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Abstract

We consider the problem of minimising the eigenvalues of the Laplacian with
Robin boundary conditions % + au = 0 and generalised Wentzell boundary condi-
tions Au—+f % +~u = 0 with respect to the domain € RY on which the problem
is defined. For the Robin problem, when o > 0 we extend the Faber-Krahn in-
equality of Daners [Math. Ann. 335 (2006), 767-785], which states that the ball
minimises the first eigenvalue, to prove that the minimiser is unique amongst do-
mains of class C%2. The method of proof uses a functional of the level sets to
estimate the first eigenvalue from below, together with a rearrangement of the
ball’s eigenfunction onto the domain €2 and the usual isoperimetric inequality.

We then prove that the second eigenvalue attains its minimum only on the
disjoint union of two equal balls, and set the proof up so it works for the Robin
p-Laplacian. For the higher eigenvalues, we show that it is in general impossible
for a minimiser to exist independently of o > 0. When a < 0, we prove that every
eigenvalue behaves like —a? as o — —o0, provided only that € is bounded with C*
boundary. This generalises a result of Lou and Zhu [Pacific J. Math. 214 (2004),
323-334] for the first eigenvalue.

For the Wentzell problem, we (re-)prove general operator properties, including
for the less-studied case § < 0, where the problem is ill-posed in some sense.
In particular, we give a new proof of the compactness of the resolvent and the
structure of the spectrum, at least if 02 is smooth. We prove Faber-Krahn-type
inequalities in the general case 3,7 # 0, based on the Robin counterpart, and
for the “best” case (5,7~ > 0 establish a type of equivalence property between the
Wentzell and Robin minimisers for all eigenvalues. This yields a minimiser of the
second Wentzell eigenvalue. We also prove a Cheeger-type inequality for the first

eigenvalue in this case.
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CHAPTER 1

Introduction

No question is so difficult to answer
as that to which the answer is obvious

— George Bernard Shaw

1.1. The isoperimetric problem

The application of isoperimetric inequalities to physical situations is, in a sense,
a study of the obvious. That the shape of an object affects its physical properties is
so trite as to be hardly worth saying. It is perhaps a more subtle observation that
a physical optimum should be attained by an object satisfying some appropriate
geometric optimum.

The most basic isoperimetric result states that the ball has the least surface
area of all objects of given volume. This result is even said to have been known in
some form to the ancient Greeks. Physical intuition thus suggests that the object
that minimises heat loss should be perfectly spherical, all other things being equal.
Similarly, the fundamental frequency of a vibrating membrane should be lowest
when the membrane is circular. This is the famous conjecture of Lord Rayleigh in
the 19th Century [97].

But the word “conjecture” is telling. It is easy to make such a claim, and even
to formulate it mathematically. However experience shows that such “obvious”
conjectures are often extremely difficult to prove in all branches of mathematics
— although possibly this is not quite what Shaw had in mind. The first full proofs
of Rayleigh’s conjecture appeared almost 50 years after it was made, with the
simultaneous but independent work of Faber [50] and Krahn [78] in the 1920s.
Even then some residual questions remained about the validity of the method they
used, and the issue was only completely resolved as late as 1951 with the seminal
work of Pélya and Szegd [96]. Such problems rank amongst the most interesting,
and arguably most challenging, in mathematics, involving a fascinating interplay

of analysis and geometry.
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Mathematically, both Rayleigh’s conjecture and the problem of minimising heat

loss reduce to studying the smallest p > 0 for which the Helmholtz equation

—Au = pu in €,
(1.1.1)
u=20 on 0f).

has a solution. Here u can be interpreted as measuring the displacement from rest
N 8%u
i=1 9z

is the Laplacian of v and 2 C R¥ is some region or domain in N-dimensional

of the membrane, or the amount of heat present in the object. Au := >

space, N > 2, corresponding to the membrane at rest in Rayleigh’s problem or
the object suffering heat loss. Imposing the Dirichlet boundary condition u = 0 is
physically interpreted as having a fixed membrane or a fixed ambient temperature
at the surface, or boundary, of the object, and generally represents a convenient
mathematical approximation to physical reality. As is well known, the values p
for which (II1]) has a solution, called eigenvalues of the Dirichlet Laplacian, form
a countable sequence 0 < pp < py < ... — oco. We refer to the corresponding
functions solving (LI.1]) as eigenfunctions.

The fundamental frequency of a fixed membrane €2 corresponds exactly to puq,
while the higher eigenvalues correspond to higher frequencies (also known variously
as normal modes, overtones or harmonics). Similarly, the long-term decay of heat in
an object Q behaves like e #1* (where t > 0 is time). Thus finding the object which
optimises either of these physical properties can be mathematically reformulated
as finding the domain © which minimises ;; amongst all domains in RY of fixed
volume. Thus interpreted, Rayleigh’s conjecture, since its proof called the Faber-
Krahn inequality or sometimes the theorem of Rayleigh-Faber-Krahn, asserts that
p1(2) > pi(B), where B is a ball with the same volume of €. In fact this inequality
is strict if € is not “essentially” a ball. (We will give a precise statement of this
theorem in Chapter [21)

Of course there are many mathematically and physically interesting variants
of this problem; the 40-year-old survey paper of Payne [93] still provides a good
introduction. One could study the other eigenvalues of (LIT]) in the same way,
or combinations of eigenvalues, or — of course — other problems. Another starting
point in the field is the conjecture (long since proved) of Saint-Venant, which asserts
that the torsional rigidity of a beam is greatest when the beam’s cross-section is
circular (see [93], 100]).
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In this thesis we will be interested principally in minimisation problems for
eigenvalues of the Laplacian, as in (LTI, but equipped with two different bound-
ary conditions. The first is the Robin, or third, boundary condition. This is also
referred to as the elastically supported membrane case, since for the vibrating
membrane model it describes a situation where the displacement on the edge of
the membrane is negatively proportional to the rate of change of displacement
leaving the membrane. This is as one would expect if the membrane is “elastically

supported”, that is, not firmly clamped but not perfectly free. The equation is
—Au = \u in €,

(1.1.2) P
o +au=0 on 0,
v
where % is the outer normal derivate to u on 92 and o > 0 is an arbitrary

constant, which we will refer to as the boundary parameter of the Robin problem.
As with the Dirichlet problem, the solutions (eigenvalues of the Robin Laplacian)
A=A, a), on a fixed domain €2, for each given value of a, form a countable set
0 <A <Ay <...— 00. The dependence on « (which may also be a function
on the boundary or a real number) makes the situation far more interesting. The
case a = 0 corresponds to Neumann boundary conditions, and, at least formally,
a = oo gives Dirichlet boundary conditions.

The other type of boundary condition is the generalised Wentzell boundary
condition, sometimes called the general Wentzell condition or the Wentzell-Robin
condition. This is a relatively new boundary condition that has only been inten-
sively studied in the last decade or so; see Chapter [i] for a full description. This
is

—Au = Au in €2,
(1.1.3) ou
Au+ o= +yu=0 on 05},
ov

The eigenvalues A = A(€, 5,7) of the Wentzell Laplacian now depend on two
parameters (or suitable functions) 8 and 7 as well as Q. We will study their
structure, which is more complicated than for the other boundary conditions, in
Chapter [l One interpretation of this boundary condition, in the model of the
vibrating membrane, is that the boundary 012 is itself affected by vibrations in the
membrane 2 and thus contributes to the total kinetic energy of the system. In

the model of the heat equation, it models a situation where there is a heat source
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(if B > 0) or sink (if 5 < 0) on the boundary. (For a full derivation of these, and
another interpretation of the Robin boundary condition, see [63].)

In this thesis we will prove and study Faber-Krahn-type inequalities for the
first eigenvalue of these Robin and Wentzell problems, as well as more general

problems of the form
(1.1.4) min{\x(Q2, a) : @ € RY bounded, Lipschitz; ||, a fixed},

for some given k > 1, or the corresponding minimisation problem for (LI1.3]), with
Ax(€2, 5,7) in place of A\;(€2, ). Such problems are sometimes called “shape opti-
misation problems”, as in [28], but we prefer the term “isoperimetric problems”;
hence the title of this thesis and of this section. Such extremal problems in partial
differential equations are often given this name, and we feel it better evokes the
link with the type of geometric problem to which (I.1.4]) is related.

This thesis is essentially divided into two halves, the first devoted to the Robin
problem and the second to the Wentzell problem. In the remainder of this chapter
we present the standard theory of the Robin Laplacian — that is, existence and
regularity of solutions, spectral properties and so forth. This serves both as a
mathematical introduction to our problem and a repository of important results
that we will need later.

Chapter 2 is devoted to the Faber-Krahn inequality for the first eigenvalue of
the Robin problem (LI.2). The actual inequality had been proven in [35]; our
contribution is to strengthen the method to prove sharpness of the inequality, that
is, that the ball is the unique minimiser of the first eigenvalue, at least amongst
bounded, C?-domains (see Theorem 2.1.2)). However, for completeness’ sake (and
to an extent out of mathematical necessity) we sketch the full proof. We also
set it up to give an alternative proof in the Dirichlet case, albeit under relatively
restricted assumptions on the domain 2. Instead of the usual symmetrisation
arguments, the proof uses a functional of the level sets of the domain €2, together
with a rearrangement argument from the ball onto €.

In Chapter [B] we touch on a number of other problems, both solved and un-
solved, which are either related to the Robin problem, or else for which insight can
be gained from the method used in Chapter 2l So in Section B.I] we mention the
Robin p-Laplacian. Subsequent to the publication of our results in Chapter 2] the

Faber-Krahn inequality was generalised to this operator with an adapted proof,
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so we mention it for the purpose of comparison. Conversely, the open problems
presented in Section B4l namely the case where av < 0 (where now the mazimiser
should be a ball, but this is unproven) and a conjecture due to Pdélya on poly-
gons, illustrate the apparent limitations of the method. Section compares the
results for the functional method with a property of the Robin Laplacian involv-
ing supersolutions; the exact nature of the connection probably warrants further
exploration. Section looks at a different type of inequality for the first Robin
eigenvalue, depending only on the geometry of €2. This is usually called a Cheeger-
type inequality, after a corresponding one for the Dirichlet problem. This is a
consequence of the functional method of Chapter We remark that it had al-
ready been noted by previous authors working in this area [20] [35], although we
generalise the result slightly.

In Chapter 4l we consider the higher eigenvalues of the Robin problem. We
start by proving an inequality for the second eigenvalue, namely that the (unique)
minimiser is the domain consisting of the disjoint union of two equal balls, as in
the Dirichlet case (see Theorem [L.1.1]). In fact we set this up so it works for the
p-Laplacian. For the higher eigenvalues, we show that it is in general impossible
to find a minimising domain independent of the parameter o > 0 in the boundary
condition, or equivalently, independent of the volume of the domain for fixed av > 0
(see Theorem [L3T]). When a < 0 we prove that every eigenvalue behaves like —a?
as a — —oo if the underlying domain is bounded and C', independent of the
domain’s geometry and volume (see Theorem L4.T]). This generalises a result of
[86] for the first eigenvalue.

In Chapters [l and [6] we start on the Wentzell problem (LI.3]). After a brief
introduction in Section 5.l we study basic properties of the associated operator in
the remainder of Chapter Bl The operator’s behaviour depends greatly on the sign
of the parameter §. The case § > 0 is the better-behaved and far more heavily
studied one. In this case, which we deal with in Section 5.2 the appropriately
realised operator generates a Cy-semigroup with essentially all the properties of
the Dirichlet or Robin problems (it is convenient here to phrase our results in
terms of generation properties). Following [7], we use form methods, although we
generalise the approach to allow § # 1 and v < 0. When S < 0, the operator
no longer generates a Cy-semigroup, although it still has compact resolvent, at

least if ) is sufficiently smooth. We now obtain two sequences of eigenvalues, one
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tending to oo and the other to —oo. We study this case in Section [5.3 adapting
an operator matrix approach from [44] originally designed for the case 5 > 0.

Chapter [6] then concentrates specifically on the properties of the eigenvalues
of the Wentzell problem. The key observation — although an elementary one —
is that every Wentzell eigenvalue and function solves a suitably chosen Robin
problem. We exploit this in various guises to prove a number of specific properties
of the Wentzell eigenvalues, including a fairly precise description of their structure,
of the regularity of the eigenfunctions, and also a number of variational results,
continuous dependence on perturbations in the parameters § and 7, and so on,
which are similar to the standard results for the Robin case that we present in
Section [L.3l

On the content of these two chapters, we remark that some of the results,
especially in Section 5.2 are probably not new, or are at best only a marginal
improvement on what was previously known. This latter comment applies also
to Section [5.3], although our approach there is new. We are unaware of a similar
analysis to that in Chapter [ for the Wentzell problem elsewhere, but the content
is quite elementary. These chapters are present primarily to facilitate our study
in Chapter [ of various isoperimetric properties of the Wentzell problem, although
it is hoped they may be of some independent interest. In Section [{.I] we obtain
Faber-Krahn-type inequalities for the principal eigenvalues as a direct consequence
of the Robin Faber-Krahn inequality. In some cases (depending on the sign of
and ) these rely on the conjectured Faber-Krahn inequality for the Robin problem
when o < 0 presented in Section [3.4l In Section [(.2] we extend this to prove that
in the main case when (3, > 0, the isoperimetric problem for the kth Wentzell
eigenvalue is essentially the same as for the kth Robin eigenvalue. Section [7.3]
contains a Cheeger inequality for the first Wentzell eigenvalue, again only in the
main case [3,v > 0. This is again a consequence of the corresponding Robin result
from Section 3.3l but the form of this inequality is somewhat more interesting.

In Appendix [A], we collect a number of important background results that we
will use throughout, such as density, trace and compactness theorems for Sobolev
spaces, results on operator semigroups and the like. Appendix [B] contains the
proofs of some results from [35] that will be needed in Chapter 2 Appendix
is devoted to auxiliary results needed in Chapter While we doubt these are

new, it is difficult to find precise references in the literature (perhaps owing to
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the slight difference in emphasis between harmonic analysis and partial differential
equations), so we have included proofs.

Much of the notation used throughout is also described in the appendices. We
have tried to use standard modern notation as far as possible throughout; however,
here we explicitly mention two slightly non-standard conventions we will be using.
First, we will always use A, A, for the eigenvalues of the Robin problem (LI1.2), y,
fn, for the Dirichlet problem (ILIT]) and A, A,, for the Wentzell problem (LI3]).

Second, and perhaps more importantly, by a domain 2 C RY we understand
an open set, usually bounded, but not necessarily connected. The reason for this
is that it is often necessary to deal with disconnected domains when consider-
ing isoperimetric problems: the domain solving a problem of the form (LI.4])
need not be connected. This assumption does not substantially change the na-
ture of the analysis, but it introduces a few minor annoying technicalities. See
also Remark The new material in this thesis is in the papers and preprints
[38, 39, [75], (76, [77].

1.2. The Laplacian with Robin boundary conditions

We start out by looking at the Robin problem (L.I.2). In this section we prove
basic properties such as existence and uniqueness of solutions. Although all these
results are standard and for the most part very well established, for completeness’
sake we have included proofs, albeit often brief ones, and/or references to the
literature. Throughout this section we will be working with an arbitrary, fixed,
bounded Lipschitz domain Q C RY and the parameter « in the problem (LI.2]) will
be taken as an arbitrary fixed nonzero constant, although assuming o € L>(9€)
would require only trivial changes to the results in this section. (Recall that o =0
corresponds to Neumann boundary conditions; see Remark [L.3.01)

We start with a summary of the theory of weak solutions to (LI.2) and form
methods. For the sake of simplicity we restrict ourselves to the real case and hence,
for example, talk about bi- rather than sesquilinear forms. In what follows we will

consider the general problem
—Au=f in €,

(1.2.1) u=20 on FO,
ou

— f+au=0 on Iy,

ov
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where Q C R¥ is a fixed bounded, Lipschitz domain, f € L?(Q2) and I'g and I'; are
disjoint subsets of 0€2, open and closed in 0f2, such that 02 = I'y U T';. Here we
allow I'y = () or I'; = (), corresponding to pure Robin and pure Dirichlet boundary
conditions, respectively; thus (LZT]) is more general than (LTI or (LT2]). As we

will see, the correct solution space for (L2.]]) is the following Sobolev space.

Definition 1.2.1. For 1 < p < oo, let WyP(Q; ;) be the closure in the W»-

norm of C*(Q UTI'), the set of all C*°(£2) functions whose support is compactly

contained away from ['y. If p = 2, then in preference we will write H}(Q;T).

In this chapter we will work only with the case p = 2 although we will use
the more general space in Chapter @l The notation is ours, but it is based on
the notation Hg(€); indeed in this notation H}(Q;00Q) = H(Q), while if Ty = ()
then H}(Q;0) = H'(Q). Note that H(2,Ty) can also be characterised as the
space of all H(Q2) functions having zero trace on T'y. Note also that H}(Q;Ty) is a
Hilbert space with respect to the usual H!-norm, and more generally VVO1 P(Q; Ty)

is a Banach space with respect to the W1P-norm.
Define a bilinear form Q,, : H3(€;To) x H}(£;Ty) — R by

(1.2.2) Qao(u,v) ::/Vu-Vvd:)H—/ auvdo
0 I

for all u,v € H'(Q), where since there is no danger of confusion we have written
w in place of tru = wu|p, in the second integral, and similarly for v (recalling
tru =trv =20 on [y).

A straightforward calculation shows that if u € C?*(Q) N C1() is a classical
solution of (L2, then

(1.2.3) Qalu,v) = /va dx = (f,v)

for all v € H}(Q,Ty), where (f,v) is the inner product on L?(2). Conversely, if
u € HE(Q,To) satisfies (L23) and u € C*(Q)NC*(Q) then u is a classical solution
of (L21). (Both calculations require the divergence theorem, which is valid for
Lipschitz domains. See Theorem [A4.5])

If a function v € H}(Q,Ty) satisfies (L23) we call it a weak solution of the
problem (LZT]). We are only interested in the cases when either o > 0 or else
a <0 and I'y = (). In either case, the following result is immediate, and we omit

the easy proof.
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Lemma 1.2.2. The function Q, : Hj(;To) x H}(;Tg) — R is a bounded,

symmetric and bilinear form on H}(2;T).

It is also easy, although perhaps less trivial, to show that the form @, is
bounded from below in the following sense. Such a form is often called an elliptic

form.

Lemma 1.2.3. There exists wy > 0 such that for every w > wy, there exists C' > 0
for which

Qa(u, u) + wllulf2i0) = Cllullip o)

for allu € HY(Q;To). If >0 or T'y = 0 then we may choose wy = 0.

Proof. Since 0N is Lipschitz it follows from Maz’ja’s inequality (see [88] Sec-
tion 4.11]) that there exists ¢ = ¢(N, |€2|) such that

lullZ2) < eIVullia@) + lullZzon)

for all u € H'(2). Since H}(£2; ) is a closed subspace of H'(Q2) equipped with the
same norm, the conclusion of the lemma now follows easily. Note that if I'y = 0,
Qa(u,u) = [, |Vu|?dz is an equivalent norm to |[ul|%:q, on Hy($2). (This follows
from Friedrichs’ inequality, or alternatively, the Poincaré inequality, which in this

case may be viewed as a special case of Maz'ja’s inequality.) O

Let w > wy be as in Lemma [[2.3] fix v € HJ(2;Ty) and define an element f,
in the dual space (H}(;1)) by fo(u) = (fo,u) == Qa(u,v) + w(u,v) 2. We

now define a linear operator
(1.2.4) T Hy(To) — (Hy(2; o))

by T@v := f,, that is, (TZv,u) = Qa(u,v) + w(u,v)2().

Combining Lemmata and we see that T is bounded and coercive,
and so by the Lax-Milgram lemma (Theorem [A5.2)) is invertible. By definition of
T¥, this proves the existence of weak solutions to our problem. Since obviously
(T¥)~! is unique, it also proves that weak solutions are unique. More precisely, we

have proved the following theorem.

Theorem 1.2.4. Letw > 0 satisfy the conclusions of Lemmall.2.3. Then for every
f € (HJ(S;Tg)) there exists a unique weak solution (cf. (L23)) u € H(;Ty) to
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the problem
—Au+wu=f in €2,
u=20 on Iy,
% +au=0 onI'y.

We now prove existence of the eigenvalues and eigenfunctions of the problem
(CZT) (and so of the problem (LI2])). Denote by ¢ the dense compact embed-
ding HJ(;Ty) < L*(Q) and by ¢ the induced dense embedding (L?*(2))" <
(H(;Tg))". Making the identification L?(Q) = (L?(Q2))’, let R : L?(Q2) — L*(Q)
be given by RY = ¢o (T¥) 1o ¢'.

Let S, : D(S,) — L*(Q) be the operator associated with (L21]), where
D(S,) = {u € H{(Ty) : Tou € L*(Q)} is the natural domain of S,. Then
it is not hard to prove that S, is closed. Moreover, RY is of course the resol-
vent operator R(w, S, ). In particular, we easily get the following properties of the

resolvent.

Lemma 1.2.5. Let w > 0 satisfy the conclusions of Lemma [.Z3. The operator
R¥ . L?(Q) — L*(Q) is compact and self-adjoint.

Proof. Compactness follows from compactness of the embedding ¢ : HJ(£; ) —
L*(Q2) while self-adjointness follows from the property (T%u,v) = (u,T%v) =
Qa(u,v) +W<U,U>L2(Q). O

Using the spectral theory for operators with compact resolvent, we obtain the

following important result about the eigenvalues of (L.2.1]).

Theorem 1.2.6 (Structure of the eigenvalues). The eigenvalues of (LZ2I) are
denumerable, and form a sequence \y < Ay < A3 < ... — oo with \; >0 if a > 0.

Moreover, the algebraic and geometric multiplicity of each eigenvalue is finite.

Proof. Since for each « the resolvent RY = R(w, S,) is compact for some w, by
[72] Theorem I11.6.29] the spectrum of the closed operator S, consists entirely of
isolated eigenvalues with finite multiplicities. For the form of the eigenvalues, by
[72 Theorem II1.6.26] the only possible point of accumulation of the eigenvalues
of RY is zero.

If & > 0 then we know all eigenvalues must be positive (just use Lemma
and the fact that any eigenvalue A satisfies A = Qa (¢, %) /|[¢||12(0) Where ) is a
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corresponding eigenfunction); moreover, they are of the form 1/k, where k is an
eigenvalue of RO (again, see [72] Section II1.7]). In particular the eigenvalues of
S, and hence (L2.1)) must have the form claimed in the theorem.

If a <0, we look at the operator given by S, + wl for some w > 0. Then this
operator has eigenvalues of the same form as when o > 0, and since wl : L*(Q2) —
L?(€) is bounded, it will merely shift the spectrum of S, + wl without changing

its structure. Hence the eigenvalues of S, again have the claimed form. U

Remark 1.2.7. (i) Each eigenvalue )\, k£ > 1 is really a function of a and the
domain 2 on which the problem is defined: A\, = A\i(£2, ). At times for the sake
of brevity we may drop one or both these arguments from our notation if there is
no danger of confusion. However, at other times the arguments are important; we
will study some of the properties of these functions in the next section.

(ii) The weak theory outlined above has in fact been extended to arbitrary open
sets Q C RY when o > 0. There are (at least) two somewhat different approaches.
One way is to use Maz’ja’s inequality and Hausdorff measure on the boundary as
in [33]; the other way is to use the idea of capacities and work with more general
measures as in [11]. Here we will make no use of these “weak” theories, although
the issue will briefly resurface when we look at Wentzell boundary conditions (see
Remark B.2.4(1)).

(iii) It is an immediate and useful consequence of the above theory that each
eigenvalue )\, with eigenfunction ¢ = ¥ (\;) can be characterised as Q. (¢, ) =
Me{W, ©) L2(q), that is,

(1.2.5) /Qw Ve dx+/

Iy

avpdo = )\k/ Yo dx
Q
for all ¢ € Hg(Q; o).

Theorem 1.2.8 (Regularity of the eigenfunctions). Suppose Q is Lipschitz. Every
eigenfunction v of the problem (L21)) satisfies v € H*(Q) N C(Q) N C>=(Q). If
Q is of class C? and a > 0, then in addition every ¢ € W*P(Q) N C*Q) for all
1 <p<oo.

Proof. Interior regularity follows from an easy and standard bootstrapping argu-
ment using for example [48, Theorem 6.3.2] (which actually works for Q C RY

open arbitrary).
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For boundary regularity, note that we are assuming I'y and I['; are separated,
that is, I'y and I'; are open and closed subsets of 0€2. Since boundary regularity
is a local property, we may choose neighbourhoods covering 02 such that in each
neighbourhood, either I'y = @) or I'; = (). Thus without loss of generality it suffices
to consider the cases 02 = I'y and 92 = I'y to prove the remaining assertions. If
00 = Ty, then it is known ¢ € C(Q) if Q is only Wiener regular (a much weaker
condition than Lipschitz); see for example [10]. Assume now for the meantime that
Q) is C2. By [59, Theorem 8.34] we have in fact ¢ € C'7(Q) for every n € (0,1)
since Q is C'7. That v € W?P(Q) follows from the seminal work of Agmon-
Douglis-Nirenberg [3]; see [59, Theorem 9.19] (with k = 0) for a precise statement
of this result in current notation.

Now suppose I'g = () and we have a pure Robin problem. Then continuity up to
the boundary comes from combining [33] Corollary 5.5] with [108], Corollary 2.9])
when o > 0 and [36, Corollary 4.2] when o < 0. If Q is C? and « > 0, then [4]
Theorem 4.2] implies 1 € W?P(Q) for all 1 < p < co. We now use a bootstrapping
argument via results from [81]. By [81, Theorem 3.12.1], v» € C*7(Q) for some
n € (0,1). By [81] Theorem 10.2.1], v € C*(Q). O

1.3. Eigenvalue properties of the Robin Laplacian

Here we collect various properties of (LI2]) that will be important to us in
what follows. As with Section [I.2] these are generally well-established, although
more specialised. We make the same assumptions on €2 and « as in Section

We will be paying special attention to the first eigenvalue A;. The results we
need are collected in the following theorem. Here, since 2 is fixed, we will be

treating the first eigenvalue as a function of @ € R only, A\ = A\ («).

Theorem 1.3.1 (Properties of the first eigenvalue). Suppose Q C RY is bounded,
Lipschitz and connected. Let \y = () be the first eigenvalue of (LI.2) on €,
where o € R. Then

(1) Ai(«) is given by the variational characterisation
A(a) = inf 7Qa2(u)
weHN (@) [[ul[2(q)

— it Jo IVul?dz + [, au® do
we H(R) Jq u?dx

(1.3.1)
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where we have written Qu(u) for Qu(u,u). The infimum is attained by any
eigenfunction v corresponding to A\ («);
(ii) the eigenspace of \i(«) is one-dimensional;
(iii) any eigenfunction v of \i(«) does not change sign in );
(iv) if in addition S is of class C* and Ty = (), then 1 can be chosen strictly
positive in Q;
(v) for a € R fized, M\ () is the only eigenvalue of (LI2) having a positive
ergenfunction;
(Vi) as a function of o, A\i(«) is analytic, strictly monotonically increasing and
strictly concave (that is, \{'(«) is strictly decreasing) for all o € R;
(vii) as o — 00, Ai(a) = p1 from below, and \'(a) — 0;
(viii) A1(0) =0 and

(1.3.2) A (0) = U(@?);
(ix) finally,
(1.3.3) A_l(a‘? > 1

for all a < 0, independent of Q2. There is equality in the limit as &« — —o0
if Q is C1L.

The ratio in (L3.)) is usually called the Rayleigh quotient.

Remark 1.3.2. The theorem assumes that €2 is connected. However, we will in
general allow our domains to be disconnected. This does not substantially change
the problem, however: any disconnected bounded Lipschitz domain §2 will consist
of finitely many separated connected components (c.c.s for short), each having
Lipschitz boundary. In such a case the eigenvalues of  (for any operator or
boundary condition) can be found by collecting and reordering the eigenvalues of
the c.c.s. For such domains U, V, in a slight abuse of notation we will say U =V
if and only if their c.c.s are in bijective correspondence and for each pair U , V of
c.c.s, there exists a rigid transformation 7 such that 7(U) = V. In particular,
their spectra will coincide. Actually, in general we can allow countably infinitely
many separated Lipschitz c.c.s, each one of which is bounded, and this remark is

still valid. In such a case, disconnectedness will not affect the regularity of the
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eigenfunctions (Theorem [[L2.8). We now have
Ar(@) = min{A\(Q,a): Qisacc. of Q).

In particular, (i), (vii) and (ix) hold if € is disconnected, and A;(«) is still con-
tinuous, strictly monotonically increasing and strictly concave, with A;(0) = 0.
However, it is now possible that A\; will be a repeated eigenvalue: 0 < A\; = \. For
each c.c., there will be exactly one eigenvalue \,(2) with a positive eigenfunction
(the first eigenvalue on that c.c.), but we could arrange so that p is arbitrarily
large. Moreover, \; is in general no longer analytic as a function of «, and in
particular (L3.2]) will fail in general. To see this, suppose €2 is the disjoint union
of two c.c.s € and €y, where a(9€;) /|| < 0(9Q3)/|€2]. Then

lim )\1(0&) _ 0'(892> > O'(&Ql) — lim )\1(0&).
a—0- || || a—0t

It is quite possible there could be similar “kinks” elsewhere. Another way to view
this is via the theory on analytic perturbations in [72] Chapter VII], which we will
use below to prove analyticity of A\; when €2 is connected. The same theory implies
that in this case A;(£2, @) is analytic except at isolated “splitting” points, such as

above where A\ (€1, a) and A1 (£, ) cross at a = 0.

Proof of Theorem [1.3.1] (i) The characterisation of the first eigenvalue as the
infimum of the Rayleigh quotient is standard; see for example [30, Chapter VI]
or [62] Section 1] (note that in the latter the sign of « is switched). For (ii) and
(iii), if @ > 0 then the simplicity and positivity of the first eigenfunction v is
also standard and can be deduced directly from properties of @, (use ¥, ¢~ as
test functions for positivity); alternatively, see [33] Section 5]. If o < 0, then
we may use the argument in [36] to rewrite the problem ([LI.2]) as an equivalent
Robin problem with positive boundary parameter, albeit with a different (but still
uniformly elliptic) form. Our claim then follows from the form properties in this
case. Alternatively, see [60, 62], or see [80] if € is piecewise-C''.

(iv) If Q is C?, then positivity up to the boundary follows from a simple ar-
gument involving the Hopf maximum principle (see, e.g., [85] Section 2] or [107
Section 2]), since then the boundary condition holds pointwise everywhere on 0.

(v) Since our associated operator is a self-adjoint operator on the Hilbert space

L?(9), its eigenfunctions can be chosen to form an orthonormal basis for L?(f2),
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possibly after a rescaling and after an orthogonalisation of eigenfunctions associ-
ated with an eigenvalue of multiplicity larger than 1. Since the first eigenfunction
is positive, it follows that every other eigenfunction must change sign. If o < 0, we
consider the rescaled operator S, + wl, w >> 0, as in the proof of Theorem [[.2.6]
which merely shifts the eigenvalues by w without affecting the eigenfunctions.

(vi) We first prove analyticity. Observe that for any given u € H'(Q) the
form Q,(u) is analytic in a.. This means that the associated family of self-adjoint
operators T2 is holomorphic of type (B) in the sense of [72] (see Section VII.4.2
there. In fact we can actually show that the operators are of type (A) since their
domain will be independent of «, but we do not need this). It follows from the
theory in [72], Sections VII.3 and VII.4] (see Section VII.3.1 in particular) that any
finite system of eigenvalues of T depends locally holomorphically (i.e. analytically)
on «; the only possibility we have to rule out is the “splitting of eigenvalues”. But
this is impossible since it would require an eigenspace of dimension two at the
point of splitting. Hence A\; depends analytically on «.

Concavity of A («) follows from the characterisation of A\; as the infimum of a
family of functions Q,(u)/ ||u||2L2(Q) which are affine with respect to . To prove
strict concavity, note that if A; is only weakly concave on an interval (aq, ) C R
then it must be linear on this interval. Since \; is analytic, unique continuation
implies A; must be linear on R. This is impossible since 0 < A\j(a) < py for all
a > 0 by (vii) and (viii). (These parts of (vii) and (viii) follow purely from the
variational characterisation and do not use (vi), so there is no circularity.) Thus
A1 is strictly concave everywhere.

We finally prove monotonicity. Since Qa, (u) < Qa,(u) if a1 < ay € R for any
u € HY(Q), it is immediate that \;(a) is (weakly) monotonically increasing. But
strict concavity now implies strict monotonicity.

(vii) Clearly A\i(a)) < w1, as can be seen by comparing variational characteri-
sations. That we actually have A\;(a) = p1 as a — oo is noted in [62] Section 1].
That A\;'(a) — 0 as a — oo follows immediately from combining the observations
that A\ («) is monotonically increasing and A\ («) < 4 for all a > 0.

(viii) It is immediate that A\;(0) = 0, since then we have a Neumann problem
(see also Remark [[L3.9). Since \,'() exists, ([L3.2)) follows directly from [62],
Equation 5], which states that lim, o A («)/a = a(992)/|Q2|, combined with the
observation that A\(0) = 0. See also [80], Section 2.1} if 9 is smooth.
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(ix) Finally, (IL3.3) is established using a test function argument in the vari-
ational characterisation (L3.1), adapted from [60, Theorem 2.3]. Our claim here
is a direct consequence of Lemma [4.4.3] which is in slightly more general form
that what we need here; we will omit the proof here to avoid repetition. For the
limiting behaviour, proved using different techniques, see [80, Theorem 2.2] and
[86l, Theorem 1.1]. O

Remark 1.3.3. It is easy to modify the above results and proofs so that everything
remains valid if we consider the problem (L21) with o > 0 instead of (LI1.2),
albeit with appropriate modifications: for example now the infimum in (L3.7) is
over Hj(2;Tp) rather than H'(2). Since it is quite standard, we will not go into
the proof of this. We note in particular that we still have a simple first eigenvalue
with eigenfunction v strictly positive in €2, and that eigenfunction ¢ will be strictly

positive on I';.

It is also important to know under what circumstances we can “approximate”
a given Lipschitz domain 2 with a sequence €, such that \;(€,) — A1(2). The

following basic result will be very useful.

Theorem 1.3.4. Let Q C RY be a bounded Lipschitz domain. There exist se-
quences of C*° domains V,, C Q C U, such that A\ (Uy,), \i(V,) — A(Q) as

n — o0.

Proof. Using [43] Theorem 5.1] it is possible to approximate €2 from the outside by
a sequence of C*° domains V,, in such a way that |V,,| — || and [32] Theorems 4.4
and 6.2] may be applied to give A\;(V},) = A1(2) as n — oo. This is also explained in
[35] Section 4]. For the U, we can use exactly the same approximation argument,
even though our sequence is now interior rather than exterior to 2. In particular,
[43] Theorem 5.1] remains valid, by considering the domain B\ €, where B is a
large ball containing €2, and Theorems 4.4 and 6.2 of [32] still apply in this case,
as noted in Remark 5.10 there. U

We next have a couple of analogous results for the higher eigenvalues. Just as
many of the properties of the first eigenvalue can be deduced from its variational

characterisation (L3]), here the so-called minimax formula for the kth eigenvalue
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will play an important role. This is given by

_ . JolVulPde + o [, u*do
(1.3.4) (o) = mz\%x<0;élz?efM [ ),

a € R, where the maximum is taken over all subspaces M of H'(Q) of codimen-
sion k — 1 (see [30, Chapter VI]). The infimum is attained by any eigenfunction
associated with A, and the maximal subspace can be obtained by removing the
L? span of the eigenfunctions associated with the previous k — 1 eigenvalues. That
is, all functions in the maximal subspace M will be orthogonal in L? to the first
k — 1 eigenfunctions. (Here we stress it is important that eigenvalues are repeated

according to their multiplicities!)

Theorem 1.3.5. Suppose Q@ C RY is a fizred bounded, Lipschitz domain. Let
aj,ap € Roand k> 1. If ag < ag, then for any k > 1, M(a1) < Ap(aw).

Moreover, for all a € R, A\i.(«) is continuous, and Ag(a) < puig.

Proof. Consider the minimax formula for the kth eigenvalue (I.3.4]). For fixed M,
the infimum appearing in (L34]) is a (certainly weakly) monotonically increasing
function of . Hence the same must be true of the maximum over all such M.
(This result is explicitly contained in [30, Theorem VI.2.6]. Although they only
treat the case N = 2 it is clear that the dimension of the space will not affect any
of the arguments.)

Continuity also follows directly from the minimax formula. That is, since for
every u € H(Q2) the Rayleigh quotient Q,(u) is continuous with respect to a, for
a given subspace M of H'(Q) the same must be true of its infimum; hence the
same is also true of of the maximum over all such subspaces.

That Ar(a) < py follows immediately from (L3.4]), since we recover py, if we
replace H'({2) by the smaller subspace Hj (). O

In fact the same arguments used in the proof of Theorem [[.3.1] to show ana-
lyticity of A;(a) imply that A\i(«) is now a piecewise-analytic function of a. Even
if Q is connected, there may be splitting (or bifurcation) points. However, it is
not clear if \; is concave with respect to «, since given a; < ap and « € (aq, as),
there is no reason to expect an eigenfunction 1 associated with A\;(«) will lie in
the maximal subspace M for «;.

We also have the following remarks on the topic of domain monotonicity. We
start with the idea of homothety. For any Q@ C RY and ¢ > 0, we can define the



1.3. EIGENVALUE PROPERTIES OF THE ROBIN LAPLACIAN 18

domain
(1.3.5) tQ:={tr e RY : x € Q};

then 9(tQ) = t(99) and [tQ2| = tV|Q2|. We can think of this as “blowing up” € by

a factor of ¢.

Remark 1.3.6. (i) The Dirichlet problem scales well. Making a change of variables
x — tr in the Rayleigh quotient, it is easy to show that u;(tQ) = t72u1(Q). In
the special case when N = 2 this means the product [tQ|u,(£2) is invariant with
respect to t. Let us now consider the Robin problem. Because of the boundary
term in the Rayleigh quotient, the eigenvalues will not scale cleanly with respect
to t for fixed . However, by making the homothety substitution x — ax, we see
the problem (LI.2) is equivalent to the problem

—Au = %u in af,
!
du
$+u_o on 0(af).

