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Summary

The object of study in this thesis is a number of different models of branching Lévy
processes in inhomogeneous breeding potential. We employ some widely-used spine
techniques to investigate various features of these models for their subsequent compar-
ison. The thesis is divided into 5 chapters.

In the first chapter we introduce the general framework for branching Markov pro-
cesses within which we are going to present all our results.

In the second chapter we consider a branching Brownian motion in the potential
Bl-P, B> 0,p>0. We give a new proof of the result about the critical value of p for
the explosion time of the population. The main advantage of the new proof is that it
can be easily generalised to other models.

The third chapter is devoted to continuous-time branching random walks in the
potential |- [P, 8 > 0, p > 0. We give results about the explosion time and the
rightmost particle behaviour comparing them with the known results for the branching
Brownian motion.

In the fourth chapter we look at general branching Lévy processes in the potential
Bl P, B >0, p>0. Subject to certain assumptions we prove some results about the
explosion time and the rightmost particle. We exhibit how the corresponding results
for the branching Brownian motion and and the branching random walk fit into the
general structure.

The last chapter considers a branching Brownian motion with branching taking
place at the origin on the local time scale. We present some results about the population
dynamics and the rightmost particle behaviour. We also prove the Strong Law of Large

Numbers for this model.
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Chapter 1

Introduction

This thesis is devoted to the study of branching Lévy processes. They are a natural
generalisation of Branching Brownian Motion (BBM), a model extensively studied over
the last few decades. Let us mention the paper of H.P. McKean [26] from 1975 as one
of the earliest works in this subject.

In this chapter we give some general definitions and state a few fundamental results
valid within an even bigger class of branching Markov processes. The major reference
for this chapter is the work of Hardy and Harris [19], where all the proofs and further
references can be found. We shall use the BBM model whenever we need an example

to illustrate some general idea.

1.1 Some definitions and notation

Let us begin with the description of a general branching Markov process, which is a
sufficiently large class of processes for us to consider.

Initially we have one particle at position x. It moves in space according to a certain
Markov process. If it has position X, at time ¢ then it splits at instantaneous rate 5(X})
at time ¢ and we assume that f(f B(Xs)ds is well-defined for all ¢+ > 0. The function
B(+) is called the branching rate (or the potential).

By splitting we mean that the original particle dies, and at the position where it
died it is replaced with a number of new particles (children). If the death occured at
location y then the number of children is 1 + A(y), where A(y) is a random variable
with the probability distribution given by

P(A(y) = k) = pi(y), where k € {0,1,2,...}. (1.1)

Each new particle then, independently of the others and of its parent, stochastically
repeats the behaviour of the initial particle.

So if the initial particle moved like a Brownian motion in R we would roughly see



a picture as in Figure 1-1 below.

initial particle

: > |

W 3

its children

Figure 1-1: Branching process

Remark 1.1. Let us note that the number of children of any particle is > 1. Thus the

process is gquaranteed to survive and we don’t need to worry about its extinction.

We reserve the letter m for the mean of A(-):

m(y) == EA®y) = > kpe(y). (1.2)

In our later applications we shall always take A(-) to be spatially independent. That
is, A(y) = A for all y and consequently m(y) = m for all y.

Example 1.2. [t is possible to simplify the model even further by taking A = 1. In
such model each particle when it dies produces exactly two children. The corresponding

branching process is then called binary or dyadic branching process. In this case m = 1.

Example 1.3. One should also keep in mind the degenerate case when A = 0 or, equiv-
alently, m = 0. In this instance a particle when it dies has always only one descendant,
so the branching process reduces to a single-particle Markov process (X¢)i>0. The same

is true if the branching rate satisfies B(-) = 0.

Remark 1.4. We said that ((-) is the instantaneous branching rate. It means that
conditional on its path the (initial) particle will not split by time t with probability
e~ Jo B(Xs)ds Or, if we take away the conditioning, the actual probability of this event
18 E(e* Jo B(Xs)ds) .

Alternatively, given that the particle is at position X; at time t, the probability that
it splits in the time interval [t,t 4+ h) is B(X¢)h + o(h).

Sometimes it makes more sense to talk about the cumulative branching rate which
equals to fg B(Xs)ds.

In the simplest models ((+) is a constant function. That is, 5(-) = O.



In all our applications the underlying Markov process will be an R-valued Lévy
process.

We label particles according to the Ulam-Harris convention. That is, we call the
original particle @. Its children are then labelled 1, 2, 3, ... and children of particle
u (# @) are labelled ul, u2, u3, ... . So e.g. a particle with label 132 would be the
second child of the third child of the first child of the initial ancestor &.

For two labels v and u we shall write v < u to indicate that v is an ancestor of u
(but not u itself). We shall say v < u if v < u or v = u. We shall also write |u| for the
generation of u. E.g. |@] =0, [132| = 3.

Definition 1.5. Ny is the set of (labels of ) particles alive at time t.

Below we give an illustration of the last couple of paragraphs.

N, ={1,21,22}
T <2<22<221 < ...

Figure 1-2: Particle labelling

Let us introduce some more notation that we are going to need.
Definition 1.6.

o X' is the position of a particle u (€ Ny) at time t

Sy is the fission time (or death time) of particle u

oy 18 the lifetime of particle u, so S, = szu Oy

Ay := (# of children of particle u) — 1

(X;L)O<s<t is the path of particle w € Ny. That is, for 0 < s <t we take X to

be the position of the unique ancestor of u alive at time s

Xpi={(u,X}"):u€ N}, t>0



To the branching process X we associate the probability measure P* (where z is the

starting position of the first particle). We also let (]:t) +~o denote the natural filtration

of our branching process, so that F; contains the information about the paths of all

the particles as well as their genealogy up to time ¢. Formally, we define
Fp = O'<(U,Xu,0'u) 1S, < t; (u,X;‘ 1 s €[Sy — O'u,t)) (t e[S, — O'u,Su)>.

As always we write F, for O'( Ut>0 .7-}).

1.2 Spines

Description of the process given in the previous section is sufficient for understanding
the questions studied in this thesis. However all these questions will be answered using

different spine techniques. In this section we shall introduce spines.

Definition 1.7. A set £ = {D, ui, ua, us, ... } is a spine if uy is a child of &, ug is
a child of uy, ug is a child of us, etc. In other words, a spine is a distinguished infinite

line of descent.

Definition 1.8. For a given spine & we define the process
& =X ifue Nyng¢ , t>0.

That 1s, (&)tzo
exactly one element in it.)

is the path corresponding to spine . (Note that Ny N always has

¢ =4, 2, 22, 221, ... } as shown in Figure 1-3 below is a spine. Its path (& );>0

is drawn with the bold line.

£€=1{2,2,22,221,..}

Figure 1-3: An example of a spine

10



We can extend the original branching process by identifying a spine. Our sample space
is therefore the space of all possible realisations of X with a distinguished spine £. Let

us mention a couple more quantities, which we associate to a spine.

Definition 1.9. For a given spine & we shall write nodey(§) for the unique particle u
in Ny N E. So that nodey(€) is the particle in the spine that is alive at time t.
We also define n; to be the number of fissions that have occured along the path of

the spine by time t, so ny = |nodey(§)].

The spine process that we shall always assume can be described as follows. We
start with the initial particle @. Whenever the current particle of the spine splits, we
choose one of its children uniformly at random to continue the spine. One important

observation is that for a particle u € Ny

1

Prueélr) =] T (1.3)
v<u v
In the special case of binary branching
Po(u € €| F) =27 (1.4)

In the Figure 1-4 below we show in brackets the probability of particles belonging to
the spine.

Figure 1-4: Particle weights

Definition 1.10. P is the extension of the probability measure P*, under which the

spine is chosen uniformly as described above.

11



Hence P* = P*|z_. We shall write E* for the expectation with respect to P* and
E* for the expectation with respect to P*.

For more details about the spine construction one should see [19].

Remark 1.11. Under the probability measure P* the spine process (ft)t>0 has the
same distribution as the Markov process (Xt)t>0 (corresponding to the motion of a

single particle in the branching system,).

The next important step is to define a number of filtrations of our sample space,

which contain different information about the process.
Definition 1.12 (Filtrations).

o F; was defined earlier. It is the filtration which knows everything about the par-

ticles” motion and their genealogy, but it knows nothing about the spine.

o We also define Fy = U(ft,nodet(g)). Thus F has all the information about the
process including all the information about the spine. This will be the largest
filtration.

e G = 0({8 :0<s< t). This filtration only has information about the path of
the spine process, but it can’t tell which particle uw € Ny is the spine particle at

time t.

o G = o(Ge, (nodes(€) : 0 < s < t), (Ay : u < &)). This filtration knows
everything about the spine including which particles make up the spine and how

many children they have, but it doesn’t know what is happening off the spine.

We shall use these filtrations extensively for taking various conditional expectations.
Let us note that G, € G, C F; and F, C F.

We finish this section with a couple of important observations.

Proposition 1.13. Under P*, conditional on the path of the spine, (n¢)e>0 s an
inhomogeneous Poisson process with instantaneous jump rate 3(&). So conditional on

Gy, k splits take place along the spine by time t with probability

s dS t
P¥(ny = k|Gy) = fo /f e~ Jo Blgs)ds

or, taking away the conditioning,
P:v(nt _ k?) < fO 58 dS f(f g(gs)ds>.

Proposition 1.14. Under P® the entire branching process (with the spine) can be

described in the following way.

12



e the initial particle (the spine) moves like some given Markov process.
o At instantaneous rate (3(-) it splits into a random number of particles.
e The number of particles has the distribution of a random variable A(-)

e One of these particles (chosen uniformly at random) continues the spine. That

is, it continues moving as the given Markov process and branching at rate [3().

e The other particles initiate new independent P-branching processes from the po-

sition of the split

1.3 Many-to-One theorem

The first very useful tool that we mention is the Many-to-One theorem. Let us state

it in its general form as it was stated in [19].

Theorem 1.15 (Many-to-One). Let f(t) € mG;. In other words, f(t) is Gi-measurable.

Suppose it has the representation

f(t) = Z fu(t)l{nodet(ﬁ):u};

u€E N

where f,(t) € mFy, then

E"”( 3 fu(t)) _ f (f(t)efém(is)ﬁ(és)ds»

u€ Ny

Remark 1.16. It was shown in the recent PhD thesis of M. Roberts [29] that any
f(t) € mG; has the required representation

f(t) = Z fu(t)l{nodet(g):u};

u€ Ny
where f,(t) € mF;.

Here f is some functional f of the spine’s path (fs)0<s<t. That is,
flt)= f((§s)s€[0,t]) and f, is the same functional of the path (X¥) .. _,
Ny. That is, f,(t) = JE((Xg)se[O,t})- Therefore the theorem reduces the expectation of

a sum over particles u € N; of functionals of paths of those particles to the expectation

of a particle u €

of a functional of only one particle.

Let us give a couple of examples to make things more clear.

13



Example 1.17.

o Take f(t) = elo @(6)ds for some function oe. Then

Ew( 3 eféa(xwds) _ B <ef5 a(ss)+m(ss>ﬁ(§s>ds),

uEN

o Take f(t) = l{Supse[o gl&l < e} for some number c. Then

Ex( Z 1{5111356[0,15] |X;‘| < C}> - Ex((l{supse[o,t] |§S| < C})ef() (55 ﬁ(gs) >

u€E N

In the special case when the functional f,(¢) only depends on the position of a
particle u at time ¢ (i.e. the endpoint of the path (X¥)o<s<¢), the Many-to-One theorem

takes the following form:

Lemma 1.18 (special case of Many-to-One). Let g be some measurable function, then

Ex( > g(Xf)) = ( (€, )eds Mg Es)ds)

u€E N

Often we take g to be an indicator function of some event.

1.4 Additive martingales and changes of measure

In this section we give a construction of additive martingales, another very useful tool
in the study of branching processes. One of the first mentions of these objects can be
found in the paper of McKean [26]. They have been used vastly since then (see for
example [27], [15] or [21]).

A typical additive martingale has the form

M, = Z — [y m(X")B( X“)dsMu t>0,
uEN

where M"’s are single-particle martingales w.r.t (X¥)o<s<¢. In the rest of this section
we give a detailed sketch of the construction of (M;)>o.

From Proposition 1.13 we know that under P* the process (§;)¢>0 moves as some
Markov process, and, conditional on the path of this process, (n:);>o is a Poisson
process with cumulative jump rate fot B(&s)ds. The following proposition as well as the

whole subsequent construction in greater detail can be found in [19].

Proposition 1.19 (Scaling the birth rate along the spine).

i = (I (14mees,) e fom@aeads g

v<nodet (&)

14



is a martingale with respect to probability measure P* and filtration (gt)tzo- (Here m(-)
is the mean of A(-) as in (1.2).)

If we define the new measure Qf via the Radon-Nikodym derivative

dQt - (1)
dP? |z !

then under Qf the process (n¢)i>0, conditional on G, becomes a Poisson process with
cumulative jump rate fot(m(gs) + 1)8(&s)ds. That is,

k
(J(m(&s) +'1 )B(E)ds)" _ ftmie)+1)pe)as
k!

QF (ne = k|Gy) =

Example 1.20 (Binary branching). In the case of binary branching we have m = 1.

Therefore
MY = greem [3BENs s,

O% (ny = K|Gy) = M [ ase)ds

S0 Qf simply doubles the jump rate of (ng)e>0-

Proposition 1.21 (Biasing family sizes along the spine).

~(2) 1+ A,
M, = - t>
f I ey =20

v<node (&)

is also a P*-martingale. (Here 1 + A, is the number of children of particle v.) If we
define the new measure Q% as

d@%

20 @ >0
4P |

then under Q§ the random variables A, change their distribution in the following way:

(1+k)pr(&s,)

if v < & then Prob(A, =k) = T+ miEs)

, ke{0,1,2,..}.

(Formally by Prob( - ) we mean Qg( | o(Gr,nodes(€) : 0 < s<t)))

Example 1.22 (Binary branching). In the case of binary branching A(-) =1, m(-) =1

and therefore Mt@) =1, so no changes take place.

Also suppose that we are given some mean-one positive p””—martingale (Mt(3))t20

with respect to the filtration (G;)¢>0, the natural filtration of (&)¢>0. We use it to

15



define the new measure Q§ via the Radon-Nikodym derivative:

dQ* -
Glo_p® . s (1.5)

dP? | £,

Suppose that under Q§ the spine moves like some new Markov process. Let us illustrate

this with a classical example.

Example 1.23 (BBM). If the spine process (§:)i>0 is a (standard) Brownian motion
started from 0 then we can take M®) to be a Girsanov martingale. Namely for some
path (y(t))i>0 such that fg 7(s)%ds < oo Vt > 0 we can take

M = el v@dg—3 jr()%ds 45 g,

Then under QY the spine process (£s)o<s<t moves like a (standard) Brownian motion

with drift fot v(s)ds.
Given such martingales M, M@ and M®) we have the following result.

Proposition 1.24.
M= MOMP® . t>0

is a martingale w.r.t the probability measure P* and filtration (.C’;t)tzo- Moreover, prob-

ability measure Q% defined as

dQ*
dp=

=M= H (1 + Ay )e~ Jom(E)BE)ds yr(3) >0 (1.6)
Fi v<node(§)

has the effect of changing the motion of the spine in space (according to the martingale
M®) ) as well as scaling the birth rate along the spine (according to the martingale

M(l)) and size-biasing the families along the spine (according to the martingale M(Q)).

Under Q% the behaviour of the whole branching process (with the spine) can be

described in the following way.

Proposition 1.25 (Branching process under Q%).
e The initial particle (the spine) moves like the measure-changed Markov process.
o At instantaneous rate (14 m(-))B(-) it splits into a random number of particles.

e The number of particles follows the distribution

<(1 + k)pi()

c k=0,1,2,...).
1+m() 0’5’ >

16



e One of these particles (chosen uniformly at random) continues the spine. lLe. it
continues moving as the measure-changed Markov process and branching at rate

(1+m(-))B(:) producing a biased number of children.

e The other particles initiate unbiased branching processes from the position of the

split

Remark 1.26. Note that although (1.6) only defines Q% on events in Utzoft,
Carathéodory’s extension theorem tells that Q" has a unique extension on
Foo := (U0 Fy) and thus (1.6) implicitly defines Q° on Fu.

Example 1.27 (Binary BBM). Let us consider a simple model of BBM with binary
branching and homogeneous branching rate 3(-) = (B with the initial particle started

from 0. For some v > 0 let Mt(g) = 675’5_572’5, t>0 and
M, = 2t Pleré=a® >,

Then under Q° the spine process moves as a Brownian motion with (instantaneous)
linear drift v. Births occur along the spine at rate 20 and each time two children
are born of which one continues the spine and the other starts an unbiased branching

process. An illustration is given in Figure 1-5 below.

yt

&

Births on the spine
occur at rate 203

P - subtree

P - subtree

Y

Figure 1-5: Branching process under Q°

Note that M) must be some function of (&s)o<s<t. For each particle u € Ny let us

denote by (M¥)o<s<¢ the same function of (X¥)o<s<¢.

17



Thus M; (recall equation (1.6)) has the following representation

M= T+ Ae Jo mXDBXIs ppug

u€Ny v<u

Then, by projecting M onto the filtration F and recalling (1.3) we get the following

martingale w.r.t F and P~.

M; = Ex(Mt‘}—t)
= 7 el IODE S TT (14 4,) x B (1ggmy |57

u€ Ny v<u

=Y Mpe Jom(X2)B(XE)ds (1.7)
u€E Ny

Martingales of the form (1.7) will be referred to as additive martingales. Note that by
the Many-to-One Theorem (Theorem 1.15) E(M;) = 1.
Finally let us note that if we define Q% := Q:B’foo, where Foo = 0(Us>0Ft), then

dQ”
dpPe |,

=M,, t>0. (1.8)

We finish this section with an example.

Example 1.28 (Binary BBM). Consider the model from Example 1.27. We’ve had

Mt = Q"teyft_(ﬁ"‘%ﬁ)t , t>0.
The corresponding additive martingale is
M, = Z BVXZ‘_(Q"F%VQ)T? , t>0.

uEN

1.5 Spine decomposition

Here the basic idea, already seen in Proposition 1.14, is that the tree made from the
paths of all the particles can be decomposed into the spine’s path and the subtrees
initiated from it. Each of those subtrees has the same law as the original branching
process started at time S, from the position &g, for v € £. On the illustration below
we have the spine process drawn with a bold black line and different subtrees on the
spine drawn in different colours.

The proof of the following theorem as well as some further discussion can be found in
[19].
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Figure 1-6: Spine decomposition

Theorem 1.29 (Spine decomposition). As a consequence of Proposition 1.14 and the

martingale property of M we have the following decomposition:

EQJC (Mt|g~oo) _ Mt(3)6— fot m(&s)B(Es)ds + Z AuMéu)e— Osu m(§s)B(€s)ds , t>0
u<nodet ()

Recall that S,’s for u < node;(§) are just the birth times along the spine before
time ¢t. We shall refer to the first term of this decomposition as the spine term or
spine(t) and to the second one as the sum term or sum(t).

This theorem is very helpful in analysing the asymptotic behaviour of (M;)¢>¢. For
example, as we shall see later, it is useful in deciding whether M is uniformly integrable
or not. In [19] Hardy and Harris used it to investigate LP convergence of a family of

additive martingales.

Remark 1.30. We shall often assume (without loss of generality) that the branching

process starts from 0 and in such cases we shall write P in place of P° and similarly
for P, Q and Q.
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Chapter 2

Branching Brownian Motion in a

supercritical potential

In this chapter we consider binary branching Brownian motion with branching rate
B(x) = Blz|P, where 8 > 0, p > 0. That is, single particles in the system move
as standard Brownian motions splitting into two new particles at instantaneous rate
8- p.

This model has been a subject of study before. J. Harris and S. Harris in [22]
investigated the asymptotic growth of the rightmost particle in the case p € [0,2]. The
asymptotic properties of the population growth in the case p € [0,2) are studied in the
paper of J. Berestycki, E. Brunet, J. Harris, S. Harris and M. Roberts [3].

However, one fundamental question one needs to answer before studying various
aspects of the model is whether the population size stays finite or explodes in finite
time. It6 and McKean proved in their book [23] that if p € [0, 2] then almost surely the
number of particles stays finite at any time, whereas if p > 2 the number of particles
almost surely explodes in finite time.

The proof of It6 and McKean was in the spirit of Borel-Cantelli lemma and relied
on knowing the distribution of passage time of a Brownian motion to a given level. The
latter made it difficult to adapt the proof to processes other than Brownian motion.

We wish to give an alternative proof using spine techniques discussed in the first
chapter. The work of J. Harris and S. Harris [22] shows how in the case p € [0,2] to
prove that with positive probability in the branching process there is a path, which
asymptotically grows like some given deterministic function. We shall use a slightly
modified argument to show that in the supercritical case (p > 2) with positive prob-
ability there is a path in the branching process which drifts to infinity in finite time.
That will be sufficient to deduce the almost sure population explosion in finite time as

we shall see later. In Chapter 3 we shall adapt our proof to a branching Random walk.
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2.1 Introduction

Let us take a binary branching Brownian motion with the branching rate g(x) = g|x|P,
where 3 > 0, p > 0. We shall denote by P* the law of such process if we want to
emphasize that it starts from x. Otherwise we shall assume that it starts from 0 and

denote its law by P.

Definition 2.1. We define the explosion time as
Teaplo := sup{t : |[N¢| < oo}.

In this section we give an overview of the properties of T¢;p,. Most of the things
we say can be found in [23] in one form or another, so we shall not go into too much
detail.

We start with the following observation:

Proposition 2.2.
pP* (Te:vplo = OO) = PY (Te:vplo = OO) Vx,y eR.

Proof. Take any x and y € R and start a branching Brownian motion from z. Let T}

be the first passage time of the process to level y. That is,
T, :=inf{t : Jue Ny s.t. X =y}

T, < oo because a Brownian motion started from any level x will hit any level y. Then
by the strong Markov property of the branching process the subtree initiated from y at

time 7, has the same law as a BBM started from y (see Figure 2-1 for an illustration).

PY-subtree. -

Figure 2-1: PY-subtree

Consequently, if the explosion does not happen in the big tree started from z, it cannot
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happen in its subtree started from y. Thus
p* (Te:vplo = OO) < PY (Te:vplo = OO)
Since x and y were arbitrary it follows that

pP* (Templo = OO) = PY (Te:vplo = OO) vz, Y€ R.

One important corollary of the previous result is the following 0-1 law.

Corollary 2.3.
P(Tegpio = o0) € {0,1}.

Proof. If X is the position of the first split then from the branching property we have
2 2
P(Tel‘plO = OO) = E<(PX1 (Texplo = OO)) ) = (P(Texplo = OO)) :

Thus P(Tegpio = 00) € {0,1}. O

Remark 2.4. This argument (Proposition 2.2 + Corollary 2.3) can be used to derive
zero-one laws for various other events. We shall see in later chapters an alternative
way to present this argument.

It is also worth mentioning that it was crucial in the proof that a Brownian motion

hits any point on the real line. Without this property the proof would not work.
Let us state another useful fact.
Proposition 2.5. Take some deterministic time t > 0.
If P(Tegpio < t) =0 then P*(Togpo < t) =0 Va.

Proof. Take any € € (0,t). Let T, be the hitting time of level x as in Proposition 2.2.

Then there is a positive probability that the process will hit level x before time €. Then

P(Teapio < t) > P(Teapio < t,Tp <€) > P(T%,, <t —¢€Ty <€),

explo
—_—————
=0
where T o 18 the explosion time of the subtree started from x (drawn in blue in Figure
2-2 below)

= B(P(Tgy <t =& T < dT2) ) = P(Ty < €) P*(Tewpio < L~ €).
0
>
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Thus
P”C(Texplo <t-— e) =0 Ve>0.

Letting € | 0 we get the result.

P?-subtree

Figure 2-2: [llustration of Proposition 2.5

As a consequence of Proposition 2.5 we get the following corollary.

Corollary 2.6. Lett > 0 be any deterministic time.

if P(Twplg > t) =1 then P(Texplo = oo) =1.

The result follows by induction since if the original tree almost surely does not

explode by time ¢ then none of its subtrees initiated at time t will explode by time 2t

and one can repeat this argument any number of times.

Proof. 1f P(T,ypio < t) = 0, then by Proposition 2.5 P*(Tezpo < t) = 0 Vo € R. Let

tn :=t(1 — o) for n € N. Then
P (Tegpio < tp) =0Vz € R, Vn e N.

Let T, := > """ | t;. Then
P(Templo < Tl) =0.

Suppose P(Tezpio < Tp,) = 0 for some n > 1. Then

P(Templo < Tn+1) :P(Tn < Templo < Tn+1)

:P(Tn < Templo <T,+ tn—i—l)

gE( N P (Tugpo < tn)> =0 by (2.1).

UGNTn
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Thus P(Tegpio < T,) = 0 for all n > 1 and since T;, — oo it follows that
P(Tezpio < 00) = 0. O
The main result of this chapter is the following dichotomy

Theorem 2.7.
a) If p <2 then Tegpio = 00 P-a.s.
b) If p > 2 then Toppio < 00 P-a.s.

Case a) is easy and we give its proof now. Case b) is more involved and we devote

the next section to its proof.

Proof of Theorem 2.7 a). We use the fact
E(|Ni|) <00 = |Ny| < oo P-as. = Ty, >t P-as.

A simple application of the Many-to-One lemma (see Lemma 1.18) gives us

E<\Nt\) - E( 3 1) _ E(efotﬁ(&s)ds) _ E(efgﬁ\is\Pds)7

u€ Nt

where under P the spine process (&)1>0 is a standard Brownian motion.
It then follows that

E(efmsswﬂds) < E(etﬁsuPogsgt |£s|p> _ E(etﬁ(supogsgt Ifs\)”)

<E <etﬁ(su130§s§t £)7 | tBeupg< .z fssv)
:2E (etﬁ(supogsgt &'s)p)

_z?
——c 2tdx

/ etﬂxp
0 V27t

using the well-known fact that supy< <, &s 4 €] 4 |IN(0,t)].
Thus we see that if p < 2 then E(|Ny]) < oo Vt > 0, and if p = 2 then E(|Vy]) < 0o
L
for t < NeTi
Terplo >t P-a.s. Then by Corollary 2.6 we deduce that T¢.,, = oo P-a.s. O

In either case we have that E(|N¢|) < oo for some t > 0, and hence

To end this section let us mention that the distribution of T¢,,, is known to be the

solution of a generalised version of the FKPP equation.

Proposition 2.8 (It6 and McKean). Let u(t, z) := P*(Togpio < t). Then u(t,x) solves

the following partial differential equation:

2
% = 454 +u(l — wplaP

u(0,z) =0 (2.2)
1



Note that v = 0 is always a solution of this equation. Moreover, if p < 2 it can be

shown using analytic methods that this is the only solution (see [23]).

2.2 Population explosion in the case p > 2

Consider binary BBM started from 0 with branching rate 3|x|P, where § > 0, p > 2.

In this section we prove that for such model T, < oo P-a.s.

Proof of Theorem 2.7 b). We shall prove that for any deterministic 7' > 0
P(Tmlo < T) > 0. (2.3)

This would tell us that T,,,, < oo P-a.s. by Corollary 2.3 and would also give a
non-trivial solution of the differential equation (2.2).
Let us suppose for the rest of this section that (2.3) is false. That is, 37 > 0 s.t.

P(Texplo < T> —0. (2.4)

In other words, |Ny| < co P-a.s. Fix this T for the rest of the proof.

