn(+, $)upn — iU(+, s)ug (2.28)

in C((s,T], L*(D)) if rinuon — uo in L*(Q) weakly. The convergence (2.28) above holds
in C([s,T], L*(D)) if ino,n — tug in L?(D) strongly. Taking Lemma 2.4.1 into account,
we have that all assumptions in Theorem 2.3.5 are satisfied. Hence, the assertion of the
theorem follows from Theorem 2.3.5 with E = F' = L?(D). The statement for Neumann

problems follows in the same way by using Theorem 1.4.16 instead of Theorem 1.4.9. O

Remark 2.4.4. We could study the convergence results in the LP space as done in [37]
and [38]. In the case of Dirichlet problems, the evolution system Up,(-,-) corresponding
to the family (An(t))iecpo,7) exists for all n € N. Moreover, Uy(,-) € Z(LP(2), LY(Qy))

satisfies the same estimate as in (2.3) uniformly with respect to n € N, that is
_N (;_;>
1Un(t, $) ||l 2L (@n),La(0n)) < Ot —s) 2\P 1/, (2.29)

for all 1 < p < g < oo where C' is independent of n € N. For Neumann problems, the
estimate (2.3) holds if Q satisfies the cone condition. However, the constant C' depends
on the cone (see [36]). Thus, in order to have the uniform estimate (2.29) with respect
to n € N, a sufficient condition is that €2, satisfies the cone condition for all n € N,
where the same cone works for all domains €2, and 2. Examples of domains satisfying
this condition include the domains obtained by rotating a line segment inside an open
set and the domains obtained by cutting a line into a unit disk as previously seen in
Figure 1.3 and Figure 1.4, respectively. By taking FE := LP(D) and F := L%(D) with
1 < p < ¢ < oo satisfying (2.5), we see that Assumptions 2.3.1 (i) — (iii) are satisfied.
To verify Assumption 2.3.1 (iv), (2.15) and (2.16), we need the LP-theory of domain
perturbation for linear parabolic equations. This can be done in the same way as in

[35, Section 4] by using the interpolation arguments and the convergence results in
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L?. Note also that we need to adjust conditions (2.26) and (2.27) in order to have the
substitution operators acting on LP(RY) into LI(RY). We refer to [3] for a necessary
and sufficient condition. In this case, the maximal existence time t*(s,ug) may be
strictly finite. An application of Theorem 2.3.5 gives us a lower semicontinuity of the
maximal existence time, that is t¥(s,uo) < liminf, o ¢, (s, u0,,) and the convergence
of solutions in C((s,to], LY(D)) for all ty € (s, (s, up)).

2.4.2 Autonomous semilinear parabolic equations

Although autonomous problems can be regarded as a special case of non-autonomous
problems with the equations (operators) do not depend on the time variable and the
corresponding evolutions systems are just semigroups. We spend some time in this
section to study domain perturbation for autonomous problems. In particular, we intend
to discuss the convergence of semigroups and the spectrum of the corresponding elliptic
operators. These results are discussed in [38, Section 6] for the heat equations. We give
here domain perturbation results for parabolic equations in the abstract form using
some results from [39].

We consider the following autonomous semilinear initial boundary value problem

ou

E—i—Au:g(x,u) in Q x (s,7T]
Bu=0 on 90 x (s,T] (2.30)
u(-,0) = up in €,

where g € C(RY x R), A is an elliptic operator of the form
Au = —0jlag()05u + ai(x)u] + bi(z)du + co(x)u (2.31)
and B is one of the following boundary conditions
Bu:=u Dirichlet boundary condition
(2.32)

Bu = [a;;(x)0ju + a;(x)u] v; Neumann boundary condition.

We assume that a;j,a;,b; and ¢y are functions in L‘X’(RN ) and that there exists a

constant o > 0 independent of x € {2 such that

aij(2)&&5 > aolé)?, (2.33)

for all ¢ € RY. We consider the evolution triple V <i> H <i> V' chosen as in 1.11. Define

a bilinear form af(-,-) associated with A on V by

a(u,v) := /Q[aij(:v)ﬁju + a;(x)u]ov + bi(x)djuv + co(x)uvde, (2.34)
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for u,v € V. Let
N

1
200 Z lai + billoo,

i=1

Aa = [leg [loo +
where ¢, := max(—co,0) is the negative part of cg. We set

Ao = Aa+ % (2.35)

It can be verified that a(-,-) is continuous and
2 S Q0 2
a(u,w)+ Al > %2l (2.36)

for all w € V and for all A > Ao (see [39, Proposition 2.1.6]). By the Lax-Milgram
theorem, there exists Ag € £ (V, V') such that

a(u,v) = (Aqu,v), (2.37)

for all u,v € V. We may consider Ay as an operator on V’ with the domain V. A
standard argument shows that [Ag, 00) C o(—Aq) (see [39, Theorem 2.2.2]). Let A be
the mazimal restriction of the operator Ag on H = L?(Q2). We have that [\, 00) C
o(—Aq) C o(—A). Tt is well known that —A generates a strongly continuous analytic
semigroup S(t),t > 0 on L?(Q) (see [11, Proposition 3, XVII §6]). Moreover, there exist
C > 0 and w € R such that

1S 212y < Ce,

for t > 0. We consider (2.30) as an abstract equation of the form

u(t) + Au(t) = f(u(t)) te€ (0,00)

(2.38)
u(0) = up
in L?(Q), where f(u)(z) := g(x,u(z)) is the substitution operator induced by g.
We study perturbation of (2.30) given by
ou .
% + Apu = gn(x,u) in Q, x (s,7T]
Buu =0 on 0, x (s, 7] (2.39)

u(-,0) =uop in Q,,

where g, € C(RY x R). As usual, we assume that the perturbed domains €2, and €

satisfy Assumption 1.4.1. The operator A,, above is an elliptic operator of the form

Apu = —0iaijn(x)0ju + ai n(x)u] + bipn(x)0iu + copn(x)u, (2.40)
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where a;jn, @in,bin and ¢, are functions in L>®(RN) and a;jn satisfies the ellipticity
condition as in (2.33) with the uniform ellipticity constant for all n € N. The operator
B,, is either Dirichlet boundary condition or Neumann boundary condition defined sim-
ilarly to (2.32). We assume that the coefficients of A,, converges to the corresponding

coefficient of A.

Assumption 2.4.5. For all 4,7 = 1,...,N, we assume that lim, .. aijn = asj,

limy, o0 @i = @, limy, o0 b5, = by and limy, o0 con = cp in L™ (RN).

As before, the evolution triple V,, fi> H, fi> V! is chosen according to the boundary
condition (either V,, = H}(Q,) or V,, = H'(Qy,)). In the abstract form, we can write
(2.39) as

u(t) + Apu(t) = fu(u(t)) te (s,T)

o (2.41)
U = Uo,n

in L?2(Q,), where f,(u)(z) := gn(z,u(z)) is the substitution operator induced by g,.
In the above, A, is the maximal restriction operator on H,, = L?(f2,) of the operator
induced by the associated bilinear form. By Assumption 2.4.5 and the assumption that
a;jn satisfies (2.33) uniformly with respect to n € N, we can choose Ay := Ag4 + ag/2
where

N
1
Adi=m {lics > ag + b
A aX{ilég ||CO,nHoo+2a0 2 [[@i,n =+ bin

N
_ 1
o} (llg lloo + 30g 2 1o +bz-||oo)}

< 0
(2.42)

so that
(&%)
any0) + Ml = 2l (2.43)

for all A > X, for all u € V,, and for all n € N. It follows from [39, Theorem 2.2.2] that
[Ag,00) C o(—A,) N o(—A) for all n € N. Moreover, the operator —A,, is the generator
of a strongly continuous analytic semigroup Sy, (t),t > 0 on L?(f2,) with the uniform
exponential estimate

150l 2 (L2(02)) < Ce, (2.44)

for all ¢t > 0 and for all n € N.
We impose Assumption 2.4.2 on the nonlinearities g, and g in C(RY x [0,7] x R)
(where we disregard the time variable). We note that this means the substitution

operators induced by g, and g are in C(L*(RY), L2(RY)) and locally Lipschitz with
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the Lipschitz constant independent of n € N. Indeed, for every R > 0 there exists kpr
independent of n € N such that

[ fa(w) = fu()l22(0,) < krllu —vlL20,);

for all u,v € L*(,) with [Jull;2(0,), [|v]12(q,) < R and for all n € N. In addition, we
have
fn(v) = f(v)
in L?(D) pointwise for all v € L?(D).
By Theorem 2.2.7 (or simply using the existence and uniqueness results for au-
tonomous problems in [(6]), we have that for every ug € L?() the equation (2.38) has
a unique maximal solution u € C((s,t* (s, up)), L?(£2)). Moreover, u can be represented

by the variation of constants formula

u(t) = S(t)uo + /0 St —7)f(u(r))dr. (2.45)

Similarly, for every ug, € L*(Q,) the equation (2.41) has a unique maximal solution
un € C((s, .} (s,u0n)), L*(€,)) which can be represented by the variation of constant

formula
tn(t) = S(t)uo.m + /0 St — 7)o (1 (7)) - (2.46)

As noted in the case of non-autonomous equations, the conditions on f,, and f imply
that u,, and u are indeed global solutions, that is ¢ (s,uon) = t*(s,u9) = oo for all
n € N.

To deal with domain perturbation, we make use of the inclusion operators i, and
7, and the restriction operators r, an r as in Section 2.4.1. We define a degenerate
semigroup S, (t) on L?(D) for t > 0 by

Sn(t) := inSn(t)rn.
The corresponding pseudo resolvent is given by
Ru(A) i=in(A+ A,) "y,

whenever it is defined. We define S(¢) and R similarly (with n deleted).

For Dirichlet problems, the strong convergence of pseudo resolvent operators is
equivalent to Mosco convergence (see [39, Theorem 5.2.4] or [37, Theorem 3.3]). For
Neumann problems, we also have that Mosco convergence implies the strong conver-

gence of pseudo resolvent operators (see [21, Proposition 3.2] for the case A, = —A).
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It is not clear that the converse is true for the Neumann case. However, as remarked
in [21, Remark 3.3], the converse follows if €2, converges to € in the Hausdorff com-
plementary topology. We state the convergence of pseudo resolvent with respect to the

strong operator topology in the following theorem.

Theorem 2.4.6. Let €, and Q be domains satisfying Assumption 1.4.1. Suppose that
H(Qy) converges to HE(Q) in the sense of Mosco for the case of Dirichlet problems; or
HY(Q,) converges to H'(2) in the sense of Mosco for the case of Neumann problems.
If A > Xy, then

Rn(A)f = R(A)f

in L?(D) as n — oo for all f € L*(D).

Proof. For Dirichlet problems, the statement is given in [39, Theorem 5.2.4] or [37,
Theorem 3.3]. For Neumann problems, a similar argument as in the proof of [21,
Proposition 3.2] for —A can be easily modified to a general elliptic operator in divergence
form. The only nontrivial part is to prove the strong convergence. For this, we use

arguments similar to the proof of [39, Proposition 5.5.2] to obtain
L 2 o < A 2 0
?Hun_vn”Hl(Qn) > an(un_vnaun _Un)+ Hun_vn”L2(Qn) — U,

where u,, ;= R, ()\) f and v, € HZ(Q,) is a sequence from Mosco convergence converging
to u := R(A)f (that is, (invn,i,Vv,) — (iu,iVu) in L2(D) x L2(D,RY)). Note that
here we need to consider a, (u, — vy, u, —vy,) in stead of a, (u, —u, u, —u) in the original
proof because the bilinear form a,/(-,-) is only defined on H'(Q,). It is now clear that
Ru(A)f = R(N)f in L3(D). O

The key result to obtain the convergence of degenerate semigroup S, (t) is the fol-

lowing theorem.

Theorem 2.4.7 ([1, Theorem 5.2]). Suppose there exists M > 0 such that
AR (M 2(L2(Dy) < M,

for all X € C with Re(X\) > 0. If there exists A > 0 such that R, (\) — R(A) in the
strong operator topology, then S,(t) — S(t) in the strong operator topology uniformly

with respect to t in compact subsets of (0,00).

We cannot directly apply Theorem 2.4.7 to obtain the convergence of degenerate

semigroups Sy,(t) in our framework because the condition [[ARy(A)|| #(r2(py) < M for
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all A € C with Re(A) > 0 does not hold for a general elliptic operator 4,,. However, we

can consider the coercive form ay,(+,-) on V defined by
ax, (U, v) = a(u,v) + Xo(ulv) L2(q), (2.47)

for all u,v € V where a(-,-) is given by (2.34). We define a similar coercive form
axo.n (-, ) on V;, for each n € N. The coercive forms ay,(+,-) and ay, (-, ) associate with
the operators A+ \g and A, + A\ respectively for which their negatives are generators of
analytic Cp-semigroups on L?(€2) and L?(€2,,) (denoted by T'(t) and T;,(t), respectively).
Moreover, S(t) = eM!T(t) and S,(t) = e*!T,(t). Since the resolvent of —(A + Ag)
satisfies the assumption of Theorem 2.4.7, we get i1, (t)r, — ¢T(t)r in the strong
operator topology uniformly with respect to ¢ on compact subsets of (0,00). Hence, we
obtain the strong convergence of degenerate semigroups S, (t) and the convergence is
uniform with respect to ¢ on compact subsets of (0, 00). From the above discussion, we

have the following result.

Theorem 2.4.8. Suppose that the assumptions of Theorem 2./.6 are satisfied. Then
Sn — S in C((0,T), Ls(L*(D))) for all T > 0.

We state convergence of solutions under domain perturbation below.

Theorem 2.4.9. Suppose that the assumptions of Theorem 2.4.6, Assumption 2.4.5
and Assumption 2.4.2 (with the time variable disregarded) are satisfied. Suppose also
that inug 5 is uniformly bounded in L*(D). We denote the solutions of (2.38) and (2.41)

by u and u, respectively.

(i) Dirichlet problems: Assume that ripug, — ug in L*(Q) weakly. If HE ()
converges to HE(Q) in the sense of Mosco, then inu, — iu in C((s,to], L*(D)) for
all ty € (s,00).

In addition, if inug, — dug in L2(D) strongly, then iyu, — iu in C([s, to], L?(D)).
(ii) Neumann problems: Assume that inug, — iug in L*(D) strongly. If H' ()

converges to H'(2) in the sense of Mosco, then inu, — iu in C([s,to], L?(D)) for
all tg € (s,00).

Proof. By Theorem 2.4.8, S,, — & in C((0,T], Ls(L?*(D))). For Dirichlet problems, we
get from the weak convergence of ug , that S,,(t)ug, — S(t)ug in L?(D) uniformly with

respect to t in compact subsets of (0,00). This can be seen by considering S, (t)uo,
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and S(t)up as solutions of homogeneous linear parabolic equations and applying the
convergence results for linear parabolic equations under domain perturbation as done
in the proof of Theorem 2.4.3. Therefore, the statement of theorem follows directly
from Theorem 2.3.5 with Uy, (t,s) = Sp(t — s) and U(t,s) = S(t — s). The assertion for

Neumann problems follows in the same way. O

Remark 2.4.10. (i) We do not explicitly assume that |£2,| — || for autonomous equa-
tions under Neumann boundary condition in the above theorem. In this case, we make
use of [1, Theorem 5.2] and the strong convergence of resolvent operators to get S,, =+ S
in C((0,T], Ls(L?(D))). However, in Theorem 2.4.3 for non-autonomous equations we
require |Q,| — || to obtain (2.16) (see Lemma 2.4.1). This is because we need a strong
convergence i,r,up — irug in L?(D) for a fixed function ug € L?(D) in order to apply
our convergence result for non-autonomous linear equations with Neumann boundary
condition in Theorem 1.4.16.

(i) Let 1 < p < 2 be such that §( 3) € [0,1). Assume that all assumptions in

1_
p
Theorem 2.4.9 are satisfied. If we replace (2.26) (with the time variable disregarded) by

|gn(2, &) < () + |/

where ¢ € LP(RY), then the substitution operators f,(t,-) defined by f,(u)(z) :=
gn(z,u(x)) and f(t,-) defined by f(u)(z) := g(x,u(x)) are in C(L?(RYN), LP(RN)) ([3,
Chapter 3]). For Dirichlet problems, a standard heat kernel estimate (2.29) with U, (¢, s)
replaced by S, (t — s) holds for all n € N and the constant C' > 0 is independent of
n € N. Taking E := LP(D) and F := L%*(D), we have that U,(t,s) := i,Sn(t — s)rn
and U(t, s) := iS(t — s)r satisfy assumptions in Section 2.3 with v := %(% —1). Unlike
Theorem 2.4.9, the maximal existence time ¢ (s, ug) may be strictly finite. In this case,
an application of Theorem 2.3.5 implies that t*(s,ug) < liminf, o &} (s, u0,,) and the
weak solution 4,u, converges to iu in C((s,to], L?(D)) for all tg € (s,t%(s,up)) . In
general, we could also study the convergence of solutions in an LP space as noted in

Remark 2.4.4 (see also [38, Section 6]).

We only mention above that the pseudo resolvent R, (\) converges to R(\) in the
strong operator topology. Since ,,Q2 C D for all n € N, resolvent operators for
Dirichlet problems are compact on L?(D) (from compactness of H}(£2,) in L?(2,) by
Rellich theorem). It turns out that the pseudo resolvent for Dirichlet problems converges

in the operator norm as stated below.
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Theorem 2.4.11 ([37, Corollary 4.7]). Suppose that 2, and Q satisfy Assumption 1.4.1
and H} () converges to HY(Q) in the sense of Mosco. If X € p(—A), then X € p(—Ay)
for n suffiecntly large and R,(\) — R(\) in L (L*(D)).

An important consequence of Theorem 2.4.11 and [57, Theorem IV.3.16] is the

following corollary.

Corollary 2.4.12 ([37, Corollary 4.2]). Suppose that assumptions in Theorem 2./.11
are satisfied. If ¥ C o(—A) is a compact spectral set and ' is a rectifiable closed curve
enclosing X and separating it from the remaining of spectrum, then o(—A,,) is separated
by I' into a compact spectral set X, and the rest of the spectrum for n sufficiently large.
Moreover, for the corresponding spectral projections P and P,, we have that the images

of P and P, have the same dimension and i,Pyr, converges to iPr in norm.

For Neumann problems, we do not have the uniform convergence (convergence in
the operator norm) for pseudo resolvent operators if we use the corresponding Mosco
convergence H'(,) to H*(Q) in Theorem 2.4.11. In fact, there are several examples
including a sequence of dumbbell shaped domains converging to two isolated balls (see
[56] and references therein) or a more general exterior domain perturbation in Arrieta [(]
show that eigenvalues do not behave continuously under domain perturbation. By [57,
Theorem IV.3.16], pseudo resolvent operators cannot converge in the operator norm.
Stronger assumptions on domain are required to get the uniform convergence of pseudo
resolvent operators for Neumann problems. For examples, if we replace a standard
dumbbell shaped domains by two touching balls opened up slightly near the touching
point (see [39, Section 7] for a general assumptions) or a nonstandard dumbbell type
domains constructed with a certain channel in [10], then we obtain the convergence of
pseudo resolvent operators in the operator norm and consequently the convergence of

spectral projections.



Chapter 3

Invariant manifolds for parabolic
equations under domain

perturbation

In this chapter, we consider parabolic equations as dynamical systems and study their
behaviour under domain perturbation. In particular, we study stable and unstable in-
variant manifolds for parabolic equations near a stationary point. We only consider
autonomous parabolic equations with Dirichlet boundary condition because the most
complete results are known. Similar results for Neumann problems could be obtained
by the same technique. However, stronger assumptions on domains are needed because
convergence of spectral projections for Neumann problems requires stronger assump-

tions as seen in Section 2.4.2.

3.1 Introduction

The study of invariant manifolds is an important tool to understand the behaviour of
a dynamical system near a stationary point. The first step is to construct invariant
manifolds of various types which are characterised by their beheviour (grow, decay or
neither) under the flow. For nonlinear differential equations, a fundamental way to con-
struct invariant manifolds is done by considering the corresponding linearised equations.
The main methods refer back to Hadamard [19], Liapunov [59] and Perron [67]. The
Hadamard approach involves the use of splitting between various subspaces to estimate

projections of the flow in the different directions. The Liapunov-Perron approach uses

77
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the fixed point argument for a certain integral equation to obtain invariant manifolds.
For parabolic equations, Henry [52] obtains the existence of invariant manifolds under
the assumption that the differential operator of the linearised equation generates an an-
alytic semigroup. This allows the use of fractional power of the operator. Later, Bates
and Jones [11] consider semilinear equations with the assumption that the linearised
differential operator generates only a Cp-semigroup, and also allow infinite dimensional
center manifolds. Once the existence of invariant manifolds is established, the funda-
mental problem is the persistence of invariant manifolds under perturbation. For finite
dimensional systems, normal hyperbolicity is the main concept to deal with persistence
invariant manifolds (see for example [10], [541], and [63]). For infinite dimensional sys-
tems, existence and persistence of invariant manifolds for semiflows in Banach space are
obtained in [15] using normal hyperbolicity assumption.

The purpose of our work is to study the behaviour of invariant manifolds for semi-
linear parabolic equations under domain perturbation. There are similar results on
the effect of domain variation on the dynamics of parabolic equations. In [68], upper
semicontinuity of attractors is obtained for reaction-diffusion equations with Neumann
boundary condition when the domain Q c RM x R¥ is squeezed in the R¥-direction.
Arrieta and Carvalho [10] consider a similar problem on a sequence of bounded and
Lipschitz perturbed domains €2,,. They give necessary and sufficient conditions on do-
mains for spectral convergence of the linearised problem and obtain continuity (upper
and lower semicontinuity) of local unstable manifolds and consequently continuity of
attractors. For results under Dirichlet boundary condition, we refer to [12]. In [10],
continuity of local unstable invariant manifolds is proved by keeping track of the con-
struction adapted from Henry [52]. Although our framework on semilinear parabolic
equations fits into [52], we use the existence of invariant manifolds from [14] to prove

continuity of both stable and unstable invariant manifolds under domain perturbation.
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3.2 Invariant manifolds for parabolic equations

3.2.1 Semiflows induced by abstract parabolic equations

Let © be a bounded open set in RN , N > 2. We consider the autonomous semilinear

initial boundary value problem

%—I—Au:g(x,u) in Q x (0,00)
u=0 on 99 x (0,00) (3.1)
u(+-,0) = ugp in Q,

where g € C(RY xR), and A is an elliptic operator defined by (2.31). As seen in Section
2.4.2, we can write (3.1) in the abstract form as

u(t) + Au(t) = f(u(t)) t € (0,00) (3.2)

in L?(Q2), where f(u)(z) := g(z,u(x)) is the substitution operator induced by g. We

make the following assumption on the nonlinearity f as in the framework of [11].

Assumption 3.2.1. We assume that f : L2(2) — L?(1Q) is locally Lipschitz and f(0) = 0.
Moreover, for every € > 0 there exists a neighbourhood U = U(e) of 0 such that f has

a Lipschitz constant € in U.

