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Abstract

The search for solutions to the important differential equations arising in ex-
tended surface heat transfer continues unabated. Extended surfaces, in the
form of longitudinal fins are considered. First we consider the steady state
problem and then the transient heat transfer models. Here, thermal conduc-
tivity and heat transfer coefficient are assumed to be functions of temperature.
Thermal conductivity is considered to be given by the power law in one case
and by the linear function of temperature in the other; whereas heat transfer
coefficient is only given by the power law. Explicit analytical expressions for
the temperature profile, fin efficiency and heat flux for steady state problems
are derived using the one-dimensional Differential Transform Method (1D DT-
M). The obtained results from 1D DTM are compared with the exact solutions
to verify the accuracy of the proposed method. The results reveal that the 1D
DTM can achieve suitable results in predicting the solutions of these prob-
lems. The effects of some physical parameters such as the thermo-geometric
fin parameter and thermal conductivity gradient, on temperature distribution
are illustrated and explained. Also, we apply the two-dimensional Differential
Transform Method (2D DTM) to models describing transient heat transfer in
longitudinal fins. Furthermore, conservation laws for transient heat conduction
equations are derived using the direct method and the multiplier method, and

finally we find Lie point symmetries associated with the conserved vectors.
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Chapter 1

Introduction

1.1 Literature review

In the study of heat transfer, an extended surface (also known as a fin) is
a solid that extends from a hot body to increase the rate of heat transfer
to the surrounding fluid. A growing number of engineering applications are
concerned with energy transport by requiring the rapid movement of heat form
a hot body. The heat transfer mechanism of a fin is to conduct heat from a
heat source to its surface by its thermal conduction, and then dissipate heat
to the ambient fluid by the effect of thermal convection. In particular fins
are used extensively in various industrial applications such as the cooling of
computer processors, air conditioning, oil carrying pipe lines and so on. A well
documented review of heat transfer in extended surfaces is presented by Kraus
et al. [1].

The problems on heat transfer particularly in fins continue to be of scientific
interest. These problems are modeled by highly nonlinear differential equations
which are difficult to solve exactly. For the cases where the heat transfer

coefficient is constant, exact solutions of the temperature profile and the rate
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of heat transfer can be obtained easily [2]. Recently, the study of fins in boiling
liquids has been increasing enormously and it has been found that the heat
transfer coefficient is not constant but depends on the temperature difference
between a surface and the adjacent fluid [3]. Problems arising in engineering
have this type of dependence! and our study is devoted to the analysis of fin
performance under such circumstances. Thus, the resulting equations becomes
strictly nonlinear even in the simplest one-dimensional analysis [4].

Moitsheki et al [5, 6] have attempted to construct exact solutions for
the steady state problems arising in heat flow through fins. A number of
techniques, for example Lie symmetry analysis [5], He’s variational iteration
method [7], Adomain decomposition methods [8], homotopy perturbation meth-
ods [9], homotopy analysis methods [10], methods of successive approximations
[11] and other approximation methods [12] have been used to determine so-
lutions of the nonlinear differential equations describing heat transfer in fins.
Recently, the solutions of the nonlinear ordinary differential equations (ODEs)
arising in extended surface heat transfer have been constructed using the 1D
DTM [13, 14], (see also [15, 16]). The DTM is an analytical method based on
the Taylor series expansion and was first introduced by Zhou [17] in 1986. Most
of the designs of systems employing extended surfaces are based on steady state
analysis and much research has been focused on solving such problems. This
is adequate for most applications [1], but there are some extended surfaces
which require transient response analysis, for example, fins in heat exchangers
and solar energy systems. The 2D DTM has been applied by Jarafi et al [18],
to solve nonlinear Gas Dynamic and Klein-Gordon equations. Ndlovu and

Moitsheki [19] applied the 2D DTM to transient heat conduction problem for

IThermal conductivity and heat transfer coefficients depending on temperature and given

by linear or power law.
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heat transfer in longitudinal rectangular fins (this has been applied, as far we
know, for the first time in these problems). To illustrate the capability and
reliability of the 2D DTM, Bhadauria et al [20] solved linear and non-linear d-
iffusion equations for various cases, (see also [21]). Merdan and Goékdogan [22]
found exact and approximate solutions of the heat equation in the cast-mould
heterogeneous domain using 2D DTM. The results indicated that the solutions
obtained by this method are reliable, useful and that it is an effective method
for decoupling partial differential equations (PDEs). Exact solutions can also
be obtained from the known forms of the series solutions. Symmetry analysis
of the transient one-dimensional fin problem was performed by Vaneeva et al
[23], Pakdemirli and Sahin [24], Moitsheki and Harley [25], Bokhari et al [26]
and many more. However, imposed boundary conditions were not invariant
under any Lie point symmetry. As such, approximate solutions may be sought.

As far as we know, conservation laws of fin equations have not yet been
constructed. Different approaches of constructing conservation laws has been
studied and compared for some differential equation in fluid mechanics by Naz
et al [27]. We choose some of these methods which are appropriate for our
problems, for example we are working with heat transfer equations which do
not have a Lagrangian, thus we cannot apply Noether approach to our prob-
lem. As such one may apply the method of partial Lagrangian and partial
Noether as formulated by Kara and Mahomed [28]. In this work, we construct
conservation laws using (i) the direct method [28] and (ii) the method of multi-
pliers [29, 30]. We also find Lie point symmetries associated with the conserved
vectors. From the paper by Moitsheki and Harley [25], it was found that the
boundary conditions of the transient problems were not invariant under any
Lie point symmetry. As such, invariant solutions were not found. Therefore,

we provide analytical solutions to transient equations using the 2D DTM in
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Chapter 5. We adopt terminology analytical solutions to be series solution-
s obtained using DTM and exact solutions as expressions given in terms of

fundamental trigonometric functions, logarithmic functions and so on.

1.2 Aims and objectives of the dissertation

The main objective of this dissertation is to contribute to the fundamental
understanding of heat transfer through extended surfaces. Fins of different
profiles will be investigated and their performance will be compared using fin
efficiency, heat flux and other thermal properties. First we aim to apply the
1D DTM to the nonlinear steady state fin problems. Analytical solutions will
also be derived for transient state problems using the 2D DTM. Furthermore
we construct conservation laws and determine associated Lie point symmetries

for transient heat transfer problems.

1.3 Outline of the dissertation

The outline of this dissertation is as follows

e In Chapter 2, the definitions and basic operations of the proposed meth-

ods of solutions are presented.
e Mathematical models are derived in Chapter 3.

e Chapter 4 deals with analysis of heat transfer problems in fins of different
profiles. The results presented in Chapter 4 are from a research article
by Ndlovu and Moitsheki which is under review through the journal

Mathematical Problems in Engineering, see [13].
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e In Chapter 5, analytical solutions are derived using 2D DTM for transient
heat transfer in rectangular straight fins and convex parabolic fins. Some
of the results presented in Chapter 5 are from a research article by Ndlovu
and Moitsheki which is in press at Communications in Nonlinear Science

and Numerical Simulations see [19].

e Two methods of constructing conservation laws are employed in Chapter
6. We further find Lie point symmetries associated with the conserved
vectors. The results presented in Chapter 6 are from a research article
by Ndlovu and Moitsheki which is under review through the Central

European Journal of Physics, see [56].

e In Chapter 7 we will summarize our findings and provide conclusions.



Chapter 2

Formulae and theory

2.1 Introduction

In this chapter we will present a brief theory of the differential transformation
and Lie group analysis which will be used to solve the models provided in
Chapter 3. Furthermore, we briefly introduce the two methods of constructing

conservation laws.

2.2 Differential Transform Methods

2.2.1 1D-Differential Transform Method

Let ¢(t) be an analytic function in a domain D. The Taylor series expansion

function of ¢(t) with the center located at ¢ = ¢; is given by [17]

o(t) = Z_; < _ﬁfj)ﬁ {d;ﬁw]t:tv, ViteD. (2.1)

The particular case of Eqn (2.1) when ¢; = 0 is referred to as the Maclaurin
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series expansion of ¢(t) and is expressed as,

=t ()
qb(t)—zg[ e ]_,Vtep. (2.2)
k=0 t=0
The differential transform of ¢(t) is defined as follows;
— H" [d¢(t)
P = |07 2.
W= 23)

where ¢(t) is the original analytic function and ®(k) is the transformed func-
tion. The differential spectrum of ¢(t) is confined within the interval ¢ € [0, H],
where # is a constant. From Eqns (2.2) and (2.3), the differential inverse
transform of ¢(t) is defined as follows,

o0 =3 (5) o) 24
and if ¢(t) is approximated by a finite series, then

o= (3) o, 25)

k=0

It is clear that the concept of differential transformation is based upon the
Taylor series expansion. The values of the function ®(k) are referred to as
discrete, i.e., (0) is known as the zero discrete, ®(1) as the first discrete, etc.
With more discrete available, it is possible to restore the unknown function
more precisely. The function ¢(t) consists of the T-function ®(k), and its value
is given by the sum of the T-function with (¢/H)" as its coefficient. In real
applications, at the right choice of the constant H, the discrete values of the
spectrum reduce rapidly with larger values of argument r [31].

Some of the useful mathematical operations performed by the differential

transform method are given by the following theorems.
Theorem 2.1. If ¢(t) = x(t) £ z(t), then ®(k) = X(k) =+ Z(k).

Theorem 2.2. If ¢(t) = ax(t), then ®(k) = aX (k).



2.2. DIFFERENTIAL TRANSFORM METHODS 8

Theorem 2.3. If ¢(t) = dZ—gt), then ®(k) = (k+1)P(k+1).

Theorem 2.4. If ¢(t) = Lo then O(k)=(k+1)(k+2)P(k+2).

dt2

Theorem 2.5. If ¢(t) = d;ﬁg”, then ®(k) = (k+1)(k+2)--- (k+5)P(k+s).

Theorem 2.6. If ¢(t) = x(t)z(t), then ®(k) =" X (I)Z(k—1).
Theorem 2.7. If ¢(t) =t°, then (k) =d(k — s).

Theorem 2.8. If ¢(t) = exp(At), then ®(k) = 27.

K!

(1+1), then ®(x) = Se=tloontl)

K!

Theorem 2.9. If ¢(t)
Theorem 2.10. If ¢(t) =sin(wt + a), then P(rk) = < sin(%F + ).
Theorem 2.11. If ¢(t) = cos(wt + a), then ®(k)= < cos(ZE + a).

The Kronecker delta function 6(x — s) is given by

1 fk=s

d(k—3s)=
0 ifk#s.