Under the assumption (2.4) that there is no explosion before time 7" we can perform
the usual spine construction on [0,7"). That is, if the original process restricted to
[0,T) is defined under the probability measure P with {.7-}} te[0.T) its natural filtration,
then we can define the BBM process with the spine process (&;);c[o,) on the filtration
{.7}15} te[0.T) under probability measure P in the usual way. Then P = P ‘ o where
Fr = 0( Uselo,) .7-}). Similarly we define Gy, G and Fr.

Then we can consider a P-martingale of the form (1.6)

M(t) = e~ Jo BlslPdsgne o o[59'()d6— 5 36'()%s ¢ [0, ),

where g : [0,7) — R is a function in C1([0,T)) satisfying fg g (s)%ds < 0o Vt € [0,T).
Here we have used the classical Girsanov martingale in the place of martingale (1.5).

And via the Radon-Nikodym derivative we define a new measure Q

doO -
@V N, tep).
dP |z
Under this measure the spine process diffuses as & = By + g(t), where Bisa
Q-Brownian motion. P-subtrees are born along the spine at instantancous rate 23 |€¢]P.

These subtrees don’t explode (up to time 7) by Proposition 2.5. Then we define the
measure () := Qb_.T so that
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= M(@t), telo,T), (2.5)

where

t t 1
M) = Y e ([ g6axy = [ (502 + 8107 as) (2.6)

0 0 2

u€E N
is an additive P-martingale (recall (1.7)).

We'll be interested in paths g which explode at time 7. In particular we consider
paths of the form g(s) = ¢(T — s)~¢ — ¢I'~? for ¢, d some positive constants so that
g(s) — 0o as s — T and g(0) = 0. There is the ‘critical’ path g.(s) = c.(T — s)~% —

e, 7% where

2 — 2
= |——— , Ay = ——, 2.7
<\/2ﬁ(p—2)) p—2 27)
which solves the equation
1
59/(5)° = Bgls)? 23)

(ignoring the normalising constant ¢7~%). The meaning of this equation will become
apparent later. Let us mention that equation (2.8) comes up quite often in the BBM
model. For example in the model with subcritical branching rate (p < 2) the solution
of this equation describes the asymptotic growth of the rightmost particle.
For our martingale (My)ic[o,) We need to take a path which increases faster than
gx(s). So we let
g(s) = (T — s)~% — % (2.9)

for some ¢ > ¢, (e.g. c=c, +1).
In Figure 2-3 we see how the branching process would typically look like under the
probability measure Q.

/

Figure 2-3: BBM under Q
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We now recall the following measure-theoretic result taken from the book of R. Durrett
[13].

Theorem 2.9 (Durrett). Let u be a finite measure and v a probability measure on
(QF). Let F, T F be o-fields (i.e., o(UF,) = F). Let u, and v, be the restrictions
of w and v to F,.

Suppose i, <K vy, for alln. Let X, = %’;—: and let X = limsup X,,. Then

M(A):/AXdu+u(Aﬂ{X:oo}).

This theorem gives Lebesgue’s decomposition of measure y into absolutely contin-

uous and singular parts. In our case Theorem 2.9 takes form of the following lemma.

Lemma 2.10. Let M be as in (2.6) above with function g as in (2.9) and let measure
Q be as in (2.5). Then for events A € Fr

Q(A) = / limsup M (t)dP + Q(A N {limsup M (t) = oo}). (2.10)
A t=T t—T
Our aim is to show that lim sup, ,, M (t) < co Q-a.s. This will enable us to deduce
that for A € Fr P(A) > 0 whenever Q(A) > 0. In particular, knowing that under
@ there is a particle that drifts to infinity, we can deduce that this also happens with
positive P-probability.

Let us consider the spine decomposition (recall Theorem 1.29)

E? <M(t)|Q~T> = sum(t) + spine(t), tel0,T), (2.11)
where spine(t) = exp </0 g (s)dés — /0 (%g/(5)2 + ﬁ|£s|p)ds) (2.12)

and sum(t)= Y exp(/os“g/(s)dgs_/osu (%g/(s)z +ﬁ|§s|p)ds) (2.13)

u<nodet (&)

= Z spine(Sy).

u<nodet ()

We want to show that limsup,_,r EQ(M(t)‘gNT) < oo Q-a.s. We start by proving the

following assertion.

Proposition 2.11. 3 some Q-a.s. finite positive random variables C', C" and a ran-
dom time T" € [0,T) such that ¥Vt > T’

t
spine(t) < C' exp ( - C’”/ (T — 5)_pd*ds).
0

27



Proof of Proposition 2.11. Under Q, d&; = dfﬁ’s—l—g’(s)ds (where B is a standard Brow-

nian motion). So,
t B t 1 _
spine(t) = exp (/ d'(s)dB, +/ (59'(5)* = BIBs + g(S)I”)dS>,
0 0
where g(s) = ¢(T — s) ~% _ T4, Then
t t —2(dut1)
/ d'(s)ds :/ Cde(T—S) (@-+1) g
0 0
—2d,—1
:Cl(T—t) —Cy —mo0ast—1T,
where C7, Cy are some positive constants. Then
Otg’(S)dB
Jo9'(s)

since by the Dubins-Schwarz Theorem

t ~ ~
(/0 g/(s)st>te[0T < ( Jod )te[o,T)’

and % — 0ast — 0o Q-a.s. Also, g(s) — oo as s — T, whereas SUPseo,7) |B,| < o0 Q-

—0ast—T Q-as. (2.14)

a.s., S0 .
[ Bs + g(s)]

9(s)
Therefore for any €, 6 > 0 we can find random times T, T, € [0,T) s.t

—lass—T Q-as. (2.15)

(1= )g(s)? < |Be+g(s)lP < (1+e)g(s)? Vs>T. by (2.15)

—5/ / s)dB, < 5/ Yds Vi >Ts by (2.14)

So Vt > Ts vV T, we have

t

spine(t) <Csexp (/ (1+ 25)%9/(5)2 - B(1 - e)g(s)P)ds)

T5 VTe

—cse ([ (420306~ 50— 9ule)as).

where C3, Cy are some Q-a.s. finite positive random variables, which don’t depend on
t.
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Substituting g(s) = ¢(T — s) ~% _ T4 into this we get that for all ¢ > Ts5 vV T,

spine(t) < Csexp < ((1+ 25)%02dz — B(1 —€)cP) /0 (T - 5)_pd*ds). (2.16)

=Cs,e :=h(t)

Let us note that:

1) h(t) = /Ot (T — 5) " ds = [pd*l_ 1 (- S)l—pd*]

t

0
-2 _p+2 _p+2
= p—((T—t) b2 -T 53) —ooast—T
p+2
1
2) Csc=(1+ 25)§c2d3 —B(1 —e)c?
1
= 5(02di) + e(ﬂcp) + (id?‘ - ﬁcp_Q) < 0 for €,6 chosen small enough
—_————

1 2 p—2
<—=d?2—fc; =0
2

1) and 2) together show that spine(t) — 0 Q-a.s. and this occurs ’rapidly’. To finish
the proof of Proposition 2.11 let " = C5, C" = C5 and T" = T5 V T.. O

Next we look at the sum term.

sum(t) = Z spine(Sy)

u<nodet ()
= ( Z spine(Su)) + ( Z spine(Su))
u<node(§), Su<T’ u<node(§), Su>T'

IN

Z spine(Sy)

u<nodet(§), Su<T'

Su
+ Z C'exp < — C”/O (T — s)_pd*ds>

u<nodet(§), Su>T'

using Proposition 2.11. The first sum is Q-a.s. bounded since it only counts births up

to time 7T”. Call an upper bound on the first sum Cg. Then we have
[e's) S
sum(t) < Cg + C' Zexp < - C”/ (T - s)fpd*ds>, (2.17)
n=1 0

where S, is the time of the n*” birth on the spine.
The birth process along the spine (n¢);c[o,) conditional on the path of the spine is

time-inhomogeneous Poisson process (or Cox process) with birth rate 23|&|P at time ¢
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(recall Proposition 1.13). Thus

Tt

—— —1 Q-as. ast — T.
fo 203|&s|Pds

Also from (2.15)

t
20|&s|Pd ~
M —1 Q-as. ast—T.

f(f 2B3¢g(s)Pds
Hence
Tt ~
W — 1 Q—a.s. as t — T (218)
0
and also
n

—— =1 Q—a.s. as n — o0.
fOS" 28g(s)Pds

So for some Q-a.s. finite positive random variable C; we have

Sn Sn
/ (T — 5)Pbds = / g(s)P +T7Pds > Cn Vn.
0 0

Substituting this into (2.17) we get that
[e.9]
sum(t) < Cg + C’ Z exp < - C"C7n).
n=1

Thus sum(t) is Q-a.s. bounded by some finite random variable. We deduce that

lim sup EQ <M(t)|g~T> = limsup (spine(t) + sum(t)) < oo Q-a.s.
t—T t—T

By Fatou’s lemma

E@<1i¥£i%1fM(t)‘g~T> < liminf B9 (M(t)|§T> < lim sup B (M(t)|§T> <o Qas.

Then liminf, .7 M(t) < oo Q-a.s. and hence also Q-a.s. Since ML(t) is a positive

Q@-supermartingale on [0,7"), it must converge )-a.s., hence

limsup M (t) = 1i£11 ij{lf M(t) < 0o Q-a.s. (2.19)
t—T -

This is our sought result. That is, we have shown that

limsup M (t) < oo Q-a.s.,
t—T
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where
dQ

= M .
t

Lemma 2.10 now tells us that for events A € Fr

QA) = / lim sup MdP.
A t=T
Thus Q(A) > 0= P(A) > 0. Let us consider the event
A::{]Nt]—>ooast—>T} € Fr.

From (2.18) we recall that

Q( 7 i —>1&st—>T>:1
fOQBg(s)pds
:>C~2(nt—>ooast—>T>:1
:Q(\Nt\ﬂooastﬁT) =1
$Q<|Nt|—>ooast—>T):1
:>P(]Nt]—>ooast—>T>>0
:>P(Texp10<T) >0,

which contradicts (2.4). Therefore it must be the case that
P(Teapio <T)>0VT >0
and consequently from Corollary 2.3

Terpio < 00 P-a.s.
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Chapter 3
Branching random walks

This chapter is devoted to the study of continuous-time binary branching random walks
with inhomogeneous branching rate §(x) = B|z|P, 3> 0, p > 0.

We prove that the population almost surely explodes in finite time if p > 1 and
stays finite otherwise. For the proof we adapt the methods from Chapter 2.

In the case p < 1 we give the asymptotic growth of the rightmost particle. For that
we use ideas from the paper of J. Harris and S. Harris [22] that considers BBM in a

similar inhomogeneous potential.

3.1 Introduction

3.1.1 Description of the model

We consider a binary branching process started from 0, where branching occurs at
instantaneous rate 5(-) = | - [P and single particles move according to a continuous-
time random walk.

By continuous-time random walk we mean a Z-valued process (X;);>0 under some
probability measure P, which starts from 0 and makes jumps up or down of size 1 at
constant rate A in each direction.

Thus (X¢):>0 can be viewed as a compound Poisson process:
Py
X, = Z W | t>0,
1=1

where W;’s are i.i.d. random variables with P(W; =1) = P(W; = —1) =1 and P, is a
Poisson process
d
(P)i>0 = PP(2\).
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Alternatively, we can write

X=X, - X, t>0,

)

where (X;");>0 and (X, );>0 are two independent Poisson processes of rate A. A typical

sample path of (X;);>¢ can be seen in Figure 3-1 below.

Figure 3-1: Sample path of a random walk

We are going to need the following basic fact about (Xi)¢>o:

Proposition 3.1. The process (X;)i>0 is recurrent in the sense that ¥n € Z
limsuplix,—py =1 P-as.
t—00

In other words the process (X;);>0 visits every state n € Z infinitely often.

Let us note that the model studied in this chapter is very similar to the BBM
model considered in Chapter 2 with the only difference that single particles move as a
continuous-time random walk rather than a Brownian motion. Thus we’ll be interested

in comparing results for the two models.

3.1.2 Main results
Recall Definition 2.1 of the explosion time:

Texplo = Sup{t : |Nt| < OO}
We have the following dichotomy for T..,.

Theorem 3.2. Consider branching random walk in the potential 5(z) = B|x|P.
a) If p <1 then Teppio = 00 P-a.s.
b) If p > 1 then Teppio < 00 P-a.s.

Let us also define the process of the rightmost particle as

33



Definition 3.3.

Ry = sup X{' , t>0.
uEN

When p € [0, 1], we prove the following result about the asymptotic behaviour of
Ry.

Theorem 3.4. Consider branching random walk in the potential f(x) = (B|x|P.

a) if p =0 then

Re . 01
tli)f& T =a .= )\(9 — 5) P — a.s., (31)
where 0 is the unique solution of
_ B
9(0) =5 on (1,00) (32)

b) if p € (0,1) then
b

lim (—) Ri=¢ P—as, (3.3)

7 1

where b = S and

o
Il
VR
=
=
=
S
——
o>

c) if p=1 then

tliglo i =/20 P — a.s. (3.4)
9(0)
T8
X
0 0

Figure 3-2: Plot of g(0) from Theorem 3.4 a)

Part a) of Theorem 3.4 is a special case of a result proved by Biggins in [6] and [7].
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3.1.3 Comparison with BBM

Theorem 3.2 must be compared with Theorem 2.7 in Chapter 2. We observe that in
the BBM model p = 2 is the critical value for population explosion, whereas in the
branching random walk model the critical value is p = 1.

Also Theorem 3.4 should be compared with the following result from [22]:

Theorem 3.5 (J. Harris and S. Harris).
Consider binary BBM in the potential 5(x) = B|z[P, p € [0,2].

a) if p € [0,2) then
R
im — = a P — a.s. (3.5)
t—oo ¢b
1

(2 —p)2> o

SlisS

wherel;:ﬁ and&z(

b) if p = 2 then

1
lim Ogth =26 P-as (3.6)

t—o00

We see that even if we take spatially-independent branching rate §(-) = (3, the two
models will behave differently. Thus we conclude that the spatial motion of particles
has a crucial effect on the behaviour of the model.

A heuristic way to recover results from Theorem 3.5 for the BBM model is to
consider the expected number of particles at time t staying close to a curve f in the

sense that is made precise in [3]. That is, we look at

B( Y Lixsmsto) voclo))-

u€E Ny

Then the Many-to-One lemma (Lemma 1.18) reduces this to the expectation of a single

Brownian motion (&;);>0:

E( > Lixeas(o VsG[O,t]}) = E(l{gs%ﬂs) VSE[O,t]}ef&més\Pds).
u€Nt

That can then be approximated by the Schilder’s theorem:

) Cerd [ 1
10gE<1{§szf(s) vselo,gyelo PlésI7d ) N/o Bf(s)P — §f'(8)2d3-

Hence the expected number of particles following the function f either grows expo-
nentially or decays exponentially in ¢ depending on the growth rate of f. The critical

function f which solves the equation
1 / 2 p
S5 = BF(s)
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in fact corresponds to the position of the rightmost particle. The rigorous proof requires
showing that almost surely there exists a particle staying close to the critical curve f.
In principle a similar argument can be used for a branching random walk. Using

heuristic methods which involve some large deviations theory we can get that

t
IOgE( Z L{xunf(s) VsG[O,t]}) N/o Bf(s)P — A(f'(s))ds,

u€ Ny

where A : [0,00) — [0,00) is the rate function for the random walk and

VT2 - A2
A(z) =2\ + zlog (%) — V2?2 +4)\? ~ zlogx as © — oo.

This heuristic argument actually gives the asymptotics of the rightmost particle from
Theorem 3.4.

3.1.4 Outline of the chapter

In Section 3.2 we introduce a family of one-particle martingales. We also present some
other relevant one-particle results, which will be used in later sections. Section 3.2 is
self-contained and can be read out of the context of branching processes.

In Section 3.3 we prove Theorem 3.2 about the explosion time by adapting the proof
of Theorem 2.7 from Chapter 2.

In Section 3.4 we give a proof of Theorem 3.4 about the rightmost particle using
the ideas from [22].

3.2 One-particle results

In the analysis of the BBM model in [22] one crucial component was exponential mar-
tingales, also known as Girsanov martingales. They were used in place of martingale
M®) in (1.5) and conditioned the spine process to stay close to a given deterministic
path.

In this section we introduce a family of martingales for continuous-time random

walks, which will play the same role as the Girsanov martingales in the BBM model.

3.2.1 Changes of measure for Poisson processes

For this section let the time set for all the processes be [0,7"), where T' € (0, 0o].
Suppose we are given a Poisson process (Yt)te[O,T) 4 PP(X) under a probability
measure P. Let us denote by J; the time of the i*® jump of (Yi)iejo,r)- Then we have

the following result.
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Lemma 3.6. Let 0 :[0,T) — [0,00) be a locally-integrable function. That is,
fgﬂ(s)ds < ooVt €0,T). Then the following process is a P-martingale:

M, = eJo 1080(s)dYat [7(1-0(s))ds _ ( I1 Q(Jl.))e)‘fot(l—g(s))ds e [0,7).
0:J;<t

Here dY puts a delta function at jump times of Y. That is, for any function f,
t
Jo F(8)dYs := 3005 o F(0).

Example 3.7. If we take 0(-) = 0 then
M, = 0Y1er0=0t -t 0,7)

and it is well-known that this is a martingale. In fact we have already seen it in
Chapter 1 (recall Example 1.20).

Our next result tells us what effect the martingale (M;),c(o,r) has on the process

(Y2)iejo,r) when used as a Radon-Nikodym derivative.

Lemma 3.8. Let (ﬁt)te[O,T) be the natural filtration of (Yi)iejo,r)- Define the new

measure Q as
dQ
—| =M, te[0,7).
d]P ]:_t t ) [ 9 )

Then under the new measure Q
d
(Yo)iepo,r) = IPP(NO(t)),

where PP ()\9(25)) stands for time-inhomogeneous Poisson process of instantaneous

Jump rate NO(t).

Example 3.9. If we take 6(-) = 6 then under the new measure Q
d
(Vi)iepo.r) £ PP(M).

Thus M has the effect of scaling the jump rate of Y by the factor of 6.
To prove Lemma 3.6 and Lemma 3.8 we shall first prove the following identity.

P | OpOSition 3.10.
ft lo G(S)dy \t )\k t k
E(e o log SI{th k‘}) = e k' (/ 9(8)(18) VkeIg; (3‘)

where E is the expectation associated with P (and this will be the case throughout this

section).
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Proof of Proposition 3.10. For k = 0, P(Y; = 0) = e, so equality in (3.7) holds
trivially. Let us suppose that k > 1. Then

(o ooy Y <H9 ) Lyviciy) = (Ha ) Lpsiann);

where J;’s are the jump times of Y. Also J; = So+...+.5;_1 where S;’s are the holding
times, and it is known that S; ~ Exp(\) Vi and that S;’s are independent. Hence

k k i—1

E(Ha(Ji)l{Jk<t§Jk+1}> - E(HG( Sj) 1{ T2 Si<t<i, Sj})

i=1 i=1 7=0
i—1

:E(H‘g( 5i) 1{Z?;&SjSt}l{Spt—Z?;éSj})
k i—1
(Ha > ) )A’“le*AZ?:offdx

/] Oxj<txk>t ZJ Oxj i=1 =0

k i—1
= )\ke)‘t/ HQ Z dzp_q---dzo (after integrating out xy )
= ~5 m]<t i=1 j=0

t—xo t—xo—...—Tk_2
= )\ke_)‘t/ / / O(zo) x -+ x O(xg+ -+ + xp_1)dx_1 - - - dzo,
0 Jo 0

where for the £ = 1 case we only have one integral going from 0 to ¢. Then, after

making the natural change of variables y; = xo+---+xz;, 1 =0,--- |k — 1, we get

t t t
)\ke/\t/ / / 0(y0)0(y1) x -+ x O(yr—1) dyr—1 -+ dyo
Yo Yk—2

ke / / Ligocnsemeon 1y 0(00) - % B(y_1) dys - dyo

ke Atkll(/ a(y )dy) .

by the obvious symmetry. O
With identity (3.7) we can now prove lemmas 3.6 and 3.8.

Proof of Lemma 3.6. Firstly note that
EM, = Eelo 1080(s)dYs 2 [ (1-6(s))ds
— E< Z eJo log6(s)dYs 1{Yt:k}) Ay (1=-6(s))ds

k=0
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k t .
= ( E e)‘t%(/ 0(3)ds)k)e)‘f0(1*9(5))d
: 0

k=0
— 1 (3.8)

Secondly we note that

E(Mt|f‘s) = M,E (ef; log 0(u)dYy,+A f;(l—e(u))du|ﬁs>
- M E(efg ®log ¢(u) deLAf du’ﬁs)
by (3.8), where (?U)UG[O,Tfs) = (Yoqu — Y;)UG[O,Tfs) is a Poisson process independent

of Fy, and ¢(u) = (s + u).

Therefore we see that (M;);>¢ is a [P - martingale. O

Let us now check that under probability measure Q we have
d
(Yoieo,r) = TPP(M(1)).

Proof of Lemma 3.8.
It is sufficient to check that for 0 <s; <t1 <9<ty <--- <, <t,<T
and for 0 < k1 < ky <--- <k,

Q(Kl_}/;l:kl’ Yi, = Yo = ko, -, thn_Ytsn:kn)
:Q(Kl_}{sl:kl)X@(}/t2—}/;2:k2)xX@(}/tn_}/;n:kn)

1 1 k1 — 11 20 (u)du 1 tn kn — [ \0(u)du
o [t

Let us prove (3.9) by induction on n. Suppose n = 1. Then the distribution of a single

increment is

Q(Y;fl - Yt91 = kl) = E(Mtll{Ytl fYSI:kl})

= E(E(Mtl 1{yt1 _y31:k1}‘ﬁ51))
E(E(M S5} 1080Vt A [ (1~ 9(”))d”1{mrysl=k1}|fsl)> (3.10)
—s t s
ZE(Mle(efol Ulog ¢p(u)dYu+X [yt~ (1— ¢(u))du1{Y151 sl—k1}“7_—31)>

k —s
D gxn= 2 / ! plu)du) " AT sy
0

!
gl

t1 k t
)\H(U)du> tem Jaf A0(wdu

S1
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Here, as in the proof of Lemma 3.6, (SF}U)UG[O,T*SI) = (Ysrtu = Yo Juelo,r—s,) 18 @
Poisson process independent of F, and ¢(u) = 0(s; + u).
Suppose now that (3.9) holds for n increments. Then

@(}/tl_}/;l:kla T }/t -

n

Ys, = kn, }/tn+1 - Y;‘n+1 = kn+1)
=E (Mtn+11{y't1 Ysl =k, -, thnfysn:kn}1{van+17YSn+1:kn+1})
(E(Mtn+1 1{Ytl _Yslzkly ) Y)ﬁn_st:kn}l{Ylfn+1_st+1:kn+l} ’fanﬁl))

M, Ly —ve =k1, -, Yip—Yen=kn}

St 1og O(u)dYu+A [In+1 (1-0(u))du .
E(B n+1 n+1 {Y}n+1*st+1:kn+1}|fS"+l)

:@(Ktl - Y;1 — kla }/22 - YSQ — k?) Ty }/;fn - }/sn — kn)Q(YZnH - Y:en+1 — kn+1)

For the last line we used (3.10). Thus we see that (3.9) follows by induction. O

3.2.2 “Integration by parts” and applications

Proposition 3.11 (Integration by parts for time-inhomogeneous Poisson processes).
For T € (0,00] let f € C*([0,T)) and (Yo)ielo,1) 4 IPP(r(t)) defined on some proba-
bility space, where r: [0,T) — [0,00) is a locally-integrable function. Then

¢ ¢
| roav.=sovi- [ fevs,
0 0
where AY counts the jumps of Y. That s, if J1,Ja, -+ are the jump times of Y then
t Y
/0 F(5)aY, = 3" £()
i=1

Proof. On the right hand side we have

Jz+1 t
)Y, — /f )Y, ds = f(1)Y; — Z/ $)Yyds— [ f'(s)Yids

Jy,

Jz+1 t
(t)Y; — Z / s)ds — Y; f'(s)ds

Ty,
Yt
= f(t)Y: — Z i(f(Jiv) — f(J0) = Ya(f(t) — f(Ivy))
; i=1
=> f(5)
i—1
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Note that we didn’t need to know the distribution of jump times in the proof, so the
proof works for a class of processes larger than time-inhomogeneous Poisson processes.
As one application of the above result we get the asymptotic behaviour of fo s)dY;
as t — T. Before we present it let us mention a simple result about the asymptotic

growth of Y; ast — T

Proposition 3.12. Let (Y})icpo,1) 4 IPP(r(t)) as in the previous proposition.
If limy_ 1 fo s)ds = oo then

Yi

fg r(s)ds

—1as ast—T.

Proof. Let R(t) := fo s)ds. It is a well-known fact that (Y}).cjo,1) 4 (ZR(#))teo,1)5

Zy
where (Zt)tzo is a PP(1). It is also well-known that S 1 a.s. ast — oo. Thus

VA
&—)1&.8. ast — T
R(t)

Y; Y;

= —las. ast—T.

:>f(f r(s)ds — R(t)

That finishes the proof of Proposition 3.12. For completeness let us also prove that
2L, 1ast— oo
(Zix1 — Z;)i>o0 are independent Po(1) random variables, so for n € N
Zn (Zl _ZO)+"' +(Zn_Zn—1)

— = — 1l a.s. asn — oo
n n

by the Strong Law of Large Numbers.
More generally, Z|;) < Z; < Zpy, so
Z tJ

—F <

| < Zm
, <

Zt
t t’

A A
put 2 _ 2 Lt

= — 1 a.s. and similarly H — 1. Thus
t 1t] ¢

Z

7—>1as as t — oo.

O

Now let us put together Propositions 3.11 and 3.12 to get the asymptotic behaviour
of fo 5)dY;, which will be useful to us later in this chapter.

Proposition 3.13. Let (Y})icpo,1) 4 IPP(r(t)) as before. Let f :[0,T) — [0,00) be
differentiable such that f'(t) > 0 fort large enough and let v : [0,T) — [0,00) be locally
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integrable. Suppose r and f satisfy the following two conditions

1. fo s)ds o0 ast — T

T f@®) J5r(s)ds
2. ¢ :=limsup, ,p T Foro)ds 00
Then

5 f(s)dY.

—0—— —1las ast—T.
fo f(s)r(s)ds

Note that the second condition is generally rather restrictive, but it is satisfied by

the functions that we consider in this chapter. Also, since f is non-decreasing, ¢ > 1

Proof. Fix € > 0. By Proposition 3.12 there exists a random time 7, < T such that
vVt > Te:

Y;
l—e<——<l+e
fo r(s)ds

=(1- e)/o r(s)ds <Y < (1+ e)/o r(s)ds

Also we can assume that f'(¢) > 0 for t > T.. Hence Vt > T, using Proposition 3.11 we
have

fg _ fo 5)Ysds

fo ds fo

(1+OF(t) [ir(s)ds — [T Vif'(s )ds—(l—e>f£f’ 8) Jo 7
Jo I

(1+¢)f fo s)ds — (1 —¢) fof' fo v)dvds + A,

Jo £ ’
s)Ysds + (1 —¢€) fo f'(s) [ r(

— (1L+ /() fy r(s)ds — (1 = o] (s)fos vl — Jo f(s)r(
fo (s)r(s)

v)dvds

where A, = — fo

v)duvds is an a.s. finite r.v.,

s)ds} + A

— fO 8 (1 AE
fo (s) fo (s)r(s)

Thus, by taking the limsup as t — 1" and using condition 2. of the Proposition we get

limsup —————— fo

<1l+e€(2c—1
t—T fo r(s)ds el )
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Similarly we have

t
fo > _ fo 5) B.