The above assumption is satisfied for g satisfying conditions in Assumption 2.4.2
(with the time variable disregarded) and g(z,0) = 0 for almost all x € RY. Note also
that Assumption 3.2.1 means f(u) is a higher order term. We could think of (3.2) as a
linearised problem near a fixed point.

As discussed in Section 2.4.2, for any given initial condition ug € L?(Q) the abstract
equation (3.2) has a unique maximal solution u € C([0, ¢ (up)), L3(2)). In addition,
the solution u can be represented by the variation of constants formula (2.45). By our
assumption that the substitution operator f belongs to C(L?(£2), L?(f2)), the nonlin-
earity f is linearly bounded. Thus, by a direct application of Gronwall’s inequality,
the estimate [|u(t)||f2q) < M holds for ¢t € [0,T] N[0, (ug)), where M is a positive
constant depending on T > 0 and |Jug||2(q). This implies that [0,T] C [0,tF (ug)) (see
[10, Lemma 17.1, Corollary 17.2]). Since the above consideration holds for all T' > 0,

we have t*(ug) = oco.
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To study abstract parabolic equations as dynamical systems, we consider a semiflow
®; : L2(Q) — L%(Q) defined by
D4 (up) = u(t), (3.3)

for all ¢ € [0,¢(up)). Sometimes we would like to study the backwards behaviour of
solutions. We call a continuous curve u : [—t,0] — L?(Q) for some t > 0 a backwards

solution branch for ug € L*(Q) if
®5(u(—s)) = uo

for all s € [0,t]. We write ®_4(ug) = u(—s) when we look at a particular backwards

solution branch.

3.2.2 Existence of invariant manifolds for parabolic equations

The purpose of this subsection is to summarise the construction of invariant manifolds
in [14], which applies to our framework. Note that it only requires that —A generates

a Cp-semigroup in [11].
Definition 3.2.2. Let V be a subset of U.

1. V is called positively invariant relative to U if for each v € V
U O (v) CU implies U O,(v)CV
s€[0,t] s€[0,t]
for all ¢t > 0.
2. V is called negatively invariant relative to U if for each v € V' we have that if a

backwards solution branch for v exists then there exists ¢, > 0 and a backwards

branch ®_(v) for 0 < s < t,, with ¢, maximal such that

U ®-s(v) cU implies [ ] @ s(v) cV
s€[0,t] s€[0,1]
for all 0 <t < t,,.

3. V is invariant relative to U if it is positively and negatively invariant relative to
U.

If the condition that orbit lies in U is removed then the set is called positively invariant,

negatively invariant or invariant, respectively.
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Definition 3.2.3. Let U be a neighbourhood of 0. We define

Wé={ueU:®(u)ecU forall t >0 and P:(u) — 0 exponentially as t — oo}
W* ={u e U : some backwards branch ®;(u) exists for all ¢ < 0 and lies in U,

and ®;(u) — 0 exponentially as t — —oo}

These sets W* and W* are invariant relative to U and are called stable and unstable
sets, respectively. It is proved in [14] that they are indeed invariant manifolds. We
sometimes write W*(U) and W*(U) to indicate their dependence on the neighbourhood
U.

Recall from Section 2.4.2 that —A is a generator of an analytic Cy-semigroup
S(t),t > 0 on L?(©2). We denote the spectrum of —A by o(—A) and decompose it
as

o(—A)=0"UocUd"

where

o ={A€o(—A):Re(N) <0}

o¢={Ae€ao(—A):Re(\) =0} (3.4)

o ={Ae€a(—A):Re(\) > 0}.
Since 2 is bounded, Rellich’s theorem implies that the embedding Hg(Q) < L?(Q) is
compact. Hence the resolvent (A + A)~!: L%(Q) — L?(Q) is also compact when it is
defined. This implies that o(—A) consists of eigenvalues with finite multiplicities (see
[57]). Tt is easily seen from [11, Theorem 3, XVII §6] that ¢¢ and o" are finite sets.
Let I'® and I'* be rectifiable closed curves separating ¢¢ and ¢® respectively from the

remaining spectrum. There are invariant subspaces of L?(Q) associated to o*, ¢ and

o" via the spectral projections (see [57])
pe— L A+ A)"tax
270 Jpe
1
PY=_— [ (A+A)"ldx
211 F“( + )

Indeed, we decompose L?(2) = X* & X¢ @ X“ where X* = (1 — P¢ — PY)L%*(Q),
X¢ = P°L?(Q) and X* = P“L?(2). Note that dim(X¢) and dim(X") are finite. We set
X =X® X®and X" = X°@® X" For x = s,¢,u,cs, cu, we have that —A* = — A x«
is a generator of S*(t) = S(t)|x-. Since S(t) is an analytic semigroup, there exist M > 0
and o > 0 such that

1S°(@®)]] < Me™",
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for all ¢ > 0.

To obtain the existence of local stable and unstable invariant manifolds, we decom-
pose L2(Q) = X~ @ X with dim X+ < oo in two different ways; either X~ = X* and
Xt =X%or X~ =X and XT = X% We denote a natural projection (via spectral
projection) onto X+ by PT, a natural projection on X~ by P~ := 1 — P and write
—A* = —A|y+. In both cases, we have that —A~ generates a Cp-semigroup S~ (¢) on
X~ satisfying

1S~ ()] < Mye™, (3.5)

for all t > 0 where M; > 0 and « € R. Similarly, — A" generates a Cp-group ST (¢) on
X satisfying
IS* (0] < Mo, (36)

for all £ < 0 where My > 0 and 8 > a. The parameters a and S can be chosen as
follows (see proof of Theorem 1.1 case (D) and proof of Theorem 1.2 case (D) in [11]).

o If X~ = X®and Xt = X we take a = —0o and fix 3 such that —o < 3 < 0.

o If X~ = X% and XT = X% we take 8 > 0 such that 8 < min{Re()) : A\ € "}
and fix a such that 0 < a < .

The main techniques in Bates and Jones [14] are a renorming of X~ and X' and a
modification of nonlinearity f. Since we decompose L?(2) = X~ @ X, norms on X~
and X are originally inherited from L?(§2). Indeed, if u = v@&w € L?(Q) where v € X~
and w € X, then

1
W(HUHL?(Q) + [[wllz2(0)) < lullz2@) < (llz2@) + 1wl r2@))- (3.7)

However, we can renorm X~ and X by
[v]| x— = sup e™*|S™ (v 20 (3.8)
>0
for v € X~ and similarly
lwllx+ = Sup e ST (w120, (3.9)

for w € X . These norms are equivalent on X~ and X, respectively. It is easy to see

that (see also [14, Lemma 2.1] )

lvll2) < llvllx- < Mil|vlr2(0), (3.10)
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for all v € X~ and
lwllr2) < lwllx+ < Mal|w||r2(q), (3.11)

for all w € X . The modification of nonlinearity f is done by cutting off arguments so
that we obtain a globally Lipschitz function f . Let n > 0 be arbitrary. By Assumption
3.2.1, we can choose § > 0 such that f has a Lipschitz constant less than 7/12 in
Br2(0)(0,26). Let ¥ : L*(€2) — R be a function defined by

T(u) =1 2- ”””g(”) if 6 < [lul|p2(q) < 20

By setting f(u) := W(u)f(u) for all u € L*(Q), we have that f is globally Lipschitz
continuous with constant € < n/4. This Lipschitz constant € can be chosen as small as
we require by shrinking J.

With this modified system a(t) + Au(t) = f(u(t)), the solution to an initial value
parabolic equation u(t) also exists for ¢ > 0, that is the maximal existence time ¢ (ug) =
oo for all ug € L?(2). Moreover, the modified system agrees with the original system
(3.2) inside Br2()(0,6). Hence, the modification gives us a local beheviour of the
original system. Although our assumptions imply that the original system has a global
solution for any initial data ug, we modify the nonlinear term f in order to gain some
useful estimates of the projections of semiflows in various directions (subspaces).

In [14], invariant manifolds for the modified system are constructed as follows. We

choose the Lipschitz constant € of f so that e < (8 — «)/4 and there exists v such that
—f+2<y< —a— 2. (3.12)
By abuse of notations, we denote again by ®;(ug) the solution w(t) of the modified
system with the initial condition ug. Let
W~ ={uecL*Q):e®(u) = 0ast— oo}
WT ={uec L*(Q): abackward branch ®;(u) exists for all t < 0
and "'®;(u) — 0 as t — —oc}.

The main idea to show that W~ and W™ are invariant manifolds is that certain cones
and moving cones are positively invariant, which can be determined by the difference

in the growth rates on X~ and X . For A > 0, we define a cone

Ky ={(v,w) € X~ x Xt : Mv||x- < |lw|x+}- (3.13)
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It is shown in [14, Lemma 2.4] that K is positively invariant if A € [u, v] where p and

v are positive parameters with pu < 1 < v satisfying
e<(B—a)/2+v+pu). (3.14)
Indeed, p and v can be further restricted so that
el4+puH-pf<y<—-el+4v)-a. (3.15)

The next two theorems give the existence of global stable and global unstable invariant

manifolds for the modified system.

Theorem 3.2.4 ([14, Theorem 2.1]). There exists a Lipschitz function h™ : X~ — X T
such that W~ = graph(h™) and h~(0) = 0.

Sketch of the proof. Fix vy € X~ and let
B ={wo € X : |Jwollx+ < pllvoll -}
We write @;(ug) = u(t) as u(t) = v(t) ® w(t) where v(t) € X~ and w(t) € X . Define

Gt ={wo € B : lw(®)|lx+ < pllo(®)llx-}-

It can be shown that G := [;5( Gt contains exactly one element. A function h~
defined by h™(vg) = Go for v9 € X~ is a Lipschitz function with A7(0) = 0 and
graph(h™) = W~. O

Theorem 3.2.5 ([14, Theorem 2.2]). There exists a Lipschitz function h™ : X+ — X~
such that W+ = graph(h™) and h*(0) = 0.

Sketch of the proof. The proof is based on a standard contraction mapping argument.
Let
Y ={hecC(XT,X7):h(0) =0 and h is v '-Lipschitz }.

Then Y is a complete metric space with the norm

h _
||h||Lip = sup H (w)HX )

3.16
w0 Wl x+ (3.16)

For an arbitrary h € Y, it can be shown that Pt®;(graph(h)) = X* and that
®;(graph(h)) is the graph of a v~!-Lipschitz function for all + > 0. Hence, the map
T;:Y = Y for t > 0 given by

T,(h) = h
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where h € Y with graph(h) = ®;(graph(h)) is well-defined. Furthermore, T} is a

contraction on Y for ¢ sufficiently large. Indeed,
|1 Te(ha) = To(h)llnip < v(v — p) ™ exp ((a = B+ 2+ p+v71))1)|lha — halluip.

Hence, there exists a unique fixed point h; € Y for ¢ sufficiently large. We can show
that hy is a fixed point of T} for all 7 > 0 and h™* := h; is the required Lipschitz function
with graph(h™) = W+ and h*(0) = 0. O

Remark 3.2.6. Let Yy = {h € Y : h is differentiable at 0 and Dh(0) = 0}. Then Yj is
closed in Y. As Df(0) = 0 (in fact Df(0) = 0 from Assumption 3.2.1), it can be shown
that T} : Yy — Yp for all ¢ > 0. Hence, the fixed point AT in Theorem 3.2.5 lies on Yy
(see the proposition after the proof of Theorem 2.2 in [11]).

The next two theorems give the existence of the local stable and the local unstable

invariant manifolds for (3.2).

Theorem 3.2.7 ([14, Theorem 1.1(i)]). Under the assumptions given above, there exists
an open neighbourhood U of 0 in L*(Q) such that W* is a Lipschitz manifold which is
tangent to X*® at 0, that is, there exists a Lipschitz function h® : P*(U) — X such
that graph(h®) = W*, h*(0) = 0 and h* is differentiable at 0 with Dh*(0) = 0.

Sketch of the proof. Set X~ = X% and X = X, We take a = —o and fix 3 such that
—0 < 3 < 0. Renorm X~ and X' by (3.8) and (3.9), respectively. By Assumption
3.2.1, there exists 6 > 0 such that the modification f has a Lipschitz constant ¢ <
(8 — a)/4 and the modified system agrees with the original system on Br2(q)(0,d). By
applying Theorem 3.2.4, we can find a product neighbourhood U C BLz(Q)(O,(S) and
prove that W* = W~ N U is a local stable invariant manifold. It can be shown that
any local stable manifold constructed using another renorming and modification agrees
on a neighbourhood on which the manifolds are both defined. The tangency condition

Dh*(0) = 0 follows by making u — 0 (by letting ¢ — 0 and possibly shrinking U). O

Theorem 3.2.8 ([14, Theorem 1.2(i)]). Under the assumptions given above, there exists
an open neighbourhood U of 0 in L?*(Q) such that W* is a Lipschitz manifold which is
tangent to X* at 0, that is, there exists a Lipschitz function h* : P*(U) — X such
that graph(h*) = W%, h*(0) = 0 and h" is differentiable at 0 with Dh*(0) = 0.

Sketch of the proof. Set X~ = X and XT = X% We take 3 > 0 such that 8 <
min{Re(\) : A € 0"} and fix a such that 0 < @ < 3. Renorm X~ and X+ and modify
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the nonlinearity f as in the proof of Theorem 3.2.7. Applying Theorem 3.2.5, we can
find a product neighbourhood U C Bpz()(0,6) and prove that W* = W+ NU is a
local unstable invariant manifold. It can be shown that any local unstable manifold
constructed using another renorming and modification agrees on a neighbourhood on
which the manifolds are both defined. The tangency condition Dh*(0) = 0 follows from
Remark 3.2.6. I

The product neigbourhood U in Theorem 3.2.7 and Theorem 3.2.8 can be chosen to
be U = V; x V5 where V; C X~ is a ball of radius §; and Vo C X7 is a ball of radius s
such that 61 < d9 for the local stable manifold and §; > 9 for the local unstable mani-
fold. In fact, with these choices of product neighbourhoods, W*¢ is positively invariant

and W* is negatively invariant ( see property (P4) in [11]).

3.3 Domain perturbation for invariant manifolds

In this section, we introduce domain perturbation for invariant manifolds. We state the
main result on convergence of the local stable and the local unstable invariant manifolds
under changes of the domain.

Let ©,, and  be bounded open sets in RY satisfying Assumption 1.4.1. We consider
the perturbation of (3.1) given by

% + Ayu = gp(z,u) in £, x (0,00)
u=0 on 99, x (0,00) (3.17)
u(-,0) =ugp in Q,,

where g, € C(RY x R) and A, is the operator defined by (2.40). As in Section 2.4.2,
we can consider the corresponding abstract equation of (3.17) given by
u(t) + Apu(t) = fo(u(t)) te (0,00)

U(O) = Uo,n

)

(3.18)

in L?(Q,), where f,(u)(z) := gn(z,u(z)) is the substitution operator induced by g,.
As previously seen, —A,, is a generator of a strongly continuous analytic semigroup
Sn(t),t > 0 on L?(,). When well-posed, the mild solution u, of (3.18) can be rep-
resented by the variation of constants formula (2.46). We denote the local semiflow

induced by parabolic equation (3.18) by ®;,, : L?(Q,) — L*(Q,) where

Dy (uo,n) = un(t), (3.19)
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for t € (0,t" (ugn))-

As discussed in Section 3.1, one of the main subjects in invariant manifold theory
is to study the persistence of invariant manifolds under perturbation. The focus of
this work is to study the dependence of invariant manifolds on domain variation. We
could think of ®;,, as a perturbation of ®;. However, the sequence of semiflows ®;,
is defined on different spaces for each n € N, namely L?(Q,). As usual, we make use
of the inclusion operators i, and ¢ (defined by (1.27) and (1.28), respectively) and the
restriction operators ry, and r (defined by (1.29) and (1.30), respectively) when dealing
with domain perturbation.

By the above inclusion operators, we consider the stable and unstable invariant
manifolds as subsets of L?(D). The main difficulty to establish convergence of invariant
manifolds under domain perturbation in this framework is that invariant manifolds are
constructed using a special renorming of X~ and X (see (3.8) and (3.9)). Although we
have seen in Theorem 2.4.8 that under suitable assumptions on domains the degenerate
semigroup 4,5, (t)r, converges to i.S(¢)r in the strong operator topology uniformly with
respect to ¢ in compact subsets of (0, 00), we cannot expect convergence of the projection
of solutions P, u, and P, u,, with respect to a sequence of the norms ||- | x- and ||-[|x+,
respectively. This is because norms on X,,; and X, (see (3.8) and (3.9)) involve taking
the supremum of e~ (|5 (¢)v]|12(q,,) on [0,00) and of e~ P*||S,F(t)v]|12(q,) on (—oo,0],
respectively.

We next state our assumptions for the perturbed equations.

Assumption 3.3.1. We assume the following assumptions.

(i) The coefficients of the operator A,

converge to the corresponding coefficients of A as n — oo (see Assumption 2.4.5).
(ii) The stationary point 0 € L?(Q) of (3.2) is hyperbolic, that is o¢ = 0.
Assumption 3.3.2. We impose the following conditions on the nonlinearity.

(i) fn: L2(Q) — L%(Q,) is locally Lipschitz and f,(0) = 0. In addition, for every
e > 0 there exists a neighbourhood U,, = U, (¢) of 0 such that f,, has a Lipschitz
constant € in Uy,. Moreover, U, can be chosen uniformly with respect to n € N
in the sense that we can take U, to be a ball centered at 0 in Lz(Qn) of the same

radius for all n € N.

(ii) infurn(u) — ifr(u) in L?(D) pointwise for u € L(D).
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Note that if g, and g satisfy conditions in Assumption 2.4.2 (with the time variable
disregarded) and g, (x,0) = 0 for almost all z € RY| then the substitution operators f;,
and f satisfy the above assumption.

Our main result can be stated as follows.

Theorem 3.3.3 (Continuity of local unstable manifolds). Suppose that Assumption
3.3.1 and Assumption 3.5.2 are satisfied. If Hi(Qy,) converges to H} () in the sense of
Mosco, then there exists a local unstable invariant manifold W' for parabolic equation
(3.18) for each n € N. Moreover, there exists § > 0 such that if we denote by B, =
Br2(0,)(0,0) and B = Br2()(0,9), then we have

(i) Upper semicontinuity:
0 . . 0
L) = 0]
as n — oo.
(ii) Lower semicontinuity:
S inf ) —1 —0
uemlllgwevlvgmnllln(v) i(u)|lz2(p)

as n — 0.

A similar result can be stated for local stable invariant manifolds with an additional

assumption of the convergence in measure of the domains.

Theorem 3.3.4 (Continuity of local stable manifolds). Suppose that Assumption 3.3.1
and Assumption 3.5.2 are satisfied. If Hi(Qy,) converges to HL(Q) in the sense of
Mosco, then there exists a local stable invariant manifold W7 for parabolic equation
(3.18) for each n € N.

In addition, assume that the Lebesque measure || — | as n — oo. Then there
exists 6 > 0 such that if we denote by B, = Br2(q,)(0,0) and B = Br2(q)(0,0), then

we have
(i) Upper semicontinuity:
su inf  ||i,(v) —i(u —0
Lt ) i)l

as n — 00.
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(ii) Lower semicontinuity:
st i) )]y 0

as n — 0.

In the remainder, we show the existence of local stable and local unstable invariant
manifolds for the perturbed problem (3.18) in Theorem 3.3.3 and Theorem 3.3.4. The
assertion on upper and lower semicontinuity will be proved in Section 3.5 for unstable
invariant manifolds and in Section 3.6 for stable invariant manifolds.

By our assumptions in Theorem 3.3.3 or Theorem 3.3.4, we have from Theorem 2.4.9
that for every ug,, € L*(2,) and up € L*(Q) with riyug, — ug in L*(Q2) weakly, the
perturbed equation (3.18) has a unique maximal solution u, € C([0,} (ug ), L*(Qn))
and i,u, (t) — iu(t) in L?(D) uniformly with respect to t € (0,t] for all ty € (0, (ug)).

In terms of semiflows, the above can be stated as
in®en(uon) = 1P (uo) (3.20)

in L?(D) as n — oo uniformly with respect to t € (0,to] for all to € (0,¢%(up)). In
addition, if the initial condition i,ug,, converges strongly to iug in L?(D), then (3.20)
holds uniformly with respect to t € [0,tg] for all ¢y € (0,¢"(up)). Recall also that our
assumptions imply convergence of pseudo resolvents in the operator norm (Theorem
2.4.11) and convergence of spectral projections (Corollary 2.4.12).

We decompose o(—Ay,) = o; Uol, Uol where o}, o,

5 o5 and or are sets defined similarly

to (3.4). By hyperbolicity assumption that o. = () (Assumption 3.3.1 (ii)) and Corollary
2.4.12, we have that ' and I'* separate o, and o} respectively from the remaining of
spectrum for n sufficiently large. In fact, the convergence of spectrum in Corollary
2.4.12 implies that ¢¢ = () for all n sufficiently large. Hence, the fixed point 0 € L?(2,)
of (3.18) is hyperbolic for all n sufficiently large. We define

1

Pé= _— A+ A, tdN =
1
Pt =_— A+ A,) " tax
n 27T’l F“( + )

PS=1-P¢— P

Then
inPyry, = iP°r  and i, Py, — iPYr (3.21)
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in .Z(L?(D)) as n — co. Denote by X2, X¢ and X¥ the images of 1 — PS — P¥, P$ and

P, respectively. For n sufficiently large, we can decompose
LX) = X0 XS o XY (3.22)

Indeed, from the above consideration we have that X = {0} and X is a finite dimen-
sional subspace with dim(X}) = dim(X") for all n sufficiently large.

To construct invariant manifolds for the modified system, we decompose L?(£,) as
X, ®X,I in two different ways as in Section 3.2.2. In particular, dim(X,/) = dim(X ") <
oo for n sufficiently large and

inPlry, — iPtr (3.23)

in .Z(L?(D)). Moreover, if u =v @ w € L?(2,) where v € X,, and w € X, then

1

m(””“m(m) + lwllzz,) < llullzz@,) < (Ul + lwllizz@,))- (3.24)

By Assumption 3.3.1 (i), we can choose the parameters « and [ for the restriction of
semigroup S,(t) to X, and X, uniformly with respect to n € N so that S, (¢) and
ST (t) satisfy similar conditions as (3.5) and (3.6), respectively. We see that

ol x; = sup e85 (t)vll2(0,), (3.25)

for v € X, and
lwll ;= sup e ST (wll 2., (3.26)

for w € X, give equivalent norms on X, and X", respectively. Indeed, we have
[vllz2@,) < ol < Milvllr20,,) (3.27)

for all v € X, and
lwllze@,) < wllx+ < Ma|lwlr2@,) (3.28)

for all w € X, where My and M can be chosen uniformly with respect to n € N.