In particular, instead of considering a fixed domain €2 and varying «, we could

(1.3.6)

assume « = 1 (or any other pre-specified constant) and vary |{2| (that is, consider
the family ¢€2). Of course, this only works if we do not change the sign of « or ¢.
(ii) Another property of the Dirichlet problem is a domain monotonicity prop-
erty: if U € V C RY, then ui(U) > px(V) for any k& > 1. This follows from
the variational characterisation of py, (cf. (IL3.4]) but with H] in place of H': then
H(U) may be regarded as a subset of H}(V) by extending functions in H}(U)
by zero in V' \ U). However, it is well known that this monotonicity property fails
for the Robin problem, even if k = 1; see [62), 94] for counterexamples. This
will be an important point in Section 4.3 We will also prove there that even if
Me(Us ) < A (V, @) for some a € (0, 00), this may not be true for all a € (0, 00)

(this result is probably not new, but we know of no reference).

Lemma 1.3.7. Let B(x,r) denote the ball of radius r centred at x. For a > 0
fized the first eigenvalue A\ (B(z,1)) is a strictly decreasing, continuous function
of r > 0.

Proof. See for example [22], Lemma 4.1]. O
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Remark 1.3.8. Note that Lemma [[.3.7] remains true, with the same proof, for
the p-Laplacian, 1 < p < oo (see Section [B31]).

We conclude with a couple of comments about the Neumann problem.

Remark 1.3.9. We will denote the nth eigenvalue of the Neumann problem
—Au = \u in €,
% =0 on 0,
which (as has been mentioned) occurs when we set a = 0 in (LI2), by A\(0) =
Ai(€2,0), since from both a theoretical and practical perspective this seems to be
most convenient. Of course, all the results we have listed in this section for the
case a < 0 and T'y = () in (LL2.1)) apply here.

Lemma 1.3.10. If Q C RY is connected, bounded Lipschitz, then Xo(€,0) > 0.

Proof. This certainly follows from the fact that if € is connected then the first
Neumann eigenvalue (i.e. 0, in our notation given by A;(£2,0)) is simple and the
only eigenfunctions are constant. (To see this, for example, use that any such
eigenfunction v satisfies Au = 0 in {2, % = 0 on 0, that is, v is harmonic and
locally constant on 0€; cf. [59, Problem 2.2].) O



CHAPTER 2

An Inequality for the First Eigenvalue of the Robin

Laplacian

This chapter is devoted entirely to the study of a Faber-Krahn type inequality
for the first eigenvalue of the Robin problem ([L.1.2]).

2.1. The Faber-Krahn inequality

We start by stating the main theorems we will prove in this chapter. The
notation is as in Chapter [I however, since we will fix @ > 0 throughout this
chapter, we will denote by A;(2) > 0 the first eigenvalue of (L2 on €.

Theorem 2.1.1 (Faber-Krahn for Robin problems). Let Q@ C RY be a bounded
Lipschitz domain and let B denote a ball having the same volume as 2. Then
A(Q) > Mi(B).

Theorem 2.1.2 (Sharpness of the inequality). If in Theorem[2Z11l the domain €
is of class C?, then A\ (Q) = A\(B) if and only if Q = B after a translation.

The first complete proof of Theorem 2.1.1] appeared recently in [35]; our con-
tribution here is a proof of Theorem for the first time.

The original and famous theorem of Faber [50] and Krahn [78], proved in the
1920s, which resolved the conjecture of Lord Rayleigh [97], is as follows.

Theorem 2.1.3 (Faber-Krahn). Let Q@ C RY be a bounded open set and let B
denote a ball having the same volume as Q. Then pui(Q) > ui(B), with equality if

and only if Q0 is a ball up to a set of capacity zero.

See also [96]. For a definition and properties of capacity, see [65]. This theorem
is sometimes referred to as the theorem of Rayleigh-Faber-Krahn. The usual proof
uses a technique called Schwarz symmetrisation; see for example [13], [74, 96].
Roughly speaking, given a function v € W1?(Q)NC(Q) we construct a new function
u* € WHP(B) N C(B), such that the (upper) level sets {x € B : u*(x) > t} are

20
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concentric balls, and |[{x € B : u*(x) > t}| = {y € Q : u(y) > t}|. It can
be shown, although this is not trivial, that Schwarz symmetrisation preserves the
LP-norm, but decreases the integral [, |Vu|Pdz. In particular, when p = 2 we
symmetrise the eigenfunction u = ¢ € H(Q) associated with p;(2). The new
function ¢* € Hj(B) has smaller Dirichlet integral [, |Vy*[?dz. By comparing
Rayleigh quotients (cf. (L30) with Hg () in place of H'(2)), the result follows.

The proof that the inequality is sharp, that is, that the ball is the only min-
imiser, is harder: one has to show that if €2 is not a ball, then the symmetrisation
process strictly decreases the Dirichlet integral. Despite this (or possibly because
of it7), the issue of uniqueness of the minimiser is omitted from many of the stan-
dard works on the subject, including the seminal book of Pélya and Szegd [96];
see the discussion in [74] Section IL.8].

Given that the Robin problem (LI.2]) is in many ways so similar to the Dirichlet
problem ([L1.1]), it is natural to ask if the Faber-Krahn inequality holds in this
case, and indeed it is claimed Krahn himself asked the question. (This seems to
be folklore; see for example the review on MathSciNet of [20]. But we cannot find
the source.) But the symmetrisation techniques which work in the Dirichlet case
do not seem to work here, since in general it is not clear if symmetrisation will
decrease the expression @), (u) appearing in the Rayleigh quotient (L3.]).

In fact the first result in the direction of Theorem P.I.1] was in 1957 with a
paper of Payne and Weinberger [94], where they proved that A\, (Q) > A\ (B) if B
is a ball containing 2. Unlike in the Dirichlet case this is not an obvious result since
the domain monotonicity property fails (see Remark [[L3.6(ii)). Other techniques
for estimating A\;(Q2) from below were described in a paper of Hersch [67]. The
next major development was the introduction in the 1980s of a new method in
[19, 20], the ideas for which came from [67] and a conformal invariant called
extremal length due to Ahlfors and Beurling (see [5, Chapter 4]). This involves
the use of a functional of the level sets of the first eigenvalue ¢ on 2, which we
describe in Section 2.2 This was used to sketch the proof of Theorem 2.I.1] in
dimension N = 2, albeit with a number of significant details omitted. These
were provided just a few years ago in [35], which also generalised the result to N
dimensions, thus completing the proof of Theorem 2.1.1. As mentioned earlier,

our contribution here is to strengthen substantially the method and estimates in
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[20}, 35]. This enables us to give a proof of Theorem for the first time, thus
providing a complete answer to the problem.

We will include the background results from [35] leading up to and including
the proof of Theorem 21,1, both for completeness’ sake, and because the exposi-
tion would be rather difficult to follow otherwise. We include some of the more
important or illustrative proofs from there in this chapter; the others, especially
the more technical proofs, have been reproduced in Appendix Bl Finally, as in
[35], we will set the proof up so it works for Dirichlet boundary conditions as well,
thus giving a new proof of the sharpness of the inequality in Theorem 2.1.3] Note
however that our method only works for Wiener (or Dirichlet) regular bounded
domains; see Remark 2221 The new material in this chapter has been published
in [39]; since publication the results have been generalised and developed in other
directions in [22] 23], [31].

2.2. A functional H( of the level sets

In order to cover the Robin and Dirichlet cases simultaneously, in this section

we will consider the eigenvalue problem
—Au = \u in €,

(2.2.1) u=>0 on FO,
ou

—tau=0 on I'y,

ov

on a given bounded domain @ C RY, where Iy, I'; are disjoint open and closed
subsets of 002 with I'o UT'; = 08 (see also (L21])). Here we will assume either
Q is of class C?, or else Q is Wiener regular (see Remark Z222) and T'; = 0. If
I'y = 0, then we have a pure Dirichlet problem, while if I’y = (), then we have
a pure Robin problem. We will also assume that o > 0 is a constant, although
for this section and the next we could assume without loss of generality that (for
example) a € CY(T';). Finally, we may assume without loss of generality that
Q) is connected. Indeed, for disconnected (2, given the Faber-Krahn inequality for
connected domains it is immediate that A;(£2) > Ay (B). This follows from applying
the Faber-Krahn inequality to each connected component of Q (see Remark [L3.2))

and then using strict monotonicity of A;(B) with respect to the volume of B (see

Lemma [[23.7]).
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We introduce the following notation. For open sets U C ) we denote the
interior and exterior boundaries by 0;U := 0UNS and 9.U := UNOSY, respectively
(see also (ALI)). We will be interested in the case where the subsets U are the
level sets of the first eigenfunction ¢ of (2:2.1]). Recall that A;(2) is simple, and
that ¢ can be chosen to be strictly positive in ) (see Remark [L3.3]). We will
normalise 1 > 0 so that ||¢||.c = 1, and denote the level sets of ¥ by

(2.2.2) U :={z€Q:¢(x) >t}
and the level surfaces by

(2.2.3) Spi={r e Q:Y(x) =1t}

where ¢ € [0,1]. Note that since ¢ € C(2) N C>(Q2) by Theorem 2.8, Sard’s
lemma [68], Theorem 3.1.3] implies S; is, locally, a C*° (N — 1)-manifold inside
for almost every ¢t € (0,1), although a priori the intersection with 9 could be
nasty. Moreover the level sets U; are open. In particular S; must coincide with
the interior boundary 0;U; of U, for almost all ¢ € (0, 1) with respect to Lebesgue
measure on (0, 1) (cf. also the comments around (A4.6])).

The principal reason for assuming that € is of class C? is so that we have the

extra regularity of the eigenfunction from Theorem [[2.8] namely that

P € C™(Q) N CHQ) NIW2P(Q)
for all p € (1,00). If 'y = (), then U, is compactly contained in  since the sets
{r € Q: @) =0} 200 and U, = {z € Q : ¢(x) > t} are compact and

disjoint. In this case, by Sard’s lemma, S; = 0U; is a C° manifold for almost
every t € (0,1). We also set

m :=miny(z) > 0.
e

By Theorem [[.3.1[(iv) and Remark [.3.3] ¢(x) > 0 for all x € I'y, and + attains its
minimum m on 99; if 'y = () then m > 0, while clearly otherwise m = 0. Finally,
we observe that S; = () if ¢ ¢ (m, 1], and U; N Ty =0 for all t € (m, 1).

We next recall the following rather technical result from [35] concerning the

behaviour of the level surfaces S;, which will needed in the sequel.

Lemma 2.2.1 ([35], Lemma 2.3). The following are true.
(i) The function t — o (Sy) is in L*((0,00)).
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(ii) The S; are of class C* and the U, are Lipschitz for almost all t € (m,1).
(iii) If Ty # 0, then there exist ¢ > 0 and t; € (m, 1) such that o(S;) < co(99)
for allt € (m,t].

The proof can be found in Appendix Bl We observe that (i) uses the coarea
formula, (ii) uses Sard’s lemma, and (ii) and (iii) both require €2 to be “reasonably
smooth” if I'y # (). The situation is different if I'; = ().

Remark 2.2.2. (i) If 'y = (), the only regularity assumption on 92 we need is
that ¢ € C(Q) in order to ensure all level sets U, are compactly contained in
2. This assumption on 1 is equivalent to the assumption that Q is Wiener (or
Dirichlet) regular (see, e.g., [10]). We remark that this is a far weaker condition
than Lipschitz regularity.

(ii) Note also that the actual inequality in Theorem can be obtained for all
domains {2 of finite volume, not necessarily bounded, using a standard perturbation
argument as in [35] Section 4]. The sharpness of the inequality can be obtained for
all bounded domains €2, but it requires a different method from the one above. A
proof using symmetrisation is included in [39] Section 4]. For arbitrary bounded
domains the sharpness only holds up to sets of capacity zero, since removing a
set of capacity zero from a domain €2 will not increase its eigenvalues (this is well

known; see for example [24] Section 2] and the references therein).

With this background material in mind, we are ready to look at the method
behind the proof of Theorems 2.1.1l and 2.1.2l The key is the following functional.
If U C Qis open with U N Ty = (), and ¢ € C(Q) is non-negative, then as in
[20], B5], we let

1
(2.2.4) Ho(U, ¢) ;:—(/ g0d0'+/ ada—/ |g0|2dx>.
‘U‘ o;U 0.U U

Since ¢ is continuous, each of these integrals makes sense; moreover, we will be
working with restricted choices of U and ¢ for which the last integral is finite.
Thus Hq will always be well-defined, although Hq (U, p) = oo is possible. More
precisely, the subsets U will be the level sets U; of v; in particular, for almost all
t the 9;U will be the level surfaces S;. If 'y = (), we also restrict our choice of test
functions ; see Section

The main reason why the functional Hg is useful is that it can be used to
obtain an estimate of the first eigenvalue A\ (€2) of ([Z.2.1)) (see Section 23]). For
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this, the function |V|/¢¥ = |V(In)| will play an important role. The following
proposition motivates the definition of Hg. Although this was already proved in

[35] Proposition 2.1], we include the straightforward but informative proof.

Proposition 2.2.3. Let ¢ be a positive first eigenfunction of the problem (2Z.2.1]).
Then

VY|

(2.2.5) Ho(Ut, 7

) =(Q)
for almost all t € (m,1).

Proof. Fix t € (m,1) such that Lemma 221](ii) holds for this t. Since —A¢y =
A1(2)¢ in Uy, we have

1 [ —Ag

Al(Q)_m = da
1 Vi |Vip|?
“wi ) d<¢)— Ja

Now since 1) € W2P(Q) for all p € (1,00) and ¢ >t > 0 on U;, we have |V|/¢) €
WP(Uy) for all p € (1,00). Since U; is Lipschitz, we may apply the divergence
theorem, Theorem [A4.5](i), to obtain

G = [ L

But observe that S; is a smooth level surface of ¢). Hence |Vy| = — a?jﬁ on S;.
Moreover, by the boundary condition
a= LK
Rz

on 0,U;, C I';. Hence

)= [ [ o

Putting this all together yields

M(Q) = |Ut|(/ Wf‘d +/86Utada—/Ut |V¢1§|2d:r>,

as required. O
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Remark 2.2.4. Another way of looking at the above argument is via the weak
formulation. That is, we use 1/t as a test function in the weak form Q. (¢, v) =
A [ vda for all v € HY(). Note that since » > m > 0 on Q, 1/¢ € HY(Q).

This yields
/v¢-v(l)+/ ada:)\l(Q)/ d,
Q w o0 Q

or, after rearranging,
1 |Vy|?
M) = (/mada—/ﬂ 0 dz).

More generally, to obtain Hg for a general level set U;, we do the same thing for

the problem

—AYp = M (Q)y in U,
8_¢ + o) =0 on 0,U;
81/9
o VYN
oo + ( ” )w =0 on 0;Uy,

since inserting 1/ into the weak equation for this problem will clearly yield (Z2.3])
whenever U, is Lipschitz (i.e. whenever everything in the above expression makes
sense). This does not by itself weaken the smoothness requirement on €2; however
this has subsequently been achieved in [22] by combining this idea with a cut-off

argument.

We will use Proposition [2.2.3] to obtain a characterisation of A\ (€2) in terms of
Hy, for arbitrary ¢ € C(Q2) non-negative. For this we need another technical result

from [35]; a proof is in Appendix [Bl Given ¢ € C'(2) non-negative we set

19l

(2.2.6) W= ”

We also define
1
(2.2.7) F(t) = / —/ wdo dr
t .
for all t € (m, 1).

Lemma 2.2.5 ([35], Lemma 3.3). Suppose that ¢ € C(2) is non-negative such
that ¢ € LY(U) for every open set U C Q with U C QUT . Then F is absolutely
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continuous on [e,1) for every e € (0,1) and

d 1
—F(t):——/ wdo
dt t /s,

The proof makes use of the coarea formula (see Theorem [A4.6]). Note that

absolutely continuous functions are differentiable almost everywhere (for a defini-

for almost all t € (0,1).

tion and discussion of them, see [99] Chapter 7]). We can now give the important

characterisation of A;(€2) mentioned earlier.

Theorem 2.2.6. Let ¢ € C(Q2) be non-negative. Then

1 ,s1d
2.2. H =M(Q) — (> = (PF 2
228  Hallig) =0 - (7 G EFO) + [ k)

for almost all t € (m,1).

Proof. We use the definition of w to obtain an expression for the difference be-
tween Hq(Uy, p) and Ho(Uy, |V|/v). First,
V| |V¢| [Vy[?
2 (i | ) 2 4 9 '
ol = (w+=7) =l ot g
Now fix ¢ € (m, 1) such that the results of Section hold. We apply the coarea

formula (Theorem [A4.6)), valid for any non-negative measurable, not necessarily

integrable, function to obtain

1
/ |V¢| //—d dT—/ l/ wdo dr,
Ut Sr t TJs,

where we have also used 1 =7 on S,. Now if we use the definition of Hy and the
characterisation (Z.25) of \;(£2), we see that

\% \%
Ho(Uy, ) = |Ut|< |¢¢| +wda+/6€Utozda—/Ut(w+|w—w|)2dx)

=\ (Q)+i(/ de'—Q/ll/de'dT— |w|2dx)
U \Js, t TJs: Uy '

Finally, using Lemma 2.2.5, note that

1 i(ﬂp(t)) - %(2tF(t) +2F'(t)) = 2F(t) + tF'(t)

t dt
1
:2/ —/wdadT—/wda.
t T St St

Since this holds for almost every ¢t € (m, 1), this gives us the desired result. O
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2.3. An estimate of the first eigenvalue

In this section we will show how the functional Hg can be used to give a lower
bound for A\;(£2). The estimates we present strengthen the corresponding bounds
obtained in [20], [35]. The extra information we obtain will allow us to prove the
uniqueness of the minimiser, which we will do in the next section.

We start with the case of pure Robin boundary conditions I'y = () in (2:2.1)).
In this case we restrict our choice of test functions 0 < ¢ € C(f2) to a subset
M, := M, () of {u € C(Q) : u>01in Q} given by

M, ={ueC(Q):u>0in Q and limsupu(z) < a(z) for all z € 9N}.

T—z

Such functions are called admissible repartitions in [20]. If Ty # () we will continue
to use the unrestricted class {u € C(€2) : w > 0 in Q}. Observe that the restriction
in the Robin case is a natural analogue of the unrestricted Dirichlet case, since in
the latter case where a = oo, we have “M,, = {u € C(Q2) : v > 0 in Q2}” in some

sense.
Lemma 2.3.1. If a € C*(99), then M, C L>(Q).

Proof. Suppose u € M,. By definition, given z € 0f) there exists r, > 0 such
that u(z) < a(z) + 1 for all x € B(z,r.) N Q. The sets {B(z,r.) : z € 0Q} form
an open cover of 0. Extract a finite subcover of balls B; = B(z;,r,,) centred at
zi,t=1,...,n, and let U = |J;"; B;. Then sup,ynou(r) < max; a(z) +1 < oo,
sou € L¥(UNQ). Now let V cC € be such that Q c UUV. Then u € C(V) C
L*>(V) and so we conclude u € L*®(£2). O

It is now clear that Hqo (U, ¢) will always be well-defined for ¢ € M,, since
the volume integral in (224 is always finite. It is of course still possible that
Hqo(Uy, p) = oo for some Uy and . If Ty # (), then the situation becomes more
interesting if U, NIy # () for some ¢ € (0,1). In this case we assume 0 < ¢ €
C(Q) N L*(Uy) for all t € (0,1).

Remark 2.3.2. In the case 'y = 0, in general |V¢|/v € M, if and only if ¢ is
locally constant on 0f2. To see this, suppose |V |/¢) € M,. Using the boundary

condition in (2.2.1]),
VY

Pl <a=—

(8

VY|

S—

K
Ovg ¢

<=
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at every point on the boundary. The only possibility is that % = —|V|, which
can only be the case if ¢ is locally constant on 02. Conversely, if 1 is locally
constant on 0f), then each component of 92 is a level surface S; for some ¢. This
implies 5712 = —|V¢| and from the boundary condition |V |/1) = « on 0f.

The above remark also implies |V1)|/1) > « on 0f2. This leads to the following
estimate of w = ¢ — |V|/¢ for ¢ € M,,. It follows from an elementary argument

using the compactness of 9€2. A proof can be found in Appendix [Bl

Lemma 2.3.3 ([35], Lemma 3.4). Let ¢ € M,. Then for every ¢ > 0 there exists
0 > 0 such that w(z) < e for all x € Q with dist(z, 02) < 0.

In the next theorem we will use the characterisation (2.2.8)) of Hg to estimate
the first eigenvalue from above. That estimate is the key to proving Theorems 2. 1.1]
and 21,2l The theorem we present significantly strengthens [35] Theorem 3.1]
(which in turn strengthened |20, Theorem 1], which first gave the estimate), giving

a strict inequality for a larger set of ¢ € (m, 1).

Theorem 2.3.4. Suppose T'g = () and let ¢ € M,. If p # |V|/1, then there

exists a set S C (m, 1) of positive measure such that
Ho(Ut, ) < Ai(9)
forallt € S.

Proof. Assume that ¢ # |V1|/1, and suppose for a contradiction that Ho (U, ) >

A1(€) for almost all ¢t € (m, 1). By Theorem 226, we see that
d

(2.3.1) —(PF(@) <=t | |w|*dz <0
dt U,

for almost all ¢ € (m, 1). We can also write this as

(2.3.2) 2F(t)+/ \w|2dx§/ wdo
Ut St

for almost all ¢ € (m,1). Using the fundamental theorem of calculus for abso-
lutely continuous functions [99, Theorem 7.18], (2:3.1) shows that #>F(t) is non-
increasing on (m,1). Now ¢ # |V| /¢ implies w # 0, and since w € C(2),

/ |w|2dz:/|w|2d:£>0.
Unm 0
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Moreover, since the U; are level sets, if s > ¢, then

/ |w|2da7 < |w|2d1’,
Us U

/ |w* dxr = 0
Ui

since U; = () by definition. Hence there exists t* € (m, 1] satisfying

while obviously

t* =sup{t € (m,1): [ |w*dz > 0}.

But then

i(tQF(t)) < —t | |w*dx <0
dt U,

for almost all ¢t € (m,t*), so t2F(t) is strictly decreasing on (m, t*).

We showed earlier that t*F(t) is non-increasing on [t*, 1), and that F' is con-
tinuous with F'(1) = 0. It follows that there exist £ > 0 and ¢, € (m, t*) such that
F(t) > £ for all t € (m,ty]. By Lemma 221[(iii), there exist ¢t; € (m,ty] and ¢ > 0
such that o(S;) < co(00) for all t € (m, t;1]. If we set

§

S o)

then by Lemma [2.3.3] there exists > 0 such that w(z) < ¢ for all x € Q with
dist(x,002) < 4. Since 1) attains a strict minimum on 052, there exists t € (m, t;]
such that dist(z,08) < 6 for all x € S;. For such ¢, using (2.3.2)), and by our

choice of ¢, &,

0 <28 <2F(t) §/ wdo < eo(S;) <E,
St

a contradiction. Hence we have shown that if ¢ # |V|/¢, then there exists
t € (m,1) such that Hqo(Uy, p) < A1(Q2), as claimed. O

We now prove an analogous theorem for the general case 'y # ) in (2221]), which
requires a different method of proof. This theorem strengthens [35, Theorem 3.5]
in the same way that Theorem [2.3.4] strengthens [35], Theorem 3.1].

Theorem 2.3.5. Suppose I'g # 0, and suppose ¢ € C(Q) is non-negative, with
o € LA(Uy) for every t € (0,1). If ¢ # |Vab|/v, then there exists a set S C (0,1)

of positive measure such that

Ho(Uy, 0) < Mi(9)
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forallt e S.

Proof. As with Theorem 234 assume ¢ # |V|/1), and suppose for a contra-
diction that Hqo (U, ) > A1(€2) for almost all ¢ € (0,1). As before, there exists
€ (0, 1] satisfying
t* =sup{t € (0,1): [ |w|*dz > 0},
Ut
so that G(t) := t*F(t) and F(t) are positive and strictly decreasing on (0, ¢*), with
G(t*) > G(1) = 0. Hence

1
g(t) == 0]
is well-defined and strictly increasing on (0,¢*). Now since F(t) > 0, and
d
G'(t)=—(PF(t) < —t | |w]Pdz <0
dt v

as with (2.3.2)), it follows that
/wdaEQF(t)+ lw|? dx > 0
St Ut
for almost all ¢ € (0,1). Hence, by the coarea formula (Theorem [AZ.6) and the
Cauchy-Schwarz inequality,

1
G(t):t2F(t):t/ ;/ wdo dr
t T
1
St// wdadT:t/ w|V|dx
t T U
St/ wQalzz§ / V¢2d:5§
() wlae)” ([ 190Pdr)

for all t € (0,1). By choice of t*,

d CEE) < -t | |wde

60~ 4 U

for almost all ¢ € (0,t*). Combining these inequalities, we get
tG’
(0 =~k > ([ 9erar)”

for almost all ¢ € (0,t*). Fix t; € (O,t*). Since the last integral is a decreasing

function of ¢, if we set

= [Vl
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then we have
g'(t) >
for almost all ¢ € (0, t].
Since G is absolutely continuous and positive on [e,t*) for all € € (0,t*), so is

g. By the fundamental theorem of calculus for such functions [99] Theorem 7.18],

t1 tll
o) 2 glt) ~9(&) = [ g(P)dr>c [ dr = cllogt ~loge)

for all € € (0,t;]. This implies that — loge is bounded from above as e — 0, which

is a contradiction. This completes the proof. O

2.4. Proof of the Faber-Krahn inequality

In this section we will prove Theorems 2.1.1] and as well as sketch the
proof of Theorem 2.1.3] We will keep the latter fairly brief, since the method is
essentially the same as for the Robin case, and also since the result is well-known
with a different proof.

We will start by looking at the Robin case I'y = (). We first need to consider
some properties of (Z2.]) when 2 is a ball B of radius R, without loss of generality
centred at the origin. Denote the eigenvalue by A\;(B) and the corresponding
eigenfunction by ¢*, as before chosen positive and normlised so that ||| = 1.
Clearly v* is radially symmetric; that is, there exists a function v € C'([0, R])
such that ¥*(z) = v(|x|). In fact we can describe v explicitly as a positive solution
to the ordinary differential equation

N -1

r

V" (r) + V'(r) + M (B)o(r) =0

for r € (0, R]. The boundary condition is then @ +av(r) = 0 at r = R; by
normalisation and symmetry v(0) = 1 and ¢'(0) = 0. This may transformed via
the substitution w(r) := 72 ~!v(r) into Bessel’s equation of order & —1 (see [79,

Section 4.5]). The solution is given by

(2.4.1) o(r) = er'=3 Jx L (VA(B) ),

where J,, is the Bessel function of the first type of order p and c is a normalising
constant.

Now we set ©* : B — R, ¢* := |Vo*|/¢*. Since it is clear that Vi* is
radially symmetric, the same must be true of ¢*. In particular, by Remark 2.3.2]
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©* € M,(B) is constant and identically equal to a on 9€2. Moreover, we may write
©*(x) = g(|z|) for some g € C([0, R]). The next lemma uses properties of these
Bessel functions. Its proof is in Appendix [Bl

Lemma 2.4.1 ([35], Lemma 4.1). The function g : (0,R) — (0,00) is strictly

INCreasing.

Asin [20,135], we define a function ¢ € M, (Q2) by constructing a rearrangement
of ¢*. We will denote by B, the ball of radius r centred at the origin, and let r(t)
be the radius of the ball with the same volume as U; C €, so that |B,| = |Uy|.
Since 2 and B have the same volume and U, = €2 we have r(m) = R. Given any

t € (m, 1] we define

for all x € S;. Since Q is a disjoint union of the S;, t € (m,1], the function
v Q2 — (0,00) is well-defined. The following comparison of ¢ and ¢* uses the

isoperimetric inequality; hence we give the proof here.

Lemma 2.4.2 ([35], Lemma 4.2). The function ¢ constructed above lies in M,/(£2)

and
(2.4.2) M (B) = Hp(By), ¢") < Ho(Uy, 0)
forallt € (m,1).

Proof. Since g is increasing, {z € Q: p >t} =Q\U,and {r € Q: ¢ <t} = U,
are open in € for every t, that is, ¢ is continuous on 2. Moreover, by construction
and since g > 0 is increasing we have 0 < ¢ < «, so that ¢ € M, ().

Now we prove (Z4.2]). The first equality follows immediately from Proposi-
tion 2.2.3] For the inequality, since by construction the level sets of ¢* and ¢ have

the same volume,

ol dz = / o[ da
U B,,«(t)

for all t € (m,1] by Cavalieri’s principle (see [88, Section 1.2.3]). Since |U;| =
| Br(sy|, the isoperimetric inequality (see for example [13]) states that o(0U;) >
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0(0B,)), for every t € (m, 1]. Since p(x) = g(r(t)) < a for x € S,

/ " do = g(r(£)o(0Buw) < g(r(1)o(0U,)
0B,.(1)

:/Stg(r(t))d(f—l-/ g(r(t)) do

0 Uy

§/ goda—l—/ ado.
S deUy

That is, we preserve the volume integral and decrease the surface integral. It
follows that

HB(Bra),so*):/ w*da—/ " [* dz
OB,.(1) By(t)

< [pdo+ [ ado- [ |oPdo= HaUo),
St 0 Ut Ut
completing the proof of (2.4.2)). O

We also have the following lemmata, which will be used in the proof of The-
orem They will allow us to conclude that almost all the level sets U, of

) are concentric balls if A\;(2) = A\(B). These use the extra information from
Theorem 2341

Lemma 2.4.3. Suppose that \{(2) = A\ (B). Then ¢ = |V|/1 and Ho(Uy, ) =
M (B) for almost allt € (m,1).

Proof. If A\;(2) = A\ (B), then by Lemma 242 \(Q) = M\ (B) < Hqo(Uy, p)
for all ¢ € (m,1). Hence by Theorem 234, ¢ = |V|/1, and in particular, by
Proposition 2.2.3]

(2.4.3) Hqo (U, ) = M(Q) = M(B)

for almost all ¢ € (m, 1). O

Lemma 2.4.4. Suppose Uy is Lipschitz for some t € (m,1). Then Hq(U;, ) =
M(B) if and only if Uy is a ball and o(0.U;) = 0.

Proof. We know that \{(B) = Hpg(B,y),¢*) for all t € (m,1). Also, by con-

struction, the level sets of ¢* and ¢ have the same volume. So as in the proof of

Lemma [2.4.2] we have
[ retdo= [ jofas
Ut By (t)
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for all t € (m, 1]. Hence, using the definition of Hg,

m#awzi{éﬂwmw+/ ado — [ fof?d)

[ o
I :
= 5 (s es) +ao@tn - [ jopar),
r r(t)

Now if U, is a ball with 0(0.U;) = 0, then o(S;) = 0(0B,()), and

= 5. (otrno@B) - |

By (1)

HQ(Ut790>

"2 do)
= Hp(Br, ¢") = M(B),

proving one implication. Conversely, if Hqo(Uy, @) = A(B), then for this ¢t we have
g(r(t)o(St) + ao(9:Ur) = g(r(t))o(9B))-

Since t € (m, 1), 0 < g(r(t)) < a. This is only possible if

/ ado =0
9eUs

and o(S;) = 0(0B,(1)). Since a > 0 on J9Q by assumption, this means o(0.U;) = 0.
Now since OU; is the disjoint union of S; and 0.Uy, if o(0.U;) = 0, then we get
o(0Uy) = 0(0B,)). But we know that the ball is the unique minimiser of the
isoperimetric inequality, at least among Lipschitz domains [25] Theorem 10.2.1].

Hence Uy = B,(;) up to translation. O

Lemma 2.4.5. Assume —Au = \u in Q for some A > 0. Suppose that for some
t >0, the level set {z € Q : u(z) > t} = B(xg,r) for some xy € Q and r > 0. If
u € C(B(xg,r)) and (9. B(xo,7)) = 0, then u is radially symmetric with respect

to xg in B(xg,T).
Proof. Set v(x) := u(xz) —t. Then
—Av=—-Au=du=ANu—1t)+ M= v+

in B(zg,r). Since u € C(B(xg,r)) and o(0.B(zo,7)) = 0, we get u(x) =t for all
x € 0B(xg, 7). So v =0 on 0B(xg,r). That is, if we let f(v) := Av + At, then v

solves a Dirichlet problem
—Av = f(v) in B(zg, )
v=>0 on 0B(xg, 1)
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Now f(v) = Av+ At > 0 if v > 0, and by assumption, in B(xg,r), u > t, so
v=u—t> 0. Hence by [58, Corollary 3.5], v is radially symmetric on B(xq,)

with respect to . O

Remark 2.4.6. (i) By unique continuation of solutions to elliptic equations, if
the eigenfunction v on 2 satisfies the assumption of Lemma 2.47] then ) on
equals the solution given by the Bessel function extending the solution on the ball
B(zg, 7). It is possible to use this observation to give a slightly different proof of
the sharpness result. Namely, if we know one level set of ¢ is a ball, then this is
sufficient to conclude that € is a ball. We do not go into details here, but the full
argument can be found in [39].

(ii) We could state Lemma in greater generality: if the level set has an
axis of symmetry, then the solution u will be symmetric with respect to that axis.

The proof is the same, except we refer to [58| Corollary 3.4].

We can now prove Theorems 2.T.1land 2.1.2l The proof of the former is divided
into two parts: (i) proof that A\;(B) is minimal amongst C? domains using the
method detailed above; and (ii) proof that A\(B) is minimal amongst Lipschitz

domains using an approximation argument.

Proof of Theorem 2.1.7] (i) Let ¢ € M,(Q2) be the function constructed above.
By Theorem [Z3.4] either there exists t € (m, 1) such that

M(B) < Hp(Br, ¢") < Ho(Uy, ) < Mi(9)
(where we have also used Lemma [2.4.2)) or else ¢ = |V)|/1, in which case we have
)\1(3) = HB(BT(t)>Q0*) S HQ(UI‘ASO) = )\1(9)

for almost all ¢ € (m,1) (again using Lemma 2.4.2] and also Proposition 2.2.3)).
(i) Suppose € is a bounded Lipschitz domain and let €2, be such that |Q,,| —
|2 and A1 (€2,) — A1 (€2) as in Theorem [[L34l If we let B,, denote the ball centred
at the origin such that |,| = |B,|, then by part (i) A(£2,) > A(B,) for all n.
Since [€2,| — ||, also |B,| — |B| as n — oo and so A\{(B,) — A1 (B). That is,

as n — oo, completing the proof of (ii). O
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Proof of Theorem [2.1.2] Again assume {2 is a bounded C? domain, and suppose
that A1 (Q) = A\ (B). By LemmaZ43 Hq(U:, ¢) = A (B) for almost all t € (m, 1).
Since U, is Lipschitz for almost every t, by Lemma 2.4.4] U, is a ball for almost
every t € (m,1). For every such ¢, Lemma 2.4.4] also tells us that o(0.U;) = 0,
and so by Lemma the eigenfunction v corresponding to A;(£2) is radially
symmetric inside Uy, and all interior level sets U., 7 € (¢, 1] are concentric balls.

It follows that for all ¢ € (m, 1], the level sets U, are concentric balls, and so

o= |J u

te(m,1]

is a ball. 0

We will now deal with the pure Dirichlet boundary condition I'; = ). Since
we no longer have a Robin or mixed boundary condition, we will denote the first
eigenvalue of €2 by p1(€2) in order to maintain consistency with (LII]) and later
sections. We will assume  is Wiener regular. If we consider the problem (Z21])
on the ball B of centre 0 and radius R, then as in the case of Robin boundary
conditions, the function p* = |Vi*|/¢* : B — R is radially symmetric and con-
tinuous, so that ¢*(z) = g(|z|), g € C([0, R)). Moreover, ¢ : [0, R) — [0,00) is
strictly increasing with ¢(0) = 0 and ¢g(r) — oo as r — R (we omit the proof).
We then define a rearrangement of ¢*, call it ¢ € C(Q), exactly as in the Robin
case. Then Lemma carries over to this case exactly, the only difference to
the proof being that U; cC €, so that 9.U; = ) for all ¢ € (0,1). Lemma 244
also holds with the proof the same except for this detail. In this case Lemma
also carries over without change, and finally Lemma is directly valid in the
Dirichlet case also, since it made no assumptions as to the boundary condition u

satisfies.

Proof of Theorem 2.1.3l Let ¢ € C(Q) be the rearrangement of p* as above.
By Theorem 2.3.5] either Hq(Uy, ¢) < u1(€2) on a set of t-positive measure, or else
@ = |V|/1. In the former case, Lemma implies

p1(B) = Hp(Bru), ¢") < Ho(Us, ) < p1(£2)

for all such t. In the latter case, we have

(2.4.4) w1 (B) = HB(Br(t)aSO*) < Ho(Ui, ) = 11(82)
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for almost every t € (0,1), using Proposition 223 Now if u1(Q) = 1 (B), the
only possibility is that (Z4.4]) holds with equality for almost every t € (0,1). By
Lemma 2.4.4] U, is a ball for almost every ¢ € (0,1). Using Lemma 2.4.5] every
level set is a concentric ball and, as in the proof of Theorem 2.1.2, 2 is a ball. [



CHAPTER 3

Variations and Applications

In this chapter we consider a number of problems related either to the problem
or to the method considered in Chapter 2. We will start in Section B.I] with a
short look at the p-Laplacian. Since the publication of the theory in Chapter 2]
the method has been developed and extended elsewhere so as to apply to this
quasi-linear operator. We will briefly discuss the operator’s properties, as well as
the generalisation of earlier results, including ours, from the case p = 2. We will
use some of these in later chapters to present some of our own results in greater
generality.

In Section B2l we will give an application of the method in Chapter 2 to proving
non-existence of certain types of supersolutions to the problem (LZ1]). While our
result, Theorem [3.2.1], is not new, the method of proof certainly is and it would be
interesting to know how it is connected with the other method of proof involving
the Serrin sweeping principle; see [107] and [85].

In Section we look at a different type of isoperimetric inequality for the
first eigenvalue of the Robin problem, analogous to Cheeger’s inequality for the
corresponding Dirichlet problem (cf. [29]). This is based on a constant, usually
called Cheeger’s constant, which in some sense describes the geometry of a given
domain.