2.2.2 2D-Differential Transform Method

Based on the one-dimensional differential transform method, the basic funda-

mental operations of the two dimensional differential are defined as follows

- 1 [oEg(t )
_ZZ%!S!{ ot dx® }(070)' (2:6)

k=0 s=0

The differential inverse transform of ®(x, s) is defined as

T o

k=0 s=

and from Eqs (2.6) and (2.7) it can be concluded that

i L [0t o) ] s (2.8)
Kkls! ottoxs 0.0) ' '

s=

~—

Mg

Il
o

K
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In real applications, the function ¢(t,z) is approximated by a finite series,

and Eqn (2.7) can be written as:

= ZZ@(K,S)tH:ES, (2.9)

k=0 s5=0
Eqn (2.9) implies that

Z Z (K, s)t"a®, (2.10)

rk=m-+1 s=n+1

is negligibly small.

Some of the useful mathematical operations performed by the differential
transform method are given by the following theorems.
Theorem 2.12. If¢(t,z) = x(7,x)£2(t,x), then P(k,s) = X(k,s)EZ(k,s).
Theorem 2.13. If ¢(t,z) = ax(t,x), then ®(k,s)=aX(k,s).
Theorem 2.14. If ¢(t, z) = 22 1)7 then ®(k,s) = (k+1)Q(k+1,s).
Theorem 2.15. If ¢(t,z) = d‘b(gix), then ®(k,s) = (s+1)®(k,s+1).

Theorem 2.16. If ¢(t,z) = %, then

Ok, s)=(k+1)(k+2)...(k+7r)(s+1)(s+2)...(s+¢)P(k+ 7,5+ ¢q).
Theorem 2.17. If ¢(t,z) = x(t,z)z(t,z), then

O(r,5) = D im0 250 X (i s =) Z(k — i, j).

Theorem 2.18. If ¢(t,z) = t™z", then P(k,s) = d(k —m)d(s —n).
Theorem 2.19. If ¢(t,z) = Mgtx) 825:”, then

Pk, 8) =D 2 joi+ Dk —i+ DX+ 1,s—7)Z(k—i+1,7j).
Theorem 2.20. If ¢(t,z) = 2™ exp(at), then ®(k,s)= %6(k—m).
Theorem 2.21. If ¢(t,z) = x™sin(at + b), then

®(k,s) = 46(k — m)sin(Z +b).

Theorem 2.22. If ¢(t,z) = 2™ cos(at + b), then

®(k,s) = L6(k —m) cos(Z + b).
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2.3 Lie point symmetries

A complete theory and application of Lie symmetry methods maybe found in
text such as those of [32, 33, 34, 35, 36, 37]. Here we provide a brief outline.

We consider a second order partial differential equation of the form
F(r,2,0,0,,0,,0.4,0.7,0..) =0, (2.11)

where 7 and z are two independent variables and @ is the dependent variable.
The subscripts denote partial differentiation. Basically we seek transforma-

tions of the form
T=a+e(1,2,0)+ O()
T=1+4e€(r,2,0) + O(€) (2.12)
0=0+en(r,z,0) + O(),

generated by

Y =202 .02 40l

ot oz 00 (2.13)

The transformations (2.12) are equivalent to the r—parameter group of trans-
formations which leave Eqn (2.11) invariant. Calculation of symmetries in-
volves determining the functions ¢!, €2 and 7. Given second order Eqn (2.11),

the invariance criterion is given by
YPP(r,2,0,0:,05,0.0,0,7,000) =0 = 0. (2.14)

Here VP is the second prolongation of Y and is given by

0 0 0 0

0
Ve =y 4+ 618_67 + CQ(?_HI + Cig— + CGom— + (a2

26, 20, T 25, (2.15)

where

G = Ds(n) — 0,;D;(€), i=1,2 (2.16)
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Cij = D](Cz) - eile<fl>7 Z?] = 172 (217)

with k£ summed from 1 to 2. The total derivatives with respect to 7 and x are
given by,
0 0 0 0

Dl:DT:E_FQT%—FQTT@_GT—{_QmTa_eI—F.." (218)

0 0 0 0

The invariance criterion (2.14) results in an overdetermined system of par-
tial equations, which can be solved. Any linear combination of symmetries
obtained may reduce the number of variables of a PDE by one. Furthermore,
one may reduce the order of the ordinary differential equation (ODE) by one
or completely integrate.

The group invariant solution, § = W(7, z) of the nonlinear partial differ-
ential equation is obtained by solving

YO —-W(r,z)) = 0. (2.20)

0=W(t,z)

2.4 Conservation laws

A very useful application of symmetry is to the construction of conservation
laws. A conservation law for a system of partial differential equations is a
divergence expression which vanishes on solutions of a system of PDEs [38].
Conservation laws play a pivotal role in the study of partial differential equa-
tions (DEs) and in many applications. The mathematical idea of conservation
laws comes from the formulation of physical laws such as for mass, energy and
momentum. Furthermore, conservation laws have applications in the study of

PDEs such as in showing existence and uniqueness of solutions for hyperbolic

systems of PDEs [39].
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Consider a [th order PDE,
F(X, Uy U(1), U(2)y - - - ,U(Z)) = O, (2.21)

where x denotes n independent variables, u denote the dependent variable
and u(;) denotes all the partial derivatives of order ¢. For an arbitrary PDE

we write

Dy(T") =0, (2.22)

where T are differential functions of finite order. We define (2.22) as a con-

servation law for Eqn (2.21) if it satisfies the following equation.
Di [Ti(X, Uy U(1), U(2)y - - - ,U(l))} =0. (2.23)

This can also be written as

DT|,_,=0. (2.24)

The vector T = (T, T, ..., T") is called a conserved vector.

A Lie point symmetry generator

- 0 9,
=¢ — — 2.2
Y = €, u) 3+ () (225)
is said to be associated with the conserved vector T* = (T*,...,T") for Eqn
(2.21) if [40]
V(T +T'Dy(E) —T'Dy(¢) =0, i=1,...,n. (2.26)

In (2.26), Y is prolonged appropriately. The conserved vectors can be deter-
mined from (2.26) [28]. We determine conservation laws using two techniques

outlined below.

2.4.1 Direct method

This approach was first used by Laplace [41], and gives all local conservation

laws. Equation (2.22) is a conservation law. The direct method uses (2.22)
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subject to the (2.21) being satisfied as the determining equation for the con-
served vectors. The components T, ..., T™ are obtained by separating the

resulting equation according to powers and products of the derivatives of w.

2.4.2 Multiplier method
This approach involves the variational derivative
D;T" = A°F, (2.27)

where A are the characteristics. The characteristics are the multipliers which
make the equation exact. This method is sometimes referred to this as the

characteristic method.

2.5 Concluding remarks

In this Chapter, we have provided brief accounts of the methods to be used in
analyzing the problems considered in this dissertation. Full accounts of these

methods maybe be found in acknowledged references.



Chapter 3

Mathematical models describing

heat transfer in longitudinal fins

3.1 Introduction

In this Chapter we derive the models describing heat conduction in longitudinal
fins of various profiles. The imposed boundary conditions for heat transfer are

the adiabatic conditions at the fin tip and the constant base temperature.

3.2 Mathematical models

A physical system consisting of a longitudinal one dimensional fin of cross-
sectional area A, is shown in Figure 3.1. The perimeter of the fin is denoted
by P and its length by L. The fin is attached to a fixed prime surface of
temperature T, and extends to an ambient fluid of temperature 7T,. The fin
thickness at the prime surface is given by d, and its profile is given by F(X).
We assume that the fin is initially at ambient temperature. At time ¢t = 0, the

temperature at the base of the fin is suddenly changed from T, to T; and the

14
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problem is to establish the temperature distribution in the fin for all ¢ > 0.
Based on the one dimensional heat conduction, the energy balance equation is

then given by (see e.g. [1])

or o, 0 or P
ot 20X o) "I - <X<L (3
PCor T 20X (F(X)K(T)aX) THOT-T), 0sX <L (31)

where K and H are the non-uniform thermal conductivity and heat transfer
coefficients depending on the temperature (see e.g. [1]), p is the density, ¢ is
the specific heat capacity, T" is the temperature distribution, ¢ is the time and
X is the space variable. Assuming that the fin tip is adiabatic (insulated) and

the base temperature is kept constant, then the boundary conditions are given

by [1],

Prime Surface

Fin profile

Fin tip

|
|

X=0 X=L

Figure 3.1: Schematic representation of a longitudinal fin of an unspecified

profile.

orT
T(t, L) = Tb and 8_X . = O, (32)
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and initially the fin is kept at the ambient temperature,
T00,X)="1T,. (3.3)

Introducing the following dimensionless variables,

Xkt , T-T, , H
7L,T7PC,UL27 7Tb—Ta’ 7hb7 (34)
K, PhyL? 0 '
k—k—a, M= = AL and f(z) = 2F(X),
reduces Eqn (3.1) to
20 0 a0 )
- = — ) = <z< .
5 = (f(x)k(0)8$> M=h(0)0, 0 <z <1 (3.5)
and Eqn (3.5) admits the following boundary conditions,
0(0,2) =0, 0<x<1; 6(r,1) = 1; (3.6)
00
— =0. 3.7
or|,_, (3.7)

The dimensionless variable M is the thermo-geometric fin parameter, 6 is
the dimensionless temperature, = is the dimensionless space variable, k is the
dimensionless thermal conductivity, k, is the thermal conductivity of the fin
at ambient temperature, hy, is the heat transfer coefficient at the fin base. For

most industrial applications, the heat transfer coefficient maybe given as a

H(T) = hb(;;:?)n (3.8)

power law [2, 42],

where n and h; are constants. The constant n may vary between -6.6 and
5. However, in most practical applications it lies between -3 and 3 [42]. The
exponent n represents laminar film boiling or condensation when n = —1/4,
laminar natural convection when n = 1/4, turbulent natural convection when
n = 1/3, nucleate boiling when n = 2, radiation when n = 3 and n = 0

implies a constant heat transfer coefficient. Exact solutions may be constructed
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for the steady-state one-dimensional differential ODE describing temperature
distribution in a straight fin when the thermal conductivity is a constant and
n=-—1,0,1and 2 [42].

In dimensionless variables we have h(6) = ™. We consider the two distinct

cases of the thermal conductivity as follows;

(a) the power law

T-T,\"
K(T) =k, > , :
( ) (Tb - Ta) (3 9)
with m being a constant and
(b) the linear function [43]
K(T) = k,[1 +~4(T — T,)]. (3.10)

The dimensionless thermal conductivity given by the power law and the linear
function of temperature are k(0) = 0™ and k(6) = 1 + 50, respectively. Here
the thermal conductivity gradient is § = (T, — T,).