By Assumption 3.3.2 (i), there exists § > 0 independent of n such that the mod-
ification f,, of f, has a Lipschitz constant ¢ < (8 — «)/4 and the modified system
agrees with the original system on B,, := r,(B) where B := Br2(p(0,9) for all n € N.
Therefore, we can construct the stable and unstable invariant manifold for the modified
system by using uniform parameters v, 4 and v for all n € N. By Theorem 3.2.7, there

exists a product neighbourhood U,, C B, such that a local stable invariant manifold
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is W32 (Uy) = graph(h,, ) N U,. Since the parameters « and [ are chosen uniformly for
the renorming of X, and X, respectively, we can choose U, C B, to be a product
neighbourhood Vi ,, x Vo, where Vi, C X, is a ball of radius d; and V3, C XFisa
ball of radius do with d; < Jo for all n € N. Without loss of generality we may choose §
smaller so that the modified system agrees with the original system on B,, for all n € N.
Similarly, by Theorem 3.2.8, there exists a product neighbourhood U,, C B, such that
a local unstable invariant manifold is W*(U,,) = graph(h;t) N U,. Since the parameters
a and 8 are chosen uniformly for the renorming of X, and X" respectively, we can
choose Un C B, to be a product neighbourhood ‘71n X Vg,n where f/l,n C X,, is a ball of
radius 81 and ‘72” C Xt is a ball of radius 52 with 51 > 82 for all n € N. Again we may
choose ¢ smaller so that the modified system agrees with the original system on B,, for
all n € N. Therefore, we have established the existence of local unstable manifolds and
local stable manifolds for the perturbed problem (3.18).

We can assume that the choice of neighbourhoods considered above applies to the
limit problem (3.2) (by possibly shrinking ¢). Therefore, to prove Theorem 3.3.3 and
Theorem 3.3.4, it remains to verify the continuity under domain perturbation (upper
and lower semicontinuity) of local stable and local unstable invariant manifolds inside

some ball B,, = BLQ(Q”)(O, 5) contained in Vi 5, x Vo, or VLn X ng.

3.4 Some technical results towards the proof of semicon-
tinuity

In this section, we give some technical results required to prove upper and lower semicon-

tinuity in Theorem 3.3.3 and Theorem 3.3.4. In particular, we prove some convergence

result for a bounded sequence (wy,)pen With w, € X;I for each n € N. Moreover, we

give a characterization of upper and lower semicontinuity.

3.4.1 Convergence of sequence in finite dimensional subspaces

We first give a direct consequence of convergence of spectral projections in (3.21).

Lemma 3.4.1. Let (¢)nen be a sequence with ¢, € L?(,) for each n € N and
¢ € L*(Q). We decompose ¢, := ¢35 @ ¢S O ¢¥ corresponding to the decomposition
(3.22). Similarly, we decompose ¢ = ¢* B ¢¢ @ P*.

(i) Ifindn — i¢ in L2(D) strongly, then in¢’ — i¢* in L*(D) strongly for * = s, ¢, u.
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(i) If indn — i¢ in L2(D) weakly, then i,¢% — i¢* in L?(D) weakly for x = s, c, u.

(iii) If ripgn — ¢ in L*(Q) strongly and lin®nllz2(py is uniformly bounded, then

rindl — ¢* in L2(Q) strongly for * = s, ¢, u.
(v) If ripndn — ¢ in L*(Q) weakly and lin@nllL2(py is uniformly bounded, then
ringl — ¢* in L?(Q) weakly for x = s, c,u.
Proof. Suppose that i,¢, — i¢ in L?(D) strongly. By (3.21), we have
[t dr, — i¢*”L2(D) < linPpraingn — 7;P*Mn¢nHL2(D)
< Nlin Pyrn — iP*r||lin¢nll L2 (D)
+ [[iP*r||lindn — i9ll L2(D)
— 0

as n — oo for x = ¢, u. Since ¢;, = (1—PS— PY)¢, and ¢* = (1 — P°— P")¢, we obtain
the convergence i,¢;, — i¢°. This proves assertion (i). The statement (iii) follows from
a similar argument above.

Suppose now that i, ¢, — i¢ in L?(D) weakly. By (3.21) and the weak convergence
of i, ¢, we have for y € L?(D) and * = c,u

(in62) = 16" X)12(0) | = | (n P = iP"61) 12|
< |(inP3én — iP*ringulx) 0|
| P rindn — P81 12
< YlinPira = iP*rllindll 2o I 22

(in6n — i61GP*T)') o)

+

—0

as n — oo where (iP*r)" denotes the adjoint operator of i P*r. This implies i, (¢}) —
i(¢*) in L?(D) weakly for * = ¢, u. Since ¢, = (1—PS—P%)¢,, and ¢* = (1— P¢— P%)¢,
we obtain the weak convergence i, (¢%) — i(¢*) in L?(D). This proves assertion (ii).

The statement (iv) can be proved in a similar fashion. O

Note that if i, ¢, is uniformly bounded in L?(D), then there exists a weak convergent
subsequence in L2(D). In general, we do not know whether the weak limit is zero almost
everywhere on D\, that is of the form i¢ for some ¢ € L?(Q). This is the reason we

include both assertions (ii) and (iv) in Lemma 3.4.1 above.
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Remark 3.4.2. The convergence of i,(¢5) — i(¢°) in Lemma 3.4.1 (i) is different to
convergence of the projections i, (1 — P¢ — P%)r, — i(1 — P¢ — P%)r in .Z(L?(D)). For
example, consider a square domain € in R? perturbed by attaching “fingers” to one
of the sides as previously seen in Figure 1.2. If we increase the number of fingers so
that the measure remains the same (by letting their width go to zero). Then |€2,\Q]
is a positive constant for all n € N. Recall that HE(Q,) converges to Hg(Q) in the
sense of Mosco. Let f € L?(D) be the constant function 1. By (3.21), we have that
inPern(f) — iPr(f) and in, Pir,(f) — iP%r(f) in L*(D). If in(1 — P¢ — PY)r,(f) —
i(1=P°—P")r(f)in L?(D), then i,,7,,(f) — ir(f) in L?(D). This cannot be true because
linrn(f) = ir(f)llz2py = [22\2] > 0 for all n € N. Hence, i,(1 — Py — P)r, does not
converge to i(1 — P¢ — P¥)r in Z(L*(D)). Note that if we impose the assumption
that Lebesgue measure of the domain converges, that is |2, — |Q| as n — oo, then we
obtain convergence of the projections iy, (1— P¢ — P%)r, — i(1—P¢— P%)r in Z(L*(D)).

In the next few results, we consider an arbitrary finite dimensional subspace of
L2(S2,).

Lemma 3.4.3. Let m be a positive integer. Suppose V, is an m-dimensional subspace
of L*(Qy,) with a basis {fin, fon,--- fmn} for each n € N, and V is an m-dimensional
subspace of L*(Q) with a basis {f1, fo,- .. fm}- If in(fjn) — i(fj) in L*(D) as n — oo
forall 5 =1,...,m, then there exists ¢ > 0 such that

v {5

for alln € N.

E= (G ) ERT G =1) 2 6

L2(Q

Proof. Let £ = (&1,...,&m) € R™ with || = 1. By convergence of the bases, we get

H zm: itnfin) = Zm: fji(fj))
J=1 j=1

. < jz; &5lllin(fin) — i(f) | 22Dy

NE

<

lin(fin) = i(f5)ll2(D)

<.
Il
—

—0

as n — oo. Notice that the above convergence does not depend on £. This means
I Z;n:l i fimllrz,) — |l Z;n:l §jfjHL2(Q) uniformly with respect to £ € R™ with |¢| = 1.

Let .
c=mf {|Sgh] L ce=(6 6 e R 6 =1},
j=1

L2()
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In particular, choosing ¢ > 0 such that ¢ — ¢ > 0, there exists Ny € N (independent of
& € R™ with [£] = 1) such that

H;@fg’,n @) > H;@fi‘

for all n > Np and for all £ € R™ with |¢] = 1. Since || 327", & fillL2(q) > ¢ it follows

that .
> &iim
j=1

for all n > Ny and for all £ € R™ with |£| = 1. Taking the infimum over £ € R™ with

I

ra

>c— 2
oy 20 (329)

|€| = 1, we obtian

Cn >c— C > 0)
for all n > Ny. Finally, taking ¢ := min{cy,...cn,,c — (}, the lemma follows. O
An immediate application of Lemma 3.4.3 is the following result.

Corollary 3.4.4. Assume that V,, and V are as in Lemma 3.4.3 and that the conver-
gence of bases in(fjn) — i(f;) in L*(D) as n — oo holds for all j = 1,...,m. Let uy, be
a sequence such that u, € Vi, for each n € N. If |[un||12(q,) is uniformly bounded then

there exists a subsequence uy, such that in, (un,) — i(u) in L*(D) with a limit u € V.

Proof. For each n € N, we write u, = Z;n:1 &jnfin. By a standard argument in the

proof of equivalence of norms for finite dimensional spaces,

" m
E &l < —llunllz2(9.),
i=1 n

for all n € N, where ¢, is given in Lemma 3.4.3. It follows from the uniform boundedness
of |lun||r2(q,) and Lemma 3.4.3 that >, |€;x| is uniform bounded. We can extract a

subsequence &, such that §;,, — & for all j =1,...,m. Hence,
m
i () = () == 1( D&
j=1

in L?(D). O

Recall that we have dim(X;") = dim(X™) < oo for sufficiently large n. We set
d := dim(X ™) and fix a certain basis {f1, f2,..., fa} of XT. Define

fim = Plrai(f5), (3.30)

for j =1,...,d. Then we obtain a basis of X,/ as shown below.
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Theorem 3.4.5. There exists Nog € N such that { fin, fon,--., fan} where fj, defined
by (3.30) is a basis of X, for each n > Ny. Moreover, in(fjn) — i(f;) in L*(D) as
n — oo holds for all j =1,...,d.

Proof. The convergence i, (fjn) — i(f;) is clear from the definition of f;, and (3.23).
Since X, is d-dimensional subspace for all n sufficiently large, it suffices to show that
there exists No € N such that fi,, fon,..., fan are linearly independent for each n >
Ny. We prove this by using mathematical induction on m for m = 1,...,d in the
following statement: there exists N, € N such that fi,, fon,..., fmn are linearly
independent for each n > N,,.

The statement is trivial for m = 1. For the induction step, suppose that the
statement is true for 1,...,m with m < d, but there is no Np4+1 € N such that
fins fons -+, fm+1,n are linearly independent for each n > N, 1. This implies that
for each n € N, there exists [ € N with [ > n such that fi;, fo;,..., fin+1, are linearly
dependent. Thus, we can find a subsequence ny (choosing ny > N, for all k € N)
such that fi,,, fong, -5 fm+1,n, are linearly dependent. Since fin,, fongs -5 fmng

are linearly independent, we can write
m
fm+17nk = E :fj,nkfj,nk,
=1

for all k& € N. Since in, (fint1n,) — i(fms1) in L2(D) as k — oo, it follows that
| frnt1,m |l L2(Q,,) 18 uniformly bounded. Corollary 3.4.4 implies that there exists a sub-
sequence denoted again by fy41.n, such that in, (fri+1n,) — i(f) in L?(D) as k — oo,
where the limit f belongs to the m-dimensional subspace spanned by f1, fo, ..., fin. By
the uniqueness of a limit, we conclude that f,,+1 = f. This is a contradiction to the
assumption that {fi, fa,..., fa} is a basis of XT. Hence, the induction statement is

true for m 4+ 1 and the theorem is proved. O

As a consequence, we obtain the following convergence of a bounded sequence with

each term belongs to a sequence of the spaces X, .

Corollary 3.4.6. Let (wp)nen be a sequence with w, € X, for each n € N. If
lwnllz2,) (or llwnllx+) is uniformly bounded, then there exists a subsequence wp,
such that

iy, (Wny,) = i(w)

in L?(D) with the limit w € X+.
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Proof. Note that ||wy[|x+ < C for all n € N implies |lwn||2(q,) < C for all n € N (see
(3.27)). The result follows immediately from Corollary 3.4.4 and Theorem 3.4.5. O

Remark 3.4.7. The above result implies that there exists a subsequence wy, such that
lwn [l L2(0,) = llwllz2(q) but does not implies [|wy, || x+ — [[w[[x+ as degenerate semi-

group only converges uniformly on compact subsets of (0, 00).

We note that the convergence of components in finite dimensional subspaces in

Lemma 3.4.1 (ii) is indeed a strong convergence as stated below.

Lemma 3.4.8. Suppose that the assumptions in Lemma 5.4.1 (ii) are satisfied. If
intn — i¢ in L*(D) weakly, then i ¢S — i¢® in L*(D) weakly and i ¢ — i¢* in
L?(D) strongly for x = c,u.

Proof. From Lemma 3.4.1, we have a weak convergence i,¢! — i¢* in L?(D) for * =
s,c,u. Since X is a finite dimensional subspace, Corollary 3.4.6 implies that for any
subsequence ny we can extract a further convergent subsequence iy, ¢, — §" in L?*(D)
for some £* € L?(D). The weak convergence above implies that £% = i¢* and hence
ing,Pn, — 10" In L?(D) strongly. Since this is true for any subsequence, we conclude
that the whole sequence i,¢% converges to i¢* in L?(D) strongly. The same argument
shows that i, (2¢) — i(z¢) in L?(D). O

3.4.2 Characterisation of upper and lower semicontinuity

We give some equivalent statements for upper and lower semicontinuity mentioned in
Theorem 3.3.3 and Theorem 3.3.4. We simplify the notations by considering bounded
subsets @,, & of L*(D).

Lemma 3.4.9 (Characterisation of upper semicontinuity). The following statements

are equivalent.
(1) supyew, infucs [v —ullr2(py = 0 as n — oo.

(ii) For any sequence {vn}nen with v, € pn, we have infyeq [[vn — ullL2(py — 0 as

n — oo.

(iii) For any sequence {vptnen with v, € o, if {vn, }ken is a subsequence, then there
exist a further subsequence (denoted again by vy, ) and a sequence {un, }ren with

Up, € & such that ||vn, — un,||r2(p) — 0 as k — oco.
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Proof. The statement (i) = (ii) is clear as

inf — < inf —
ulgﬂﬂvn ullz2(py < sup nf [lv—wullzz(p),

for any sequence {v, }nen with v, € 47,.
For (ii) = (i), we prove by contrapositive. Suppose that (i) fails. Then

lim sup { sup in; lv— U‘LZ(D)} =:a>0.

n—00 vE., UE

Hence, there exists a subsequence njy — oo such that

inf ||v— —
Ug;rzkulgﬁl\v ullz2(py — a,

as k — oo. This implies that there exists vy, € .7, such that
UIQ; |vn, = ullz2(p) > a/2,

for all k£ € N. Hence, (ii) fails.

For the statement (ii) < (iii), notice first that infyecq [|vn — ullp2(p)y = 0 as n — oo
if and only if there exists u, € & such that [|v, — un|z2(p)y — 0 as n — co. To see
this, we choose u,, € & such that [|v, — unll2(p)y < infuew |vn — ull2(py + 1/n for
each n € N. Then the forward implication follows. The backward implication is clear
as infuee ||vn — ullp2(py < [[vn — unllp2(py for all u, € /. The statement (ii) < (iii)
then simply follows from the above and a standard subsequence characterisation of a

limit. O
By a similar argument, we can state the following lemma.

Lemma 3.4.10 (Characterisation of lower semicontinuity). The following statements

are equivalent.
(1) supye infuew, v —ullr2(py — 0 as n — oo.

(ii) For any sequence {un}nen with un, € &, we have infyey, v — unllr2(py — 0 as

n — oo.

(iii) For any sequence {un nen with u, € <, if {un, }ren is a subsequence, then there
exist a further subsequence (denoted again by uy, ) and a sequence {vp, }ren with

Up,, € W, such that ||vn, — un,|lr2(py = 0 as k — oo.
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3.5 Convergence of unstable invariant manifolds

In this section, we prove upper and lower semicontinuity of local unstable invariant
manifolds. We first show pointwise convergence of global unstable manifolds for the
modified systems in Section 3.5.1. Consequently, we prove Theorem 3.3.3 in Section
3.5.2.

3.5.1 Convergence of global unstable manifolds

Let
Y, ={h € C(X,5,X, ) :h(0) =0 and h is v~ -Lipschitz }.

Then Y,, is a complete metric space with the norm

[1P(w) |-
i = sup ———==

3.31
o (331)

We define T3, : Y,, = Y, for t > 0 by

Tyn(h) =,
where h € Y, such that graph(h) = ®,,(graph(h)). Fix t > 0 sufficiently large such
that
K:i=v(v—p) texp((a—B+e2+p+rv ) < 1. (3.32)

As in Theorem 3.2.5, T} ,, is a contraction on Y;, with a uniform contraction constant K
for all n € N. Moreover, W, is a graph of the fixed point h;}} of T} ,,. To prove conver-
gence of global unstable manifolds, we show that the fixed point A} of T}, converges
to the fixed point h™ of T;.

Lemma 3.5.1. Suppose that 0, and Q satisfy Assumption 1.4.1 and H&(Qn) converges
to H}(Q) in the sense of Mosco. Then for every v € X, there exists v, € X,; such
that iy (v,) — i(v) in L*(D).

Proof. Let v € X~ C L*(Q). By the density of H () in L*(Q) and Mosco convergence,
it follows from a standard diagonal procedure that there exists &, € H}(£2,) such that

in(§n) = i(v)

in L?(D) as n — oo. By Lemma 3.4.1 (i), we get i, Py (&) — iP~(v) = i(v) in L?(D)
as n — oo. By taking v, := P, (&,), the lemma follows. O
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Let us define h € Y by

h(w) = %fﬁ(w), (3.33)

for all w € X+ where C is a positive constant satisfying
IPHIIL = PY||MiMe < C, (3.34)

for all n € N. Note that although i, (1 — P;)r, does not converge to i(1 — P™)r in
Z(L*(D)) with respect to the operator norm, we use |1 — P;S|| < 1+ || P} and (3.23)
to obtain a bound C above. We will use that both ||P}| and ||P; | = ||1 — P;| are
bounded without further notice.

In the next lemma, we obtain an approximation of A by functions in Y.

Lemma 3.5.2. Let h be as in (3.33). There exists a sequence {h,} with h, €Y, for
each n € N such that

(i) inhnPrra(u) — ihPTr(u) in L2(D) as n — oo for all u € L?(D)

(ii) for eachm € N, we have inT{% (hn) Py (u) — T} (h)PTr(u) in L*(D) asn — oo
for all w € L*(D).

Proof. We construct hy, € Y, as follows. Define h, : X;7 — X, by

1
hp(w) == 5(1 — PYrpih™ P rig (w), (3.35)

for w € X;I. Tt is clear that h,(0) = 0. Moreover, for wy,wy € X, it follows from the
Lipschitz continuity of h* and the choice of C in (3.34) that

[ (w1) — hn(w2)HX1;
< Mi|[hp(w1) = hn(w2) L2(0,)

1 1
_ L ptye A prye ipt P
_MlHC(l P )rpih™ P riy(wy) C(l P )ryih™ P m"(wQ)HH(Qn)

1 , : i

< My 1= P rall il [R5 P rin(wn) = B P rin(ws) | 22()
1 : ;

< Mgt =B | WP Frin(wn) = WP rin (ws) | x-
1 . ;

< M151/ Y = PH|| [P rin(wy) — P rig (ws)]] x+

1 _ . .
< Mygy  Mo|[1= P[P rin(wy) = Prrin(ws)|z2(0)

1
C

< 1/_1||w1 — w2||X7-L+.

< Myzv ' Ma|[L = PYILIPF| el il flwr = wall r2(a,)
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Hence, h,, is v~!—Lipschitz and thus h, € Y,. Note that we need to be careful about
the norm used in the above calculation. In particular, we take care of the equivalence
of norms on X~ and X given in (3.10) and (3.11). This will be applied throughout
this chapter without further comment.

We claim that h,, defined above satisfies the properties (i) and (ii). For (i), let
u € L?(D) be arbitrary. By Lemma 3.5.1, there exists (v, )nen with v, € X, such that

in(vn) — ih™ PTr(u) (3.36)
in L?(D) as n — oo. We have from the triangle inequality that
linhn Py (w) — ihP+r(u)|]Lz(D)

1 1
= H—in(l — PYrpiht P ri, Pir, (u) — —ih"’P"’r(u))

C C

1

< aHzn(l — PO)rpiht PTrig Plrp(u) — in (1 — P,f)rﬂh*P*r(u)HLz(D)

2
1) (3.37)

+ %Hzn(l — POYrpih™ PTr(u) — ih ™ PTr(u)|| 2 p)-
Using the equivalence of norms on X~ and X, we can calculate
%Hz’n(l — B Yrnih P i P () — in(1 — P )il PHr(u) | 2(0)
< %Hin\l 1L = BN il b P o rin Prg (u) — ih ™ Pr(w) | 2 p)

1
< 5“1 — PH|| lih T P ri, Plry (u) — ih+P+riP+7“(u)HL2(D)

1
< —|1- P,j'|| Hh‘*‘P‘*‘m’nP,jrn(u) — WP PTriPTr(u)|| x- ( )
3.38

< 1/_1H1 — P;‘H ||P+TinP;rn(u) — P+riP+r(u)||X+

IN

vIM||1 — P |PYrin Pl rn(u) — P+riP+r(u)||L2(Q)

IN

v M1 = P PFr|| lin Py ra(u) — iPr(u)llzn)

o Ql=QlrQl~AQl

1

as n — 00, where we use (3.23) and the boundedness of |1 — P,F|| in the last step. For

the second term on the right of (3.37), we use (3.36) and i, (1 — P\ )rpinv, = inv, to
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obtain )
6”@”(1 — P)rpiht PTr(u) — ih+P+T(u)||L2(D)

< Zllin(1 = B )i PHr(u) = in(on) 2o
L. .
+ aHZn(Un) - Zh+P+7’(u)HL2(D)
1
= —lin(1 — PH)rpih ™ P () — in(1 — PF)rnin(vn
CHl@n( )T r(u) = in(1 = Py )rain(vn)| L2(D) (3.30)
+ gf\in(vn) —ih " PYr(u)l| 2 (p)
1., . .
< Glin(1 = P)rall 1307 P r(w) = in(vn) | 12(0)
1. ,
+ G llin(vn) = ih T PTr(w)] L)
—0
as n — oo. It follows from (3.37) — (3.39) that

i b P rn (u) — ihP*r(u)HLz(D) —0

as n — oo. Since the above argument is valid for any u € L?(D), statement (i) follows.
We next prove (ii) by induction on m € N. By part (i) of this proof, the property

(ii) is true for m = 0. For induction step, assume that
inTt’z(hn)P;m(u) — AT (h)Ptr(u)

in L?(D) as n — oo for all u € L?(D) holds true for m = 0,1,...,k. We need to show
that
in Ty () P e () — 4T () PHr(u) (3.40)

in L?(D) as n — oo for all u € L?(D). Let u € L?(D) be arbitrary. We set w :=
Ptr(u) € Xt and wy, := Pfr,(u) € X,I. Tt follows from (3.23) that

in(wy) — i(w) (3.41)

in L?(D) as n — co. Since graph(T(h)) = ®;(graph(TF(h)), there exists wo € X T
such that
@, (wo ® TH(R) (o) ) = w @ T+ (R) (w).