Finally, in Section [3.4] we consider two open problems. The first is the Robin
problem (LT.2) with o < 0, which as we saw in Chapter [Il has many of the same
properties as when a > 0. The method involving Hg used when o > 0 seems to
break down here and so we present the likely result as a conjecture. The other is
a famous conjecture of Pélya on polygonal domains in R? with Dirichlet boundary
conditions. We consider these two problems mostly to illustrate the limitations of
the method in Chapter 2

39
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3.1. The p-Laplacian with Robin boundary conditions

The eigenvalue problem in this case is
—div(|VulP7?Vu) = Mu[ %y in Q,

31 |Vu\p_2% + alulP?u =0 on 09,
where Q@ C RY is bounded, Lipschitz and div(|Vu|P=2Vu) =: Ayu is the p-
Laplacian of u, p € (1,00). Note that here we assume o > 0. When p = 2
this reduces to the problem ([LI.2). An eigenvalue A with eigenfunction 1 is a
solution to (B1)) (in the weak sense) if it satisfies
(3.1.2) / IVY|P2V - Vo da +/ alY|P Y do = )\/ [P~ 21hep dae

Q o9 Q
for all ¢ € W1P(Q). The structure of the set of eigenvalues is not as yet completely
known; nor can we expect the eigenfunctions to be quite as regular as in the case
p = 2. We will summarise below much of what is currently known. Note that
everything will remain true with obvious modifications if we replace the boundary
condition in (B.I1) with the Dirichlet condition v = 0 on 0. This is mostly taken
from [82], and the reader is referred there for the general existence theory for the

p-Laplacian.

Proposition 3.1.1. Suppose Q C RY is a bounded, connected Lipschitz domain
and o > 0. Then
(i) there ezists a sequence of eigenvalues (Ap)nen of BLI) of the form 0 <
M <A<y
(i) the first eigenvalue \y = A\ (€, o, p) > 0 satisfies

JoIVelPde + [o alelPdo

I

3.1.3 A= inf
(3.1.3) 1T ewio) Jo l|? dx

(iii) the second eigenvalue satisfies
Ay = inf{\ > A; : A is an eigenvalue of B.II)};
(iv) the first eigenvalue Ay > 0 is simple and every eigenfunction ¢ associated
with A1 satisfies ¥ >0 ory < 0 in €);
(v) only eigenfunctions associated with \; do not change sign in €);
(vi) every eigenfunction v of BLI) lies in WIP(Q)NCH(Q)NC(Q) for some
0<n<l.
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The usual method for obtaining the sequence in (i) is a technique known as the
Ljusternik-Schnirelman (L-S) principle, and it is an open problem as to whether

every eigenvalue is obtainable in this way; in particular (iii) is a non-trivial result.

Proof. Parts (i)-(v) are essentially contained in [82]. Although C! regularity of
Q) is assumed there in order to derive (i) and C'?, 0 < § < 1, is assumed for
(ii)-(iv), a careful analysis of the proofs shows that only Lipschitz continuity of
0f) is needed, since all background results, including those in the appendices, are
valid for Lipschitz domains. (The extra regularity of OS2 is needed only to prove
extra boundary regularity of the eigenfunctions.) For (v), first note that by [37,
Theorem 2.7], every eigenfunction ¢ € L>(Q2) (see also Section 4 there). But now,
as noted in [22], Section 2|, the arguments in [81], pp. 466-7] imply that ¢ is Holder
continuous on . Also, by [103], V¢ is Holder continuous inside €. O

The Faber-Krahn inequality, in the greatest generality known at the time of

writing, is as follows.

Theorem 3.1.2. Let Q C RY be a bounded, Lipschitz domain and B a ball with
|B| = |9Q|. If « > 0, the first eigenvalue \1(Q) of BILI) satisfies \1(2) > A\ (B),
with equality if and only if Q2 = B after a translation.

Note that this actually improves our sharpness result in Chapter 2], for all
1 < p < oo; hence we will use this version of the theorem in subsequent chapters.
This theorem was first proved for smooth domains in [31] and then for Lipschitz

domains in [22]; both were based on [35], [39]. In this case the functional becomes

1 _p_
o) = o= ([ pdo+ [ ada—p-1) [ Jol7* o)
“ o, U 0.U U

and the function |V |P/||P satisfies Hqo(Uy, |V|P/|0[P) = A () for almost all ¢.
The main difficulties to overcome are the lack of regularity of the eigenfunction
(note that the assumption that ¢ € C?(Q) (or better) is used extensively in Chap-
ter 2 and when p # 2 it is possible to find smooth domains for which ¢ € C17(Q)
only), the lack of Bessel functions (as in Lemma 2.4.1]) and, for the sharpness of
the inequality, the lack of the symmetry result on which Lemma relies. Both

[31] and [22] use the same ideas presented in Chapter 2] but use various methods
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to overcome these problems. For example, [22] uses cut-offs and test function ar-
guments to greatly weaken all the regularity requirements; in particular this allows

sharpness to be proved for a broader class of domains.

3.2. An application to supersolutions

There is an interesting minor application of the contradiction argument we
used in Chapter [2 to supersolutions of the problem (22.1]). Roughly speaking, no
positive smooth function u can satisfy —Awu > Aju (plus the boundary condition),
where A; is the first eigenvalue of (22.1]). More precisely, we have the following
result. Here we allow T'o =) or T'; = ) in (2.2.7)).

Theorem 3.2.1. Let Q C RY be a bounded C? domain, let \; be the first eigenvalue
of the mized problem (2.2.1) and let \; < ¢ € C(Q), with c(x) # \ for some x € ().
IfTy =0, then assume in addition that inf,cq c(x) > \;. Then there is no function
u € C?(Q) withu >0 on QUT such that

—Au(z) = cu(z)  inQ,

(3.2.1) uz=0 on Lo,

8_u+au20 on 1.
ov

Proof. Suppose first that I'y # (), and suppose for a contradiction that there exists
such a function u. Since u(z) > 0 in €2, we may write ¢ = —Au(x)/u(z) for all
x € Q. Moreover, using the notation of Chapter B we have Au/u € C(U;) for

every t > m = min, g1 (), since dist(U;,[y) > 0 and so u > 0 on the compact

1 1 —Au
— [ cdr = — d
|Ut|/“” 0 Jo, w

1 ., Vu |Vul|?
= (e [ FRE )

for all t € (0,1). By Lemma 2.2.1(ii), U, is Lipschitz for almost every t € (0,1).
Arguing as in the proof of Proposition 2.2.3]

/div(—@):/ —@-VUtdO'
Uy u auy U

\Y \Y
:/ ——u-VQdU+/ ——u'l/UtdO',
0e Ut u 0;Ut u

set U,. Hence
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where we recall 0,U; C T'y is possibly empty. If 'y # (), then by assumption

Vu ou 1
——Vg=—7— -—<
U ovg u
SO
Vu
/ - l/QdO'</ ado
ant Uu ant
Hence

\Y \Y%
/ ——U'VUthS/ ada+/ Mda
OU u 00Uy U, U

since obviously —Vu - vy, < |Vu|. Moreover, since \; < ¢ € C(Q2) and ¢ #Z Ay,
there exists tg € (0, 1) such that

1
A §—/ cdx
LUl

for almost all t € (0,1), with strict inequality for almost all ¢ € (0,¢y). Putting
this all together we have

1 2
)\1§—</ ada—i—/ Mda— @dm)
|Ut‘ .Uy o,Uu; U v, u

IVUI)

for almost all t € (0,1), with strict inequality for almost all t € (0,%y). Since
0 <u e CYQ), certainly |Vul/u € C(Q) is non-negative, and lies L?(U;) for each
t since u > 0 on U,. In particular, this contradicts Theorem 2.3.5l Hence no such

= HQ(Ut7

function u can exist.

Now suppose I'y = (). Let B,, n € N be a nested sequence of balls compactly
contained in 2 whose radii shrink to zero and set €, := Q\ B,,. Impose Dirichlet
boundary conditions on 0B, C 0%, and denote by A;(£2,) the first eigenvalue
of Z21) on Q,, with I'y = dB,, and I'; = 9. Since ,, C Q41 for all n and
Q = UpenQn, A(Q2,) — Ai(2) as n — oo (this result is standard; it follows, for
example, from [34] Proposition 7.1]). Suppose there exists a function u as described
in the theorem. Then since ¢ > A(Q2), for n large enough —Au > A1 (2,)u in Q,;
moreover, u > 0 on 0B,. The existence of such a function u on €, contradicts

what we showed earlier. O

Remark 3.2.2. (i) If instead in the above argument we assume directly that
—Au > Mu and Ty # 0, then we obtain \; < Hq(Uy, [Vul/u) for almost all
t € (0,1) and hence u = 9, the first eigenfunction, everywhere in €; thus the only
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supersolution is the first eigenfunction itself. The reason we presented the theorem
as above is that this does not work if Iy = (). To apply Theorem 2.3.4] instead
of Theorem we would need u € M, (2), which is not in general even true of
the eigenfunction ¢ (see Remark 23.2]). We would have to replace the condition
% +au > 0on 'y =009 with —|Vu| + au > 0 on 09, which is very restrictive.

(ii) This is not a new result; indeed, it is slightly weaker than some existing
results on supersolutions and maximum principles. In particular, if I'; = (0, then it
follows easily from [107, Theorem 2] (see also Theorem 3 there), since given some
u > 0 satisfying the assumptions of Theorem B.2.1] for any ¢ € R the function
v = u — t) satisfies Av + \jv < 0. By [107, Theorem 2], either u — ty) = ma) for
some m € R, u —ty) =0, or u — typ > 0; the latter being impossible for all ¢ € R.
Hence u is a scalar multiple of ¢. If T'; # () we use [85, Theorem 1.1] instead (see
also the comments on p. 1027 where the relationship between supersolutions and
the first eigenvalue is explicitly discussed).

(iii) Related to (ii), there are still two reasons why the theorem is of interest.
First, it uses a different method of proof: it would be interesting to see how the
two are related and whether any new insights could be obtained from comparing
the different approaches. Second, there are various possibilities for weakening the
requirements on u and/or €2, especially when combined with the improved results

in [22]. As this is off our main topic of interest we do not go into detail here.

3.3. Cheeger’s inequality for the Robin Laplacian

Besides the Faber-Krahn inequality, there is another type of inequality for A;(£2)
we will consider. Instead of comparing A\; (£2) with an eigenvalue of another domain,
we will give an a priori bound for A\;(£2) depending only on the geometry of the
domain €2 and the constant « appearing in the boundary condition in (I.I.2]). To
describe the geometry of the domain we define a constant, often called the Cheeger
constant of €, by
o(0U)

U]

where the infimum is taken over all sets U CC €2, not necessarily connected, smooth

(3.3.1) h = h(Q) := inf > 0,

or open. This infimum is attained, although any minimiser will have to touch the
boundary 0€2; see [73, Theorem 8]. If no confusion seems likely we will write h in

preference to h(f2).
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A nice overview of the Cheeger constant can be found in [73]. It was first
introduced in a seminal paper of Cheeger [29], where it was proved that the first
eigenvalue p1 (M) of the Laplace operator on a compact Riemannian manifold M,
either without boundary or with Dirichlet boundary conditions, satisfies u; (M) >
Lh(M)?. (For manifolds without boundary a slightly different definition of & is
used.) Many similar or related results have been established for such manifolds.
For example, a partial converse is established in [27]: if the Ricci curvature of M
is bounded below by —(N —1)6% (§ > 0), then p;(B) < 26(N — 1)h + 10h%. That
is, for some (although definitely not all) M, u;(M) is in some sense equivalent to
h(M)?. For other results see also [26].

If instead we impose Robin boundary conditions, then we can establish an in-
equality that is similar to, albeit slightly more complicated than, Cheeger’s original
inequality. For smooth domains in R? this was already stated in [20]. For C? do-
mains in RY, the result follows from [35] Theorem 3.1] as noted in the introduction
there. We will generalise the result to general bounded Lipschitz domains. The

result could also be obtained from [22].

Theorem 3.3.1. The first eigenvalue A\; = M\ () of (LI2) on a fized bounded
Lipschitz domain 0 C RY satisfies

ha — o always;
(3.3.2) )\1(Oz) 2 1 ) ' o ' 1
ih in addition if §h < q.

Proof. First suppose that ) is a bounded domain of class C?. If we take the
constant o € M, () as a test function, then by Theorem 2.3.4] there exists t €
(m, 1) such that

AI(Q)ZHQ(Ut,a):ﬁ</S ada—i—/anzda—/(]azdx)

_ U(Ut)a 2
Uil

Since h < o(Uy)/|Uy|, it follows that A;(€2) > ha — a?. Now suppose that $h < .

Then £h € M,(Q) and a similar calculation to the one above gives

1 _oU)1, 1, 1,
> — > _h— _ht=
(@) = Ho(Ur, 5h) > AR L

4

for some ¢ € (m, 1).



3.4. TWO OPEN PROBLEMS 46

Finally, suppose that €2 is a bounded Lipschitz domain. By Theorem [[.3.4], we
can approximate 2 with a sequence of C'* domains €2, C € such that \(Q,) —
A1(€2). Now h is monotonic with respect to the domain, that is, h(€2,) > h(Q2) for

all n € N. Hence for any a we have

A () = lim Ay (9,) > limsup h(,)a — o > h(Q)a — o?

n—oo n—o00

since (B:3.2)) holds for every ©,. If 12(2) < «, then for any n € N, $h(Q) € M, ()

and we may apply Theorem 2.3.4 on 2, in the same fashion as earlier to obtain

M) > B %h(Q) _ ih(Q)?
Now we use h(2,) > h(Q2) and pass to the limit. O

Remark 3.3.2. Using the same idea we can recover Cheeger’s inequality for the
Dirichlet Laplacian, that is, if Q@ € R is any Wiener regular bounded domain,
then 11(Q2) > 1h(Q)2. The only change to the proof is that we use Theorem
in place of Theorem 2374, and in this case the function $h(Q) is always in the
class of suitable test functions {u € C'(2) : v > 0}. This observation is made in
[20] for the case N = 2 (and for smooth domains, though this is not made explicit
there). We leave as an open question what results could be obtained for mixed

Dirichlet-Robin problems.

3.4. Two open problems

Here we consider some new problems which might be susceptible to the methods
presented in Chapter 2l Perhaps one of the most obvious is the Robin problem
(LI2) when a < 0. We saw in Sections [[L2] and [[.3] that in this case there is still
a first eigenvalue \; = A(Q, @) < 0, with a well-behaved eigenfunction v which
can be chosen strictly positive in Q (see Theorems [[L28 and [[3T]). In this case

we expect the ball to have the largest first eigenvalue.

Conjecture 3.4.1. Let Q C RY be a bounded Lipschitz domain and let B denote
a ball having the same volume as Q. If a < 0, then \(Q,a) < \(B,«), with
equality if and only if Q0 = B after a translation.

This conjecture has also appeared in [I]. It is supported by the behaviour of
A1(a) at a = 0, since given any domain €, (L.3.2) together with the isoperimetric
inequality implies A; (B, ) > A1 (£, ) for a sufficiently close to 0 (but importantly
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how close possibly depending on €2). This means that the only candidate domain
to maximise \; independently of « is B, but it is also possible that the maximiser
could change depending on «. (Certainly for @ > 0 the minimiser of the higher
eigenvalues must depend on «; see Section 3l) Of course it is also possible that

a maximiser does not exist.

Remark 3.4.2. We note in passing why we seek a maximum rather than a mini-
mum for \; in this case. In fact it is immediate from the Rayleigh quotient (L.3.])
(see also [80, Equation 2.1]) that we cannot minimise A;(€2) with respect to €.
Indeed, let €2, be a sequence of smooth domains of fixed volume such that the
surface measure o(9€2,) — oo. Using any constant as a test function in the Ray-
leigh quotient for A;(€2,), we see \1(€,) < ac(09Q,)/|2,| = —oc as n — oco. This
argument also shows that we cannot seek to minimise A,(€2, o) with respect to Q
for any given k£ > 1 when o < 0, since if we let Q,, be the disjoint union of k copies
of Q,,, then )\k(ﬁn) =A\(Q,) = —00 as n — oc.

Unfortunately, the method used when a > 0 does not seem to carry across, and
we cannot prove the conjecture as yet; there seems to be an asymmetry between
the two cases. We do not go into extensive detail, but we illustrate where the
method breaks down. The key problem is that the contradiction argument in
Theorem 2.3 4] no longer seems to work.

By the maximum principle, the eigenfunction ¥ € H'(Q) N C(Q) N C=(Q)
(chosen positive and normalised so ||¢||.c = 1) now has its minimum in © and
increases up to its maximum on 9§2. That is, {z € Q : ¥(x) = 1} C 99, while
miny(z) = m € ). Instead of using the level sets U, = {x € Q : ¢(z) > t} it
seems more natural to use the interior sub-level sets V; := {z € Q : ¢)(z) < t}; then
Vin =0, Vi =Q and V; cC Q for t > m sufficiently small. (We could alternatively
choose 1 < 0 and then have m € 0§2; we could also use the usual level sets U;, but

of course these change nothing of substance.) The functional becomes
1
HalVio) = ([ wdos [ ado [ foiar).
Vil \Jav, deVi Vi
where we now choose 0 > ¢ € C(Q2). Note that all three integrals are negative.

By an argument analogous to the one in Proposition 2.2.3]
V3|

HQ(‘/;%a_T) =M ()
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for a.e. t € (m,1). (If we use the Uy, then we will use functions 0 < ¢ and obtain
Proposition verbatim.) For 0 > ¢ € C(Q) we then set w := ¢ + |V¢|/¢ =

v — (=[V¢|/¢) and

‘1 d 1
F(t) = =y wdo dr; ﬁF(t):¥ Swda.

Again, analogous to the case a > 0 (see Theorem 2.2.6]), for ¢ € C(£2) non-positive
1 /1d

3.4.1 Ho(Vi, ) = M (9 —(—— 2F(t —/ 2d)

for almost all t € (m, 1). Now the problem becomes evident: ideally, we would like

to show that for some ¢ > 0 and rearrangement ¢ of —|V¢*|/¢* we have
_ V7|
M (B) = Hp(B,w, —T) > Ho(Vi, ) > Mi(Q)
(where all the terms are interpreted in the obvious way), but the latter inequality
does not seem to come out of (B3.41]). Indeed, the only obvious contradiction
assumption is in fact Ho(Vi, ) > A1(Q2), since then

(3.4.2) ;E(tzF(t)) > /V w? >0,

but not even this leads to a contradiction. For, given that F'(m) = 0, this gives us
F(t) > &£ > 0 in a neighbourhood of t = 1. If we take M, to be those non-positive
C(€) functions ¢ such that limsup,_,, p(z) > o = «(z) (the obvious analogue of
the positive case), then “w > —&” (interpreted appropriately as in Lemma [2.3.3])
and this is clearly not going to contradict the definition of F'. If instead we take
M, so that ¢ < a on 9Q and “w < &7, then expanding out (B.42) gives
0 <2< 2F(t) > / w?dr — *F'(t)
Vi
for ¢ close to 1, which still gives no obvious contradiction. As mentioned earlier,

we could consider ¢ > 0 and/or U, instead, but this does not seem to help.

We next look at a geometrically elegant minimisation problem that is unfortu-
nately rather difficult from an analytic perspective. Consider the Dirichlet problem
(LII) on a polygonal domain 2 C R% It is a famous conjecture attributed to
Pélya that amongst all polygons of a given number of sides n, the regular polygon
has the smallest first eigenvalue y; (and is the unique polygon with this property).

This is supported by the isoperimetric inequality for such domains: amongst all
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n-sided polygons (or n-gons for short) of given area, the regular n-gon has the
(strictly) shortest perimeter. The conjecture has been proven for the triangle and
the square, but remains open for n > 5, since the symmetrisation argument used
when n = 3 or 4 breaks down. (See [66], Section 3.2].)

As regards the method from Chapter 2, clearly Theorem is valid here
(unlike the a < 0 problem). However, now the rearrangement argument appears
to break down. It works on the ball because |V¢*|/¢* is constant on the level
surfaces B, of ¥*, that is, |V4*|/¢)* and ¢* have the same level surfaces, namely
concentric spheres. Since this is no longer true of the regular n-gons (or n-gons
in general), there is no obvious way to construct the rearrangement ¢ from the
regular n-gon’s eigenfunction. Of course, it may be possible to construct an al-
ternative rearrangement. Fix n, let P denote the regular n-gon, let ¢* denote its
eigenfunction and let €2 denote any other n-gon. To prove the conjecture, we wish
to find a non-negative function ¢ € C'(2) such that
V7|

w*
for almost all ¢t € (0,1), where P, is the level set of ¢* satisfying |P,| = |U;|. To
this end it would be important to know if o(0F;) < o(9U;) for all, or almost all,

€ (0,1), but we do not know if this is true.

HP(Bv ) S HQ(UMQO)

Remark 3.4.3. It seems likely that in the Robin case (with a > 0) the same result
is true; that is, that the regular n-gon minimises A (2, ) for a given value of ||
and «. This appears to be a new conjecture, but it is an extremely obvious one
to make. There is the following evidence in favour of it. First, since A\ ({2, o) —
pi(2) as o — oo, when n = 3 or 4 using the Dirichlet result we must have
M (P, a) < A\ (9, @) for a large enough, although how large potentially depending
on ). Moreover, as with a < 0, for a > 0 sufficiently small, again possibly
depending on €, (L32) implies A\ (P, o) < A1 (9, ).



CHAPTER 4

On the Higher Eigenvalues of the Robin Laplacian

In this chapter we will study the minimisation problem (L1.4]) for the higher
eigenvalues of the Robin problem (LI2), Ay = A\(Q, ), k£ > 2 and a > 0. When
k = 2, we will prove in Sections [£]] and that the unique solution to (LI.4)
for the second eigenvalue \o(€2) (for all @ > 0) is the disjoint union of two balls
of equal volume, the domain which also minimises the second Dirichlet eigenvalue
12(€2). We shall call this domain Ds. In this case we will actually prove the result
for the p-Laplacian with Robin boundary conditions (see Section B.]) since the
proof is easily adapted to the more general situation.

When k£ > 3 (and p = 2) we show in Section .3 that for many values of & and
dimension N, there cannot be a solution of (I.I.4]) independent of the boundary
parameter o > 0, or alternatively, of the volume of the domains M := || > 0.
In order to do so we prove that the domain D}, consisting of the disjoint union of
k equal balls By, ..., By (see Figure [4]]) is in some sense the only candidate to

minimise )\, for o very small (this is made precise in Theorem F3T]).

FIGURE 4.1. The domain Dy,

Note that, as with £ = 1, one could also study the corresponding maximi-
sation problem when o < 0 (cf. Remark B.4.2). As when & = 1, we can say
very little about the isoperimetric properties of this case, but unlike when k£ = 1,
the natural conjectures do not seem to be the mirror images of those for a > 0;
see Remark A.T.3((iii). However, we will study the asymptotic behaviour of A\, as
a — —oo (cf. Theorem [L3d(ix) for when & = 1). It turns out that if Q is C,
then \i(a)/(—a?) — 1 as @ — —oo for every k > 1. This result, which is quite

50
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interesting in its own right, will also be of use to us when we study the Wentzell
eigenvalues in Chapter [Gl

The material in Sections [4.1] and [£.3is in a paper of the author [75]. An
earlier and less general formulation of the material in Sections 1] and was
published in [77]. Section [L.4]is in [38].

4.1. The second eigenvalue

We first consider the second Robin eigenvalue. Our main theorem is as follows.
Here we stress that our domains 2 need not be connected. Fix the volume M = ||

and o > 0 arbitrary, and let 1 < p < oo in the problem (3.I.1]). We also stress

that when p = 2, (B11)) reduces to (LIT.2).

Theorem 4.1.1. Let Dy C RY be given by the disjoint union of two balls of
volume M /2. For any bounded, Lipschitz domain @ C RY | the second eigenvalue
A2(2) = Ao (Q, «r, p) satisfies Ma(2) > Ao(Ds), with equality if and only if Q@ = Dy
in the sense of Remark[1.3.2.

Note that Proposition B.1.T] guarantees that such a result is actually meaning-
ful for the p-Laplacian. In order to prove this theorem, we will first discuss the
corresponding Dirichlet problem, since the proof of Theorem [4. 1.1l follows the same
lines (but is more complicated). We will defer the proof of the latter to Section [4.2]
So we start with the following classical result on the second Dirichlet eigenvalue
12(€2). We only consider p = 2 here since this is the “classical” case and is included

for illustrative purposes, but it makes absolutely no difference to the proof.

Theorem 4.1.2. Let Q C RY be bounded, open. The second eigenvalue 112(Q2) of
(LTI satisfies uz(2) > pa( Do), with equality if and only if Q = Dy up to rigid

transformations and sets of capacity zero.

As with the first eigenvalue p, this result has a somewhat venerable history. It
is sometimes attributed to Szégo, as Pélya does (see [95, Remark 5(c)]), although
it is also claimed that it goes all the way back to Krahn (see [66], Section 1]). The
proof is elegant and non-technical. We have based this proof on the sketch in [66],
Section 4].

Proof of Theorem 4.1.2l Fix Q C RY. Suppose that  is connected; the proof

when (2 is not connected is given in Remark B.T.3(i). Denote the eigenfunction
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associated with us(Q2) by ¢ = ¢(£2, 2). Then ¢ must change sign in €2, since it
is orthogonal in L?*(2) to the eigenfunction associated with u;, which does not
change sign since () is connected. Hence the nodal domains Q7. Q™ (see (A4.0))
of p € HY(Q)NC>=(Q) N C(Q) (see Theorem [L2F)) are both non-empty subsets of
Q. Moreover, 90T NQ =00"NQ ={z € Q: ¢(x) =0} (see Appendix [Ad] and in
particular the remarks after (A4.6])). Hence ¢ satisfies

—Ap =y  inQF
=0 on 007,

Since ¢ does not change sign in Q7 15(€2) must be the first Dirichlet eigenvalue
of QF, that is, po(Q) = w1 (Q1). Similarly, ps(2) = 1 (Q27).

Now let BT and B~ be balls having the same volume as Q" and Q~, respec-
tively. By the usual Faber-Krahn inequality, Theorem RT3 11(Q") > ui(BY)
and 411 (Q7) = pa (B7).

Putting this together, we have 15(Q) > max{u(BT), u1(B~)}. This maximum
is minimised over all possible choices of BT and B~ when BT = B~ have half the
volume of Q. In this case, we have Dy = B* U B~, where equality is in the
sense of Remark [[L32 Since ps(Ds) = p1(B1) = pi(Bz2), we have shown that
p2(2) > pa(Dy), as claimed.

The uniqueness of the minimiser now follows easily. If € is not already the
disjoint union of two balls up to a set of capacity zero, then one of the two nodal
domains, say QF, will not be a ball. Strictness in the Faber-Krahn inequality,
Theorem 213 applied to this nodal domain gives () = () > u(B7).
If u1(BT) > po(Ds), then we are done. If not, then it must be the case that
|BT| > 1|Ds|. In this case, since p1(B) is strictly monotonically decreasing with
respect to |B|, p1(B~) > pa(Ds), so that pus(2) > pi(B~) > pe(D2). Finally, if
Q) is the disjoint union of two balls which are not of equal volume, then it follows

immediately from the strict monotonicity of p; that ps(Q) > ps(Ds). O

Based on the above proof, the proof of Theorem [.I1.1] should go roughly as
follows. If we let 1) denote an eigenfunction of A\y(2), and QF, Q~ denote the
nodal domains of 1, we would wish to describe A\2(£2) as the first eigenvalue of a
suitable problem on Q* (and ) with mixed Robin-Dirichlet boundary conditions
[V[P=222 a2 = 0 on 90T NOQ and ¢ = 0 on I N Q (cf. the mixed
problem (Z21)).
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If we then replace the Dirichlet boundary condition on 92" NQ with the usual
Robin boundary condition, this should shrink the first eigenvalue, and we may
then apply the Robin Faber-Krahn inequality, Theorem 2.1.1l or Theorem B.1.2] to
conclude that this is no smaller than A;(B*), and do the same with 2=. Once we
have this inequality, we may proceed in exactly the same fashion as in the Dirichlet
case.

This is the rough idea behind the proof of Theorem AT.1] but there is a sig-
nificant complication in the above line of reasoning that renders the proof more
difficult. The Robin Faber-Krahn inequality is only known for Lipschitz (or slightly
weaker than Lipschitz) domains, and there seem to be significant obstacles to gen-
eralising it (see [22] Section 6]). This causes a problem here because there is no
reason to suppose that the nodal domains of a general Lipschitz domain Q C R¥
will have Lipschitz boundary. There are two reasons why Q7 and 2~ may not have
smooth boundary.

First, we have no control over the behaviour of 9Q", 90~ near where the
nodal surface {x € Q : ¢¥(z) = 0} meets J. At such points z, this would give
us g—qf = 0 (however we would wish to interpret this), which implies either Vi is
perpendicular to the outer unit normal, or that Vi) = 0 at the point of intersection.
The first possibility is fine, since it implies that 9Q" is Lipschitz at that point,
but the second is clearly not. Moreover, there does not seem to be a way to rule
out the latter possibility in general. (Contrast this with the behaviour of the first
eigenfunction as in Lemma [Z2.T](ii).)

Second, even though 1 will be C*° in €2, we do not know that the nodal surface
is a smooth manifold in the interior. Note that Sard’s lemma (see for example [68,
Theorem 3.1.3]) does not suffice, since zero may be in the null set of level surfaces
of 1) which are not smooth.

These problems can be overcome by constructing carefully chosen approximat-
ing domains (see Section [£.2]). To the best of our knowledge, the type of approxi-
mation we use is new and might even have other applications. Before we give the

proof we make a few observations and remarks.

Remark 4.1.3. (i) We do not require the domains to be connected. This was
assumed in the proof of Theorem [.1.2] and will again be assumed in the proof

of Theorem LTIl However, there is an easy (and presumably standard) way to
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remove this assumption. Suppose Theorem A.1.T] holds for all connected domains
and that Q is not connected. Then either Ay(€2) = Ao(€) for some connected com-
ponent Q of Q or there exist disjoint connected components ', 2" of 2 such that
A () = A (), A(Q) = A (). In the former case, if we let Dy denote a scaled
down version of Dy with |Dy| = ||, then Theorem ETT implies Ay (2) > Ao(Ds).
Since |Dy| < |Dsl, Ao(Ds) > Ao(Ds) by Lemma 3.7 In the latter case, let B,
B” be balls having the same volume as ', " respectively. Then the Faber-
Krahn inequality implies A2(€2) > max{A;(2"), A (Q")} > max{\(B’), \i(B")},
and the latter is no less than Ay(D,) via the same argument as in the proof of
Theorem involving B*, B~. Finally, if Ay(Q2) = A\o(D3) then equality every-
where in the above argument implies via sharpness of the Faber-Krahn inequality
that Q' = B’ and Q" = B”, and using strict monotonicity in Lemma [[.3.7 that
|B'| = |B"| = M/2. Hence Q = D,. The same argument works for Dirichlet
boundary conditions with trivial modifications.

(ii) It is a physically interesting question to ask if one can find a minimiser
amongst all connected domains (as pointed out by Henrot [66], it’s rather hard
to play a disconnected drum with one hand). In the Dirichlet case, there is no
minimiser: one can find a sequence of connected domains €, with us(Q2,) —
p2(Ds) (for example take “dumbbells” with a handle of shrinking radius). We
construct such a sequence of €, below, such that A\y(€2,) — Ao(Ds) when p = 2 (see
Example A.1.4)). Hence there is no Robin minimiser amongst connected domains.

(iii) We note as an open problem the case when o < 0. As we saw earlier (see
Remark [3.4.2]), in general we seek a maximiser for \¢(2, ), and when k£ = 1 we
conjecture this is the ball (Conjecture B.4T]). For Ay, Dy cannot be the maximiser
for all values of o < 0 since Ao(D2, ) < 0 for all o, but there exist 2 and « for
which A\o(€2, ) > 0. For example, if Q@ = By, the ball of radius 1, then by [80,
Section 2.4] By has 1+ [|«a|] negative eigenvalues. So Ao(By,a) > 0if @ > —1. In
fact it seems that B is the best candidate for the maximiser, since Ao(B, «) in the
Neumann case v = 0 and Ay should depend continuously on o € R for fixed Q.
In particular for o« < 0 close to zero we would get A\ (2, ) < A\ (B, «) (how close
possibly depending on €2). Compare with Theorem F3.1(i).

(iv) There is another argument for using an approximation method rather than

an approach via theory for arbitrary domains to overcome the problems discussed
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above, albeit very much a matter of taste. The “natural” setting for Robin prob-
lems is on Lipschitz domains (cf. Appendix [A4l and Remark [L2.7(ii)), since this is
the broadest class of domains where the problem may be understood classically;
otherwise the trace inequality fails, v is not well-defined, etc. Moreover there are
several valid alternative theories on non-Lipschitz domains (for example compare
[11] with [33] and also [23]). By using the approximation argument we may obtain
the result on Lipschitz domains in a more self-contained and elementary manner,

although admittedly technical in places.

Example 4.1.4. We construct a sequence of connected domains €2, of fixed volume

such that \y(€2,) — A2(Ds) when p = 2 (see Figure [£.2]). Our domains are almost

(=

FIGURE 4.2. The domain €2,

identical to the “dumbbells” used in [66]. Start with Dy = B; U By and join B
to By with a cylinder C, of total volume 2 . To keep the volume of €, constant,
remove part of B; and By in a small neighbourhood U,, near where they meet C,
(as in Figure 2]) in such a way that the resulting boundary is still smooth. It now
follows from [32], Corollary 3.7] that A2(£2,) — A2(D2), since the U,, can be chosen
in such a way that Assumption 3.2 of [32] is satisfied. This construction should
work when p # 2, but we do not know of domain approximation results akin to

those in [32] for general 1 < p < 0.

4.2. Proof of Theorem [4.1.1]

Let Q C RY be a bounded, Lipschitz domain. As noted in Remark ET.3|i),
we may assume without loss of generality that €2 is connected. Its second eigen-
value \(Q2) has an eigenfunction ¢ € WP(Q) N C(Q) N CY(Q), n € (0,1) (see
Theorem [L2.8 if p = 2 or Proposition B.I.T] otherwise). Since € is connected,
changes sign in Q, so that the open subsets Q1 and Q= (defined in (A4.0])) are
both nonempty. Moreover, ¥, 1~ € WH(Q) N C(Q) (see Appendix [A4l and in
particular (A44) and (A4.0)). Let B*, B~ be balls having the same volume as
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QF, Q respectively. We will show that A\y(Q2) > max{\(B*),\(B~)}, which
certainly suffices to prove Theorem . 1.1l in light of our earlier remarks.

In fact we will first prove A\(Q2) > max{\(B"), \;(B7)} (which proves the
inequality in Theorem LT.]) and then refine the argument to prove sharpness. We
will do it this way because the latter argument is rather technical and this better
illustrates the method we use.

Without loss of generality we only consider Q*. The key idea is to attach a
thin strip near 99 to Q7 to avoid any problems when {x € Q : ¢(z) = 0} meets
0. Forn >1let S, = {z € Q: dist(z,00) < ¢}, where 6 = d(n) > 0 is chosen
such that |S,| < 1/(2n).

FIGURE 4.3. The sets Q1. S,

Since Q7 U S,, may not be smooth, we now approximate from the outside by
a smooth domain U, as follows. By [49 Theorem V.20] we can find a domain U,
such that QTUS, C U, Cc Q, T, :=0U,NNis C®, and |U, \ (QTUS,)| < 1/(2n).
(This is equivalent to approximating the non-smooth domain (R¥\ Q)U (QTUS,,)
from the outside by a sequence of smooth open sets V,,.) Then U, is Lipschitz,
|U, \ QF| < 1/n, and 0U,, = 0Q UT,, where dist(92,T,) > d(n) > 0.

We will denote by Wy (Uy;T',) the closure in W?(U,) of C°(U,,), the space
of all C>(U,,) functions with support compactly contained in U, U d§2. (See also
Definition [L2ZI. When p = 2 we may think of H}(U,) as the space of weak

solutions to (L2.1]) on U,, with I';, =: Ty and 02 =: T'y.)
Lemma 4.2.1. For anyn > 1, ¥ € WyP(U,; T).

Proof. In a slight abuse of notation we will not distinguish between 1 on Q and
¥y, or vtlg+. Thus ¢+ € WHP(U,) N C(U,) with ¥* = 0 on T,,. Since 99

and I',, are separated our claim follows from a trivial modification of the proof

of [21 Théoreme IX.17] (see also Remarque 20 there; or alternatively cf. [59]
Section 7.5]). O
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We now set

Vol dx + alp|f do
(4.2.1) k(Up) = inf fUn Vel faQ ||
PEWS (UniT'n) Ju, lelPdz

The key estimate for Ay(€2) is as follows.
Lemma 4.2.2. For anyn > 1, \2(Q2) > x(U,).

Proof. \;(Q) satisfies
[1vep2ve-Godot [ alup-2igdo =2u(@) [ opupds
Q o0 Q
for all o € W'P(Q). Choosing ¥+ € W'P(Q) N C(Q) as a test function, we have
Vi - Vot = |[Vt|? and oot = |[¢T|? pointwise in Q. Since [|¢F]|, # 0,

_ fQ|Vw+|pd:)s—|—fmoz|¢+|pda
Jo It P da

But the integrands in the volume integrals are nonzero only on Q C U,,. Hence
fUn |Vyt|P de + fm alpt|Pdo

(4.2.2) Ao(9)

4.2.3 A (Q2) =

( ) 2( ) fUn |vw+|p d.:(:

Since ¥ € Wy P(Uy;T,,) by Lemma EZT] comparing (@Z1) and @Z3) yields
A2 () > k(U,). O

Now impose Robin boundary conditions on I';, and consider (LI.2)) on U,. Since
WyP(Un; T,) € WHP(U,) in the obvious way, by a direct comparison of variational
formulae (cf. (£21)) and BI13), x(U,) > Ai(U,). Now for each n, let B, be
a ball with |B,| = |U,|. Since 0U,, is Lipschitz, we may apply the Faber-Krahn
inequality (Theorem [B.1.2] which is [22], Theorem 1.1]) to obtain A\ (U,) > A\ (By).
That is,

A2(Q) > K(Up) = M(Un) > Mi(By).
As n — oo, |U,| — |QF| and so |B,| — |B*|. By Lemma [L37, A\ (B,) — A (BY)
and thus \y(€Q2) > A\ (B™), proving the desired inequality.