The dimensionless steady problem is given by

e ] - e 00 <o <1, (.11)

and the boundary conditions are

6(1) = 1, at the prime surface (3.12)
and
% » =0, at the fin tip. (3.13)

For steady heat transfer, we consider various fin profiles including the lon-
gitudinal rectangular f(z) = 1, the longitudinal convex parabolic f(z) = v/z

ax

and the exponential profile f(x) = e* with a being the constant (see also
[44]). We only consider the rectangular and the convex parabolic fin profiles

for transient heat conduction.
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3.3 Concluding remarks

In this chapter, we have provided the models for heat transfer in longitudinal
fins of various profiles. We note that the heat transfer coefficient is given as
a power law with the exponent n, and thermal conductivity is given both as
power law with exponent m on one hand, and it is given as a linear function
of temperature on the other. The steady state exact solutions exist only when
both the exponent of the thermal conductivity and heat transfer coefficient are
the same. In this dissertation we construct steady state analytical solutions for
distinct power laws and transient state solutions. Exact solutions for transient

state processes, with temperature dependent thermal properties, do not exist.



Chapter 4

Analytical solutions for steady
heat transfer in fins of various

profiles

4.1 Introduction

In this Chapter we consider steady state models describing temperature dis-
tribution in longitudinal fins of different profiles. It is well known that exact
solutions for ODEs such as Eqn (3.11) exist only when thermal conductivity
and the term containing the heat transfer coefficient are connected by differ-
entiation (or simply if the ODE such as Eqn (3.11) is linearizable) [45]. We
determine the analytical solutions for the non-linearizable Eqn (3.11), firstly
when thermal conductivity is given by the power law and secondly as a linear
function of temperature. In both cases and throughout this dissertation, the
heat transfer coefficient is assumed to be a power law function of temperature.
These assumptions of the thermal properties are physically realistic. We have

noticed that DTM runs into difficulty when the exponent of the power law of
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the thermal conductivity is given by fractional values and also when the func-
tion f(x) is given in terms of fractional powers. One may follow Moradi and
Ahmadikia [44] by introducing a new variable to deal with fractional powers
of f(x), and on the other hand it is possible to remove the fractional exponent
of the heat transfer coefficient by fundamental laws of exponent and binomial

expansion.

Remark. A nonlinear ODE such as Eqn (3.11) may admit the DTM solution
if f(x) is a constant or exponential function. However, if f(z) is a power law

then such an equation admits a DTM solution if the product
f@)- fi(x) = o,
holds, where « is a real constant.

Proof. Introducing the new variable y = f(x), it follows from chain rule that

Eqn (3.11) becomes

dy d o )
2 — k(0)—| — M6 = 0. 4.1
S ALUE (4.1
O
Ezample 1. If f(z) = 27, then y = 27 transforms Eqn (3.11) into
d do
— |k(0)—| — 4M*yo" ' =0 4.2
& [KO)5] - arer = (42)

only if ¢ = 1. We note that the condition f(z)f’(x) = a can be solved for f(z)

to give

=

f(z) = 2ax + 9) (4.3)

where 1 is a constant.

This example implies that the DTM may only be applicable to problems
describing heat transfer in fins with convex parabolic profile. In the next sub-
sections we present analytical solutions for Eqn (3.11) with various functions

f(z) and k(0).
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4.2 Power law thermal conductivity

The temperature dependent thermal conductivity of some materials such as
Gallium Nitride (GaN) and Aluminum Nitride (AIN) can be modeled by the
power law [46]. Experimental data indicates that the exponent of the power
law of these materials is positive for lower temperatures and negative for higher

temperatures [47].

4.2.1 Comparison of exact and analytical (DTM) solu-
tions given m =n

In this section we consider a model describing temperature distribution in a
longitudinal rectangular fin with both thermal conductivity and heat transfer
coefficient being functions of temperature given by the power law (see e.g. [5]).
The exact solution of Eqn (3.11) when both the power laws are given by the
same exponent is given by [5]

0(z) = cosh(M+/n + 1z) "Tl. (4.4)

cosh(M+/n +1)

We use this exact solution as a benchmark or validation of the DTM.

The effectiveness of the DTM is determined by comparing the exact and the
analytical solutions. We compare the results for the cases n = 1 and n = 2

with fixed values of M.

Casen=1

Applying the DTM to Eqn (3.11) with the power law thermal conductivity,

f(z) = 1 (rectangular profile) and given H = 1, one obtains the following
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recurrence relation

K

> {@(i)(/@ — i+ 1)(k—i+2)0(k —i+2)
=0
+(i+1)03G+1)(k—i+1)0(k —i+1) — M?0(i)O(k —i)| =0. (4.5)
Exerting the transformation to the boundary condition (3.13) at a point z = 0,
e(1) = 0. (4.6)

The other boundary conditions are considered as follows;

00)=a (4.7)

where a is a constant. Eqn (4.5) is an iterative formula of constructing the

power series solution as follows:

0(2) = M2 a (4.8)
0(3) = (4.9)

O(4) = —]\Za (4.10)
o(5) = (4.11)

O(6) — 197]‘240 a (4.12)
a(7) = 0 (4.13)

(8) = _522;\;(8)@ (4.14)
0(9) =0 (4.15)
0(10) = % (4.16)
O(11) =0 (4.17)
o(12) — 23030810 Fa (4.18)

479001600
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O(13) =0 (4.19)
276580459 M q
14) = 4.
o) = —g7i7s201200 (4.20)
O(15) =0 (4.21)

These terms may be taken as far as desired. Substituting Eqns (4.6) to

(4.20) into (2.4), we obtain the following series solutions

M?a , M'a , 19M° o 559M°a

0(z) — _

(v) =a+——a" = et — et = e
20161M ™ a ,,  2368081M'a_,,  276580450M"a ,, 22)
3628300 479001600 87178291200

To obtain the value of a, we substitute the boundary condition (3.12) into

(4.22) at the point x = 1. Thus, we have,

M?a M*a 19M6a_559M8a

1) = _
1) =a+— 24 T 720 10320
20161010 23680810M'%a 276530459 M 4a
_ + L= 1 (423)
3628800 479001600 $7178291200

We then obtain the expression for (x) upon substituting the obtained value

of a into Eqn (4.22).

Case n =2

Applying the DTM to Eqn (3.11) for n = 2, one obtains the following recur-

rence relation

K K—i

S5~ (oot i~ 1+ it 200 i -1+

=0 [=0

+20(0)(i+1)0(+1)(k—i—1+1)O(k—i—1+1)

— M?*0(1)0(1)0(k —i—1)| = 0. (4.24)
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Substituting the transformed boundary conditions into (4.24), we obtain

the following series solution

M?3a M*a 23M5a 1069M%a
0 — 2 4 6 8
() =a+——= s U T o ¢ 13440

9643M0q |, 1211720M*2a ,,  217994167M“a ,
r — xr
134400 17740800 3228825600

. (4.25)

The constant a may be obtained using the boundary condition at the fin base.
The comparison of the exact solutions and the DTM solutions are reflected
in Tables 4.1 and 4.2 for different values of n. We observe a very small abso-
lute error on the results. Furthermore, the comparison of the exact and the

analytical solutions are depicted in Figures 4.1 and 4.2.

Table 4.1: Results of the DTM and Exact Solutions for n =1, M = 0.7

x DTM Exact Error

0 0.808093014 0.80809644 0.000003426
0.1 0.810072036 0.81007547 0.000003434
0.2 0.815999549 0.81600301 0.000003459
0.3 0.825847770 0.82585127 0.000003500
0.4 0.839573173 0.83957673 0.000003559
0.5 0.857120287 0.85712392 0.000003633
0.6 0.878426299 0.87843002 0.000003722
0.7 0.903426003 0.90342982 0.000003814
0.8 0.932056648 0.93206047 0.000003820
0.9 0.964262558 0.96426582 0.000003263
1.0 1.000000000 1.00000000 0.000000000
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Table 4.2: Results of the DTM and Exact Solutions for n =2, M = 0.5

x DTM Exact Error

0 0.894109126 0.894109793 0.000000665
0.1 0.895226066 0.895226732 0.000000666
0.2 0.898568581 0.898569249 0.000000668
0.3 0.904112232 0.904112905 0.000000672
0.4 0.911817796 0.911818474 0.000000678
0.5 0.921633352 0.921634038 0.000000685
0.6 0.933496900 0.933497594 0.000000694
0.7 0.947339244 0.947339946 0.000000702
0.8 0.963086933 0.963087627 0.000000694
0.9 0.980665073 0.980665659 0.000000586
1.0 1.000000000 1.000000000 0.000000000

0.98
0.96 -
0.94r-
0.92

0.9
0.881
0.86
0.84
0.82

0.8

DTM

—*%— Exact

0.4

0.6

0.8

Figure 4.1: Comparison of analytical and exact solutions, n =1, M = 0.7.
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Figure 4.2: Comparison of analytical and exact solutions, n = 2, M = 0.5.

4.2.2 Distinct exponents, m # n

(i) The exponential profile and power law thermal conductivity

In this section we present solutions for equation describing heat transfer in a fin
with exponential profile and power law thermal conductivity and heat transfer
coefficient. That is, given Eqn (3.11) with f(x) = e, and both heat transfer
coefficient and thermal conductivity are being given as power law functions
of temperature, we construct analytical solutions. In our analysis we consider
n = 2 and 3 indicating the fin subject to nucleate boiling, and radiation into
free space at zero absolute temperature, respectively.

Firstly given n = 3 and m = 2 and applying the DTM one obtains the

following recurrence revelation;



4.2. POWER LAW THERMAL CONDUCTIVITY 27

.H in_z_ {U—p@(l)@(i)(/i—z’—l—p+1)(’<¢_i_l_p+2)x

@(/ﬁ—i—l—p+2)—|—2%T@(l)(i+1)@(i+1)(H—i—l—p+1)><
@(K—z‘—z—p+1)+2ag@(n@(i)(n—z’4—p+1)x
Ok —i—1l—p+1)—MO(POUNO®HO(k—i—1—p)| =0. (4.26)

We recall the transformed prescribed boundary conditions (4.6) and (4.7).