For each n € N, we define wg ,, := P ryi(wp). Again by (3.23), we have 4, (wo ) — i(wo)

in L?(D) as n — oo. Moreover, by induction hypothesis,

inT (hn)(Wo) = in Ty (hn) Py ri(wo) — 4T (h) P ri(wo) = 4T () (wo)
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in L?(D) as n — oco. Hence, it follows from the convergence of solutions under domain

perturbation in (3.20) that
in®0n (W00 © T, () (w0,0) ) = i (w0 @ TFE(R)(wo) ) =i (w @ T (R) (w))

in L?(D) as n — oo. Since graph(Tt]fil(hn)) = <I>t7n(graph(1}”fn(hn)), there exists &, €
Xt such that
o (Won & TF () (wi0n) ) = & © T () (),

for each n € N. Hence,
in (60 © TE (h)(60)) > i (w @ T () (w)) (3.42)
in L2(D) as n — co. By Lemma 3.4.1 (i), it follows from (3.42) that
in(&n) = i(w) (3.43)
and
in (T8 () €0)) = i (TF () (w)) (3.44)
in L?(D) as n — oo. We obtain from (3.41) and (3.43) that
lin(€n) = in(wn)llL2(p) = 0

as n — 0o. Since Tt]f: 1(hn) is v~ 1-Lipschitz, it follows that

HTtITII(hn)(én) - ﬂ%:l(hn)(wn)

ey < [T o) (60) = T o) )|

Xn

<o e~ wnlls a5
< v My|&n — wnllr2(a,)

—0

as n — oo. By definitions of w, and w together with (3.44) and (3.45), we conclude
that

T (o) P () = TS ()P ()|

L2(D)
= s ) T )], )
< Hinzgj;l(hn)(wn) — in T35 (hn) (&) L20)
+ iz ) — T mw)|
— 0

as n — oo. As u € L?(D) was arbitrary, we have shown (3.40). O
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We next recall a standard result on the rate of convergence to the fixed point of a

contraction mapping below (see for example [71, Remark 1.2.3 (ii)]).

Lemma 3.5.3. Let (X,d) be a complete metric space and T : X — X be a contraction

mapping with a contraction constant k € [0,1), that is,
d(T:L‘l, TI'Q) S kd(wl, 1’2),

for all x1,x9 € X. Denote by x* the unique fived point of T'. Then for any r € X,

n

d(z*,T"z) <
(x7 x)_l_k

d(z,Tz), (3.46)

for alln € N.

We prove the pointwise convergence of global unstable invariant manifolds in the

following theorem.

Theorem 3.5.4. Assume that all assumptions in Theorem 3.3.3 are satisfied and

H(Qy) converges to H} () in the sense of Mosco. Then we have
inh! Plrn(u) — ikt PTr(u)
in L?(D) as n — oo for all u € L?(D).

Proof. Fix u € L?(D) and let ¢ > 0 be arbitrary. We can choose mgy € N independent
of n such that the contraction constant K in (3.32) satisfies

Ko

1 ¢
TRk 1Py rn(u)ll g+ < 3 (3.47)

for all n € N and
Kmo

1-K
We take h,, € Y,, and h € Y as in Lemma 3.5.2. Then b

21 |PTr(u)| x+ < (3.48)

< oWl

the definition of Lip-norm on
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Y and Y, (see (3.16) and (3.31), respectively), we see that
Hinh;fp,jrn(u) — ih+P+r(u)||L2(D)
< Hinhf{Pjrn(u) — z’nTt’ZO(hn)Prfrn(u)HLQ(D)
a0 ) B o) — AT ()P ()|
[T (R P () — ik Prr(u)| 2

< Hh,J{P;rrn(u) - ﬂ%o(hn)PJrN(u)Hx—

(3.49)
T () P ) — AT (B P (a) |
+ |77 (h)PFr(u) — kY PHr(u)|
< |lhy — Er,?zo (hn)HLipHPrjrn(u)ng
+ lin T30 () P (w) = AT ()P r ()| o
HIT™ (h) = h ¥ luipll P ()| x+
for all n € N. By Lemma 3.5.3, we have
. - Ko mo
I+ =T )iy < 5l — T < 52w (3.50)
Similarly,
N . KMo mo
I =T o) iy < el — Tin(a)lip < 1207, (351)
for all n € N. Moreover, Lemma 3.5.2 (ii) implies that there exists Ny € N such that
i () P v () — T () PHr()|| 0 < S (3.52)
n-tn n):n'n t LQ(D)— 3? .

for all n > Ny. It follows from (3.49) — (3.52) that

. : ° - ¢
\inhyy B ro(u) — zh+P+r(u)HL2(D) < T K2I/ IHPJTH(“)”X,J{ + 3
Kmo
+ 2 e

for all n > Ny. By our choice of mg in (3.47) and (3.48), we conclude that
Hinh:[P,frn(u) — ih+P+7‘(U)HL2(D) <,
for all n > Ny. As ¢ > 0 was arbitrary, we get
inht PEr,(u) — ih ™ Ptr(u)

in L?(D) as n — oo. Since this argument works for any u € L?(D), the statement of

the theorem follows. O
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3.5.2 Upper and lower semicontinuity of local unstable manifolds

We are now in the position to prove Theorem 3.3.3.

Proof of Theorem 3.5.3 (ii). As discussed at the end of Section 3.3, there exist §; and
2 such that W} = W (U,) is a local unstable invariant manifold where U,, = V} ,, x Vo,
with Vi, is a ball of radius d1 in X, and Vb, is a ball of radius d2 in X, for all n € N.
Moreover, a similar statement holds for the unperturbed problem. By the equivalence
of norms on X, and X, with uniform parameters o and 8, we can chose § > 0 such
that By, := Br2(q,)(0,6) C Viu x Vo, for all n € N and B := Br2((0,6) C V1 x Va.

To prove the lower semicontinuity, we show that for every ¢ > 0, there exists Ny € N
independent of u € graph(h*) N B such that

vEgrapth(lz;'{)ﬂBn [i(u) = in(v)l[L2(p) < ¢,

for all n > Ny and for all u € graph(h™) N B. Let ¢ > 0 be arbitrary. By the Lipschitz
continuity of At : X+t — X~ (taking (3.10) and (3.11) into account), we have that for
every wog € X T, there exists p > 0 such that

I(w & 1™ (w)) — (wo & h™ (wo))ll 12(0) < g, (3.53)
for all w € By+(wo,p) :={w € XT : [Jw — wol[2(0) < p}. Note that p is independent

of wg € X+. We set
W := P* (graph(h") N B) = {w € X' :wa h*(w) € B}.

Since dim(X*) < oo, the set W is compact. If we take the open cover {Bx+(w,p) :
w € W} of W, then there exists a finite subcover

{Bx+(wg,p) wr, € W k=1,...,m}.

Hence,

m

W C | Bx+(wg, p). (3.54)

k=1
Denoted by A := min{d — [lwx @ bt (wi)ll2@) : k = 1,...,m}. Setting wpy, =
Plrpi(wy) € X;f for n € Nand k = 1,...,m. We have from (3.23) that i, (wy,) —
i(wy) in L?(D) as n — oo for each k = 1,...,m. Moreover, by Theorem 3.5.4
inh! (Wen) — ihT(wg) in L?(D) as n — oo for each k = 1,...,m. Hence, for each
k=1,...,m we can find Ny € N such that

in (Wkn @ b (Wrn)) — i(wg & h+(wk))||L2(D) < min {g, A} ,
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for all n > Nj. Setting No = max{Ny : k=1,...,m}, we get

lin(Whn @ hot (wrn)) — i(wy & b (w))| 2(py < min {; A} , (3.55)
for all n > Ny and for all £k =1,...,m. Using (3.55), we obtain

Wk @ Py (W) 220y < Nin(Whin ® hot (Whn)) = i(wr @ BT (wp)) | L2(p)
+ [lwe @ hyt (wi) || 22 ()
< lwk & bt (wi) | 12(0) + A
< wi & hyt (wi) | 120 + (6 = [lwi & hyt (wi) || 12())
=9,
for all n > Ny and for all k = 1,...,m. Hence, wy,, ® h} (wg.) € graph(h,;) N B, for all
n > No and for all k = 1,...,m. Let u be in graph(h™) N B and write u = w & h™ (w)

for some w € W. By (3.54), there exists k € {1,...,m} such that w € Bx+(wg,p). It
follows from (3.53) and (3.55) that

llin(Whn @ bl (i) —i(w & hT ()]l 2(p)
< i (Wi @ bt (win)) — i(wr & B (wi)) | 2(p)

+ [i(wy, ® b (wi)) — i(w & b (w)) [ r2(p)

S
<§+§
=¢,

for all n > Ny. Since wg,, @ h;f (wy,,) € graph(h;}) N By, for all n > Ny, we get

inf [i(w) = in(v)||L2(p) < ¢,
vegraph(hi)ﬂBn

for all n > Ny. The above estimate holds for every u = w @ h*(w) € graph(h*) N B

and notice that Ny is independent of u. Hence,

inf l[i(w) = in ()|l L2(p) < ¢,
vEgraph(hi)ﬂBn

for all n > Ny and for all u € graph(h*) N B. As ¢ > 0 was arbitrary, we obtain the

lower semicontinuity. O

Using our characterisation in Lemma 3.4.9, we can show the upper semicontinuity

of unstable invariant manifolds.
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Proof of Theorem 3.3.3 (i). We consider the same neighbourhood B, and B as in the
proof above. By Lemma 3.4.9, we need to show that for any sequence {{,}n,en with
&n € graph(h) )N By, if {&,, }ren is a subsequence then there exist a further subsequence
(denoted again by &,,) and a sequence {uy, }ren With u,, € graph(h™) N B such that
lling (&ny) — i(uny )|l L2(p) = 0 as k — oo.

Let {&,}nen be a sequence with &, € graph(h,}) N B, and (&, )ken be an arbitrary
subsequence. We write &, := wy, ®h} (wy,) for some wy, € X,f . Since ||&,, ||L2(an) =
l|wn,, @ hit, (wny)llz2(@,,) < 0 for all k € N, we can apply Corollary 3.4.6 to extract a

subsequence from wy, (indexed again by ny) such that
iny (Wny,) = i(w)

in L?(D) with the limit w € X+. Hence, by the Lipschitz continuity of h,; and Theorem
3.5.4, we get

Hanh’Zk (wnk) - ih+(w)”L2(D) < Hznkhi_k (wnk) - inkh;z’—kprj;rnki(w)“LQ(D)
+ ‘|anh,tkp7j;€’l“nk’t(w) - Z'h—’—(w)HLQ(D)

=0

as k — oo. If we set u := w ® h*(w) € graph(h™), then iy, (£,,) — i(u) in L*(D)
as k — o0o. Since [|in, (§n)llL2(py < 0 for all k € N, we get ||i(u)|[z2(py < 0. Hence,
u € graph(h*) N B = graph(ht) N B. We can find u,, € graph(h™) N B such that

Up, — uin L*(Q) as k — oco. Therefore,

g (€nx) = i(uny) 2Dy < Nling (€ni) = 1(W)l|2(py + [li(w) = i(un,) 2Dy = 0

as k — oo and we obtain the required subsequence. O

3.6 Convergence of stable invariant manifolds

Recall that the local stable manifold is a graph of Lipschitz function h™ : X~ — X
inside a suitable product neightbourhood of 0 € L?(€) determined by the modification
in the construction (Theorem 3.2.7). In this section, we prove the upper and lower
semicontinuity of local stable invariant manifolds with the following modification.

Fix the renorming of X,,, X;7, X~ and X by (3.25), (3.26), (3.8) and (3.9) respec-
tively using the same parameters o and 3 for all n € N. By shrinking the neighbourhood
(choosing a smaller Lipschitz constant e for the nonlinear terms f, and f), we can make

the following assumption.
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Assumption 3.6.1. We assume that

1 1
[PH+ 1P 2012 + 112l

O<u0<inf{2(’ >:neN} (3.56)

and

. Mo
W= MM, (3.57)

are parameters such that both po and p satisfy the conditions for p in (3.14) and (3.15).

We denote the Lipschitz functions for the modification g by h~ and for the modifi-
cation p by h™. Let U be a smaller product neighbourhood of 0 in L?(£2) such that both
modifications agree. Hence, the local stable manifold is W*(U) := graph(h™) N U =
graph(if) NU. Similarly, for each n € N, we denote the Lipschitz functions for the mod-
ification pg by }A‘LT_L and for the modification p by h,, . As discussed at the end of Section
3.3, we can take a uniform product neighbourhood U, of 0 in L?(£),) such that both
modifications agree. Hence, the local stable manifold is W23 (U,,) := graph(h,,) N U,, =
graph(h; ) NU,. We choose § > 0 so that B C U and B,, C U,,, where B := Br2(0)(0,9)
and B, := Br2(q,)(0,6). Hence, h™(v) = h~(v) on B and h; (v) = h;; (v) on B,. We
prove Theorem 3.3.4 by taking the balls of radius ¢ chosen above.

Lemma 3.6.2. Let > 0 and {, > 0 be a sequence with {, — 0 as n — oo.

(1) If 2n = yn®h™ (yn) is a sequence in graph(h™) such that zn € Br2(0)(0,6+ () for
eachn € N, then there exist a subsequence zy, and a sequence wuy, in graph(h™)NB

such that

||znk - u”k”L2(Q) —0
as k — oo.
(i) If zn = yn ® h™(yn) is a sequence with z, € graph(h,) N Br2(q,)(0,0 + (u) for

each n € N, then there exist a subsequence z,, and a sequence Uy, with u,, €

graph(h,, ) N By, for each k € N such that

[2n), = tny llL2(0,,) = 0
as k — oo.

Proof. For assertion (i), using (3.56) we can fix b > 0 such that

b> ! (3.58)
([P +NP=I)~t = 2u0 '
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Since ¢, — 0, we can find Ny € N such that (, < 6/b for all n > Ny. We extract a
subsequence ¢, so that (,, < /b for all k € N. Define

bCn
Ay, = 1— k , 3.59
k Tom Tz 10~ G e (3:39)

for each k € N. By our assumptions, ||2n,[|r2() = [[Yn, © ™ (Yni )l 22(0) < 0 + Cny, for
all k € N. If ||z, || 2() > 9, then

lYynell2@) + 107 W)l 2) = 1Yne © 2™ (Yn ) 22(0) = 6.

Since (p,, < /b, if ||z, || 12(0) = § we have that

bGny, b(6/b)

< =1.
ynillz2@) + 1R~ (Yn )l L2() J

It follows from (3.59) that 0 < an, < 11if ||z, |12() = 6. For each k € N, we define
Uy, € graph(h™) by

Zn, if ||z, |72y < &
Un, = k ” kHL (%)) (3.60)

Uy Yny D h- (ankynk) if HznkHL2(Q) > 0.

Clearly, ||zn, — un,llz2(q) = 0 if [|2n, || 22(q) < 0. Moreover, if ||z, [[12(q) > 0, then

20, — un,llL2(@) = [(Wny, & 2™ (Yny)) — (@ng ¥y, © B (an, Y )l 220
< Nyne — anpynill2) + 177 (i) = B (an,yni )l 22(0)
< yny, — anyynillrz@) + 107 (Yny,) = B~ (@n,yny )l x+
<Yy, — anyYngll200) + 1llYng — angyng |l x-
< (L + oM Yni — angYni |l 220

< (T + pM)|1 = an, | [Jyng Nl 22(0)
bCn,
YnellL2@) + 10~ (Y ) 22()

< (1+ pb) YNl 22(02)

Hence, ||z, — unkHLz(Q) < (1 + puMy)b¢y, for all k € N. As (,, — 0, we conclude that
20y, — tnyllL2() = 0 (3.61)

as k — oo. It remains to show that up, € Br2(q)(0,9) for all k € N. If ||z, [|12(q) < 9,
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then upn, € Br2(0)(0,9). If [|25,[|12(0) > 6, we can write

”u”kHLQ(Q) < Jun, — ankZRk”LQ(Q) + ||ankznk||L2(Q)
= H(ankynk @ h_(ankynk)) — Qny, (ynk ®©h” (ynk))HL?(Q)

+ ||ankznk||L2(Q)

(3.62)
< |Ih (anyYni) — anh™ (Yl 22@) + llang 20, 2200
< W7 (anyYni) = B~ (Wn) 2y + 107 (Yni) — anh™ (Yng) 2 (o)
+ llan, 20y |2 (02)-
Now, if ||25, [|2() > 6, then by the Lipschitz continuity of A~ and (3.57)
177 (any yni) = B~ (Yn )l L2() < A7 (@) — h™ (i) lLx+
< pllan, Yy = Ynillx-
< ubi|an, —1| ||ynkHL2(Q) (3.63)
o bCns Yl L2 (0)
~ ML yallz) + 10 el
< pobCn, -
Similarly, if ||z, [|2(q) = J, then
1R (Yny,) — anh™ (Y )22 (0) < 11 = an, | 1R (yn, )l 220
< 1= an, [ |27 (yni )l x+
< pll = ang | [yl x-
< M1 = ang] gl 220 (3.64)
o bCrns | Yni |l 20
— MM g ) + 10 () 220
< pobCny, -

Since |1z, llz20) = (1920 + 1A~ W)Lz AP+ + 1P, it follows that

ank Hznk ”LQ(Q) > ank
lynllz2@) + 1A~ W) llz2 — 1P+ (1P
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Hence, if [|2p, [[12(q) > d, then

||ankznk ||L2(Q) = |ank|||’2nk HLZ(Q)

= an |20 Ml 22(0)

—(1- Yo, Vomellz2ey
[y llz2) + 107 (Yn )| L2

. HZ H ) bcnkHan||L2(Q) (3'65)
— n Q) — _

S g 2@y + 1 Wno) 229

bC,,
< HZ’flkHLQ(Q) - HP+|| _{_kHP,H
bG,,

<6+¢, ——

o P+ 1P

Therefore, by (3.62) — (3.65), if ||zn, [|L2(q) > 6, then

b¢,
lngllz2(0) < HobGuy, + 10bGry +0 + Gy = T =) = =
[P*[ + (1P|
) (3.66)
— 5+ (2u0h— —— 1)
( [ PH] + 1Pl ) *

By the choice of b in (3.58), we get

b 1
2o~ o 1= (0~ )
= = (P + 1P = 200 )b+ 1
<-1+1
=0.
It follows from (3.66) that [lun,|[z2() < d if ||zn,[l2() = 6. Hence, we conclude that
Up,, € graph(h™) N Br2(q)(0,9) for all k¥ € N and statement (i) follows.
Statement (ii) can be proved similarly. The only difference is that the sequence z,

belongs to different spaces L?(€2,) for each n € N. We only need to adjust the proof in

part (i) and keep track of the dependence on n. In particular, we replace (3.58) by

1
b> sup{ — } >0
neN LIP3 ||+ [P [) 7! = 200

and (3.59) by
B bln,
lynillz2 (@, ) + 10~ (Un )l 2, )

for each k£ € N. O

Qp,, =1
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We now show the upper semicontinuity of local stable invariant manifolds.

Proof of Theorem 3.5./ (i). By Lemma 3.4.9, we need to show that for any sequence
{&n tnen with &, € graph(h,, )NBy, if {&,, }ken is a subsequence then there exist a further
subsequence (denoted again by &,, ) and a sequence {uy, }ren With u,, € graph(h™)NB
such that |[in, (&n,) — @(un,)|lL2(py = 0 as k — oo.

Let {&n}nen be a sequence with &, € graph(h,, ) N B, and (&, )ken be an arbitrary
subsequence. We write &, := vn, @ hy,, (n,) for some vy, € X, . Since [|&n, || 22(0,,, ) =
lvn, @ by, (Unk-)HL?(an) < § for all k € N, we can extract a subsequence of v,,, (indexed
again by ny) such that

ing (Un,) =0
in L?(D) as k — co. By the assumption that |Q,,| — ||, we conclude that v = 0 almost
everywhere in D\, that is, v € L?(£2). Hence,

ing, (Un,,) — i(v) (3.67)
in L?(D) as k — oo. Moreover, by the convergence of i, P, 7, — iP~r in £ (L?(D))
(see Remark 3.4.2) and the weak convergence of vy, , it follows that
[ (o) = P 0)16) 2| < (g (0m) = 1P (o)1) 2 )|
| (P iy (vne) = 1P (0)16) 12 |
< ling Py = iP77 ([ liny (vni) | 220y 191 2(D)

(i (0m) = OGP 16) 1 )

—0

as k — oo for all ¢ € L?(D), where (iP~r)* is the adjoint operator of i P~r. This means
ing (Vn,,) = iP~(v) in L?(D) as k — oo. By the uniqueness of weak limit, v = P~ (v) and
hence v € X ™. Since /iy, hy,, (Un,)[|2(p) 18 uniformly bounded, we can apply Corollary

3.4.6 to extract a further subsequence (indexed again by ny) such that
ing Py, (Vny) = i(w) (3.68)
in L2(D) as k — oo with the limit w € X*+. Thus, we get

i (U, © i, (0,) — (v B w) (3.69)
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in L?(D) as k — oo. By a standard property of weak convergence,

(0 ® )20y < Tanint i, (o, © A, (00, ) 120
< liin sup HZ’% (vnk ©® h;k (Unk))HL2(D) (370)
—00

<.

Hence, u := v ® w belongs to B. Applying domain perturbation result for solutions of
semilinear equations in (3.20), we get from (3.69) and globally Lipschitz assumption for

the modified function f that
inkq)t,nk (v”k ©® h’l’_bk (vnk)) — Z.‘I)t(v ® w)
in L?(D) as k — oo for all ¢t > 0. Lemma 3.4.1 (i) implies that

ing Py, @ty (Un, @ o (Un,,)) = iP™ Py (v d w)

ngk

and
iny, P’ D4y (U, @ by, (Un,,)) — iPT® (v w)

Nk

in L*(D) as k — oo for all ¢ > 0. By the construction of h,, (vn,) (see Theorem 3.2.4),

we have that

1B B (0 © i (0Dl < 1l Py @y (o @ o, ()

for all ¢ > 0. Taking the norms on X, and X, in (3.27) and (3.28) into account, the

above implies
1P, @t (Vg © by, (v )| 22002, ) < HMA| P, Py (Vg @ iy, (0n,)) 2202, )
for all ¢ > 0. Passing to the limit as £ — co, we obtain
[1PT®:(v @ w)llr2) < uMi||P™®:(v ® w)| 120

for all ¢ > 0. By the assumptions on pp and g in (3.56) and (3.57), and the equivalence
of norms on X~ and X (see (3.10) and (3.11)), it follows that

1P (v @ w)|x+ < pM M| P™0(v & w)l[x- = pol P~ Pe(v & w)l[x-,  (3.71)

for all t > 0. We claim that ||w|| x+ < pollv||x-- If |w|x+ > pol|v||x-, that is v G w is
in the interior of the cone K, defined by (3.13), we can find a product neighbourhood
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U(v,w) of v@®w such that U(v, w) C Int(kK,). Since the solution of parabolic equation
with the initial condition v @ w is continuous, there exists ¢y > 0 such that ®;(v ®w) €
U(v,w) for 0 < t < to. This implies that ||PT®;(v & w)||x+ > pol|P~Pe(v & w)| x-
for 0 < t < to, which is a contradiction to (3.71). Hence, by the definition of A~ (a
modification with the cone K,,), we conclude that w = h~(v). As both modification

agree on B, we have w = h™ (v). Therefore, (3.68) implies
ing Py, (Vny,) — TR () (3.72)

in L2(D) as k — oo.