We now prove sharpness. That is, we will prove Ao(2) > A (B%). Let 0.Q" :=
0T NON and 9,02 := 90T NQ = INT \ 0.0 denote the exterior and interior
boundaries of QT respectively, as in Section 2.2l Note however that here 9;Q" will
not in general be closed, as it will meet 0,2 somewhere (the above approximation
argument being used largely to avoid such potentially bad points). The idea of

the sharpness proof is to show that a piece I' of 9;Q% must be smooth, and then
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impose Robin boundary conditions on I', strictly lowering the first eigenvalue of a
suitable mixed problem. We then choose the U,, so that I',, D I.

Remark 4.2.3. There are two separate reasons why we should have sharpness of
the inequality for connected domains. First, imposing Robin boundary conditions
on 9;Q% should strictly lower the first eigenvalue. Second, applying the Faber-
Krahn inequality to Q7 should lower the eigenvalue further since if both Q1 and
()~ are balls of the same volume, then €2 consists of two balls just touching (which
is not Lipschitz). Since we are using a domain approximation argument, we cannot
exploit the latter principle. Hence we make use of the former observation, although
the details are somewhat technical. Consequently we do not actually use sharpness

of the Faber-Krahn inequality to obtain sharpness for connected domains.

Lemma 4.2.4. There exist xg € Q and r > 0 such that ¥ (xy) = 0, B(xo,r) CC €2,
Vi(z) # 0 for all x € B(xg, 1), ¥ € C®(B(xg,r)) and {x € B(zxo,r) : (x) = 0}

s a surface of class C*°.

Proof. We first show we can find zy € 9;Q2" with Vi(z) # 0 in a neighbourhood of
xo. Choose any z € Q% close to 9;Q2" and let § := inf{d > 0 : IB(z, 6)NJ;Q" # (}.
Then B(z,d0) C Q1 but there exists xg € dB(z, ) N Q™.

We now apply a version of Hopf’s lemma for the p-Laplacian due to Vazquez.
Since 1(zg) = 0, 1(z) > 0 in B(z,d) and ¢ € C*(B(z,dy)), by [104, Theo-
rem 5] we have %(zo) < 0, where vg is the outer unit normal to B(z,dy). Hence
Vi(xg) # 0, and so by continuity of Vi) there exists a neighbourhood V; of 2 and
m > 0 such that |Vi(z)| > m for all z € Vj. Inside Vj set a(z) := |[Vi(x)[P~2
Then 0 < mP~2 < a(x) € L=(V;). It follows that v € C(V}) is an eigenfunction
of the uniformly elliptic operator — div(a(xz)Vu). A standard bootstrapping argu-
ment using elliptic regularity theory yields ¥ € C*°(V;). By the implicit function
theorem, it follows that the level surface {¢) = 0} is, locally, the graph of a C'*°

function inside V4. O

Fix 2y and 7 as in the lemma and set " := 9;Q" N B(xg,7/2). Then I' is C*
and its surface measure o(I") > 0. Instead of considering Wy (Qt: 9,0\ T) it will

be easier to work directly with

Vo i={o e WPQ)NCOQF) : p=0o0n 90" \T}.
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For ¢ € Vj set
B fQJr [Veol? dx + f86Q+UI‘ alelP do

4.2.4 Q,(p) =

( ) p( ) fQ+ |S0|p d!lﬁ'

to be a Rayleigh quotient-type expression, and let

(4.2.5) k(QT) := inf Q,(p).
peVD

Lemma 4.2.5. We have ¢y € Vi and X\2(Q) = Q,(v") = Q,(¥).

Proof. Since ™ = 0 on all 9;Q2", it is immediate that ™ € V{. Since ) = ¥™* on
QF, it is also obvious that Q,(v) = Q,(¢). By (£2.2),
B fQ |Vyt|P de + faQ alpTPdo

el N
o VU fygupaltPde
fQ+ [+ [P dr P ’
where the second line follows since the volume integrands are nonzero only on QF,
and the surface integrand «|T|P € C(9Q) is nonzero only on 9.QF. O

Lemma 4.2.6. \2(Q) > x(Q1).

Proof. It is immediate from Lemma and ([£2.3) that A\o(2) > x(QT). Sup-
pose for a contradiction that there is equality. Then A9(£2) and ¢ must satisfy the
minimising condition
i <fQ+ |V(¢ - t@)|p dx + faeg+up O‘W - tSO|p da)
dt Jos 0 = tplP da
for ¢ € V) and t € R. We will sketch the straightforward but tedious evaluation

of this derivative. First note that

d
SVt =pIV (¢ + to) [PV (Y + tp) - Ve,

=0
t=0

d B
T+ bl = plv + 1ol 2(4 + tp)gp.

We now note that we can interchange the order of differentiation and integration
for the integrals of aly + t|P, [ + te|P € C(QF). For the gradient, we note the
bound

|V (¥ + t0) P2V (¢ + t) - V| < p|V (0 + to) P V|
< p||VY| + [Vol|f



4.2. PROOF OF THEOREM (11 60

if [t| < 1. The latter is integrable since Vi), Vi € LP(QF). Thus 24|V (¢ + t)|? is
bounded uniformly with respect to ¢ by an integrable function. This gives us the
derivative of each of the integrals. Using the quotient and chain rules as necessary,
setting t = 0 and solving yields
| 1ver e edes [ aluptipds
(4.2.6) ot 90Ul
—x(@) [ pd.
Q+

(That is, A\2(€2) and v are weak solutions of an appropriate eigenvalue problem
on QF.) Now since 9;Q*" is smooth in an open neighbourhood B(zg,r) of T C
B(zg,7/2), we can find an open set U C QF Lipschitz with U cC B(xo,r) and
I'coU. Let p € CX(UUT). Since every such ¢ may be regarded as an element
of Vi by extension by 0 outside U, we obtain from (£.2.6) that

/ VPV - Veds + / Al do = Mo(Q) / P da
U T U

for all ¢ € C*(U UT). We know that ¢ € C>°(U) by Lemma [£.2.4. Hence
— A, = X (Q)]0[P~%¢) pointwise in U. If we multiply by ¢ € C°(U UT), then a

simple calculation similar to the one used to obtain (L2.3)) gives

/U VP2V - Vo — div(| VP 2pVe) de = Aa(Q) /U [P da.

Applying the divergence theorem on the Lipschitz domain U (see Theorem [AZ.H]),
[ aiv(vur2oviyde = [ [Gupeve-vdo
U ouU

- [19ur2eSt do
r 81/

using the compact support of ¢ on QU \ I', where v is the outer unit normal to
U on 9U (coinciding with the normal to QO on I'). Plugging this into the above

representation and putting everything together it follows that

p—2 - _ p—28_¢
Jalwr2vpde == [ 1vup3edo

for all p € C*(U UT). Since C°(U UT) is dense in L(T") for all 1 < ¢ < oo,

%%

alg 2 = — Vit
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pointwise o-almost everywhere in I'. Hence 1 € C>(U) satisfies the boundary

condition

Vo292 4 oy =0

pointwise in I'. But we know that ¢y = 0 on I', and by Hopf’s Lemma [104,

Theorem 5] applied to the function ¢ on the domain U, we have g—qf > 0 (and

V| > 0) on I', which is a contradiction. O
We will now modify the U, as follows. Choose them as before, but such that

I’ ¢ T, for each n > 1, which we can do since 9;Q2" is C*° in an open neighbourhood

of . Then for any n > 1, U, is still Lipschitz, |U,\Q"| < 1/n, and since B(zg,r) C

C Q, without loss of generality dist(U,, \ QF,T) > 0 as well (see Figure E.4).

Q

FIGURE 4.4. Q" and U,. The dotted line represents 9;Q2" and the
dashed line I',, = 0U,, N Q).

We need the following result to be able to use the domains U,,. This is in some

sense a modification of Lemma [.2.1.

Lemma 4.2.7. Let o € Vi and fir n > 1. The function ¢, : U, — R given by
Gn =@ Q" @, =01in U, \ QF lies in WHP(U,).

Proof. Let ¢ € V and ¢,, be as in the statement of the lemma. Using the lattice
properties of Vy and WP(U,,) (cf. [59, Lemma 7.6]) we may assume that ¢ > 0 in
QF. For £ > 0 let ¢¢ := (¢ — &) € Vj. Then by continuity of ¢, there exists an
open neighbourhood U = U(p, &) of 8;Q% \ T such that ¢ =0 on U N QF. Since
the intersection of U, \ QF with QF is contained in 9;Q* \ T, we may certainly

extend ¢ by 0 in U, \ Q" to obtain a function ¢, € W'?(U,,). Since ¢¢ ¢, and

. V(x) if z e QF
Voe(z) /g(x) =
0 if v € U, \ QF

pointwise monotonically in U, as & — 0, it follows easily that ¢ = V¢, and
@n € WEP(U,). O
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Now for any n > 1 and ¢ € V;, using the variational characterisation of A\ (U,)
given by (BI13),
ML) < fUn |V, |P dx i— faUn al@u|P do
fUn “Pn‘p dx
where ¢, € WHP(U,) is the extension of ¢ € Vj as in Lemma HE27 Hence
k(QT) > A (U,) by definition of x. Let B, a ball with the same volume as U,
as before. Then using the Faber-Krahn inequality, A\ (U,) > A (B,) — M\ (B™") as

n — 00. Hence

= Qp(¥),

A2(€) > £(QF) > limsup Ay (Uy,) > M (B7),

n—oo

which in light of our earlier comments completes the proof.

4.3. Some remarks on the higher eigenvalues

We now return to the case p = 2 and the problem (LI.2]), still with o > 0.
Here we will be considering the problem (I.I.4]) for k£ > 3. Clearly it would be an
impossible task to attempt to identify a minimiser for every k > 3. Even proving
in general the existence of a minimiser is extremely ambitious. To illustrate the
difficulties, we will consider briefly what is known in the Dirichlet case. Actually,
even in this easier case the general existence of a minimiser is still an open problem.
It has been proven in [28] that for every k£ > 3 one can find a minimiser to the
weaker problem of minimising (), |2 = M, where Q is constrained to lie
in some fixed “design region” D C RY. Using this result, it has been proven
subsequently in [24] that a minimiser must exist when k& = 3. Moreover, once
we know a minimiser exists and is bounded for k = 1,...,n, then results in [24]
will inductively give us the existence of a (not necessarily bounded) minimiser
when £ = n + 1. When k£ = 3 the minimising domain must be connected in
dimension N = 2 or 3, but to identify it is still an open problem (although there
is a conjecture; see Remark .3.4]). Indeed, the minimiser is not actually known
for any k > 3. Even good candidates have only been identified up to about k =5
or 6 in dimension N = 2 or 3 (see [66]). Moreover, even in the Dirichlet case it
appears that the minimiser may depend on the dimension N for some (most?) k.

In the Robin case, our main result is that a solution to (ILI.4)) cannot in general
be independent of a, or alternatively, of the volume M. (In addition it seems likely

that the dimension N will also affect any solution.) Roughly speaking, we achieve
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this by what might be thought of as an operator perturbation. More accurately,
we vary the value of « in the problem (LI2). In particular, as « — oo, our
problem becomes “close” in some sense to the Dirichlet problem, meaning that for
« sufficiently large the Robin and Dirichlet minimisers should be the same (if they
exist, of course). When « is very close to 0, i.e. the Neumann problem, the domain
which we shall denote by Dy, given by the disjoint union of k balls of equal volume,
is approximately minimal in a sense to be quantified below. In what follows we
will denote by B,, a ball of volume m, so that Dy, is the disjoint union of k£ copies
of Bk, and Ag(Dy, o) = A\ (Dy, ) = A (Baiyk, ). We will set the proof up so it

works for a slightly broader class of domains than bounded, Lipschitz.

Theorem 4.3.1. (i) Let Dy C RY be the disjoint union of k equal balls. Sup-
pose Q0 C RY is the disjoint union of countably many connected components
;, i € N, each bounded and Lipschitz and such that dist(€);, ;) > 4, say,
for some fixred & > 0 independent of © # j. If Q # Dy in the sense of
Remark [1.3.2, then there exists ag > 0 possibly depending on Q such that
Ae(2, @) > A\i(Dy, @) for all a € (0, aq).

(ii) There exist N > 2 and k > 3 for which, given M > 0, there is no solution
to (LIA4) independent of «; equivalently, there is no domain D satisfying
Me(Q, ) > Me(D, ) for all a € (0,00) and all 2.

(iii) There exist N > 2 and k > 3 for which, given o > 0, there is no solution
to (LL4) independent of |2 = M > 0.

Remark 4.3.2. (i) The conclusion of Theorem [£3.1](ii) and (iii) holds whenever
Dy, does not minimise the kth Dirichlet eigenvalue . In particular when N = 2
this is true for all £ > 3 (we prove this below) and when N = 3 at least for k = 3
(for the latter see [24] Section 3]).

(ii) An examination of the proof of Theorem A.31[(i) shows that the conclu-
sion remains valid whenever the Faber-Krahn inequality holds and is sharp, since
the arguments involved are of a very generic nature. The only other property
we need is the principle of re-ordering the eigenvalues of connected components
(cf. Remark [3.2).

(iii) For the same reason, we expect Theorem [A.3.] to remain valid for the p-

Laplacian, without significant modifications to the proof. We do not actually state
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it for this case because we do not know if the eigenvalues of the p-Laplacian form
a discrete set to which we can apply the principles listed in (ii) (see Section B.1]).

(iv) It is easy to see using homothety arguments (see Lemma [[L3.7 and the
discussion around it) that no domain with more than k connected components
(c.c.s for short) can possibly be a minimiser for Ay, (or p), since there must be some
“wastage” with at least one c.c. not contributing to any of the first k& eigenvalues.
However, this observation does not lead to a simplified proof of case (ii) or (iii) in
the proof of Theorem .31[(i). In particular for any number 1 < m < oo we can
find an €2 with m c.c.s such that ag < co. To see this, let £ = 3, N = 2, and
look at B and Dj. First reduce B slightly in volume to create a smaller ball B
such that still A\3(B, o) < A3(Ds, ) for o sufficiently large. Now we may add as
many small disjoint balls to B as we like to obtain Q. (Such an example could
easily be adapted to many other values of k and/or N.) Note also that the proof
of Theorem [4.3.1] is made more complicated by the lack of useful properties that
the Robin problem satisfies (again, see Remark [[.3.2)).

Proof of Theorem [4.3.7](i). There are two cases to consider, depending on how
many connected components (c.c.s) €2 has.

(a) Suppose first that 2 has at most k — 1 c.c.s. If we set e := min {Ao(2, 0) :
Qis a c.c. of Q}, then ¢ > 0 by Lemma L3I0l It follows from continuity in
Theorem [[.3.Tl(vi) that there exists ag > 0 such that

max {\; (€, a) : Qisacc of Q) < e

for all @ € (0, agq). For all such «, by the pigeonhole principle at least one element
of the set {\,(Q, ) : m >2,Q is a c.c. of 2} must be one of the first k eigenvalues
of €2, although precisely which m and c.c. may depend on «. In particular, using
continuity in Theorem [[3.1](vi),

Ae(Q, @) > inf A, (Q,0) :m > 2, Qis a c.c. of Q}
> inf {A2(€,0) : Qis a cc. of Q) > ¢
for all o € (0,aq). Since A\g(Dy, @) = A (Dg,a) — 0 as a — 0, there exists
ag < agq such that A\g(Dy, @) < e < A\(Q, ) for all o € (0, ag).
(b) Now suppose (2 has at least k c.c.s. We may write € as the disjoint union

of ' and Q”, where € has j < oo c.c.s and || < M/k (if Q" = (), then we
declare A\; (€2, ) = oo for all @ > 0). Consider all possible subsets €2; of €', where
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Q; consists of I[; < k —1 c.c.s of ' (thus there are fewer than 27 possible choices of
€2;). For each 4, let Dy ; denote a scaled down version of Dy such that |Dy ;| = €]

Then by case (i) and Lemma [[.377 there exists a; := agq, such that
(4.3.1) )\k(QZ,CM) > )\k(Dm,a) > )\k(Dk,Oé)

for all a € (0, ay).

Set ag := min; o;; > 0, and fix a € (0, ag). We will show A\, (2, @) > \e(Dy, ),
with equality only if Q2 = Dy in the sense of Remark

First suppose A\ (", @) < A\,(2, @). Then by the Faber-Krahn inequality, The-
orem 2. 1.1 and Lemma [1.3.7]

(432) )\k(Q, Oé) Z )\1(Q”, Oé) Z Al(BM/k) = )\k(Dka Oé).

Since || < M/k, Lemma [[.L3.7 implies that the second inequality in (£.3.2) must
be strict.

So assume now that \;(Q”, a) > A\ (€2, «). There are two subcases to consider.
First, if there are only | < k c.c.s Q1,...,€; of €' whose first eigenvalue is smaller
than A\ (£, «), setting Q to be the disjoint union of €, ..., €y, by ([A3.1]) we have

e (€ @) = Ae(Q, ) > Ao (Dy, @)

by choice of ag and a < aq. So we are left to consider the case where we can
choose k c.c.s ©; of Q' such that \(Q;,a) < M\(Q,a) for all 1 < ¢ < k. Then
A(92, @) = maxi<j<k A1(£;, ). For each i let B; be a ball with |B;| = |€;]. By the
Faber-Krahn inequality A;(€2;, @) > A\(B;) for all ¢ and thus

(433) )\k(Q, Oé) Z max )\1(Bz'7 Oé) Z >\1(BM/]€, Oé) = )\k(Dlm Oé),

where the second inequality in (43.3]) follows easily from Lemma [[.3.7] using
> 1Bil < |9|. Finally, if there is equality in (£3.3]), then for every 1 < i < k,
A (i, ) = M (B, o) = M\i(Buye, «) and so §); = B; = By, using sharpness of
the Faber-Krahn inequality (see Theorem and Lemma L3 respectively).
In this case [€;| = M/k, and the only possibility is that €2 consists of k copies of
Q; = Bk, so 0 = Dy. O

In order to complete the proof of the theorem and our claim in Remark 3.2(i),
we will use the following lemma. Recall p(€2) denotes the kth eigenvalue of the

Dirichlet Laplacian on €.
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Lemma 4.3.3. Let N = 2 and fixr k > 3. The domain D, does not minimise

wk(2) amongst all bounded Lipschitz domains in R? of given volume.

Proof. The proof is by an easy induction argument, using results from [110].
First note that Dy does not even minimise p; amongst all disjoint unions of balls
if 3 <k <17 (see [110l Section 8]). Now fix k > 4. We will show that if Dy,
minimises fi4+1, then D; must minimise p; for some 3 < j < k. For, arguing as in
[110, Theorem 8.1], Dy,1 may be written as the disjoint union of open sets U and
V, say, where U minimises p; and V' minimises p,_;4+1 (both appropriately scaled)
for some integer j between 1 and k/2. Now U and V must both be disjoint unions
of equal balls, and since the minimiser of p; can have at most j c.c.s the only
possibility is that U = D, (rescaled) and V' = Dj_;.1 (also rescaled). Since k > 4,
at least one of j, k — 7 + 1 must be at least 3. By Remark [[L3.6(i) the Dirichlet

minimiser is independent of the volume of the domain, so our claim follows. [

Proof of Theorem [4.3.71(ii), (iii) and Remark [4.3.2](i). For (ii), given k& > 3
and N > 2, suppose that Dy is not the minimiser of u; so that there exists
a Lipschitz domain V' such that p,(V) < pr(Dy). By Theorem and Theo-
rem [[3.T](vii) respectively, we have A\g(V, o) < pp(V) and Mg (Dy, ) = Ay (Dy, ) —
p1(Dy) = pr(Dy) as @ — oo. Using continuity, it follows that for « sufficiently
large, A\p(V, @) < pg(Dy, ). Hence Dy does not minimise A, for all a € (0, 00).
However, if U # Dy is any (Lipschitz) domain which minimises A; for some
a € (0,00), then by part (i) A\p(U, @) > \p(Dy, ) for oo < & sufficiently small.

For (iii), we note that Theorem M.3.1[(ii) and (iii) are equivalent assertions.
Indeed, by Remark [1.3.6] if we allow M to vary between 0 and oo, by making the
homothety substitution x — ax we may assume o = 1. But if we could find a

minimiser to the problem

A
—Au = —];u in af),
Q@
ou

a—l—u:() on 0(af)

(cf. (L3.6])) independent of M = |af)| > 0, then by rescaling back this would give
us for some fixed M > 0 a minimising solution independent of a > 0. (Conversely,
having a minimiser for all @ > 0 would thus give us one for all M > 0.) Thus we

see (ii) and (iii) are equivalent. Finally, for the remark we note that when N = 3,
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D3 does not minimise u3 (see [24, Section 3]) and when N = 2, by Lemma [4.3.3]

Dy, does not minimise py for any k& > 3, completing the proof. U

Remark 4.3.4. When N > 4 it is no longer true that us(Ds3) > ps(B). This,
along with some numerical evidence, led the authors in [24] to conjecture that ug
is minimised on B when N = 2 or 3 and on D3 when N > 4. It therefore seems

plausible that when N > 4, D3 minimises A3 for all a > 0.

4.4. The asymptotic behaviour as a — —x

Here we will study what happens to A\x(«) in the limit as the boundary param-
eter « — —oo in (LI2). Our main result is expressed in the following theorem,
which is noteworthy in the sense that the limiting behaviour is the same not only
for every domain Q (the only assumption being C* regularity, with no restriction

on the volume), but for all the eigenvalues of every such domain.

Theorem 4.4.1. Suppose Q C RY is a bounded domain of class C*. Then for
every k > 1 we have

(4.4.1) lim ()

a——00 —Oé2

=1

(Compare with Theorem [[L3[(ix).) It was shown in [80Q] that for 2 piecewise-
C' the first eigenvalue \; has the asymptotic behaviour lim inf,_, _o A (a)/(—a?) >
1, with equality if 0€) is differentially equivalent to a sphere. Moreover, if €2 is a
ball, then there are ||a|| + 1 negative eigenvalues, and they satisfy \/T(a) ~
—a+ O(1) as @ — —oo. It was subsequently shown in [86] that in fact

(4.4.2) lim A1)

a——00 —(

=1

if 2 is of class C'. Related results have been obtained in [60], [61]. In fact since
Ar > A1 this immediately implies that
)\k(oz)

- <L

lim sup
a——oc0 U

We will prove \y(a,)/(—a,?) — 1 for an arbitrary sequence «,, — —o0.
The C' assumption in (£Z2)) is optimal: the authors in [80] constructed ex-
amples of domains with “corners” for which the limit in (4.4.2]) is a constant larger

than one. Such results were generalised and further studied in [83].
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We will also prove the following related result on the behaviour of the eigen-
functions of (LI.2) as &« — —oo. We will use the result of Theorem [£.4.1] to obtain
this; however, an analysis of the proof shows that we could replace the C* assump-
tion with Lipschitz, provided we know that Ag(o) — —o0 as @ — —oo. In this
section we will always take (., .) to mean the usual inner product on L*(€2) and 1)y,
to denote an eigenfunction associated with the kth eigenvalue Aip(a) = \g (€, ) of
(CI2), where as usual the \;, are ordered by increasing size and repeated according

to their multiplicities.

Proposition 4.4.2. Suppose Q0 C R¥ is bounded and C'. Fiz 2 < p < oo and

normalise the eigenfunctions so that ||y r) = 1. Then for each k > 1 we have

(i) Yx — 0dn LT () as o — —o0;

(i) |[vx|lze@) — 0 as o = —o0 for 1 < q < p;
(iii) ||Yllr@) — 00 as @« = —oo forr > p.

We defer the proof of Proposition until later and first discuss the theory
related to (IL.I.2]) that will be needed to prove Theorem 4.1l As usual we under-
stand eigenvalues A and associated eigenfunctions ¢ of (ILI.2) in the weak sense,
as satisfying Q. (v, v) = A1, v) for all v € H'(Q), where @, is the form associated
with (LT2) given by (L22) (see (LZH])). We use the characterisation of the kth

eigenvalue as

(4.4.3) Ao(@) = inf M
0FvE My, ||U||L2(Q)

where M, is the subspace of H'(f) obtained by removing the L2?-span of the
first k — 1 eigenfunctions 1, ...,1,_1. (This is the minimax formula (I.3.4) from
Chapter [ but here we will work directly with the maximal subspace which we
will call M.)

If the eigenfunctions are scaled so that |[1/y| 12 = 1 for every k > 1 (which
we will always do for the proof of Theorem [4.4.7]), then by standard theory we can
choose them so they form a complete orthonormal basis for L?(€2). However for
our proof we only really need the orthogonality in L?(€2) of the eigenfunctions 1;,
which follows immediately from the identity Qa(v:, ;) = Ni(¢i, ¥;) = X (Wi, ¥;)
if \; # X;, and from Gram-Schmidt orthogonalisation applied to a basis of the
eigenfunctions of \; if it is a repeated eigenvalue. If we set vy := v — Zfz_ll (v, Vi),

then v, € My and so provided v # 0 (that is, provided v is not in the L*-span
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of ¥1,...,%,_1), we may use vy as a test function in (£43)) to estimate Ay from
above.

We will use the representation (4.4.3), together with an appropriate choice
of v and an induction argument, to prove Theorem 4TI Our choice of test
function, along with the result of the next lemma, is due to an argument in [60] (see
Theorem 2.3 there). We will assume throughout that 2 C RY is bounded and C*,
although some of the results are valid (with the same proof) for Lipschitz domains.
In particular, the next lemma, which proves (L.3.3) from Theorem [[3.)(ix), is valid

for bounded, Lipschitz domains.

Lemma 4.4.3. Let d € RY, ||d|| = 1 be any unit vector. Set uy(x) := ce 4 €
C=(RY) N HY(Q), where ¢ = c(d,«) is a constant chosen so that |ual| 2@y = 1.
Then Qo (ug, ug) < —a? for all a < 0.

Proof. For z € RY writing # = (z1,...,2y), we may without loss of generality
rotate our coordinate system if necessary so that d = (0,...,0,1). In this case
ug = ce~ N and Vuyg = (0,...,0, —cae **~). Hence

Qa(ud,ud)Z/IVud|2da:+/ au? do
Q 0

= 02a2/ e 2N oy + 02a/ e 2N (.
0

o0N

We will now use the divergence theorem on the vector field V := (0,...,0,e72%N)
C>=(RM,RY) and the C! (or Lipschitz) domain € (see Theorem [AZH). That is,
denoting the outer unit normal to Q by vo(x) = (11 (z),...,vN()), x € 09,

/ e 2N o > / e 2Ny do = / V.vqdo
0 0 a0

= / divVdx = —204/ 2N (.
0 0

Multiplying through by a < 0 and plugging into the expression for Q,(ug, uq),

Qa(ucbud) < —a202/ e 2N oy = —az,

Q
where the last equality follows since ¢ = ( fQ 20N d:)s)_%. O
Remark 4.4.4. An easy calculation shows that the function u(x) := e™**~ is a

positive eigenfunction, with eigenvalue —a?, of the Robin problem (LI.2) on the
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half-space T = {z € RY : y < 0}. So in a sense Lemma .43 is comparing the

bounded domain case with the half-space case.

For d € RY a fixed unit vector, set w4 := ud—Zf:1<ud, Vi) € Myi1. We will
use uy,1 as a trial function in the variational characterisation in order to establish
(#41). To that end, we characterise A\py;1 inductively in terms of the previous n

eigenvalues and functions.

Lemma 4.4.5. Suppose uq & span{in,...,Yr}. Then

—a® = 30 M) (ua, )

1—- Zf:l(uda Vi) .
Proof. Since ug4 is not a linear combination of the first k eigenfunctions, we can use
Uppr = g — b (ug, ;)b Z 0 as a test function in @EZ3). A simple calculation
using the orthogonality of the eigenfunctions together with the scaling ||;|7- @ =
1 shows that

(4.4.4) Aes1(a) <

k

0 < (uppr, wppr) = 1= Y (ug, ).
i=1
We now estimate Qg (ugt1, uks1). Using the definition of wuyy; and the bilinearity

of the form @, we see that Qu (U1, ur+1) is given by

k
Q (udaud _22 uduwz Qa ud,% +ZZ uduwz Qa wuwj)

i=1 j=1

Since Qo (ug, i) = Ni(uaq, i), and since Qo (¢;,1;) = A; if i = j and 0 otherwise,

we obtain
Qa(Up41, Ukt1) = Qa(Ua, uq) ZA g, ;)

Using the estimate of @, (ug, ug) from Lemma [A.4.3] and combining everything,

Qa(uk+17uk+1> < —a? — Zf 1 ( )(Ud,¢z>
HukHH%Z(Q) B 1- Zf:1<uda V;)?
establishing (4.4.4]). O

Roughly speaking, to prove Theorem [.4.1] using the characterisation of ;1

Aey1(a) <

Y

in Lemma we have to prove that we can find d such (ug,1;) stays small as
a — —oo for all 1 < ¢ < k. To that end we will study the functions uy more
carefully. We start by observing that, for any given o < 0, the level sets of uy are
restrictions to € of half-planes of the form {z € RY : x-d > k}, where k € R. The
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main place where we will use the assumption that Q has C' boundary is in parts

(iii) and (iv) of the next lemma.

Lemma 4.4.6. Let d € RY | ||d|| = 1. For k € R set
Usk) ={x € Q:2-d >k},
(4.4.5) kg :=sup{r € R : Uy(r) # 0},
Ki={xeQ:z-d=rkg}.

Then

(i) the Uqs(k) are open, nested (i.e. Ug(k) C Ua(K') if K > k'), nonempty if and
only if kK < kq, and 0 # |Ug(k)| = 0 as & — Kkq from below;
(i) 0 # K4 C 0%;
(iii) if z € Ky, then d = vo(z), the outer unit normal to Q at z;
(iv) if d # e € RN |le|| = 1 is another unit vector with U.(k) and k. defined
as in (L4AD), then there exists ¢ > 0 such that Uy(k) NU(K) = O for all

K € (kg —&,kq) and all & € (Ke — €, Ke).

Proof. (i) is obvious. For (ii), to show K,; # () we note that K; = Ne<y,Ua(k),
that is, Ky is the intersection of nested, compact and nonempty sets. That Ky C
0f) is immediate from the definitions and the fact that the Uy are open. For
(iii), we assume as in the proof of Lemma that d = (0,...,0,1), so that
Us(k) = {x € Q: 2x > k} (where we have written (z1,...,zy) for z € RY). Then
z=(21,...,2y) € Kq means zy = kg, that is, 2y = max{zy : x € Q}. Since Q is
O, this means the tangent plane to Q at any point z € K, must be horizontal; thus
vao(z) points in the direction zy, that is, vo(z) = (0,...,0,1). For (iv), suppose
for a contradiction that there exist x; * k4 and &; ,* K. such that, for each j > 1,
there exists z; € Uy(k;) N U.(R;). Since Q is compact, a subsequence of the z;
converges to some z € Q. Since x; € Uy(k;) and N;>1Ug(k;) = Ky, we see z € Ky

By a similar argument, z € K.. This contradicts (iii) since d # e. O

We now show that for d fixed, all the mass of uy becomes concentrated in an

arbitrarily small region of 2 as a — —o0.

Lemma 4.4.7. Let d € RY and ug(z) = ce ™ be as in Lemma [{.4.3 and let
Ua(k) and kq be as in Lemma [{.4.6. For every ¢ > 0 and k' < kq there ezists
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a. = a(e, k') <0 such that

(446) ||ud||%2(Q\Ud(n’)) <e
forall o < a.
Proof. Since ug(z) < ce™ for all € Q\ Uy(x'), we have
[uallZ2onvey < ce™> 10
Choose k" € (K, kq). Then Uy(k") C Uy(x') with |Ua(k")| # 0 and
1= JluallZay > luall 2w,y > ce” 2 |Uq (k"))

For € > 0 fixed, choose . < 0 such that
(4.4.7) e~20eM Q)] < gem 2= | UL (")),
which we can do since ' < k”. Then ([@.4.7) will hold uniformly in & < a, and so

[ tall 32 vy < €72 1Q < ce™ Uy (K")] < &
for all a < a. O

Lemma .47 implies that for fixed d, ug — 0 weakly in L*(Q)) as @ — —oo. In
fact the v; also tend to 0 weakly as o« — —oo (see Proposition 4.4.2)). But this is
not enough to show directly that (ug4, ;) is uniformly small, since both ug and 1
vary with «. Instead, we will use the following rather technical result concerning
the ug. Since this does not actually use any specific properties of the 1;, we set
it up so it works for arbitrary L?-functions ¢; (which we will of course in practice

take to be the eigenfunctions ;).

Lemma 4.4.8. Fix k > 1 and 6 > 0. Suppose we have a sequence o, — —o0
and for each n > 1 a family of k functions p;(n) € L*(), 1 < i < k, such that
lpi(n)||L2y = 1 for all 1 < i < k andn > 1. Then there exists a unit vector

d € RY and a subsequence oy, — —oo of the o, such that

k

(4.4.8) > (ua(m), pi(m))® <6

i=1

for all l € N, where ug(n;) = ua(x, ay,) is as in Lemma 4.5
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Proof. Fix £k > 1, 6 > 0 and a sequence «,, — —oo. Choose m > 1 and € > 0, to
be specified precisely later on. Now choose any m distinct d; € RV, 1 < j < m,
and for each j let u; = u;(x,®,) be as in the statement of the lemma. Now for
each j choose a nonempty open set U; := Uy, (k;) as in Lemma B4.6. By making
an appropriate choice of k; we may assume the U; are pairwise disjoint. Using
Lemma 4. 4.7, we find an «, < 0 such that

||uj||%2(Q\Uj) <e

for all @ < a. and all 1 < j < m. By discarding at most finitely many n, we may

assume that «,, < a. for all n > 1. Now for each n > 1, we have

k k
L};wmm%u:§;mmmmmn:h

Since the U; are pairwise disjoint, it follows that for each n > 1, there exists at

least one j = j, such that

: k
()P dr < —.
f, Stetmpars o

n =1

For this j,, using Holder’s inequality, for each 1 < i < k we have

\wmeMs/|wmm+/ fuji| da

UJn Q an
1

k2 1
< gl () + e lusllzzgo il 2y

kN3 1
() e
m
2

where we have used the bound |, v, |pil? dx < k/m, together with the normalisation
k

|luill 22y = [l¢@illL2(@) = 1. We now specify m > 1 and € > 0 to be such that

()2 <o

noting that this depends only on k and §.

Squaring the above estimate for |(u;,, ¢;(n))| and summing over 4, this implies
that for all but finitely many n > 1, (£.4.8)) holds for at least one of the m fixed u,;.
By a simple counting argument, there must exist at least one j* between 1 and m
such that (48] holds for this fixed j* and infinitely many c,. This gives us our
ug and (ay,). O
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Proof of Theorem [4.4.1]. The proof is by induction on k. The step when k = 1
is given by [86] Theorem 1.1]. Now fix £ > 1 and suppose we know that for
all 1 < i <k, —X\i(ay,)/a? — 1 as n — oo for every sequence a,, — —oo. By an
argument from elementary analysis, it suffices to prove that for every such sequence
o, — —00, there exists a subsequence «,,, — —oo such that —)\kﬂ(anl)/ail — 1
as | — oo.

So fix a particular sequence a,, — —oo and also fix 0 < § < 1. Let uy satisfy
the conclusion of Lemma 4.4.8 for a subsequence which we will still denote by a,,
this 0 > 0 and the family of k functions ¢;(a,) =: ¢;(n), 1 < i < k. Then by

Lemma [4.4.§] we know that
k

(4.4.9) > (uaglan), i(en))? < 6

i=1
for all n > 1 and the fixed direction d. In particular, [EZ9) implies ug &
span{vn (ay), ..., Yp(ay,)} for any n > 1, since § < 1. Applying Lemma [£.4.7

to uy for each n > 1, we obtain

_0‘% - Zle i (o) (ug, %)2
1= 300 (ug, ;)2

>\k+1(04n) <

for every n > 1. Rearranging gives

M(@n) o Mesalon) o 1= 200 G (ua, )’
—an T oman T 1= (ug )
Using the bound (4.4.9), which holds independently of n > 1, together with the

induction assumption —\;(a2)/a? — 1 as n — oo for all ¢ < k it follows that the

(4.4.10)

last term in (£Z.10) converges to 1 as n — oo. This establishes the desired limit
for —Aj11(vn) /@, which completes the proof of Theorem 4.1l O

We will now give the proof of Proposition [4.4.2l So fix £ > 1 and p > 2.
We first obtain the following interior estimate for ¢, from which the proof of the

proposition will follow easily.

Lemma 4.4.9. Under the assumptions of Proposition[[.].3, if ¢ € C°(R2), then

1 Jo [klP [Vl d

A > —(p—l) fQ |¢k|p(p2dx

foralla <0 and all k > 1.
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Proof. Given ¢ € C(Q), we will use ¢ := ©?|1y|P~%1)y, as a test function in the
weak form (L2H), that is, Qu(¢r,v) = Mtbg,v) for all v € HY(Q). We first note
that if p > 2, then since ¢y, € C(2) (see Theorem [[2.8) we have ¢ € H'(f2) with
Vo = 20"V o + (p — 1)@ [Yr[P72V ey, Moreover (¢, vy) = [, ©*|0x|? da #
0, since 5, cannot vanish identically on an open set. For, if it did, by unique
continuation of solutions to elliptic equations, it would be identically zero on 2;

see [12]. Hence, by completing the square,

/ Vi, - Vodr = / 20| [P 2PV - Viby, + (p — 1) [0x P2 | V| da
Q Q
— / (0 — D s oV + (p — 1) F |l E V| da
- / (0= 1) [l Vo e

Substituting this into the weak form for A;, and using that ¢ = ¢ = 0 on 02,

)\k/ggozwk\pdx:/(szk-ngdx—l—a Vrod dx > —/(p—l)_lwn\p\Vgo|2dx.

o0 Q

Rearranging gives the conclusion of the lemma. 0

To prove the proposition, part (i) uses the result of Theorem ATl that A\ —

—00 as o — —oo; parts (i) and (iii) will follow directly from (i).