Eqn (4.26) is an iterative formula of constructing the power series solution as

follows:
M2 2
0(2) = 2“ (4.27)
M2 2
o@3) =-2 ; ¢ (4.28)
M2 2 2 2M2
o) = M B0 %) (4.29)
24
M2 2 3_4 M2
o) = Mo = oMa) (4.30)
2 205 4 mo 2712 4,2
O(6) = M*a*(50* — 780°M*a + 58 M*a?) (4.31)
720
2,2 (4 502 1/2 4,2
o) = M*a’*o(c 50(;4](\)4 a + 146 M*a*) (4.32)

The above process is continuous and one may consider as many terms as
desired (but bearing in mind that DTM converges quite fast). Substituting
Equs (4.6), (4.7) and (4.27) to (4.32) into (2.4), we obtain the following series

solution
M?a? oM?a? M?a* (302 — 2M?a)

0(z) — 2 _ 3 4

() =a+ 5 ¥ 7 ¢ + 51 x
M?*a?*(0® — 4o M?a) . N M?a?(50* — 7802 M?a + 58 M*a?)
— x x

30 720
B M?*a?c(0* — 5002 M?a + 146M4a2)x7 L (4.33)

840
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To obtain the value of a, we substitute the boundary condition (3.12) into

(4.33) at the point x = 1. That is,

M?*a®>  oM?*a®> M?*a*(30% — 2M?a)
0(1) = —
(W) =at =3 3 24
. MPa*(0® —doM?a) = MPa*(50" — 780" M?a + 58M*a?)
30 720

=1

840

M?a?0(0* — 5002 M3?a + 146 M*a?) N

(4.34)

Substituting this value of a into Eqn (4.33) one finds the expression for 6(x).

On the other hand, given (n,m) = (2,3) one obtains the solution

M2 M2 M2 2., 2M2
Q(x)ch—TxQ—US z® + <02a )x4
oM?(20%a — 21M?) . N M?(180M* — 1860°M?a + 50*a?)
— x x
60a 720a?
M?(440M* — 11102 M? 12
_ oM*(440 o a+0a)x7+ (4.35)

840a?

Here, the constant a maybe obtained by evaluating the boundary condition

0(1) = 1. The solutions (4.33) and (4.35) are depicted in Figures 4.3 and 4.4,

respectively.

0.99F

0.98

@© 097

ool

0.95F

0.94

-
-
-

0.2

0.4 0.6

0.8 1

Figure 4.3: Temperature distribution in an exponential fin, (n,m) = (3,2).



4.2. POWER LAW THERMAL CONDUCTIVITY

1 i -5
099fe v m i == ”/’
0.98f =TT
097}
[e=]
096} ..o
095}
----- M=0.2
- - -M=03
0.94 "M=04
M=05
093 ‘ ‘ ‘ ‘
0 0.2 0.4 06 0.8 1

Figure 4.4: Temperature distribution in an exponential fin, (n,m) = (2, 3).
(ii) The rectangular profile and power law thermal conductivity

In this section we provide a detailed construction of analytical solutions for
the heat transfer in a longitudinal rectangular fin with a power law thermal
conductivity, that is we consider Eqn (3.11) with f(z) = 1 and k(6) = 6™.
Taking the differential transform of Eqn (3.11) with f(z) = 1 and k(f) = 6™

for (n,m) = (2,3) we get

{@(p)@(l)@(i)(/ﬁ i l—p+D)(k—i—1—p+2)x

Ok —i—1—p+2)+30()O1) (i +1)O(i + 1)x
(k—i—1l—-p+1)©(k—i—1l—p+1)
—MQii@(l)@(i)G(n —i—1)=0. (4.36)

Equation (4.36) is a recurrence relation of constructing an analytical solu-
tion. Recalling the boundary conditions and following a similar approach for

(n,m) = (3,2), we obtain the analytical expressions of the solutions as follows;
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Case (n,m) = (2,3)

M2 . MY, MS . 33M% . 127MY
6 = o274 76 8 10
() =a+ " = a5 = oo T 3apar ”
CISSOM'™ L, 160649MM L, T2BM'C Lo (437
369645 92422445 700747 e '
Case (n,m) = (3,2)
a2 M? adM* 29a* M6 307a° M3
0 — 2 4 6 8
(@) =a+——a 2 " T30 ¢ 5040
2348305 M0 | 125893a"M'? ,  1635899a5M™ |,
—_—X — X
453600 2721600 38102400
234171130 M
_ 438
571536000 © (4.38)

The constant a is obtained by solving the appropriate 6(x) at the fin base
boundary condition. The analytical solutions in Eqns (4.37) and (4.38) are

depicted in Figures 4.5 and 4.6, respectively.
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0.84} e
M =0.65
0.82F
O o2 0.4 ~

Figure 4.5: Temperature distribution in a rectangular fin, (n,m) = (2, 3).
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Figure 4.6: Temperature distribution in a rectangular fin, (n,m) = (3, 2).
(iii) The convex profile and power law thermal conductivity

In this section we present solutions for the equation describing the heat transfer
in a fin with convex parabolic profile and power law thermal conductivity. We

1/2

consider Eqn (4.2), with the definition y = z'/?. Here we consider the values

{(n,m) =(2,3);(3,2)}. With (n,m) = (2,3), Eqn (4.2) reduces to

d [ ,db .
= {9 dy} AM?y6® = 0. (4.39)

Taking the differential transform of Eqn (4.39) we obtain the following relation

K K—i k—i—l

S5 0O —i—1—p+ 1 —i-1-p+2x

=0 1=0 p=0
Ok—i—1l—p+2)+30(p)O()(i+1)0( + 1)x
(k—i—l—p+1)O(k—i—-1l—p+1)

—4M*5(p — 1)0(1)O(1)O(k —i — 1 —p)| =0, (4.40)

and substituting the transformed boundary conditions, we obtain the following
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series solution,

oM? ., 2M* . 23M° ,,  1909M°

O(z) — _ _ UM
() =at =5 5a LT B2t T ama
10 12
329222 M S15/2 174361597M = (4.41)
259875a* 79521750a°
Similarly for (n,m) = (3,2) we obtain the following solution
2a>M? 4a3 M* 4a* M6 992a° M®
0(z) — 3/2 3 9/2 6
(#) =at ! T 7425
61,710 71712
30064a°MY 5, 2052167 M2 (4.42)
212625 1893375

The constant a is obtained by evaluating the appropriate 6(z) at the fin
base boundary condition. The solutions in Eqns (4.41) and (4.42) are depicted

in Figure 4.7 and 4.8, respectively.
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Figure 4.7: Temperature distribution in a convex fin, (n,m) = (2, 3).
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Figure 4.8: Temperature distribution in a convex fin, (n,m) = (3,2).
4.3 Linear thermal conductivity

In many engineering applications and many materials, thermal conductivity

depends linearly on temperature (See e.g [48])

4.3.1 The rectangular profile, f(z) =1

In this section we present solutions for the equation representing the heat
transfer in a fin with rectangular profile and thermal conductivity depending
linearly on temperature. That is, we consider Eqn (3.11) with f(z) = 1 and
k(0) = 14 £6. With these properties, taking the differential transform of Eqn
(3.11) for n = 0 we get

(k+1)(k+2)O(k+2)

+BZ [0()(k — i+ 1)(k — i +2)O(k — i +2)

+ Bi(i +1)0>+1)(k—i+1)O(k —i+1)] — M*O(k) =0. (4.43)
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Following a similar approach described above for other values of n we obtain the

following analytical solutions upon substitution of the boundary conditions,

Casen=0

M2a  , M'a(~1+2Ba) , MSa(l—168a+283%2)
1+ Ba) ~  24(1+ Bay 720(1 + Ba)®
MBa(—1 + 788a — 6008242 + 8963%a%)
- 40320(1 + Ba)’ v
M'a(1 — 3328 + T8128%° — 398963a® + 511845% %) |,
* 3628800(1 + Ba)? v

T (4.44)

9(x)=a+2

Casen=1

M?*a®>  , M*a*(—1+2Ba) ,
(1+pBa)" ~  24(1+ Bay

M%a*(10 — 16Ba + 195%a?)

720(1 + Ba)® v

MB8a®(—80 + 3423a — 594/3%a* + 559433a3)
N 40320(1 + Ba)’ ’

M195(1000 — 78208a + 24336822 — 369083%a° + 291618%a?) 4,
* 3628800(1 + Ba)? v

T (4.45)

0(;1:):(1—|—2
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Case n =2

M?a? 22 M*a® A Mba™(3 + 2%a?)
(1+ Ba) 8(1 + Ba)? 80(1 + Ba)®
MPa(49 — 208a + 665%a® — 408%°)
1480(1 + fa)"
| M™%t (427 — 44080 + 111652 — 10208%° + 6726"")
134400(1 4 fa)?

T (4.46)

H(x):a—l—z

Case n=3

M?*a*  ,  M?*%"(4+ Ba) , M%a'°(52 + 32Ba + 253%a?) |

x x x
(1+ Ba) 24(1 4+ Pa)? 720(1 + Ba)®
n MBa'3(1288 + 10208a + 12123%a® — 95ﬂ3a3)x8

40320(1 + Ba)?
| Ma'*(52024 + 4568830 + T71845%% — 6805’ + 150256"a")
x
3628800(1 + fa)?

¥ (4.47)

O(x):a—l—2

The constant a may be obtained from the boundary condition on the appro-
priate solution. The solutions in Eqns (4.44), (4.45), (4.46) and (4.47) are
depicted in Figure 4.9.

4.3.2 The convex parabolic profile, f(z) = z!/?

In this section we present solutions for the equation describing the heat transfer
in a fin with convex parabolic profile and the thermal conductivity depending
linearly on temperature. That is, we consider Eqn (4.2) with k(0) = 1 4 56
and f(z) = 2'/2,

do

d 1/2 2gn+1
— 1 — | = M“0"" =0. 4.4
. [:1:' (14 30) dm] 0 0 (4.48)
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Figure 4.9: Temperature profile in a longitudinal rectangular fin with linear
thermal conductivity and varying values of n. Here § = 0.5 and M = 1.5 are

fixed.