The remainder of this proof deals with the existence of the required sequence u,, €
graph(h™) N B. At this stage, we keep the index of our subsequence as in the previous
part. We define

Yny = P rin, (vn,) € X7,

for each k € N. By the convergence of i, P, 7, — iP~r in Z(L?(D)) (see Remark 3.4.2)
and the boundedness of [[in, (vn, )|l z2(p), we get
H’L(ynk> - ink (Unk)HLZ(D) - HiP—Tink(vnk) - i”k (Unk)HLZ(D)
< iP7r =iy By ling (vny )l 22(p) (3.73)

—0

as k — oo. In particular, ||yn,[/z2(q) is uniformly bounded. Moreover, by (3.73) and

the weak convergence of vy, ,

(i) = (0)10) 20| < |(0(me) = iy (00,)10) 2
o (i (vne) = i(0)10) 12
< i) = i (0 220 9]l 20

| (i (0) = i 0)10) 12

-0

as k — oo for all ¢ € L?(D). Hence,

i(Yn,,) — i(v) (3.74)

in L?(D) as k — oo. By the Lipschitz continuity of h~ together with (3.10) and (3.11),

Hh_(ynk)”LQ(Q) < Hh_(ynk)HX+ < :Ul”ynkHX* < :UJMluynkHLZ(Q) <0
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for all K € N. Since X is a finite dimensional space, we can extract a further subse-

quence (indexed again by ny) such that
ih™ (Yn, ) — i(0) (3.75)
in L?(D) as k — oo with the limit @ € X*. Therefore,
i(Yny ® B (Yny,)) — i(v ® W) (3.76)
in L?(D) as k — oo. By the convergence of solutions under domain perturbation in
(3.20) (with ©, = Q for all n € N), we get from (3.76) that
1P (Yny, DL (Yn,)) = 1P¢(v ® W)
in L?(D) as k — oo for all ¢ > 0. Hence,
P @y(yn,, & b (yn,)) = P~ 4(v & @)
and
P (yn, ®h™ (yn,,)) — PTO(v ® )

in L2(Q) as k — oo for all ¢ > 0. Since these sequences are in the fixed spaces X~ and
X respectively, (3.10) and (3.11) imply that they converge under || - || x- and || - || x+,
respectively. By the construction of h™(yy,) (see Theorem 3.2.4), we have that

[P @ (Y D R~ (Y x+ < BlIP™Pe(Yn @ B (yn))lI x -

for all ¢ > 0. Passing to the limit as £ — 0o, we obtain
[PT®y(v @ )| x+ = pl| P~ P(v & @) x- (3.77)

for all t > 0. By a similar argument appeared after (3.71), we conclude that ||| x+ <

||v]| x-. Hence, w agrees with w = h™(v). Therefore, (3.75) implies
ih™ (yn, ) — ih™ (v) (3.78)
in L*(D) as k — co. Recall that &,, = vy, ® by, (vn,). If we set 2, := Yn, Bh™ (yn,) €
graph(h™), then by (3.72), (3.73) and (3.78)
ling (§ni,) = i(zni) | 22(D)

= lliny (vny, © hpyy (Un)) = (Wi @ B (Y, )) |l L2(D)

< ling (vn) = i) 22Dy + lling oy (0ny) = b7 (yn )|l 22(D) (3.79)
< ling (0ny.) = W)l L2(D) + ling by (0ny) = ih™ (V)| L2)

+ [lih™ (v) = ih™ (Y, )| 2(D)

=0
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as k — oo. Therefore, we can extract a further subsequence (indexed again by ny) and

Cny > 0 with ¢,, — 0 as kK — oo such that

i (€nx) = i(zni )l L2(D) < Gy

for all k¥ € N. It follows that

liCzn) 22y < ling (Eni)llz2 (D) + G < 0+ Ca

for all k € N, that is, 25, € graph(h™) N Br2(q)(0,6 + () for all & € N. We can apply
Lemma 3.6.2 (i) to obtain a subsequence (indexed again by ny) z,, and a sequence
Up, € graph(h™) N B such that ||z, — un,[|r2() — 0 as k — oco. It follows from (3.79)
that

g (€nx) = i(uni)ll2(D) < Nling (€ni) = 1zl 2Dy + 1(2ni) = i(uni )l L2 ()

-0

as k — oo. Hence, we obtain the required sequence u,,, . Since we start with an arbitrary

sequence &, € graph(h, ) N By, the assertion of Theorem 3.3.4 (i) follows. O

The lower semicontinuity of local stable invariant manifolds can be obtained by a

similar fashion.

Proof of Theorem 3.3./ (ii). The statement follows by a similar argument to the proof
of Theorem 3.3.4 (i). We use Lemma 3.4.10 and Lemma 3.6.2 (ii) instead of Lemma
3.4.9 and 3.6.2 (i). O



Chapter 4

Persistence of bounded entire
solutions of parabolic equations

under domain perturbation

In this chapter, we investigate domain perturbation for a class of bounded entire solu-
tions (solutions that are defined for all time ¢ € (—o0, 00) and are bounded in a suitable
function space) of parabolic equations. The existence of bounded entire solutions is com-
monly obtained from an exponential dichotomy assumption (see Definition 4.1.2 below).
A study of persistence of bounded entire solutions under perturbation has also attracted
interests. For example, the work of [$3] deals with persistence of bounded solutions of
parabolic equations under a non-autonomous perturbation of the inhomogeneous terms.
Many other authors focus their studies on homoclinic and heteroclinic solutions to un-
derstand some complicated dynamical behaviour. For results on homoclinic solutions,
we refer to [17] and [82]. The persistence of heteroclinic orbits of semilinear heat equa-
tion under approximation of a (non-C') nonlinearity by C' functions is obtained in
[33] to calculate the Conley index. A usual technique to deal with perturbation of the
nonlinearity (or inhomogeneous terms) is the use of Liapunov-Schmidt decomposition
method and the implicit function theorem to derive a bifurcation equation (see [50]).
When dealing with domain perturbation, a standard implicit function theorem cannot
be applied because the differential operators vary upon domains.

In the literature, domain perturbation for bounded entire solutions seems only be
treated for particular types of solutions including stationary (equilibrium) solutions in

[51] and periodic solutions in [35, Section 5 and 7]. For periodic solutions, convergence

117
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of T-periodic solutions under domain perturbation can be obtained by applying do-
main perturbation results for initial value problems (see Chapter 1) and considering the
Time-T -operator, that is the operator U(T') mapping ug to the solution of the abstract
homogeneous parabolic equation ((2.2) with s = 0) at time 7.

The purpose of this chapter is to study domain perturbation for general bounded
entire solutions of linear and semilinear parabolic equations. We restrict our attention
to autonomous parabolic equations under Dirichlet boundary condition. In Section 4.1,
we recall the existence and uniqueness of bounded entire solutions of linear parabolic
equations under an exponential dichotomy assumption. Persistence of bounded entire
solutions is studied in Section 4.2 and Section 4.3 for linear parabolic equations under
L? and LP-norms respectively. We consider semilinear equations in Section 4.4. The
technique in this chapter is not applicable to domain perturbation for homoclinic and
heteroclinic orbits. The problem is rather difficult but it is an interesting topic for

future research.

4.1 Bounded entire solutions of linear parabolic equations

Let Q be a bounded domain in RY. We consider the following autonomous parabolic
equations subject to Dirichlet boundary condition on the whole real line
ou

5 + Au = g(x,t) in 2 x (—o00,00) (1)

u=0 on 09 x (—o0, 00),
where g € C(RY x R) and A is an elliptic operator defined by (2.31). As usual, we
write (4.1) in the abstract form in L?(f2) as

u'(t) + Au=g(t), te€ (—o0,00), (4.2)

where A is the maximal restriction operator of Ag given in (2.37) on H = L%(Q). In
particular, we have from Section 2.4.2 that — A is the generator of a strongly continuous
analytic semigroup S(t),t > 0 on L?(1).
Let J C R and X be a Banach space, we write
BC(J,X) = {U : J — X : v is continuous and sup ||v(t)||x < oo}.
teJ

It is well known that BC(J, X) is a Banach space under the norm || - || given by

[0]oo == sup [u(t)]| x-
teJ
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Definition 4.1.1. A function u € BC(R,L?(f)) is called a (mild) bounded entire
solution of (4.2) if for all t > s

u(t) = S(t — s)u(s) + / S(t—T1)g(T)dr
holds for any s € R.

To obtain existence of bounded entire solutions, we require the notion of exponential
dichotomy. We give a definition below for a more general case of non-autonomous

problems.

Definition 4.1.2 (Exponential dichotomy (see e.g. [52, Secion 7.6])). We say that the
equation u'(t) + A(t)u(t) = 0 has an exponential dichotomy on interval J C R with
exponent 8 > 0 and bound M if there exist projections P(t),t € J strongly continuous
in ¢ such that the evolution systems U(t,s) € Z(H),t > s satisfies

(i) U(t,s)P(s) = P(t)U(t,s) for all t > s in J;
(ii) The restriction U(t, s)|5(p(s)) is an isomorphism from Z(P(s)) onto %Z(P(t)) for

all t > s in J where Z(P(s)) denotes the range of P(s). We define U(s,t) as the
inverse map from Z(P(t)) to Z(P(s));

(i) [|U(t,8)(I — P(s))|| < Me Pt=9) for all t > s in J;

(iv) ||U(t,s)P(s)|| < MePt=9) for all s >t in J.

Note that for autonomous problems, evolution systems are just semigroups e~ A=)

for t > s. In this case, the projections P(t) is replaced by a constant projection P.

Ezample 4.1.3. Consider the autonomous parabolic equation u'(t) + Au(t) = 0 in a
Banach space X := L?(Q2) where —A is a generator of a strongly continuous analytic
semigroup S(t),t > 0. The evolution systems are U(t,s) := S(t — s) for t > s. The
equation u/(t) + Au(t) = 0 has an exponential dichotomy on R if the spectrum o(—A)

can be decomposed as o(—A) = o7 Uo~ where
ot i={xeo(-A): Re()) >0}
o ={Aeo(—A): Re(\) <0}.

(4.3)

Indeed, the exponent [ can be determined by the value of 5 such that o(A) is disjoint
from the strip {\ : =8 < Re(\) < 8}. As seen in Section 3.2.2, o is a finite set. Let

PT be the spectral projection defined by

1
Pt = o F(A + A)~tdx, (4.4)
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where I' is a rectifiable closed curve separating o from o~. We can take constant
dichotomy projections P(t) := Pt and I — P(t) := 1 — P for all t € R.
In fact, the above conditions imply exponential dichotomy in a fractional power

space (see examples in [52]).
We make the following assumption.

Assumption 4.1.4. We assume that the corresponding homogeneous equation of (4.2),
that is u/(t) + Au(t) = 0 has an exponential dichotomy on R with exponent 5 > 0 and
bound M.

We next prove the existence and uniqueness of bounded entire solutions of (4.2).

Theorem 4.1.5 ([69, Theorem 4]). Suppose that Assumption 4.1.J is satisfied. For ev-
ery g € BO(R, L?(Q)), there exists a unique bounded entire solution u € BC(R, L*(Q))

of (4.2). Moreover, u can be represented by

u(t) = /_ S(t— 7)(I — P)g(r)dr — /t T S(t— ) Pg(r)dr, (4.5)
for allt € R.

Proof. Let g € BC(R, L?*(Q2)) be arbitrary. Consider u(t) defined by (4.5). Applying

the estimates (iii) and (iv) in the definition of exponential dichotomy, we see that
t o 00 B oM
u®llzey < [ Mgl + [ Mgl < 2 gl
—00 t B
for all t € R. By the change of variables, we can write (4.5) as
00 0
u(t) = / S(t)(I — P)g(t — T)dT — / S(T)Pg(t — T)dr, (4.6)
0 —00

for all t € R. From (4.6), it is easy to see (using the dominated convergence theorem)

that u is continuous on R. Hence, u € BO(R, L?(f2)). For t > s, we have
u(t) - S(t — s)u(s) = /_ S(t —7)(I — P)g(r)dr — /t " S(t— ) Py(r)dr
—S(t—s) /S S(s—71)(I — P)g(r)dr
+S(t—s) /OO S(s — 1)Pg(T)dT
t ’ t
= / S(t—71)I - P)g(r)dr + / S(t —71)Pg(T)dr

t
:/ St —7)g(T)dt.
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Therefore, u defined by (4.5) is a bounded entire solution of (4.2).

To prove the uniqueness, let u and v be bounded entire solutions of (4.2). Setting
w = u — v, we have w is a bounded entire solution of the homogeneous equation
w'(t) + Aw(t) = 0. Hence, for any ¢t € R, we have w(t) = S(s)w(t — s) for s > 0. By

the exponential dichotomy,
(T = Pyu®ll aey < [SE)T — Pl — 8)ll 2y < Me ™[] = 0

as s — oo. Hence, (I — P)w(t) = 0 and Pw(t) = w(t) for all ¢ € R. Similarly, for any
t € R, we have Pw(t) = S(—s)Pw(t+ s) for s > 0. Thus,

1Pw(t)] r2(0) < 1S(=s)P[|Pw(t + s)l| < Me™?||w]|oc — 0

as s — oo. Hence, we have Pw(t) = 0 for all t € R. This implies w(t) =0 for all t € R
and thus u = v. O

It follows from the above theorem that the operator
L™': BC(R, L*(Q)) — BC(R, L*(Q))

given by
t [e]
L_lg(t) = /_ S(t—71)I— P)g(r)dr — /t S(t — 7)Pg(T)dT, (4.7)

for t > 0 is well defined. Moreover, L~! is bounded and linear with the operator
norm ||[L7!|| < 2M/B. Hence, L~! is continuous under the topology induced by the
norm of BC (R, L%(€2)). We also remark the continuity under the topology of uniform

convergence on compact subsets below.

Proposition 4.1.6. Suppose that g,,, g € BO(R, L?(Q)) are functions such that g, (t) —
g(t) in L*() uniformly with respect to t on compact subsets of R and ||gn||co is uniformly
bounded. Then L~'g,(t) — L~1g(t) in L*(Q) uniformly with respect to t on compact
subsets of R.

Proof. 1t is easy to see from the dominated convergence theorem and the representation
of bounded entire solution in (4.5) that L~1g,(t) — L~1g(t) in L?(2) for all t € R. Let
J C R be a compact set. We show that L~1g,(t) = L~!g(t) in L?(Q) uniformly on J.

Let € > 0 be arbitrary. By the estimates (iii) and (iv) in the definition of exponential

dichotomy (Definition 4.1.2) and the uniform boundedness of ||gn|/c0, We can choose
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T > 0 depending only on € such that

[ IS0 = P gatt =) = gt = ) ey <
r (4.8)

=1, =M

-T
/ IS(T)P(gn(t —7) = g(t = 7))l L2y dr <

—0o0

for all n € N. Using the representation (4.6) of bounded entire solutions and (4.8), we

get from the exponential dichotomy that
1L gut) — L g(8) 12y < /0 TSI = P)(galt —7) — 9(t — 7)) 2y
0
+ [ ISEP (e = 1) = gt = D)l
T o0
< [ISOU = P)(galt =) = glt = 7) |2y
0
0 g
+ [ ISOPantt =) =t =) lzoydr + 5 (49

T
< sup |lgn(t —7) — gt — )220y / MePrdr
T7€[0,T 0

0
+ sup |lgn(t—7)—g(t - T)HLQ(Q)/ MePTdr
T€[-T,0] -T

3

+ 5

for all n € N. Since J and [T, T] are compact, we have {t —7:t € J,7 € [-T,T]} is a
compact subset of R. By our assumption, g,(t —7) — g(t — 7) in L?(Q) uniformly with
respect to (¢,7) € J x [-T,T]. Hence, there exists Ny € N such that

M _ €
sup sup [|gn(t —7) — g(t — 7)ll2() 7 (1 —e Ty < Ve
teJ re[-TT] B

for all n > Ny. It follows from (4.9) that for every t € J,

1L ga(t) = L7 g()]| 20y < &
for alln > Ny. Ase > 0 was arbitrary, this proves the required uniform convergence. [

We show below that L~! leaves some subspaces of BC(R, L*(Q)) invariant. We
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denote the following subspaces of BC(R, L?(2)) by

BUC(R,L*(Q)) := {f € BC(R,L*(Q)) : f is uniformly continuous on R}
AP(R,L*(Q)) := {f € BO(R, L*(Q)) : f is almost periodic}
P(w,L*(Q)) := {f € BC(R,L*(Q)) : f is w-periodic}
C1(R,L*(Q)) := {f € BC(R,L*(Q)) : Jim f(t) exists}
Co(R, L*()) := {f € BC(R, L*()) : dim f(t) = 0}.

Recall that a function f : R — L%(Q) is almost periodic if { f, } g is relatively compact
in BC(R, L*(Q)), where

f-() = fr+) (4.10)
is the 7-translation of f. This condition is called Bochner’s characterisation of almost
periodicity. An equivalent definition can be given in terms of relative dense sets in R
as follows: f is continuous and for every £ > 0 there exists ¢(¢) > 0 such that every
interval J of length £(¢) contains 7 such that ||f(t +7) — f(¢)[|2(q) < € for all ¢ € R.

We refer to [28] or [30] for the theory of almost periodic functions.
Proposition 4.1.7 ([69, Proposition 3]). The operator L=1 has the following properties.
(i) L7 tg, = (L7tg), for all T € R.

(ii) The following spaces BUC(R,L*(Q)), AP(R, L*(Q)), P(w, L*(Q)), C1(R, L*(Q))
and Co(R, L?(2)) are invariant under L.

Proof. The assertion (i) is almost trivial. Let ¢ € BC(R,L%*()). Then u(t) :=
(L~1g)(t+7) is a bounded entire solution of (4.2) with g(t) replaced by g.(t) = g(t+7).
By the uniqueness of bounded entire solutions, the statement follows.

We next show the invariance of the above subspaces. It is evident by (i) that
P(w, L*(Q)) is invariant under L~'. Moreover, if ¢ € AP(R,L?(f2)), then by def-
inition, {g},er is relatively compact in BC(R,L?*()). By (i) again, we see that
{(L7Y9):}rer = {L71g;}rer is relatively compact in BO(R, L?*(€2)) because L~!

a bounded linear map. This proves the invariance of AP(R, L?(Q)). In addition, for
any g € BC(R, L*(Q)), we see from (i) that

(L7 9)r = L glloo = IL7 g7 = L7 gllo
< HL_1H||97— - g”OOa

for all 7 € R. Hence, BUC(R, L?(f2)) is also invariant under L™!.
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Now, let g be a function in C(R, L?(2)). We denote by g(oo) := lim;_o g(t). We
define the constant function f by f(t) := g(co) for all ¢ € R. Then g¢.(t) converges to
f(t) in L*(Q) as 7 — oo uniformly on compact subsets of R. By Proposition 4.1.6, we
have

(L7'g)r =L gr > L7'f

in L?(2) as 7 — oo uniformly on compact subsets of R. In particular, this implies
L™g(r) = (L™"9)+(0) = L™ f(0) = A™"g(c0)

in L?(Q) as 7 — oo. By a similar argument, we see that the limit of L='g(7) as 7 — —o0
exists. Hence, C; (R, L?(Q)) is invariant under L~!. Tt is now clear for the invariance of
Co(R, L3(Q)). O

For the invariance of Co(R, L?(Q2)) under L~!, the proof above does not answer how
fast L~1g(t) converges to zero as t — +o0o. We give an alternative (direct) proof below

to keep track of how large ¢ is required for making L~'g(t) closed to zero.
Proposition 4.1.8. The operator L' maps Co(R, L?(Q)) into itself.

Proof. Suppose g € Co(R, L*(Q2)). Let &€ > 0 be arbitrary. Then there exists T > 0 such
that

B
Hg(t)HL2(Q) < m&

if [t| > T. Fixnow t > T. If 7 € (—o0,t —T'), then t —7 > T Hence, ||g(t —7)| 12(q) <
%6 for all 7 € (—oo,t — T'). Therefore,

00 t—=T
/ IS()(I — P)g(t — )| 2(cydr = / IS()(I = P)glt — )| 2y
0 0

+ /:; IS(r)(T = P)g(t = 7)l|2()dr

< ie /tT Me PTdr + HgHoo/oo Me PTdr
4M - Jo =T

g M _ _
< Z + HgHooF(f At T).
(4.11)
Moreover,

0 0
B .
/ 1S()Py(t — 7| g2y dr < 4Me/_00 MePTdr < (4.12)

— 00

€
T
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Combining (4.11) and (4.12), we have

0

1L~ ()]l 2y < /0 [S(m)(I — P)g(t - T)HLZ(Q)dTJr/ 1S(7)Pg(t — 7)|[L2()dT
€ M
< = T e BE=T)
<5+l e
(4.13)

Since the above argument works for any fixed ¢t > T', we have that (4.13) holds for all
t > T. Choosing T > T so that

uguoﬂgeﬂ“) <

)

N ™

it follows that |[L™'g(t)||12) < € if t > T. Since € > 0 was arbitrary, this implies
L7tg(t) — 0in L*(Q) as t — oo.
To get L= 1g(t) — 0 in L?(Q2) as t — —oo, we instead consider t < —T and follow a

similar argument as above. Then we estimate ||L~1g(t)]| r2() by splitting it into

0

t+T
/ 1S(r) Pyt — 7|z + / () Py(t — 1)l 2y

1S
—00 t+T

n /0 TUSE = Pglt — 1) 2y

4.2 Convergence of bounded entire solutions of linear

equations: L?>-Theory

Let ©, and Q be bounded open sets in R satisfying Assumption 1.4.1. We consider
the perturbation of (4.1) given by

ou
— 4+ Ayu = gp(x,t in Q, x (—o0,00
o e (~50.00) "

u=0 on 09, X (—00,00),

where g, € C(RY x R) and A, is an elliptic operator defined by (2.40). As previously

seen in Section 2.4.2, we can write (4.14) in the abstract form in L?*(£,) as
u'(t) + Apu = gn(t), t € (—o0,00). (4.15)

The operator —A,, is the generator of a strongly continuous analytic semigroup S, (t),t >
0 on L2(€,).



CHAPTER 4. PERSISTENCE OF BOUNDED ENTIRE SOLUTIONS 126

As before, we use the inclusion operators i, and i defined by (1.27) and (1.28)
respectively to handle domain perturbation. We also use the restriction operators 7,
and r defined by (1.29) and (1.30), respectively. We make the following assumptions

for the unperturbed equation.

Assumption 4.2.1. We assume that o(—A) can be decomposed as o(—A) = ot Uo~

where ot and o~ are given as in (4.3).

We see in Example 4.1.3 that Assumption 4.2.1 implies an exponential dichotomy of
o' (t) + Au(t) = 0 with the projection P = P* given by (4.4). We assume the conditions

below for our perturbation.