Proof of Proposition 4.4.2. (i) Fix p > 2, £k > 1 and Qg CC 2 and assume
|[Vrllr@) = 1. Let ¢ € C°(Q2) be such that 0 < ¢ < 1in Q and ¢ = 1 in
Qo. Setting K := (p — 1)7"||V||Zo () > 0, which depends only on p and Qo, by
Lemma [4.4.9] we have
—-K
e 2
fQO |¢k|p dx
for all @« < 0. Since A\, — —o0 as @ — —oo by Theorem [LZT] this forces
Jo [¥xlP dz — 0 as o — —oo0.
(i) Fix 1 < ¢ < p and £ > 0. Choose . cC Q such that |2\ Q|7 < ¢/2,

which we may do since p > q. Also choose . < 0 such that

g q=p
[l ey < 51917
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for all & < a., which we may do by (i). Noting that p/q and p/(p — ¢) are dual

exponents, Holder’s inequality implies

el = [ Vonltdo+ [l
Q. Q\Qe

< (/Q |wk|pdl')%|Qa|% + (/Q\Q |¢k|pdaf>%|ﬂ\ﬂa|%

pP—q p—gq
ke 257 [0 9 215 < 2
for all a < a, by choice of 2. and a., and since ’|¢k’|%P(Q\QE) <1.
(iii) Fix » > p. If we normalise ¢, so that |[¢y| - = 1, then (ii) implies
[¢xllLe) — 0, so that

R s o
¥k e @)

as &« — —oo. Now re-normalise so that [|1y| r»() = 1. Since this does not affect
(EZTT), in this case ||¥g| @) — oo O



CHAPTER 5

The Laplacian with Generalised Wentzell Boundary

Conditions

For the remainder of this thesis we will consider the Laplacian subject to gen-

eralised Wentzell boundary conditions
Au+5%+7u:0 on Of)
v

as in (LT3)). In this chapter we will prove some basic properties of the generalised
Wentzell boundary value problem (or just Wentzell problem for short) similar to
those in Section [[L2] including how the boundary condition is actually realised.
While these are for the most part not new, we will extend existing results in a
couple of directions, principally to the case of negative coefficients, or weights,
in the boundary condition. In particular we distinguish between the “good” case
B > 0 in Section [5.2, where the associated operator generates a positive, compact,
irreducible analytic semigroup of angle /2 on an appropriate LP-space, and the
“bad” case 8 < 0 in Section (.3, where the operator still has compact resolvent,
but there are now two sequences of eigenvalues heading to +00. We have placed a
number of technical results needed for Section in Appendix [Cl We cannot find
proofs of these in the literature so we have included them.

In Chapter [0l we consider the structure and properties of the eigenvalues, analo-
gous to what we did for the Robin problem in Section [[.3l Particular emphasis will
be given to how they depend on the boundary coefficients 5 and ~. This is accom-
plished via the elementary but useful observation that every Wentzell eigenvalue
is that of an appropriate Robin problem. Section is devoted to the princi-
pal eigenvalues (a generalisation of the “first” eigenvalue), while Section looks
at the other eigenvalues, and Section establishes various properties similar to
those established for the Robin problem in Section [L.3l In Chapter [7] we prove
isoperimetric inequalities for these eigenvalues, ostensibly our main goal here.

77
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Some of the material in the next three chapters has been published in [76];
roughly speaking, Sections 5.2l (.3 6.2 [71] and [Z.3] although some material has
been altered (especially in Chapter Bt cf. [76] Section 2]). Parts of Sections
and [[.2] are included in [75].

5.1. Some background to the Wentzell problem

The Wentzell boundary value problem, in its modern incarnation, has only
been studied substantially in the last few years. A good discussion of the history
and interpretation of the Wentzell boundary condition can be found in [63]. This

boundary condition is often equipped to the heat equation, which becomes

%:Au in

(5.1.1) ¢
0 1) = B2 ) + yule, 1) o0
5 (©t) = b5 (=, ~yu(z, on 0,

t €10,7), 0 < T < oo (where Au is the Laplacian of u with respect to the x
(space) variables). The main attraction of (5.1.]) is that the operator term on the
boundary introduces a dynamic element to the boundary condition.

With this in mind it should not be surprising that most of the study of the
operator in its modern incarnation is in terms the semigroup it generates. Indeed,
as a result we will phrase some of our results in terms of generation properties (in
contrast to the Robin problem in Section [[2). The generation problem has only
been intensively studied since about the turn of this century starting with [53].
A nice summary of the mathematical work done since then can be found in [90].
Classical existence and uniqueness results for the elliptic problem go back further;
in particular to Luo and Trudinger in the late 1980s (see especially [87]).

We remark that the actual name for the boundary condition in (511 is not
entirely settled; it is often called Wentzell-Robin rather than generalised Wentzell
(“non-generalised” Wentzell in this case referring to Au = 0 on 0f2). Even the
name Wentzell is sometimes spelt Venttsel or Ventcel’, or some variant. The bound-
ary condition was originally introduced in a paper of Wentzell (the English version
is [106]), who under certain conditions wanted to find the most general boundary
conditions for which the associated operator generates a Markovian semigroup.
The form of the boundary condition usually considered these days — this includes

the current context — is somewhat less general than in [87, 106].
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There are various ways to define an operator associated with the Wentzell
problem (LT3]). Perhaps the most obvious question is how to give meaning to
the Laplacian appearing on the boundary. While at first glance it might seem
natural to use the Laplace-Beltrami operator, this does not seem to be a common
approach. Instead, we will consider several different operators realising (LI3).
These respectively act on the function space H(Q), on C(2), and on a suitable L?
product space. We will be working mostly on H' or L?. On H'(2) the operator
is given by

D(AY) = {uec H(Q) : Auc H(Q ) — ex1sts in L*(09),

8
(5.1.2) (Au)|oq + B3 +Yulon = 0}
AHlu — Au

(For 2%, see (AZ.3).) On C(€2) we can realise the operator as
DAY) ={uec CQ)NH(Q): Auc C(Q), % exists in
v

9
(5.1.3) C(69), (Au)|sa + 58—3 +7uloq = 0}
A(Vjvu = Au

(see [7] or [108], or for a different approach [44] or [54]). In [54], the authors
work in an L? space, more precisely in LP(Q, du), du = dx|q ® % (for 5 > 0).
A slightly different approach, along the lines of [7], which we will make some use
of, is to define
D(AZV) = {(u, ulpn) : u € WHP(Q), Au € LP(Q),
do

(5.1.4) % exists in LP (092, F)}

AY (u,ulan) = (A, ~B5" — yulan),

on the same measure space LP($, du). See also [90].

We emphasise that in all the above-mentioned papers, it is assumed 5 > 0
(either as a constant or a function), and most assume in addition that v > 0.
We will be dealing with the cases f < 0 and/or v < 0 as well. The case 8 < 0
in particular completely changes the behaviour of the operator(s); for example,

it completely destroys the generation properties (see in particular Remark (£.3.8)).
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Indeed, such boundary conditions are also called reactive type (as in [105], which
also assumes v = 0); see also [63], Section 3]. We will explore this in a little more
detail in Section [5.3L

Remark 5.1.1. When p = 2, the operator given by (.12 is, up to topological
isomorphism, the restriction of (5.I.4) to H'(Q2). To see this, we set

(5.1.5) Vo= {(u,ulpq) : u € HY(Q)} — L*(Q, dp).

Then V is topologically isomorphic to H!(€) in the obvious way. Moreover, the
restriction of the operator given by (B.14) to V is clearly

Ou

ov

do

DAY |v) = {(u,ulon) €V : Au €V, 5

exists in L*(09,

)}

ou
A%V(Ujubﬂ) = (Au, —55 — yula),

which under the identification V' = H'(Q) gives (Au)|oq + A% + vulog = 0,
so that AY[y is similar to A}, under this identification. Note that for 3 < 0,
this argument still works, although we cannot consider the natural measure space
LP(Q, dy) and instead work with the measure dx|q®do|sq, since obviously if 5 < 0
then dx|o @® 790 g not, a positive measure. (It may be possible to use indefinite

B
measures, but we do not explore that idea here.)

If we disregard the one-dimensional case 2 = (0,1) C R (see for example
[45], [51], 52, [53]), which we are not interested in here, then the realisation (5.1.2))
was probably first studied in [55]. There, under the assumption that O c RY
is bounded and C*, and 3, v € C(9f2) are nonnegative with 3 strictly positive,
it was shown A}, generates an analytic semigroup on H'(Q). In [7], A}, was
shown via form methods to generate a compact analytic semigroup on H' () if Q
is Lipschitz, 3=1and 0 <~ € C(Q).

As we have already noted, the principal works on C(2) are [44] (and the
related paper [46]), [7, 54, 108]. Without going into details, if 0 is sufficiently

smooth, then AY'| or rather a slightly different realisation thereof, has been shown

to generate a compact and positive analytic semigroup of angle 7 [44]. If, however,
Q) is only Lipschitz, then analyticity of the generated semigroup currently seems
to be open problem. We will use some of the ideas in [44] to deal with the case

f < 0, although we will always work with the operators given by (5.1.4) (with

p = 2) and (1.2).



5.2. GENERATION RESULTS WHEN [ > 0 81

In many of the aforementioned works the Laplacian is replaced by a uniformly
elliptic second order differential operator in divergence form. Since we are mostly
interested in isoperimetric-type questions — and to keep the exposition simple — we
will limit our attention to the Laplacian, and content ourselves with the remark

that most of the results in this chapter should be routine to generalise.

5.2. Generation results when 3 > 0

In the usual case where 8 > 0 the Wentzell Laplacian has some very nice
properties, which we summarise in the following theorem. The proof is using form
methods as in [7), 90], although we allow 5 # 1 and place fewer restrictions on
~ (and, as we noted above, more on the operator — the Laplacian only — though
this could be easily weakened). This theorem is probably not new, although this
is possibly the first time all the results have been collected in one place and at this

level of generality. Moreover this appears to be the first time the form method has
been used when 3 # 1. Recall that L?(Q, du) := L?(Q, dx) @ L*(09, %")

Theorem 5.2.1. Suppose Q C RY is a bounded Lipschitz domain, 0 < By < B €
L>®(9Q) with By is constant and v € L>®(09Q). The operator AY given by (5.1.4)
(with p = 2) is self-adjoint and generates a positive, compact analytic semigroup
of angle 5 on L*(Q,du). If Q is connected then in addition this semigroup is

irreducible.

Corollary 5.2.2. Under the conditions of Theorem 5.2, AY, generates a com-

pact analytic semigroup of angle 5 on H'(Q). Moreover, o(AY)) =a(AY).

Remark 5.2.3. The operator AY is self-adjoint only on the weighted space
L*(Q, dy), not the unweighted space L?(2) x L*(9€) (which we will use in Sec-
tion B.3). Similarly, AV, as realised by (5.1.2) is clearly not self-adjoint unless

6=1.

Proof of Theorem [5.2.1]. Fix 8 > 0 and set V := {(u,ulsq) : v € HY(Q)},
which we identify with H(£2) in the obvious way, and is a Hilbert space equipped
with the norm ||(u, ulge)|lv = ||ul/mi(o) (or indeed any equivalent norm on H*(12)
such as the one induced from Maz’ja’s inequality). Also set H := L?(Q,dx) @
L2(09, %’), a Hilbert space endowed with the product norm. Note that the measure
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we are imposing on 0f) gives rise to a norm which is equivalent to the usual one
on L?(09Q,do). Then V < H with V dense in H (see [T, Proof of Theorem 2.3]).
Define a form on V by Q. : H x H — R,

do

Q«,((U,U‘ag), (UvUbQ)) = /Qvu -Vudr + /8(2 7u|8QU|8Q F

(cf. Section[[.2). Then it is elementary to prove @, is bilinear, bounded (using the
Cauchy-Schwarz inequality, the trace inequality and that 5 > Gy > 0), symmetric
and non-negative.

Set Q,(u, u|on) = Qy((u, uloq), (v, ulsn)). Then for w € R,

Q. (s ulon) + | (u, ulon) |y = / Vul de
Q

do do
+/ 7|U|aa\2—+w/ |U|2d$+W/ uloql® —,
o ﬁ Q o0 B

Q- (u, ulon) +wll(u, ulon) |7 = min{w, 1} (u, uloe) |

and in particular,

if we choose w such that v+ w, w > 0. Hence the form @), is said to be (H-)elliptic
(cf. Lemma [[23). We next wish to show that —Al is the operator associated
with @),. The argument is essentially the same as in [7, Section 2|, although
here we do not have § = 1. Let —A, be the operator associated with @),. For
(u,ulaq) € D(A,), let —A,(u,ulsq) = (f,b) € H. Then by definition

QW((u’ubQ)’(U’UbQ)):/g;vu'vvd.]}—i—/é; do

YUloaU|oQ —
0 loav| B

= [ goa+ /mbmm%"=<<f,b>,<v,v|m>>H

for all (v,v|sq)) € V, that is, all v € HY(Q). If we let v € H}(2), then

/Vu-Vvd:E:/fvd:B.
Q Q

Since this is for all v € H}(Q), we have —Au = f € L*(Q) (see (A4.2))). Hence

/Vu-Vvd:)s—l—/vAudx:/ (b—7u|ag)v|agd—g
Q Q a0 B

for all v € H'(Q). By definition, this means 2% exists in L?(9€2) and equals (b —

Yuloa)/ B (see (AZL3)). Rearranging, this gives b = 2%+~u, that is, —A, (u, ulpn) =
(—Au, 2% + yu). Thus u € D(AY) and A,u = A} u. Conversely, for u € D(AY)
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we have v € V and by a similar calculation to the one above Q- (u,v) = (AVu,v) g
for allv e V.

Hence A, = AY. Since A, is associated with an elliptic symmetric form, it is
self-adjoint and generates an analytic semigroup 7%, of angle 7 on H (see, e.g., [9)
Section 3.7, 3.14 or 7.1] or [41] Section XVIIL.6] and again cf. Section [L.2).

Next we show the semigroup 7 is positive, which follows fairly easily from the
properties of the form domain V. By the first Beurling-Deny criterion it suffices
to show that if (u,ulsn) € V = D(Q,) then (u,u|pn)t € V and

Q- ((u,ulan) ™, (u,ulon) ") <0

(see, e.g., [T, Section 1]). In fact this is obvious from the lattice properties of
V = HY(Q). More precisely, if (u, u|aq) € V, then v € H' (), so that u™ € H'(Q)
and so (u, u|pn)™ € V. Moreover, for u € H(Q) it is standard that V(u™)-V(u™) =
0 (see [69, Lemma 7.6] or Appendix [Ad)) and so (u|ga)t(ulsg)” = 0 also. In
particular Q- ((u, ulon)™, (v, ulsn)”) = 0.

For irreducibility, suppose €2 is connected. We identify H with the measure
space L2(QUON, du), p(A) := |AF‘|Q|+%U(AO@Q). To prove irreducibility, by [92]
Theorem 2.9] it suffices to show that for every measurable set A C QUOQ, 1,V C V
implies p(A) = 0 or u(Q2\ A) =0. (Here by 1,V C V we mean if u € V, then the
product 14(x)u(z) is also in V. Note that if €2 has two connected components, say
Q and €y, then 1 V C V for i = 1,2 so irreducibility is impossible.)

Set Ay := ANQ, Ay := ANOQ. Then 14V C V means that for any u € H' (),
there exists v € H'(Q) such that 14,4 = v and 14,ulsq = v|pq. It is easy to see
that in this case |A;] =0 or |2\ A;| = 0. For, since € is bounded and Lipschitz,
lg € HY(Q); hence choosing u = 1lg we obtain v = 14, € HY(Q). The only
possibilities are that 14, = 1g or 14, = 0 almost everywhere.

Now let u = 1g € HY(Q) = V. If |A)] = 0, then 1lau = (0,14,) € V.
Identifying V' with H'(Q) this means 14, = 0|sq = 0 o-a.e., that is, o(Ay) = 0. If
|\ A1| =0, then 14u = (1g,14,) € V. Hence 1g|sgq = 14,, so a(0Q\ As) = 0,
and we have proved irreducibility.

To prove compactness, we prove directly that A, has compact resolvent. Let
w € R be such that ¥ := v+ w > 0. Then, analogous to Section (see in
particular Lemma and Theorem [[2.6), the form domain V = H'(Q) —
HY(Q) ® Hz(8Q) — H is compactly embedded into H since H'(2) < L2(€) and
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Hz(99Q) — L*(99) are both compact by Rellich’s theorem. This implies A5 has
compact resolvent when v > 0.

Now define a bounded operator C,, on H by C,(u, f) := (0,wf). Since As
has compact resolvent, A, = A5y — C,, also has compact resolvent by a standard
perturbation argument (e.g. [72, Theorem IV.3.17] will certainly do). Hence we
have established all the properties of A, = A} listed in Theorem [5.2.11 O

Proof of Corollary As shown in Remark 5101 AV, is, up to topological
isomorphism, the part of AY in its form domain V = HY(Q). Analyticity is
now a standard result (see, e.g., [9, Sections 3.3, 3.5 and 7.1] and also cf. [7|
Remark 2.9]). For compactness, we show that the domain D(AY) is compactly
embedded in V = H' (). We first observe that D(AY) c Hz(£2). To see this, note
that every u € D(AY) is a solution of the variational problem Au = f € L?(Q)
and % = g € L*(09) for some f and g (namely Au and a—zf, respectively). By
[70], u € H2(Q).

Now as a Banach space endowed with the graph norm, D(AY) — H; similarly,
H3(Q) — H in the obvious way. By the closed graph theorem, D(AY) — H2(Q)
(see [9, Lemma 3.10.1]). Thus, up to topological isomorphism, we have the inclu-

sions
(5.2.1) DAY < HI(Q) — H(Q) — H,

where the second and third injections are compact. Since for any A\ € p(AY)
we have R(\, AW)HY(Q) ¢ H2(Q) c HY(Q), by [9, Proposition 3.10.3] we have
o(AY i) = o(AY) and R(A, AY | 1(q)) = R(A, AY)|#1(e). Moreover for any
A e p(AY), RN, AY) (o) is compact as a map on H'() as it certainly maps
H'() into D(AY). Since A, is the restriction of AY to H'(2) (up to topological

isomorphism), this completes the proof. O

Note in the above proof that there are several ways we could prove compactness
of the resolvent of AY,, which is arguably the property which will be of most
interest to us in the sequel. For example, since —AY is self-adjoint it is known
that there is a unique square root operator, call it A%, such that (Aa%)2 = Al and
we can characterise the form domain V' = D(A%). Then using properties of Sobolev
towers (sele |6, Theorem V.1.3.8]), we know that the injection of D(AY') «= D(AY))

into D(A2) is compact and dense. Alternatively, we could look at the semigroup
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induced on the dual space V' via the embedding H < V' and then exploit the
reflexivity of V =V,

Remark 5.2.4. (i) It is possible to define a realisation of the operator A}’ on
arbitrary domains Q C RY, using the form method of Theorem F.2.1] at least
provided o(K) < oo for every K C 02 compact. Roughly speaking, the idea is to
replace the space V = H'(2) with a smaller space on which there are well-defined

traces. Precisely, we look at the norm

1
3
[ullv = <||Vu’|%2(ﬂ,dx) + ||u‘39||2LQ(BQ,da/B)> .

We denote by V the completion of Vj := H'(Q) N C* () N C(Q) with respect to
this norm. Maz’ja’s inequality asserts that for all v € V; and hence all u € V,
there exists a constant ¢ = ¢(V, |2]) > 0 such that

Jull | g < cllullv-

LN-1()
Note however that this identification is not necessarily unique: see [11]. In this
case we can replace V by a closed subspace as in [33, Remark 3.2(d)]. Thus we
obtain V < H and we can proceed. This has been done very recently in [8],
Section 4.5] where the authors amongst other things obtain an analytic semigroup
on V, or more accurately the closed subspace they call H; ,(Q). (My thanks to
Dr. ter Elst for drawing this to my attention.)

(ii) A seemingly open problem is to construct a theory of the p-Laplacian with

Wentzell boundary conditions, which should be

—Aju=f in €2,
ou
o
where A,u = div(|Vu|P~?Vu) is the p-Laplacian of u (see Section Bl and cf. Sec-
tion [4.1]). No work appears to have been done on this problem to date, but we do

(5.2.2)

Ayu+ BIVulP 2 —+7|ulf?u =0 on 09,

not attempt a further exploration here.

5.3. The resolvent and spectrum when £ < 0

We will now consider the case when 3 < 0. As we noted in Section [5.], here we
do not expect the Wentzell Laplacian to have any nice generation properties. In
fact, it has been proved recently in [105], essentially using form methods, that in

the case v = 0 the problem (LT.3]) has discrete spectrum, with its eigenvalues of
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the form Ay, where Ag = 0, Agr_1 — 00 and Ay, — —00 as k — oo (see Theorem 3
there). The proof uses a different form to the one used in Section (5.2 given by
Q(u,v) = fQ Vu - Vo dz, on a carefully chosen subspace of H*(2) on which Q is
an inner product. A similar result is obtained in [14] for the eigenvalues of the
problem —Au + Vu = A\u in §, % — B7'\u = 0 on 99 (given in our notation),
where V(x) is a suitable potential and f < 0. This is based on the study of a
related, ill-posed, heat equation and uses another form method.

We will be aiming to achieve a similar result in the more general case when
v € L*(09), but we will use perturbation methods and results based on [44], 46]
which, at least at an heuristic level, allow us to see what gives rise to the two
sequences of eigenvalues. We start by considering the operator given by (5.1.4),
where we will always take p = 2. We will also consider AY' as an operator on
the product space L*(Q) x L?(09Q) = L*(Q) & L*(09Q). Note that the measure
on this space is equivalent to the one on the space L?(Q,du) used above. In
particular all the results we are interested in, such as compactness, analyticity (or
lack thereof) etc. are unaffected. Throughout this section we will always assume
that our domains €2 are bounded, even if this is not explicitly stated. Moreover,
since they will always be at least Lipschitz, they can be assumed to be connected

without loss of generality (see Remark [[L3.2)). In addition our main results require
Q to be fairly smooth (see Remark [5.3.3)).

Theorem 5.3.1. Let Q) C RY be a bounded domain of class CY*. The operator AY
given by (B.1.4) with p = 2 has compact resolvent for all 5 < 0 and v € L>®(052).

Corollary 5.3.2. Under the assumptions of Theorem[5.31, A}, given by (5.1.2)

has compact resolvent and o(A},) = o(AY).

Proof of Corollary The argument is the same as in the proof of Corol-
lary[5.2.21 Namely, noting that D(AY) is unchanged from when 3 > 0, we still have
D(AY) ¢ H2(9) and hence obtain (5.2.1) with H replaced by L%(Q) x L2(%). Us-
ing [9 Proposition 3.10.3] in the same way as earlier, and noting that Remark 5.1.]
still applies, the result follows easily. O

Remark 5.3.3. (i) The regularity assumption in Theorem B3 Tland Corollary [5.3.2)
is quite strong. Unfortunately, this assumption is central to the method we use.

The key place where it is used is to show that the Dirichlet Laplacian on L?(),
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AP has domain D(AP) c H%*(Q) (see Lemma for the details). Actually,
all we need is the (slightly) weaker requirement that D(AP) C H*(2) for some
s > 3/2. Unfortunately for general Lipschitz and C* domains, the best estimate we
can expect is H3(€2): see [69]. However, there are some other types of domains for
which this result is valid. Our proofs can be easily modified to handle convex C*
domains and polygonal domains in R?, for example (see |64, Theorem 3.2.1.2] and
[64, Theorem 4.3.1.4], respectively, for the key H?2-estimate, although we omit the
details). Polygonal domains are of particular interest for isoperimetric problems;
cf. Section 3.4l

(ii) Although we assume here that § < 0 is constant, it is possible that our
method could be generalised to allow 5 € C(09) strictly negative, say, using mul-
tiplicative perturbation arguments for generators of analytic semigroups; cf. [44]
Remark 1.2].

For the proof of Theorem [5.3.1] we cannot simply conclude using an argument
similar to that in Corollary 5.3 2that A} has compact resolvent. Although D(AY)
injects compactly into L*(Q2) x L?(99), we also need to know that (A — Al') is
invertible for some A € C. To do this we would have to show that the operator
AY is a closed operator from L?(Q2) x L*(0Q) to itself. In light of our results, this
is clearly true, but there does not seem to be an easy way to prove this directly.
Instead, we will roughly speaking, use the method of [44], although with some
variations and a moderate addition. In particular [44] only deals with the case
B > 0 and uses a realisation of A" on C'(Q). We will have to build up some rather
heavy machinery to do this, so a direct proof that Al is closed would lead to a
much simpler, more elementary proof of Theorem [£.3.1 However, the method we
use below allows us to gain some insight into the behaviour of the operator and
the structure of its spectrum (see Remark [5.3.8]). Many of the background results
we will need for this are collected in Appendix [Cl We first represent the operator

AY in the following way. Define an operator as follows (cf. [44] eq. (1.4)]).

D(A) = {(u, f) € L*() x L*(09) : u € D(Apmax),
f€D(N),u— PfecDAP)}

(- )N
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where Ay : L2(Q) — L*(Q) is the maximal Laplacian on L?(£2)
D(Apax) = {u € H(Q) : Au € L*(Q)}
Apaxtt = Au,
AP [2(Q) — L2() is the Dirichlet Laplacian on L*(Q) given by
D(A”) = Hy(2) N D(Amax)
APy = Au

(associated with (LZI]) when I'y = (); see [9, Example 7.2.1]), P is the operator
taking a function f € L?(99) to the harmonic function v € L*(Q) satisfying
ulpn = f in an appropriate sense (see Theorem [C2.T)), N : L*(0Q) — L*(09) is

the Dirichlet-to-Neumann operator given by

D(N) = (f € L(00) - 5 (P1) € 12(00)}
(5.3.2) 5 v
Nf= 3 (Ph)
(see also Theorem as well as (A43)), B : L*(Q) — L*(09) is the operator
D(B) ={uec H'(Q): Ou € L*(09)}
(5.3.3) ov

ou

and finally C' : L*(0Q) — L*(09) is the bounded operator C'f = —yf. Also, by
slight abuse of notation, I is the identity on either L?(£2) or L?*(d2) as appropriate.

Lemma 5.3.4. AY = A in the sense of operators.

Proof. First suppose u € D(AY). Then v € HY(Q) and Au € L*(Q), so u €
D(Amax). Set f := tru, a priori in H2(99). But since Qu ¢ [2(69), in fact
f € D(N). To see this, let v € D(AP) be the solution of Av = Auin Q, v =0
on 9Q. By Lemma [CTT 2 € L*(99). Then w := u — v solves Aw = 0 in {,
trw=tru=fondQ (ie. w=Pf)and &2 = 24 — X ¢ [2(9Q).

Thus we have u € D(Anax), f € D(N), and tr(u — Pf) =0, i.e. u — Pf €
D(AP), implying (u, f) € D(A). Hence D(AY) C D(A).

For the other containment, suppose (u, f) € D(A). Then u € D(Apax), SO
that u € H'(Q) and Au € L*(0R). Since u — Pf € D(AP), tr(u — Pf) = 0
giving tru = f. Moreover, u — Pf € D(AP) implies Z(u — Pf) € L*(9Q) (see
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Lemma [CT.]). Since f € D(N), we also have 2 (Pf) € L*(9) by definition and
so 9% exists and is in L?(09). Hence u € D(AW) and so D(A) C D(AY).

Moreover, for a corresponding pair ( (A), u e D(AY),

€D

A(“)=<“ : )( )()
f B —-BN+C

B A(u— Pf) _ AW,

Bu— BPf— BN +Cf Bu+ Ctru 2

noting that A(Pf) =0, BP = —fN and f = tru. O

This motivates defining an operator on L*(2) x L?(952) by

T (g —IP) |

Lemma 5.3.5. The operator T is a bounded invertible linear operator on L*(§)) x

(1P
“\o 1)’

and this is also bounded and linear on L?(2) x L*(09Q).

L*(0R2). Its inverse is given by

Proof. For concreteness’ sake, we will equip L?*(2) x L?(99) with the sum norm,
although any equivalent norm would work. That 7" and 7! are well-defined,
bounded and linear follows immediately from Theorem Moreover, it is trivial
to check that TT~! = T~!T is the identity on L*(Q2) x L*(09). O

AP 0
W = ,
B —pBN+C

so that A = WT. Then it is immediate that A is similar to the operator
TWTT~! = TW given by

TW:(I —P) (AD 0 )
0 I B —AN+C

(cf. |44, pp. 551-2]). Note that D(TW) = D(AP) x D(N), as is clear from the
characterisation of D(A).

Set
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We also introduce a perturbation operator

5 .= el 0
0 I

on L*(Q) x L*(09Q), where ¢ > 0. Clearly S. is bounded and invertible with
bounded inverse S.~! = S.-1.

So we will finally consider the operator on L?(Q2) x L?(99) given by
D(S.TWS.™ ') = D(AP) x D(N)

e AP — PB eP(3N - C)
: © \ B —BN +C
(AP 0 (B eP(BN — C)
Lo -BN e~1B C
= Ao + B€

(cf. [44], p. 552]), which is similar to A and hence AY for every € > 0. The at-
traction of this representation is that the operator Ay is very well behaved (in the
words of Engel [44] it represents a “decoupling” of the interior and the boundary
dynamics) and the perturbing operator B., for sufficiently small ¢, is sufficiently
well bounded with respect to Ay that its properties are preserved under the per-
turbation.

More precisely, we know both —N and AP generate compact analytic semi-
groups of angle 5 on L?(99) and L*(9), respectively. (For N, use Theorem [C3.1]
For AP this is a standard result — for example, use [9, Proposition 7.1.1] with
H = [*(Q), V = Hj(Q) and scalar product (u,v) = [, Vu-Vuvdz.) In par-
ticular, both operators are sectorial in the following sense (cf. [9, p. 166], [47,
Theorem 2.10] and [44], Definition A.2]).

Definition 5.3.6. Let A be a closed linear operator on a Banach space X with
dense domain D(A). Then A is sectorial (of angle ) if there exist § € (0, 7] and
r > 0 such that the modified sector

297r::{z€C:\argz|<g+9}ﬂ{z€(C:\z|>r}

is contained in p(A) and for every € € (0,6) there exists M. > 0 such that

M.
IR, A < ™
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for all A € ¥y, \ {0}.

Then the operator A generates a (bounded) analytic semigroup of angle 6 if and
only if it is sectorial of angle 6 (see, e.g., [47, Theorem 4.6]; see also Appendix [AT)).

In particular, the following lemma is immediate.

Lemma 5.3.7. Let Q be of class CY'. If B > 0, the operator Ay generates a
compact analytic semigroup of angle 5 on L*(Q) x L*(9Q). If B <0, then Ay has

compact resolvent.

We can now our prove main theorem. Note that when g > 0 we are in the
same situation as in [44] Lemma A.4]; this would give us another way to obtain
(most of) Theorem 5211 Of course, here we are only interested in f < 0. For

convenience we will be taking the sum norm on L?(Q2) x L?(9).

Proof of Theorem [5.3.1. To prove that A} has compact resolvent, by simi-
larity it suffices to prove that S.TWS-! has compact resolvent for some € > 0.
In order to do this, we first show that B, is Ag-bounded with bound 4, — 0 as
e — 0. To do this, first observe that since P and C' are bounded, B is relatively
AP-bounded with bound 0 and P(BN — C') is obviously relatively bounded with
respect to —( N, there exist constants a, b, C. > 0 such that
|1PBul|2() < el| APul|12() + Celul| 20,
le™" Bullr200) < el APullr2() + Ccllull 2,
|P(BN — C)fllz2) < all| BN fllz200) + 0|l fllz200)
1C fllz200) < ell BN fllz200) + C:ll fllz2(00)-

Hence

& (2;) H = | = PBu+eP(BN — C)fll 2 + lle " Bu+ Cfl| 200

< ||PBul|2) +¢l| P(BN = C) fll 2
+ Y| Bull200) + |Cf || 2200
< 2e[|APul 2y + (14 a)el| BN £l 200)
+ 2C ||ul|r2(0) + (€0 + C.)|[ fll 200

A ()1

<9,
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where J. := max{2¢, (1 + a)e}, K. := max{2C.,eb+ C.} (cf. [44] Lemma A.4].
Note that if 5 > 0, then following [44] we easily get that Ay + B. generates a
compact analytic semigroup of angle 7 for € > 0 small enough).

If B <0, to show that Ay + B. has compact resolvent for some £ > 0, by [72],
Theorem IV.3.17] it suffices to show there exists A € p(Ap) such that

(5.3.4) Ol Ao R(A, Ao)|| + K| R(A, Ao)|| < 1.

Now since AP and —|S|N are sectorial of angle %, there exist C' > 0 and r > 0

such that

(5.3.5) 1RO AP) + RO, = [BIN)]| < %

forall \ € {z € C: |argz| < 2} N {z € C: |z| > r}, say. In particular (5.3.3)
holds for AP on |argz| = ?jf and —|3|N on |argz| = 7, and so for =N = +|B|N

on |argz| = ?jf. Hence, still using the sum norm,
AR, Ao)l| = JAPR(X, AP + [ (=BN)R(A, —=BN) ||
<201 + AR, AP)[| + | R(X, —BN)|)
<2+4+2C

for A € C sufficiently large with |arg A| = 2. Since also

2C
IR\ Ao)l| = [[R(N, AP)|| + | R(A, =BN)|| < R
for such A\ we have
2C
AR, Ao)ll + Kol B Ao)l| < 8:(2+20) + Koy
If we choose ¢ > 0 such that d. < %(ﬁ), then choosing |[A| > max{4K.C,r} we
see (5.3.0) is satisfied. Hence for this €, Ay + B. has compact resolvent, and thus
so too does the similar operator Al U

Remark 5.3.8. Observe that the eigenvalues of Ay, o(Ap), may be written as the
disjoint union of o(A?”), which gives us a sequence heading to —oco, and o(SN),
which gives us a sequence heading in the opposite direction, to +o00, and this only
arises if we flip the sign of 5. (That is, if 8 > 0, then both sequences head in the
same direction and o(A) is essentially contained in a half-line, as in [44].) This
“double sequence” structure is the same as that found in [105], and provides what

might be considered an heuristic explanation for the phenomenon.
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We would of course like to make this heuristic explanation rigorous. More pre-
cisely, we would like to show that o(AY) (which we now know to be denumerable)
has the same form as o(Ap). Equivalently, it suffices to do this for the similar
operator Ay + B. (for any € > 0). This becomes a question about the stability of
the spectrum of Ay under the relatively bounded perturbation B., which is unfor-
tunately rather difficult to answer by these abstract means. As a first step we have
the following observation, which seeks to gain the most possible out of the method
of proof of Theorem [5.3.1] (in particular, we may use basically any ray through the

origin in place of arg z = 37 /4, which was chosen only to illustrate the principle).

Proposition 5.3.9. Let Z be any ray through the origin of the complex plane
except for R. There exists ey = €o(#) > 0 such that for all € € (0,¢), there exists
K = K(Z,¢) such that A € p(Ao+ B.) if \ € Z and |\ > K.

Proof. This follows from an easy modification of the proof of Theorem B.3.11
Given Z, let C = C(#) > 0 satisfy the analyticity estimate (5.3.5) with the
argument of Z in place of 2. Now let g9 > 0 be such that d., < 5(575¢) for this
C'. Then obviously this same estimate holds for all € € (0,&¢). For any such ¢, if
we choose as before A\ € Z satisfying |A\| > max{4K.C,r} (for our new values of
K. and C), then for this € and A\, A € p(Ap) and the estimate (£.3.4]) is satisfied,

implying A € p(Ag + B.). O

(Clearly, we have not sought the optimal value for g or K in the above proof.)
However, this tells us nothing about where the spectrum actually is. Ideally, we
would like to use [72], Theorem IV.3.18], which says that if we can draw a rectifiable,
simple closed curve I' in the complex plane around a given large eigenvalue of Ay,
such that the important estimate (5.3.5) holds for all A € T', then Ag + B. must
have an eigenvalue enclosed by I'. The difficulty is, somewhat ironically, that
because such a curve has to cross the real line (which is the area of interest)
the resolvent estimate (5.3.5) breaks down. It may be possible to overcome this
by exploiting the spectral gap between 0 € p(—3N) and p; € D(AP) where a
resolvent estimate should hold. However, we will obtain the result using a very
different approach, namely the fixed point method of identifying eigenvalues we
will introduce in Chapter [0, combined with the properties of the Robin eigenvalues
we proved in Section [£.4] (see Remark and Section [6.3)).
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For the sake of comparison, we next briefly consider what happens when we
apply the method directly to the operator on H'(§) rather than considering it
as the restriction of AY. In this case we use more closely the method of [46]
(an abstraction of [44]) for when 8 > 0, and combine this with the perturbation
method we used in the proof of Theorem (.3.1] to deal with the case § < 0. The
price, however, is that we now need to assume 0f2 is very smooth in order to use
the method. We make this all precise with the following result, although we do

not go into extensive detail.

Proposition 5.3.10. Let Q be of class C*'. The operator A}, given by (5.1.2)
has compact resolvent for all § < 0 and vy € L®(01).

Proof. We first wish to show that if § > 0 then [46, Theorem 3.1] is valid. In
this case X = HX(Q), X = Hz2(09) by the trace theorem [64, Theorem 1.5.1.3]
and L : 0X — X is the trace operator, A,, = AnLax, and B and C' are as defined
above. It is easy to see (cf. (5.1.2) and [46], Eq. (2.1)]) that in this case A = A}Y,
Moreover, Ly = (L|xer a,, )" = P : H2(8) — ker Aoy C HY(Q).