Substituting y = /2 Eqn (4.48) reduces to
d0 ?
(1+ 50) 5+ 6( ) — 4AM?*yo"tt = 0. (4.49)
Taking the differential transform of Eqn (4.49) for n = 0 we get
(k+1)(k+2)O(k + 2)

+8Y) 0@ (k—i+1)(k—i+2)O(k—i+2)

+ BZ@ +1)06G+1)(k—i+1)O(k —i+1)

—4M2Z(51—1 (k—1i)=0. (4.50)

Following a similar approach described above for other values of n we obtain the

following analytical solutions upon substitution of the boundary conditions,



4.3. LINEAR THERMAL CONDUCTIVITY 37

Casen=20

0(r) = at D€ o 2Ma(=2+3fa)
3(1+ Ba) 15(1 + Ba)?
MSa(2 — 258a + 338%a*) 4
405(1 + Ba)s v
MBa(—10 + 5998a — 35826%a2 + 40598%a%)

- 668251+ fa)’ A+ (4.51)

Casen=1

2 2 4,3
0(x) = a+ 2M%a 2 2M*a*(—4 + fa) 4
3(1 + pa) 45(1 + Ba)?
2MSa*(9 — 1153a + 1Oﬁ2a2)xg/2
405(1 + Ba)s
2M%a°(=330 + 11186a — 15845%2 1 10938%°) ;

4.52
66325(1 + Ba)” (4.52)
Case n =2
23 4.5
0() = a+ 2M*a 32 2M*a>(6 + fa) 4
3(1+ Ba) 45(1 + fa)?
M®a™(16 + 3Ba + 75%a?) 92
135(1 + fa)®

MB8a®(1160 — 1 11165%a% — a3

| M*a®(1160 — 1076a + 11163%a® — 3675%") (453)

22275(1 + Ba)



4.3. LINEAR THERMAL CONDUCTIVITY 38

Casen=23

2MPa* 45 | 2M*a’(8 +3fa) 4
3(1+ fa) " 45(1 + Ba)?
AM°a"(23 +17Ba 4 95%a*) 4
105(1 + Ba)’ v
| 2M*a™(5000 + 48680 + 43565%a” + 3635%°)
66325(1 + Ba)?

O(zr) =a+

(4.54)

The constant a may be obtained from the boundary condition on the ap-
propriate 6(x). The solutions in Eqns (4.51), (4.52), (4.53) and (4.54) are

depicted in Figure 4.10.
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Figure 4.10: Temperature profile in a longitudinal convex parabolic fin with
linear thermal conductivity and varying values of n. Here § = 0.5and M = 1.5

are fixed.
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axr

4.3.3 The exponential profile, f(z) = e

In this section we present solutions for the heat transfer equation in a fin with
exponential profile and thermal conductivity depending linearly on tempera-
ture. That is, we consider Eqn (3.11) with k() = 1 + 6 and f(z) = 7

where ¢ is a constant,

do

d ox o 2on+1 __
" [e (1 +@9)dx} M2 = . (4.55)

Taking the differential transform of Eqn (4.55) for n = 0 we obtain the follow-

ing recurrence relation;

—(k—i+1)(k—1+2)O(k—i+2)

K k=i 3

—I—BZZ%(/{—Z'—IHLI)(/{—@‘—t+2)@(/£—i—t+2)

=0 t=0

—i—az%(ﬁ—i—l—l)@(ﬁ—i—kl)
=0

K K—1

+aﬁZZ‘Z—:(H—¢—t+1)@(@)@(H—¢—t+1)
i=0 t=0

K K—1

—l—BZZj—;(H—1)(/1—@'—15—1—1)@(2’—1—1)@(&—@'—15—1—1)

=0 t=0

— M?O(k) = 0. (4.56)

Following a similar approach described above for other values of n we obtain the

following analytical solutions upon substitution of the boundary conditions,
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Casen=20

M?a 5, oM?a(2+ Ba+ f%a) 3

blo) =a+ 2(1 + Ba)" 6(1 + fa)?
M?*a(M?*(1 — 28%a) + 0*(3 + 38a + 2a® + p*a® + f%a(3 + a))) ,
+ 24(1 + Ba)? v
T (4.57)

Casen=1

M?*a®>  , oM?a*(2+ Ba+ ?a) 3

bl) =t 5a 5a® 6(1 + fa)?
M?a*(M?a(2 4+ Ba — 25%a) + 0*(3 + 3Ba + [*a® + fla® + [%a(3 +a)))
—+ xr
24(1 + fa)?
+o. (4.58)

Case n =2

M?a®* ., oM?*a*(2+ Ba+ B%a) ,

EO 61+ Ba)?

| MPPOLRE + 280 - 28%0) + 0*(3 + fal3 + Fa+ Fa+ B3+ a)))
24(1 + fBa)?

o (4.59)

9(x)=a+2
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Casen=23

_ M?a* oM?a*(2 + fa + f%a))
O(x)=a+ 20T B 22— 61 Gay? 3
M?a*(M?a3(4 + 38a — 26%a) + 0*(3 + Ba(3 + f%a+ fPa+ B(3+a)))) 4
+ 24(1 + Ba)? ‘
+.... (4.60)

The constant a may be obtained from the boundary condition on the appropri-
ate 6(z). The solutions in Eqns (4.57), (4.58), (4.59) and (4.60) are depicted

in Figure 4.11.
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Figure 4.11: Temperature profile in a longitudinal fin of exponential profile
with linear thermal conductivity and varying values of n. Here § = 0.5 and

M = 1.5 are fixed.
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4.4 Fin efficiency and heat flux

4.4.1 Fin efficiency
The heat transfer rate from a fin is given by Newton’s second law of cooling,
L
Q= / PH(T)(T —T,)dx. (4.61)
0

Fin efficiency is defined as the ratio of the fin heat transfer rate to the rate

that would be if the entire fin were at the base temperature and is given by

(see e.g. [1])
L
PH(TY(T —T,)dX
n Q _ Jo PH(T)( ) (4.62)
Qideal PhL(T, — T,)
In dimensionless variables we have
1
n= / 0" dx. (4.63)
0

We consider the solutions (4.44), (4.45), (4.46) and (4.47) and depict the fin
efficiency (4.63) in Figure 4.12.
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Figure 4.12: Fin efficiency of a longitudinal rectangular fin. Here g = 0.75..
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4.4.2 Heat flux

The fin base heat flux is given by the Fourier’s law

dT
@ = AK (1) (4.64)

The total heat flux of the fin is given by [1]

qb
T AHT)(T, - To)

q (4.65)

Introducing the dimensionless variable as described in Chapter 3, implies

1 k(9)ad
q= Bih(6) dz’ (4.66)

where the dimensionless parameter Bi = is the Biot number. We consider

a
a number of cases for the thermal conductivity and the heat transfer coefficient.

With linear thermal conductivity and power law heat transfer coefficient
Eqn (4.66) becomes
1

df
- - 4.

The heat flux in Eqn (4.67) at the base of the fin is plotted in Figure 4.13.
For power law thermal conductivity and heat transfer coefficient Eqn (4.66)
becomes
1 de

= 0" " —. 4,
g Bi dx (4.68)

Not surprisingly, heat flux in one dimensional fins is higher given values Bi <

1. The heat flux in Eqn (4.68) is plotted in Figures 4.14, 4.15 and 4.16.

4.5 Discussion of results

The DTM has resulted in some interesting observations and study. We have

observed in Figures 4.1 and 4.2, an excellent agreement between the analytical



4.5. DISCUSSION OF RESULTS 44

25

Figure 4.13: Base heat flux in a longitudinal rectangular fin with linear thermal

conductivity. Here 5 =0.1..

45

Figure 4.14: Heat flux across a longitudinal rectangular fin with power law

thermal conductivity. Here n —m > 0, Bi = 0.01..
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Figure 4.15: Heat flux across a longitudinal rectangular fin with power law

thermal conductivity. Here n —m < 0, Bi = 0.01..
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Figure 4.16: Base heat flux in a longitudinal rectangular fin with power law

thermal conductivity. Here n — m = 0, Bi = 0.01..
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solutions generated by DTM and the exact solution obtained in [5]. In par-
ticular, we considered a fin problem in which both thermal conductivity and
heat transfer coefficient are both given by the same power law. Furthermore,
we notice from Table 4.1 that an absolute error of approximately 3.5¢ — 005
is produced by DTM of order O(15). In Table 4.2 an absolute error of ap-
proximately 6.5e — 006 is produced for the same order. This confirms that the
DTM converges faster and can provide accurate results with minimum com-
putational effort. As such, a tremendous confidence in the DTM in terms of
the accuracy and effectiveness was built and thus we used this method to solve
other problems for which exact solutions are harder to construct.

In the Figures 4.3, 4.4, 4.5, 4.6, 4.7 and 4.8, we observe that the fin tem-
perature increases with the decreasing values of the thermo-geometric fin pa-
rameter. Here, the values of the exponents are fixed. Also, we observe that
fin temperature is higher when n —m > 0, that is, when heat transfer coeffi-
cient is higher than the thermal conductivity. We observe in Figures 4.9, 4.10
and 4.11, that the fin temperature increases with the increasing values of n.
Furthermore, it appears that the fin with exponential profile performs least
in transferring the heat from the base, since the temperature in such a fin is
much higher than that of the rectangular and the convex parabolic profiles. In
other words, heat dissipation to the fluid surrounding the extended surface is
much faster in longitudinal fins of rectangular and convex parabolic profiles.
In Figure 4.12, fin efficiency decreases with increasing thermo-geometric fin
parameter. Also, fin efficiency increases with increasing values of n. It is easy
to show that the thermo-geometric fin parameter is directly proportional to
the aspect ratio (extension factor) with square root of the Biot number be-
ing the proportionality constant. As such shorter fins are more efficient than

longer ones. The increased Biot number results in less efficient fin whenever
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the space is confined, that is where the length of the fin cannot be increased.
Figure 4.13, depicts the heat flux at the fin base. The amount of heat en-
ergy dissipated from the fin base is of immense interest in engineering [49].
We observe in Figure 4.13 that the base heat flux increases with the thermo-
geometric fin parameter for considered values of the exponent n (see also [49]).
Figures 4.14, 4.15 and 4.16 display the heat flux across the fin length. We note
that the heat flux across the fin length increases with increasing values of the
thermo-geometric fin parameter.

The performance of fins is sometimes expressed in terms of the fin effec-

tiveness e defined as [50],

€

q
= AHT)T, T, (4.69)

where A. is cross sectional area at the fin base. ¢ represents the rate of heat
transfer from this area if no fins are attached to the surface. Fin effectiveness
is then the ratio of the fin heat transfer rate to the heat transfer rate of the
object if it had no fin. The physical significance of effectiveness of fin can be

summarized below

o An effectiveness of € = 1 indicates that the addition of a fin to the surface
does not affect heat transfer at all. That is, heat conducted to the fin
through the base area A, is equal to the heat transferred from the same

area A, to the surrounding medium.

o An effectiveness of € < 1 indicates that the fin actually acts as an insula-
tion, slowing down the heat transfer from the surface. This situation can

occur when fins made of low thermal conductivity materials are used.

o An effectiveness of ¢ > 1 indicates that the fins are enhancing heat

transfer from the surface, as they should. However, the use of fins cannot
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be justified unless ¢ is sufficiently larger than 1. Finned surfaces are
designed on the basis of maximizing effectiveness of a specified cost or

minimizing cost for a desired effectiveness.