14+€ _—
e > fo (5) i It T s

where B, is some almost surely finite random variable, so

fO >1—e(2c—1).
tHT fo ( )ds

Since € was arbitrary we deduce that

Jo F(£)dYs
fot f(s)r(s)ds

—last—1T.

3.2.3 Changes of measure for continuous-time random walks

Let T € (0, 00]. Recall the continuous-time random walk (X;)sc[o,7) defined under some

probability measure P from subsection 3.1.1. As it was already mentioned we can write
X, =X;"—X; ,te0,7),

where (Xt'")tﬂ[oj), (X} Deeo,r) 4 PP()\) independently of each other.

From Lemmas 3.6 and 3.8 we get the following result.

Proposition 3.14. Let 67, 6= : [0,T) — [0,00) be two locally-integrable functions.

Then the following process is a P-martingale:

M, = efotlog6+(s)de+)\f(f(1—6+(s))ds + [Hlog 0~ (s)dX5 +X [f(1-07(s))ds ,te[0,T). (3.11)

Moreover, if we define the new measure Q as

dQ
—| =M, tel0,T
d]P ﬁt t ) S [ ) )7
where (.7:})156[03) is the natural filtration of (Xi)iejo,), then under Q
d
(X Niep,ry = IPP(AT (1)),

(X7 ey = IPP(M(1)).

In other words the martingale M used as the Radon-Nikodym derivative has the ef-
fect of scaling the rate of upward jumps by the factor of 7 (¢) and the rate of downward
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jumps by the factor 6~ (¢) at time ¢.

Furthermore from Propositions 3.12 and 3.13 we know that Q-a.s.

X+

lim tit

=T [7A0F(s)ds

tHTf O~ ds
T - .
tHTf A0t (s)f(s)ds
lim fo (s)d X, _
t—’Tf A0~ (s)f(s)ds

)

)

provided that 07, 6~ and f satisfy the conditions of Propositions 3.12 and 3.13.

3.3 Explosion

Consider a branching random walk in the potential 5(-) = 3| - [P, where 8 > 0, p > 0,
as it was described in Section 1. In this section we give the proof of Theorem 3.2. We
shall apply the same methods as we did for the BBM model in Chapter 2.

3.3.1 p<1 case

Let us first prove part a) of Theorem 3.2 which is a lot simpler than part b).

Proof of Theorem 3.2 a). We wish to show that if p <1 then P(T,zp, = 00) = 1. As
for the BBM case it is sufficient to show that E(|V;|) < oo for some t > 0.
By the Many-to-One lemma (Lemma 1.18)

B(IN) = B( Y. 1) = B(orleras),

uEN

where (&)>0 is a continouos-time random walk under P. Then & = §t+ — &, where

(&7 )i>0 and (&, )¢>0 are two independent Poisson processes with jump rate A. Therefore

E(efg 6‘5S|pd3> 1B supg< <t |§s|p>

B(c

<etﬁsup0<s<t e 55?) < E(etﬁsupogsst ((5:)’]\/(58_)?))
B(l
- [E

(e >P>rs ey
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because ¢* is supported on {0, 1,2,...} whence (§)P < & for p € [0,1]. Then
B ) = 3 P =n)

n=0

(o]
)™

= Z eﬁt”Qe*M = exp {eﬁt)\t — )\t} <o Vt>0.

n!

n=0

Thus E(|N¢|) < oo for all ¢ > 0 and this finishes the proof Theorem 3.2 a). O

3.3.2 p>1 case

Let us now prove part b) of Theorem 3.2.

Proof of Theorem 3.2 b). We wish to show that if p > 1 then P(T.;p, < 00) = 1. As
in Chapter 2 it would be sufficient to prove that P(T¢zpo < 7') > 0 for any 7' > 0.
Assume for contradiction that 37" > 0 s.t.

P(Togpio < T) = 0. (3.12)

Fix this T for the rest of this subsection. The key steps of the proof can then be

summarised as follows:

1. We choose appropriate functions 0, 6= : [0,7) — [0,00) for the one-particle
martingale of the form (3.11) from Proposition 3.14, such that under the new

measure the process goes to co at time T'.

2. For this choice of § and 6~ we define additive martingale (M (t))ico,r) and the

corresponding probability measure Q).
3. We show that limsup,_; M (t) < co Q-a.s.

4. We deduce that Q < P on Fr, whence with positive P-probability one particle
goes to oo at time T giving infinitely many births along its path.

5. We get a contradiction to (3.12).

To avoid unnecessary repetitions we shall omit some details, which can be found in
Chapter 2.

We start by defining the new measure Q via the spine martingale M as in Propo-
sition 1.24.

The spine process (§¢)e[o,7) can be written as the difference of processes (& )eeo,T)

and (& )se(o,), where under P, ¢t and ¢ are two independent PP()\) processes.
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Then recalling one-particle martingale (3.11) from Proposition 3.14 and letting
0~ (-) = 1 there we take
d@

dp :M(t)a

Fi

where
, t t
M(t) = 2P Jo 6175 oy </ log 9+(s)d£:—|—/ )\(1—9+(5))d5), te[0,7) (3.13)
0 0

and 61 : [0,7) — [0,00) is some function to be defined a little later. One important
feature of 07 is that it explodes at time 7.

This gives rise to additive martingale (M (t))c[o,7) and probability measure @) such
that

d@
i . = M(t) ,te[0,T) (3.14)

and

M(t) = Z exp </t log 07 (s)d X, (s) + /t A1 —0%(s))ds

u€ Ny 0

0
- /t]Xu(s)]pds>, Le[0.T),  (3.15)
0

where for a particle u € Ni, (X,F(s))sejo, is the process of its positive jumps.
There are lots of choices of 87 that will make the proof work. The natural form of

0+t to look at is

C1 —c T €3
0 (s) = 1 (T =) (1 ) elo,T
O = 5oy (T =o) (e () " s
for ¢y, ca, c3 > 0 (see Figure 3-3 below). Again, we are only interested in the asymptotic
growth of 07 (s) as s — T, so it doesn’t really matter what values it takes away from
T. Just as in the BBM model there is the ’critical’ path

0= 55T (s )

where

1
* p p—1 * p * 1
c:<7) b= N 3.16

B - 1)? PTp-1 7 p-1 (3.16)

So that if we pick a path which grows faster than 6 then spine(t) — 0. Thus we take

07 (s) = ﬁ(T—s)ﬂ%(log (TI:S)>C§ (3.17)

for some ¢; > ¢} (e.g. c1 = ¢} +1).
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Figure 3-3: Plot of 07 (s) when p > 1

As a special case of Theorem 2.9 we have the following lemma.

Lemma 3.15. Let M be defined as in (3.15) with function 0 as in (3.17). Let the
probability measure Q be as in (3.14). Then for events A € Fp

Q(A) = / lim sup M (t)dP + Q(A N {limsup M (t) = oo}). (3.18)
A t—=T t—T

Our aim is again to show that limsup, . M(t) < oo Q-a.s.

The spine decomposition (recall Theorem 1.29) tells us that

E@ (M(t)‘QT) = sum(t) + spine(t),

where
t ‘ .
spine(t) = exp (/ ]Og9+(5)d£;r _|_/ )\(1 _ 9+(8))d5 _ / B|§s|pd8>
0 0 0
and
sum(t) = Z oJo " log 0+ (s)d&d + [ A(1-0%(s)) ds— 5 BlE|Pds
u<nodey (&)

If we can show that limsup, ,p EQ(M(t)|Q~T) < 0o Q-a.s. then it will follow that
limsup, 7 M(t) < co Q-a.s.

We start by proving the following assertion about the spine term.
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Proposition 3.16. There exist some Q-a.s. finite positive random variables C', C"
and a random time T' € [0,T) such that Vt > T’

spine(t) < ' exp ( - /Ot <T 1_ . log (TT )>Pp1d5>

Note that ast — T

/Ot (Tl_slog(T{S))Ppldsw (p_1)<%)&<log (Ti_t))ppl L

Proof of Proposition 3.16. Under Q the process (fj)te[O,T) is an inhomogeneous Pois-

son process of rate A" (t) as it follows from Proposition 3.14. Also (& )scpo,r) is a
Poisson process of rate A, which must be bounded on [0, 7).

Simple calculus tells us that for constants k1 > 1, ko > 0

¢ T k2 1 T k2
_ ok b - _ kil b
/O(T s) 1<log(T_S)) ds k:l—l(T )~ (bg(T—t)) ast —T.

Hence one can check that the following are true as t — T for 6+ defined in (3.17):

1

° fot)\H‘f'(s)ds ~ cl(T—t)_Til(log (%))ﬁ R

) - )

log 0% (t) [y A0 (s)d
e limsup, ,p o8 07 (1) Jo () s:1<oo

i log 0+ (s) A0+ (s)ds

Hence from Proposition 3.12 and Proposition 3.13 we have that

& 45
fot N+ (3)ds 1@ -as.

Jolog0*(s)dsr | 5
fot log 0+ (s) A0+ (s)ds

Combining these observations we get that Ve > 0 3 Q-a.s. finite time 7. such that

Vvt > T, the following inequalities are true:

/t log 07 (s)déS < (1+¢) /t log 07 (s) M0 (s)ds,
0 0

0 (o)

T )pTl
T—t '

log 0T ()N (t) < (1 +€) TEIE

&l > (1= er(T =) 7 (log

AM1—=67(t) <o.
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Thus, for t > T, we have

spine(t) = exp </Ot log 0" (s)d&f + /Ot M1 —60%(s))ds — /Otﬂ|£s|pds)

t P
2 C1p _ —% T p—1
§C’€exp{/0(1—|—e) 7(]9—1)2(T 5)" P 1(10g s>

e {(1s e 2 s na) [ (e ) )

where C¢ is some a.s. finite random variable, which doesn’t depend on ¢. Then

1+¢) P -1
42— 51— P = (1 — (L -
(1t ety — 80— == 351 4 )
(1+¢)? -1 ~1
— AN *\P
(1= B - )
<0
for € small enough. So letting 7" =T,, ¢/ = C. and C" = (1+ e)2clﬁ —B(1—e)Pcl
we finish the proof of Proposition 3.16. U
We now look at the sum term:
sum(t) = Z spine(Sy)
u<node(§)
= < Z spine(Su)> + < Z spine(Su)>
u<nodet (&), Su<T’ u<nodet (&), Su>T'

IN

Z spine(Sy)

u<nodet(§), Su<T’

* 2 C/eXp(_Cﬁ/osu (Tl—slog(Tjis))ledS>

u<nodet(§), Su>T'

using Proposition 3.16. The first sum is Q-a.s. bounded since it only counts births up

to time 7”. Call an upper bound on the first sum C;. Then we have

> Sn _p_
sum(t) < Cl—l—C"nglexp<—C”/o (Tl_slog (Tj_js))pflds), (3.19)

where S, is the time of the n*” birth on the spine.
The birth process along the spine (”t)te[O,T) conditional on the path of the spine is

time-inhomogeneous Poisson process (or Cox process) with birth rate 23|£|P at time ¢
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(recall Proposition 1.13). Thus

Tt

—— —1 Q-as. ast — T.
fo 203|&s|Pds

Also

t t _p T % B
[ledras~ [ em -7 (g (1)) s Qusasi -

Hence

P
-1

t
ny ~ Qﬁc’f/o (T—s) 777 (log (TT

L2 ~
)) "ds Q-as. ast— T.

— S

So for some Q-a.s. finite positive random variable Cy we have

Sn _p_
/ (T - 5)_ﬁ <log (TL)) "'ds > Cyn  Vn.
0

Then substituting this into (3.19) we get

00
sum(t) < Cl + C/Zefc//CQn’

n=1

which is bounded Q-a.s. We have thus shown that

lim sup B <M(t) ‘,C’;T) < 00 Q-a.s.
t—T

Exactly the same argument as in the proof of Theorem 2.7 b) gives us that

limsup M (t) < oo Q-a.s.
t—T

From Lemma 3.15 it now follows that for events A € Fr

QA) :/fllirgls%lpM(t)dP.

Therefore Q(A) > 0= P(A) > 0. Let us consider the event

A::{|Nt|—>ooast—>T}€fT.
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From (3.20) we have

Q(nt—>ooast—>T =1

which contradicts the initial assumption (3.12). Therefore we must have
P(Teppio <T)>0VT >0

and hence

Tezpio < 00 P-a.s.
This completes the proof of Theorem 3.2 U

Remark 3.17. Recall Proposition 2.8. Replacing aa—;g in (2.2) with the infinitesimal
generator of a continuous-time random walk, we get an equation solved by u(t,z) :=
Px(Tea:plo < t)-'

ou

Frie Mu(t,z +1) +u(t,z — 1) — 2u(t, z)) +u(t, z)(1 — u(t,z)) Bz

u(0,2) =0,0<u<1

(3.21)

3.4 The rightmost particle

This section is devoted to the proof of Theorem 3.4. The method of proof comes from

[22] and is based on the analysis of a family of additive martingales defined below.

3.4.1 Additive martingales

Take the spine process (&;)¢>0, which under the probability measure P is a continuous-
time random walk. As it was noted earlier, we can write & = & —&;, where (&)i>0 is
the process of positive jumps of { and (§; )i>0 the porcess of its negative jumps. Then
¢+ and ¢~ are independent processes and (& )i>0, (& )i>o0 4 PP()).

Let 0 = (07,07), where 67, 6~ : [0,00) — [0,00) are two locally-integrable func-
tions. From Lemma 3.6 we have that for a given 6 the following is a martingale with

respect to P:

efg log 07 (s)d& + [ log 0 (s)d€s +A f§ 2—0(s)—0~ (s)ds ’ t>0. (3.22)
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In the general setting decribed in Chapter 1 this would correspond to the martingale
M®) in (1.5). Now, recalling (1.6), we define a P-martingale w.r.t filtration (Gy);>o:

My(t) := o B o 1€slPdsgne o exp (/t log 0% (s)d¢f + /t A1 —6%(s))ds
0 0
+ /0 log 6~ (s)d&, + /0 A1 — 0_(3))ds) (3.23)

and the corresponding probability measure Qp:

dQy

U = My(t) t>0. 3.24
1 o(t) > (3.24)

Fi
Under Qg the branching process has the following description:

e The initial particle (the spine) moves like a biased random walk. That is, at time
t it jumps up at instantaneous rate A0 (¢) and jumps down at instantaneous rate

A0 (1).

e When it is at position x it splits into two new particles at instantaneous rate

26(x).

e One of these particles (chosen uniformly at random) continues the spine. I.e. it

continues moving as a biased random walk and branching at rate 23(-).

e The other particle initiates an unbiased branching process (as under P) from the

position of the split.

Further, if we recall (1.7) and (1.8), we can define the probability measure Qg := Qg ..

so that
dQe

= Mpy(t t> 2
dP 0()’ _Oa (3 5)

Fi

where Mjy(t) is the additive martingale

My(t) = Z exp (/0 log 07 (s)d X, (s) —i—/o log 6~ (s)d X, (s)

u€E Ny

+/0 )\(2—0+(s)—0_(s))ds—ﬁ/0 [Xu(s)Pds) (3.26)

and (X;F(s))o<s<t is the process of positive jumps of particle u, (X, (s))o<s<t is the
process of its negative jumps.

Having defined this family of martingales we can control the behaviour of the spine
process via the choice of parameter 6.

In the BBM model in [22] this was achived with the use of exponential (Girsanov)

martingales.
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3.4.2 Convergence properties of My (under ()y)

Before we proceed with the proof, let us emphasise that each My is a positive P-
martingale and so it converges almost surely to a finite limit My(co) under P.

The following result will be crucial for us.

Theorem 3.18. Consider the branching random walk in the potential B(x) = [|z[P.
Let My be the additive martingale as defined in (3.26). Then for different values of p
we have the following.

Case A (p =0), homogeneous case:

Recall the function g(-) from (3.2). Let 6 € (1,00) be the unique solution of
9(6) = 5.

Take a constant 6y > 1 and consider 6 = (07,07), where 0% (-) = 0y and 6~ (-) = .
Then

i) 0o <0 = My is UI and My(c0) > 0 a.s. (under P).

i) g >0 = My(cc) =0 P-a.s.

Case B (p € (0,1)), inhomogeneous non-explosive case:

[=)

;L B-pNE
Let b= —— =— 3).
e — ¢ < ) > as in (3.3)
Consider 0 = (07,07, where 0 (-) = 1 and for given b > 1, ¢ > 0

c Sb—l

A(L = p) (log(s +2))* *

0t (s) == s>0 (see Figure 3-4 below).

Then
i)b=bandc<é = My is Ul and My(co) > 0 P-a.s. (the same is true if b < b)
iW)b=>band ¢c>¢é = My(co) =0 P-a.s. (the same is true if b>b)

Case C (p = 1), inhomogeneous near explosive case:

Again, consider 0 = (07,07), where 0~ () = 1 and for given o > 0
0F(s):=e*V*  s>0 (see Figure 3-4 below)

Then

i) a <28 = My is Ul and My(oo) > 0 P-a.s.

i) a > /28 = Mpy(c0) =0 P-a.s.

The importance of this Theorem comes from the fact that if the martingale My is
P-uniformly integrable and My(oco) > 0 P-a.s. then, as we shall see later, the measures
P and Qg are equivalent on F..

Since under Qg the spine process satisfies

&t
JEAOF(s) — 0 (s))ds
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it would then follow that under P there is a particle with such asymptotic behaviour
too. That would give the lower bound on the rightmost particle:

lim inf R > 1

100 [EN(OT(s) — 0 (s))ds

)

which we can then optimise over % and 6.
The upper bound on the rightmost particle needs a slightly different approach,

which we present in the last subsection.

&

=3 =1 07 (s
g P71 0t (s) il p (
0r 1

cT1 5

b=14

=
=

Figure 3-4: Plots of 0% (s) when p € (0,1]

Remark 3.19. Let us note that the only important feature of 07 () in cases B and C
is its asymptotic growth. By this we mean that we have freedom in defining 0(-) as long

as we keep
0T (t) ~ < o y ast— oo in Case A
A(1 —p) (logt)

and

log 6 (t) ~ avt as t — oo in Case B.

Remark 3.20. Parts A ii), B ii) and Cii) of Theorem 3.18 will not be used in the proof
of our main result, Theorem 3.4. We included them to better illustrate the behaviour

of martingales My.

Recall Theorem 2.9. It gives the following decomposition of the probability measure

Qo-
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Lemma 3.21. Let My be a martingale of the form (3.26) and let Qg be the correspond-
ing probability measure defined via (3.25). Then for events A € Foo

Qo(A) = / lim sup My(t)dP + Qp(AN {liirlitolp My(t) = oo}) (3.27)

A t—oo

By taking A = Q we see that

1 = E(limsup Mp(t)) + Qp(limsup Mpy(t) = oo)
t—00 t—00
and so immediate consequences of this lemma are:

1) Qy(limsup,_, My(t) = ©) =1 < limsup,_. My(t) = 0 P-a.s. So to prove
parts A ii), B ii) and C ii) of Theorem 3.18 we need to show that limsup,_, ., My(t) =
oo Qp-a.s.

2) Qy(limsup,_, ., My(t) < oo) =1 = EMpy(co) = 1 and so in this case P(My(co) >
0) > 0 and also My is L'-convergent w.r.t P as it follows from Scheffe’s Lemma. Thus
My is P-uniformly integrable. So to prove the uniform integrability in parts A i), B i)
and C i) of Theorem 3.18 we need to show that limsup,_,., My(t) < oo Qp-a.s.

The fact that My(oco) > 0 P-a.s. (in parts A i), B i) and C i)) requires a separate

proof, which we shall give at the end of this subsection.

Proof of Theorem 3.18: uniform integrability in A i), B i), C i). We start with prov-
ing that for the given values of 6 in A i), B i) and C i) My is UI. As we just said above,

it is sufficient to prove that

lim sup My(t) < 0o Qp-a.s. (3.28)

t—o0

for the given paths . And we have already seen how to do this using the spine
decomposition.
Recall that
EQ (My(t)|Goo) = spine(t) + sum(t), (3.29)

where
t t
spine(t) = exp </ log 67 (s)d¢&S +/ log 60~ (s)d&,
0 0

A /0 "2 0+ (s) — 0 ())ds — 3 /0 t €.l7ds) (3.30)
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and

sum(t) = Z spine(Sy) (3.31)

uenodet (&)

Su Su
_ + + - -
= E exp (/0 log 0" (s)dé, —|—/0 log 0~ (s)dé&,

u<nodet (&)
s, S,

i [Temots -0 snas -5 [ lepas).
0 0

where {5, : u € £} is the set of fission times along the spine.

We shall prove the following fact.
Proposition 3.22.
lim sup B9 (My(t)|Goo) < 00 Qg-a.s.

t—o00

Then (3.28) follows from Proposition 3.22 just as we have seen it in Chapter 2:

E@ (lim inf Mo(1)|Goc) < lim inf B9 (Mp(1)|Goc)

< limsupEQQ(Mg(t)\goo) < 400 Qp-as.,

t—o0

by conditional Fatou’s lemma. Hence

lim inf My(t) < 0o Qp-a.s.
t—o00

and thus also Qgp-a.s. Since < ) - is a positive Qyp-supermartingale (as it follows
t>

1
Mp(t)
from the definition of Qy) it must converge Qgp-a.s. So Mpy(t) also converges Qg-a.s.

Thus

lim sup Mpy(t) = litm inf My(t) < oo Qp-a.s.
—00

t—o0
It remains to prove Proposition 3.22. The cases p = 0, p € (0,1) and p = 1 need
slightly different approach and so will be dealt with separately.

Proof of Proposition 3.22: Case A (p =0). We start by looking at the spine

term (3.30). The following proposition gives us a useful bound on spine(t).

Proposition 3.23. There exist some positive constant C" and a Qg-a.s. finite time
T such that ¥Vt > T’
spine(t) < e ¢t
Proof of Proposition 3.23. We are given parameter § = (07,07), where 67 (-) = 6 and
_ = d — d
07 () = 7 Under Qp, (§ )i=0 = PP(A6p) and (&; )iz0 = PP(%)-
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From Proposition 3.12 we know that

Jologboded &}
)\90 log@ot N )\aot

— 1 Qg—a.s.

Hence there exists a Qp-a.s. finite time 7+ such that
(1 — )Mot <& < (14 )Nt YVt > T
Similarly there exists a Qg-a.s. finite time T~ such that
A _ A _
(I—e)—t<& <(14¢)—t Vt>T,
0o 0o

Letting T, = T, V T." we get

1 1
spine(t) < exp <>\(1 +€)folog Oot + A(1 — e)% log (9—0)75

+A(2 6 — %)t—m)
= exp <()\ [9(60) + €(60 + Hio) log 6] — ﬁ)t) vVt > T..

Since #y < 0 and g(-) is increasing (see Figure 3-2) we have

>

g9(6o) < g(0) =

Hence for € small enough

A(g(@o) + (6o + %) log 90) - B <0.

We thus let 7/ = T, and C" = _)\(g(ao) + 6(00 + %) log 00> — (3 to finish the proof of
Proposition 3.23. U

Now, for ¢t > T" the sum term is

sum(t) = Z spine(Sy)

u<nodet ()

= ( Z spine(Su)) + ( Z spine(Su))

u<nodet(§), Su<T’ u<nodet(§), Su>T’

< ( Z spine(Su)) + ( Z efCNS“>

u<node(§), Su<T’ u<node(§), Su>T'

using Proposition 3.23 for the inequality. The first sum is Qp-a.s. bounded since it

only counts births up to time 7. Call an upper bound on the first sum C}.
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Then we have -
sum(t) < Ci + Z e= "5, (3.32)
n=1
where S, is the time of the n** birth on the spine.
The birth process along the spine (n;);c(o,n0) is a Poisson process with rate 23
(Recall Proposition 1.13). Thus

% — 26 Qg-as. as t — oo.
Hence
Sn ! Qp-a.s. as t — 0o (3.33)
— = — -a.s. — 00. .
n 20 o

So for some Qg-a.s. finite positive random variable Cy we have
S, > Con  Vn.

Then substituting this into (3.32) we get

oo
Sum(t) S Cl + ZG*CNCQTL7

n=1

which is bounded Qg-a.s. We have thus shown that

lim sup EQo <M9(t)|§m> < 00 Qp-a.s.

t—o00

O

Proof of Proposition 3.22: Case B (p € (0,1)). We are given parameter 8 = (67,07),
1

b—
where §7(-) = 1, 07 (s) = < i

A(L = p) (log(s +2))*’
upper bound on the spine term (3.30).

s > 0. Again, we start by giving an

Proposition 3.24. There exist some Qg-a.s. finite positive random variables C', C"
and a random time T' < oo such that ¥Vt > T’

. ! 1 ¢ sbp
spine(t) < C"exp < -C /0 wds).

Proof of Proposition 3.24. Simple calculus tells us that for constants k; > 0 and k3 € R
! k1 ko 1 k1+1 ko
s" (log(s +2))ds ~ k——i-lt (log(t+2))™ as t — oo. (3.34)
0 1

Hence one can check that the following are true as t — oo for 07:

58



c tb
b(1 — p) (log(t +2))°
c(b—1) =1
1—p (log(t+2))b-1
log 07 (t) f; A0*(s)ds
[ log 8+ (s) A0+ (s)ds

. fot AT (s)ds ~ — 00

o log 0T (H)AOT (L) ~

=1< o0

e limsup,_,

Under Q the process (Eg" )te[0,00) 18 an inhomogeneous Poisson process with jump rate
A (t) as it follows from Proposition 3.14 and (&; )sejo,00) is a Poisson process of rate

A

Hence from Proposition 3.12 and Proposition3.13 we have that

o — >t _1Qp-as.

Jo log 6% (s)d&;
3 log 0+ (s) A0+ (s)ds

— 1 Qg -a.s.

Since f(f A0T (s)ds > At the first two equations give

& g-g
fot A0+(s)ds fot A0+ (s)ds

— 1 Qg—a.s.