Then condition (i) of [46, Theorem 3.1] is satisfied by Proposition For
condition (ii), we require that the restriction of Ay, to kertr = HJ (), that is,
that Apax| (e has compact resolvent and is sectorial of angle 7, but this is well-
known (for example, use [9, Example 7.2.1] to obtain this for AP on L?(2) and then
use that Apax| g3 (o) s the part of AP in the form domain Hg(§2)). For (iii), we have
to prove that the operator B defined by (5.3.3)) is relatively A Hi(o-bounded
with bound zero. Since Q2 is of class C*!, we have D(A”| 1 (o)) C H*(Q) using [59,
Theorem 9.19], since in this case Au € H'(Q) for u € D(AD|H6(Q)). In particular
we obtain the estimate ||ul|gs) < K(||Aullpi) + [|u|mr)) where K > 0 is
independent of u € H3(Q2). Also, B is now a bounded operator from H?(Q) to
H3(0Q) = 0X, 5o that D(Amaxlnii) = D(AP|m(e) € D(B). Since in fact
H3(2) embeds compactly in H?(2) by Rellich’s theorem it follows from Ehrling’s
Lemma (see [98, Theorem 6.99]) that for all £ > 0 there exists C' = C'(¢) > 0 such
that

< e||Au|| g1y + Cllull g @)

|50,

for all u € D(Amax|mi) C H 3(Q)), giving the desired result. (Compare this with
Lemma [CT.1])

H? (99)
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Finally, in this case, the negative of the Dirichlet-to-Neumann map N generates
a compact analytic semigroup of angle 7 by Theorem Hence (iv) is satisfied
by —BN if 5 > 0. In particular, by [46, Theorem 3.1] if 5 > 0 then the operator
AV, generates a compact analytic semigroup of angle 5 on H 1(Q). If however
f < 0, then we may replace [46, Lemma A.4] with the same argument as in the

proof of Theorem [5.3.1] to conclude that A}}, still has compact resolvent. O

Remark 5.3.11. In [76, Proposition 2.6], we used the same method as in the
proof of Proposition (5.3.10, and essentially for the same purpose, but following
[44] we were working in the space C'(Q) rather than H'(€). In fact the result from
[76] tells us that for  of class C*", a realisation of A" on C(Q) (different from
the one in (5.13); instead using the setup of [44]) has compact resolvent for all
f <0 and vy e C(090).



CHAPTER 6

The Eigenvalues of the Wentzell Laplacian

Here we wish to study the eigenvalues of the Wentzell problem (LI3]) in more
detail. After looking at some general spectral properties, we will consider the form
and structure of the principal eigenvalues and the other eigenvalues separately. We
will conclude with a few elementary variational and monotonicity properties akin
to those considered in Section

6.1. General remarks

We start by showing that the spectrum of the Wentzell problem is essentially
independent of the many realisations of the operator we considered in Chapter [l
More precisely, the next lemma, when combined with the results of Chapter [
shows that, regardless of the sign of 3, v # 0, if €2 is a bounded, Lipschitz domain,
then o(AY) = 0,(AY) = 0,(AY.) (where 0,(A) is the point spectrum of A).
Moreover, if §2 is sufficiently smooth (Lipschitz if 8 > 0 or CY! will certainly do if
8 < 0), then in addition o,(AY,) = o(AY,). Note when considering A} given by
(E14) that it does not matter whether we use the measure dz @ %“ (which we can
do if 8> 0) or dz @ do (which we must do if 3 < 0) on L*(2) @ L?(02), since this
will not affect the spectrum of AY. From now on we will restrict our attention to
the case where 3,7 # 0 are constants rather than possibly L>-functions, although

this will not always be necessary.

Lemma 6.1.1. Let Q C RY be a bounded, Lipschitz domain and assume 3,7y # 0

are constant. Then o,(AY) = o,(AVL).

Proof. The inclusion o,(AY,) C 0,(A}Y), taking into account the isomorphism de-

scribed in Remark [E.I.T] is obvious. For the other inclusion, suppose A € o,(AY),

and let u be an associated eigenfunction. This means that —AY (u,u|sq) =

A(u,ulpq), that is, —Au = Au € HY(Q) and ﬁ% + yu = Au on 0, that is,

(Au)|aq + B + ulpn = 0. Hence A € 0,(AY)). O
96
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So from now on, we will speak only of the eigenvalues “of the Wentzell Lapla-
cian” | i.e. the problem (ILI.3]), since it does not matter which operator we use. In-
deed, the regularity theory we consider below implies that we also have Up(AVHVl) =
o,(A), where AY is given by (B.13).

We will largely be interested in eigenvalues of the following type.

Definition 6.1.2 (Principal eigenvalue). For any of the operators under consid-
eration, we shall call an eigenvalue A principal if its eigenspace is one-dimensional
and its eigenfunction can be chosen strictly positive in €2; in particular, a principal

eigenvalue will be isolated.

Note that for a a self-adjoint operator which is bounded from below, such
as the Dirichlet or Robin Laplacian, the first eigenvalue, which is equal to the
spectral bound, is the unique principal eigenvalue (at least if €2 is connected. See
Appendix[AZ]). For the Wentzell Laplacian, we will see that there may be anywhere
from zero to two principal eigenvalues, depending on § and ~. Thus the notion of a
principal eigenvalue generalises the idea of a first eigenvalue. On this point, we note
that our definition is stronger than what is often used, due to the requirement on
the eigenspace. However, Lemma shows that this is not actually a restriction
at all, at least in our case, since if ) is connected then any positive eigenfunction
of (LI3) lies in a one-dimensional eigenspace. Note that if § > 0, then the
Wentzell Laplacian is self-adjoint (at least on the right space; see Remark [5.2.3])
and hence, as in the Dirichlet and Robin cases, we automatically get exactly one
such principal eigenvalue (see also Remark [6.2.2]). We will use a different approach
to obtain and study the principal (and other) eigenvalues. The attraction, both of
our approach and of the definition, is that they work equally well in the non-self-
adjoint case § < 0. Our method is based on the following elementary identification
of every Wentzell eigenvalue (resp. function) as the eigenvalue (resp. function) of

an appropriately chosen Robin problem.

Lemma 6.1.3. Let Q C RY be a bounded, Lipschitz domain. Suppose u is an
eigenfunction of ([LI3J), with eigenvalue A,. Then u is an eigenfunction, with
eigenvalue A, of the Robin problem (LI1.2) with boundary parameter o := “’_‘% €
R. If in addition € is connected and u is positive in €2, then A, is the first eigen-

value of (LI2) for this value of «, and the eigenspace of A, is one-dimensional.
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Proof. First suppose u is an eigenfunction of (L.I.3]), with eigenvalue A,. Since
—Au = Ayu (weakly) in Q and Au € H'(Q), by taking traces we see u satisfies

the boundary condition

0 — A,
(6.1.1) 8—Z+7 3 u=0 on Of).
Setting « := % € R, it follows immediately that u is an eigenfunction with

eigenvalue A, of (LIL2) for this a.

Now suppose u is positive. By Theorem [[.3.1] since €2 is connected there is
exactly one positive eigenfunction v (unique up to scalar multiples) of (LI1.2]), and
A1 = M (9, ) is its associated eigenvalue. The only possibility is that u = kv for
some constant k > 0 and A, = A\ (€, ). Similarly, if u; and uy are two positive
eigenfunctions of (LL3J]) for A,, then by considering A, as the first eigenvalue of

(LI2), we must have u; = musy for some m > 0. O

Corollary 6.1.4 (Regularity of eigenfunctions). Every eigenfunction u of (LI3])
lies in HY(Q) N C(Q) NC>=(Q). If Q is of class C? and 3,7 > 0, then in addition
u € W2P(Q) N CYQ) for every 1 < p < oo.

Proof. This follows immediately from Lemma and Theorem 2.8 O

Remark 6.1.5. (i) We can go further than Lemma in making explicit the
link between the eigenvalues of the Robin problem (LL.I.2)) and those of the Wentzell
problem (LLI3). More precisely, we may identify every Wentzell eigenvalue via a
type of fixed point argument involving the Robin problem. If, given €2, ,~ and
k > 1, we can find @ € R such that a = B7'(y — M (a)), then it is clear from
(6I1) that for this value of a, \p = Ap(€2, @) will be an eigenvalue A(£2, 3,7) of
(CI3); moreover, every eigenvalue of (LI3) can be written in this way. This
means that the Wentzell eigenvalues are in exact correspondence with the points
of intersection of the family of curves gi(a) := 871y — A\x()), k > 1, with the
fixed point line f(a) = «. In particular, by Lemma [6.1.3] all principal eigenvalues
A(B,7) will be given by \;(a), where g;(a) = 371y — Ai(a)) = . The next two
sections are dedicated to exploring this in more detail.

(ii) It appears this fixed point idea has not really been used in the study of
the Wentzell problem before. However, something similar was used to study an
analogous problem in ordinary differential equations in a series of papers by Bind-

ing, Browne and Watson (see for example [16), 17, [18]). The authors call their
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problems Sturm-Liouville problems with eigenparameter-dependent boundary con-
ditions, and use various techniques to transform the boundary conditions into sim-

pler forms. (My thanks to Prof. Goldstein for drawing this to my attention.)

6.2. The principal eigenvalues

This section is devoted to studying the principal eigenvalues of (LI3]). In
particular, we wish to classify the number and sign of them that a given domain
() possesses, depending on the sign of the parameters § and ~. In this section,
since we are dealing with principal eigenvalues we will assume for simplicity and
without particular loss of generality that 2 is connected (see Remark [[L3.2). Our
main result for the section is the following theorem. Recall that, by definition,
every principal eigenvalue for us is isolated (that is, is the only eigenvalue in an

open C-neighbourhood and has one-dimensional eigenspace).

Theorem 6.2.1. Let Q C RY be a bounded, connected domain satisfying the

minimal reqularity assumptions of Section[5.2 or[5.3 as appropriate.

(i) If B, v > O there exists a unique principal eigenvalue Ay = A(€2, 5,7) of
the problem (LI13]), which satisfies 0 < Ay < A for every other eigenvalue
A of (LI

(ii) If B > 0, v < 0, there exists a unique principal eigenvalue Ay of (LI3)
which now satisfies Ay < 0 and Ay < A for every other eigenvalue A of
i)

(iii) If B, v < 0, there exist two principal eigenvalues AT and AT satisfying
A7 <0< AT. Moreover, there is no other eigenvalue A € [A7, AT].

(iv) If B <0, v > 0, then

(a) for every p € (—Uﬁg?),()), there exists a unique v* = v*(,5) > 0

such that there are two positive principal eigenvalues 0 < A7 < Af

for 0 < vy < %, one (0 < Ay = Af) for v = ~*, and no principal
o(00)

eigenvalues for v > ~v*. As f — — ar v —0;
(b) if B = —U(‘?;f) , there is no principal eigenvalue for any ~v > 0;

(c) forevery f € (—o0, —%), there exists a unique v** = v*(£, 5) > 0

such that there are two negative principal eigenvalues A7 < A7 < 0
for 0 < v < ™, one for v = v** and no principal eigenvalues for

v> A As B — —0(‘?2?), v* = 0.
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If for a given pair B, v there are two principal eigenvalues A7 < Af, then

there does not exist another eigenvalue A € [A7, AT].

To find the principal eigenvalue(s) of (LI.3) we will use the fixed point argu-
ment described in Remark [E.1.5(i), involving the function g(a) = 87! (y — A\ (a))
This will make heavy use of the properties of A;(a) listed in Theorem [[3.1 We
consider four different cases corresponding to those in Theorem G211 Case (iv)

will be considered separately.

Remark 6.2.2. For (i) and (ii), there is a generic method available to show the
existence of the principal eigenvalue (see Remark [6.2.6(i)), which would also allow
the same conclusion to be obtained under far more general assumptions on g and
v; say, fo < [ € L™®(0N), where [y is a positive constant, and v € L*(0f2).
Our fixed point method, apart from working in all cases, also allows us to relate
the Wentzell eigenvalues to the Robin ones in a way that will be useful for the

isoperimetric inequalities in Chapter [7l

Proposition 6.2.3. The following statements are true.

(i) If B, v > 0, then the function g defined above has ezxactly one fized point
a. In this case o > 0.
(ii) If 6 > 0, v < 0, then g1 has exactly one fixed point .. In this case a < 0.
(iii) If B, v < 0, then g1 has exactly one positive fized point and ezxactly one

negative fived point.

Proof. (i) The function g;(a) = 7 (v — Ai(«)) is on [0, 00), with g;(0) = 71y >
0. Since 8 > 0 and \;'(a) > 0 everywhere (Theorem [L3.1(vi)), it is strictly
monotonically decreasing, so g1(87'y) < 3717. By the intermediate value theorem,
gi(a) = a for some a € (0,37 1y). (See Figure [6.1l) The fixed point « is unique
because g («) is decreasing everywhere.

(ii) The argument is essentially the same as in case (i). Since g;(«) is contin-
uous and monotonically decreasing on (—oo, 0], with g;(0) = 7'y < 0, we have
g1(B71y) > B~'v. By the intermediate value theorem there is a fixed point in
(8714,0). As in case (i), uniqueness follows immediately since g;(«a) is decreasing.

(iii) We start with the positive fixed point. Since ¢;(0) = 7'y > 0 and
limg o0 g1(a) = B7Hy — () € (719, 0), by the intermediate value theorem

g1(a) = « for some a € (0,00). Since 5 < 0, g; is monotonically increasing, as
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F1GURE 6.1. The fixed point when g > 0, v > 0. Heuristically, the
case 0 > 0, v < 0 is similar.

well as strictly concave (that is, ¢g;'(«) is strictly decreasing everywhere). So there

can only be one fixed point in [0, 00). (See Figure [6.2])

fla) =«

FIGURE 6.2. There are two fixed points when § < 0, v < 0. The

case B < 0, v > 0 is similar, although more complicated.

For the negative fixed point, the same concavity argument tells us there can
be at most one in (—oo,0]. We have ¢;(0) > 0. By (L3.3), gi(a) < 87y + a?)

for a < 0, so certainly ¢;(«) < a for « large enough. O

Remark 6.2.4. We note that the smoothness assumptions we have been making
in cases (ili) and (iv) are necessary only to ensure that at least one realisation
of the Wentzell Laplacian has compact resolvent. The formal calculations always
work, even if €2 is only Lipschitz. For the rest of this section we will not explicitly

make further reference to the smoothness assumptions we are making.
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Before we consider case (iv), we make the following observation about the
nature of the principal eigenvalues we are finding. Note that part (ii) below applies
whenever 5 < 0, that is, to cases (iii) and (iv) of Theorem [6.2.1]

Proposition 6.2.5. (i) In cases (i) and (ii) of Proposition [6.2.3, the unique
principal eigenvalue is the first, or smallest, eigenvalue of (LI13).
(il) Suppose B < 0 and there are two fixed points o~ < at. Denote the two as-
sociated principal eigenvalues of (LL3) by Ay := M(a™) < A} = A (a™).
Then there does not exist an eigenvalue of (LI3) in (A7, AT).

Proof. (i) In both these cases we have § > 0. Denote the unique principal eigen-
value by \;(a*), where o* = B7!(y — A\j(a*)) is the unique fixed point. Suppose
for a contradiction that there exists an eigenvalue A € (—oo, A\j(a*)). Then A
would be an eigenvalue, say the nth, of a Robin problem ([LI.2]) with boundary
parameter @ := 37!(y — A) € R. That is, we can write A = \,(&@). Then we
have a* = 871y — M(a*) < 871y — M\ (&) = & using the contradiction as-
sumption. Now since 8 > 0 we know by Theorem [L3.1] that S~1(y — A (a)) is
decreasing everywhere and so S7'(y — Aj(a)) < «a for all @ > «*. In particular,
By — AMi(@)) < &. But since 8 > 0, 87y — M\u(a)) < 7y — Ai(«)) for all
n > 1 and all a € R. In particular, @ = 871 (7 — \.(@)) < 871y — (@) < &, a
contradiction.

(ii) Similarly, suppose there exists an eigenvalue A € (A7, A]), and write A as
the nth eigenvalue of (LT.2) so that A = \,(&). Now gi(a) = 87y — M\i(a)) >
for all @ € (o™, a™), since g;(«) is strictly concave with gi(a) = a at a = o™, a™.
By definition of the fixed points, we have & € (o™, ™), so that 87 (y =\ (&) > a.
But for all @ € R, 871 (y — Au(a)) > B~y — Mi(a)), since 8 < 0. In particular,
a= By - M(a)) > @, a contradiction. O

Remark 6.2.6. (i) There is a generic argument available to show that when § > 0
there is unique principal eigenvalue which is also the first (cf. Remark [6.2.2). By a
well known theorem of Courant and Hilbert [30], Section VI.6] the first eigenvalue
of any self-adjoint second order differential equation with arbitrary homogeneous
boundary conditions is principal. Since our operator is self-adjoint exactly when
f > 0 (since it is associated with an elliptic form — combine the proof of Theo-
rem [0.2.1] with, for example, the theory in [9, Section 7.1]), when we combine this

with the uniqueness of the principal eigenvalue, the result follows. Equivalently,
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if an operator generates a compact, positive and irreducible semigroup, then by
the Krein-Rutman theorem, that is, infinite-dimensional Perron-Frobenius theory,
its spectral bound is a real number and this is the unique eigenvalue which has
a strictly positive eigenfunction which is unique up to scalar multiples. (See [42]
Chapter 7] or Appendix [ASl Cf. also Section [6.4], where there is some variational
theory.)

(ii)) When there are two principal eigenvalues, we will show in Section that,
just as the larger is at the base of a sequence tending to oo, the smaller one is
always at the head of a sequence of negative eigenvalues tending to —oo, at least if
2 has sufficiently smooth boundary (cf. Remark [5.3.8 and the discussion following
it). This seems to be a rather difficult result to obtain, as noted in [105]. Our
fixed point method gives an independent proof to the ones used in [14), [105] (which
studied slightly different or less general problems). However, since we will use the
asymptotic estimates obtained in Section [4.4] our method of proof cannot really be

considered simpler than the ones used in [14), [105].

We now consider case (iv). In this case, since § < 0, the function g(«) has the
same slope as in case (iii), only shifted down (cf. Figures[6.2 and [6:3]). Heuristically,
this gives rise to two essentially different types of behaviour. If |3 is large, so that
g1 is flat near o = 0, then we can expect negative fixed points (as in Figure [6.3]).
If | B| is small, then g; is steep near v = 0 and we can expect positive fixed points.
Note that we expect no more than two fixed points, and these should have the
same sign. For some values of § < 0, we expect fewer than two.

We wish to formalise these ideas. We start with the following simple but useful

observation, which was implicitly used in the proof of Proposition [E.2.5((ii).

Lemma 6.2.7. Let < 0 and v # 0. If g1(a) has two fized points a~ < o,
then {a € R : g1(a) > a} = (a~,a™). Moreover, if there exists & € R for which

g1(&) > @&, then there exist exactly two fized points o~ < & < a™.

Proof. By Theorem [[L31] g;(«) is strictly increasing and strictly concave every-
where, so the first statement follows immediately. The second statement follows
from exactly the same argument as in the proof of Proposition [6.2.3[(iii), only with

@ in place of a = 0. U
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We now wish to establish the existence of values of 3, v for which there is
exactly one fixed point. These can be considered “borderline cases”. They occur

when the curve ¢;(«) is tangent to the fixed point line at the point of intersection

(see Figure [6.3).

Lemma 6.2.8. For all § € (—Jﬁgﬂz),()) there exists v* = v*(2,8) > 0 such that

there exists exactly one positive solution o* to the fized point problem o = 37 1(v* —

Ai(a)). Moreover, for all f € (—oo, —U(‘g?)), there exists v**(€2, 8) > 0 for which

there exists exactly one negative fized point o*.

Proof. Given (3, we wish to find v such that there exists a point of intersection
at which the curve g;(«a) is tangent to the fixed point line f(«) = . Since ¢; is
strictly concave, this point of intersection, if it exists, must be unique. Thus we
are looking for v and « for which, given 8, a = 87}y — A\(a)) and ¢/'(a) = 1.
The latter is equivalent to \'(a)) = —f.

For the positive fixed point, by Theorem [[.3.T], A\;'(c) is a strictly monotonically
decreasing surjection from (0, 00) to (0, J(I?lf\z))' Hence given any (3 € (—U(‘g?),O),
there indeed exists a* € (0, 00) for which \;'(a*) = —f.

Choosing v* := fa* + A\ (a*) gives us the desired value of v. If § > —

o(09)
1

then by (L3.2), ¢1/(0) > 1 and g; must lie below the fixed point line. In particular,
g1(0) = B719* <0, implying v* > 0.

For the negative fixed point, using the estimate (L3.3), A\;'(«) maps (—oo,0)
0(‘?2?),00), and so given € (—oo, ‘7('?2?)), there again exist o™ € (—00,0)

and v = fa™ + A\ (a™*) > 0 satisfying the requirements of the lemma.

onto (

By = AP) T T I I Em === 5 o — ()

FIGURE 6.3. The family of curves obtained by fixing # and varying

7. In this case, since |(| is small, we are searching for v** not ~*.
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In fact, since \;’(«) is monotonic and hence a bijection, o* and o**, and hence
~* and v**, must be unique. This is formalised in the following classification, which

also establishes the existence of two principal eigenvalues for some 8 and 7.

Lemma 6.2.9. Fix < 0 and suppose v* is any value of v > 0 for which there is
exactly one fized point. Then there are two positive fized points for the pair 5,
if v € (0,7*) and no fized points if v € (v*,00). Similarly, if there is exactly one
negative fixed point for some v** > 0, then there are two negative fized points if

v € (0,7*) and no fixed points if v € (7**, 00).

Proof. We prove the statement for v*; the proof for v** is essentially the same, and
is omitted. First suppose v € (0,7*). Then 87(y — A1(a)) > B7H(y* — Ai(«)) for
all @ > 0 and in particular 371(y — A\;(a*)) > a*, where o is the fixed point from
Lemma [6.2.8 By Lemma there must therefore be exactly two fixed points
a~ < a7 for the pair 8, 7. Clearly a™ > a* > 0, while since 71y = ¢,(0) < 0
and g1(a*) > o we must have a~ € (0,a*). Hence both fixed points are positive.

Suppose now that v > v*. Since v* satisfies 71(7* — A\ (a)) < a for all a € R,
7 satisfies 71 (y— A1 () < a for all @ € R, so there cannot be any fixed point. [

We also consider the special case when [ = (\QI The case § = a(@g‘z) and

v = 0 is called the “critical case” in [105], where the analysis is much harder. This

also corresponds to the “resonance case” in [14].

Lemma 6.2.10. When 8 =

\QI , there are no fixed points for any v < 0.

Proof. For this value of 8, by Theorem [L31] ¢,'(0) = 1, while ¢;(0) = 81y < 0.
Since g;'(«) is strictly decreasing on R, it follows that ¢;(a) < ¢1(0) + a < « for

all & € R, and hence there are no fixed points. 0

Remark 6.2.11. (i) As 8\, — "('g? M (@) =8 0(‘2? , implying a* — 0 and
so v* = Ai(a*) + Ba* — 0. Similarly, as 5~ U(@? s A (@) N\ (‘?ff , implying

a* — 0 and v — 0. (See also Figure [T])

(ii) We could of course fix v and search for 5*(€2,~). However, it seems more
natural to do it our way since [ is in a sense more important for determining the

structure of the eigenvalues: changing + merely shifts the spectrum but changing
£ might change its structure (cf. Remark [6.2.6/(ii) or Lemma [6.2.10)).

If we combine Propositions[6.2.3land [6.2.5] Lemmata[6.2.8] [6.2.9and [6.2.10and
Remark [6.2.TT[(i) with our earlier remarks, we see we have proved Theorem [6.2.]]
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Remark 6.2.12. We finish by explicitly mentioning what happens if ) is not
connected, since this will be important in the sequel. In this case {2 will consist of
finitely many connected components, each bounded and with the appropriate de-
gree of regularity (Lipschitz or ™). As usual, it is clear that the eigenvalues (and
functions) of Q can be found by collecting and rearranging the eigenvalues (func-
tions) of all the individual connected components. Moreover, since the fixed point
argument is unaffected (Remark [6.1.5(i) does not assume that 2 is connected), in
cases (i)-(iii), the only difference will be the number of principal eigenvalues (as
with all other boundary conditions), but case (iv) is more complicated. We defer

considering this in more detail until the next section.

6.3. The other eigenvalues

Here we wish to use the ideas introduced at the start of the chapter to describe
and classify the other eigenvalues of the Wentzell problem ([LI3]) depending on
the different signs of g and ~. Naturally, we will use Theorem in place of
Theorem [L3l Since the former contains less information than the latter, we can
say correspondingly less about Ay relative to Aj.

We first wish to establish a complement to the statement on principal eigenval-
ues in Lemma [6.1.3] that is, that the kth eigenvalue of the Wentzell Laplacian is
just the kth eigenvalue (for the same k) of the Robin problem ([LI.2)) for suitable
«. Unlike in the case of a principal eigenvalue, depending on the sign of 3 it is not
exactly clear what we mean by “the kth eigenvalue of (LI.3)” and so we need a
more involved classification. If 5 < 0 we obtain two sequences of eigenvalues, one
heading in each direction away from the origin. We keep the case numbers from
Theorem 62T For this we do not assume that €2 is connected.

Theorem 6.3.1. Let Q C RY be a bounded, Lipschitz domain, and fix 3,y €

R\ {0}.

(i), (ii) If B > 0, then there exists a sequence of eigenvalues Ay < Ay < Az < ...,
where Ay = Ap(QQ, B,7). For every k > 1 there exists ay, = (2, 5,7v,k) € R
such that Ay = M\g(ag). Moreover ay, — —o0 and A, — oo as k — oc.

(iii) Suppose B < 0 and v < 0. Then there exist sequences 0 < AT < Ay <
Af <...—=00,and 0> A7 > Ay > ... — —o0, where A = AF(Q, 8,7)

satisfies A = \j(ay,) for some j < k and some ay, € R.
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(iv) Suppose 5 < 0 and v > 0. Then there exists a denumerable set of eigen-
values Ny, = ANy (2, 8,7), where m € Z, and such that A,, — +o0o as
m — F00.

Remark 6.3.2. (i) In cases (iii) and (iv), unlike in (i) and (ii) we cannot in
general say that Af = Ag(ag) for some oy € R because we do not know that
Ak is a concave function of a (see Theorem and the comments following it).
This means that we cannot rule out multiple solutions (i.e. more than two) to the
fixed point equation B71(y — A\x(a)) = a, leading to multiple Wentzell eigenvalues
associated with Aj.

(ii) Case (iv) becomes even more complicated if €2 is not connected; in particular
gr(a) will tend not to be differentiable at @« = 0 (see Remark [[L3.2). As an
example, suppose (2 is the disjoint union of € and Qs, with —o(9Q;)/|] < f <
—0(0€2)/|Qs|. Then there will be no fixed points associated with g;. It could then
be arranged so that there are four eigenvalues associated with gs, say, of which two
are principal (and of different signs) and two are not.

(iii) We remark however that if € is connected it is easy to see from the proof
of Theorem that, whenever we have principal eigenvalues A; < A, we can
find sequences of eigenvalues A} < Ay <...—ooand A] >A; >... = —oo0.

(iv) We observe again (cf. Remark [6.1.5](ii)) that the ideas here are of a similar

flavour to the ordinary differential equations studied in [16], 17] and related papers.

Proof. The proof is routine, and uses an easy induction argument. First note that,
as in the case of the principal eigenvalues, by Remark[6.1.5(i), for any 3,y € R\ {0}
the set of fixed points {a € R : 871(y — Ap(a)) = « for some k > 1} is in exact
correspondence with the set of Wentzell eigenvalues for this 5,7. Let g; : R — R,
gr(@) = By = Ae(a)).

We also note that if for some value of 5,7 € R\ {0} we have A1(Q2) = Ay(Q),
then it follows there exists @ € R such that A;(2) = A1 (2, a) = X (Q, @) = Ay(Q).
In case (iii) we replace Ay 2y with A{im}; in case (iv) we are assuming € is connected
so this cannot happen to the principal eigenvalues.

(i), (ii) For every k > 1 the curve gi(«) is continuous and monotonically de-
creasing (see Theorem [[L3.5]). Hence for all & > 1 there exists a unique oy € R

such that gx(ax) = ag; this of course will be a Wentzell eigenvalue.
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Moreover, since Ag(a) < Agyq(a) for all @« € R and 8 > 0, gpr1(a) > gr(a) for
all k and a and so we must have ay > a4y for all k. Since S71(y — M(ag)) = au
by construction, and 5 > 0, this implies Ay () < Ags1(agyq) for all £ > 1. Hence
by induction Ay exists and equals A (ag).

Finally, since our operator is self-adjoint we know from abstract operator theory
that A, — oo as k — oo. However we will prove this directly. Note that o, — —o0
implies Ay — oo since Ay = A\(ax) = v — Bayg. Suppose that oy - —oo. By
monotonicity there exists & € R such that a,, \, @. Since S71(y — A\p(ap)) = ap >
&, by monotonicity 37 (y— M (@&)) > @. In particular \y(@) < y—fBa forall k > 1,
contradicting \x(&) — oo as k — oo by Theorem

(iii) The argument is similar. We know there exists af > 0 such that A7 =
A1(af). Moreover for all & > 1, g,(0) = 871 (y — Ax(0)) > 0, while g; is contin-
uous and monotonically increasing with lim, oo gr(a) < 871 (y — ux) (see The-
orem [[L37). In particular for every k > 1 there is at least one fixed point
a; € (0,00) corresponding to a Wentzell eigenvalue, which means A (aj) cor-
responds to A; = Aj(ay) for some j > k. To show that A — oo, for each k let
a; be the smallest fixed point of g(a). Then gii1(a) > gr(c) for all k and «
implies a;; > off. Since of — oo implies the Wentzell eigenvalue A;(ojf) (not
necessarily the kth) tends to co, assume for a contradiction that a;f — &. Then
once again this implies the sequence A\y(&) < v — & is bounded from above as
k — o0, a contradiction.

Now we consider the negative eigenvalues. Again gx(«) is continuous and mono-
tonically increasing, with gx(0) > 0. By Theorem .41l there exists a; < 0 such
that gr(ax) < @y. Thus we get at least one Wentzell eigenvalue for each curve gy.
Every other property follows in a manner entirely analogous to that of the positive
case.

(iv) We note that there exists ko > 1 sufficiently large such that gi,(0) =
By — A, (0)) > 0. Hence as in (iii) we will obtain at least two fixed points for
Jke- By an argument essentially the same as in (iii), we will also obtain at least
two for each g, with & > ky. The proof that A, — +oo is essentially the same as

in (iii) as well. O

Finally, for completeness’ sake, in case (iv) we note that if Ax(«) is not concave,

then it is not really possible to define analogues of v* and +** for £ > 1 (see
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Lemmata and [6.2.9] and Remark [6.2.17]). If in fact it turns out Ag(«) is
concave and C!' (which except in special cases requires §2 to be connected), then
v; and 7;* should be defined as follows. For 5 € (—\;(0),0), define

(6.3.1) vi = sup{y > 0: 7y — Ae(a)) = a for some a € R}.
Similarly, for 8 € (—oo, —\,'(0)), define
(6.3.2) v = sup{y > 0: By — M\e(a)) = a for some o € R}.

(Recall that A\;"(0) = o(92)/]Q|.) Under these assumptions g has at least one
fixed point, and hence there is at least one Wentzell eigenvalue corresponding to
A, if B € (=X/(0),0) and v € (0,7;], or if 8 € (—o0,—A'(0)) and v € (0,~;*];
while there are no fixed points if 8 € (—\;'(0),0) and v € (75, 00), B = —\/(0) or
if 8 € (—o0,—A/(0)) and v € (7;*, 00).

6.4. Variational and monotonicity properties

Here we look at further results concerning the Wentzell eigenvalues (mostly the
principal ones), with particular reference to variational, continuity and monotonic-
ity properties. Let 2 C RY be a fixed bounded, Lipschitz domain throughout, not
necessarily connected; when dealing with f < 0 assume in addition that Q is of
class C*! if compactness of the resolvent is desired.

We start with some elementary variational theory. We fix 5,7 € R\ {0}. The

first result is essentially a weak version of the fixed point argument.

Lemma 6.4.1. Suppose A is an eigenvalue of (LI13)) with corresponding eigen-
function 1. Then A # 0 if and only if

S VU + [y 10?5

(6.4.1) A= -,
Jo?da + [yo 07 dF
while A = 0 if and only if v/B is an eigenvalue £ < 0 of the Steklov problem
Au =0 in €2,
(6.4.2)
Ou +éu=0 on 0.
v

The variational theory for the Steklov problem is similar to — and to an extent
can be deduced from — that of the Robin problem in Section [[.3, with A = 0 and
E=a<0.
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Proof. We have A = A(Q, 5,7) = \(9, %) for some k£ > 1, with ¥ being an
eigenfunction of A\y. This means that

 Jo VO dr + [y TR do

Jo 2 dx

It is easy to see by rearranging that this is equivalent to (6.4.1]) if and only if
A #0. If A =0, then from (6.4.3]) we see that v/f and 1 are variational solutions
to the problem (6.4.2]). (Equivalently, we could work in the classical framework
and substitute A = 0 into (I.I3) interpreted classically.) Similarly, if /8 solves

(6:4.2)) with corresponding eigenfunction v, then we see immediately that it solves

(6.4.3) A=\

the corresponding Wentzell problem with eigenvalue given by Au = Ou = 0 (in

either the classical or the variational sense). U

If 5 > 0 then we can still obtain a corresponding variational characterisation

for A; as follows.

Proposition 6.4.2. Given 2, § > 0 and v # 0, suppose Ay is the first eigenvalue

of (LL3). Then

Vul?dx + w2 de

weEHN(Q) vert (@) [oulde + [, u? %" ’

with the infimum being attained by any eigenfunction.

Proof. It is immediate from Lemma [6.4.1] that A; is no smaller than this infimum.
To prove there is equality, suppose for a contradiction that there exists u € H'(Q)
with Ay > Qw(u) = A € R. Rearranging the expression A = Qw (u) and using
the assumption that A < A; gives

B Jo IVul? + [o %uz do . Jo IVul?+ [o V_BA1U2 do
N Jo u?dx - Jo u?dx

v—A

A

Z )\I(Qa ) :Ala

a contradiction. It is clear from Lemma [6.4.1] that the infimum is attained by any

eigenfunction. O

Remark 6.4.3. (i) Observe that the Rayleigh-type quotient in (6.4.4) is of the

form

Q- (u, ulaq)

||(u> u|59)||§/2(§7d“)

Y
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where @, is the form from Theorem .21, and L*(Q, du) > (u, ulsq) is the weighted
space L2(Q, dx) & L(09, %") from Section

(ii) We cannot give a similar characterisation of the principal eigenvalue(s) when
B < 0, since then the form is not semi-bounded. See also [14], which discusses a

problem of a very similar flavour.

As in the Robin case, the eigenvalues are in general “smooth” functions of the
parameters [ and ~v. This is fairly easy to see by elementary means, but as with the
Robin problem we will use the general and powerful theory in [72, Chapter VII].
Actually, this would allow us to cover without too much trouble the degenerate

cases =0 or v =0 as well.

Lemma 6.4.4. Denote by AY (8,7) the operator given by (BL4) with p = 2 for
gwen B,y # 0 and fix By, v # 0. Then
(i) the family of operators AY (By,v) is holomorphic of type (A) in the sense
of [T2] with respect to the parameter v, for all v € R;
(ii) AY(B,70) is locally holomorphic of type (A) with respect to 3 € R.

Recall that when considering (5.1.4]) we use the measure dz @ do if 5 < 0 (see
Remark [5.1.T]), but this makes no difference for our purposes here.

Proof. We will use [72, Theorem VII.2.6]. First note that D := D(AY(3,7)) is
independent of 3,v. Given [y, v € R\ {0}, we write

0
Tu = AV (B, 10)u = (Au, —ﬁoa—j — o)

for u e D ="D(T) = D(AY(8,7)). Then T is closed by Theorem E.2Tif 3 > 0 or
by Theorem B.3.11if g < 0.

(i) We define a new operator by TW(u, f) = (0,—f), D(TW) = L*Q) @
L*(09) D D. (Here we are following the notation of [72].) Since T™ is bounded,
it is certainly T-bounded with bound 0. By [72] Theorem VII.2.6] (see also Re-
mark VII.2.7 there),

T(vy):=T+~TW
defined as a family of operators on D, already closed by Theorems [5.2.1] and [5.3.1],
is holomorphic of type (A) for all v € R.

(i) Similarly, define T®u = (0, —%%) for u € D. Clearly T® is T-bounded,

with T-bound no larger than B;. Hence for |3] < 3;', the already closed family of



6.4. VARIATIONAL AND MONOTONICITY PROPERTIES 112

operators
T(8) =T+ pT®

on D is holomorphic of type (A) for 8 € B(Sy, 3y *). This gives us local holomor-
phicity for g € R\ {0}. O

Proposition 6.4.5. The following statements are true.

(i) Given B > 0, every Wentzell eigenvalue A = A(vy) of (LI3) depends con-
tinuously on v € R.
(ii) Given v # 0, every eigenvalue A = A(S) of (LL3) depends continuously
on 8> 0.
(iii) If Q2 is connected and A is a principal eigenvalue, the functions in (i) and

(i1) are analytic.

Proof. As we have already seen, considering the eigenvalues of (LT.3)) is equivalent
to considering the eigenvalues of AY (or AY,....). With this in mind parts (i)
and (ii) follow from [72, Theorem VII.1.8]. For, since 8 > 0, AY is a self-adjoint
operator on a Hilbert space (see Remark [6.2.6(1)); hence by [72] Section VII.3.1]
every eigenvalue A is an analytic function of 7y (resp. ), with the possible exception
of “splitting points”, which will not affect continuity.

For part (iii), using the same theory as in (i) and (ii) we only have to rule
out the “splitting” behaviour. Since {2 is connected, we know that every principal
eigenvalue has one-dimensional eigenspace for all 3, # 0 (this actually follows
from our definition; see also Lemma [6.1.3]); hence splitting is impossible (cf. The-

orem [L3.T|(vi)). O

Remark 6.4.6. It is a property of holomorphic families of type (A) that all mem-
bers of the family have compact resolvent, or else none do [72], Theorem VII.2.4].
This opens up the following potential method for obtaining compactness of the
resolvent for A} when 3 < 0 and © is only Lipschitz, not C*'. The idea is, first,
to obtain compactness of the resolvent of A} (8, ) for By < 0 very small. This
would use the method of Section[5.3] but only requires that % is relatively bounded
with respect to the Dirichlet Laplacian (not necessarily with bound zero), which
can be shown for Lipschitz domains; 3y then replaces the perturbation parameter
e. Using the holomorphicity argument of Lemma [6.4.4] we then obtain that the

closure of A} has compact resolvent for all 8 in a neighbourhood of 3,. We can
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then extend this “local” property to cover all § < 0 as we did in Lemma [6.4.4l So
we conclude that the closure of A} (3,7) has compact resolvent for all 8 < 0 if Q
is Lipschitz. Of course, the problem in the first place was that we do not know a

priori AY is closed in general, even though it is extremely likely (see Section [5.3)).