4.6 Concluding remarks

In this chapter we have successfully applied the 1D DTM to highly nonlinear
problems arising in heat transfer through longitudinal fins of various profiles.
Both thermal conductivity and heat transfer coefficient are given as functions
of temperature. The DTM agreed well with exact solutions when the thermal
conductivity and heat transfer coefficient are given by the same power law. A
rapid convergence to the exact solution was observed. Following the confidence
in DTM built by the results mentioned, we then solved various problems.
Obtained results have been shown in tables and figures listed in this chapter.

The results obtained in this chapter are significant improvements on the
known results. In particular, both the heat transfer coefficient and thermal
conductivity are allowed to be given by the power law functions of temperature,
and also we considered three fin profiles. We note that exact solutions are
difficult if not impossible to construct when the exponents of the power laws

for the heat transfer coefficient and thermal conductivity are distinct.



Chapter 5

Application of the 2D DTM to

transient heat transfer problems

5.1 Introduction

In this Chapter we extend the 1D DTM in order to solve partial differen-
tial equations. The resulting method is referred to as the 2D DTM. We saw
from the previous chapter that the differential transform method offers great
advantages of straightforward applicability, computational efficiency and high
accuracy. In the following sections we attempt to solve transient heat conduc-
tion equation where the thermal conductivity is given by a linear function of
temperature. We consider heat transfer in fins of convex parabolic profile and
the rectangular profile. Using 2D DTM to solve PDEs consists of three main
steps which are; transforming the PDE into algebraic equations, solving the
equations, and inverting the solution of algebraic equations to obtain a series
solution or an approximate solution.

When thermal conductivity depends linearly on temperature, Eqn (3.5) is

49
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then given by the following nonlinear equation,
o0 0 00 2 pntl
The initial condition is,
6(0,z) =0, 0 <z <1, (5.2)

the boundary conditions are,

O(r,1) =1, (5.3)
and

00

- =0. 5.4

ox|,_, (54)

5.2 Rectangular profile

Here we consider a fin of a rectangular profile f(z) = 1 for transient heat

conduction through fins.

5.2.1 Solution for n =1

Taking the two-dimensional differential transform of eqn (5.1) with f(z) =1

and n = 1, we obtain the following recurrence relation

(k+1)0(k + 1,h) = (h+ 1)(h + 2)O(k, h + 2)

K h
+B8Y N Ok —i ) (h+1—j)(h+2—5)03 h+2—j)

i=0 j=0

K h
+8Y D (+ 1Ok —ij+1)(h+1—5)O(i h+1—j)

i=0 j=0

K h
—M*Y "> "6, h - )0k —i,j),

i=0 j=0

(5.5)
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where O(k, h) is the differential transform of 0(r, z).

Taking the two-dimensional differential transform of the initial condition
(5.2) and boundary condition (5.4) we obtain the following transformations
respectively,

0(0,h) =0, h=0,1,2, ... (5.6)
O(k,1)=0, k=0,1,2,.... (5.7)

We consider the other boundary condition as follows,
O(k,0)=a, a R, k=1,2,3,... (5.8)

where the constant a can be determined from the boundary condition (5.7) at
each time step after obtaining the series solution.

Substituting Eqns (5.6)-(5.8) into (5.5) we obtain the following,

0(1,2) =a (5.9)

0(2,2) = %(3a — 2Ba® + a*M?) (5.10)

0(3,2) = %(4(1 — 5Ba” 4 26%a* + 2a* M?* — Ba® M?) (5.11)
0(1,4) = 1—12(3a —2Ba® + a*M?) (5.12)

0(2,4) = 2—14(12a — 338a* + 108%a® + 10a*M? — 53a* M?) (5.13)

Substituting Equns (5.6)-(5.13) into (2.9) we obtain the following series so-
lution,
0(t,z) = at + ar® + ata® + %(Ba —2Ba’® 4+ a®* M*)7?2?
+ar® + %(4@ — 5Ba* + 26%a* + 2a*M? — Ba’ M?) 72>
+att + %(3@ —2Ba® + a*M*)ra*

1
+ ﬂ(12a —338a* +108%a® + 10a* M? — 53a* M?)%z* + ... (5.14)



5.2. RECTANGULAR PROFILE 52

The constant a can be determined from the boundary condition (5.2) at
each time step. To obtain the value of a, we substitute the boundary condition

(5.2) into (5.14) at the point = 1. Thus, we have,
1
0(t,1) = at + at® + a7 + 5(3@ —2Ba® + a*M*)7?
1
+ar® + 5(4& — 5Ba* + 26%a® + 2a*M?* — Ba®*M?) 713

1
+at* + —(3a — 2Ba* + a*M?)T

12
1

+ ﬂ(12a — 33Ba® + 108%a® + 10a*M? — 530> M*)7?

+...=1 (5.15)

We then obtain the expression for 6(7,x) upon substituting the obtained
value of a into equation (5.14). Using the first 40 terms of the power series
solution we plot the solution (5.14) for various parameters as shown in Figures

5.1,5.2 and 5.3.

5.2.2 Solution for n =0

1 1
0(r,2) = ar + ar* + S (20 + aM*)72” + S (3a — 2a°B + aM? — a*BM?)7"2”
1
+ar’ + - (da — 5’8 + 20° 5 + aM® — 2a*BM + o’ B2 M) 72

1
+ar* + ﬁ(Ga —4a*B + 4aM? — 2a*BM?* + aM*)Tz* + ... (5.16)
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5.2.3 Solution for n =2

1
0(t,z) = ar +ar® + ata® + = 5 ~(3a — 2a*B) 2% + at?

1
+ 2(4a—5a 2B+ 2a*B* + a*M?)T*2® + att

1 1
+ E(3a —2a*B)Tat + ﬁ(12a —33a?B +10a®3? + 3a®* M?) 22" + .. ..
(5.17)
5.2.4 Solution for n =3
2 2, 1 2
O(r,x) = at + at” + ata® + 5(3a —2a*B)7%x* + a7®
1 1
+ 5(4@ — 5a*B + 2a* %) 7*2* + att + 12(3@ —2a*B)Tx
1
+ —(12a — 33a*B + 10a* %) 22" + . (5.18)

24

Plots of solutions (5.16), (5.17) and (5.18) for various parameters are shown

in Figures 5.4-5.8.

5.3 Convex parabolic profile

Here we consider a fin of a convex profile f(z) = z'/? for transient heat con-

1/2

duction through fins. We make a substitution y = '/~ to eliminate fractional

powers. Eqn (5.1) then simplifies to

00

4
Yor

920 ?
=(1+ 69) 5+ 6( ) — 4MPyon T (5.19)
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5.3.1 Solution for n =1

Taking the two-dimensional differential transform of eqn (5.19) for n = 1, we

obtain

4iZ(i + 103G +1,h—5)6( — )0k —i) = (h+1)(h +2)O(k, h + 2)

i=0 j=0

+B8> > Ok —ij)(h+1—j)(h+2—j)O(i,h+2 - j)

i=0 j=0

+8Y D G+ 10k =i j+ 1) (h+1- )03 h+1 - j)

i=0 j=0

— 4M? ' > Y 0, h—j—p)O(t4)i(k—i—t)s(p—1) (5.20)

Substituting Eqns (5.6)-(5.8) into Eqn (5.20) we obtain the following,

0(1,3) = %a (5.21)
0(2,3) = —%(—zm + 2428 — aM?) (5.22)
0(3,3) = §(4a — 5a*B + 2a*B8* + 2a° M* — a*BM?) (5.23)

2
0(4,3) = —g(—5a+9a25—7a352+2a4ﬁ3—3a2M2+3a3ﬂM2—a462M2) (5.24)

Substituting Eqns (5.6)-(5.8) and Eqns (5.21)-(5.24) into Eqn (2.9) we ob-

tain the following series solution,

4 2
Q(T’x):a7'+a7'2+?a7'x3/2—Ea(—3+2a/3—a]\/[2)7'213/2—|—a7-3
2
+§a(4—5aﬁ+2a262+2aM2—CL25M2)7'3:[;3/2_|_@7-4_|_”” (525)
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5.3.2 Solution for n =0

2 2
O(t,2) = ar +at® + ga(Q + M?)7a3/? — ?a(—?) +2af3 — M? + aBM?)7T223/?

2
+ 5(4 —5af + 2a*B% 4+ M? — 2aB8M? + a*BP M) 223 4 ard + ...

(5.26)
5.3.3 Solution for n =2
o 4a 3/2 2a 2y,.2 3/2 3
O(r,x) = ar +ar” + 5T - E(—3+26L5 —aM?)T°z* + ar
2
+ 3“(4 — 5af + 2a26% + 2aM? — 2AM) T3 wart + ... (5.27)

Plots of solutions (5.25) and (5.27) are shown in Figures 5.9 and 5.10 respec-

tively.

5.4 Discussion of results

Some interesting results were obtained using the 2D DTM. We observe in Fig-
ure 5.1 that the fin temperature increases with time. This transient tempera-
ture profile approaches the steady state solution as time evolves. We observe
in Figures 5.2 and 5.9 that the temperature decreases with increasing values
of the thermo-geometric fin parameter. We note that the thermo-geometric fin
parameter M = (Bi)'/2E, where Bi = hyd/k, is the Biot number and E = L/
is the aspect ratio or the extension factor. Evidently, small values of M cor-
responds to the relatively short and thick fins of high conductivity and high
values of M correspond to longer and thin fins of poor conductivity [48]. A fin

is an excellent dissipater at small values of M. As M increases the convective
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Figure 5.1: Transient temperature distribution in a rectangular fin with linear

thermal conductivity, n =1, =1, M = 6.
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Figure 5.2: Transient temperature distribution in a rectangular fin with linear

thermal conductivity, n =1, =1,7 = 1.2.
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Figure 5.3: Transient temperature distribution in a rectangular fin with linear

thermal conductivity, n =1, M =2.5,7 = 1.2.
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Figure 5.4: Transient temperature distribution in a rectangular fin with linear

thermal conductivity, n=0,8=1,7 =1.2.
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Figure 5.5: Transient temperature distribution in a rectangular fin with linear

thermal conductivity, M =40, =1,7 = 1.2.
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Figure 5.6: Transient temperature distribution in a rectangular fin with linear

thermal conductivity, M = 3 =n = 1.
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Figure 5.7: Transient temperature distribution in a rectangular fin with linear

thermal conductivity, M = g =n = 1.
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Figure 5.8: Transient temperature distribution in a rectangular fin with linear

thermal conductivity, M = 0.75,5 =1,n = 1.