Combining the previous observations we get that Ve > 0 3 Qp-a.s. finite time 7. such
that Vt > T, the following inequalities are true:

o (1—¢) [ilogfT(s) AN0F(s)ds < [logf*(s)der < (1+¢) [7logfF(s) A0 (s)ds
c(b—1) b=t cb—1) -1

* =9 gyt <80 0 M) < (o —
. b c 0
BT e eI R T L )

-1
 (log(t+ 2
Thus, for t > T, we have

< AM1=-07(t) < 0

spine(t) = exp { /Ot log 07 (s)d&S + )\/Ot(l — 07 (s))ds — ﬂ/ot |£s|pds}
o { /t(l N E)2c(b -1) sb—1
0

1= p (og(s + 2]
& Sb p
0= et r )
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where C¢ is some a.s. finite random variable, which doesn’t depend on ¢.
Then if b < b it is true that bp > b—1 and so s""! <« s"P. Hence the negative term
in the exponential dominates the positive one and this proves Proposition 3.24.
If b= b (that is, if bp = b— 1) but ¢ < ¢ then
sh—1 b

(log(s +2))P ((log(s + 2))5>

but

R R A Cry

—-p b(l—p
—(1+ 6)26(1 _pp)2 — B(1 - e)Pe
(1P (A
=c’(1 —¢) (1—p)2<(1—e)P 1 &t >
<0

for e sufficiently small. So letting 7" = T,, C' = Cc and C" = (1—{—6)20#—6(1—6)1)612

we prove Proposition 3.24. O

For the sum term we have when ¢ > 7"

sum(t) = Z spine(Sy)

u<nodet ()
= ( Z spine(Su)) + ( Z spine(Su))
u<nodet(§), Su<T’ u<nodet(§), Su>T’

IN

Z spine(Sy)
u<nodet(§), Su<T’
sbp

Su
+ Z C'exp < - C"/O st)

u<nodet(§), Su>T'

using Proposition 3.24 for the inequality. The first sum is Qg-a.s. bounded since it
only counts births up to time 7”. Call an upper bound on the first sum Cy. Then we

have
sbp

00 S
sum(t) < Cy + ' Zexp ( - C”/O st), (3.35)

n=1
where S, is the time of the n'” birth on the spine.
The birth process along the spine (nt)te[o,oo) conditional on the path of the spine is

time-inhomogeneous Poisson process (or Cox process) with jump rate 23|& P at time ¢
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(recall Proposition 1.13). Thus

Tt

— =1 Qg—a.s. as t — oo.
Jo 26/€IPds

Also . . )
c P sP -
o|Pds ~ d -a.s. as t .
[ eras~ () | o raymts Qo asi oo
Hence . )
c P sPP -
~ 28 ——— ——d -a.s. as t . .
ny ﬂ(b(l—p)) /0 Tog(s 1 2 s Qp-as. ast — o0 (3.36)

So for some Qg-a.s. finite positive random variable Cy we have

Sn sbp
/0 Tog(s T 27 ds > Con Vn

Then substituting this into (3.35) we get

[ee]
sum(t) < Cy + C/Z e~

n=1

which is bounded Qg-a.s. We have thus shown that

lim sup EQo <M9(t)|§m> < 0 Qp-a.s.

t—o00

Proof of Proposition 3.22: Case C (p =1). We are given § = (§7,07), where
0=(-)=1,07(s) = e®Vs. We prove the following upper bound on spine(t).

Proposition 3.25. There exist some Qg-a.s. finite positive random variables C', C"
and a random time T' < oo such that ¥Vt > T’

t
spine(t) < O exp ( — C’"/ \/gea\/gds).
0

Proof of Proposition 3.25. Simple calculus tells us that for constant £ > 0

«

¢
2
/ skeaVids ~ ZthtaeaVt gt s oo, (3.37)
0

Hence as t — oo
. fot AT (s)ds ~ )\%\/fea‘/z — 00

o log 0T (H)AOT (1) ~ Aay/te™V?
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log 07 (t) f; A0*(s)ds

7 =1<o0
Jo log 6+(s) A0F(s)ds

o limsup,_,

As in Case B it then follows that

L&
fot A0+t (s)ds

Jo log 0* (s)d&f
f(f log 6 (s) N0+ (s)ds

— 1 Qg -a.s.

— 1 Qg -a.s.

Combining the previous observations we get that Ve > 0 3 Qg-a.s. finite time 7, such

that Vt > T, the following inequalities are true:
o (1—¢) [{log0T(s) N0T(s)ds < [jlog0F(s)d&S < (L+e) [y logf(s) AO*(s)ds
o (1—)Aa/te®vt < logft(t) M () < (1+ e)Aa/terV?
o (1—eN2VEeVt < & < (1+e)A2VEerV
o —ete™Vt < N1—-6T(t) < 0

Thus for t > T,

spine(t) = exp { /Ot log 07 (s)d&S + )\/Ot(l — 07 (s))ds — ﬂ/ot |£s|ds}
< Ceexp { /Ot(l +e)ary/se™V® — B((1 - e))\%\/gea*/g)ds}

for some finite random variable C.. Then for a < /2 we have that

(1+e)a—ﬂ(1—e)§<0

provided € was chosen small enough and this proves Proposition 3.25. U

We then deal with sum(t) in the usual way:

sum(t) < Z spine(Sy)

u<nodet(§), Su<T'

+ Z O’ exp < - /Su \/geo‘\/gds>
u<nodet (&), Su>T' 0

o Sn
<C1+C Z exp ( - C’"/ \/gea‘/gds), (3.38)
n=1 0

where C} < oo and S, is the time of the n** birth on the spine.
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The birth process along the spine (n);c[o,00) satisfies

Tt

— =1 Qg—a.s. as t — oo.
Jo 26/€IPds

Hence

46N [t ~
ng ~ % / Vse®Vids  Qg-as. as t — . (3.39)
0

So for some Qg-a.s. finite positive random variable Cy we have
Sn
\/Eeo‘\/gds > Con  Vn.
0
Then substituting this into (3.38) we get

(o.0]
sum(t) < Cl + C,Ze_C”C2n’

n=1
which gives

lim sup EQo <M9(t)|§m> < 0 Qp-a.s.

t—o00

O

This completes the proof of Proposition 3.22 and hence also the proof of uniform
integrability and the fact that P(Mjy(co) > 0) > 0 in Theorem 3.18. O

Proof of Theorem 3.18: parts A i), B ii), C ii). Since one of the particles at time ¢ is

the spine, we have

My(t) = exp ([ los@(s)as + [ 1oa0- ())ags
—i—)\/o (2—60%(s)—0(s))ds — 6/0 \§S\pds) = spine(t).

For the paths 6 in parts ii) of Theorem 3.18 one can check (following the same analysis

as in the proof of parts i) of the Theorem) that spine(t) — co Qg-a.s. Thus

lim sup Mpy(t) = 0o Qg-a.s.

t—o00

and so also Qp-a.s. Recalling (3.27) we see that My(co) = 0 P-a.s. for the proposed
choices of 6. O

It remains to show that in parts A i), B i) and C i) of Theorem 3.18
P(Mpy(o0) > 0) = 1. The following lemma will do the job.
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Lemma 3.26. Let q : Z — [0,1] be such that My := [],cn, ¢(Xu(t)) is a P-martingale.
Then q(x) = q € {0,1}.

Proof of Lemma 3.26. Since M, is a martingale and one of the particles alive at time
t is the spine we have
q(z) = E*M; = E*M; < E"q(&).

So q(&) is a positive P-submartingale. Since it is bounded it converges P-a.s. to some
limit goo. We also know that under P, (&)+>0 is a continuous-time random walk, which
is recurrent (recall Proposition 3.1). Recurrence of (&;);>0 implies that ¢o, = ¢(0) and
that ¢(x) is constant in z.

Now suppose for contradiction that ¢(0) € (0,1). Then

M = T a(xu(®) = )™ — 0
u€ Ny

because | V| — oo. Since M is bounded it is uniformly integrable, so ¢(0) = EMy, = 0,
which is a contradiction. So ¢(0) ¢ (0,1) and thus ¢(0) € {0,1}. O

Proof of Theorem 3.18: positivity of limits in A i), B i), C i). We apply Lemma 3.26
to q(x) = P*(Mpy(oo) = 0). By the tower propery of conditional expectations and the

branching Markov property we have

a(@) = B (P*(My(o0) = 0|7) ) = B°( ] a(xu(t))

u€ Ny

whence [[,cn, ¢(Xu(t)) is a P-martingale. Also E(Mg(o0))

) Mpy(0) =1 > 0. There-
fore P(Mp(c0) = 0) # 1. So by Lemma 3.26 P(My(co) = 0)

0. O

One should note that the above argument is very similar to the zero-one law we
proved in Chapter 2 (see Proposition 2.2, Corollary 2.3 and Remark 2.4).

Let us summarise what we have shown in this subsection. Suppose parameter 6 is
chosen as in parts A i), B i) or C i) of Theorem 3.18. We have proved that in those

cases:
1. limsup,_, ., Mp(t) < oo Qp-a.s.
2. My is P-uniformly integrable
3. My(c0) > 0 P-as.

Thus from Lemma 3.21 for events A € F4

Qo(A) = E(14My(c0))
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and also
Qy(A)=1< P(A)=1. (3.40)

In other words (Qp and P are equivalent.

3.4.3 Lower bound on the rightmost particle

Now we can apply (3.40) to get lower bounds for Theorem 3.4.

Proposition 3.27. Let a, b and ¢ be as defined in Theorem 3.4. Then for different

values of p we have the following.

Case A (p=0):
R
htmlnf — > a P-a.s.
Case B (p € (0,1)):
1 b
lim inf <%’5> R; > ¢ P-a.s.
Case C (p=1):
.. log Ry
lim inf > /208 P-a.s.
t—o00 \/E - B
Proof.
Case A (p =0):

We consider 6 = (07,07), where 07 (-) =6y, 0~ (-) = % and 6 < 6.
Let ag := A(6y — %) Take the event

X, (t
By, = {EI infinite line of descent w : lim inf % = ao} € Foo-

t—o0

Then

=P(Bg,) =1 by (3.40)

#P(liminf% > ao) =1.

t—o00

Taking the limit 6y 6 we get ag /" a and thus

P(liminf% >a) =1

t—o00

Case B (p € (0,1)):
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b—1
Consider § = (07,07), where 6~ (-) =1, 07 (s) = ¢ i - and ¢ < ¢.

AL = p) (log(s + 2))b

Take the event X
1 b
B, := {Elu : lim inf (?) Xu(t) = c}.

t—oo

Same argument as above gives that

P(B,) =1
1 b
#P(liminf(?) Rt20> =1 Ve < ¢

t—o00
. logt\ b A
:>P<hgg>1f (T) Ry > c> =1.
Case C (p=1):
Consider § = (6,67), where 6=(-) = 1, 07 (s) = e*V* and a < /20. Take the

event

.o log Xo(t
Ba::{ﬂu:hgégfmth():\/ﬁ}.

Same argument as above gives that

P(B,) =1
. . logRt .
:>P<11g(1)£1f i Za)—l Va < /283
. . dog Ry B
:>P<11g(1)£1f /i > \/ﬁ> =1

3.4.4 Upper bound on the rightmost particle

To complete the proof of Theorem 3.4 and hence the whole section we need to prove

the following result.

Proposition 3.28. Let a, b and ¢ be as defined in Theorem 3.4. Then for different
values of p we have the following.
Case A (p=0):

: Ry .
lim sup ~t <4 P-as.
t—o0

Case B (pe (0,1)):

log t\b
lim sup (%) R, < ¢ P-a.s.

t—o00
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Case C (p=1):

1
lim sup 08 < /208 P-a.s.
t—o0 \/E

To prove Proposition 3.28 we shall assume for contradiction that it is false. Then
we shall show that under such assumption certain additive P-martingales will diverge
to oo contradicting the Martingale Convergence Theorem.

We start by proving the following 0-1 law.

Lemma 3.29. For all ag, b, ¢, « >0
In Case A (p=0):

P(limsup% < ao) €{0,1}.

t—o0
In Case B (p € (0,1)):
. logtp
P(hmsup (—) R < c> € {0,1}.
t—o00 t
In Case C (p=1):
. log Ry
P|( limsu <a)e{0,1}.
( tﬂoop \/Z a > { }

Proof. We consider
in Case A (p=0):

R
q(z) = Px<1imsup7t < ao),

t—o0

in Case B (p € (0,1)):

q2(x) = Px(limsup (lngt)bRt < c),

t—o0

in Case C (p=1):

log R
q3(x) = Px(limsup o8 o a).

t—o00 \/E
Then in Case A

q(z) = E* <Pm(limsup % < ad]—})) = E:”( H q (Xu(t)))

=00 u€ Ny

so that [],cn, ¢1(Xu(t)) is a martingale. Similarly [T, y, ¢2(Xu(t)) and
[Tuen, 3(Xu(t)) are martingales in cases B and C respectively. Applying Lemma 3.26
to q1(+), g2(+) and ¢3(-) we obtain the required result. O

67



Proof of Proposition 3.28. The first step of the proof is slightly different for cases A,
B and C, so we do it for the 3 cases separately.

Case A (p=0)

Let us suppose for contradiction that dag > a such that

R
P(limsup =t > ao) ~1. (3.41)

t—o0

1
Choose any a; € (a,a0) and take § = (07,07), where 07 (-) = 04, 67 (-) = 7o and 64
A
is the unique solution of
1

a; = )\(HA — a)
Let
fa(s) == ays.
Case B (p € (0,1))

Let us suppose for contradiction that deg > ¢ such that

logt.\s
P<limsup (2R, > co) _ 1. (3.42)
t—o00 t
1
Choose any c¢; € (¢,c9) and take § = (07,07), where 07 (s) = 0p(s), 0~ (s) = 7505)
B(S
and .
b—1
C1 S
0p(s) = —.
=5 ) (log(s +2))°
Let .
s b
TB(s)i=a <10g(s + 2)) ’
Case C (p=1)
Let us suppose for contradiction that dag > /20 such that
. log Ry
Pl > =1 3.43
< im sup i ao) (3.43)
1
Choose any oy € (v/2f3,ap) and take 0 = (07,07), where 07 (s) = 0c(s), 0~ (s) = 5o ()
c(s
and )
Oc(s) = o1
C(S) \/8—{——16
Let

The next step in the proof is the same for cases A, B and C.
Let us write f to denote f4, fp and fo. We define D(f) to be the space-time region
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bounded above by the curve y = f(¢) and below by the curve y = — f(¢).

Under P the spine process ()0 is a continuous-time random walk and so

(91

=~ — (0 P-a.s. as t — oo. Hence there exists an a.s. finite random time 7" < oo such
that & € D(f) for all t > T".

Since (&) is recurrent it will spend an infinite amount of time at position y = 1.
During this time it will be giving birth to offspring at rate 3. This assures us of the
existence of an infinite sequence {7}, },en of birth times along the path of the spine
when it stays at y =1 with 0 <T' <Ty <Tp < ...and T;, / 0.

Denote by u,, the label of the particle born at time 7,, which does not continue the
spine. Then each particle u,, gives rise to an independent copy of the Branching random
walk under P started from &7, at time T;,. Almost surely, by assumptions (3.41), (3.42)
and (3.43), each u,, has some descendant that leaves the space-time region D(f).

Let {vy, }nen be the subsequence of {u,, },en of those particles whose first descendent
leaving D(f) does this by crossing the upper boundary y = f(¢). Since the breeding
potential is symmetric and the particles u,, are born in the upper half-plane, there is at
least probability % that the first descendant of w, to leave D(f) does this by crossing
the positive boundary curve. Therefore P-a.s. the sequence {v, }nen is infinite.

Let w,, be the decsendent of v, which exits D(f) first and let J,, be the time when

this occurs. That is,

Jn =inf {t: Xy, (t) > f(t)}.

Figure 3-5: [llustration to Proposition 3.28
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Note that the path of particle w,, satisfies
[ Xuw, (s)] < fs) Vs €[T',Jn).

Clearly J, — oo as n — oo. To obtain a contradiction we shall show that the
additive martingale Mj fails to converge along the sequence of times {.J,, },>1, where 6
was defined above differently for cases A, B and C. Thus for the last bit of the proof
we have to look at cases A, B and C separately again.

Case A (p=0)

Jn JIn
My(Jy) = Z exp{/o logHAde(s)+/0 log (%)qu(s)

UENJn

Jn 1 Jn
+>\/O (2—6A—a)ds—ﬂ/0 1ds }
JIn In 1
> exp { / log HAdX;fn(s) + / log (—)dX;n(s)
0 0 0a

Jn 1 JIn
+A/O (2—9A—a)ds—ﬁ/0 1ds }

= exp { log 04X, (Jn) —log0aXy (Jn)+A(2— 64— %)Jn - BJn}
1

G —BJn}

exp {
p{alJ log 4 + (2 — 04 — %)Jn _ BJn}
exp {

logHAX )+)\(2—(9A—

1
( A—— 10g(9,4+)\(2—9,4—a)—ﬁ>g]n}
—exp { (Ag(64) - B) I}
Then since g(-) is increasing, 04 > 0 and g(f) = g it follows that

Ag(0a) =6 >0

and thus My(J,) — oo as n — oo, which is a contradiction. Therefore assumption

(3.41) is wrong and we must have that Yag > a

P(limsup% > ao) # 1.

t—oo
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It follows from Lemma 3.29 that Vag > a

P(limsup% > ao) =0

t—o00

#P(limsup% < ao) =1

t—o0
R
:>P(limsup7t < d) =1

t—o00

after taking the limit ag \, a. This proves Proposition 3.28 in Case A.
Case B (p € (0,1))

1
B(s)

+ )\/Ojn (2—06p(s) — B/Jn ]pds
> exp { /OJn log HB(s)dX$n (s)+ /0 log (#(S))den(s)

+ )\/OJ" (2 —0p(s) — 031(3))d8 _ B/OJn ’Xwn(s)‘l’ds}.

Applying the integration by parts formula from Proposition 3.11 we get

Jn JIn
My(Jp,) = Z exp{/ log 0p(s)d X, (s )+/ 10g(9 )dX (s)

UENJn 0

Jn n! s
exp { o) X5, () — [ PEEXE ()

o Os(s) "
T O(8) oo
. s0s) X, (s)ds

+)\/OJ" (2_93(5)_#(3))(15_B/0Jn |Xwn(8)|pd5}

—log0p(Jn) Xy, (Jn) +

Jn p! s
=€exp { log GB(Jn)Xwn(Jn) - /0 gigsi Xwn (S)ds
Jn 1 Jn ,
i A/O (2= 05(s) = 5=5)ds - B/O X, (5)/Pds )
Y (s)

>Cexp {1 5(7) /a0~ [ 32 (S)fBU
In 1
—i—)\/o (2—03(3)—m)d3—ﬁ ; fB(s)pds}
using the facts that X, (J,) > fp(J,) and | Xy, (s)] < fg(s) for s € [T',J,) and

where C' is some P-a.s positive random variable. Now asymptotic properties of 65(-)

and fp(-) of the form 3.34 give us that for any ¢ > 0 and n large enough the above
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expression is

(Jn)"
(log J,,)b—1

(Jo)?

> h_ _\inJ)
_QMan%mmm

(1= - ol (1+9}

for some P-a.s. positive random variable C.. Then since ¢; > ¢

b= Da(1-q -1+
=£@—1xr—@@1p—if§3@ilg

=h(b—1)(1 =) (e " =&

1+e)
1—c¢
>0

for € small enough. Thus My(J,) — oo as n — oo, which is a contradiction. Therefore

assumption (3.42) is wrong and we must have that Veg > ¢

P<limsup (lngt)BRt > co) # 1.

t—o00

It follows from Lemma 3.29 that V¢g > ¢

P<limsup (lngt)BRt > co) =0

t—o0
logt.j
=>P<1imsup (ﬁ)bRt < co) =1
t—o00 t

logt.}
=>P<1imsup (%)bRt < é) =1

t—o00

after taking the limit ¢g \, ¢. This proves Proposition 3.28 in Case B.
Case C (p=1)

Essentially the same argument as in Case B gives that for any ¢ > 0 and n large

enough

My(J,) > Ceexp {(1 — &)ar/Jpe® VI — (14 G)Z_?\/ﬁean/ﬁ}

for some C¢ > 0 P-a.s. Then since oy > /20

(1—6)0[1—(1—|—6)§>0

for € chosen sufficiently small. Therefore Mpy(.J,,) — oo, which is a contradiction. Hence

Voo > /23

. log Iy
P ( h?i Sogp i

Sao)zl
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and therefore

i log R
P<hmsup Of/it < \/ﬁ> =1.

t—o0

This finishes the proof of Proposition 3.28 and also Theorem 3.4
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Chapter 4
Branching Lévy processes

In this chapter we study branching processes in the potential g(x) = g|z|P, p > 0,
B > 0, where single particles in the system move according to a given Lévy process.
Since Brownian motion and a continuous-time random walk are special instances of a
Lévy process, we shall see how earlier results from [22] and Chapter 3 of this thesis fit
into the general framework.

The class of all the Lévy processes is quite large, and earlier proofs cannot be
generalised to all the members of this class. An important restriction one has to
impose on the processes is that they must have finite exponential moments. This will
assure us of the existence of exponential martingales, which are crucial in the analysis.

The case of homogeneous branching (p = 0) has been studied by J. Biggins in [6]
and [7], where he gave the asymptotic growth of the rightmost particle. We shall give
an alternative proof using spine techniques. We shall then extend this result subject to
some further restrictions on the underlying Lévy processes to the case p € (0,1), which

we show to be non-explosive.

4.1 Lévy processes

In this preliminary section we give some general information about Lévy processes that
we need to know in order to understand the rest of the chapter.

There are numerous books on the general theory of Lévy processes. Let us mention
[1], [31], [4], [25]. Everything we shall claim about Lévy processes in this section can

be found in one of these books.

Definition 4.1 (Lévy process). An R-valued process (Xt)i>0 on some probability space

1s said to be a Lévy process under probability P if
e Xg=0P-a.s

e The paths of X are P-a.s. cadlag (that is, right continuous with left limits)
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e For0<s<t, X;— X, 2 X, ,

o For0<s<t, X;— X is independent of o(X, : u < s)

4.1.1 Characterisation of Lévy processes

From Definition 4.1 it is easy to check that for v € R
Ee1 Xt = o2t vVt >0 (4.1)

for some function ¥ : R — C, which is known as the characteristic exponent of the

process (X;)i>0. Lévy-Khintchine formula gives the following characterisation of W.

Theorem 4.2 (Lévy-Khintchine). There exists a triplet (a,o,11), which we shall call
a Lévy triplet, where a € R, 0 > 0 and II is a measure on R\{0} satisfying
Je(I A 2H)II(dz) < oo, such that

U(y) =iday — 20272 +/ (e — iyl < — 1)I(dx). (4.2)
R\{0}

The triplet (a,o,II) fully describes the distribution of a Lévy process (X¢)i>0. We
shall refer to a, o and II as the drift term, the diffusion parameter and the jump
measure respectively.

Note that IT might blow up at the origin, e.g. if II(dx) = mﬁdx, a € (0,2).

Example 4.3. Let us give a few examples.

e Standard Brownian motion is a Lévy process with a = 0, o = 1, Il = 0 and
U(y) = —37%

e Poisson process with jump rate X is a Lévy process with a = 0, o = 0, Il = A\d;

and ¥ (y) = A(e? —1).

o More generally, a Compound Poisson process with jump rate X and jump distribu-
tion F(dx) is a Lévy process with a = A f0<|m|<1 zF(dx), 0 =0, II(dz) = AF(dx)
and ¥ (vy) = )‘fR\{O} (e"* — 1) F(dz).

e Stable process with exponent o € (0,2) and the property that X 4 /X, vt >0
is a Lévy process with a = 0, o = 0, II(dz) = mﬁdx for some ¢ > 0. It has

characteristic exponent W(y) = —C|y|* for some C > 0.

The following well-known theorem describes a general Lévy process as an indepen-
dent sum of a Brownian motion with a drift, a Compound Poisson process and a certain

square-integrable martingale.
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Theorem 4.4 (Lévy-Itdé decomposition). Given a Lévy triplet (a,o,1I) there exist

three independent Lévy processes (Xt(l))tzo, (Xt(2))t20 and (Xt(3))t20 on some probability

space such that:

o XM 45 a Brownian motion with diffusion parameter o and linear drift a, so that

it has the characteristic exponent

1
V(y) = aiy - 5o,

e X s a Compound Poisson process with jump rate I(R\(=1,1))1{3>1} and

Jump distribution %, so that it has the characteristic exponent

§O) () = / (e =),

o XB) is a square-integrable martingale with the characteristic exponent
TG () = / (e® — jyx — 1)II(dz).
0<|z|<1

Thus a general characteristic exponent from (4.2) can be decomposed as
U(y) = 0D () + ¥ (y) + 0O (),

where W (), ¥?)(4) and ¥ () correspond to a Brownian motion with a drift, a

compound Poisson process and some square-integrable martingale.

4.1.2 Recurrence and point-recurrence

Let us now define various notions of recurrence of a Lévy process, that we are going to

need later.

Definition 4.5. A Lévy process (X¢)i>o is recurrent if
liminf | X;| =0 P-a.s.
t—o0

In other words, X returns to any open neighbourhood of 0 infinitely often.
The following standard result can be found in [31] for example.

Proposition 4.6. Suppose that a Lévy process (Xi)i>o is integrable. That is, E|X| <
00. Then

(X¢)e0 is recurrent < EX; = 0.
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Moreover, it is true for a non-degenerate recurrent Lévy process that
limsup;_,, X; = o0 and liminf, .., X; = —oo P-a.s.

A stronger notion is the notion of point-recurrence:

Definition 4.7. A Lévy process (Xi)i>o is point-recurrent if

limsup 1yx,—oy =1 P-a.s.

t—00
In other words, X returns to {0} infinitely often.
Example 4.8. The following processes are point-recurrent and thus also recurrent:
e Brownian motion.

o Continuous-time random walk with jumps of size £1, which we have studied in
Chapter 3.

e Recurrent processes which experience jumps in only one direction. Such processes
are called spectrally-negative or spectrally-positive depending on the direction of
jumps. Point-recurrence follows from the fact that the process can get to the up-
per/lower half-plane from the lower/upper half-plane only by continuously cross-

ing the line x = 0.

e Symmetric alpha-stable processes with exponent o € (1,2). For the proof of point-

recurrence see [31].

Example 4.9. For an example of a recurrent process which is mot point-recurrent

consider a compound Poisson process which makes jumps of magnitude 1 at rate 1 and

jumps of magnitude —/2 at rate % Such process has 0 mean and so it is recurrent,

but it will never return to 0 after it made its first jump.

A lot more discussion about point-recurrence can be found in the book of Sato [31].

4.1.3 Laplace exponent and Legendre transform

As we already mentioned in the preface, we would have to impose the following restric-

tion on the Lévy processes that we consider.
Assumption 4.10. There exist v~,v* € (0,00] such that
Ee’¥1 < 0o Yy e (—y~,7H). (4.3)
It is actually quite a strong restriction, which doesn’t allow heavy-tailed jumps in

either direction. Nevertheless, it still leaves us with a large class of Lévy processes
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to look at. Assumption 4.10 will be imposed on all the Lévy processes we consider
throughout the rest of this chapter unless we specifically say that it isn’t.
From Definition 4.1 subject to Assumption 4.10 it is easy to check that

Ee?Xt = ¢! vVt >0 (4.4)

for some function v : (—y~,7") — R, which is known as the Laplace exponent of the
process X. Analytic extension of the characteristic exponent ¥ gives us the following

formula.

Proposition 4.11. For vy € (—y,v")

1
() =ay+ 50272 +/ (ew — Y21 |g|<1 — 1)H(dx). (4.5)
R\{0}

Note that (4.3) tells that IT must have tails which decay (at least) exponentially

fast. On Figure 4-1 below one can see some examples of a Laplace exponent.

2

(a') ¢(7) = %’72 -7, a=-1,0=1, Im=0 (b) 1/)(’7) = 1177 a=0,0=0, H(dx) = %6_‘x‘d$

Figure 4-1: Plots of ¥ (v)

The function ® is infinitely differentiable (see [25]) and consequently has the following

properties.

Proposition 4.12 (Properties of ¢). If we rule out the degenerate case (X¢)i>0 = 0
then:

e ¢(0) =0, ¢'(0) = EX;
° Y(y) Sooasy /Syt ory N\ T
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o () >0Vy € (= ,v"), i.e. ¢ is strictly convex and y)'(7y) is strictly increasing
on (_r}/_a 7+)

Since 1’ (7) is increasing it must converge to a limit as v — vT. Thus we have two
possible behaviours of ¢ (and this will be important later):

Case (I): lim,_.,+9'(y) = oo. This is the most common case, happening if, for
example, X makes positive jumps.

Case (II): lim.,_,,+ 9'(y) < co. This is a somewhat degenerate case, which will be
easy to handle. Note that we must necessarily have v© = oo in this situation and so
we can define ¢/ (00) = lim, .o ¢ (7).