Assumption 4.2.2. We assume that

(i) The coefficients of the operator A, converge to the corresponding coefficients of

A as n — oo (see Assumption 2.4.5);
(i) H}(Qy) converges to H}(2) in the sense of Mosco.

Lemma 4.2.3. Suppose that Assumption /.2.1 and Assumption /.2.2 are satisfied.
Then v/ (t) + Anu(t) = 0 has an exponential dichotomy on R with uniform exponent (3
and uniform bound M for all n sufficiently large. In particular, for n sufficiently large

the dichotomy projections P,, can be taken as the spectral projection

1
Pyi=Pf = o e Ap) 7, (4.16)

where T is a rectifiable closed curve separating o from o~. Moreover, i,P,r, — iPr

in Z(L*(D)) as n — oc.

Proof. The assertion directly follows from Corollary 2.4.12 by noting that o, is separated
by the strip {\ : =8 < Re(\) < S} with the uniform parameter 5 for n sufficiently
large. O

We prove the convergence of solutions in the stable and unstable directions below.

Lemma 4.2.4. Suppose that Assumption 4.2.1 and Assumption 4.2.2 are satisfied.
Let ug, € L3(Q,) and ug € L*(Q) be such that riyug, — ug in L?()) weakly and

linvonllz2(py is uniformly bounded. Then

(1) inSn(t)(I — Py)ug, — iS(t)(I — P)ug in L*(D) for all t > 0 and uniformly on

compact subsets of (0,00).
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(ii) inSn(t)Pyuon — iS(t)Pug in L*(D) for all t < 0 and uniformly on compact

subsets of (—o0,0].

Moreover, if inugn — iug in L>(D) strongly, then the convergence in assertion (i) holds

uniformly on compact subsets of [0, 00).

Proof. Tt follows from Lemma 3.4.1 (iv) that ri,(I — Pp)ugn, — (I — P)ug in L?(€)
weakly. Applying domain perturbation results for initial value problems in Theorem
1.4.9 (with homogeneous data f,, f = 0), assertion (i) follows. Taking Lemma 3.4.1 (i)
into account, the additional statement regarding to uniform convergence on compact
subset of [0, 00) holds.

We next prove assertion (ii). By Lemma 3.4.1 (iv), we have ri, Pyug, — Pug in
L?(Q) weakly. By uniform boundedness of inug, in L*(D), we have ||Pyuonllr2q,)
is also uniformly bounded. Applying Corollary 3.4.6, we obtain a subsequence such
that i, Py, uon, — iw in L?(D) for some w € X := P(L?(Q)). In particular,
Tiny, Prpton, — w in L?()). Hence, we conclude that w = Pug and the whole se-

quence
inPnuo,n — iPuo (4.17)

in L?(D) strongly. Let now T' > 0 be arbitrary. By Lemma 4.2.3, we have
inPprntS(—=T)Pug — iPriS(—=T)Puy = iS(—T)Pug (4.18)

in L2(D). Applying domain perturbation results in Theorem 1.4.9 (for homogeneous

equations), we get
inSn(T)PprniS(=T)Puy — iS(T)S(=T)Pug = iPuy (4.19)
in L?(D). On the other hand, using (4.17) we also get
inSn(T) Py Sn(=T)Ppuoy = inPpuo, — iPug (4.20)
in L?(D). Tt follows from (4.19) and (4.20) that
inSn(T) P Sn(=T)Ppuo  — inSp(T)PpryiS(=T)Pug — 0
in L?(D). In particular,

|Sn(T) P (Sn(=T) Ppuon — PrryiS(—T)Pug) -0 (4.21)

HLQ(Qn)
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as n — oo. By the exponential dichotomy for the perturbed equations (see Lemma
4.2.3) and (4.21), we see that

| S (=T) Ppug n — Pnrn'is(_T)PU[)”LQ(Qn)

< 18n(=T) Pall || Sn(T) P (Sn(=T) Patio o — ParniS(=T) Puo) || 2,

. ' (4.22)
< Me™ 1 |[Sp(T) Pa(Su(=T) Patton — ParniS(=T)Puo) || 1.
—0
as n — oco. Combining (4.22) and (4.18), we conclude that
inSn(—=T)Pyug,n, — iS(—=T)Pug (4.23)
in L2(D) as n — co. As T > 0 was arbitrary and (4.17) holds, we have
’L'nSn(t)PnU(],n — iS(t)P’LLQ (4.24)

in L2(Q) for all ¢+ < 0. The uniform convergence of (4.24) with respect to ¢ in compact
subsets of (—oo, 0] immediately follows from Theorem 1.4.9 (by applying to the forward
problems with initial data Sy, (—T")P,uo,p for T' > 0). O

We next prove our first result on convergence of bounded entire solutions under

domain perturbation.

Theorem 4.2.5. Suppose that Assumption 4.2.1 and Assumption 4.2.2 are satisfied.
Let g, and g be functions in BCO(R, L%(€,)) and BC (R, L?(QQ)), respectively. Assume
that ||gnllso is uniformly bounded. If ringn(t) — g(t) weakly in L*(2) uniformly with
respect to t € R, that is

Sup (ringn(t) = 9(t)[v)r2(@) = 0, (4.25)
€

for all v € L*(Q), then i, L, g, — iL~g in BC(R, L*(D)).

Proof. Using the representation (4.6) of bounded entire solutions in Theorem 4.1.5, we

have
[e%) 0
af%@w:A SMﬂu—fm%@—fmT—/':%wna%@—fmf

o 0
-1 = T — —T7)dT — T — T7)dTt
g0 = [ S0 = Pt =ryar— [ s(rypate—yar
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for all t € R. To show the uniform convergence of i, L. 'g,(t) — iL~1g(t) in L?(D)
with respect to ¢t € R, it suffices to show that for every sequence {t,}nen with ¢, € R,

we have

/0 T inSa() (I — Pa)gn(tn — 1) — ST — P)gltn — 7)ll12mydr — 0

0
/ S0 (7) Pagin (b — ) — iS(r) Pg(tn — 1) 20y — 0

—0o0
as n — 0.

Let {t,,}nen be an arbitrary sequence in R. We have from (4.25) that
(Tingn(tn —7) — g(tn — 7)|v) 12(D) — 0, (4.26)
for all v € L?(2) and for all 7 € R. This implies
Tingn(tn —7) — g(tn, —7) =0 (4.27)

in L2(Q) weakly for all 7 € R. By the convergence of spectral projections i, P,r, — iPr
(see Lemma 4.2.3) together with (4.27) and the uniform boundedness of || g | s, it follows

that
(Tinpngn(tn - T) - Pg(tn - T)|U)L2(Q)

< (rinPagn(tn — 7) — Pringn(tn — 7)[v)12(0)
+ (Pringn(tn — 7) — Pg(tn — 7)[v)12(0)

< rllllinParn — iPr{l|[ingn(tn — 7)||z2(p) IVl L2(02)
(ringn(tn — 1) — g(tn — T)|P'v) 2(q)

— 0,

for all v € L?(2) and for all 7 € R where P’ is the adjoint operator of P. This implies
TinPpgn(tn —7) — Pg(t, —7) = 0 (4.28)

in L2(Q) weakly for all 7 € R. By (4.27), we also have that
Tin(I — Po)gn(tn —7) — (L — P)g(t, — 7) —= 0 (4.29)

in L2(Q) weakly for all 7 € R.
We fix now an arbitrary 7 € (0,00). By the boundedness of ||(I — P)g(t, —7)| 12(q),
we have that for any subsequence ||(I — P)g(tn, — 7)[|12(q), there exists a further weak

convergent subsequence (indexed again by ny) such that

(I_P>g(tnk -7) =&
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in L2(Q) for some &, € L?(£2). We get from (4.29) that

Ping (I = Py ) gy, (tny, = 7) = &
in L2(Q). By Lemma 4.2.4 (i), we have
i S (DI = Pay )y (b, — 7) > iS(E)(I = P
iS(t)(I — P)g(tn, — 1) = iS(t)(I — P)&,
in L2(D) for all t € (0,00). In particular, taking ¢ = 7 we have
ing Sy ()T = Pr)gny (b, — 7) = iS(1)(I = P)g(tn, — )|l 12(p) = O
Since the above argument holds for every subsequence, we conclude that
[inSn(T)( = Pa)gn(tn — ) = iS(T)(I = P)g(tn = 7)l[L2(p) = 0. (4.30)

As 7 € (0,00) was arbitrary, the above argument implies pointwise convergence of
(4.30) for each 7 € (0,00). By the uniform boundedness of |/g,|/c and the exponential

dichotomy, we see that
/0 [inSn(T)(I = Po)gn(tn — 7) = iS(7)(I — P)g(tn — 7)llr2(p)dr

o
< (l1gnlloo + llglloo) /U Me P dr

< 0.

Using (4.30) and applying the dominated convergence theorem, we get

/000 |inSn(T)(I = Po)gn(tn — 7) — iS(1)(I — P)g(tn — 7)||p2(pydT — 0

as n — oo.
By a similar argument as above (using (4.28) and Lemma 4.2.4 (ii) instead of (4.29)

and Lemma 4.2.4 (i), respectively), we have pointwise convergence
inSn(T) Pagn(tn — 7) — iS(7) Pg(tn — 7)|lz2(Dy — O, (4.31)

for each 7 € (—00,0). Applying the dominated convergence theorem, we get
0
/ i Sn(T) Prgn(tn — 7) — iS(7)Pg(t, — 7')||L2(D)d’7' —0
—00
as n — oo.
Since a sequence {t, },en Was arbitrary, we conclude that i, L, g,(t) — iL™1g(t) in

L?(D) uniformly on R as required. O]
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In the next convergence result, we assume only weak-* convergence of the inhomo-

geneous terms in L™ (R, L?(12)).

Theorem 4.2.6. Suppose that Assumption 4.2.1 and Assumption 4.2.2 are satisfied.
Let g, and g be functions in BC (R, L?(2,)) and BC(R, L*(Q)), respectively. Assume
that ||gnllee is uniformly bounded. If ripg, — g in L®(R,L*(Q)), then i,L; g, con-
verges to iL~tg in BC(R, L?(D)) under the topology of uniform convergence on compact

sets.

Proof. By the uniform boundedness of ||g,|ls, We have that i, L, g, is also uniformly
bounded in L>®°(R, L?(D)). As R is separable, we can choose a dense sequence {t1, %2, ...}
in R (e.g. a sequence of rational numbers). Since 4, L, g, (t1) is bounded in L?(D), we
can extract a subsequence {iLnLiTllglm (t1) }nen of {in L, 1gn(t1) bnen so that it converges
in L?(D) weakly. Similarly, by the boundedness of il’nLl_}Lgl,n(tg), we can extract a
subsequence {i27nL£}Lg27n(t2)}neN of {iLnLi}Lgl,n(tg)}neN so that it converges in L?(D)
weakly. Inductively, we obtain for every k > 2 a subsequence {ikynL,;;gk,n(tk)}neN
of {i(kfl),nL(_kl_1)7ng(k71),n(tk)}n€N which converges in L?(D) weakly as n — oo. We
denote the weak limit of ik,nL];}Lgk,n(tk) in L?(D) by 1y, for each k € N. In particular,

: -1
Pikn Ly nGhn(tk) = 790, = ¢,

in L?(Q) as n — oo for all k € N. Consider a diagonal subsequence {in Ly, 1,9nn tnen.
By a standard diagonal argument, rin L, L gnn(tk) = ¢, in L*(Q) weakly for every
k > 1. In other words, the diagonal subsequence converges weakly on a dense subset of
R.

By the weak *-convergence of ri,g, — g in L™(R, L?(Q)), we have ri,g, — ¢ in
L%(J, L*(2)) for every compact interval J CC R. To see this, let v € L?(J, L?>(2)) be
arbitrary and denote by @ the extension of v by zero on R\.J. We have o € L*((R, L?()).

It follows from the definition of weak x-convergence that

[e.9]

/ (ringn(t)|0(t)) L2(0)dt = / (ringn(8)[0(t)) L2(0dt
J

- Z<g<t>@<t>>m)dt = [ @) o

This proves the required weak convergence in L?(J, L?(f2)). We note that for every
k > 1, the restriction of L;}lgnm on (tg,00) satisfies the following initial value problem
0(t) + Apnv(t) = gnn(t) for t e (tg,o0)

B (4.32)
v(ty) = Ln,'ln,gn,n (t)-
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Since ringn — g in L*(J, L*(Q)) for any J CC R and rip Ly b gnn(te) = ér, in L*(9),
we conclude from domain perturbation results in Theorem 1.4.9 that for every k > 1, the

restriction inan;}lgnvnl(%O@) converges to the unique solution of the following problem

0(t) + Av(t) = g(t) for t € (tg,0)
v(ty) = o8

(4.33)

uniformly on compact subsets of (¢x,00). Since for every ¢ € R there exists ¢; such that
t), <t (from the density of {t;,k € N} in R), we conclude that in n Ly, },gnn(t) converges
in L?(D) strongly for all t € R. We denote the pointwise limit of i, Ly, ,gn.n (t) in L*(D)
by i¢; for each t € R where ¢, € L?(9). Note that for k& > 1 the strong limit agrees with
the weak limit ¢;, considered previously. Since sup,ensupseg llinLy ' gn(t)|l12(p) < K
for some K > 0, we see that [i¢¢| r2(py < K for all ¢ € R. Setting ¢(t) := ¢; for t € R,
we have ¢ € L®(R, L?()).

Repeating the above argument for an arbitrary s € R instead of tx, k > 1, we have

that the restriction of ¢ on (s, 00) satisfies

0(t) + Av(t) = g(t) for t € (s,00)

In particular, we have ¢| ) € C((s,00), L*(€2)). Since this is true for any s € R, we
conclude that ¢ € BC(R, L?(Q2)) and ¢ is a bounded entire solution of (4.2). By the
uniqueness of bounded entire solution, ¢ = L~'g and the whole sequence converges,
that is

inL; tgn(t) — iL 7 g(t) (4.34)

in L?(D) pointwise for all ¢ € R. The uniform convergence of (4.34) with respect to t

in compact subsets of R immediately follows from Theorem 1.4.9. O

4.3 [P-Theory for bounded entire solutions of linear

parabolic equations

In this section, we prove the convergence of bounded entire solutions under domain
perturbation under the LP-norm for a certain range of p > 2. The main ingredients
for this result are the L? results in Section 4.2 and the interpolation arguments. In
addition, we prove Holder continuity of bounded entire solutions with respect to time

under a certain LP norm.
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Recall that by our assumptions on the operator A, the semigroup S(t) for Dirichlet

problems satisfies the following heat kernel estimate
,ﬂ(;,;)
1St = s)|l.z(zr)a) < Ct—s) 2\P 9/, (4.35)

forall 1 <p<g<ooandt>s, where C is a positive constant independent of Q (see
[36, Section 7]).
We first show that the solutions are actually bounded in L? for some range of p > 2.

For this, we need the following estimates.

Lemma 4.3.1. Let 2 < p < oo be such that oy, == § (3 — %) € [0,1). Then there exists
M;(p), Ma(p) > 0 such that

. . B
@) 1S = Pl 22,00y < Mi(p)t—re 2t for all t > 0.
(i) [1S(O)Pllz(r2(),0 ) < Ma(p)e® for all t < 0.

Proof. Let t > 0. It follows from the heat kernel estimate (4.35) and the exponential
dichotomy that

1S = Pl zr2@),rr@) < 1SE/2) | 22@),c0@) I1SE/2) I = Pl 21200

oy
<C <;> Me_gt

8
< Mi(p)t=re 2",

for all t > 0 where M (p) := CM2%. Similarly, for ¢ < 0 we have

ISPl 22,0 < 1Sl 2@2@).r@) IS¢ = )Pl 220y
< C1 % MePED
S M2<p)€/8t7

for all ¢t < 0 where Ma(p) := CMe™P. O

Remark 4.3.2. The range of p satisfying the condition in the above theorem depends on
N. In fact, for domains in two, three or four dimensional spaces, 2 < p < oo is valid.

For N > 5, we require 2 < p < %.

We next show that the bounded entire solutions are bounded with respect to a

stronger LP norm.
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Theorem 4.3.3. Let g be a function in BC(R, L*(Q)). The bounded entire solution
u = L7 lg of (4.2) belongs to BC(R,LP(Q)) for all p satisfying 2 < p < oo with
o= Y- 1ye ).

Proof. Using the representation (4.6) of bounded entire solutions, we show that

0

| IS@ = Prgte = Dllsaydr = [ 150)Pott = Dlsaydr

0 —

is uniformly bounded for all t € R. By Lemma 4.3.1 (i), we see that
/0 IS()(I = PYglt — )| oy
< /0 IS = Pl zzan.ooen |9t — )l 2 dr

o0 B8
< llgloo /0 M (p)r=ve57dr

0 o7\ T 7Tg

~ o) | <ﬁ) e 2ar
92 1—ay %)

~ llglleoMa(p) (5) [ e

— llglloo M1 (p) (Z)l%m ),

for all t € R. By Lemma 4.3.1 (ii), we have

0 0
/ 1S()Py(t — 1)l 1oy dr < / 1S() Pl 2 zze o 19t — )2y dr
— 00 [ee)

0
<lgle [ Malp)ear

_ Ma(p)
= {19/l 5

for all t € R. O

As a direct application of the convergence results in Section 4.2, we state the fol-

lowing theorems.

Theorem 4.3.4. Suppose that all assumptions in Theorem 4.2.5 are satisfied. Then
inLy,tgn — iL71g in BO(R, LP(D)) for all p satisfying 2 < p < 0o and %(%—%) €1[0,1).

Proof. Taking Remark 4.3.2 into account, we fix p such that 2 < p < oo for N =2,3,4

and 2 < p < % for N > 5. There exists ¢ such that p < ¢ < oo for N = 2,3,4
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or p < q< ]3—1174 for N > 5. By the uniform estimate of semigroups S, (t) and the

uniform exponential dichotomy, we see from Theorem 4.3.3 that ||in Ly, g por, La(D))

and |]z’L*1gHBC(R7Lq(D)) are uniformly bounded for all n € N. Hence, by Theorem 4.2.5
(p—2)q

and interpolation inequality with 6 := (=’

linLy, gn(t) = iL ™ g(t) Lo (D)
< i3 g0(8) = AL G0 G linLir 0u8) — 1L g0) L0,
< linLy gn — Z'L_IQH}030(11&@@7(13)) linLr gn — ZI’_lg‘|jlz;ce(l[g,L%D))
—0

as n — oo uniformly with respect to t € R. O

Theorem 4.3.5. Suppose that all assumptions in Theorem 4.2.6 are satisfied. Then
inLy gy converges toiL~1g in BC (R, LP(D)) under the topology of uniform convergence
on compact subsets for all p satisfying 2 < p < oo and %(% - %) €1[0,1).

Proof. The result follows from Theorem 4.2.6 and a similar interpolation argument as
in the proof of Theorem 4.3.4. ]

In the remainder of this section, we obtain the Holder continuity of the bounded
entire solution of (4.2) with respect to time in BC(R, LP(2)). The result is similar
to the Hélder continuity proved in Daners [10] (see Lemma 5.3, Lemma 5.5, Corollary
5.6) for evolution equations in interpolation spaces, or in Henry [52, Section 3.3| for
evolution equations in fractional power spaces. As we work in the LP scales, the estimate
|AS(t) |l 2 (Lr()) < % for t > 0 leads to a singularity when integrating near ¢ = 0. This
difficulty does not occur when working in interpolation spaces or fractional power spaces.
This is because we can get a better estimate of ||AS(t)||4,s for certain o and 3 due to
the use of graph norm in the definition of these spaces (X; = D(A) for interpolation
spaces, X% = D(A®) for fractional power spaces). However, we exploit the boundedness
and use that the solution is defined on R to establish Holder continuity of bounded
entire solutions under the LP norm in Proposition 4.3.7 below. This result seems to be
interesting and its proof is a little more involved than those in [10] and [52]. We first

give the following lemma.

Lemma 4.3.6. For every 2 < p < 0o satisfying ay, := (3 — %) € (0,1), there exists a
constant C, > 0 depending only on p such that

C
1S(t) = S(s)|l 2 (r2(0) 0 ) < —2lt — s
S
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for all0 < s < t.

Proof. Let 0 < s < t be arbitrary. Using a standard heat kernel estimate (4.35) and the

estimate [|AS(?)|| #(rr(q)) < ch for t > 0 (see e.g. [10, p.21] or [66, Chapter 2, Theorem
5.2 (d)]), we compute

td

I5()e = S(s)alline < [ || 5-5(a]

Lr(Q)

t
- / |AS(r)z] oy dr
t
< / JAS(3) Lo |ACT — )]l 220, o 12 2y dr

t
c —«
< Hﬂf’L?(Q);/ C(r —s) “rdr

Cp C 11—«
= o2y 2t =)'
C e
< ?p(t—s)l Nzl 22

cpC
1—ap”

for all z € L?(Q) where we set C), := This implies the assertion of the lemma. [

Proposition 4.3.7. Let g be a function in BC(R,L?(S2)). For every p,q with 2 <p <

q < o0 and o = %(% - %),aq = %(% - %) € (0,1), there exists a constant C' > 0

depending on ||g||c, P, q, the bound M and the exponent 3 of the exponential dichotomy
such that the bounded entire solution uw = L™ g of (4.2) satisfies

[uty) — u(ta)| o) < Cltr — ta] ',
for all ti,to € R.
Proof. If |t; — ta| > 1, then we see from the proof of Theorem 4.3.3 that

Ju(t1) — ulte)|| o) < 2§HHI§ lu) || ze ()
(S

1—ap
< gl (M1<p> (;) I o) + Mz“”)

< 2lglln (M1<p> (

< Oyt — to]' 70,

SRS

(4.36)

for some constant C; > 0 depending on the parameters listed in the theorem (excluding

q)-
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Let now t1,t2 € R with ¢; < t9 and |t — t2| < 1. We set § := to — t; > 0 and take
s:=1t1 — 1. It is clear that
o<t —s=1. (4.37)

By the variation of constants formula in the definition of bounded entire solution (Def-

inition 4.1.1), we see that

[u(t1) — u(t2)l Lr(a)
<|[S(t1 = s) = S(t2 — 9)|l 2(z2(0), L) lu(8)] L2(0)

t1
4.38
+ [ 180 =) = 82 - Dl pepla@lead 4
[2)
+ [ 18t = Dllzwolar e
1
Applying Lemma 4.3.6 and using t; — s = 1, we have
CP -«
|S(t1 — 5) = S(t2 — )|l zr2@),Lr @) lu(s) | L2(0) < P St — 2 T flullo
< Cyllulloolts — ta' = (4.39)
< Cpll L7l gllooltr — taf '~
Moreover, a standard heat kernel estimate (4.35) implies
to [2)
/ 1S (t2 — 7). 2(2(0), Lo I19(T) | L2(02)dT S/ C(ta —7)"*||gllcdT
t1 th (4.40)
= solts — to] TP,
g lollctts — 2

The most difficult part is to estimate the second term on the right hand side of (4.38)

which involves a singularity near 7 = t;. By the change of variables, we can write
t1
/ [S(t1 —7) = S(t2 — Tl 22, e @) 19(T) | L2()dT
t1—s
= [ 180) = (e =ty + 7wzt = sy

5
=, 1S(7) = S0+ 7)l.22@),rrnllg(tr — 7))l L2 (@)dT

(4.41)

+ ; [S(7) = S0+ 7)l.2z2(@),zr@)llg(tr — 7))l L2 @) dT,

where we use that § =ty —t; < t; —s = 1 from (4.37). Now, by the heat kernel estimate



CHAPTER 4. PERSISTENCE OF BOUNDED ENTIRE SOLUTIONS 138
(4.35), we get
/ 15(r) — S + )Lz zz@zren ot — )l dr

< gllso /0 Clror + (5 + 1) )dr

c (4.42)

= HgHoo [51*“” + (26)1 7 — 177
21 p C

Ap

= llglloo [t — 2|70

By Lemma 4.3.6, we have

1
1S(1) = S(6 + 7)l.2r2(0),Lr@)llg(tr — 7))l L2(@)dm

5
1
C
< Jlglloe / G s1-av gy
k) T
1
= ||g||oocp|t1—t2‘1_a‘1/ —o% Y T
P T

Note that by our assumption, oy —ay, = Nl_ %) € (0,1) holds. Thus, 6%~ < 7%~ %

2%p
for all 7 € [0,1]. Hence, it follows that

/ 1S(r) = S + Tl 22 @ llott — 7 2@ydr

1
< ||g||OOCp|t1 —tz‘laq/ Taq*apfldT
0

o (4.43)
— o p t —t 1—aq 1X % _ §¥%—Ap
ol gl =l )
C —Q
< [|glloo ——"—[t1 — taf "=
Qq — Qp
Combining (4.42) and (4.43), we get from (4.41) that
t1
I8t =) = Stta = | zazien o llor) e
. (4.44)

2=
|t1 — t2|1_a‘1.