5.4. DISCUSSION OF RESULTS 60

1 \/
R
K
0.9f - .
\’\’ //
/‘, ?,
0.8’ ‘,‘/‘ ys 1
"/ 7/
. 7/
0.7 PR , T
r"’ g
0.6f L e ]
;*" ’
- 7
- - 4
@ 05= , i
e
bd
0.4+ Phd g
b
,/
0.3F e g
-
’/
0.2+ -7 M =10 i
L - - - - =-M=5
01+t == M=0.75| -
0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

Figure 5.9: Transient temperature distribution in a convex parabolic fin with

linear thermal conductivity, # = 1,7 = 0.2.
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Figure 5.10: Transient temperature distribution in a rectangular and convex

parabolic fin with linear thermal conductivity, n=2,M =6, =1,7 = 1.2.
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heat loss increases and the temperature profile becomes steeper reflecting high
base heat flow rates (see e.g. [51]).

We observe in Figure 5.6, that the closer one gets to the base of the fin,
the initial temperature gets to unity, even at small time scale and this cor-
respond to the imposed initial condition. In Figure 5.3, we observe that the
temperature in the fin increases with the increasing values of the thermal con-
ductivity gradient. We note that § = 0 implies that the thermal conductivity
is a constant given by k,. The curves with g > 0, such as those in Figure
5.3, corresponds to the fin material whose thermal conductivity increases as
temperature increases from 7T, to 7, [51]. The converse of the curves with
B < 0 holds according to [51]. In Figure 5.7, we plot the three dimensional
distribution of temperature in a rectangular fin. The fin temperature at radi-
ation is much higher than at the nucleate boiling and constant heat transfer
coefficient as observed in Figure 5.5. As such, the temperature distribution
in the fin increase with increasing values of n (this is due to fact that heat
transfer coefficient over the fin with n = 3 is smaller than that for n = 0). The
fin tip temperature gradually increases as time evolves as observed in Figure
5.8. For a fixed value of n we compared the temperature distribution in a
rectangular and convex parabolic fin profiles as depicted in Figure 5.10. We
note that the temperature distribution in a fin is always greater in a convex
profile than in a rectangular profile. Thus the rectangular fin is efficient in
dissipating heat to the ambient fluid. However, the profile for the temperature
in convex parabolic is much steeper than that of the rectangular profile. This

indicates high flow rates in convex parabolic fins.
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5.5 Concluding remarks

We have successfully applied the 2D DTM to transient heat conduction prob-
lems for heat transfer in longitudinal rectangular and convex parabolic fins.
Some interesting results are obtained and heat transfer processes are compared
for the two profiles, namely the rectangular and the convex parabolic. We have
studied the effects of the parameters appearing in the models on the temper-
ature distribution. On the other hand, we obtained solutions which approach

the steady state as time evolves.



Chapter 6

Conservation laws and
associated Lie point symmetries
for equations describing

transient heat transfer in fins

6.1 Introduction

In this Chapter we will derive conservation laws for the two PDEs describing
transient heat transfer through extended surfaces given two cases of the ther-
mal conductivity term. An elegant way of constructing conservation laws is by
use of the Noether’s theorem [52]. This theorem states that for Euler-Lagrange
differential equations, to each Noether symmetry associated with a Lagrangian
there corresponds a conservation law which can be determined explicitly by
means of a formula. The application of Noether’s theorem depends on the
knowledge of a Lagrangian. The considered fin equations in this dissertation

do not have a Lagrangian, thus we stick to the approaches which were briefly

63
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introduced in chapter 2. One may follow the approach of partial Lagrangian
and partial Noether as formulated by Kara and Mahomed [28]. The equations
to be considered are;

the nonlinear PDE with power law thermal conductivity

a0 0 00
ox

5 = B 9’”—) — M2, (6.1)

the nonlinear PDE with linear thermal conductivity

0 AN
aT_ax((lJrﬁé))ax) M2, (6.2)

Here m and n are arbitrary constants. Equations (6.1) and (6.2) describe

heat transfer in longitudinal fins of rectangular profile.

6.2 Nonlinear equation with power law ther-

mal conductivity

6.2.1 Direct method

A conservation law for (6.1) satisfies
D\T" + D,T? =0, (6.3)
(6.1)
where Dy and D, are the total derivatives given by (2.18) and (2.19) respec-
tively.

For simplicity and convenience we seek the conserved vectors of the form
Tl = (T,x,e,ex), T2 = (T,I,@,gx)- (64)

Conserved vectors which depend on 6, and 6., may also considered but the

computations become laborious. Substituting (6.4) into (6.3) we obtain the
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following partial differential equation,
(%’: + eraa—:[; + s gg: + a;; +0, aaz: + O ?;;) o 0. (6.5
Expanding Eqn (6.5) we obtain,
88—1: + {m@m_l (%)2 + em% — MZH”“] 88—7;1+
O.r 8821 + a;; + 0, a;: + 9”88—7; = 0. (6.6)

Since T* and T? are independent of the second derivatives of 6, we can separate

(6.6) by second derivatives of 0:

1 2
L.
1
0177 279; = 07
rem %—j: + mﬁm_lﬁaa—j; + %—j;
+ exaa—jz - M%”“%—jg = 0.

(6.7)

(6.8)

(6.9)

Eqn (6.8) implies that 7" = T'(r,z,0). Thus, we can integrate (6.7) with

respect to 8, to obtain an explicit expression for T2,

oT!
T? = —0"—0,+ A :
0 50 0, + A(t,x,0)

Substituting 772 into (6.9) and separating by 0,:
62T1
2 . _om —
02— =0,
T 9A
or'  0A 0T
rem ? + % — M-=0 W = 0.

Integrating (6.11) we obtain an explicit expression for T,

T' = B(1,2)0 + C(1,2).

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)
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Thus, Eqn (6.12) can be written as,

ZOB A

o T

0. (6.15)

Integrating (6.15) we obtain an explicit expression for A,

A= — + D(7,x), m # —1. (6.16)

Substituting A and T into (6.13), we obtain,

OB OC 6™ ?B 9D
O + o+

Ry V S s 1
or or m-+10z2 + ox 0 (6.17)

We now consider two cases to separate (6.17) by powers of 6:

Case m#n (m#0,n#0,n+# —1)

0B
0 5 =0, (6.18)
1 0°B
m+1l —
0 e =0 (6.19)
o"t' . —M?B =0, (6.20)
oC 0D

Eqn (6.18) implies that B = B(x), Eqn (6.19) implies that B = ax + b, where
a,b € R, (6.20) implies that M = 0 or if M # 0 then B = 0 and we get
trivial conservation laws. Eqn (6.21) is directly satisfied, which implies that

D(1,z) =0, C(1,x2) = 0. For non trivial conservation laws we get,

A 9m+1
= . 22
e (6.22)
When 6(r, x) is a solution of (6.1)
9m+1
D.[(az + b)0] + D, | — 0™ (az + b)b, + a——| = 0. (6.23)

m-+1
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A conserved vector of the partial differential equation (6.1) with M = 0 is

therefore a linear combination of the two conserved vectors

T =0, T?=—-60"46,, (6.24)

9m+1
T =26, T?=—z0™0, +

) 6.25
m+1 ( )

The above conserved vectors are for the special case M = 0 otherwise when

M # 0 then we get trivial conservation laws. One may assume
T =T(1,2,0,0,,0:, 00,0, 0.0) (6.26)

which is computationally expensive. We consider the second case below.

Case m=n

m—+1 . - 2 —
o S - MEB = 0, (6.27)
OB
0 ;=0 (6.28)
oC 9D
rem i - + o 0. (6.29)

We note that this case applies for m = n # —1 and m = n # 0. The general

solution of Eqn (6.27) is given by,

B(z) = c eVt mMe 4 gy vitmMr (6.30)
and thus,
9m+1
A= ol (crwes™ — cowe™7), (6.31)

where, w = /1 +mM.

D, [(clewz + e )0 | +

0m+1

D, [ — 0™ (16" 4 coe™ )0, + (crwe®® + cowe™*)| = 0. (6.32)

m—+1
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The non trivial conserved vectors are,

m+1
T =¥, T? = ewx( w— 6197”), (6.33)
m+1
m—+1
T' =@ *, T?= e—w( w— 9$9m>. (6.34)
m+1

Equation (6.16) applies only for m # —1. A special case m = —1, results

in extra conserved quantities as follows;

B
A=1n Gg—x + D(1,x). (6.35)
A conserved vector of the PDE (6.1) with m = —1 is a linear combination of
the two conserved vectors,
T =6, T?=-67'4,, (6.36)
T ' =26, T?*=—20"'0, +1né. (6.37)

We also observe that the separation of Eqn (6.17) requires m # 0, n # 0 and

n # —1. Given n = —1 we obtain the following conserved vectors,
T =0, T?=—-0"0,+ M?>z, (6.38)
M2 m+1
T =20, T?=o =2 —gmg, ) + . (6.39)
2 m+1

6.2.2 Multiplier method

A multiplier A(¢,z,u) of Eqn (6.1) has the property that

A<% — (% <emg> + M29”+1) = D\T" + D,T? (6.40)



6.2. NONLINEAR EQUATION WITH POWER LAW THERMAL
CONDUCTIVITY 69

for all functions 6(7,z). We are going to consider multipliers of the form A =
A(7,z,6). Multipliers which depend on the first order and higher derivatives
can also be considered but the calculations become more complicated [53]. The
right hand side of Eqn (6.40) is a divergence expression, thus the determining

equation for the multiplier A is

00 o0 (.. 00 oamit )|
BT 2 ®) )2 e
where Fjy is the standard Euler operator given by
0 0 0 0 0 0
Ey=— —D,———D D? D.D,—— + D? —.... (6.42
"= o6 “voa, o0, T Trae,, T ee, T o0, (6.42)
The expansion of Eqn (6.41) yields
oA ., OA 27 g0 2gn+1 A
9789—9 Hmae%—(n—i—l)MAQ + M=0 20
oA OA 0%\ 0?A 0?A
_ _ m- " m _ 2 m
or o 700 0 Ox? 0"0a 000z b6 000z
AN O?A OA
_p2 m—1-""  p2gpm=~ ">  gm
6:mo 20 6.0 502 0 20 =0 (6.43)

Since Eqn (6.43) is satisfied for all functions (7, x), it can be separated by
equating the coefficients of the partial derivatives of 6(7,z). The coefficients
of 0,, give

OA

gn _ 44
5 = © (6.44)

and therefore A = A(7, ). Equation (6.43) reduces to

oA A
2nn _gm
(n+ DMPOA — =~ — 075 =0, (6.45)

We consider two cases when separating Eqn (6.45) by powers of 6:
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Case m #n

0" : (n+1)M?*A =0, (6.46)
. O*A\
0 57 =0 (6.47)
OA
0 —_—
0 5 =0 (6.48)

We also note that the case requires m # 0 and n # 0. Thus n = —1, A = A(z)
where

Az) =1+ e (6.49)
and ¢; and ¢y are constants. From Eqns (6.40) and (6.49) and by performing

elementary manipulations,

o o0 (,, 00
(c1 4 c2) <E ~ (0 %> + MQ) = D, [(c1 + c22)0]

m+1
+Dw[—0m(cl +62$)0x+02m+1 —I—M%(% —I—cl)} (6.50)

for all functions (7, x).