Since function 9 is convex, we can also define its Legendre transform A as follows:

Definition 4.13. For z € [¢/(0), lim .+ /(7))

A(z) == sup{zp — ¥(p)}.

p=>0

Note the domain of A. Here as before

lim ¢/'(y) =

vyt

{ oo in Case (I)
' (00) in Case (1)

U
zp
A(x) p
) >
Y'(0)p

Figure 4-2: Legendre transform
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We have the following identity for A that will often appear in this chapter:

AW ) =1 () —v()  Yyeoh). (4.6)

Thus A has the following geometrical interpetation: if we draw the tangent to
at a point v then the intersection of this tangent with the y-axis would be —A(W (7))
(see Figure 4-3(a)).

Note that in Case (II)

AW (00)) = Sgp{w'(oo)p —¥(p)}

= lim A(¥' (7)) < .

Y—©

See Figure 4-3(b) below for an illustartion.

Figure 4-3: Illustartion for A

Also A (in the domain [¢/(0),lim.,_,+y(,))) has the following useful properties.
Proposition 4.14 (Properties of A). If we rule out the degenerate case () = 0 then:
o AW(0)) =0,
o A is strictly increasing, so A=' is well-defined

e A is strictly convex
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Let us also observe that
e in Case (I) lim,_,+ A(¥/(7)) = o0
e in Case (II) lim,_,+ A(¢' (7)) = A(¥'(o0)) < 00

Example 4.15 (Case (I)).

e Suppose (X;)i>o is a standard Brownian motion. Then () = 342, the domain

of A is [0,00), A(W (7)) = 372 and A(z) = La2.

e Suppose (Xi)i>0 is a continuous-time random walk from Chapter 3 that makes
gumps of size 1 at rate X. Then ¥(y) = A + e 7 — 2), the domain of A
is [0,00), AW/ (7)) = A(ye? —ve 7 —e? —e TV +2) ~ A\ye? as 7 — oo and
A(z) =2X+zlog (7”52?;\)‘2'”) — V22 +4X2 ~ zlogx as x — oo (recall discussion
at the end of subsection 3.1.3).

To finish the overview of Lévy processes we give an example of a process from the

degenerate Case (II).

Example 4.16 (Case (II)). Let X :=t — P, t > 0, where (P;)>0 4 PP(1). So X°
has constant linear upward drift and makes negative jumps of size 1 at rate 1.
Then for such process () =v+e 7 —1 (see Figure 4-3(b)), V' (y) =1—e7 — 1
as vy — 00, the domain of A is [0,1) and A(¢' (7)) =1—ve 7 —e™ 7 — 1 as 7 — oo.
Note that this process always stays below the line x =t (see Figure 4-4).

// 4

Figure 4-4: Sample path of X} with ¥(y) =~y +e 7 —1
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4.2 Branching model and main results

4.2.1 Description of the model

We are going to study a binary branching process started from 0, where branching
occurs at instantaneous rate 5(-) = | - [P, with 8 > 0 and p > 0 and single particles
move according to a given Lévy process (X)i>0.

That is, we start with a single particle at the origin, which moves in R according
to a certain Lévy process. At instantaneous rate (3|z|P, where z is the position of the
particle, it splits into two new particles. The new particles then, independently of each
other and of the past, stochastically repeat the behaviour of their parent starting from

the position where it died.

4.2.2 Main Results

Recall Definition 3.3 of the rightmost particle:

Ry :=sup X{', t>0.
uEN

We first state the following result in the simple case of homogeneous branching, which

can be found in the works of Biggins (see [7], [6]).

Theorem 4.17 (Rightmost particle growth in the case p = 0). Consider a branching
Lévy process in the homogeneous potential 3(-) = (. Recall Assumption 4.10 on the
domain of v, the Laplace exponent of X :

Ee'* <00 Vye (=7 ,7h),

where v+, v~ € (0,00]. Under this assumption we have the following:
Case (I) lim,_,+ ¢'(y) = co:

where A is the Legendre transform of 1 as given in Definition 4.13.
Case (I1a) lim,_.+ ¢/(v) = 1/'(00) < 00, B < A(¢'(0)):

as in the previous case.
Case (IIb) lim,_,. .+ ¢'(y) = ¢'(00) < 00, B > A(¢)/(00)):




If we define the leftmost particle to be

Li:= inf X', t>0
u€E Ny

then we can get the same results for L; as for R; by replacing (X;);>0 with (—X3)¢>0
in the theorem.

The proof of Theorem 4.17 heavily relies on Assumption 4.10. If we drop this
assumption then in general we would expect the growth of R; to be faster than linear.
Some examples of this will be given in the next subsection.

Now take p > 0 and recall Definition 2.1 of the explosion time:
Teapio := sup{t : | N¢| < oo}.

For the next results we assume that v© = v~ = oo in Assumption 4.10.

Theorem 4.18 (Non-explosion). Consider a branching Lévy process in the potential

B(x) = BlzlP, 8> 0, p € (0,1], where single-particle process satisfies
Ee?X1 < 0o Vy e R. (4.7)
That is, v =~ = oo. Then
Tezpio =00 P-a.s.

Remark 4.19. Assumption (4.7) for Theorem 4.18 in principle can be weakened, but
we would then have to impose some additional assumption such as point-recurrence of

the underlying Lévy process.

Remark 4.20. If p = 0 then the spatial component of the branching process has no
effect on the population size (|N¢|)i>o0. In fact in such setting, under no assumptions
on the underlying Lévy process, (|N¢|)i>0 is a simple birth process and

| N¢| 4 Geom(e P%) ¥t > 0, so Tegpio = 00 P-a.s.

We shall discuss the case p > 1 in Section 4.3. Let us state it as a conjecture now.

Conjecture 4.21. Consider a branching Lévy process in the potential 3(x) = [lz|?,

B > 0, where one-particle motion satisfies condition (4.7) above. Then
1. if (X¢)e>0 is a Brownian motion with a linear drift

o p<2= Teppio =00 P-a.s.

® p>2= Toppo <00 P-a.s.

2. in all other cases
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o p< 1= Teppo =00 P-a.s.

e p>1= Toppo <00 P-a.s.

In principle it seems possible to reduce the domain of 1 to (—y~,7"), where v~,
v+ € (0,00], in Theorem 4.18 and Conjecture 4.21 by imposing some other constraints,
but for simplicity we shall adopt condition (4.7). However, if we drop Assumption 4.10
completely then in general we might expect the critical value of p to be smaller than 1,
for certain branching Lévy processes we would even expect it to be 0. Some examples
of this will be given in Section 4.3.

The next theorem gives the rightmost particle asymptotics in the case of inhomo-

geneous branching.

Theorem 4.22 (Rightmost particle growth in the case p € (0,1)). Consider a branch-
ing Lévy process in the potential f(x) = [Blz|P, B > 0, p € (0,1), where the single-

particle process fulfills the following conditions:
1. () = logEe?™1 < 00 Vy € R,
2. for all § > 0 " (y) < ' (y)'*0 for all v large enough,
3. (X¢)e=0 is point-recurrent in the sense of Definition 4.7,
4. (Xt)e=0 is symmetric in the sense that (Xi)i>o 4 (—X4t)e>0

Then the rightmost particle satisfies

Ry s
where f(t) = F~(t) and
K 1

18 a strictly-increasing function. In particular, f is a nontrivial positive solution of the

first-order autonomous differential equation

A(f'(s)) = B(f(s)) = Bf(s)P . s =20, f(0)=0. (4.10)

Observe that we have forced EX; = ¢/(0) = 0 and lim,_,o ¢'(7) = co. Thus the
domain of A is [0, 00).

Also note that condition 1 guarantees non-explosion (recall Theorem 4.18).

Condition 2 adds some regularity to the Laplace exponent 1 (-) and is naturally
satisfied by most of the Lévy processes that we consider. One simple way to ensure

condition 2 is e.g. to take the jump measure to be supported on a set bounded above.
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Condition 3 will be necessary for zero-one laws similar to Lemma 3.26.

Condition 4 on symmetry of the particles’ motion is reasonable due to symmetry
of the potential 3(-).

To check that f(¢) is well-defined note that since A(0) = 0 and A is convex, there
exist tgp > 0 and ¢ > 0 such that A(t) < ct Vt € [0,tp]. Hence

to

F(ty) = —ds < oo.

1 o
AT(gan) = /o Bs?

Remark 4.23. Note that in (4.8) it is sufficient to know only the first-order asymp-
totics of f defined via (4.9).

If we drop condition 4 about symmetry of the underlying Lévy process then in
general Theorem 4.22 may not hold for the reason explained in Section 4.6. However
we can still prove the same lower bound on R; assuming that the process (X;);>o is

making positive jumps or is a Brownian motion.

Theorem 4.24 (Lower bound on the rightmost particle in the case p € (0,1) under
weaker assumptions). Consider a branching Lévy process in the potential 5(x) = (|x|?,

B >0, pe(0,1), where the single-particle process fulfills the following conditions:
1. () = logEe?™1 < 00 Vy € R,
2. for all § > 0 " (y) < ¢ (y)'*0 for all v large enough,
3. (X¢)e>0 1s point-recurrent in the sense of Definition 4.7,
4. (Xi)i>0 makes positive jumps (that is, I1((0,00)) # 0) or is a Brownian motion.

Then the rightmost particle satisfies

hrg(l)lgfm >1 P-as., (4.11)
where f(t) = F~(t) and
Lo
F(t) :/0 st. (4.12)

Note that we have again forced the process (X;);>0 to belong to Case (I).

4.2.3 Examples

Example 4.25 (Branching Brownian Motion). If (X;)i>0 is a standard Brownian
motion then its Laplace exponent is (y) = %72 and the Legendre transform of 1 is
Ax) = %xQ. Thus if p = 0 then from Theorem /.17 we have

lim % A~YB) = /28 P-a.s.
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and if p > 0 then

which agrees with Theorem 8.5 Also equation 4.10 which gives the growth of the right-

most particle becomes

1
P =B 520, [0)=0
and we have already seen it in Subsection 3.1.5.

Example 4.26 (Branching Random Walk). If (X;)i>0 is a continuous-time random
walk that makes jumps of size +1 at rate A then its Laplace exponent is
P(y) = A€ + e —2) and the Legendre transform of 1 is

Va2 4+ 4)\2
A(z) =2X + zlog <%m> — Va2 4+ 4 2 ~zlogx as x — oo

If p =0 then from Theorem 3.4 a) we know that

lim B _ MO — l) P —a.s.,
t—oo t 0
where 0 is the unique solution of g(f) = g and
1
o(6) = (0~ L) 1og(0) ~ (04 1) +2

A1 A1 1 R
A(NO - 5)) =22+ A0 — 5)10g9 — A0+ 5) =Xg(0)=p
Thus R .
A= )= AL —
tLIIolo " =0 é) AT (D) P —a.s.,

so Theorem 4.17 is consistent with Theorem 3.4 a) from Chapter 3.
If p > 0 then since A(x) ~ xlogx one can check that

t 1 p
F t — 7(15 ~ 7t1_p10 t as t O
Q /0 A @y T Ba—p BT

and

1 1
J4 > ( l 1%
0~ (o) (o) ™
7o) B(1—p)? logt
so Theorem 4.22 is consistent with Theorem 3.4 b) from Chapter 3.
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Example 4.27. Recall the process X{ =t — Py, where (P;)i>0 4 PP(1), from Example
4.16. This process belongs to Case (II). Its sample path can be seen in Figure 4-4. The
Laplace exponent of X° is(y) =y +e~7 —1 and the Legendre transform of 1 defined
on [0,1) is

Az) =2+ (1 —x)log(l —x)

Thus ¢¥'(00) = 1 and A(¢'(c0)) = 1. Consider the branching system with branching
rate 3(-) = (3. Theorem 4.17 says that

e if 5 <1 then limy . % =A"YB3) P-a.s.
e if B> 1 then limy .o % =1 P-a.s.

Example 4.28. Consider a symmetric a-stable process (Xi)i>0, where a € (0,2) and
Xy 4 téXl YVt > 0. This process does not satisfy Assumption 4.10 due to heavy tails.
Hence Theorem 4.17 can’t be applied. It is known that P(Xy > x) ~ -5 as x — oo for

some constant c. So for a fast-increasing function f(t) we have

1 ct

PX. > f(1) = P(X1 > f(O%) ~ e

If we now consider a branching system with p = 0 then the Many-to-One Lemma says

that the expected number of particles above the line f(t) at time t is

ct
f

PP(X, > f(t)) ~ e

Thus if f(t) = €7, where v € (0, g) then the expected number of particles above the line

f(t) will be increasing rapidly suggesting exponential growth of the rightmost particle.

4.2.4 Outline of the chapter

In Section 4.3 we prove Theorem 4.18 about non-explosion and discuss Conjecture 4.21.

In Section 4.4 we introduce a family of one-particle martingales and prove some
associated one-particle results that we are going to use in later sections.

Section 4.5 is devoted to the proof of Theorem 4.17 about the rightmost particle in
the model with homogeneous branching.

In Section 4.6 we present proofs of Theorems 4.17 and 4.24 about the rightmost

particle in the model with inhomogeneous branching.

4.3 Non-explosion

Let us prove Theorem 4.18. That is, subject to the condition on finite exponential

moments we want to show that in the branching system with the potential g(x) = §|z|P,
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where 5> 0, p € (0,1] we have
Terpio =00 P-a.s.

The proof uses the same argument as we have used in Theorem 2.7 a) and Theorem
3.2 a).

Proof of Theorem 4.18. By the Many-to-One Lemma (Lemma 1.18) for any ¢t > 0

B(N) = B( Y 1) = B(eh el

u€ Ny

where (£;)¢>0 moves as the given Lévy process under P. For p € (0,1] |z[P < |z| +1, so
E<ef3ﬁ|ss|pds> < E(efgﬁassm)ds) T E(efgﬁms\ds)

Next note that by Jensen’s inequality for any locally-integrable function f
t d 1 t
eo I(5)ds < 7 / el )ds, (4.13)
0

To see this take U ~ Uniform([0,t]), X :=tf(U). Then

t
% / efOltds = EeX > X = eJo F(5)ds
0

Thus applying (4.13) we get

t
E<ef5mss\ds> < E(l / emfsuds)
<B(3 )

Then since

t t
/ E<eﬁtlfs\)d5§ / E(eﬁtfs +e—6t£s>d8
0 0

t
_ / GO0 | (=B g g
0

1 1 ¢ 1 —Bt)t
:?(W(ew(m _1)+¢(—ﬁt) (¥4 _1)> < o0

we have by Fubini’s Theorem that

- /1 [t 1 [t .
E(—/ eﬁlgs‘tds> = —/ E(eﬁt‘&l)ds < 00
t Jo t Jo

and hence

- /1 [t
E(|Ny]) < eBtE(;/ eﬁ‘gs‘tds> <oo Vt>0.
0
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Thus Teppio = 00 P-a.s. ]

We can also verify that E(|N;|) = oo if p is too large. Note that this is not sufficient
to deduce that T¢;,, = oo P-a.s., but it gives us some evidence to believe that this
might be the case.

For any ¢t > 0 take any o € (0,¢) and z a large number. Then

Bl = B2
s|Pd
> ( Jo oo "Llery 1>a+1} Lsup,ery o Ifs—&old})
S BlesIpds
> ( N Lijerg 1>a+13 Lsup,c i \5s*€to‘<1})
> e B(t—to)a? p (|ft0| > 5,34_1) P( sup [&s —fto| < 1)

s€[to,t]

>0

If we now let # — oo we see that if P(|¢,| > x+ 1) decays a lot slower than e~ then
E(|Ny|) = o0

As (&)i>0 is a Lévy process, &, is an infinitely-divisible random variable, so let us
quote the following result about its tail behaviour from [34] (Chapter IV, Corollary
9.9):

Proposition 4.29 (F.W. Steutel and K. Van Harn). A non-degenerate infinitely-
divisible random variable X has a normal distribution iff it satisfies
—logP(| X| > x)

lim sup = 00
00 xlogx

In other words, unless X has a normal distribution, P(|X| > x) > e~ ¢*l8® for
some C' > 0 and x large enough. Thus if we take p > 1 then P > zlogx, so unless

(&)>0 is a Brownian motion with a linear drift we have
E(|Ny|) =00 VEt>0.
If (&)¢>0 is a Brownian motion with a linear drift then
E(|Ny|]) = o0 or <oo Vt=>0.

according to whether p > 2 or p < 2.
Also if we for example take (& )¢>0 to be an a-stable process with « € (0,2), which
no longer satisfies exponential moments assumption, then P (|£t0| > T+ 1) ~ -5 for

some constant ¢ and hence E(|V¢|) = oo for any p > 0.
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4.4 One-particle results

In this self-contained section we introduce a family of exponential martingales for a
rather general Lévy process and derive some useful results concerning the asymptotic
growth of the Lévy process under the changed measure.

In later sections we are going to use these martingales in place of martingale M®)
from (1.5) to condition the spine process to stay close to a deterministic path of our

choice.

4.4.1 Simple changes of measure for Lévy processes

Let (X¢)i>0 be a Lévy process under a probability measure P. Suppose that X satisfies
Assumption 4.10 That is, there exist v, v~ € (0, 0o] such that

Ee' X1 < oo Vy € (—=y,9").

For v € (—y~,7") let ¢(v) = log Ee"X1 be the Laplace exponent of X. Then we have

the following well known results, which can be found for example in [25].

Theorem 4.30. Take v € (—y~,v"). Then the following process is a P-martingale:
My = Xe=v0t >0, (4.14)

Proof. 1t is clear that EM; = 1, and if (ﬁt)tzo is the natural filtration of (X;);>0 then
for s <t

E(Mt|]}s) _ E(BVXt—¢(V)t|ﬁS)
= X VO (7 (Ke=Xe) =N (E=5) | £,)

— MSE(G"/Xt—s*w('Y)(t*S)) = M,.

Theorem 4.31. Let the measure Q be defined as

dQ
— = M, t .
1P £ t ,t€E [0, OO)

Then under Q, (Xt)t>0 is a Lévy process with parameters (a, o, fI), where

a=a+~o?+ / (e’ — DII(dx)
|z[€(0,1)

and TI(dz) = e*1I(dx).
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To see this observe that Vo € (—y~ — v, v© —7)
EQ (eaXl) = E(eaxle“’Xl*w(“’U
_ E<e(a+w)X1*¢(a+w)) e (a7 —¥(v)

— e¥(atn)—=v()

Thus the Laplace exponent of X with respect to Q is

(@) = v(a+7) — ¥(v)

1
=ala+7)+ —02(a + 7)2 + / (e(‘”“’):E —(a+7)21 <1 — 1)H(d:c)
2 R\{0}

—ay — 10272 - / (ew — 2Ly — 1)H(d:c)
R\{0}

= a(a + o + / x(e* — 1)H(dx)>
|z|€(0,1)

Note that the exponential moments of X under Q give us all the n'* moments of X.

In particular we have:
ECX; = ¢' ()t

var(X;) =" ()t.
Example 4.32.

o Take (X¢)i>0 to be a standard Brownian motion. Then (a,o0,1I) = (0,1,0),

¥(y) = 377, so
M, = X357 >

and under the new measure Q, (X¢)i>0 s a Lévy process with parameters

(d,a,f[) = (v,1,0), in other words, a Brownian motion with linear drift ~y.

o Tuke (X{)i>0 to be a Poisson process with rate A\. Then (a,o,II) = (0,0, Ad1),
Tzz)(ly) = )‘(e’y - 1)’ S0

M, = @XM =Dt  gXe A0 45

where 0 = €7 (Recall Example 3.7). Under the new measure Q, (X;)i>0 is a Lévy

process with parameters
(d,0,11) = (0,0,Ae7d1) = (0,0, 106,),
that is, (X¢)i>0 a Poisson process with jump rate Ae? = A\f.
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Thus we see that martingale (4.14) is the natural generalisation of martingales seen
in Example 1.27 and Example 3.7.
However martingale (4.14) does not include the martingales from Example 1.23 and

Lemma 3.6. In the next subsection we deal with this issue.

4.4.2 Stochastic integrals and more advanced changes of measure

In this subsection we are going to use stochastic integrals with respect to (X¢)¢>o0.
Construction of such objects as well as their properties can be found in the book of D.
Applebaum [1] or his lecture notes on this topic [2].

In this thesis we are only going to consider very simple cases of stochastic integrals
where the integrand is a 'nice’ deterministic function. For such integrals the reader
does not need to be familiar with the general theory of stochastic calculus for Lévy
processes.

Suppose for this subsection that we are given a function ~ : [0,00) — (—v~,7"),
which is differentiable and satisfies f(f P(y(s))ds < oo ¥Vt > 0. For such function we
consider the integral fg v(s)dXs. The following integration-by-parts formula, which

can be found e.g. in [1] reduces it to a Lebesgue integral.

Proposition 4.33 (Integration by parts).

[ 2% = x0) - [ X1

The next result generalises Theorem 4.30 and can be found in [1].

Theorem 4.34. The following process is a P-martingale:

My = elo 1(£Xs=[gve(i()ds 4> (4.15)
If we now define the measure Q as

i%j—t:Mt ,t€[0,00)

then under Q, (X;);>0 in general can not be characterised in a nice way. It is no longer

a Lévy process nor a time-changed Lévy process. It can be thought of as a process

with independent increments which has the instantaneous drift a; = a + y(t)o? +

f\x\ Slx(e“f(t)x — DII(dx) at time t, the diffusion parameter o and the instantaneous
jump measure II;(dz) = e?O=1I(dz).

In the special cases of a Brownian motion and a Poisson process (X;):>0 has a nice

characterisation under Q.
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Example 4.35.

o Tuke (Xi)i>0 to be a standard Brownian motion. Then

M, = elir@aXe=3 {r2ds 45 g
and under Q, (X¢)¢>o0 is a standard Brownian motion with drift fotfy(s)ds (Recall

Ezample 1.23).

o Tuke (Xi)i>0 to be a Poisson process with jump rate X\. Then

M; = efot Y(s)dXs=A [y (7 —1)ds _ efot log 0(s)dX s+ f5 (1-6(s))ds ; t>0,

where O(t) = 7). Under Q, (X¢)e>0 is a time-inhomogeneous Poisson process
with instantaneous jump rate \e?) = N0(t). (Recall Lemma 3.6 and Lemma

3.8.)
We can still easily compute all the moments of X; under Q.

Proposition 4.36. Suppose a € R is such that o+ ~(t) € (=y~,v") and
fo (a+~(s))ds < 0o Vt > 0 then

EQ (eaXt) _ ef(f w(a+w(8))—w(v(8))d87

Proof.
EQ(eaXt) _ E(eaXtefg v(s)dXs— fo (v(s) )ds>
_ (el X~ Wt (9 o vt -vlr (s

_ ot (ot (s)~p(x(s)ds

Differentiating with respect to a n times and letting o = 0 gives the n” moment of
X;. In particular, we get E@X, and var?X,. O

The most important feature of (X;);>0 under Q to us will be its almost sure asymp-

totic behaviour. This issue is addressed in the next subsection.

4.4.3 Strong Laws of Large Numbers

Let us start with a well-known result, which can be found for example in [31] or [4].
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Theorem 4.37 (SLLN). Suppose (X¢)i>0 is a Lévy process such that E|X;| < oc.
Then

X
Tt ~EX, P-a.s.

Note that we don’t even need to assume finite exponential moments for this theorem.

Corollary 4.38. Take (X;)i>0 to be a Lévy process under P and consider the martin-
gale My = 1 Xe=vMt gnd the corresponding measure Q from theorems 4.30 and 4.31.

Then
Xy

- —4'(v)  Q-as.

We now wish to prove that if we take the martingale M; = eJo ()Xo =[5 w(v(s))ds
from Theorem 4.34 and the corresponding measure Q then under some additional

assumptions on ¢(:) and 7(-) we have

EQOX;  [Tp/(y(s))ds

— 1 Q-a.s.

Theorem 4.39. Let (X;)i>0 be a Lévy process under probability measure P that satisfies
Ee™ < 00 vy eR

and let ¥(v) = log Ee™™ 1 as always. Note that we assumed that v~, v+ = oo

Suppose we are given a function v : [0,00) — R which satisfies:

Lo (4(1) 20, [ p(v(s))ds, [i4' (v(s))ds, f9"(v(s))ds < oo VE>0

ST (4(s))ds
Jo v (v(s))ds

2.

—0asn — o0

Jo " (shds 1
(Jor e/ ((s))ds)® — nt*

For such a function v define the martingale

3. 30 > 0 such that for n large enough

M, = eJo 1®)aXs=fge((s)ds 4 >
and the corresponding measure Q as

dQ
—| =M, t>0
dP]_A—t t — Y

where (.7:}),520 is the natural filtration of (X¢)i>0. Then

Xy
Jo ' (4(s))ds

—1last — o0 Q-a.s.
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Note that conditions 1 - 3 say that

1. ¢/ (y(t)) >0, E2X; < o0, var®X; < oo Vt>0

E@(XnJrl - Xn)

2.
EQX,

—0asn— oo

var?X,, 1
(EeX,)* ~ n'*

3. 36 > 0 such that for n large enough

Although these conditions may appear restrictive, they will be naturally satisfied by

the functions v that we consider in later sections.

Proof. Take any € > 0. Then using Chebyshev’s inequality and condition 3

Q1% - [ >« [ w)as)

var?X,,
~e2(ERX,)?
- 1
= 2140

for n large enough from condition 3. Thus

S o(|%. - [ weds] > e [ wes) < .

n>1

Hence by the Borel-Cantelli lemma

Q({‘Xn — / ¢ (y(s))ds| > e/ w’(’y(s))ds} for infinitely many n € N) =0.
0 0
Therefore since € was arbitrary it follows that for n € N and n — oo, we have

X0 — Jo ¥'(7(5))ds

Jo ' (7(s))ds —0 Q-as. (4.16)
In other words,
X Qs
Jo v'(v(s))ds o

We now wish to prove this convergence along the reals. Fix n € N. Then for each fixed

n € N the process

(Y= Xa = [ 0 (o)0s)

te[0,1]
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is a Q-martingale since V¢ € [0, 1]

B e — X - [ e

n—+t
<E%| X, . + / ¥ (7(s))ds < o

and for 0 < s <t <1, with (F;)¢>0 the natural filtration of (X, — Xy )sepo,1]
n+t _
EQ <Xn+t - Xn — / w/(’Y(S))dS fs)
n+s ,
wts = X ¢<<>>ds+E( e Y

X X, / ¥y

Therefore we also have that

(Pwss == [ atsnas

)te[O,l}

is a positive Q-submartingale and we can apply Doob’s martingale inequality to it.

Take € > 0, then

<sup ‘XtX /¢ ds>6/ W (y )

te[n,n+1]
- var®( X, 11 — Xn)
Ty (y(s))ds)?
S g (y(s))ds
([ v (y(s))ds)?
(5))
)

¥'(
f"“w”('y s))ds

(I ! (v(s))ds)?
1
—2pltd

by condition 3. Thus by the Borel-Cantelli lemma

off - f veena] . [ oo

for infinitely many n € N) =
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Therefore

SUPre i) [ Xe = X = [/ (1(s)) s
Joth (v(s))ds

Combining (4.16) and (4.17) and using condition 2 which says that

—0asn— oo Q-as. (4.17)

J5 ' (7(s))ds

—last— o0

we get

Xi = o/ (4(5) dsy X1 = Ji 0/ (v(s))ds + Xo = Xy = [ 0/ (7(5)ds]
Jo¥'(r(s)d JE ((s))d
_ X = v ats)as \Xt — Xy~ [l ¥ ((s))ds
Jo ' (v(s))ds Jo ' (4(s))ds
|XLtJ—fL” ~(s))ds|
Jo ¥/ (1(s))ds
| Sl 1 +1] ‘X — X|t) fth( (s))ds
Jo ' (x(

—0ast— oo Q-as.