C,
< llglloo |t1 —ta|' T + lgllee .

a— Qp
Since |t1 — t2| < 1, we see that
It — 752|1—ozp = |t — t2|1_aq|t1 —to| T <ty — t2|1_aq.

Therefore, we obtain from (4.38) — (4.40), and (4.44) that

[u(ty) — u(te)|lpo) < Calts — ta]' ™%,
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for all t1,to € R with [t; — t2] < 1 where Cy > 0 is a constant depending on the
parameters indicated in the theorem. Taking C' to be the maximum of C; and C5, the

assertion of the proposition follows. O

Remark 4.3.8. Let g, € BC(R, L?(£2)) be such that || g, || is uniformly bounded. Using
Holder continuity of bounded entire solutions in Proposition 4.3.7, we have that the
family {L~'g, : n € N} is equicontinuous on any compact subset of R. Hence, we can
simplify the proof of Proposition 4.1.6. Indeed, the uniform convergence of L=1g,(t) —
L~1g(t) with respect to ¢ in compact subsets of R follows from the above discussion and

Arzela -Ascoli theorem for vector valued functions (see [13, Proposition 7.3]).

4.4 Domain Perturbation for bounded entire solutions of

semilinear parabolic equations

In this section, we study the persistence of bounded entire solutions of semilinear
parabolic equations under domain perturbation. For a certain class of bounded entire
solutions, we prove that the perturbed problem has a bounded entire solution closed to a
known bounded entire solution of the unperturbed equation. The existence of bounded
entire solutions of semilinear equations is generally difficult to prove. One of standard
techniques to deal with nonlinear problems is applying degree theory to the equivalent
fixed point problem. In particular, the Leray-Schauder degree (|13, Chapter 2.8] or [62,
Chapter 4]) is commonly used when working in Banach spaces. In [35], persistence
result is proved for periodic solutions using Leray-Schauder degree theory. Indeed, the
same technique was used in the context of nonlinear elliptic equations in [31]. Since the
Leray-Schauder degree is defined for completely continuous (compact) perturbations of
the identity, this method relies on compactness of the corresponding fixed point map.
In general, for solutions of semilinear problems in BC(R, L?(12)), we do not have such
compactness.

For example, consider the autonomous equation
u'(t) + Au(t) = f(u(t)) forteR

in L2(€)), where A is the operator as in the previous sections and f : L2(Q) — L?(Q) is
globally Lipschitz continuous with f(0) = 0. It is easy to see that u € BC(R, L?(2)) is

a bounded entire solution of the above equation if and only if u is a fixed point of the
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map Q : BC(R, L*(Q)) — BC(R, L*(Q)) defined by

Q(u) == L™ f(u()),

where L~! is given by (4.7). Let u € BC(R, L?(f2)). The 7-translation u, of u defined
by (4.10) belongs to BO(R, L?(€2)) and ||ur||ec = ||u||eo for all 7 € R. By Proposition
4.1.7 (i), we have Q(u,) = (Q(u)), for all 7 € R. In particular, choosing a non-constant
u € Co(R, L%(Q)) € BC(R, L?*()) by
1
e T2y, te(—1,1
u(t) = " =Ly

0 lt] > 1,
where ug € L?(2), we have that f(u(t)) = 0 for [t| > 1. The family {Q(u,)}rer
is the translation of of Q(u) containing no convergent subsequence in BCO(R, L?(f2)).
Therefore, @) is not completely continuous.

In this work, we restrict to study the persistence of bounded entire solutions in the

class of Co(R, L?(12)) for semilinear parabolic equations
u'(t) + Au(t) = f(t,u(t)) forteR (4.45)

in L2(Q), where f : Rx L?(Q) — L?*(Q) is continuous. As in the case of linear problems,
we assume that Assumption 4.2.1 is satisfied. Furthermore, we assume that f is of the
form f(t,&) = ¢(t)h(€) for some continuous functions ¢ : R — Rand h : L?(2) — L?(Q).

Under suitable assumptions, we show that () is completely continuous as a map on
Co(R, L?(Q2)). Hence, the Leray-Schauder degree theory can be applied. We discuss
persistence of Co(R, L?(£2)) solutions in Section 4.4.1 below. It is also worthwhile to
remark the case of almost periodic solutions where @ fails to be completely continuous.

We comment on this difficulty in Section 4.4.2.

4.4.1 Persistence of Cy(R, L*(2)) solutions

We investigate the persistence of bounded entire solutions of semilinear equations (4.45)

with the nonlinear term f(-,u(-)) converges to zero as t — +oc.

Assumption 4.4.1. Assume that f : R x L?(2) — L?(Q) is of the form f(t,£) = ¢(t)h(€)
for (t,£) € R x L%(Q) where

(i) ¢ € Co(R);
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(i) h: L?(Q) — L?(Q) is locally Lipschitz, that is for any R > 0, there exists kg > 0
such that
17 (€1) = h(&2)lz2(0) < kRl — ollL2(q),
for all £1,& € L*(Q) with [[&1]|2(q), [€2]l22@) < R
Note that we could assume as in Section 2.4 that h is a substitution operator of a
function 0 : RY x R — R satisfying the conditions similar to Assumption 2.4.2 (with ¢
replaced by ), that is h(§)(z) = 0(z,£(z)) a.e. € Q.
By the above assumption, it follows that for « € BC(R, L?(Q2)), we have

1F (s u®)ll2() = o))l L2 ()
< [6@I(1R0) 2@ + [IA(u(t) — h(0) ]| 2(c))
< eIl z20) + Fjujo lu®)] £2(2))
< 1612 0) 2@ + Ejufo lull)

for all t € R. Since ¢ belongs to Cp(R), we have that f(-,u(-)) € Co(R, L*()) for all
u € BC(R, L*(Q)). Hence, Proposition 4.1.7 (ii) implies that the map Q defined by

Qu) == L7 f (- u(-)) (4.47)
maps Co(R, L?(€2)) into itself, that is Q : Co(R, L?(2)) — Co(R, L?(Q)). Moreover, u is
a solution of (4.45) in Co(R, L?(Q2)) if and only if u is a fixed point of Q.

Let €2, and Q be domains satisfying Assumption 1.4.1. We consider the perturbation
of (4.45) of the form

(4.46)

u'(t) + Apu(t) = fu(t,u(t)) forteR (4.48)

in L2(€2,), where f, : R x L?(€2,) — L?(£2,) is continuous. We assume that Assumption

4.2.2 is satisfied. Moreover, we impose the following assumptions on the nonlinearity

-
Assumption 4.4.2. Assume that f, : R x L?(Q) — L?(Q) is of the form f,(¢,¢) =
G (t)hn(€) for (t,€) € R x L2(€),) where

(i) ¢n S CO(R)§

(ii) Ay, : L2(Q,) — L?(Q,) is locally Lipschitz uniformly with respect to n € N, that
is for any R > 0, there exists kg > 0 independent of n € N such that

1hn(&1) = ha(€2) 200,y < kRl — &2l 22(00)

for all &1,& € LQ(Qn) with H§1HL2(Q”), H52HL2(Q,L) < R and for all n € N;
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(iii) ¢ — ¢ in BO(R) and ri,hy,(rp&) — h(r€) in L?(Q) weakly for all ¢ € L*(D).

One important example of functions f,, satisfying Assumption 4.4.2 is the restriction

of a fixed semilinear term to the domains €2,,. We discuss this in the example below.

Ezample 4.4.3. Let ¢ € Cyp(R) and 0 : RY x R — R with 6(x,0) = 0 for almost
everywhere z € RY. Denoted by h the substitution operator h(¢)(z) = 0(x,&(x))
for ¢ € L?(D). We assume that h € C(L?(D), LP(D)) for some p > 2 and h is locally
Lipschitz. Note that a sufficient condition for the acting and locally Lipschitz continuity
is similar to Assumption 2.4.2 with some modification to achieve the acting from L?(D)
to LP(D) (see [35, Section 6] for the precise conditions and [3, Chapter 3] for general
details).

Since (x,0) = 0 for a.e. € RY, we see that if ¢ € L?*(Q) we have h(i€) = 0
a.e x € D\S. This implies that h maps L%(Q) into itself if we identify a function in
L?(Q) with the trivial extension i¢ € L?(D). A similar statement holds for a function
in L2(Q,). We take

fa(t,€) == @p(t)rnh(ing)  for (t,€) € R x L*(Qy)
F(t,€) == ¢(t)rh(i) for (t,£) € R x L*(Q).
Recall from Lemma 1.4.8 that Mosco convergence implies cap(K N Q) — 0 as n — oo
for all compact set K C Q. Since rh(ir§) € LP(Q2), we have |[rh(iré)||r2(a\q,) — 0 for
all ¢ € L?(Q2). Tt follows that rh(i,r,&) — rh(irf) in L?(2). Hence, condition (iii) of
Assumption 4.4.2 is satisfied.

A similar calculation as in (4.46) shows that f,,(-,u(-)) € Co(R,L%(Q,)) for all
u € BO(R, L?(Q,)). Moreover, u, is a solution of (4.48) in Co(R, L?(€2,)) if and only
if u, is a fixed point of @, : Co(R, L?(2,)) — Co(R, L?(£2,)) defined by

Qu(u) = Ly fu(- u()). (4.49)

As usual, we need to consider the inclusion and the restriction operators when deal-
ing with domain perturbation. In particular, we consider the maps Q, and Q on
Co(R, L%(D)) into itself given by

Qn(u) = ZnQn(rn(u)) - inLr_Llfn('? rnu())
Q(u) == iQ(r(u)) =L~ f(-,ru(-)),
for all u € Cy(R, L?(D)).

Our next step is to show that Q,, and Q are completely continuous.

(4.50)
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Lemma 4.4.4. Let {v,}nen be a bounded sequence in BC (R, L?(D)). Then for every
t € R, the families {Q, (v,) (1) }nen and {Q(vy)(t) hnen are relatively compact in L?(D).

Proof. Denoted by g, € Co(R, L?(€2,)) where g,(t) := fn(t,rpvn(t)) for all t € R. By
the uniform boundedness of ||v, ||« and the assumptions on f,,, there exists C' > 0 such

that
gnlloo = ilelﬂlg |¢n(t)’th(rnvn(t))HLQ(Qn) <C, (4.51)

for all n € N. Hence, ||Qy,(vp)]||co is uniformly bounded.
Fix now tgp € R. We can find a subsequence Q,, (vp, )(to — 1) such that

’I"an (Unk)(to - 1) - 5

in L?(€2). By extracting a further subsequence (indexed again by nj), we can assume
that 7ipn, gn, — gin L?((to—1,t0+1), L*(2)) weakly. Since Qy(un) = Ly, (-, rnvn(+)),
we have that the restriction of @, (v, ) to [to — 1,to + 1] satisfies

V' (t) + Apv(t) = fo, (t, 0, 0(F)), te(to—1,tg+1]
U(t() - 1) = an (rnkvnk)(tﬁ - 1)'

By Theorem 1.4.9, we have

Uy, Qg (Tng Uy ) = Qg (0 ) (1) — 20 (2)
in L?(D) on t € (to — 1,t], where v is the solution of

V' (t) + Av(t) = g(t), te(to—1,t9+1]
U(to — 1) = f

In particular, Q,, (vn,)(to) — iv(to) in L?(D). Since this is true for every tg € R, we
have the relative compactness of {Q,,(v,)(t) }nen in L2(D) for all t € R. The relative
compactness of {Q(v,,)(t)}nen is a special case of what we have just proved (by taking

a sequence of constant domains Q,, = Q for all n € N). O

Remark 4.4.5. The assertion of Lemma 4.4.4 remains valid for a more general map
Q: BC(R, L*(D)) — BC(R, L?*(D)) (not just for the map on Cy(R, L?(D)) into itself)
as long as

gnlloc := sup || fu(t, 7“nvn(t))HL?(Qn)
teR

is uniformly bounded, that is (4.51) holds.
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Theorem 4.4.6. For every bounded sequence {vy}nen in Co(R, L%(D)), the sequence

Qn(vn) has a convergence subsequence in Co(R, L?(D)). In particular,
an Q : C()(Rv LZ(D)) — CO(Ra L2<D))
are completely continuous.

Proof. Denoted by g, € Co(R,L*(2,)) where g,(t) := fu(t,rovn(t)) for all t € R.
We have from (4.51) that ||gn|/co is uniformly bounded. Moreover, by Lemma 4.4.4,
{Qn(vn) (t) }nen is relatively compact in L?(D) for all t € R. By our assumptions, we
have the uniform exponential dichotomy (see Lemma 4.2.3). Hence, it follows from
Theorem 4.3.7 that

|Qn(vn)(t1) — Qn(vn)(tQ)HL2(D) <Clty - tQ‘liaqv

for all ¢1,t2 € R and for all n € N, where the constant C is independent of n € N and
N/ _ 1 N/ _ 1

q is chosen so that 2 < p < ¢ < o0 and oy = S (5 — ;). == H(3 — ) € [0, 1).
This means the family {Q,(v,)}nen is equicontinuous on R. By Arzela-Ascoli theo-
rem for vector valued functions (see e.g. [13, Proposition 7.3(b)]), we can extract a
subsequence { Q1 »(v1.n) tnen of {Qn(vn) tnen so that Qp ,(v1 ) converges uniformly on
[—1,1]. Applying Arzela-Ascoli theorem again, we can extract a further subsequence
{Q2.n(v2n) nen of {Q1n(vin)}nen so that Qs p,(va,) converges uniformly on [—2,2].
Applying the above argument inductively, we obtain for every k& > 2 a subsequence
{19k (Vi) fnen of {Qu—1)n(Vk—1),n) }nen such that {Qy n(vkn)}nen converges uni-
formly on [—k, k]. By a standard diagonal argument, we see that Q(v, )(t) converges
uniformly on any compact sets of R. In particular, Qy (vnn)(t) — v in L2(D) for all
t € R with the limit v, € L?(D). Let v(t) := v; for t € R. We have that v is continuous
on R and supep [[v(t)[[z2(p) is finite. It remains to show that Q »(vnn) converges to
v uniformly on R.

Let € > 0 be arbitrary. By a calculation as in (4.46) and the assumption that ¢,, — ¢

in Cy(R), we can choose T' > 0 independent of n € N so that

p
190 (8) 1200y = fatsPatn (@) |20y < 272

if [t| > T for all n € N. By the uniform boundedness of ||gn|s0, we can find T > T
independent of n € N such that

M g Moo .
lgalloe e = [1falrnon()llow e 700 < 3,

3 2
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for all n € N. By the argument appeared in the proof of Proposition 4.1.8, the above
two inequalities imply ||L,,* f, (¢, vn ()]l 12(q) < € if [¢] > T for all n € N. Therefore, the

limit function v satisfies [|v(t)||2(q) < € if [¢] > T. Hence,
[Qnn(vnn)(t) —v(t)|L2@) <ete=2¢ (4.52)

if [t| > T for all n € N. As Q. n(vnn) converges uniformly on the compact interval
[—k, k] for all k € N, there exists N € N such that

[ Qnn(vnn)(t) — U(t)HB(D) <, (4.53)

for all t € [-T,T] and for all n > N. Therefore, (4.52) and (4.53) implies

1 Qnn (V) (@) — v(®)|[2(D) < 2,

for all t € R and for all n > N. As e > 0 was arbitrary, this proves the uniform con-
vergence of Qy, ,(vn.n) on R. Since Co(R, L?(D)) is a closed subspace of BC(R, L?(D)),
the limit v belongs to Co(R, L?(D)). This gives the first assertion of the theorem.

The complete continuity of @ immediately follows by the same argument above as a
special case with €2, := € for all n € N. Similarly, by choosing a sequence of €2, := ,,,

for all n € N where ng is fixed, we obtain complete continuity of Q,,. O

If U is a bounded open subset of Cy(R, L?(D)) such that u # Q(u) for all u € dU,
then by complete continuity of Q, the Leray-Schauder degree deg(l — Q,U,0) € Z
is well-defined. We show that the Leray-Schauder degree is persistent under domain
perturbation. The proof is similar to the argument for periodic solutions of parabolic
equations in [35, Theorem 7.1] or the argument for L solutions of elliptic equations in
[5, Theorem 8.2]. However, we also consider perturbation of the nonlinear terms. We

first give the following lemma.

Lemma 4.4.7. Suppose that f, and f satisfy Assumptions /./.1 and Assumption J./.2
respectively. If v € Co(R, L?(D)), then

Tinfn('v T‘n'U(')) = f('a'm}('))
in L(R, L3(2)) as n — oc.
Proof. By a similar calculation as in (4.46), we have

£ (v (D)oo < lldnlloo (1 (0) [l L2(@0) + Fijofioc 1V]l0)
1 rv(D)llos < I0llo (IR(O0) I L2(0) + K)o lV]loo)-
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As ¢, — ¢ in BC(R) and 7i,,h(0) — h(0) in L?(2) (condition (iii) in Assumption 4.4.2),
it follows that 7i, f,,(-, rnv(-)) and f(-,rv(-)) are uniformly bounded in L*(R, L%(Q)).
By Assumption 4.4.2 (iii) again, we see that

rinfu(t, nv(t)) — f(t,rv(1) = dn(O)rinhn(rav(t)) — d(0)h(rv(t))
= ¢n(t) (rinhn(rnv(t)) - h(rv(t)))

+ (¢n(t) — () h(ro(t))
-0

(4.54)

in L?(Q) weakly as n — oo for all t € R.
Let g € LY(R, L?*(Q)) be arbitrary. It follows from (4.54) that

(Finfa(t, rao(t)) = f(t,r0(t)) [ 9(1) 12y — O

as n — oo for almost every ¢t € R. Applying the dominated convergence theorem, we
get -
| Giatultrav(®) = £(6.r0(0) | 9(0) 1t =0

—00
as n — oo. Since this is true for any g € L(R, L*(Q)), we obtain the required weak-*
convergence in L® (R, L?(Q)). O

Theorem 4.4.8. Suppose that all assumptions mentioned in this subsection are sat-
isfied. Let U be a bounded open subset of Co(R, L*(D)) such that u # Q(u) for all
u € U. Then u # Qn(u) for all u € OU and

deg(I — Q,,,U,0) = deg(I — Q,U,0),
for all n sufficiently large.

Proof. We apply the homotopy invariance of the Leray-Schauder degree (see [13, section
2.8.3] or [62, Theorem 4.3.4]) to prove the assertion of the theorem. For this, it suffices
to show that

v #AQ(v) + (1= N)Qu(v)
if v € U and 0 < X\ < 1 for all n sufficiently large.
By way of contradiction, we assume there exists 0 < A, < 1 and v, € OU such that

Un = A Q(vn) + (1 — ) Qn(vn), (4.55)

for all n € N. We can assume (by possibly selecting a subsequence) that A, converges

to some A in [0, 1]. Since v, is bounded in Co(R, L?(D)) and Q is completely continuous
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(Lemma 4.4.6), we can extract a subsequence (indexed again by n) such that Q(v,)

converges to some limit in Co(R, L?(D)). Similarly, by Lemma 4.4.6, we extract a

further subsequence (still indexed again by n) such that Q,(v,) converges to some

limit in Co(R, L?(D)). Hence, we get from (4.55) that (for a subsequence) v, — v in

Co(R, L?(D)) for some v € Cy(R, L%(D)). Moreover, v € QU because U is closed.
Now by Assumption 4.4.1 and that ||v,||cc < R for some R > 0, we get

[t ron (@) = F(E ro@)llr2(0) < [0@)Erlron(t) — ro(t)] L2

(4.56)
< kRH<b||oo§1€1Hg [ron(t) — ro()llz2 (),

for all t € R. As v, — v in Co(R, L?(D)), the above implies f(-,7v,(-)) — f(-,7v("))
in Cy(R, L%(9)). Applying Theorem 4.2.5 (with a sequence of domains €, = Q for all
n € N), we get

Q(vg) = AL~ f (- rva (")) = iL™ f (-, r0() = Q(v) (4.57)

in Cy(R, L?(D)). By a similar calculation as in (4.56) (using Assumption 4.4.2 instead),

we have
infn(ssmnvn(+)) = infu(s, mv(:)) = 0
in Cy(R, L*(D)) as n — oo. Together with Lemma 4.4.7, it follows that
Pinfa(,mnvn () = f(,r0())

in L>(R, L?(Q)) as n — co. We conclude from Theorem 4.2.6 that
Qn(vn) = inLy " fuls rnvn () = iL_lf(-,rv(-)) = Q(v)

in Co(R, L?(D)) under the topology of uniform convergence on compact subsets. There-
fore, we get from (4.55) that v = AQ(v) + (1 — A\)Q(v) = Q(v). This contradicts our
assumption that Q has no fixed point on 0U. By the homotopy invariance of the
Leray-Schauder degree, this implies that

deg(l — Q,,U,0) =deg(l — Q,U,0)
for all n large. O

We are interested in the persistence of a known solution of the unperturbed problem
(4.45). In Particular, if deg(I — Q,U,0) # 0, then (4.45) has a Cy(R, L?(Q)) solution in

U (see [62, Theorem 4.3.2]). We follow [5] to state a sequence of results below.
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Corollary 4.4.9. Let U be a bounded open subset of Co(R, L%(D)) such that u # Q(u)
for all w € OU. If deg(I — Q,U,0) # 0, then (4.48) has a bounded entire solution in
UNCo(R,L3(Q,)) for all n sufficiently large.