Recall that tQ = {tz € RY : 2 € Q} (see (L3.5)). It is easy to use the
variational characterisation (6.44) to show that A;(t2, 3,~) decreases (strictly)
monotonically as t increases for fixed 3,7 > 0 (compare with Lemma [[.3.7 and
[22] Lemma 4.1]).

Proposition 6.4.7. Suppose Q C RY is bounded, Lipschitz and > 0 and v > 0
are fized. Then the function t — A1(tQ), B,7) is strictly decreasing on (0, 00).

Proof. By rescaling if necessary it suffices to prove that A(Q) := A(Q, 5,7) <
A (t2, B, 7y) = A () if t € (0,1). So fix t € (0,1) and let 1)y be an eigenfunction
associated with A;(tQ). For x € Q, set ¢(z) := ¢ (tz). Then p € H'(Q) with
Vp(x) = tViy(tzr), and

Jo Vel da + [, 79" %
A(Q) < Qulp) = 2 2
Jow?dal+ [0 B

_ 2 [ |V |* d +tf8(t§2) yap? %’
Jig ¥ dz +1 [0, 07 dFU

(ST %)
T ([ VP det fyg %)

since t < 1 and 1, is not constant in 2. O

< AL (1)



CHAPTER 7

Inequalities for the Wentzell Laplacian

Having established the spectral theory for the Wentzell Laplacian in Chapters
and [, which for the most part turns out to be either very similar to, or dependent
on, that of the Robin problem, we now wish to establish similar isoperimetric
estimates for its eigenvalues. This is generally easy to do using the same type of
elementary techniques used in Sections and [6.3]

7.1. On the principal eigenvalues

We first seek to establish the main Faber-Krahn-type inequality for the prin-
cipal eigenvalues of (ILT.3]). The optimising domain will again be the ball. What
makes this somewhat more interesting is the multitude of principal eigenvalues
to consider, depending on the sign of 8 and « in (ILI1.3). Unfortunately, part of
what we prove depends on Conjecture 3.4.1l Our main theorem is the following.
The cases and notation are the same as in Section [6.2l Note that we allow €2 to
be disconnected, except in case (iv) (see Remark [6.3.2). For (iii) and (iv), we can

replace the C'! assumption with the alternate assumptions listed in Remark [5.3.3

Theorem 7.1.1. Let Q C RY be a bounded, Lipschitz domain and B be a ball

having the same measure as S). Then
(i) if B, v > 0, then A1(B) < A1(9).
If in addition Q is of class C1t, then
(iii) of B, v < 0, then Af (B) < A (Q);
(iv) if <0, v >0, Q is connected and 2 and B have two positive principal
eigenvalues, then A7 () < A7 (B) < A (B) < AT(Q).
In all the above inequalities, B is the unique domain (up to translation) for which

there is equality.

Remark 7.1.2. Suppose in addition to the assumptions of Theorem [.T.1] that
Conjecture 341 holds. Using the case numbers from Theorem G.2.1] we have
114
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(ii) if 8> 0, v < 0, then A;(2) < Ay(B);

(iii) if 5, v < 0, then AT (B) < A7 (Q);

(iv) if B <0,y > 0, Q is connected and €2 and B have two negative eigenvalues,
then these satisfy

AL (B) < AT (Q) < AT(Q) < AJ(B).

In all the above inequalities B is, up to translation, the unique domain for which

there is equality.

Implicit in the above statements about case (iv) is the following statement
about the borderline cases where there is only one principal eigenvalue. In the
notation of Section [6.2] we wish to know how v* and v** depend on 2. We assume

*

that €2 is connected here, since v* and ~** are in general only well-defined in this
case. Before we state the result, we observe that by the isoperimetric inequality

(see [13), 125]), —Jﬁgﬂz) < —Uﬁ%?) < 0, with equality if and only if  is a ball.

Proposition 7.1.3. Under the assumptions of Theorem[7.1.1], if in addition Q is
of class OV and connected, then for any given B € (—UﬁaB?) ,0), we have v*(B, 5) <
v (2, B), with equality if and only if Q is a ball.

Remark 7.1.4. In Proposition [.I.3] if in addition Conjecture 341l holds, if 5§ €

U(gf)), then v** (€2, 5) < v*(B, ), again with equality if and only if Q is

(_007 -
a ball.

F1GURE 7.1. The dependence of v*, v** on § and the domain.
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Remark 7.1.5. (i) In other words, Proposition [[.1.3land Remark [[.T.4]say that B
is the essentially unique minimiser (with respect to set inclusion) of the set of values
of B, v for which (.I.3) has two positive principal eigenvalues, and maximiser of
the set for which (LT3 has two negative principal eigenvalues.

(ii) Our earlier comment (Remark[6.2.4]) that the assumption on the smoothness

of Q is only to guarantee the compactness of the associated operator still applies
in this section (see also Remark [(£.3.3)).

Before we give the proof of these results, we fix our notation. We will return
to writing A; (€2, a) rather than just A;(a) for the first Robin eigenvalue of {2 with
boundary parameter «. If there is just one principal Wentzell eigenvalue, we will
denote it by A;(Q), and we will let ag := 7' (v — A1(Q)), so that A(Q) =
A(Q, aq). Importantly, we can make this identification even if €2 is not connected;
see Lemma and Remark We will thus use the two interchangeably
without further comment. Similarly, if there are two principal eigenvalues, we will
call them A7 () < AT(Q). We will set ag := 7 (v — AT (Q)) so that A7 (Q) =
A (9, ag), and do the same for o}, and the same again for B.

In this notation, the Faber-Krahn inequality for the Robin Laplacian, Theo-
rem Z.1.7] tells us that

(711) )\1(B,Oé) < )\1(Q,Oé)

for all @ > 0, with equality in (Z.I.1]) only if 2 = B in the sense of Remark
by [22], Theorem 1.1] (see Theorem B.1.2)). Similarly, for the negative eigenvalues,
Conjecture B.4.T] tells us that A\ (2, @) < A (B, «) for all a < 0, with equality if
and only if 2 = B.

Finally, bearing in mind Remark [.T.5(ii), we will not make any explicit state-
ments about the regularity of ) we are assuming in the proofs, having already

stated these above.

Proof of Theorem [7.1.1l and Remark (i) Using the Robin Faber-Krahn
inequality in the form (L.IT]) when oo = a, we get A\ (€, aq) > A\ (B, aq) (where
we recall \j(B, agq) is the first Robin eigenvalue of B with boundary parameter
agq). Suppose for a contradiction that A;(2) < A;(B). Since 5 > 0,

ag =71y = Mi(Q) > B (v — Mi(B)) = ap.
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By monotonicity of A\;(B, ) with respect to a, A\1(B, aq) > A (B, ap), and so
Al(B) < )\1(B,Oég) < )\1((2,0(9) = Al(Q) < Al(B),

a contradiction.

(il) The proof is similar to (i), only now we use Conjecture B.Z1] to obtain
)\1(9,049) < )\1(B,OKQ) < 0.

Supposing that A\ (B, ap) < A\ (€, agq), it follows since 5 > 0 that aq < agp, and
so A\ (B, ag) < Ai(B,ag), again giving us a contradiction.

(iii) In this case there are two inequalities, one for each principal eigenvalue
M(Q,ag) <0< A(Q,ab). For the positive eigenvalue, using (ZI1) when o =

a}, and since 8 > 0,
BNy = M(Q08) > B (v — Mi(B,af)) = of.

By Lemma [6.2.7] applied to Q, o € [ag, ] and in particular o, < af. (Note
that Lemma [6.2.7] remains valid with the same proof if €2 is not connected, since
g1 is still strictly increasing and strictly concave; see Remark [[L3.2]) By definition,

this means
By = Mi(B,ag)) < 87 (v — M(Q, o).
Hence AT (B) < AT (). For the negative eigenvalue, using Conjecture B.4.1]

ag =B (v = M ag)) < BTNy — (B, ag)).

Applying Lemma as above we see that ag € [aj,a}] and in particular
ap < ag. Hence as above A7 (B) < A7(Q).

(iv) Given 8 < 0, v > 0, assume that both © and B actually have two eigen-
values. Noting that the sign of v played no role in (iii) except to determine the
sign of the appropriate a’s and A’s, we may repeat almost verbatim the argument
in (iii) to reach the conclusion of (iv).

Finally, we prove that the ball is the unique minimiser, or maximiser as ap-
propriate, of all the inequalities listed in Theorem [[.I.1] and Remark The
proof is the same in all cases, and an immediate consequence of the sharpness of
the Robin Faber-Krahn inequality.

Suppose, in any of the cases, that A;(2) = A;(B). Set

a= "y = M(Q) =B (v — Mi(B)).
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Then both problems, i.e. those on 2 and B, have the same Robin boundary pa-
rameter c. Hence we may directly apply [22], Theorem 1.1] if A;(€2) > 0 and hence

a > 0, or Conjecture [3.4.1] otherwise, to conclude 2 = B after a translation. [

Proof of Proposition [7.1.3l and Remark [T.1.4. First, fix § € (—Jgf) ,0). We
wish to prove that v*(€, 8) > v*(B, ). Let aj; be the unique fixed point associated
with v*(B, §) on B. Then by (I applied when oo = aj; > 0, 0 < A\ (B, aj) <

A1(€, a), that is,
0<ap=B7"(7(B,8) — \(B,ap)) < B7(v(B, B) — M(Q, ap)).

Hence by Lemma [6.2.7] there must be at least one fixed point for v*(B, ) on (2,
and so v*(B, 5) < v*(£2, #) by Lemma [6.2.9. For € (—o0, —Jﬁgﬂz)) the argument
that v (B, 8) < (£, ) is essentially the same, only using Conjecture B.4.1] in
place of (Z.11)). Finally, if Q is not a ball, then the inequality (Z.1.1]) is sharp for all
a > 0 and we obtain the strict inequality 7' (v*(B, 8) — A1 (2, a*(B)) > a*(B) and

so Lemmata and yield v*(2, 8) < v*(B, ) (and similarly for v**). O

7.2. On the other eigenvalues

Let us start with the observation that the arguments used in Section [I.1] to
prove Theorem [(.1.T] are in a sense very generic: they rely only on the abstract
properties of the Robin eigenvalue A;(2, ) as a function of «, together with the
Robin Faber-Krahn inequality. As such, we can easily generalise such arguments
to the higher Wentzell eigenvalues Ax(€2). In what follows we will only consider
the case 8,7 > 0, since this is the most important case and since considerably
less can be said about the others as they all rely to a varying degree on the Robin
eigenvalues A\ (€2, @) when o < 0.

So fix £, > 0 arbitrary. Our primary goal is to prove the following theorem,
which basically says that the minimisation problems for the Robin Laplacian when
a > 0 and Wentzell Laplacian when (3, > 0 are essentially the same. Recall that
Dy, is the disjoint union of k equal balls, k£ > 2.

Theorem 7.2.1. Let 3,7 > 0 and k > 2 be fived, let D C RY be a bounded
Lipschitz domain, and let Dy, C RN be as in Section[].3,

(i) Suppose that for every bounded Lipschitz Q C RN we have
(7.2.1) Me(D, ) < Me(Q, )



7.2. ON THE OTHER EIGENVALUES 119

forall a € (0,7v/3). Then

(7.2.2) Ax(D, B,7) < Ak, B,7)

for all such Q2. Conversely, if (L22) holds, then ([L2T)) holds for some
a € (0,7/8).
(i) If (CZJ) is sharp for all o € (0,v/B), then so is (L22) for this 5,~. If

(C22) is sharp, then (T21)) holds and is sharp for some a € (0,7/[).
(iii) Suppose Q@ C RY is bounded, Lipschitz. There exists ag > 0 possibly

depending Q) such that Ap(Q, 3,7) > Ap(Dy, 8,7) for all B,y with v/ <
agq.

(iv) If for some k and N the conclusion of Theorem [{.3.1(ii) holds, then there
does not exist a bounded, Lipschitz domain D C RY such that Ay(, 8,7) >
Ax(D, 3,7) for all such Q and all 3,~v > 0.

(v) For any bounded, LipschitzQ C RY and any B,~v > 0, we have A5(2, B,7) >
Ao(Dy, B,7), with equality if and only if 2 = Ds.

In order to prove this theorem, we start with the observation that the fixed
point « satisfying 0 < Ay(2, 5,7) = v — af is positive: « > 0. This follows from
Proposition [6.2.3[i) combined with Proposition [6.2.5](i). In particular, this gives
the bound A1(, 5,7) < v always, independent of the volume of 2. This yields the

following result, which is true in particular for Dj,.

Lemma 7.2.2. Suppose Q0 has at least k connected components (c.c.s). Then
Ak(Qaﬁ>’Y) <7.

Proof. We have Ay(Q) < min{\ ()} < ~, where the minimum is taken over all
c.c.s Q of . O

Since f3, v are fixed we will now write A(£2, 5,7) = Ax(Q) if there is no danger
of confusion. The following lemma contains the core of the argument in the proof
of Theorem [7.2.11

Lemma 7.2.3. Let 3,7 > 0 be given and U,V C RY bounded, Lipschitz.
(i) If Au(U) <, then for a == (v — Ax(U))/B,

(7.2.3) (U, @) = MV, )
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implies
(7.2.4) Ap(U) > Ap(V).

If the equality in ([23) is strict, then it is also strict in (T.2.4).

(ii) Suppose Ap(V) <~ and let a := (v — A (V) /5. If (T24) holds (resp. is
strict), then ([L23) holds (resp. is strict) for this a.

Proof. (i) Suppose that (7.2:3) holds but (7.2.4)) fails. Using Theorem [6.3.1)i) and
(T.2.3) respectively,

A(U) = M(U, %ﬁw))
> (v, 12 g’“(”) > (2 /;’“W)) — AV,

where the second inequality follows from Theorem since v — Ap(U) > v —
Ax(V) by the contradiction assumption. Hence A (U) > Ax(V), contradicting the
assumption that (Z24) fails. Now suppose (L23]) is strict and the contradiction
assumption becomes Ag(U) < Ap(V'). Since the first inequality in the above line
of reasoning is now strict, we still obtain a contradiction as nothing else changes.
Hence we cannot have equality in (Z.2.4]).

(ii) Now suppose that (T.2.4]) holds and that (Z.23]) fails. Interchanging the
roles of U and V', we may argue essentially exactly as in (i) to obtain the desired

conclusion (and do similarly for strictness). O

Proof of Theorem [7.2.7]. (i) Suppose D satisfies (Z.2.I]). Choose a minimising
sequence (2,,)men for Ay. By Lemma [7.2.2] we may assume Ag(€2,,) < ~ for all
m, so that (7 — Ap(Q,))/8 € (0,v/8) and thus (Z.2Z]) holds for these values of
a. Fixing m € N, we may apply Lemma [7.23(i) with €2, in place of U and D
in place of V' to conclude Ag(€,,) > Ag(D). Since (Q2,)men Was a minimising
sequence, D must minimise A (€2). For the converse, suppose D satisfies (7.2.2)).
Since Agx(D) < v by Lemma [[.2.2] it follows directly from Lemma [[.2.3|(ii) that D
satisfies (L21)) for a = (v — Ax(D)) /5.

(ii) Sharpness in both directions now follows immediately from strictness of the
inequalities in Lemma [.2.3]

(iii) Fix Q # Dj. By Theorem[1.311(i), there exists ag > 0 such that A\, (2, a) >
Me(Dg, ) for all a € (0,aq). If 5,v are fixed with 7/ < aq, then we have
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Ae(Q, ) > Ap(Dy, o) for ao = (v — A(£2)) /6 in particular. Since also Ag(Dy) < 7y
by Lemma [[.22 without loss of generality we may assume Ag(€2) < ~ (other-
wise Ag(2) > v > Ag(D) and we are done). But in this case it follows from
Lemma [T.23|(i) (with Q = U) that Ax(Q) > Ax(Dy) anyway.

(iv) Let & and N be such that the conclusion of Theorem K.3.1[(ii) holds. By
(iii) it suffices to show there exist 5,7 > 0 and a domain  with Ax(Q,5,v) <
Ak(Dg, B,7). Choose 2 and a* > 0 such that A\g(2, a*) < A\p(Dy, a®).

Now we may write Ax(Dg,5,7) = Ai(Dg, 5,7) = v — aff, where a satisfies
(v — M (D, )8 = a. Since A\;(Dy, @) is continuous and monotonic with respect
to a, an elementary argument shows that by fixing 8 and varying 7, we may obtain
every o > 0 as a solution to (v — Ay (Dy, @) = o for some 3,7 > 0. Now choose
B, such that Ag(Dy, 5,7) = v —«a*F. For this g, ~, we may apply Lemma [7.2.3(i)
with U = Dy and V = Q to conclude Ay (Dg, B,7) > Ax(2, 5,7).

(v) This follows immediately from (i) and (ii) combined with Theorem .11l [

7.3. A variant of Cheeger’s inequality

Recall from Section the Cheeger-type inequality Theorem B3] which in
essence said that the first Robin eigenvalue A; (2, &) could be bounded from below
by a suitable combination of a and the Cheeger constant of Q (see (3.3.1])).

We wish to establish an analogous inequality in the case of Wentzell boundary
conditions. For this we will restrict our attention to the case 5, v > 0 in the
boundary condition in (L.T3). In what follows, as in Section 3.3 we will abbreviate

h(€2) as h if there is no danger of confusion.

Theorem 7.3.1. The first eigenvalue A1(Q) of (LI3) on a fixed bounded Lipschitz
domain Q C RY satisfies

Ly if h < /B2 + 4y — B;

(7.3.1) A(Q) > 4

p(h) ifh =B+ 4y =B,
where p(h) :== v+ 2(\/(B+ h)2 — 4y — (B+ h)).
Remark 7.3.2. (i) The bound described in (3.1]) is not as messy as it may

appear. For h < /f2+ 4y — 3, as long as p(h) is well-defined (that is, h >

2,/7 — B), we have ihz > p(h), with equality only at h = /B2 +4y — 5. In
fact the bound in (T3d)) is a C' (but not C?) monotonically increasing function
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of h (see Lemma [7.3.10] below). Moreover, as h — oo, p(h) — ~ from below
(Lemma [7.3.9), which is the best we can expect since we always have A;(Q) < v
(see Lemma [7.2.2)).

(ii) One potential use for Theorem [[3.1] is the following. Fixing f, v, if we
have a sequence of Lipschitz domains €, of fixed volume, but with h(€2,,) — oo, by
Theorem [7.3.T] we have A{(€2,) — . For such a sequence the bound (T.3.1]) gives
a better estimate of A1(€2,,) than the Faber-Krahn inequality, Theorem [[.T.] since
if |B| = ||, then A1(B) < ~ is fixed, and so eventually A1(€2,) > p(h(2,)) >

A1(B). For completeness’ sake, we will construct such a sequence in Example [7.3.3

Example 7.3.3. We construct a sequence €2, for which |2,,| = 1 for all n, but
h($,) = oo. Let ©, be a sequence of rectangles in R? of length n and width .
Then by [73, Remark 13] the minimising domain for h(£2,), call it D, certainly
contains the union of all largest balls (those of radius %) in Q,,. Thus 0D,, and 092,
must coincide on the longer sides of the rectangle for all but a piece of length % on
each end, so that o(D,) > 2(n — 25-). Since |D,| < 1, we get h(Q,) > 2(n — 1).
In particular h(£2,) — oo as n — oo.

The proof of Theorem [7.3.1]is based on Theorem [B.3.1] together with the usual
identification of the first Wentzell eigenvalue as the first eigenvalue of a suitable
Robin problem. We divide the proof into a number of steps. Since from now on
we will only be considering a fixed domain €2, we shall abbreviate A;(€2), A1(2, a)
and h(Q2) as Ay, A\(«) and h, respectively.

Lemma 7.3.4. Suppose h > max{0,2,/y — B}. Then Ay € (0,q(h)] U [p(h),o0),
where q(h) == v+ 2(—/(B+ h)2— 4y — (B + h)).

Proof. Set a = (v — A1)/ and make the usual identification A; = A\;(a). By
Theorem B.3.T], A\ («) satisfies (83.2). So we may substitute this value of « into
the inequality A\;(a) > ha — a? and replace A\; by A; to obtain the quadratic

relation
(7.32) AT+ (Bh =27+ B*)Ay + 7% — Byh > 0,

which is valid for all & > 0. The associated equation has real roots if h > 2,/7 — £,
and these are given by ¢(h), p(h). Bearing in mind A; > 0, the solution to the

inequality (7.3.2)) is thus Ay € (0, q(h)] U [p(h), o0). O
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Lemma 7.3.5. If A} <~y — %Bh, then h < /B2 + 4v — 0.

Proof. If a = (y — Ay)/8, then the condition +h < a in (B:3.2) may be rewritten
as Ay <y — %Bh.

In particular, combining this with Theorem [B.3.1] we get ih2 <7v- % Bh. This
is equivalent to the quadratic inequality h? + 28h — 4y < 0, which has solution

h € [—=+/B%+ 4y — B,\/ 5%+ 47y — []. Since h must be positive, this shows that if
A <y — 18h, then h € (0, /52 + 4y — f]. O

Lemma 7.3.6. We have

1 1
(7.3.3) Ay > min{y — §ﬁh, ZhQ},
valid for any h > 0.

Proof. If A; <~ — 1/h, then by the proof of Lemma [Z.35] 1h* < o and so by
Theorem B3I Ay = Ay () > 1A% Equation (7.3:3) now follows. O

Lemma 7.3.7. If h < /> + 4y — 3, then Ay > 1h%.

Proof. If h € (0,1/5% + 4~ — f], then working backwards through the proof of
Lemma [T.3.5, h satisfies the inequality h* 4+ 28h — 4y < 0, or, rearranged, 1h? <
v — £Bh. The assertion of the Lemma now follows from (7.3.3). O

Lemma 7.3.8. If h > 0 also satisfies h > 2,/7 — (3, then Ay > p(h).

Proof. We use ([7.3.3) to show that the case A; < ¢(h) in Lemma [[.3.4] is impos-
sible. So suppose in addition to the assumptions of the Lemma that A; < g(h).
IfA >v— %ﬁh, then

1 5B <a(h) =~ — 2h— LB (5 + VT T AP 1),

an immediate contradiction. Similarly, if A; > 1A?, then $h? < g(h). Using the
definition of ¢, and rearranging, we get

h? +28h +2B8% — 4y < =28/ (B + h)? — 47 (L 0),
but h%+28h+28% — 4y = (B+h)? — 4y + 4% > 0 since we are assuming 3 > 0 and
h > 2,/7—[. Hence we see the assumption A; < g(h) contradicts Lemmal[Z.3.6l [

Since 2,/7 — 8 < /(% + 4y — 3, Lemma [7.3.7] and Lemma [Z.3.§ prove Theo-
rem [.31] It remains to prove the claims made in Remark [.32(1).
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Lemma 7.3.9. The function p : [2,/7 — 3,00) — R is a smooth, monotonically
increasing function of h with p(h) <~ and p(h) — oo as h — oo.

Proof. Observe that p(h) has the form p(h) = v — —f(ﬁ + h), where f(z) :=
x — va? —k (k constant) is monotonically decreasing. Hence smoothness and
monotonicity of p(h) are immediate. The other claims follow since 0 < f(z) — 0

as r — o0. O

Lemma 7.3.10. We have ihz > p(h), with equality only at h = /% + 47y —

and at that point p'(h) = 3h and p"(h) < 3.

Proof. When h = /32 + 4y — 3, we have p(h) = hP =y —1ph =~ + 18> -
38V B% + 4.
Now set F : [2,/7 — B,00) — R, F(h) := 1h® — p(h). Then F is C* on
(2\/7 — B,00), and a somewhat tedious calculation shows that
B+h )
(B+h)* -

is zero if and only if h = /2 + 4y — 5. Moreover, it can be shown (by an even

more tedious calculation, which we will not do here) that

2 T 2y
F// B2+4 _+§7

which is positive for all g, v > 0. 0

F'(h) = %h + %6(1 -



APPENDIX A

Notation and Background Results

Here we collect some important properties and results such as on operator
theory or vector calculus of particular importance to us. This is of course not
intended to be anything like a comprehensive treatment, and while we have tried

to find precise references for the results we cite we will not be including any proofs.

A1l. General remarks on notation

As far as possible, we have tried to keep our notation standard. Here we list a
few slightly non-standard conventions we have used.

We use the notation U CC V, particularly when U and V' are open, to indicate
that U is compactly contained in V' C R¥; that is, U is compact and contained in
int V. If we write U C V, there may be equality; we may write U C V' if we wish
to emphasise this possibility. Given open sets U,V C RY with U C V, we define

the interior and exterior boudaries of U relative to V' by
(A1.1) U =00NV and 0.U :=0U NV,

respectively, so that OU = 9;U U 9,U, and o;U N 9, U = .

We only work with two types of measure: N-dimensional volume (or Lebesgue
measure) and (N — 1)-dimensional surface (or Hausdorff) measure. If U C RY is
a set, then |U| denotes its N-dimensional Lebesgue measure and o (U) its (N —1)-
dimensional Hausdorff measure, scaled so that it coincides with (N —1)-dimensional
Lebesgue measure on all sets where both are well-defined. (For a definition of
Hausdorff measure, see [56], Section 2.10].)

By LP(X,du) we understand the usual LP-spaces, 1 < p < oco. In practice
we usually have X C RY and p either Lebesgue or Hausdorff measure. We use
L? (X) to denote the set of all f: X — R such that for all x € X there exists
an open neighbourhood U, of x such that f € LP(U,). Similarly, for U C RY we
understand C(U) and C*(U) as, respectively, the space of continuous and k-times
continuously differentiable functions f : U — R (or RY). For f € C(U), we define
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the support of f, supp f, to be the closure in U of the set {x € U : f(x) # 0}. We
also say f € C*(U), k € NU {oo} if f € C¥(U) and supp f cC U. The Holder
space CO"(U), n € (0,1], is the space of all f € C(U) such that

o M@ =T _
syev |l =yl
In particular, if n = 1, then f € C%(U) is said to be Lipschitz continuous. The

Lipschitz constant of f is the infimum of all constants K such that

(A1.2) [f (@) = fy)] < Klz =yl

for all z, y € U. Also Ck¥"(U), k € N, is the space of all C¥(U) functions f such
that all kth order derivatives of f lie in C%"(U). We note here the following very

famous property of Lipschitz functions.

Theorem A1l.1 (Rademacher’s Theorem). Let f : U — R be Lipschitz, where
U C RN, Then f is (Fréchet) differentiable almost everywhere with respect to

N-dimensional Lebsegue measure and ||V f||p~@wy < K, where K is any constant

satisfying (AL2).

Proof. Noting that every Lipschitz continuous function is absolutely continuous
(see [99, Chapter 7]) on every line segment in U, the claim follows from [99]
Theorem 7.18]. Alternatively, see [89, Chapter 3]. O

Following [30] (see p. 48 there), if X is a subset of RY or a manifold, then we
say a function f : X — R is piecewise continuous if X may be subdivided into
finitely many subdomains X; such that f|x, : X; — R is continuous and for all
z € 0X; and X; > x, — 2, f(z,) = f(2) as n — co. We will take piecewise-C*
to mean continuous functions whose derivatives of order up to k — 1 exist and are
piecewise continuous.

Finally, given a function f : X — Y we use the notation graph f to stand for
the set of all points (z, f(x)) € X x Y, that is, the graph of f.

A2. Classes of domains

Let Q C RY be an open set, not necessarily bounded. If € is the set on which
our problem is defined, then we will tend to call it a domain. We generally assume
Q2 is bounded (see Definition [A2.5)), although not necessarily connected. Our main

definition of the regularity class of a domain follows Necas [91] and Adams [2].
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Definition A2.1. We will say a domain 2 C R" is of class C*, resp. C*", where
0 <k < ooand 0 <n <1, if for every point z € 02 there exists an open
neighbourhood U, C R containing z and a local coordinate system (z1,...,2x)
such that z = 0 in this coordinate system and inside U,, 92 is the graph of
some CF, resp. C*" function f of N — 1 variables z1,...zy_;. We also require
QNU, ={z=(x1,...,zn) €U, : xny < f(x1,...,2nx_1)} (that is, Q is locally “on
one side” of ). If Q is of class C%, we will say € is Lipschitz.

Remark A2.2. (i) We write C* in preference to C*9.

(i) There is a common alternative definition of C* C*". A domain can be
called of class C* (or C*) if for every 2 € 9 there exist an open neighbourhood U,
of z and C* (or C*¥") transformations ® : U, — RN, &=1 : ®(U,) — U, such that ®
maps 92 onto the plane zy = 0in ®(U,) C RY (where we write z = (z1,...,2y) €
RY). This definition is sometimes thought of as the “manifold” approach. For C*"
domains, k > 1, n € [0, 1] it can be shown using the implicit function theorem that
the two definitions are equivalent (see [64], Section 1.2]). However, for C%" domains
they are not (see [57, Appendix II] or again [64], Section 1.2]). In particular, this
definition of Lipschitz is weaker than the one we will use, given in Definition [A2.]
For a detailed (and rather entertaining) discussion of various different definitions

of classes of domains and domain properties see [57].

Definition A2.3. We will say a domain Q C R¥ is piecewise-C* (for 1 < k < 00)
if Q is Lipschitz and 01 is locally the graph (in the sense of Definition of a

piecewise-C* function.
Example A2.4. All polyhedral domains in RY are piecewise-C>.

Definition A2.5. We say a domain Q C RY is bounded if there exists r > 0 such
that Q C B(0,r).

A3. Weak derivatives and Sobolev spaces.

Here we introduce our notation concerning weak derivatives and our character-
isations of various Sobolev spaces. For a proper treatment of this subject, we refer
to [2), 88]. Alternatively, almost every standard reference on partial differential
equations has a chapter on Sobolev spaces; see for example [48, Chapter 5], [59]
Chapter 7], [64], Chapter 1], [84, Chapter 1] or [98] Section 6.4].
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Let © C RY be open, not necessarily bounded. We say a locally integrable

function u : Q — R has a weak (or generalised) ath partial derivative g of order

laf := ", a;, where a = (ay,...ay) € NV and write g = %‘ZL“ = axﬁ?‘_i‘f}i;lvw, if
olel
(A3.1) w2 dz = (—1)l / g dx
o Oz~ Q

for all test functions ¢ € C°(€2). If such a function u has all first order weak
partial derivatives, we denote its gradient vector by Vu := (aa—w“l, ce %). We
sometimes use D“u to denote the ath weak partial derivative of u. Weak partial

derivatives are unique up to sets of zero N-Lebesgue measure.
Fix k € Nand 1 < p < oo. For Q@ C RN we set W, (Q) to be

(A3.2) {u€e LL.(Q): g_u exists and is in L, (Q),i=1,...,N}.

Note that C'(Q) C W,21(Q). We also set W#?(Q) to be the Sobolev space

{u € LP(Q) : all weak partial derivatives of u
(A3.3)
up to order k exist and are in LP(Q) }.

This is a Banach space with respect to the norm

8|a‘u
(A3.4) [ I— / S

0<\ <k

» 1
d:c)p,

where the sum is over all multi-indices o with |a| = >  «; < k. By notational

convention the Oth order derivative is u itself. Hence the first summand in (A3.4))

is [, [ulP dz, and WP(Q) = LP(Q2). We could alternatively take one of the several

dloly
Oz, *...0z,

for our purposes. When p = 2, H*(Q) := Wk2(Q) is a Hilbert space with inner

product given by
olaly, olaly
/ o == —dx.
Ox{" ... 0" Ox(t ... 0xp”

As a special and important case, when k = 1 the space H'(Q) has inner product

equivalent norms, for example 3, |l |lp- This makes no difference

(A3.5) (u,v) :/uvd:ﬂ+

|a| <k

given by
(u,v) :/uvdx+/Vu-Vvdx.
Q Q

If instead of considering real-valued functions u : 2 — R we look at vector-

valued u : Q — RM | we still denote the corresponding Sobolev space by W*P(Q) as
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shorthand for W*?(Q, RM). (For example, “Vu € H'(Q)” means every component
Qe HY(Q),1<i< N

Remark A3.1. (i) The space C>(Q) N WH*P(Q) is always dense in W*P(Q) (with
respect to the norm (A3.4)); see [98] Section 6.4.3]). If Q is Lipschitz, then in
addition C°(€Q) is dense in W*P(Q). However, for () arbitrary this latter statement
is not true in general. (See, e.g., [59, Section 7.6].) Note that C*(Q2) C W*»(Q)
for all k£ and p, that is, classically differentiable functions are (locally) weakly
differentiable and their classical and weak derivatives coincide.

(ii) In light of (i) we could also characterise W*?() as the closure with respect

to the norm given by (A3.4]) of the space C*°(Q2) (and/or C*°(Q) if 2 is Lipschitz).
Some authors take this as their definition and it is a useful characterisation for us.

(iii) There are other characterisations of W#?(Q) which are equivalent to ours
for Lipschitz domains. We will introduce another definition of W*?(Q) below that

allows us to define this space for general k € R™.

We denote by WeP(Q) (or HE(Q) if p = 2) the closure of the space of test
functions of compact support C>°(Q) with respect to the W*P-norm on €. Then
WEP(Q) is a closed subspace of WH?(Q). If Q@ = RN then WFP(RN) = Whr(RN)
but otherwise we have strict inclusion. Here we are only interested in the case
k = 1. Then for a broad class of domains including those with Lipschitz bound-
ary, W,?(Q) is the space of W'?(Q) functions which have zero trace on 9 (see
Theorem [AZ.T)). Alternatively, o € Wy (Q) N C(Q) implies ¢ = 0 on d; see [15].

We also consider Sobolev spaces W*P(Q)) for some s ¢ N. Here we are mostly
interested in p = 2. So for negative integers, we define the space H=*(Q), k € N,
as being the set of all linear functionals on HY(€). (See [98, Section 6.4.9].)
For s € RT not an integer, 1 < p < oo and  C R¥, following Grisvard [64]
Section 1.3|, writing s = k + ¢ where k € N and ¢ € (0,1) we denote by W*P(Q)
the space of all functions u € W*P(Q) such that

| D%u(x) — D*u(y)|”
(A3.6) /QXQ P dx dy < oo,

for every multi-index o with |a| = k. This is a Banach space with the norm

1

Du(z) = Dulp)P | \}
fuwesier = (Wilfpnsey + 3 [ )= D g ay)
QxQ |z —y

laf=k
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We can also denote by Wi*(2) the closure of C2°(£2) with respect to the TWs#-
norm.

When p = 2 there is another common definition of H*(2) via the rate of decay
of a function’s Fourier transform. Precisely, letting u denote the Fourier transform

of u we define H*(R") as the space of all distributions u for which
fay = [ (L o)) de < o

We then let H*(€2) be the restriction of H*(RY) to Q. This approach is used in
[69], and there is a reasonably detailed discussion of this and related spaces in
Sections 2 and 3 there. A standard reference here is [84, Chapter 1]. Note that
W2(RY) as defined by (A3.6) and H*(RY) as defined by (A3.7) are equal spaces
with equivalent norms, and the same is true for W*2(Q2) and H*(Q) when Q is
Lipschitz (see [64, Section 1.3] or [89] Chapter 3]). Hence when p = 2 it does not
matter which of the two definitions we take.

We also consider the boundary spaces W*P(952). For Q bounded, Lipschitz
and 1 < p < oo, we can define the space LP(99) (= WP(9Q)) in the usual way
as the set of all p-integrable functions f : 92 — R equipped with the obvious

(A3.7) ||ul

norm. For bounded domains of class C*! we can define the spaces W*P(99Q) for
any |s| < k+ 1. Let U, be any neighbourhood and f any function satisfying the
requirements of Definition [A21l Let F(z) = (x1,...,2n-1, f(21,...,2n-1)). A
distribution w on 9§ is in W*P(9Q) if uo F € W*P(U, N F~YH0Q N U.)) for every
such U, and f. If s € (0,1), one possible norm is

u(z) — u(y)|P >
lellwerony = (/m|u|pd:):+/m 8Q||I(_)y|—N_(1+)SLda(a:) do(y))”.

(See [64, Section 1.3.3].)

A4. Some properties of domains and Sobolev spaces.

Here we collect many useful properties of Lipschitz domains and Sobolev spaces.
Results we state here we generally use without proof throughout the body of
the thesis. Suppose Q C R¥ is a bounded, Lipschitz domain. It follows from
Rademacher’s theorem that €2 has a well-defined outward-pointing unit normal
vector v = vg(z) at o-almost every z € 0€2. This normal is compatible with all
the usual properties such as the divergence (Gauss-Green) theorem, the definition

of boundary spaces and outward normal derivatives (as in the Robin boundary
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condition), which we will list in this subsection. In this sense Lipschitz domains

are the “natural” domains on which to consider problems such as (L.1.2]) and (I.1.3])
since too many properties fail if we look for a substantially weaker class of domains.

We will start with some useful and important general properties of Sobolev
spaces on Lipschitz domains. The first is the idea of traces, which is necessary for
the version of the divergence theorem we will use. For any u € W1P(Q), we can
define the trace of u, which we will denote by either u|sq or else tru (the latter if
we want to emphasise it is a trace) as the unique function in LP(9€) satisfying the
following theorem (see, e.g., [48, pp. 257-61] or [64, Chapter 1]). We do not use
~vu for the trace of u to avoid potential confusion with the parameter appearing in

the Wentzell boundary condition.

Theorem A4.1 (Trace theorem). Suppose 1 < p < oo and Q C RY is bounded,
Lipschitz. There is a unique bounded linear operator tr : W1P(Q) — LP(09Q) such

that tru = ulaq if u € WH N C(Q). Moreover, tr is compact as a map from
WhP(Q) to LP(09).

In fact we can say a little more: tr is a bounded surjection with right inverse
(that is, tro(tr) ™! is the identity) from W1P(Q) to Wl_%’p(aﬂ) with kernel exactly
W,y P(Q) (that is, W,?(€) consists exactly of those W'?(Q) functions with zero

trace). In particular we may write
W= ?(9Q) ~ WP(Q) /WP (Q).