(
)
¥(
5)

Hence
Xy

Jo ¥/ (7(s))ds
O

From this we can now also derive a result about the asymptotic growth of the
“stochastic” integral fg ~v(s)dX,. Firstly let us compute the moments of fg ~v(s)d X
under Q.

Proposition 4.40. Let o € R be such that o +(t) € (—y~,7") and
fo ((v +1)y(s))ds < 0o Vt > 0. Then

( a fo dXs) — oo ¥((at1)v(s))—¥((s))ds

2

EQ(X,) = /0 () (4(5))ds.
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Proof.
( a [ (s dXS) _ ( a [y 7(8)dXs o fy Y(8)dXs— 3 $(v(s))ds )
:E( Jo (@t 1)())dXs — f w((at+1)( ) Sy w((at1)y(s)—w(v(s))ds

— oo P((at1)v(s))—w((s))ds

Differentiating with respect to « and letting o = 0 gives

E2(X,) = /0 () ((5))ds.

Let us now prove the following result about Q-a.s growth of fg ~v(s)dXs.

Corollary 4.41 (Corollary to Theorem 4.39). Let a Lévy process (Xt)i>0 and a func-
tion v : [0,00) — R satisfy the assumptions of Theorem 4.39. Also assume that 7y is
differentiable with v/ (t) > 0 Vt and make two additional assumptions on ~y(-):

1. EQ fg v(s)dXs = fgv(s)qb’(v(s))ds <ooVt>0

t) Jo ¥/ (7(s))ds
Jo 1(5)0 ((s))ds

2. limsup,_, < 00

Then . .
fo V(s _ fo (s
EQ fo Y(s)dXs  fy(s )ds

Proof. The proof is essentially the same as the proof of Proposition 3.13 for continuous-

—1 Q-a.s.

time random walks. We are going to put together Theorem 4.39 and Proposition 4.33.
Take § > 0. Then from Theorem 4.39 we know that 3 Q-a.s. finite random time Ty
such that

X
t>Ts = 1-6< ¢

_—<1+5.
J3 4 (7(s))d

That is,
(1-06 /1/1 ))ds < X; < 1+5/¢ s))ds.

So using the integration-by-parts formula from Proposition 4.33 we get for t > T}
t t
| eax, =a0x = [ A3
0

(1+6)y /¢

—/ '(s )(1—6)/ ¢ (v(u))duds + Cs,
0 0
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where
T(; S T(;
Cs= [0 [ G)duds - [T ys)xs

is some QQ-a.s. finite quantity which doesn’t depend on ¢.

Then, using the deterministic integration-by-parts formula, we get

/0 A(5)dX, < (1+5) /0 A(s)8/ (7(s))ds + 26 /0 V(s) /O o/ (3(w)du ds + Gy

Hence

t i) [
dud
lim sup fo V(s < 146+ 26 limsup f fo ¢ (7(“)) uds

(
=1+ 0+ 2§ limsup fow’(w S;

t—o0 <f0’}/ S

s))ds

)ds
)

—_
SN—

ds
=1+ dc,

where c¢ is some finite constant. Thus after taking § — 0 we get

t
lim sup fo fy <
e s (7(8))(18

Similar argument shows that

lim inf fot V(5)dX,
oo [1A(s)e (v(s))ds

completing the proof.

O

4.5 The rightmost particle in the case of homogeneous

branching (p = 0)

This section is dedicated to the proof of Theorem 4.17. The method of proof is going

to be the same as the one we used for branching random walks in Section 3.4.

We are going to study a family of additive martingales derived from exponential

martingales of the form (4.14). We shall see that the additive martingales either con-

verge to a positive limit and are Ul or converge to 0 depending on the value of the

parameter . The critical value of the parameter will give us the first-order approxi-

mation of the rightmost particle.
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4.5.1 Additive martingales

Take the spine process (& )¢>0 which under the probability measure Pisa Lévy process
with parameters (a, o, IT) corresponding to the single-particle process. In particular for
all v € (—y~,~") it satisfies:

Ee™® < 0.

From Theorem 4.30 we have that the following process is a P-martingale:
vt >, (4.18)

We now substitute it for M) in equation (1.5) from the general setting described in

Chapter 1. Hence, recalling (1.6), we define a P—martingale with respect to filtration
(Gt)e>0:

M.

(1) = e Plamt s &Pt > (4.19)

as well as the corresponding probability measure Qw:

doO -
) e, o (4.20)

dP |7
Under ny the branching process has the following description:

e The initial particle (the spine) moves like a biased Lévy process with parameters
(é,0,11) (recall Theorem 4.31).

e At rate 20 it splits into two new particles.

e One of these particles (chosen uniformly at random) continues the spine. I.e. it

continues to move as a biased Lévy process and to branch at rate 2.

e The other particle initiates an unbiased branching process where all the particles

move as a Lévy process with parameters (a, o, II) and branch at rate 3.

Projecting Qv onto F in the usual way we get the probability measure @, := Qv’ Foo

and the corresponding additive martingale

My(1) = 3 exp (3XF = v - B) 120, (4.21)
u€E N
so that we have
4@ t>0. (4.22)
dP ft Y Y -

Having defined this family of martingales we can control the behaviour of the spine

process via the choice of parameter ~.
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4.5.2 Convergence properties of M/, (under Q),)

Just as before we want to show that either M, (co) > 0 a.s. and M, is UI under P or
M, (00) =0 P-a.s. depending on the value of 7.

Theorem 4.42. Consider a branching Lévy process in the potential 3(-) = 3. Let M,
be the additive martingale defined in (4.21). Then we have the following for the three
cases considered in Theorem 4.17.

Case (I) and Case (ITa) < lim,_+ A(¢'(7)):

. / - oo in Case (I)
where »ylngl+ AW (7)) = { A(Y' () < 0o in Case (Ila)

Let v* be the unique solution of A(¢'(y)) = . So that
A () =7 (") — ¢ (v) = 8. (4.23)

Then
i) if v € [0,7*) then M, is U.I and M,(co0) > 0 a.s. under P
i) if v € (v*,7T) then M,(c0) =0 P-a.s.
Case (IIb) lim,_,.+ ¢'(y) = 9'(00) < 00, B > A(¥)'(00)):

Vy >0, M, is U.L and M,(co0) >0 a.s. under P.

The proof of this theorem will be essentially a modified version of the proof of
Theorem 3.18.

If the martingale M, is P-uniformly integrable and M, (co) > 0 P-a.s. then we
shall see that P and @, are two equivalent measures on F,. Since under ny the spine

process satisfies

&t

T P () as.

it will follow that P-a.s. there is a particle with such asymptotic behaviour. This will
give us a lower bound on the rightmost particle.
Recalling Theorem 2.9 we have the following decomposition of the probability mea-

sure ) (see also Lemma 3.21).
Lemma 4.43. Let M, be a martingale of the form (4.21) and let Q) be the corre-

sponding probability measure defined via (4.22). Then for events A € Fi

Qy(4) = / limsup M, (t)dP + Q, (AN {liﬁigp M, (t) = oo}). (4.24)

A t—oo

To prove Theorem 4.42 we shall need the following simple corollary of this lemma.
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Corollary 4.44.
o M, (00) =0 P-a.s. & limsup,_,, M, (t) = 00 Qy-a.s.

e limsup,_, ., M, (t) < 00 Qy-a.s. = EM,(c0) =1, M, is P-uniformly integrable
and P(M,(o0) > 0) >0

Also to show that P(M,(c0) > 0) > 0 = P(M,(c0) > 0) = 1 we need a zero-one
law similar to Lemma 3.26. We shall present this result now before we proceed with
the proof of Theorem 4.42.

Lemma 4.45. Consider a branching Lévy process started from 0 in the potential
B(-) = p. Let q € [0,1] be such that

M, = Hq: |Nt|’t20
u€E N

1s a P-martingale. Then
q €{0,1}.

Proof of Lemma 4.45. 1f ¢ < 1 then since |N;| — 0o P-a.s.
M, = qlN’f‘ —0 ast— oo P-as.
so by the monotone convergence theorem
4 = B(My) = B(Mu) =0

which is a contradiction unless ¢ = 0. Thus ¢ € {0, 1}. O

Corollary 4.46.
P(M,(c0) =0) € {0,1} (4.25)

Proof of Corollary 4.46. By taking g(x) := P*(M,(co) = 0) we see that Vo € R

a(w) = B (P* (M () = 0]7) ) = E( ] a(x1).

u€ Ny

Hence [[,cn, ¢(X3') is a P-martingale. Also
q(x) = P*(My(00) = 0) = P(e7* M, (00) = 0) = P(My(00) = 0).

Thus ¢(z) = ¢ and by Lemma 4.45 ¢ = P(M,(c0) = 0) € {0,1}. O

Proof of Theorem 4.42: uniform integrability of M, and positivity of the limit. Take
v € [0,7*) in Case (I) and Case (Ila) or any v > 0 in Case (IIb). To show that under
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P M, is UL and M,(c0) > 0 a.s. it is sufficient to prove that

limsup M., (t) < 0o Q4-a.s. (4.26)
t—o0
as it follows from Corollary 4.44 and Corollary 4.46.
Just as in the earlier chapters we are going to use the spine decomposition of M, (t)
to prove (4.26).

Proposition 4.47.
lim sup B9 (M., ()|Goo) < 00 Q-a.5.

t—o00

Proof of Proposition 4.47. Recall that

E9 (M,(1)|Goo) = spine(t) + sum(t), (4.27)
where
spine(t) = exp (16 — v()t - 5t (4.28)
and
sum(t) = Z spine(Sy) (4.29)
uenodet (&)
= > exp (365, — ¥()Su — BSu)),
u<nodet(§)

where {5, : u € £} is the set of fission times along the spine.

We start by proving that the spine term (4.28) decays exponentially fast.

Proposition 4.48. There exist some positive constant C” and a Q}—a.s. finite time
T’ such that ¥t > T’

spine(t) < e "t
Proof of Proposition 4.48. Under Qw the process (& )¢>0 is a Lévy process with mean
Y’ ()t (recall Theorem 4.31) so it satisfies

St
Y ()t

— 1 Qv—a.s.

as it follows from Theorem 4.37. Hence for all € > 0 there exists a Qv—a.s. finite time
T. such that

Q- (M <&G< L+t v T

Thus
spine(t) < exp ((1+€)70' (7)t=v()t—Bt) = exp (AW (1) +eyd'(1)-B)t) ¥t > T,
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using (4.6). Since the map A(¢/'(y)) = v¢'(y) — ¥ (v) is increasing in ~ (for v > 0) it
follows that

A(Y'(v*)) in Case (I) and Case (Ila)
A(¢'(00)) in Case (IIb)

Thus in all the cases A(¢/()) — 3 < 0 and so for e sufficiently small

AW (7)) + evd' () — B < 0.

Taking 77 = T, for such an € and C” = —(A(Y'(y)) + ey’ () — B) we complete the
proof of Proposition 4.48 O

Now, for ¢ > T" the sum term is

sum(t) = Z spine(Sy)

u<nodet ()

— ( Z spine(Su)) + ( Z spine(Su))

u<nodet(§), Su<T’ u<nodet(§), Su>T’

< ( Z spine(Su)) + ( Z e_CNS“>

u<nodet(§), Su<T’ u<nodet(§), Su>T’

using Proposition 4.48. The first sum is Qv—a.s. bounded since it only counts births

up to time 7”. Call an upper bound on the first sum Cy. Then we have
o
sum(t) < Ci + Z e~ "o, (4.30)
n=1

where S, is the time of the n** birth on the spine.
The birth process along the spine (1)o7 is a Poisson process with rate 23 (Recall
Proposition 1.13). Thus

AN 20 Q,Y—a.s. as t — oo.

t
Hence
Sn ! Q,-a.s. ast — oo (4.31)
— = — -a.s. — Q. .
n 20 7

So for some (),-a.s. finite positive random variable C» we have
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Then substituting this into (4.30) we get
o0
sum(t) < Cp + Z e~ 00,
n=1

which is bounded Q,Y—a.s. We have thus shown that

lim sup E9 <M,Y(t) {éoo> < 0 Q- -a.s.

t—o0

proving Proposition 4.47 U

Now from Proposition 4.47 we get the sought result (4.26) by the usual argument:

50y (lipn inf M, (£)[Goc) < lim inf E9 (M, (t)|Gso)

< limsupEQW(My(t)\goo) < 4o Qy-as.

t—o0

by conditional Fatou’s lemma. Hence

htrgg)lf M, (t) < 0o Q4-a.s.

and thus also (),-a.s. Since (—> is a positive Q),-supermartingale (as it follows
M, (t)/ >0
from the definition of @) it must converge Q-a.s. So M, (t) also converges Q,-a.s.
Hence

limsup M, (t) = litm inf M., (t) < oo Q-a.s.
—00

t—o0
We have thus proved that M, is uniformly integrable and has a strictly positive limit
under P. O

Proof of Theorem 4.42: zero limits. In Case (I) and Case (Ila) let v € (v*,4"). Then

since one of the particles at time t is the spine we have

My () = exp (16 — Y(y)t = Bt) = spine(t).

It then can be checked using the same analysis as in the proof of part i) that spine(t) —

00 Q}—a.s. Recalling Corollary 4.44 we get that

M,(00) =0 P-a.s.

105



4.5.3 Lower bound on the rightmost particle

Let v € [0,7*) in Case (I) and Case (ITa) and v € [0, 00) in Case (IIb). We have shown

in the previous subsection that for such values of v:
1. limsup,_,,, M, (t) < o0
2. M, is P-uniformly integrable
3. M,(c0) >0 P-as.

Thus from Lemma 4.43 for events A € F

Q,(4) = E(LaM, ()

and also

Q,(A) =1 P(A) =1.

In other words @)y and P are equivalent on F.

Let us exploit this fact to get a lower bound on the rightmost particle

Proposition 4.49.
Case (I) and Case (Ila):
Let v* be the unique solution of A(¢'(y)) = 3. Then

lim inf % >/ (v*) = AY(B) P-a.s.

t—00
Case (IIb):

lim inf % > 1)’ (0) P-a.s.

t—o0
Proof. Consider the event
t—o0

X'lL
B, := {EI infinite line of descent « : lim inf Tt = ¢/(7)} € Foo-

Then

=P (lim inf % > (7)) = 1.

Letting v /" v* in Case (I) and Case (Ila) and v " oo and Case (IIb) we obtain the

required result. O
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4.5.4 Upper bound on the rightmost particle

Proposition 4.50.
Case (I) and Case (I1a):
Let v* be the unique solution of A(¢'(v)) = 3. Then

lim sup % <Y'(v*) = A"YB) P-a.s.
t—o0

Case (IIb):

R
lim sup Tt < '(00) P-a.s.

t—o00

Proof.
Case (I) and Case (IIa)

Let us suppose for contradiction that there exists ¢ > 0 such that

R
P(limsup Tt > ' (v*) + €> > 0.

t—o0

From this assumption with positive probability there exists a sequence of times (Jp, )n>1,

Jn — o0 and a sequence of particles (wy)n>1, wy, € Ny, , such that
X}”n” > (W(’y*) + e) Jn-
Thus with positive probability for the additive martingale M.+ we have:

My () 2 exp {7 X5 = 0(1") o = B |

which contradicts the Martingale Convergence Theorem. So it must be that

R
P<limsup 7t > ' (v*) + 6> =0

t—o0

for all € > 0. Letting € \, 0 we get

P(limsup % < W(W*)) =1.

t—o0
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Case (IIb)

Let us suppose for contradiction that there exists ¢ > 0 such that

R

P(limsup L > 4 (00) + e) > 0.
t—o0 t

From this assumption with positive probability there exists a sequence of times (J;,)n>1,

Jn — oo and a sequence of particles (wy)n>1, wy, € Ny, such that

X7 > (¢'(00) + €) Iy

Take v > @ Then with positive probability for martingale M., we have:

— 00 as n — OQ.

Thus
P(Mﬁ,(oo) =o0) >0,

which is a contradiction. So we have
R
P<limsup—t > 1)’ (00) + €> =0
t—o0 t
for all € > 0 and so

P(limsup % < ¢'(oo)) =1.

t—o0

O

Propositions 4.49 and 4.50 taken together prove Theorem 4.17 completing this sec-

tion.

4.6 The rightmost particle in the case of inhomogeneous
branching (p € (0,1))

In this section we prove Theorem 4.22. We shall follow the same steps as in the previous
section. Analysis of additive martingales derived from exponential martingales of the

form (4.15) will play the crucial role in the proof.
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4.6.1 Additive martingales
Recall the assumptions of Theorem 4.22 on the single-particle motion:
1. () = logEe?™1 < 0o Vy € R,
2. for all 6 > 0 ¢"(y) < ¢/ (y)'*? for all v large enough,
3. (Xt)i>0 is point-recurrent in the sense of Definition 4.7,
4. (Xt)i>0 is symmetric in the sense that (X¢):>0 4 (—Xt)t>0-

Let us leave assumption 4 until the last subsection, where we shall prove the upper
bound on the rightmost particle and replace it with a milder assumption from Theorem
4.24:

4*. (X¢)i>0 makes positive jumps (that is, II((0,00)) # 0) or it is a Brownian motion.

Subject to these assumptions we construct the branching process with the spine under
the probability measure P in the usual way.

Under P the spine process (&)i>0 is a Lévy process satisfying assumptions 1 - 3
and 4* above. For a function v : [0,00) — R such that fgw(w(s))ds < ooVt >0 we

have from Theorem 4.34 that the following process is a P-martingale:

eJo (= [ret(s) 4>, (4.32)

We now substitute it for M®) in equation (1.5) from the general setting described
in Chapter 1. Hence, recalling (1.6), we define a P-martingale with respect to the
filtration (Gy)s>0:

_— t t

M,(t) == e~ P o lslPdsone o oy </ ~v(s)d&s —/ 1/)(7(8))d8> , t>0 (4.33)
0 0
as well as the corresponding probability measure Qw:

1,

- = M,(t), t>0. 4.34
1P ~(1) > (4.34)

Fi
Under ny the branching process has the following description:

e The initial particle (the spine) moves like a measure-changed Lévy process with
time-dependent drift a;, the diffusion parameter ¢ and time-dependent jump

measure I1;.

e At rate 20 it splits into two new particles.
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e One of these particles (chosen uniformly at random) continues the spine. Le. it

continues to move as a measure-changed Lévy process and to branch at rate 20.

e The other particle initiates an unbiased branching process where all the particles

move as a Lévy process with parameters (a, o, II) and branch at rate f3.

Projecting Qv onto F in the usual way we get the probability measure @, := Qv’ Foo

and the corresponding additive martingale

W= 3 e ( [Aaxs+ [vaends— [som) @

u€E N

so that we have
dQy

= > 0. .
=5 M,(t), t>0 (4.36)

Ft

Having defined this family of martingales we can control the behaviour of the spine
process via the choice of parameter ~.

4.6.2 Convergence properties of M, (under Q),)

Before we state the main result let us note the following:

e Ee’¥t < 00 Vy € R = 77, vt = o0, so the domain of 1, ¢ and 7" is R. Also
the process (X;);>0 is in Case (I). That is, ¢'(c0) = co.

e (Xi)i>0 is point-recurrent = (X;);>0 is recurrent = ¢'(0) = EX; = 0. So the
domain of A is [0, (c0)).

e In the rest of this section paths v : [0,00) — R are going to be positive and in-

creasing. Hence [ (y(s))ds, [ /(v(s))ds, [Lv"(v(s))ds, [Lr(s)! (v(s))ds <
oo Vt > 0.

Theorem 4.51 (p € (0,1)). Consider a branching Lévy process in the potential 3(x) =
BlzP, 8> 0, p€ (0,1), where single particles satisfy:

1. () = log Ee?Xt < 00 Vy € R,

2. for all § > 0 " (y) <Y (y)'*0 for all v large enough,
3. (X¢)e=0 1s point-recurrent,

4. (Xt)i>0 makes positive jumps or is a Brownian motion.

Let M., be the additive martingale defined in (4.35). Then we have the following be-

haviours of M., for various functions 7.
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Let f(t) = F~Y(t) as in Theorem 4.22, where

t
1
Fit)= | ————ds, t>0.
) Jﬁ A=1(Bsp)

Define
V() = W) TH(®)
so that .
= [ @)
0
and also

AW G 0) = A @) = 370y = B( [ v sas)” (437)

Then we have the following.
i) For e € (0,1) let v(t) = (1/1')71 (1—=e€)f'(t)), t >0, so that
$(1) = (L= Of'(#) = (1 — ' (v°(1)). Then

M, is U.I. and M,(o0) >0 P-a.s.

ii) For € > 0 let v(t) ( ) ( f(t)), t>0, so that
W (y(8) = 1+ ) f'(t) = (1 + )¢ (v*(t)). Then

M,(00) =0 P-a.s.
As always we have the following decomposition of the probability measure @), :
Lemma 4.52. For events A € F

Q\(A) = /Alim sup M, (¢)dP + Q- (AN {h?isogp M, (t) = oo}). (4.38)

t—o00

Corollary 4.53.
o M (00) =0 P-a.s. & limsup;_,,, M (t) = 00 Qy-a.s.
e limsup, ., M, (t) < 00 Qy-a.s. = EM,(c0) =1, M, is P-uniformly integrable
and P(M,(o0) > 0) >0
We also need to know that P(M,(c0) > 0) € {0,1} and the next lemma helps us

to resolve this issue.

Lemma 4.54. Consider a branching Lévy process started from 0 in the potential 3(x) =
Blx|P, p € (0,1), where p € (0,1) and the underlying Lévy process is point-recurrent.
Let ¢ : R — [0,1] be a function such that

M= [T a(Xu(t

u€ Ny
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1s a P-martingale. Then
q(0) € {0, 1}.

Proof of Lemma 4.54.
Since

q(0) = EM; = EM; < Eq(&)

we have that (¢(&))i>0 is a positive submartingale, so

(&) — 4o P-as.
Since (&:)¢>0 is point-recurrent as in Definition 4.7 it returns to 0 infinitely often and

hence ¢(0) = goo. That is,

q(&) — q(0) P-ass.

However, if we define another independent spine process (&;)¢>0 we would have

M; = H q(Xu(t)) < q(ft)q(é) for ¢t large enough
u€ Ny

Thus by the uniform integrability of M, and ¢(&)q(&;) we get that
9(0) = EMx < ¢, = (0)?

and hence ¢(0) € {0,1}. O

Corollary 4.55.
P(M,(c0) =0) € {0,1}. (4.39)

Proof. Let q(x) := P*(My(c0) = 0). Then Vz € R

a(w) = B (P (M, (o0) = 0| 7)) = B2 ] a(x1)).

u€ Ny

Hence [[,cn, ¢(X3') is a P-martingale and
P(M,(o0) = 0) = q(0) € {0, 1}.

O

Proof of Theorem 4.51 part i). In view of Corollary 4.53 and Corollary 4.55 it is suffi-
cient to show that
limsup M., (t) < 0o Q4-a.s. (4.40)

t—o0
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Then absolutely identical argument to the one used in the case of homogeneous branch-

ing in Subsection 4.5.2 shows that it is actually enough to prove that

lim sup E9 (M,(1)|Goo) < 00 Q-as. (4.41)

t—o0

The spine decomposition gives

E@ (M,,()|Go0) = spine(t) + sum(t), (4.42)
where . . .
spine(t) :exp(/o ’y(s)d{s—/o ¢(’Y(S))d8—/0 BKSV’ds) (4.43)
and
sum(t) = Z spine(Sy) (4.44)
uenodet (&)
Su Su Su
= % e ([ e [T et [T aleras),

u<nodet ()

where {S,, : u € £} is the set of fission times along the spine.
In order to estimate the spine term we need to know the following about the asymp-

totic behaviour of (&);>¢ under Qw:

Proposition 4.56.
&

Tt . — 1
Jo ' (v(s))ds
Jo (s)dés
7 , —1
Jo v(8)9' (v(s))ds
Proof of Proposition 4.56. The result follows from Theorem 4.39 and Corollary 4.41.
We only need to check the following three conditions on (-) and (-):

Q-a.5., (4.45)

Q+-a.s. (4.46)

o ((s))ds
Jo ¥ (v(s))ds

— 0 as n — oo, (4.47)

fO" P (v(s))ds _ 1
(Jo ' (v(s))ds)? — ni+e’

36 > 0 s.t. for n large enough (4.48)

(4.49)

The Lévy process that we are looking at either makes positive jumps (that is,
I1((0,00)) # 0) or is a Brownian motion.

The case of a Brownian motion was considered in [22] where (4.45) and (4.46) were
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proved under weaker assumptions, so there is no need to repeat it. Thus let us restrict
our attention to the process with positive jumps.

Firstly let us show that () grows at least exponentially fast as v — oc.

Since the Lévy process makes positive jumps there exists an interval (zg,z1), 0 <
2o < x1 such that II((z,21)) > 0. We then observe that from (4.5)

1
() =ay + 50272 + / (&7 — ya1pcq — 1)T1(d)
R\{0}

1
—ay+ =02 + / (€7 = yalpy<r — 1)I(dx)
2 (70070)

+/ (7" =yl iy« — 1)II(da)
(0,00)

1
> ay + 507" = T((~00, ~1]) +/( . (7" — vz — 1) T(dx)
———
>0

+/ (7 — YL g1 — 1)II(dx)

(0,00)

> ay + %UQ'VQ —TI((—o00, —1]) +/ (€™ = vz — 1)TI(dw)
(7170)

+ (70 — g — 1)H((x0,x1)),

which grows exponentially fast due to €70, Similarly one can show that ¢/(-) grows at

least exponentially fast and so (¢/')~!(-) grows at most logarithmically fast. Then

AW () = (7) = () < 7' ()
=A(z) <z((W) (= ))<ﬂ?

for any n > 0 and z large enough. On the other hand A(z) > cx for some ¢ > 0 and x

large enough since A is convex. Thus we have shown that log A(x) ~ logx. Then

t 1 e

in the sense that ¥n > 0 and ¢ large enough
tHmPTn < P(t) < 7P,
1
Then f(t) = F~1(t) ~ tT» in the same sense that Vn > 0 and ¢ large enough

1< (1) <t

(Compare this with a more accurate result in Theorem 3.4 in the case of a continuous-

time random walk.)
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Thus it is also true that ¢/ (y*(t)) = f'(t) = A= (Bf(t)P) =~ 7% in the usual sense
that Vn > 0 and ¢ large enough

1T < (v (8) < T

Then since the functions « that we consider satisfy 1(v(s)) = aip(7*(s)) for some a > 0
it follows that Vn > 0 and n large enough

L9 (s)ds 1
JT o G)ds i

—0asn— o0

proving (4.47).
To prove (4.48) we note that from condition 2 in Theorem 4.51 V6 > 0 and ~y large

enough

()0 < (y) <@ ()T,

Hence Vn > 0 and n large enough

Jo ¥ (v(s))ds 1 1

TG’ = pisn e

Choosing 1 small enough then proves (4.48).
To prove (4.49) we note that Vn > 0 and v large enough

V() <y’ () (4.50)
=AW (7)) = 7' (v) = () ~ ' (7).

Also, by differentiating (4.37) with respect to ¢t we can check that functions () that
we consider are increasing but 7/(-)’s are decreasing. It then follows that Vn > 0 and ¢

large enough

) [ 6)as = [ 26w 6
“m/wmmm

/ / ))duds
L/' 1/1”’ ))duds.
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Hence

/Otws)w’( / W/ (4(5))ds — / ) [ v )duds
w%wwww

lim su p fo
oo [y (s (7(8))(18
So conditions of Theorem 4.39 and Corollary 4.41 are satisfied and this proves Propo-
sition 4.56. ]

and thus

:1<oo.