In addition, if u is an isolated solution of (4.45), then the excision property of the
degree implies that for open balls B(iu, ¢) of radius € and center iu in Cy(R, L?(D)) we
have deg(l — Q, B(u,€),0) is constant for small ¢ > 0. The index of u is defined by

index(u) := liII(l) deg(I — Q, B(iu,¢),0).
e—

Theorem 4.4.10. Suppose that u is an isolated solution of (4.45) with index(u) # 0.
For n sufficiently large, there exist solutions u, € Co(R,L?*(Q,)) of (4.48) such that

inty, — iu in Co(R, L2(D)) as n — oo.
Proof. By assumption there exists €y > 0 such that
index(u) = deg(I — Q, B(u,¢),0) # 0,

for all € € (0,¢0). Corollary 4.4.9 implies that (4.48) has a solution in B(iu,¢) for all
e € (0,¢g0) if n sufficiently large. Suppose the required sequence of solutions u,, does not
exist. Then we can find € € (0, ¢() and a subsequence nj — oo such that (4.48) (with ng

in place of n) has no solution in B(iu,¢) for all £ € N. This gives a contradiction. [

4.4.2 Some remarks on almost periodic solutions

The aim of this section is to discuss some difficulties of using the Leray-Schauder de-
gree for almost periodic solutions. We first collect some preliminary results on almost

periodic functions below.

Definition 4.4.11. Let X and Y be Banach spaces. A continuous function g : Rx X —
Y is called uniformly almost periodic (with respect to x) if for every € > 0 and compact
set K C X there exists £(g, K') > 0 such that every interval J of length ¢(e, K') contains
7 such that ||g(t + 7,2) — g(t,z)||y < e for all ¢t € R and for all z € K.

Lemma 4.4.12. Let X and Y be Banach spaces. Suppose that g : R x X — Y is
uniformly almost periodic. If u : R — X is almost periodic then the function t +—
g(t,u(t)) is also almost periodic, that is g(-,u(-)) € AP(R,Y).

Proof. The proof follows the same argument as either in [20, Theorem 1.2.7], [17, The-

orem 2.11] or [28, Theorem 2.8] for functions taking values in finite dimensional space
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(RN). The only point we need to be careful is that for almost periodic functions with
values in RV, the compactness of {u(t) : t € R} in RY simply follows from the bound-
edness of |u(t)|. However, we also have the compactness of {u(t):t€ R} in X for
u € AP(R,X) from [28, Theorem 6.5]. Hence, we can find a compact set K C X
containing the range of u and complete the proof in the same way as RY-valued func-

tions. O

Definition 4.4.13. A family .% of functions from AP (R, X) is called equi-almost peri-
odic if for every € > 0, there exists £(¢) > 0 such that every compact interval J C R of
length ¢(g) contains 7 such that

[ft+7)— f@)llx <&,
for all t € R and for all f € .%.

Lemma 4.4.14 ([28, Theorem 6.10]). Let X be a Banach space. A family F of func-
tions from AP (R, X) is relatively compact if and only if the following conditions hold:

(i) F is equicontinuous;
(ii) Z is equi-almost periodic;
(iii) for anyt € R, the set {f(t) : f € F} is relatively compact in X.

Suppose that f satisfies Assumption 4.4.1 with ¢ € Cy(R) replaced by ¢ € AP(R).
Then

[f(t+7.8) = f(t: D2 = [0 +7) = oD L2(0)
<ot +7) = o110 L2(@) + Kjel) 2, €]l L2(02))
(4.58)
for all t,7 € R and ¢ € L?(2). Let K be a compact subset of L?(£2). We have

1PCO) | z2(@) + Ejg) o0 €]l 20) < Ok

for all ¢ € K, where Ck > 0 is a constant depending on the set K. By the almost
periodicity of ¢, we get from (4.58) that f is uniformly almost periodic. As a consequence
of Lemma 4.4.12, we have that f(-,u(-)) € AP(R,L*(Q)) for all u € AP(R, L?*(Q)).
Hence, Proposition 4.1.7 (ii) implies that Q defined by (4.47) maps AP(R, L?(Q2)) into
itself, that is Q : AP(R,L*(Q)) — AP(R, L*(Q)). Moreover, u is an almost periodic
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solutions of (4.45) if and only if it is a fixed point of ). We show that the technique of
using the Leray-Schauder degree cannot be applied as @ is not completely continuous.

Let {v,}nen be a bounded sequence in AP(R, L%(Q)). We set g,(t) := f(t,vn(t))
for all ¢ € R. A similar calculation as in (4.51) implies that that ||gn||ec is uniformly
bounded. By Remark 4.4.5, {Q(v,,)() }nen is relatively compact in L?(Q) for all t € R.
In addition, Theorem 4.3.7 implies that {Q(vy,)}nen is equicontinuous on R. The above
argument shows that the family {Q(vy) }nen satisfies condition (i) and condition (iii) in
Lemma 4.4.14. However, we do not generally have equi-almost periodicity of the family
{Q(vn) }neny when {v,}nen is a bounded sequence in AP(R, L?(2)). To see this, let
v1 € AP(R, L?(Q2)) be a periodic function with (minimal) period one. For n > 2, we
let v, (t) := v1(t/n) for t € R. We have v, € AP(R, L?(f)) is a periodic function with
period n and ||v,|lec = ||v1]leo for all n € N. If ¢ is also a periodic function, then the
substitution f(-,v,(+)) = ¢(-)h(vy(+)) is also periodic with larger period as n increases.
This means {Q(vy,) }nen cannot be equi-almost periodic. By Lemma 4.4.14, the family
{Q(vn) }nen is not relatively compact in AP(R, L?(Q2)). Therefore, @ is not completely
continuous.

Recall that u is an almost periodic solutions of (4.45) if and only if it is a fixed
point of ). An alternative (rather trivial) approach is using the contraction mapping
theorem. This method is used to establish the existence and uniqueness of almost
periodic solutions of semilinear non-autonomous problems in [13, Theorem 3.2] under
the assumption that the seminlinear term is globally Lipschitz with a sufficiently small
Lipschitz constant. Suppose that |f(t,61) — f(t,&2)llz2@) < kll§1 — &aflr2 () for all
&1,& € L?(Q). A straightforward calculation using (4.7) implies that

2M
1QM)(#) = Qu®lL2@) < —5kllv = vllee,
for all u,v € AP(R, L?(Q)). Hence, Q is a contraction map if the Lipschitz constant k is
small enough. We can prove the convergence of almost periodic solutions under domain
perturbation by a similar argument as in Theorem 2.3.3 provided that the family of
the maps @), is a uniform contraction and @), converges to ) pointwise. In fact, this

method can be applied to any class of bounded entire solutions.



Bibliography

1]

R. A. Adams. Sobolev spaces. Academic Press [A subsidiary of Harcourt Brace
Jovanovich, Publishers], New York-London, 1975. Pure and Applied Mathematics,
Vol. 65.

H. Amann. Linear and quasilinear parabolic problems. Vol. I, volume 89 of Mono-
graphs in Mathematics. Birkhauser Boston Inc., Boston, MA, 1995. Abstract linear
theory.

J. Appell and P. P. Zabrejko. Nonlinear superposition operators, volume 95 of

Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge, 1990.

W. Arendt. Approximation of degenerate semigroups. Taiwanese J. Math.,
5(2):279-295, 2001.

W. Arendt and D. Daners. Uniform convergence for elliptic problems on varying

domains. Math. Nachr., 280(1-2):28-49, 2007.

J. M. Arrieta. Neumann eigenvalue problems on exterior perturbations of the
domain. J. Differential Equations, 118(1):54-103, 1995.

J. M. Arrieta and S. M. Bruschi. Boundary oscillations and nonlinear boundary
conditions. C. R. Math. Acad. Sci. Paris, 343(2):99-104, 2006.

J. M. Arrieta and S. M. Bruschi. Rapidly varying boundaries in equations with
nonlinear boundary conditions. The case of a Lipschitz deformation. Math. Models
Methods Appl. Sci., 17(10):1555-1585, 2007.

J. M. Arrieta and S. M. Bruschi. Very rapidly varying boundaries in equations with
nonlinear boundary conditions. The case of a non uniformly Lipschitz deformation.
Discrete Contin. Dyn. Syst. Ser. B, 14(2):327-351, 2010.

151



BIBLIOGRAPHY 152

[10]

[21]

J. M. Arrieta and A. N. Carvalho. Spectral convergence and nonlinear dynamics
of reaction-diffusion equations under perturbations of the domain. J. Differential
Equations, 199(1):143-178, 2004.

H. Attouch. Variational convergence for functions and operators. Applicable Math-

ematics Series. Pitman (Advanced Publishing Program), Boston, MA, 1984.

G. Barbatis, V. I. Burenkov, and P. D. Lamberti. Stability estimates for resolvents,
eigenvalues, and eigenfunctions of elliptic operators on variable domains. In Around
the research of Vladimir Maz’ya. II, volume 12 of Int. Math. Ser. (N. Y.), pages
23-60. Springer, New York, 2010.

M. Baroun, S. Boulite, T. Diagana, and L. Maniar. Almost periodic solutions to
some semilinear non-autonomous thermoelastic plate equations. J. Math. Anal.
Appl., 349(1):74-84, 2009.

P. W. Bates and C. K. R. T. Jones. Invariant manifolds for semilinear partial
differential equations. In Dynamics reported, Vol. 2, volume 2 of Dynam. Report.

Ser. Dynam. Systems Appl., pages 1-38. Wiley, Chichester, 1989.

P. W. Bates, K. Lu, and C. Zeng. Existence and persistence of invariant manifolds
for semiflows in Banach space. Mem. Amer. Math. Soc., 135(645):viii4+129, 1998.

Z. Belhachmi, D. Bucur, and J.-M. Sac-Epee. Finite element approximation of the
Neumann eigenvalue problem in domains with multiple cracks. IMA J. Numer.
Anal., 26(4):790-810, 2006.

C. M. Blazquez. Transverse homoclinic orbits in periodically perturbed parabolic
equations. Nonlinear Anal., 10(11):1277-1291, 1986.

H. Brézis. Problemes unilatéraux. J. Math. Pures Appl. (9), 51:1-168, 1972.

D. Bucur. Un théoréeme de caractérisation pour la y-convergence. C. R. Acad. Sci.
Paris Sér. I Math., 323(8):883-888, 1996.

D. Bucur and G. Buttazzo. Variational methods in shape optimization problems.
Progress in Nonlinear Differential Equations and their Applications, 65. Birkh&user

Boston Inc., Boston, MA, 2005.

D. Bucur and N. Varchon. Boundary variation for a Neumann problem. Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4), 29(4):807-821, 2000.



BIBLIOGRAPHY 153

[22]

23]

[24]

[25]

D. Bucur and N. Varchon. A duality approach for the boundary variation of Neu-
mann problems. SIAM J. Math. Anal., 34(2):460-477 (electronic), 2002.

D. Bucur and J.-P. Zolésio. N-dimensional shape optimization under capacitary
constraint. J. Differential Equations, 123(2):504-522, 1995.

V. I. Burenkov and E. B. Davies. Spectral stability of the Neumann Laplacian. J.
Differential Equations, 186(2):485-508, 2002.

V. I. Burenkov and P. D. Lamberti. Spectral stability of general non-negative self-
adjoint operators with applications to Neumann-type operators. J. Differential
FEquations, 233(2):345-379, 2007.

V. I. Burenkov and P. D. Lamberti. Spectral stability of Dirichlet second order
uniformly elliptic operators. J. Differential Equations, 244(7):1712-1740, 2008.

G. Buttazzo and G. Dal Maso. Shape optimization for Dirichlet problems: relaxed
formulation and optimality conditions. Appl. Math. Optim., 23(1):17-49, 1991.

C. Corduneanu. Almost periodic functions. Interscience Publishers [John Wiley &
Sons|, New York-London-Sydney, 1968. With the collaboration of N. Gheorghiu
and V. Barbu, Translated from the Romanian by Gitta Bernstein and Eugene

Tomer, Interscience Tracts in Pure and Applied Mathematics, No. 22.

R. Courant and D. Hilbert. Methods of mathematical physics. Vol. I. Interscience
Publishers, Inc., New York, N.Y., 1953.

G. dal Maso, F. Ebobisse, and M. Ponsiglione. A stability result for nonlinear Neu-
mann problems under boundary variations. J. Math. Pures Appl. (9), 82(5):503—
532, 2003.

E. N. Dancer. The effect of domain shape on the number of positive solutions of

certain nonlinear equations. J. Differential Equations, 74(1):120-156, 1988.

E. N. Dancer. The effect of domain shape on the number of positive solutions of

certain nonlinear equations. II. J. Differential Equations, 87(2):316-339, 1990.

E. N. Dancer. A Conley index calculation. Bull. Aust. Math. Soc., 80(3):510-520,
2009.



BIBLIOGRAPHY 154

[34]

[35]

[37]

[38]

[40]

[42]

E. N. Dancer and D. Daners. Domain perturbation for elliptic equations subject
to Robin boundary conditions. J. Differential Equations, 138(1):86-132, 1997.

D. Daners. Domain perturbation for linear and nonlinear parabolic equations. J.
Differential Equations, 129(2):358-402, 1996.

D. Daners. Heat kernel estimates for operators with boundary conditions. Math.

Nachr., 217:13-41, 2000.

D. Daners. Dirichlet problems on varying domains. J. Differential Equations,
188(2):591-624, 2003.

D. Daners. Perturbation of semi-linear evolution equations under weak assumptions
at initial time. J. Differential Equations, 210(2):352-382, 2005.

D. Daners. Domain perturbation for linear and semi-linear boundary value prob-
lems. In Handbook of differential equations: stationary partial differential equations.
Vol. VI, Handb. Differ. Equ., pages 1-81. Elsevier/North-Holland, Amsterdam,
2008.

D. Daners and P. Koch Medina. Abstract evolution equations, periodic problems
and applications, volume 279 of Pitman Research Notes in Mathematics Series.

Longman Scientific & Technical, Harlow, 1992.

R. Dautray and J.-L. Lions. Mathematical analysis and numerical methods for
science and technology. Vol. 5. Springer-Verlag, Berlin, 1992. Evolution problems.
I, With the collaboration of Michel Artola, Michel Cessenat and Hélene Lanchon,
Translated from the French by Alan Craig.

E. A. M. de Abreu and A. N. Carvalho. Attractors for semilinear parabolic problems
with Dirichlet boundary conditions in varying domains. Mat. Contemp., 27:37-51,
2004.

K. Deimling. Nonlinear functional analysis. Springer-Verlag, Berlin, 1985.

N. Dunford and J. T. Schwartz. Linear operators. Part I. Wiley Classics Library.
John Wiley & Sons Inc., New York, 1988. General theory, With the assistance
of William G. Bade and Robert G. Bartle, Reprint of the 1958 original, A Wiley-

Interscience Publication.



BIBLIOGRAPHY 155

[45]

[46]

[48]

[49]

E. Feireisl and H. Petzeltova. On the domain dependence of solutions to the two-
phase Stefan problem. Appl. Math., 45(2):131-144, 2000.

N. Fenichel. Persistence and smoothness of invariant manifolds for flows. Indiana
Univ. Math. J., 21:193-226, 1971/1972.

A. M. Fink. Almost periodic differential equations. Lecture Notes in Mathematics,
Vol. 377. Springer-Verlag, Berlin, 1974.

R. D. Grigorieff. Diskret kompakte Einbettungen in Sobolewschen Raumen. Math.
Ann., 197:71-85, 1972.

J. Hadamard. Sur I’équilibre des plaques élastiques circulaires libres ou appuyées
et celui de la sphere isotrope. Ann. Sci. Ecole Norm. Sup. (3), 18:313-342, 1901.

J. K. Hale. Introduction to dynamic bifurcation. In Bifurcation theory and applica-
tions (Montecatini, 1983), volume 1057 of Lecture Notes in Math., pages 106-151.
Springer, Berlin, 1984.

J. K. Hale and J. Vegas. A nonlinear parabolic equation with varying domain.

Arch. Rational Mech. Anal., 86(2):99-123, 1984.

D. Henry. Geometric theory of semilinear parabolic equations, volume 840 of Lecture

Notes in Mathematics. Springer-Verlag, Berlin, 1981.

D. Henry. Perturbation of the boundary in boundary-value problems of partial differ-
ential equations, volume 318 of London Mathematical Society Lecture Note Series.
Cambridge University Press, Cambridge, 2005. With editorial assistance from Jack

Hale and Antonio Luiz Pereira.

M. W. Hirsch, C. C. Pugh, and M. Shub. Invariant manifolds. Bull. Amer. Math.
Soc., 76:1015-1019, 1970.

K. Tto and K. Kunisch. Parabolic variational inequalities: the Lagrange multiplier
approach. J. Math. Pures Appl. (9), 85(3):415-449, 2006.

S. Jimbo. The singularly perturbed domain and the characterization for the eigen-
functions with Neumann boundary condition. J. Differential Equations, 77(2):322—
350, 1989.



BIBLIOGRAPHY 156

[57]

[58]

[65]

[66]

T. Kato. Perturbation theory for linear operators. Springer-Verlag, Berlin, second
edition, 1976. Grundlehren der Mathematischen Wissenschaften, Band 132.

M. V. Keldys. On the solvability and stability of the Dirichlet problem. Uspekhi
Matem. Nauk, 8:171-231 (English Translation: Amer. Math. Soc. Translations
(2)51 (1966) 173), 1941.

A. Liapounoff. Probleme Général de la Stabilité du Mouvement. Annals of Mathe-

matics Studies, no. 17. Princeton University Press, Princeton, N. J., 1947.

J.-L. Lions. Quelques méthodes de résolution des problémes aux limites mon
linéaires. Dunod, 1969.

Z. L. Lions. Partial differential inequalities. Uspehi Mat. Nauk, 26(2(158)):205-263,
1971.

N. G. Lloyd. Degree theory. Cambridge University Press, Cambridge, 1978. Cam-
bridge Tracts in Mathematics, No. 73.

R. Mané. Persistent manifolds are normally hyperbolic. Trans. Amer. Math. Soc.,

246:261-283, 1978.

J. Mierczynski and W. Shen. Spectral theory for random and nonautonomous
parabolic equations and applications, volume 139 of Chapman & Hall/CRC Mono-
graphs and Surveys in Pure and Applied Mathematics. CRC Press, Boca Raton,
FL, 2008.

U. Mosco. Convergence of convex sets and of solutions of variational inequalities.
Advances in Math., 3:510-585, 1969.

A. Pazy. Semigroups of linear operators and applications to partial differential
equations, volume 44 of Applied Mathematical Sciences. Springer-Verlag, New York,
1983.

O. Perron. Die Stabilitiatsfrage bei Differentialgleichungen. Math. Z., 32(1):703—
728, 1930.

M. Prizzi and K. P. Rybakowski. The effect of domain squeezing upon the dynamics
of reaction-diffusion equations. J. Differential Equations, 173(2):271-320, 2001.



BIBLIOGRAPHY 157

[69]

[70]

[71]

[81]

J. Priiss. On the spectrum of Cy-semigroups. Trans. Amer. Math. Soc., 284(2):847—
857, 1984.

J. Rauch and M. Taylor. Potential and scattering theory on wildly perturbed
domains. J. Funct. Anal., 18:27-59, 1975.

W. Rudin. Functional analysis. McGraw-Hill Book Co., New York, 1973. McGraw-
Hill Series in Higher Mathematics.

G. Savaré and G. Schimperna. Domain perturbations and estimates for the solu-
tions of second order elliptic equations. J. Math. Pures Appl. (9),81(11):1071-1112,
2002.

F. Simondon. Domain perturbation for parabolic quasilinear problems. Commun.
Appl. Anal., 4(1):1-12, 2000.

D. R. Smart. Fized point theorems. Cambridge University Press, London, 1974.
Cambridge Tracts in Mathematics, No. 66.

F. Stummel. Diskrete Konvergenz linearer Operatoren. I. Math. Ann., 190:45-92,
1970/71.

F. Stummel. Diskrete Konvergenz linearer Operatoren. II. Math. Z., 120:231-264,
1971.

F. Stummel. Diskrete Konvergenz linearer Operatoren. III. In Linear operators
and approzimation (Proc. Conf., Oberwolfach, 1971), pages 196-216. Internat. Ser.
Numer. Math., Vol. 20. Birkhauser, Basel, 1972.

F. Stummel. Perturbation theory for Sobolev spaces. Proc. Roy. Soc. Edinburgh
Sect. A, 73:5-49, 1975.

V. Sverdk. On optimal shape design. J. Math. Pures Appl. (9), 72(6):537-551,
1993.

T. Yoshizawa. Stability theory and the existence of periodic solutions and almost pe-
riodic solutions. Springer-Verlag, New York, 1975. Applied Mathematical Sciences,
Vol. 14.

E. Zeidler. Nonlinear functional analysis and its applications. II/A. Springer-
Verlag, New York, 1990. Linear monotone operators, Translated from the German

by the author and Leo F. Boron.



BIBLIOGRAPHY 158

[82] W. Zeng. Transversality of homoclinic orbits and exponential dichotomies for
parabolic equations. J. Math. Anal. Appl., 216(2):466-480, 1997.

[83] W. Zhang and I. Stewart. Bounded solutions for non-autonomous parabolic equa-
tions. Dynam. Stability Systems, 11(2):109-120, 1996.



	Abstract
	Acknowledgements
	Statement of originality
	Introduction
	Domain perturbation for linear non-autonomous parabolic equations
	Abstract parabolic equations
	Mosco Convergence
	Equivalence of Mosco convergences for parabolic and elliptic equations
	Convergence of solutions of initial value problems
	Dirichlet problems
	Neumann problems

	Convergence of solutions of final value problems
	Domain perturbation for parabolic variational inequalities

	Domain perturbation for semilinear parabolic equations
	Evolution Systems
	Existence of solutions of semilinear evolution equations
	Convergence of solutions of semilinear evolution equations
	Convergence of solutions of semilinear parabolic equations
	Non-autonomous semilinear parabolic equations
	Autonomous semilinear parabolic equations


	Invariant manifolds for parabolic equations under domain perturbation
	Introduction
	Invariant manifolds for parabolic equations
	Semiflows induced by abstract parabolic equations
	Existence of invariant manifolds for parabolic equations

	Domain perturbation for invariant manifolds
	Some technical results towards the proof of semicontinuity
	Convergence of sequence in finite dimensional subspaces
	Characterisation of upper and lower semicontinuity

	Convergence of unstable invariant manifolds
	Convergence of global unstable manifolds
	Upper and lower semicontinuity of local unstable manifolds

	Convergence of stable invariant manifolds

	Persistence of bounded entire solutions of parabolic equations under domain perturbation
	Bounded entire solutions of linear parabolic equations
	Convergence of bounded entire solutions of linear equations: L2-Theory
	Lp-Theory for bounded entire solutions of linear parabolic equations
	Domain Perturbation for bounded entire solutions of semilinear  parabolic equations
	Persistence of C0(R, L2()) solutions
	Some remarks on almost periodic solutions


	Bibliography