Actually, the trace theorem is valid for a greater range of Sobolev spaces, even for

Lipschitz domains.

Theorem A4.2 (Trace theorem II). Suppose Q C RY is bounded, Lipschitz. The
trace operator in Theorem extends to a bounded linear operator from H?®(Q)
to H*=2(09Q) for every 5 <s<3.

Proof. This is well known; see for example [89] Theorem 3.38|. O

It is clear from the definition that W*P(Q2) embeds continuously in W7P(€) if
k > 7 > 0. It is an important result that these embeddings are compact. The
same is true of the boundary spaces, although we will only prove this under more

limited conditions.
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Theorem A4.3 (Rellich’s theorem). Suppose Q C RY is a bounded, Lipschitz
domain.
(i) If s > 0 and 1 < p < oo, then the embedding WTeP(Q)) — W*P(Q) is
compact for all € > 0.
(i) If0 <s<s+e <1, then H**(0Q) — H*(0N) is compact.

Proof. For (i), we refer to [64, Theorem 1.4.3.2]. For (ii), we note that s and
s+ ¢ are in the correct range so that the boundary spaces are well-defined. We use
the trace theorem to obtain a continuous mapping of H¥t=(8Q) into H¥t2+=().
By (i) and the trace theorem the map H*t2%¢(Q) — H*T2(Q) — H*(dQ) is
compact (since the composition of a compact and a continuous map is compact).
Putting the three maps together, we obtain a compact mapping from H*™¢(9Q) to
H*(09). O

Another important domain property is the ability to extend functions in W*?(Q)
to functions in W*P(RY). In the other direction, the restrictions of W*?(RY) func-

tions to € trivially lie in W*P(Q).

Theorem A4.4 (Extension theorem). Take Q C RN Lipschitz and 1 < p < oo.

(i) If 092 is bounded, then for any k € N there exists a bounded operator E :
WkP(Q) — WHFP(RN) such that Eulg = u for all u € WkP(Q).
(ii) The same conclusion holds for any s > 0 in place of k if Q is bounded.

In both cases E can be chosen independently of k.

See for example [98, Theorem 6.88] and [69, Theorem 2.3] for (i), and [64]
Theorem 1.4.3.1] for (ii). In the special case where our functions have zero trace,
we can continuously embed WiP(Q) — WHP(RN) by setting ¢ € WH?(Q) to be
zero outside Q. This is for general Q C RV,

Iff=(fi, ... fn): Q= RYis in WEH(Q) = WEH(Q,RY), Q C RN arbitrary,

loc loc

then we can define div f := SV gg{?. Note in part (i) of the following theorem

that f on 02 is understood in the sense of traces.

Theorem A4.5 (Divergence theorem for Lipschitz domains). (i) LetQ C RY
be bounded and Lipschitz and suppose f : Q — RN is in WH(Q). Then
(A4.1) / div fdzx = f-vdo,
Q o0

where v = vq is the outer unit normal to 2.
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(ii) The conclusion of (i) remains true if ) is Lipschitz but not necessarily
bounded, and f € CH(RYN ,RY).

Proof. For (i), take v = 1 in [91, Théoréme 3.1.1]. Since v = 1 € WH(Q) for all
1 < ¢ < o0, we may take u = f; € Wh1(Q). Now sum over i = 1,..., N. For (ii),
see [49] Section 5.8]. O

We now extend the definition of some classical concepts to the case of weakly
differentiable functions. If u € W2P(Q) for some 1 < p < oo (or if u € C%(2)) then
we write Ay == SN %. In particular, Au = div(Vu) if it exists. If u € H'()

then we may define Au € L*(Q) in the sense of distributions as the function
f € L*(Q), if it exists, satisfying

(A4.2) —/QVu-Vvd:E:/vadx

for all v € HJ(Q2). Not every u € H'(Q) will have Au existing in this sense, but
if u is sufficiently smooth then a simple calculation shows that this Awu coincides
with the classical definition.

If Q is Lipschitz with outer unit normal given by v = v(x), then motivated by
Green’s first identity (see [59) Section 2.4]) we may also define the outer normal
derivative 2% of u € {w € H'(Q) : Aw € L*(Q)} in the weak sense as the function
b € L*(09) satisfying

(A4.3) /Vu~Vvd:c—|—/vAud:c:/ bvdo
Q Q o0

for all v € HY(Q), if such a function exists. Again, if everything is sufficiently
smooth then this coincides with the usual definition of % =Vu-v.
We next have a useful property of WP functions that can be regarded as a

type of lattice property. For u € WHP(Q2), 1 < p < oo, set
(A4.4) ut(z) := max{u(z), 0}, u” (z) := max{—u(x),0}

Then we have u = u™ — v~ and |u| = u™ 4+ u~. It is an important and useful fact
that in this case u™,u™ € WP(Q2), with

Vu ifu>0
0 if u <0,

(A4.5) Vut =
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with an analogous formula for Vu™; see [59, Lemma 7.6]. In fact this is true for
any locally integrable continuous function with locally integrable weak derivatives.
Moreover if u € W?(Q) N C(Q) then u™,u~ € WP(Q) N C(Q) also.

If u e WHP(Q) N C(Q) (for us usually an eigenfunction on 2 associated with

some operator), then its nodal domains are

O i={r € Q:u(zx) >0}

(A4.6)
Q" ={reQ:ulx) <0}

Note that since u is continuous, these are both open subsets of €. The nodal
surface of w is the set {xr € Q : u(z) = 0}. Under some conditions on u, for
example if u is (sub-, super-) harmonic, then the nodal surface will coincide with
the sets 0QT N Q and 90~ N, and the nodal surface is a genuine surface, since
u(x) = 0 on a set of positive measure then implies © = 0 in . However, for an
arbitrary W1P(Q) N C(9) function (even a C*°(Q) function) it is possible that its
nodal “surface” could be much larger and have nonzero N-dimensional measure.
For everything above we could replace 0 with an arbitrary “level” ¢ € R and all
the results would continue to hold. In this case {z €  : u(z) > t} is usually called
the (upper) level set of u (of level ) and {x € Q : u(z) = t} the (interior) level
surface.

Our last theorem in this section is an important result linking the level surfaces
of a function with an appropriate volume integral. More broadly, this can be viewed

as a key theorem linking geometry and analysis.

Theorem A4.6 (Coarea formula). Let Q C RY. Suppose u: Q — R is Lipschitz
continuous and ¢ € L'(RY). Then

/¢|vu\dx:/ / ¢ do dt.
Q 0 J{lu(a)=t}

In particular, o({u(x) =t}) < oo for almost all t € (0,00).
Proof. See [88] Section 1.2.4] or [49, Section 3.4.2]. O

Remark A4.7. In the above theorem we could alternatively assume that ¢ is

measurable and non-negative.
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A5. Operator theory and semigroups.

Here we collect some basic results from operator theory and functional analysis,
along with the notation we will use. Many books cover this material; see for
example [9 Appendix B| or [98, Chapter 7], or the dedicated and seminal book
[72]. We refer to them for the proofs of the statements we make below.

For X a Banach space over R or C and A an operator (linear mapping) from X
to itself, we denote by D(A) = {z € X : Az exists in X} the domain of A. If A is
closed, that is, {(x, Ax) : x € D(A)} C X x X is closed with respect to the norm
induced on X x X, then D(A) is a Banach space with respect to the graph norm
|z|la := ||z]|x + ||Az||x. Moreover A is bounded, that is, ||A|| := sup{||Az||x :
z € D(A) and ||z]|x < 1} < oo, if and only if A is continuous.

For the following spectral properties, we assume X is a Banach space over C;
if X is over R then we consider the complexification of X and A. We denote by
p(A) the resolvent set of A given by

{AeC: (M —A):D(A) — X is bijective and bounded}

If p(A) # 0, then A is closed. For A\ € p(A), the resolvent operator R(\, A) :=
(M — A)7': X — D(A) is well-defined, linear and bounded. If for some \ € p(A)
the map R(A, A) is compact as a map from X to itself, then this is true for all
A € p(A) and we say A has compact resolvent. We denote by o(A) = C\ p(A)
the spectrum of A and by 0,(A) C o(A) the point spectrum, that is, the set of
eigenvalues of A. If A has compact resolvent, then o(A) = 0,(A) is a denumerable
set. In this case we say A has discrete spectrum.

We next state versions of the well-known Riesz representation theorem and

Lax-Milgram lemma. Proofs can be found in [40].

Theorem A5.1 (Riesz representation theorem). Let H be a Hilbert space and H'
its dual space. There exists an isometric isomorphism from H to H', such that for
every u € H there exists a unique f, € H' with (u,v) = (fu,v) for allv € H', and
|ullg = || fulla:- Here (., .) denotes the duality pairing between H and H', and
(.,.) the inner product on H.

Theorem A5.2 (Lax-Milgram lemma). Let H be a Hilbert space and H' its dual
space. Suppose A : H — H' is a bounded linear operator, and there exists b > 0
such that (Au,u) > bllul|3; for allu € H. Then A is invertible.
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We now have some basic results on (one-parameter, linear) semigroups. We
refer to [9), [42], 47] (see also [T2, Chapter 9]) for full explanations and proofs.

Definition A5.3. Given a Banach space X a (one-parameter) Cy-semigroup T on
X is a family of operators T'(t), t € R™ = [0, 00), where for each ¢, T'(t) : X — X

satisfies

(i) T(.)x : Rt — X is continuous for each = € X
(il) T(t)T(s) =T(t +s) for all £, s > 0;
(iii) 7°(0) = I, the identity on X.

If A: D(A) — X is a closed linear operator, D(A) C X, we say A generates the

semigroup 7T if
1
DA)={re X: PI% g(T(t)at — x) exists in X},
—

Az = lim S(T(t)z — 2).

t—0 t

Whenever we say semigroup, we always mean Cy-semigroup even if this is not
explicitly stated. If A is the generator of T, then T'(t)x € D(A) and AT(t)x =
T(t)Az for all > 0. Moreover for every x € X, u(t) = T(t)r € C*(RT, X) is the

unique solution to the abstract Cauchy problem

ou
— o >
e = Au(t) ift >0,
u(0) = x.

In particular, if A is a second-order elliptic operator defined on some domain

Q0 C RV, then T, if it exists, is the solution to the corresponding heat equation.

Definition A5.4. Let T: RT x X — X be a (Cy-)semigroup and A its generator.
We say T is:

(1) analytic (of angle 6 € (0, 7/2]) if it has an analytic extension to the complex
sector ¥y = {z € C\ {0} : |argz| < 6 + 7/2} which is bounded on
Yo N{z € C:|z| <1} forall @ € (0,0) (cf. Definition [5.3.6). Note that
many authors use the term “holomorphic” rather than “analytic”;

(i) positive if X = LP(Q,du), where (Q,%, 1) is a finite measure space, and
for each f € X with f > 0 og-a.e., we have T(t)f > 0 o-a.e., for some
(equivalently, all) ¢t € RT;



A5. OPERATOR THEORY AND SEMIGROUPS. 137

(iil) srreducible if X = LP(£2,du) and for each w € ¥ and ¢t € RY, T'(¢)LF(w) C
LP(w). Here LP(w) :={f € LP(Q,du) : f =0 p-a.e. on Q\ w}.

Also, T'(t) is compact as an operator from X to X for some ¢ € (0, c0) if and
only if it is compact for all ¢ € (0,00). Moreover, T' is compact if and only if its
generator A has compact resolvent and 7' is immediately norm continuous, that is,
continuous as an operator from (0, 00) into the space of bounded linear operators
on X. If T is analytic, then it is automatically immediately norm continuous.

There are many equivalent characterisations as well as necessary and sufficient
conditions for 7" to have all or any of these properties; the books [9] and [47] are
in no small part devoted to studying these. The following result is of particular
interest to us. If A generates a positive, irreducible semigroup on some L space
and has compact resolvent, then its spectral bound s(A) :=sup{ReA: X € g(A)}
is finite (by de Pagter’s theorem). Moreover, s(A) € o(A) and there exists 0 <
u € D(A) such that Au = s(A)u (Krein-Rutman). Finally, the eigenspace of u is
one-dimensional and in fact u can be chosen strictly positive almost everywhere in
Q. In words, the generator of such a semigroup has a principal eigenvalue at the
edge of its spectrum, and the corresponding eigenfunction is unique up to scalar

multiples.



APPENDIX B

Background Results on the Functional H

Here for the convenience of the reader we reproduce the proofs of some of the
lemmata from [35] that were used in Section The notation we use throughout

is the same as in that section.

Proof of Lemma [2.2.7] (i) The coarea formula (see Theorem [A4.0]) states that

IVl = / o(S,) dt.
0

and in particular the function o(S;) is t-integrable. (Note that o(S;) = 0 if t ¢
(m,1).)

(ii) As was already noted in Section[2.2] the S; are C™ for almost all ¢ by Sard’s
lemma [68, Theorem 3.1.3] since ¢ € C*°(Q2). If 'y = (0, then since U; CC 2 there
is nothing left to prove. So suppose I'; # 0. Since Q is C? we need to show that
OU, is the graph of a Lipschitz function where S; and 99 meet, that is, near S, NI";
(recalling that the level sets are compactly contained away from T'y).

So fix 7y € S, N Ty and t € (m,1). Without loss of generality assume zo = 0
and choose a coordinate system (z1,...,xy) =: (', zy) such that v (zo) points in

the direction x. For § > 0 set

(B.1) Qs ={zcRY || <dfor 1 <i< N}
to be the cube of radius 20 centred at o = 0 and

(B.2) Rs :={zx € Qs :zn =0}

to be its intersection with the hyperplane {zy = 0}. Since Q2 is C?, by definition
there exists § > 0 and ¢ : R; — R of class C? such that

QONQs={(x,zn) € Rs x (=06,0) : xy < u(z")}.

Now by Theorem [AZ4] ¢/ can be extended to a function ¢ € W2?(RN) having

compact support, for any p > 1 (see also [59, Theorem 7.25]). By standard

embedding theorems if p > N then ¢y € C*(RN). Since ¢ > 0 and a > 0 on
138
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Iy, by the boundary condition Vi)(zg) - vo(ze) = —ath(zo) < 0 and in particular
Vib(xo) # 0. Hence by the implicit function theorem, near zy S, := {x € RN :
O(x) =t} is a C* surface, and, setting U, := {z € RN : ¢(z) > t}, we have
Sy = 0,

Note that the outer unit normal to U, at zo points in the direction of —V(xo);
since V)(xq) - vo(zo) < 0, Vib(zo) has a nonzero component in the direction of
v(z). Hence by the implicit function theorem we may also represent U as the

graph of a function over the same coordinate axes. That is, there exists ( > 0 and
¢ € C*(R¢) such that

01& NQ¢ = {(z,zn) € Re x (=(,¢) r a2y < P(2')}.
Now set ¢ := min{é, (} and g := min{y, ¢}. Then
UNQNQ. ={(a',zy) € R. x (—¢,¢) : xy < g(z')}.

Since ¢ is Lipschitz continuous as the minimum of two C' functions, U, = U, N
is Lipschitz near z.

(iii) Suppose I'; # 0. Denote by W C € the set of points on which 1/ attains
its minimum, that is, W = {x € Q : ¥(z) = m}. As noted in Section 22 the
maximum principle implies W C 0€2; moreover by Hopf’s lemma % < 0on W.
Since 2 has sufficiently smooth boundary, Vi is continuous up to the boundary
and v is smooth as well. Hence there exists & > 0 such that

o

v

for all z € W. Using uniform continuity on compact sets, there exists d; > 0 such
that

(2) = —v(2) - V§(2) 2 £ >0

(B.3) —v(z) Vip(z) >

for all z € W and = € B(z,d,), where ¢ is the extension of ¢ used in (ii). By a
similar argument there exists §; > 0 such that v(z) - v(z) > 3 for all z € W and
x € B(z,01) N oKL

Choose 0 < 0 < min{dg, d1}, so that for each z € W there is an open cube
Q.s centred at z, such that @, s has the form (B.) if our coordinate system is
chosen so that v(z) points in the direction zy. Then R, ;s is as in (ii), and there
exists u € C?(R, ) such that (B:2) holds. Since {Q.s: z € W} is an open cover
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of the compact set W, we may extract a finite subcover {Q,, s}, where z; € W,
1 <1 < n, say.
Now since 9 attains a strict minimum on W, by continuity of i there exists
ty € (m, 1) such that
Sy CVi=UL @z
for all t € (m,t;). Fix t € (m,t;) and for the meantime also fix a particular cube

Qs = Q:; 5. Choose our coordinate system so that v(z) points in the xy direction
as described above. Then (B.3) says that

for all z € Qs. If S; N Qs # 0, then by the implicit function theorem this implies
there exists D C Rs = R, 5 and a C"* function v : D — R such that S; N Qs is the
graph of v. Then

(S Qs) = / T+ Vo P d.
D
Since S, is a level surface of ¢, its normal is given by

o

81’]\7

(~Vo@), 1) = (P2 (! o)) Vi v(a))

Using (B.3)),

o(SiNQs) = /35

Since 6 > 0 was chosen so that 92N Qs is the graph of a C? function u, we certainly
have o(Rs) < (02N Q5) < 0(02). In particular this means that

oz

0:):N

Ut ofa)| IV o)) d < 2 gm0 (Rs)

7(5:01Q4) < 2V mgemr(00).

Summing over all n cubes and using that o(S;) < Y 7, 0(S: N Q;,5) yields the
result. U

Proof of Lemma 2.2.5] Fix ¢ € (0,1) and » € C(Q) N L'(U.). By the coarea
formula (Theorem [AZ.6]),

1
/1/ gpdaah‘:/ ‘wd:v<oo
e T s, S
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with an analogous statement being true if we replace ¢ with |V1)|/1. Since both

are non-negative, we can define f(7) € L*((0,1)) by
1 1 1
f(r) = —/ wdo = —/ pdo — —/ Mda.
TJs, TJs, TJs, ¥

F(t) = /tlf(f) dr

is absolutely continuous and hence differentiable almost everywhere on [g,1), with

L@ = ) = —%/S wdo

It follows that

dt

for almost every ¢ € (g,1) (see [99, Theorem 7.18]). Since € € (0,1) was arbitrary
this completes the proof. O

Proof of Lemma [2.3.3l This uses a simple compactness argument. Given ¢ €
M,, fix e > 0. Using that |V|/¢ € C(Q), where Q is compact, there exists dg
such that

(B.4) V()| Vo)l e

<_

Y(z) ¥(y) 2

for all 7,y € Q such that |z — y| < d. Now, since limsup,_,, o(z) < a(z)
for x € Q and z € 00 by assumption, there exists r, = r(z) > 0 such that
SUD e gz 0 P(2) < a(z) +¢/2. That is,
£
(B.5) o) —a(z) < 3
for all x € B(z,r,)NQ. Since the B(z,,) cover the compact set 02 we may extract
a finite subcover B(z;,1.,), 1 <i < n, say. We then choose § < min{r,,,...,r.,,0}
to be such that x € U, B(z;, ;) if dist(x, 0§2) < 6.
Now fix € 2 such that dist(x,9§2) < §. We may suppose that x € B(z;,7,).

Since a(z;) < |V(z;)|/¢(z;) (see Remark 2:3.2), (B.4) and (B.5) imply

P\ 2]
wla) = ple) ~ S0

= o(x) — alz) + alz) — (@)

= Ve(z)| V)
2T ) W)

Since x was arbitrary this completes the proof. O
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Proof of Lemma [2.4.7] Since 9* is decreasing in the radial direction and by

elementary properties of Bessel functions (see [109] p. 45]) we have
VY| = =v'(r) = e/ M (B) 7'~ T (v (B) 7)
for all r € [0, R). Combining this with (Z4.1]),
o1r) = /) L)
Jg_l(\/mr)

for all » € (0, R). Let j,, n € N, be the positive zeros of J%_r Then by [109]
p. 498], if r # j,, for any n € N, then

Jx(r) <1 1
Ty )~ _Z<r—jn ! r+jn>‘

n=0

In particular, since each term is a decreasing function of r on the interval (j,, jn11)
(for any n € N), the whole series must be decreasing and hence g is strictly

increasing. 0



APPENDIX C
On Harmonic Functions and Associated Operators

This appendix is devoted wholly to proving a number of technical results con-
cerning harmonic functions and the like that were used in Section [£.3] While we
do not think these results are new, we cannot find a precise reference to them
so we include proofs. Wherever possible, we set up our results so they are valid
for general C! or Lipschitz domains, so that our arguments in Section (.3 will be
valid for the broadest possible class of domains (see Remark [5.3.3]). We will always

assume, without further comment, that 2 is bounded.

C1l. The normal derivative

Here we consider the function B : L2(Q2) — L?(99) given by (5.3.3)), that is,
D(B) = {uec H'(Q) : % € L*(09)}
ou

where 2% is defined as in (AZ3). We wish to prove that B is relatively AP-bounded
with bound 0. This is the key place where the assumption that € is of class C1*
will be needed, since without it, the perturbation idea that was essential to the
proof of Theorem [5.3.1] will no longer work. This argument still works if Q is C*
and convex or polygonal in R?; see Remark [(.3.3]

Lemma C1.1. For Q of class C*', the operator B is relatively AP -bounded with
bound 0.

Remark C1.2. Lemma [CT1] implies in particular that D(AP) c D(B), that is,

every u € D(AP) has a weak outer normal derivative % € L?(99).

Proof. Firstly, we note that if 2 is of class C™!', then by [64, Theorem 2.2.2.3

and Corollary 2.2.2.4], D(AP) C H?(Q2) and moreover the embedding D(A”) —

H?(Q) is continuous, that is, ||ul g2y < K(||Aul|r2@) + [[ul2@)) for some K > 0

independent of u € D(AP). By Rellich’s theorem, H?({2) embeds compactly in
143
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H*(Q) for k € (2,2). It follows that for every & > 0 there exists C' = C(e) > 0
such that

(CL.1) [ullgr) < ellAullrzi) + Cllull 2@

for all u € H*(Q). (This result is sometimes called Ehrling’s Lemma; see [98],
Theorem 6.99].)

Now we note that B is bounded as an operator from H*(2) to L*(9) for all
k€ (2,2). For, if u € H*(Q2), then by [64], Theorem 1.5.1.2] (a higher order version

of the trace theorem) 2% exists in H F=3(80) — L2(89) with norm dominated by

||U||Hk(sz)-
That is, there exists K > 0 independent of u such that || Bu|| 290y < K||u| gr ).
Since in particular D(AP) C D(B), the latter containing H*(Q2) for every k >

%, the conclusion of the lemma follows immediately from combining this with

(CLI). [

C2. On the homogeneous Dirichlet problem
Here we consider the map P : L?(9Q)) — L?(Q) used in Section (.3, which is
related to the homogeneous Dirichlet problem
—Au=0 in €,
u=f on 052,
for f € L*(Q2). We will assume throughout that  is of class C' only. We will
also assume for the meantime that 2 < p < o0, as this makes no difference from
the case p = 2. We start by defining the non-tangential maximal function N, of
u € LP(Q2) N C () by
Lo(2) :={x € Q:dist(z,2) < (1 + a)dist(z,00Q)}
Ny(u)(2) :==sup {|u(x)| : z € Tn(2)},

where a > 0 is fixed, arbitrary.
Let f € LP(OQ) for some 2 < p < oo. Then by [71], Corollary 3.2] there

is a unique harmonic function u € LP(Q2) N C?*(2) such that u converges non-

(C2.1)

tangentially o-a.e. to f and for any o > 0, there exists a constant C' = C(p, a)
such that

(C2.2) [ Na(w)| o) < Cp, )| f | Lr()-
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(In fact this result holds for Lipschitz Q. By standard results we also have u €
C>°(£2) even in this case, but we will not need this.) The map P : LP(90Q2) — LP(2)
is then defined by Pf = u.

Theorem C2.1. For p = 2 and ) of class C* the map P : L*(0Q) — L*(Q) is

well-defined, linear and bounded.

That P is well-defined and linear follows immediately from [71]. As for bound-
edness, it is well-known that if f € L2(09Q), then u € Hz(Q) (see, e.g., [T1]
Section 6.3]); however, this does not immediately imply P is bounded, since it is
not clear if P is closed as an operator from L2(9Q) to H2 (). Moreover, while
we very strongly expect this is true we cannot find any reference for this, at least
for our class of domains (though see [I01l, p. 236] and the references therein). To
complete the proof of Theorem [C2.1] we will prove here that P : L*(0Q) — L*(Q)
is bounded.

To do so we will first establish an estimate near the boundary using (C2.2)), and
then an interior estimate. Cover 02 by a collection of k local coordinate systems:
choose z; € 90 and cubes Q; = (—b;, b;)" containing z;, i = 1,..., k, such that for
each 7, in the local coordinate system zy, ..., xy, inside @); J€2 is the graph of a
C! function ¢; = p;(x1,...,25_1), and such that 0Q C Ule ;. Then for each 1,
V@il Lo (0,) is bounded.

For z € 002N Q;, let

V,={x=(x1,...,2n) €EQ: 2= (21,...,2n_1,0i(x1,...xNn_1))}
be the vertical line passing through x contained in 2N Q;.

Lemma C2.2. In the framework described above, there exists a = (i) such that
for all z € graph ¢;, the set V, C T'y(2).

Proof. Suppose that  is of class C!, fix i and suppose for a contradiction that
for all v > 0 there exists z(«) € graph¢; such that V, ¢ I'y(2).

Choose a > ||V;||=(q,- Then there exists z € graph¢; and z € V. with
(14 «) dist(x, 092) < dist(z, z).

Let w € 022 be such that dist(z,w) < ﬁdist(a:, z). We will write w’ =
(wy,...,wn-1,0) and 2" = (z1,...,2nx-1,0) (so that z = (2, p;(%')) and similarly
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graph ¢;

Ficure C.1. V, and I,

for w). Let m be the absolute value of the gradient of the line joining w and z.
Then m < [Vl @y

We will show that we must have m > «, which contradicts m < ||V, || L0, <
a. To this end, suppose without loss of generality that dist(z,z) = 1. Then
dist(z,w) < HLQ As in Figure [C2 let y = (21,...,2v_1,@i(wy)). If we let
b = dist(w,y) and a = dist(y, z), then we have m = a/b.

2
m’%

FIiGuRrE C.2.

We will minimise the ratio m = a/b. First note that for m to be minimal,

we must have wy > zy (so that the angle wzz is acute). Next note that b? <

m — (1 —a)?. Then

(C2.3) m =

= ,
Ve — (1 —a)?

where 0 < a < 1and 1 —a < 75, that is, a > 1 — 7= > 0. We claim that the

right hand side of (C2.3) is minimised over the appropriate range of a, & when

m=+(1+a)?—-1=+va%+2a>a.
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Indeed, an elementary calculation shows that

- - >V(1+a)P-1
\/m—(l—a)2

if and only if

2 2 _
(a+1) a2_2a+(a+1) 1>0.

(C2.4) m W =z

Now another elementary calculation shows this quadratic expression has a repeated

rootat a =1— m, showing that the expression is positive semi-definite and so

(C2.4)) indeed holds for our range of a, «, proving our claim.

In particular, we conclude that
a <m < ||Vl pe @) < o
a contradiction. 0
The next result can be stated for 2 < p < oo.

Lemma C2.3. There exist Qy CC Q, o > 0 and Ky = Ko(p,«) > 0 such that, on
Q\ Qo,

(C2.5) [ull ooy < Kol Na ()l Lr(a0)
for all uw € LP(Q\ Q).
Note that for some u € LP(Q \ €), the right hand side of ([C2.5) may be oo.

Proof. Choose a local covering of 9 with cubes Q; = (—b;, ;)" as in LemmalC2.2]

set

Qo= O\ (Qé)

and choose o > 0 satisfying the conclusion of Lemma for every 7. Now for
u € LP(Q\ Q), write

wi(z')
/ |u|pdx:/ / |ul? dxy da’
QNQ; RN-INQ; J —b;

<[ N )P i,
RNﬁlﬁQi
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where we have replaced u on V, by the constant function |V, (u)(2)| > |u(zx)| for

x € V,, and also p;(2") by b;. Hence

/ |u|P dx < / 2b;| Ny (u) (2, i (") P/ 1 + | Vs |2(2") da’
QNQ; RN-1NQ;

= 2b; (| Na (W) 700000, < 26ill Na (W) |70 00)-

Summing over all k£ cubes,

. :/ ulP de < / luf? da
@) = fo o Z o,

gkmiax%z'”N( M Ezr00)-
]

Combining Lemma [C2.3] with (C2.2), we see that there exist Qy CC Q, a > 0
and Cy > 0 such that

(C2.6) 1P f gy < Collfllzeon

for all f € LP(0N2). We will now prove an interior estimate directly using the
Poisson integral formula. While this should be valid for general 2 < p < oo, our
proof only works in the case p = 2. It is immediate that Theorem [C2.1] follows
from (C2.0) and Lemma [C2.4]

Lemma C2.4. Under the assumptions of Theorem [C21, suppose that Qy CC €.
Then there exists a constant C' > 0 depending only on € and y such that

(C2.7) 1P fllc2@0) < ClIflle200)

for all f € L*(09).

Proof. Without loss of generality, we may assume that 0 < f # 0 (that is, f is
non-negative and not 0 o-almost everywhere). If f = 0, then Pf = 0 and there
is nothing to prove. If f € L%*(0Q) is not non-negative everywhere, then write
f=ft—f",where f*, f~ > 0. Since P is linear, writing u = Pf = Pf* — Pf~

and, assuming (C2.7)) holds for non-negative functions, we have

lull 20y < NP F N 220) + 1P F N 22(00)
< ONf Nz + Clf 2oy < 2C| fll2o0)-
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So now suppose 0 < f € L}(9Q) D L*(9) and f > 0 on a set of o-positive measure
and write u = Pf € C™(Q) (for the fact that we can do this for f € L'(99Q) we
refer to [71]). By the maximum principle, we must have u(z) > 0 for all z €
since otherwise the harmonic function u would attain an interior minimum. Given
Qp CC 2, by the Harnack inequality there exists a constant & > 0 depending only
on (2 and €y such that

v(x) < kv(y)
for every positive harmonic function v on Q and all z,y € Qq (see [59], Theorem 2.5]
or [71], p. 13]). For our harmonic function u = Pf, for each x € €, we may write

u(x) = fdw®,
o9

where w” is the harmonic measure on 92 at z (see [T1]). Note that f € L'(99, dw®)
for all x € Q (this is immediate from the definition). This means that if we fix

o € {p, then we have
1

— fdw® < fdw™ <k fdw®
k Jao o0 o9

for all f € LY(09) and all x € Qy. Now since w® and w™ are mutually absolutely
continuous (see [71], Theorem 3.1}), by the Radon-Nikodym theorem there exists
h € LY(09, dw™) depending on z €  such that dw® = hdw®. Hence

/ f(ﬁ> dw®™ < fdw™

oo \k 09

for all 0 < f € L' (99, dw™). This means the function » may be identified with a
linear functional on L'(99), dw™) with norm no more than 1. Identifying the dual
of LY(98, dw®™) with L>°(9€, dw®), this implies

2| oo (902, duw0y < K.

Since w™ and o are mutually absolutely continuous (again, see [71], Theorem 3.1]),
they have the same sets of measure 0 and hence give rise to the same L°°-norms.
That is,

HhHLC"’(@Q,dU) = HhHLOO(BQ,dwxo) <k,

where the same k > 0 works for all z € Q. Writing dw® = gdo, we actually have
g € L*(09,do) by [T1], Theorem 3.1(b)]. Now fix f € L?(9Q) = L*(0Q,do). Then
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for all z € Qq, by the Cauchy-Schwarz inequality we have
u(x) = fdw® = fh(x)gdo
o9 o9

< ||h||L°°(BQ,da)||fHL2(aQ,do)H9||L2(aﬂ,do)

< kllgll2@00.d0) | f1 22 (002,d0)
where k is the constant from the Harnack inequality depending only on §2 and 2.
Note also that g depends only on zy and hence on 5. Squaring and integrating
over (2,
[ullZ20) < B[] 119l 200,000 | £ 22002 d0)-
Setting C' := k|Qy|? |9/ 22(902,d0)» Which depends only on €2 and €2, gives the desired

estimate. 0

We also wish to consider the restriction of P to Hz(85). It is known that for
s € [0,1], P maps H*(9Q) into H*"2(Q) if Q is Lipschitz (see [69, p. 165]). In
particular, for Lipschitz €2, the restriction of P to H 2 (012), which for simplicity we
will still denote by P, is a linear operator P : H2 (9Q) — H'($2). Note that we now
have that tr(Pf) = f for f € Hz(9Q) (see, e.g., [69, Theorem 5.1] if N > 3, or else
use that the trace operator has a right continuous inverse [64, Theorem 1.5.1.3]).
We will now give a proof that P is in fact bounded from Hz () to H'(Q). All
Proposition [C2.5 really says is that the set of harmonic functions in H*(2) is closed

in the H'-norm, which is well known.

Proposition C2.5. The operator P : Hz(9Q) — HY(Q) is bounded. Here Q0 is
Lipschitz.

Proof. By the closed graph theorem, it suffices to prove P is closed. So suppose
fo— fin H2(99Q) and Pf, — u in H'(2). Since D(P) = H2(d9) we only need
to show Pf = u.

Now since AP f,, = 0 for all n, for any v € C°(Q2) we have

0:/UAand:E:—/Van-Vvda:—>—/Vu-Vvdx
Q Q Q

as n — oo since Pf, = uin H'(Q). Hence [, Vu-Vvdz =0 for all v € C°(Q),
so that Au = 0 in the sense of distributions.
Also, by the trace theorem (Theorem BAA2), tr(Pf,) — tru in Hz(99), that

is, f = tru. Since u solves Au =0 in Q and tru = f, we conclude u = Pf. U
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C3. The Dirichlet-to-Neumann operator

Here we prove some properties of the Dirichlet-to-Neumann operator N :
L*(09Q) — L*(0R) given by (£.3.2), that is,
0

D(N) = {f € 1(09) : =(Pf) € *(0)}
Nf= 2P,

where for the rest of the section we will assume () is Lipschitz. We will use form
methods to study the properties of N. For another approach using boundary layer
techniques see Sections 7.11 and 12.c of [102].

Theorem C3.1. The operator —N generates a compact analytic semigroup of
angle 5 on L*(09) for Q Lipschitz.

Proof. Define a form on Hz(99Q) by

Q(f,9) = /QV(Pf) -V (Pg) dx.

Then @ is bi- (sesqui-) linear, symmetric, non-negative and by Proposition is
bounded.

Moreover, @ is L?*(0Q)-elliptic in the sense that for all A\ > 0 there exists
C' = C(A) such that

(C3.1) QU ) + Al 200 = CILIE

HZ (0Q)
for all f € H2 (092). To see this, fix A\ > 0. Then by Maz’ja’s inequality [88],
Section 4.11], and using that tr(Pf) = f, we have
QUf )+ M f 2 00) = IV (P H 20y + M tr(P 200
> win A, GO PP g

2()
> min{\, 1}02(Q)||Pf||%2(9)'

In particular,

QU + M flzzom = CoA DT P ey + 1Pz
> G DI

by the trace inequality. This establishes (C3.7]).
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Next we establish that IV is the operator associated with Q. That operator,
call it NV, is given by

D(N) ={f eD(Q) = H%(ﬁﬂ) . there exists h € L*(09)
(C3.2) such that Q(f, g) = (h, 9) 1200 for all g € Hz(9Q)}
Nf=yg.

So suppose that f € D(N). We certainly then have f € Hz(9Q) = D(Q) (for ex-
ample %(Pf) € L*(09) implies Pf € H%(Q) by [70]; see also |69, Theorem 5.15]).
Then for any g € Hz(8%),

/Q V(Pf) V(Pg) = / (Pg)A(PF) di + / V(Pf)-V(Pg)ds

0
= —(Pf)dzx
/anaV( f) )

that is, Q(f, 9) = (& (Pf), 9) 1200

This shows that if f € D(N), then f satisfies the domain condition (C3.2)) and
Q(f,9) = (Nf,g) 12090 for all g € H%(OQ); thus N C N in the sense of operators.
For the converse, let f € D(N), write Nf = h and for v € H'(Q) arbitrary
write v = u + Pg, where u € H}(Q) and g € H2(Q). Then Pf € H'(Q) by
Proposition [C2.5] A(Pf) = 0 in the sense of distributions, and [, V(P f)-Vudz =

0 since tru = 0, and so

/QUA(PfH/QV(Pf)-vvdg;:o+/QV(Pf)-vudx

+/QV(Pf)-V(Pg)d:)3:/thtrvdx

for all v € H(2), where for the last step we used the definition of N. By definition
h=2(Pf) (see (A43)), that is, f € D(N) and Nf=h=Nf. Hence N = N is
associated with Q).

Now it follows that N has compact resolvent since the form domain H %(89)
embeds compactly into L*(9Q) by Rellich’s theorem. It also follows by standard
theory (see for example Section 7.1 or Section 3.14 of [9]) that —N generates an

analytic semigroup of angle 7. U

We can also consider the restriction of N to the form domain Hz(99). In this

case we immediately know that —/V still generates an analytic semigroup of angle
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z. If Q is sufficiently smooth we have N : H*(9Q) — H*(0Q) for any k € RT
(see [102] Section 7.11]).

Theorem C3.2. Let Q be Lipschitz. The part of —N in H%(OQ), given by the

negative of

D(N) = {f € HH00) - Z-(Pf) € Hi(00))
0

14

(C3.3)

generates a compact analytic semigroup of angle 5 on H%(ﬁQ).

™

Proof. That —N generates an analytic semigroup of angle 7 on its form do-
main Hz(09) is a standard result (cf. the proof of Corollary 5.2.2). For compact-
ness, since —N is associated with a symmetric form it is self-adjoint and hence
there exists a square root operator A = (—N)2 (that is, A2 = —N) such that
D(A) is the form domain H2(99) (see [72, Theorems V.3.35 and VI.2.23]). By
properties of Sobolev towers, D(A%) = D(N) embeds compactly (and densely)
in D(A) = H2(99Q) (see [6, Theorem V.1.3.8]). In particular the domain of the
part of —N in Hz(dQ) certainly embeds compactly in Hz (). Since in addi-
tion R(A, _N|H%(aﬂ)) is well-defined and closed for A € p(—N) (see [9, Proposi-
tion 3.10.3]), it must be compact. O
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