Let us now prove the following bound on the spine term.

Proposition 4.57. There exist some Q-a.s. finite positive random variables C', C"
and a random time T' < oo such that ¥Vt > T’

spine(t) < C exp C"/ / Y (y(u))du) pds)
Proof of Proposition 4.57. Let us begin by observing the following two inequalities:
A((1—ez) <(1—eA(z) Vz>0. (4.51)

U(y) < A(¢' (7)) for  large enough. (4.52)

(4.51) follows from the convexity of A and the fact that A(0) =

For (4.52) note that in the case of Brownian motion ¢(v) = A(¢/(v)) = 30272
Otherwise A(¢/(y)) > 9(v) as we have already seen in (4.50).

Then from Proposition 4.56 we have that for all § > 0 there exists Qv—a.s. finite
random time Ty such that Vi > T

(16 /zp )ds < & < 1+5/¢

U—@AV@WMW®§A7@%&0+®AV@WWW®
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Thus Vt > Ty

spine(t) = exp ( /Ot (5)des — / ))ds — / Ble, Pds — / Ble.Jpds)
SCgeXp((l—l—(S/ ds—/w
ol (o

= Cyexp ((1+5)/0 A(q//(y(s)))ds%—é/o ¥(7(s))ds

=0 ([T 6man)as).

" Bl s + /O Y /0 (9 (u))au]ds)

is a ,-a.s. finite random variable. Then by (4.52)

where

C(;:exp(—

0

spine(t) < Cf§exp <(1 + 5)/ AW (y(s)))ds + 5/0 A (v(s)))ds

o ([ v
Ci = Coxewn (5 [ wlre)as =5 [ AW )

and 7 > 0 is such that

where

¥(1(s)) < AW (1(5))) Vs = 7.

Thus using (4.51) we have

spine(t) < C§exp ((1 + 20) /OtA(T/)/(W(S)))dS —(1-9)Pp /Ot (/OS w/(w(u))du>pds)

< Chexp ((1+20)(1 — ¢) AW (s))ds
~-aps [ t [ vnan)as)
¥/(7())du)"ds)

= C§exp ((1 +26)(1 —¢€)p /Ot (/OS ¢’(7*(“))du>pds
~a-ors [ ([

< Cpexp ([(1+20)(1 = ) = (1 - 978 /0 t ( /0 " ))du) ds)

U du) pd
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and for a given € > 0 we can choose § > 0 s.t.
=(1+25)(1—¢€)—(1=0)"<0.

So, choosing such a 0 and letting 7" = T, C' = C§ and C" = ((1+20)(1—€)—(1—-0)?)5
we prove Proposition 4.57. U

For the sum term we have when ¢t > T

sum(t) = Z spine(Sy)

u<node (&)
= < Z Spine(Su)> + < Z Spine(Su)>
u<nodet(§), Su<T’ u<nodet(§), Su>T'
< Z spine(Sy)

u<nodet(§), Su<T’

+ Z C' exp ( - C’"/OSU (/OS ¢’(7(u))du>pds>

u<nodet(§), Su>T'

using Proposition 4.57 for the inequality. The first sum is Qv—a.s. bounded since it
only counts births up to time 7”. Call an upper bound on the first sum Cy. Then we

have

sum(t) < C; —i—C/io:exp C”/ / P (y ) (4.53)
n=1

where S, is the time of the n** birth on the spine.

The birth process along the spine (n;);>¢ conditional on the path of the spine is
time-inhomogeneous Poisson process (or Cox process) with jump rate 23|&|P at time ¢
(See Proposition 1.13). Thus

n

P — 1
fo 20|&s[Pds

[redras [ [veian)as Qras ast— o

ng ~ 26/ / P (y ds Qv—a.s. as t — oo. (4.54)

Qv—a.s. as t — oo.

Also

Hence

So for some @),-a.s. finite positive random variable C» we have

Sh,
/ / P (y ds> Con  Vn.
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Then substituting this into (4.53) we get

(o.0]
sum(t) < Cl + C,ZG_C”C2n,

n=1

which is bounded Q,Y—a.s. We have thus shown that

lim sup E9 <M,Y(t) {éoo> < 0 Q- -a.s.

t—o0
and hence

lim sup M, (t) < oo Q- -a.s.

t—o0

O

Proof of Theorem 4.51 part ii). Since one of the particles at time ¢ is the spine particle,

we have
M) 2 exp ([ 261~ [ vatoas = [ plepas) = spinect

For ~(-) satisfying ¢/ (v(t)) = (1+€)y/(v*(t)) one can check following the same analysis
as in the proof of i) above that spine(t) — oo ny—a.s. Thus

limsup M., (t) = oo Q--a.s.

t—o00

and so also Q,-a.s. Recalling Corollary 4.53 we see that M. (c0) = 0 P-a.s. 0

4.6.3 Lower bound on the rightmost particle

We can now prove Theorem 4.24, which will also provide us with the lower bound for
Theorem 4.22.
Let () satisfy ¢/ (v(t)) = (1—e€)d'(v*(t)) = (1—¢)f'(¢). In the previous subsection

we proved that
1. limsup,_,o, M, (t) < o0
2. M, is P-UL
3. M,(c0) >0 P-as.

Thus from Lemma 4.52 for events A € F4
Q+(A) = E(14M;(c0))

and also
Q(A) =1 P(A) =1.
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In other words Q4 and P are equivalent on F.

Let us exploit this fact to get a lower bound on the rightmost particle

Proof of Theorem 4.2/4. For e € (0,1) take v(-) such that ¢/ (y(t)) = (1—e€)¢' (v*(t)) =
(1 —¢)f'(t) and consider the event

Xu
B, = {3 infinite line of descent v : liminf ——— = 1} € Fuo-
t—o0 f 1/}/
Then
. &t
lim =1 =1
G e
=@y(By) =1
=Qy(B,) =
=P(B,) =1
:>P(1im inf — T 1) =
t=oo 14 (v(s))ds
:>P(liminf£ >1-— e) =1
t—oo f(t)
Letting € \, 0 we obtain the required result. ]

4.6.4 Upper bound on the rightmost particle

In this subsection we complete the proof of Theorem 4.22 by establishing the appro-
priate upper bound.

According with Theorem 4.22 we impose an additional condition that the single-
particle motion is symmetric in the sense that (Xt)t>0 = (—X¢)t>0, which we did not

need in the proof of the lower bound.

Proposition 4.58. Consider a Branching Lévy process with a one-particle motion

satisfying:
1. () = logEe?™1 < 00 Vy € R,
2. for all 6 > 0 " () < ' (v)'*° for all  large enough,
3. (X¢)e=0 is point-recurrent in the sense of Definition 4.7,

4. (Xt)e=0 is symmetric in the sense that (X;)i>o < (—X4t)e>0

Then R,
limsup — <1 P-a.s.,
t—oo f( )
where f(t) fo ))ds as before.
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To prove Proposition 4.58 we shall assume for contradiction that it is false. Then
we shall show that an additive martingale M, for the right choice of (-) will diverge
to oo contradicting the Martingale Convergence Theorem.

We start by proving the following 0-1 law.

Lemma 4.59. For all ¢ >0

P(li?isogp% < c> €{0,1}.

Proof. Let us consider

R
q(z) = Px(hﬁigpﬁz) < c>.

Then
q(x) = E* (P‘T(limsup i; < c|.7:t)) = Ex( H q(Xu(t)))

t—o0 ( ) B u€ Ny

so that [[,cn, ¢(Xu(t)) is a P-martingale. Applying Lemma 4.54 to g(z) we deduce
that

P<limsup£ < c) =¢q(0) € {0,1}.

t—00 f(t)
O
Proof of Proposition 4.58. Let us suppose for contradiction that de > 0 such that
. Ry
Pllimsup——= >1+¢) =1. 4.55
(tmsup 775 > 1+¢) (4.5
Let
€
h(t) == (1+ 5)f(t) , t>0
and
_ €
1) = () (14 £) 1)
so that

t
€
| ¥ anas = 0+ D) = heo.
We define D(h) to be the space-time region bounded above by the curve y = h(t) and
below by the curve y = —h(t).

Under P the spine process ()0 is a Lévy process with zero mean and so

(<1

i 0 P-a.s. as t — oo. Hence there exists an a.s. finite random time 7" < co such
that & € D(h) for all t > T".

Since (&)¢>0 is point-recurrent there exists an interval [a,b], 0 < a < b such that
(&)1>0 will spend an infinite amount of time in this interval giving birth to offspring

at rate > (aP. This assures us of the existence of an infinite sequence {7}, }en of birth
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times along the path of the spine when it stays in [a,b] with 0 < 7" < Ty < T < ...
and T}, /" oco.

Denote by u,, the label of the particle born at time 7,, which does not continue the
spine. Then each particle u,, gives rise to an independent copy of the Branching Lévy
process under P started from &7, at time 7,. Almost surely, by assumption (4.55),
each u, has some descendant that leaves the space-time region D(h).

Let {vy, }nen be the subsequence of {u,, },en of those particles whose first descendent
leaving D(h) does this by crossing the upper boundary y = h(t). Since the branching
process is symmetric and the particles u, are born in the upper half-plane, there is at
least probability % that the first descendant of w, to leave D(h) does this by crossing
the positive boundary curve. Therefore P-a.s. the sequence {v, }nen is infinite.

Let w,, be the descendent of v, which exits D(h) first and let J,, be the time when
this occurs. That is,

Jp =inf {t: Xy, (t) > h(t)}.

~h(t)

Figure 4-5: [llustration to Proposition 4.58

Note that the path of particle w,, satisfies
| Xw, (5)] < h(s) Vsel[T',J,).

Clearly J,, — 0o as n — 0. To obtain a contradiction we shall show that the additive
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martingale M, fails to converge along the sequence of times {J,, }n>1.

Jn Jn Jn
) = 3 ew{ [Taaxy - [Tuoes - [ sxiras)

UGNJn

JIn Jn
>{ [ aaxe = [Tuaens- |

JIn
B1x " Pds |

Applying the integration-by-parts formula from Propostion 4.33 we get

exp (s = [T @xzmas = [Tt enas— [T sixepas)

0

JIn Jn s
>Cexp {20) [0 Gnas = [T [ 06 dus

- [Tueenas = [T o [ v aras)

0

using the facts that X7 > h(J,) and |X{"| < h(s) for s € [T",J,) and where C' is
some P-a.s positive random variable. Then applying the classical integration-by-parts

formula we get

con{ [T 26660 - vatnas - [ o[ @ Guoanas)
/OJn A<w/(7(s)))ds — /OJ" ( /OS w/(w(u))du)pdS}

1+ %) /OJnA<1//(*y*(s))>ds -1+ %)p /()Jnﬁ(/osi/}'(’y*(u))du)pds}

€ €
ince |(1+ ) = (14 5)"] > 0.
since [( +2) ( +2) >
Thus M, (J,) — oo as n — oo, which is a contradiction. Therefore assumption

(4.55) is wrong and we must have that Ve > 0

) Ry
P(limsup—— >1+¢) =0.

It follows after taking the limit € N\, O that

P(liﬁgp% < 1) =1.
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Let us note that the above proof relied on the symmetry of the branching process.
This symmetry guaranteed the existence of an infinite sequence {v, }nen, which was
crucial in the proof.

If we don’t assume the symmetry of the particles’ motion then we might see the

following picture:

Figure 4-6: Asymmetric branching process

That is, we still have a lineage of particles staying near f(t) (drawn in red in Figure
4-6 above), but due to asymmetry we might have that most of the particles’ mass is
concentrated in the lower half-plane. Then it is possible that those particles from the
lower half-plane ocasionally go above f(t) (such particles are drawn in blue in Figure

4-6). In this case f(t) will underestimate the rightmost particle of the system.
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Chapter 5

BBM with branching at the

origin

In this chapter we study a branching Brownian motion in which binary fission takes
place only at the origin at rate § on the local time scale. That is, the cumulative
branching rate of each particle is GL;, where L; is its local time at 0 and 3 is a positive
constant. Heuristically, we can think of the instantaneous branching rate as 3dg(z) if
we accept that fot 5o(Xs)ds = L.

This model has been studied before in the context of superprocesses. See e.g. works
of D. A. Dawson and K. Fleischmann [11], K. Fleischmann and J.F. Le Gall [17] or J.
Engldnder and D. Turaev [14]. In the discrete space similar models have been studied
extensively as well. See e.g. some recent papers such as [9] or [12].

We shall prove results about the total number of particles in the system and the
number of particles above the given line At. In particular, we shall exhibit the asymp-
totic behaviour of the rightmost particle. We shall also prove the strong law of large
numbers for the branching process, adapting the proof of J. Englander, S.C. Harris and
A.E. Kyprianou from [16].

5.1 Introduction

5.1.1 Local time of a Brownian motion

Basic information about local times and the excursion theory can be found in many
textbooks on Brownian motion (see e.g. [28]). Also a good introduction is given in the
paper of C. Rogers [30]. Let us give a very brief overview of this topic.

Suppose (X¢)¢>0 is a standard Brownian motion on some probability space under

probability measure P. The following result due to Trotter is taken from [30].

Theorem 5.1 (Trotter). There exists a jointly continuous process {L(t,x) : t >,z € R}
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such that for all bounded measurable f, and all t >0

tf(Xs)ds: h f(z)L(t, z)dz.
0 —o0

In particular, for any Borel set A

/Ot 14(Xs)ds = /AL(t,x)dx,

so L is an occupation density.
Definition 5.2. The process (L(t,z))i>0 is called the local time of (Xi)i>0 at x.

The following corollary of Theorem 5.1 can be found e.g. in [28] and it is often usen

as the definition of the local times.

Corollary 5.3. Almost surely

1t
L(t,z) = lim 2—/0 1ix,c(e—cate}ds

e—0 Ze
for every x € R and t > 0.

For the rest of this chapter we shall only be concerned with the local time at 0,
which we shall denote as L; rather than L(¢,0). We recall a couple of well-known

results.

Theorem 5.4 (Tanaka’s formula).

t
‘Xt‘ - / sgn(Xs)dXs + Ly,
0

where

1 ifz>0
Sgn(x):{—1 ifz<0

In a non-rigorous way this can be thought of as It6’s formula applied to f(x) = |z|,
where f/(z) = sgn(z), f"(z) = 20¢(x) (where oy is the Dirac delta function). Then one
can think of L; as fot 5o (Xs)ds.

Another useful result is the following theorem.

Theorem 5.5 (Lévy). Let (St)i>o be the running supremum of X. That is, Sy =
Supg<s<¢ Xs- Then
d
(St, St — Xe)iz0 = (Lt, [ Xe|)e>0

and as a consequence (| X¢| — Li)i>0 is a standard Brownian motion.
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Corollary 5.6. Vt > 0 by the Reflection Principle

d . d d
L =S, =|Xy| = |N(0,1)].

5.1.2 Description of the model

Under probability measure P we construct the branching process in the following way:.
Initial particle starts moving from 0 according to a standard Brownian motion with
the position at time ¢ denoted by X;.

If (L¢)¢>0 is the local time of (X¢);>0 at 0 then at cumulative rate SL; (See Remark
1.4), where > 0 is a given constant, the particle splits into two new ones. Note that
since (L¢)i>0 only increases on the zero set of (X;);>0 the split can only occur at the
position 0.

The new particles then independently of each other and of the past repeat the

behaviour of their father.

5.1.3 Main results

In this subsection we list all our main theorems and propositions in the order that we
are going to prove them.
Firstly we shall prove the following two lemmas about the expected population

growth.

Lemma 5.7. Recall that Ny is the set of particles alive at time t. Then
52
E(]Nﬂ) ~ 22! ast — oo.

Lemma 5.8. For A > 0 let NN := {u € N, : X}* > Mt} be the set of particles at time

t, which lie above A\t. Then ast — oo

1 182 BN ifax<p
—logE<|Nt>‘t|> —Ay:i=< 2 e
t —3A° fA=p

Note that Ay is < 0 or > 0 according to whether \ is > g or < g (see Figure 5-1
below). The next few results are concerned with the almost sure asymptotic behaviour
of the population.

Theorem 5.9.
log [N¢| 1

li ==  P-as
LT Tt e

Theorem 5.10. Take A > 0. Then:

1. if X > g then limy o |[NM| =0 P- a.s.
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log ‘Nt/\t’ _

2. if A< g then lim;_ o .

Ay = 1p% - BA P-as.

NI
>~

Figure 5-1: Plot of Ay

From Theorem 5.10 we immediately get the growth of the rightmost particle.

Corollary 5.11. Let (R¢)¢>0 be the rightmost particle of the branching process. Then

m & = g P-a.s.

t—00
We also give a bit more information about |N}| in the case A > g

Lemma 5.12. For \ > g

At >
L log P(NM > 1)

t—o00 t

1
== A)\ == —5)\2

Our final result is the Strong Law of Large Numbers for the branching system.

Theorem 5.13 (SLLN). Let f : R — R be some Borel-measurable bounded function.
Then

tlirglo e_ﬁ_;t Z (X)) = Moo/f(x)ﬂe_ﬁlxldx P-a.s.,

uEN

where My, is the almost sure limit of the P-uniformly integrable additive martingale

M=) exp{-BIX}| - %6275}-

u€ Ny

One can observe that taking f(-) = 1 in Theorem 5.13 would give Lemma 5.7 and

an even stronger result than in Theorem 5.9. However the proof of Theorem 5.13 relies
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on Theorem 5.9 and the proof of Theorem 5.9 relies on Lemma 5.7. Thus it is necessary

that we prove our results in the presented order.

5.1.4 Outline of the chapter

In Section 5.2 we shall introduce a certain change of measure, which we shall then use
to prove Lemma 5.7 and Lemma 5.8.

In Section 5.3 we shall present the additive martingale associated with the change
of measure from Section 5.2 and discuss some of its properties. It will be the same
martingale that features in Theorem 5.13.

We shall then prove Theorem 5.9 in Section 5.4 making some use of this additive
martingale.

Section 5.5 is devoted to the proofs of Theorem 5.10, Corollary 5.11 and Lemma
5.12.

In Section 5.6 we prove Theorem 5.13.

5.2 Expected population growth

5.2.1 Brownian motion with drift towards the origin

In this self-contained subsection we present a family of single-particle martingales and
the corresponding changes of measure. Let (X;);>0 be a standard Brownian motion
under probability measure P and let (L;);>0 be its local time at the origin. Then
Theorem 5.5 says that

(Zt)i0 = (| X¢| — Le)i>o0

is also a standard Brownian Motion under P. Hence for any v € R

1 1
Wi = exp {fy(]Xt] — Lt) — 57215} = exp {’th — 57%} ) t>0

is a martingale (namely, a Girsanov martingale for Z). And more generally, for v(-) a

smooth path

Wi =exp { /Ot'y(s)dZS — %/Ot 72(3)ds}
Tapaka o vp { /Ot'y(s)sgn(Xs)dXs — %/Ot ’yQ(S)dS} (5.1)

is a P-martingale. Used as the Radon-Nikodym derivative it puts the instantaneous drift
sgn(X¢)y(t) on the process (X;)i>0. Let us restrict ourselves to the case y(-) = —y <0
so that W puts the constant drift v towards the origin on (X;);>0. The following result

can be found in [8].
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Proposition 5.14. Let Q be the probability measure defined as

dQ

1
_ A (IX, = L) — = Qt} £>0
d]P .7:—t eXp{ 7(‘ t‘ t) 27 ) = Y,

where (Fy)eo is the natural filtration of (Xi)i>0. Then under Q, (X;)i>0 has the

transition density

1 v (w—y)?\ | + |y| — 7t
t:x,y) = e ( x| + — —t— 7> + =Er 0(7)
p(t;z,y) 2o P (x| + yl) 5 5 R NeT

with respect to the speed measure
m(dy) = 2¢~Wdy,

so that
Q°(X, € 4) = /A plt; ,y)m(dy). (5.2)

Here Erfc(z) = % [ e du ~ ﬁe‘ﬁ as r — oo.

€T
It also has the stationary probability measure

m(dz) = ye 217l dz. (5.3)

5.2.2 Expected asymptotic growth of |N|

Let us now consider the branching process as described in subsection 5.1.2 with the
spine process (& )¢>0 defined in the usual way under probability measure P. Let (Et)tzo
be the local time of (&)¢>0 at 0.

Recall the Many-to-one theorem (Theorem 1.15), which will take the following form
in this chapter.

Theorem 5.15 (Many-to-One). Suppose f(t) € mG; has the representation
f(t) - ZueNt fu(t)l{nodet(ﬁ):u}; where fu(t) € mft) then

E(Y fult)) = E(f(1)e"™).

u€E N
Similarly Lemma 1.18 will take the following form.

Lemma 5.16. Let g be some measurable function, then

E(Y g(xt)) = B(gg)e’™).

u€ Ny

To evaluate the expectation on the right hand side of the this lemma one might use
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the joint density of & and L; (see e.g. [24]):

~ ~ 2
P(ft cdx, L; € dy) = ‘3’24__;/ exp{ — W}dxdy , reR, y>0. (54)
T

However we shall be instead using the change of measure introduced in Proposition
5.14.
Since (&)t>0 is a standard Brownian motion we can define the following

P-martingale with respect to the filtration (G;)¢>o, the natural filtration of (&);>0:
]\thﬁ = e PlalHBL—3 5% , t > 0. (5.5)

We also define the corresponding probability measure Qg as

dO -
46| _ M, t>o. (5.6)
dP 1G:

Then under Qg, (&)e>0 has drift 5 towards the origin and from Proposition 5.14 we
know its exact transition density as well as its stationary distribution.

Let us now exploit this change of measure to prove Lemma 5.7 and Lemma 5.8.

Proof of Lemma 5.7. From Lemma 5.16 we have

E<]Nt]> - E< 3 1) - E<eﬂit) _ E(eﬁiﬁmst f%BQteﬁl&H%ﬁQt)
u

t

- E<Mtﬁeﬁlft\+%62t) _ Qs <emst|>e§52t_
Then using the stationary measure from (5.3) we have

E@s <em§t|> —>/ e’l*ln(dx)

— 00

:/ eﬁxﬁe_%mdx:ﬁ/ e Plrldy = 2.

— 00

Thus

2

E(\Nt\) ~ 2Tt
Alternatively we could have evaluated E (eﬁit) explicitly using the fact that
- |IN(0,t)|. We would find that
~ i 62
E(etr) = 20(8Vt)e 2,
where ®(xz) = P(N(0,1) < z). However we don’t need such precision as the main use
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of Lemma 5.7 will be in giving the upper bound for Theorem 5.9, which doesn’t require

such an accurate convergence result.

5.2.3 Expected asymptotic behaviour of |N}¥|

Let us now prove that lim;_.o 1 log E(IN|) = Ay, where NM = {u € N, : X{* > At}

and
132 _BX ifA<f
A)\ - 1\2 -
—L\2 it A>3

Proof of Lemma 5.8. Following the same steps as in Lemma 5.7 we get

E(!NM) = E( > 1{Xg>At}> = E<eﬁit1{£t>)\t})

u€ Nt

— EQB <66|§t|1{§t>)\t}>6%62t
— EQ@s <6ﬁ€t 1{&>>\t}> 0308t

e 3%t
= e’ p(t; 0, z)m(dx)e?
At

o0 1 B2 22, B x — [t _ 142
_ Bzv( _pm oz B 26z 82t
= e ex T + —FErfc >2€ dx e2
/)\t 24/ 27t P (B t Qt) 4 ( V2t )

_ 1 a2 é ) Lﬂt i L
a (/)\t \/2—7Tte * dx) + < 2 /)\t Erfc( NGT: )6 dx)e2 .
1) )

Then for some functions ¢;(t) satisfying log €;(t) = o(t) we have the following:

if A\ > [ then (2) = ea(t)e 2%,

2 2
es(t) (efmt - e’ﬁ%)e%t +ea(t)e s !

if A\ < 3 then (2)

2

BQ
= e3(t)e PMTT L (t)e2

Here we have used that Erfc(x) ~ #e*lﬂ as ¢ — oo and Erfc(z) — 2 as x — —oc.

Thus B(NM) = (1) + (2)

2
(e 2t if A>3
2
er(H)e T i ) < 3
which proves the result after taking the logarithm and dividing by t. O

Remark 5.17. We see that A\, := g is critical in the sense that for A > A, the expected

number of particles above A\t is decaying to 0 exponentially fast whereas for A\ < A. the
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expected number of particles above At is growing exponentially. So we might guess that

the rightmost particle satisfies Ry ~ gt. This will be proved in Section 5.6.

Lemmas 5.7 and 5.8 were proved by S. Harris in his PhD thesis [20] using the
excursion theory. The proofs that we presented here (using the change of measure)
suggest the use of the certain additive martingale in the study of our model. The next

section is devoted to this additive martingale.

5.3 The additive martingale

Let us substitute the martingale (Mf)tzo for the martingale (]\th(g))tzo in Proposition
1.24 to define the new probability measure Q:

dQ

3| = omee=PLB >0,

Fi

which has the effect of changing the spine’s motion by adding the drift § towards the
origin and doubling the branching rate along the spine. We then define Q) := Q! Fo, SO
that

dQ o u u 1 u
@ Fi :Mt - uEZ]Vtexp{(_B|Xt | +Lt N EBQt) _ﬂLt}
= > e { - aIxy| - %B%} L0, (5.7)
u€ Ny

where L is the local time at 0 of X;*. This additive martingale will help us estimate
the almost sure growth of |V;| and will also be used in the section about the SLLN.
The next theorem is a standard result for additive martingales, which we have already

seen many times.
Theorem 5.18. (M;);>¢ is P-uniformly integrable and Mo, > 0 P-almost surely.

Proof. Note that P(Ms > 0) € {0,1} as it follows from Lemma 4.54 since the proof
of the lemma didn’t depend on the branching rate of the process. Another proof can
be found in [22].

Then as usual, for an event A € F, we have

Q(A) = / lim sup M;dP + Q(Aﬂ {limsuth = oo})
A t—o00

t—o0

Hence to prove the theorem it is sufficient to show that

limsup M; < oo Q-a.s. (5.8)

t—o00
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Let us consider the spine decomposition of M,
EQ (Mt‘g’;oo) = spine(t) + sum(t),

where )
spine(t) = exp { — Bl&] — 562t}

and

1
sum(t) = Y exp{ — Bles,| — iﬁQSu}.
u<nodet ()
Note that under Q, (&)e>0 is a Brownian Motion with drift 5 towards the origin. Thus
§

L _
?t — 0 and Tt — [ Q-a.s. and so

1 -
spine(t) ~ exp{ - 56215} Q-a.s.
In particular, there exists some random time 7" and a constant C' > 0 such that V¢ > T’

spine(t) < e

Then also

o
sum(t) < Z e S < Ze_cs", (5.9)
n=1

u<nodet (&)

where S,, is the n" birth on the spine. Let (n¢)t>0 be the number of births along the
spine. Then given the path of the spine process (n)¢>0 a time-inhomogeneous Poisson

process (Cox process) with cumulative jump rate 28L,. Hence

"E — 1 Q—a.s. as t — oo
261,
L 1 Q ¢
— — -a.s. as t — 00
232t

n ~
=_>— 1 -a.s. .
QﬂQSn—) Q-a.s. as n — o0

Thus for some random variable C; > 0
S, > Cin Vn.

Substituting this into (5.9) we get

o0

sum(t) < Z e,

n=1
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Thus sum(t) is bounded by some Q-a.s. finite random variable. We deduce that

lim sup EQ (Mt\g})o> = lim sup (spine(t) + sum(t)) <00 Q-as.

t—o00 t—o00

Hence by the usual argument

limsup My < oo (-a.s.

t—o0

completing the proof of the theorem. O

The next theorem will be helpful in proving the Strong Law of Large Numbers in

the last section.
Theorem 5.19. For p € (1,2) (M;)¢>o is LP-convergent.

Proof. We use similar proof as found in [19]. It is sufficient to show that E<Mtp ) is
bounded in ¢.

E(MP) = B(MP 7 0y) = B9(Mp ) = BO(p )
— B9 (EQ (Mg’*1|g~oo) ) .
Then using the fact that for a,b > 0, g € (0,1) (a + b)? < a? + b? we see that

Y e e S o)
uEN
And hence
i ~ - - -1
E¥ (Mf_l\goo> < (EQ(Mt’goo))p
< e~ Fo-Dt-p-Dl&l 4 3 o= & (- 1)Su—Br-Dles, |

u<node (&)

using the spine decomposition. Then the same argument as in Theorem 5.18 completes
the proof. [

5.4 Almost sure asymptotic growth of |V

In this section we prove Theorem 5.9 saying that

1 N, 1
i 81N Lge b o
t—o00 t 2
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Proof of Theorem 5.9. Let us first prove the lower bound:

log |[N;| _ 1
liminf 281N S Lo po o (5.10)
t—o0 t 2

We observe that

1 142
M, = Z exp{ - BIX| - 55275} < | Nylem27
u€ Ny

Hence

1
log M; < log [Ny| — 5%

10g|Nt| 1 2 loth
>
t - Qﬁ * t
o cdog [N T
R L
Tyt =

=

using the fact that lim;_ .., M; > 0 P-a.s. proved in Theorem 5.18.

Let us now establish the upper bound:

1
lim sup ~3* P-as. (5.11)
t—o00 t 2

We first prove (5.11) on integer (or other lattice) times. Take ¢ > 0. Then

—(1p32
< E‘Nt‘e (2674}t ~ ge—st

P(|NiJe= G+t > ¢
€ €

using the Markov inequality and Theorem 5.7. So
> 1
2
ZP(|Nn|6_(56 RALS €) < oo.
n=1

Thus by the Borel-Cantelli lemma
‘ane_(%ﬁ%rg)" — 0 P-a.s. as n — 00.
Taking the logarithm we get
L o
(- 56 — €)n + log | Ny, | — —oo.

Hence log |N .
1i1rnsupM < =B +e

n—oo - 2

Taking the limit ¢ — 0 we get the desired result. To get the convergence over any
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real-valued sequence we note that |Vy| is an increasing process and so

|Ni| < |Npql

log | V| - m10g|Nm|
t  — t [t

log |V, log |N| 1
= lim sup 08 1% || < lim sup 1 nM Ll | L | -
t—o0 t t—o0 |Vt—| 2

=

IN

5.

(5.11) and (5.10) taken together prove Theorem 5.9. O

5.5 Almost sure asymptotic behaviour of |N}¥|

In this section we prove Theorem 5.10. Namely, that

1 N)\t
M — Ay P-as. if A\ < g

and

INM| = 0 P-as. if A > g

Since the proof is quite long we break it down into two parts. In Subsection 5.5.1 we
prove the upper bound and in Subsection 5.5.2 the lower bound. We also present the
proofs of Lemma 5.12 and Corollary 5.11 in Subsections 5.5.3 and 5.5.4.

5.5.1 Upper bound

Lemma 5.20.
log |N}Y|

lim sup <A, P-as.

t—o0

We start with the upper bound because it can be proved in a similar way that we
proved the upper bound on |N¢| (recall 5.11). The main difference comes from the fact
that ([N)|);>0 is not an increasing process and so getting convergence along any real

time sequence requires some extra work.

Proof. Take € > 0 and consider events

A
An - { Z l{supse[n’n+1] X;” Z )\n} > e( >‘+€)n}.

UEN/+1

If we can show that P(A,) decays to 0 exponentially fast then by the Borel-Cantelli

Lemma we would have P(A,, i.0.) = 0 and that would be sufficient to get the result.

137



By the Markov inequality and the Many-to-one theorem (Theorem 5.15) we have

P(An) < E( Z 1{Supse[n’n+1] Xy > An})e*(Awe)n

UEN+1

~ "n _ A
E<eﬂL +11{Supse[n’n+1] & > )\n}>6 (Axte)n

n L _ —(Ay+e
= E<66L +11{§n+1+§n > An})e (Bt )n7

where &, = SUPgefn,nt1)(§s—&n+1) 1s asequence of i.i.d. random variables 4 SUPe(o,1] s
and (& )¢>0 is a standard Brownian motion under P.
To give an upper bound on the expectation we split it according to whether

|t <(A=08)(n+1) or > (A—0)(n+ 1) for some small § > 0 to be chosen later.

E(eﬁfnﬁl 1{§n+1+§n > )\n})e—(AA-I—e)n

o oBLn ]
=E <€5 et > anLignsal > (H)(nﬂ)})@
(M)

7(A)\+6)n

r- Ln _ —(Ax+e)n
+E<€B Tl a4 > an}L{ignnl < (A—6><n+1>})€ Baeim,

(2)

Then

(1) < E(eﬁLn+11{|§n+1| < ()\_6)(”+1)})e—(Ax+e)n

= QE (eﬁLn+1 1{£n+1 > ()\75)(n+1)}>67(A)\+6)n

~ eA)\,(gnef(AA%»e)n’

where we used Theorem 5.8 to estimate the expectation. This quantity decays expo-

nentially fast for § chosen small enough since Ay is continuous in .

—~
[\
~—
Il
O
@
aQ
=
o
3
i
-
+
N[
)
o
—~
3
+
=

—(Ax+e)n
Lo, 2 Ay Ligonl < Ooaminy e T

(
P (Lgpprt80 > 21 Likusa] < 0oy )"
<

(60 > snr—ny )"

where K = 3%+ B(A — §) — (A, + €). However Qs (& > on+ (6 —N)) decays faster

than exponentially because for any 6 > 0, which we take to be large

@6 (& > on) < EQs (eeél)e—oan’
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but
EQs <€0§1) = E(eagle_6|§1|+ﬁf’1_%52) < 00

by Cauchy-Schwarz inequality for example.
Thus we have shown that P(A,) = (1) + (2) decays exponentially fast. So by the
Borel-Cantelli lemma P(A,, i.0.) =0 and P(A¢ ev.) = 1. That is,

(Axten ayentually.

Z l{supse[n,n+1] X;J‘ = )‘n} S €
UENn 11

So there exists a P-almost surely finite time T; such that Vn > T,

(Ax+e)n
Z l{supse[n,n+1] X;J‘ 2 An} S e :

UEN 1

Then

At
IN{'| < Z l{SUpse[w, e+ X¥ > ALt}
uENLtJ+1

=|NM| < eIt for ¢ > T, 41,

which proves that

log | N{|

lim sup <A, P-as.

t—o0

O

Remark 5.21. Since |N}| takes only integer values we see that for X > g the inequality

log | N}M|

lim sup <AN<O

t—o0

actually implies that |[NM| — 0 P-a.s.

5.5.2 Lower bound

Before we present the proof of the lower bound of Theorem 5.10 let us give a heuristic
argument, which this proof will be based upon.

Take A > 0. Suppose we are given some large time t and we want to estimate the
number of particles u € N; such that | X}*| > At.

Let p € [0,1]. At time pt the number of particles in the system is |Np:| ~ Sl
by Theorem 5.9. If we ignore any branching that takes place in the time interval (pt, ]
then each of these anrticles will end up in the region (—oo, —At]U[At, 00) at time ¢ with
probability > eiﬁt using the standard estimate of the tail distribution of a normal

random variable.
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http:Remark5.21

A2
B
Prob 2 e 20-»

At

Y

—At

Figure 5-2: [llustration for the lower bound of Theorem 5.10

Thus a crude estimate gives us that the number of particles at time ¢ in the region
(—o0, —At] U [At, 00) is
2 2

A A
G R LIV
Z e 20-p)" x |Npt| ~e 20-pt x e28°Pt

The value of p which maximises this expression is

. { 0 ifA>4
p = A
1-3

ifA<p
and then
A
log (e 2(1-p) " x |Npt|> —%)\2 ifA>p
t ‘p=p* - 307 —=BX ifx<p g

Let us now use this idea to give a formal proof of the following lemma.

Lemma 5.22. Take \ < g Then

At
Jim ing 128 V|
t—o00

1
> Ay = 552 — B\ P-a.s.

Proof. Take p:=1— % € (%, 1). For integer times n we shall consider particles alive at

time pn (that is, particles in the set Npy,).
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For each particle u € N, we can choose one descendant alive at time n + 1. Let
Npi1 be a set of such descendants (so that [Ny 1| = [Npn|).
Then, for u € Nn+1, paths (th)té[pn 1]

tions (started at some unknown positions at time pn). Note that, wherever particle u

correspond to independent Brownian mo-
is at time pn,
D G 13y
P<|X;‘| > A\s Vs € [n,n+ 1]> Ze 202" = e~ 2PN — an(N)

using the tail estimate of the normal distribution. Take any small 6 > 0 to be specified
later. Then by Theorem 5.9

|Npt1| = | Npn| > e(z8%=0)n eventually.
To prove Lemma 5.22 we take € > 0 and consider the events
Ay —
Bu={ 3 Lixzias vechuarn < e},
ueNn+1

We wish to show that P(B,, i.0.) = 0. Now,

P(Bn N {’Nnﬂ‘ > e(%/ﬁp—é)n})

:P({ 2 Hixzos voeluns) < e(Are)n} N {INnga| > e(%ﬁ%ﬂ”"})

uGNn+1

%B2p75)n

el
§P< S 14« emx—e)n),

=1
where A;’s are independent events with P(A;) > ¢,(\) Vi . Then
o(38%p=8)n
P( d>o1a< e(Ake)”> _ P(ngAi - efe(AA—e)”>
i=1
< ee(AA—e)nE<eleAi)

o(38%p—6)n

(Ay—e)n _
= H E<e lAi)

=1

< peBaan H (1 ~P(A)( - 6—1))
<P (1- a0 —e)
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(387 p—0)n
S ee(A)\*E)n H e—Qn(A)(l—e_l)
i=1
= exp {B(Are)" -(1- 6_1)qn(A)e(%52p—5)N}

= exp {e(A*_e)" —(1— e_l)e(Ar‘S)”}.
This expression decays fast enough if we take § < e. Thus
P(Bu 1 {|Nuia| > 377701} 0.) — 0.
And since P({\Nn+1\ > e(%ﬁ%_‘s)”} ev. > =1, we get that P<Bn i.o. > = 0. That is,

Ay —
Z Lixui>as vsemmn+1]} = ePA=I for large enough
ueNn+1

Now, since the process is symmetric, the probability that a particle u € Nn+1 such that
| X% > As Vs € [n,n + 1] actually satisfies X* > As Vs € [n,n + 1] is 1. So applying
the usual Borel-Cantelli argument once again we can for example prove that for some
constant C' > 0

Z 1{xusas vsenti]y > Ce™ ™™ eventually
uENn.H

Then

Z Lixpsag 2 Z Lixusas vsel|e],[t)+1]} = CelPr=9ltl,
u€Ny UGNUJ+1

So for t large enough and some other constant C”
|Nt)\t| Z Cle(AAfe)t

and hence

Lemmas 5.20 and 5.22 together prove Theorem 5.10.
5.5.3 Decay of P(INM| > 1) in the case A > 2
Theorem 5.10 told us that if A > g then |[NM| — 0. Let us also prove that

log P(IN*| > 1)
t

— Ay = —%)\2
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in this case.

Proof of Lemma 5.12. Trivially

P(INM| > 1) < BINM|

log P(|NM| > 1
- Jim sup 128 (N[ =1) _

t—o00 t -

Ay

by Theorem 5.8.

For the lower bound we use the same idea as in Lemma 5.22. Let us take

0 fAx>p
p= A\

— 4 A<

We define a set N as in Subsection 5.5.2 That is, for each particle u € Ny,; we choose
one descendent alive at time # (so that N; C Ny, |N;| = |Ny|). Then for each u € N;

wherever it is at time pt we have
D
P(| X > M) 2 e 20-2" =: pi(A).

Then .
P(INM| 21) = SP(IN# 2 1),

where N = {u € Ny : |X*| > Mt}. And thus for some § > 0 to be chosen later we

have, ignoring any multiplicative constants of P,

1
P(INM 2 1) > SP(INFY| > 1, [Nyy| > 3700 )
2 %/_/
=n¢(9)

> P 101> M), [N > ni(8))

u€ N
> (1= (1 =p)" ) P(N > ne()).
P(|N¢| > n¢(6)) — 1, so we can just ignore it. And
(1= (1= p)™®)
@)~ ("5 )i+ (M -

>ny(6)pe(A) — 14(6)*pe(N)? <1 + 0 (8)pe(N) + 14(8)2pr(N) + - - )

Note that for § small enough
2
ny(0)pe(N) = (3820t~ ot _ ((Ax—0)t < 1.
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Hence
P(|Nt>\t| > 1) > e(A,\—(S)t + O(G(A’\_(S)t).

Therefore \
log P(|NM| <1
lim inf og P(INi"| < 1) > Ay
t—o0 t
This completes the proof of Lemma 5.12. U

5.5.4 The rightmost particle

As it was observed earlier (in Remark 5.17), the number of particles above the line
At grows exponentially if A < g and decays exponentially if A > g As a corollary of
Theorem 5.10 we get that

R 8

— — P-as.,
t 2

where (R;)¢>0 is the rightmost particle of the branching process.

Proof of Corollary 5.11. Take A < g By Theorem 5.10 [N| > 1 V¢ large enough, so
R; > Mt for t large enough. Thus

lim inf & >\ P-as.
t—oo t

Letting A g we get
g

R
lim inf —* > —  P-as.
t—o0 t 2

Similarly, if we take A > g then by Theorem 5.10 |[N}| = 0 Vt large enough and so
Ry < At for t large enough. Hence

R
lim sup 7t <\ P-as.

t—o00

So, letting A \, g we get

and this proves Corollary 5.11. U

Note that the rightmost particle (i.e. the extremal particle) in our model behaves
very differently from the rightmost particle in the model with homogeneous branching.

Figure 5-3 below illustrates the difference.
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V205t . Qt )

Figure 5-3: Rightmost particle in models with homogeneous branching and branching at the
origin

On the left we see a branching Brownian motion with constant branching rate 5. In
such model with probability 1 there is a particle staying near the critical line /23t all
the time. (Here the word particle is a bit ambiguous since we are really talking about
an infinite line of descent, but this is a common description.)

On the right we see a BBM with branching rate 3dy(x). Note that since branching
is only allowed at the origin, no particle can stay close to a straight line A\, A > 0 all
the time. The optimal way for some particle to reach the critical line gt at time T

is to wait near the origin until the time L in order to give birth to as many particles

2
. . 82 . .
as possible, and then at time % one of ~ e 1T particles will have a good chance of

reaching gT at time T

5.6 Strong law of large numbers

Recall the additive martingale M; = e_gt Y uen, e BIXEl ¢ > 0 from Section 5.3 and
the measure 7(dz) = Be~2%1#ldz from Proposition 5.14.

In this section we shall prove Theorem 5.13 which says that for a measurable
bounded function f(-)

lim e~ %t > FXP) = My /OO f(x)Be P17l dz

t—o00
u€ Ny

= My /OO f(x)e’l*ln(dz) P-as. (5.12)
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Remark 5.23. Observe that

(5 100) - (s

u€E Ny
E( JePle 6\5t|+ﬁzt—%2t)>
E9

( m& / F(2)eP " (da)

and that (My>o) is UI with EMo, =

Corollary 5.24. Taking f(-) = 1 we get
IN,Je 25"t = 2M,  P-a.s. (5.13)

This should be compared with results in Lemma 5.7 and Theorem 5.9.

Corollary 5.25.

zuGNt /f |$|7T(dx): g/f(x)eﬁxdx P-a.s.

|Nt
Proof. Dividing (5.12) by (5.13) gives the required result. O

The Strong Law of Large Numbers was proved in [16] for a large class of general
diffusion processes and branching rates B(x). In our case the branching rate is a
generalised function $dg(x), which doesn’t satisfy the conditions of [16]. Nevertheless
we can adapt the proof to our model if we take the generalised principal eigenvalue
Ae = %2 and eigenfunctions ¢(z) = e A%l ¢(z) = e=F#l in [16].

In the rest of this section we present the proof of Theorem 5.13. We only need to
consider functions of the form f(x) = e*m"”'l{:,JE By for measurable sets B. After we
prove the result for such functions we can derive the general result by approximating

a general function with linear combinations of functions of the above form.

Proof of Theorem 5.13. Take B a bounded measurable set and for this set B let

2 2
Upme 7' e M gepy = e 70 Y7 FXD)

ue Ny ue Ny

So for example if B =R then U; = M; and generally U; < M;. We wish to show that
U — m(B)My < = /f(x)emm'W(dx)Moo) as t — oo.

The proof can be split into three parts.
Part I:
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Let us take K > 0. At this stage it doesn’t matter what K is, but in Part II of
the proof we shall choose an appropriate value for it. Let m,, := Kn (using the same

notation as in [16]). Also fix 6 > 0. We first want to prove that

lim U(nern)é - E<U(n+mn)6‘fn5) ‘ =0 P-as. (5.14)

n—oo

We begin with the observation that

2
Vst >0 Up= Y e 7UW, (5.15)
uEN

where conditional on Fy, U§u) are independent copies of Uy started from X}

To prove (5.14) using the Borel-Cantelli lemma we need to show that for all € > 0
o0
Z P<‘U(n+mn)5 — E(U(n+mn)5|fn5) ‘ > 6) < 00. (5.16)
n=1

Let us take any p € (1,2).Then
P<‘U(n+mn)5 — E(U(n+mn)5|fn5> ‘ > 6)
B R

Next we shall apply the following inequality, which was used in the proof of the SLLN
in [16] and can also be found in [5]: if p € (1,2) and X; are independent random

variables with EX; = 0 (or they are martingale differences), then

E‘ ZN:XZ-
=1

n
T<r Y EXP. (5.17)
=1

Then by (5.15)

Ustt — E(Us-‘rt’j:t) =y efﬁijt(Us(u) - E(Us(“)\]-“t)),

u€ Ny

where conditional on F;, Usu) - F (Us(“)|]:t) are independent with 0 mean. Thus ap-
plying (5.17) and Jensen’s inequality we get

E(|Usi - E(Usil )| |17)

2
SQPQ—P%t Z E<‘Us(u) — E(U§u)|.7:t)‘p|‘7:t)
u€Nt

Szpe—pﬁét Z E<2p—1 <|Us(u) ‘P + |E(Us(u) ‘ft) ‘p) ’-E)
u€E N
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<ope 3 E(QH <|U§“>|p + E(\UM”].E)) \ft)

u€ Ny
by > E(|Us(“)|p|ft>. (5.18)
u€E Ny
Hence by (5.18)

Equ—E<U<n+mn>a|fna>r>

n=1
<22pz *p25nE( Z E mn(s )
UENgs,
<22pze PTorn( Y BN (My,0)")
UENgs,
_22pze—p25nE( N e NGBy (M 5)1))
UENgs,

<Zep2 "x C,

where C' is some positive constant and we have used the Many-to-One Lemma (Lemma
5.16) and and Theorem 5.19 in the last inequality. Since p > 1 the sum is < co. This
finishes the proof of (5.16) and hence (5.14).

Part II:

Let us now prove that

lim (E(U(n +mn)5].7-“n5> - W(B)MOO‘ —0 Pas. (5.19)

n—oo

Together with (5.14) this will complete the proof of Theorem 5.13 along lattice times
for functions f(z) of the form e‘mx‘l{meB}.
We begin by noting that

E<Us+t\}}> _ E< 3 e—%tUS(u)m)

u€E Ny
82 u
=Y e 2'ENT,
u€ Ny
52 w B2 u
e Z 677tEXt < Z 67737ﬁ|Xs‘1{X;L€B})
uENt 'lLGNs
52 N
= 3 TR ()
uEN
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_8%, ul Ot
=3 e TR (Leen)

u€ Ny

= [ Xy

uEN

where Q5 and p(-) were defined in (5.6) and Proposition 5.14. Thus

B(UmashFos) = 30 ¢ 50 [ pomb Xip (). (520

uEN s

Recalling that m,, = Kn where K > 0 we have

B(UmagshFos) = 3 e 500N [ pcnd, X gym(ay)

UEN,s

Now choose M > g and consider events
= {]X}l‘(;\ < Mnd Yuc Nm;}.

Then

Z - 2n5 ﬁXu(s/ Kn5 ﬁ&y)m(dy)

ueNné
S s ﬁxué/ (Knd, X2, y)m(dy) Lee
UENné
S / (Kné, X2, y)m(dy) 1c, .
UGNn(S

The first sum is 0 for n large enough by Corollary 5.11 (or even earlier by Theorem

5.10). To deal with the second sum we substitute the known transition density p(-):
[ ptans, Xt gymiay) 1c,
B

-, : B ens — s =)
_/B Varkno ¥ {ﬁ(’Xna - !y\) — Sokng - S

B (‘X sl 1yl = 5[(“5) —28
+ —Erfc e~ 2l qy 1
2 f 2Kné vie

Then for any given M > g we can choose K > % and hence

1 32 (X —y)?
N XUl —yl) = Zgns — Lne “Y L g4
/B 2%Kn5exp{ﬁ<‘ il ‘yl) g 1 2K nd Y 10n

§exp{<ﬁM— %2K>n6} x ' — 0asn— oo,
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http:p()weredefinedin(5.6)andProposition5.14

where C' is some positive constant and

X K
/ Bpre (l e n5>62ﬁ|y dy 1¢, _>/ e ?Wldy = 7(B) asn — oo
2Knd B

since Erfc(r) — 2 as x — —oo and 1¢, — 1 as n — oo. Then going back to (5.20)

and we see that

lim ‘E(U(n+mn 5|fn5) — 7(B)Mps

and so also

lim ‘E(U(n+mn)5]fn5> . W(B)MOO‘ —0 P-as.
n—oo

As it was mentioned earlier parts I and II together complete the proof of Theorem
5.13 along lattice times for functions of the form f(z) = e P1*l15(x). To see this put

together (5.14) and (5.19) to get that
lim ‘Uner —W(B)MOO‘ —0 Pas.

That is,
hm ‘Un(KH)& — (B )Moo‘ =0 P-as.

Then K + 1 can be absorbed into é which stayed arbitrary throughout the proof. Also
as it was mentioned earlier we can easily replace functions of the form e~ ?1#115(z) with
any measurable functions. To see this we observe that given any meausurable set A

and €; > 0 we can find constants ¢;, ... , ¢
A,, such that

ns Cls - .., Cp and measurable sets Ay, ...,

n

<Zé¢1Ai(:c)e_mx‘) —€6 <1u(z) < chlA e Bl

i=1

and
n

n
Zgzlm( Je Pl <14 (a (Zc 14,(x mm') + €.

i=1 i=1
Similarly given any positive bounded measurable function f and ez > 0 we can find

simple functions f and f such that

f(z) —ea < f(x) < f(x)

and

f(x) < f(z) < fz) + e

Thus given any positive bounded measurable function f and € > 0 we can find functions

f¢(x) and f(x), which are linear combinations of functions of the form e A1711 4 () such

150



that
and

Then

Fe(@)Be Pl < (f(x) + €)Be P
- / " Fe()pe e < /  )peBelde + 2

and hence P-almost surely we have

B2 B2 -
limsupe 2™ X% < limsupe 2™ “(Xx-
p Z f( né) = nﬂoop Z f ( né)

n—oo uEN,s uEN,s

= My /_OO Fé(2)Be Pl da
< MOO(/_OO f(m)ﬁe’mx‘dx—i—%).

Since € is arbitrary we get

limsupefﬁémS Z F(Xs) < Moo /OO f(x)Be Pz,

n—o0
u€ENps

Similarly
2 o0
lim inf e~z " YA gé)zMoo/ fx)pe Pl de,

e uEN s

Also any bounded measurable function f can be written as a difference of two positive
bounded measurable functions. This completes the proof of Theorem 5.13 with the
limit taken along lattice times. Now let us finish the proof of the theorem by extending
it to the continuous-time limit.

Part IIT:

As in the previous parts of the proof it is sufficient to consider functions of the form
f(z) = e Pll15(z) for measurable sets B.

Let us now take € > 0 and define the following interval

Bf(z) == BN (— |z| — %log(l +e), |z|+ %log(l + e))

e—Blz|

Note that y € B¢(z) iff y € B and e 7l > Tre

Furthermore, for d,¢ > 0 let

—d,€

—

Ep (z) = lixueBe(z) vse0,6] YueNs}
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and
& (@) = B (2 (@)).
Then for t € [nd, (n+ 1)d]

82 _gixn
— TS N gy

uENt
_ — sy r(w) Calty (W e
- Z nUt n5 B Z U —nd ‘—‘B n6)
uEN,s uEN,5
7—115 5 € Ol Xas] —0,€/ yvu
> ¢ g S5 (5.21)
€
uENys

because at time t there is at least one descendent of each particle alive at time nd. Let
us consider the sum ,
T Y NI ().
uEN,5
Note that

E%ﬁ( +s) are independent conditional on F,;, (5.22)

2 2
BemTm0 37 e NI (X)) = e T S NI (X),  (5.23)

UENn5 UENné
and
lim ¢~ %" > e ANslede(X) /5 (5.24)
n—oo
UE N5

The last equation follows from the SLLN along lattice times which we already proved.
Also we should point out that if we further let 6 — 0, f};’e(m) will converge to 1p(z)
and (5.24) will converge to m(B)My. Our next step then is to show that

lim

820 Z PN =0 (Xu) — e Ca Z e PAINle(x ) = 0. (5.25)

uENps uEN s

In view of (5.22) and (5.23) we prove this using the method of Part I. That is, we
exploit the Borel-Cantelli Lemma and in order to do that we need to show that for

some p € (1,2)

iE(‘ 7—115 Z 7ﬁ|X“5|r—6e Xu)
n=1

uEN,s

2 u P
~B(e T Y eI ()| s)]) <o

uEN s
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A similar argument to the one used in Part I (see (5.18) gives us that

o

_82 — u | —§,€
S| 3 e
n=1

UEN,s
_ﬁ _ U | —_ p
b Y i)
UEN,s
00 42
< Z 221)6—1?7”55;( Z e_5p|Xn5|§%E(Xﬁ5)> 7
n=1 uENm;

where E%E(X;fé) is an indicator function and therefore raising it to the power p leaves
it unchanged. Using once again the Many-to-One Lemma and the usual change of

measure we have

> 2
Do 2re?TE( Y g (X))
n=1

UEN,s

[e.e]
Szgzpe—pﬁéms E( 3 e—ﬁp|X;:5|>
n=1

UE N, s

2222%*@*”‘3;"5 E@B( 3 e—ﬁ(p—mX;:é\),

n=1 uEN,s

Thus we have proved (5.25), which together with (5.24) implies that

- _BIXY | = o e
liminf e~ 2" g e PIXsIE0E (X Y) = liminf e” G g BIXT 1 E0e (X 1s)
n—oo n—oo

UE N s UE N s

— / €3 () () Mo

Putting this into (5.21) and letting n = | £] gives us

hmlnfUt > —/§ M.
Letting 9, € \, 0 we get
liminf Uy > 7(B)Mx.
t—o0

Since the same result also holds for B¢ we can easily see that

limsup U; < m(B)M.

t—o0
Thus
lim U; = m(B)Ma.

t—o00
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Then the same argument as at the end of Part II of the proof extends the result for

functions of the form 1p(z)e ?1*l to all bounded measurable functions. O
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