Thus when (7, x) is a solution of Eqn (6.1), then

+ M3z (% —1—01)} . (6.51)

Qerl
DT [(Cl + CQ.:C)G} —|—Dx |:— Gm(cl +C2I)¢91 +02m 1

A conserved vector of the PDE (6.1) with a multiplier of the form A(7, x, u) is

therefore a linear combination of the two conserved vectors

T =0, T?=-0"0,+ Mz, (6.52)

MQI' 9m+1

2
We observe in Eqn (6.53) that m # —1 because m # n and n = —1. The

T =26, T?= x( — Hmﬁz) + (6.53)

m+1

conserved vectors (6.52) and (6.53) therefore form a basis of conserved vectors
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of the PDE (6.1) with multipliers of the form A(r,z,6) for the case where
m # n with n = —1. We note that these conservation laws are the same as
those obtained using the direct method for m # —1. We consider the second

case below.

Case m = n,

m 62‘/\ 2
OA
0° : —=0. 6.55
or (6.55)
Thus A = A(x) where
A(z) = c1e” + coe™° (6.56)

and ¢; and ¢y are constants. Substituting Eqn (6.56) into Eqn (6.40) and by
performing elementary manipulations, we obtain the conserved vectors (6.33)

and (6.34).

6.3 Nonlinear equation with linear thermal con-
ductivity
6.3.1 Direct method
A conservation law for (6.2) satisfies
D\T" + D,T? =0, (6.57)
(62)

We seek the conserved vectors of the form

T = (1,2,0,0,), T = (1,2,0,0,). (6.58)
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Substituting Eqn (6.58) into Eqn (6.57) we obtain the following PDE,

art ort  or1*? 0T
oT? ort o1 oT?
2gn+1 _
— M*0 50 +6“aez + pe + 0, 50 = 0. (6.59)

Since T* and T? are independent of the second derivatives of §, we can separate

Eqn (6.59) by second derivatives of 0,

Tt aT?
e (14 00) G + 5 =0, (6.60)
o7
— 61
b+ =0, (6.61)
aTl art 9T 9T
: 2L e 0.9 _ 0. 62
rem /Bl’ae 96 T or Vg TV (6.62)

Eqn (6.61) implies that T = T (7, z,0) and we can thus integrate Eqn (6.60)

with respect to 6, to obtain an explicit expression for T2,

oT?

T = —(1+50) 55

0, + A(r,z,0) (6.63)

where A is an arbitrary function. Substituting 7% into Eqn (6.62) results in

ot L OT' 9A 527!
o7 MO g+ gp — (L4 80)0ampen
DA LT
0, — (14 00 =0, (6.64)

We can then separate (6.64) by first derivatives of 6,

07+ (1+ 69)8597;1 =0, (6.65)
6, : (1+ 69)227; %3 0, (6.66)
rem %—7: + (?9;1 M29“+1a£ = 0. (6.67)
Equation (6.65) implies that
T (6.68)

062
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and integrating gives the following expression for T,
T' = B(r,7)0 + C(r,7) (6.69)

where B and C' are arbitrary functions. Substituting 7" into Eqn (6.66) and

integrating we get the following equation for A,

0B
A= (9 + §92> e + D(T,x) (6.70)

where D is an arbitrary function.
Eqn (6.67) simplifies to

oB oC

2
9—+—+<6+592)83 0B

— 4+ = —M?*$'B=0 6.71
2 02 * ox ( )

and Eqn (6.71) can be separated by powers of 6:
0B 0°B

b S-+55 =0, (6.72)

6> g%ﬁ =0, (6.73)
"t . —M*B =0, (6.74)
rem = 0190 (6.75)

To obtain Eqns (6.72) to (6.75) the separation requires n # 1, n # 0 and
n # —1. Following a similar approach of constructing conservation laws, we
also investigate these special cases and state the results. Equations (6.72) and
(6.73) imply that B = B(z) and B = ¢;z + ¢, where ¢; and ¢;. From Eqn
(6.74), B # 0 implies that M = 0. Equation (6.75) is directly satisfied, C' and

D are both equal to zero. A is then given by

(92

A conserved vector of the partial differential equation (6.2) is therefore a

linear combination of the two conserved vectors

T =0, T?=-0,(1+30), (6.77)



6.3. NONLINEAR EQUATION WITH LINEAR THERMAL

CONDUCTIVITY 74
92

T' =20, T?=—20,(1+p0)+0+ 65. (6.78)

We now investigate the special cases n = —1, n =0 and n = 1. For n = —1,

separating Eqn (6.71) by powers of 6 gives:

0B 0’°B
0 E + W =0, (679)
, BB
0 5o 0, (6.80)
oCc 0D
— 4+ — =M*B. .81
rem o7 + o (6.81)

Equations (6.79) and (6.80) imply that B(z) = ax + b where a and b are
constants. Substituting B into (6.81) and setting C' to zero, we obtain the

following conserved vectors

T =0, T?=—(1+ 6608, + M*z 6.82
, (1+30)0, , (6.82)

2 2

T 0,01+ 50)) 0+ 5%. (6.83)

M
T = 26, T2::z:(

The other cases gives conserved vectors that were obtained originally for the

general cases.

6.3.2 Multiplier method

A multiplier A for Eqn (6.2) has the property that

A(% - % ((1 + 59)%) + M29”+1) = Di\T" + D,T? (6.84)

for all functions (7, ) and the determining equation is

06 0 6 oo\
Ey [A(E — %((14-5(9)%) + M=o )} =0, (6.85)
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where Ejy is the standard Euler operator given by Eqn (6.42). The expansion
of Eqn (6.85) yields

0.9 0,93 — 30N — 500, 0% — 920 4 M+ )0
+ MQQ”“(;/Q\ + 2036, % + 2302 ?9/9\ + 260, A — g—ﬁ — QT%
2 : : 2 2
-5 s 9955952 o~ Oy~ s — G
o 50,98 920 o, TR O
— 3962 ?)29/2\ wemg—g 0. (6.86)

Since Eqn (6.86) is satisfied for all functions 6(7, x) it can be separated by
equating the coefficients of the partial derivatives of (7, x). The coefficients
of 0., give

oA

(L+88) 55 =0 (6.87)

and (1 + p0) # 0, thus A = A(7,x). Eqn (6.86) reduces to

oA O*A
M "A—— ——— =0. :
(n+1)0 5 B2 0 (6.88)

Separating Eqn (6.88) by powers of 0 gives

0"+ (n+1)M*A =0, (6.89)
ON  O°A

P 4= =0 .
5 T o =0 (6.90)

We note that the separation requires n # 0. Equation (6.89) implies that
n=—1or A =0. From Eqn (6.90), setting each term to zero we observe that
A = A(z) and

Az) =+ ¢ (6.91)

where ¢; and ¢y are constants. From Eqns (6.84) and (6.91) and by performing
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elementary manipulations,

(1 + o) (% — (% ((1 + 59)%) + M2> = D.[(c1z + c2)0]+
92

D, { — (1 + B80)(c17 + c2)0, + (0 + 55> o1+ Mz (? + c2>] (6.92)

for all functions (7, z). Thus when 6(r, z) is a solution of (6.2)

DT [(Clx + 02>9}
+ D, [ — (14 80)(c1z + ¢2)0, + (0 + ﬁ92—2) e+ M%;(% + 02)} —0.
(6.93)

A conserved vector of the PDE (6.2) with a multiplier of the form A(¢, x, u)

is therefore a linear combination of the two conserved vectors

T =0, T*=—(1+p0)0, + Mz, (6.94)

2 2

’ —Gx(1+ﬁ9)) +9+5%. (6.95)

T =26, T? :x(M

The conserved vectors (6.94) and (6.95) therefore form a basis of conserved
vectors of the PDE (6.2) with multipliers of the form A(r, z,6). We note that

the direct method and the multiplier method gives the same results.

6.4 Conserved vectors and associated point sym-
metries

We have derived conserved vectors for the two transient heat conduction equa-
tions. We notice that the conserved vectors obtained using the direct method
for the transient equation with linear thermal conductivity were independent

of the thermo-geometric fin parameter M. Also, for the power law thermal
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conductivity we obtained conserved vectors that are independent of M for
the general case where m # n using the direct method, while the method of
multipliers gave physically sound conservation laws.

We find Lie point symmetries associated with the conserved vectors for the
transient equation with power law thermal conductivity. From Section (2.4)
the determining equation for the Lie point symmetries ) associated with the

conserved vector T = (T, T?) is,
V(T + T'Dy(&") — T'Dy(€") = 0. (6.96)
Eqn (6.96) consists of two components

V(TY) + T Dy(€%) — T?Do(€Y) = 0, (6.97)

V(T?) +T?*D (") — T' Dy (€2) = 0. (6.98)

6.4.1 Casem=n (m# -1, m#0)

Substituting the elementary conserved vector (6.33) into (6.97) and (6.98) gives

¢ 006 w o€
2 wT wzT wT _ wrpgm+l
EOwe”™ 4+ ne”” 4 e e + 00,.¢e 20 1 0n
_ W m+1 ew?s 651 m W 851 2 ym wz 851
m+190 20 +60,0me s +6:0™e 20 =0. (6.99)

and

2
§2 w ewrpmtl _ 52619mwew2 + nwewxem _ newmemflewx

m+1
m wza mewe 877 m W agl m_wr 851
-0 I —0 0. =50 + 0™Me* 0., e + 0Me*"0..0, 20
m _wx 852 m _wx 2352 W wx om~+1 851
O e g 1S Y B

1 1 1
+ Lewmgmﬁ-l@ ai _ 6) O e wxi —0.0merrh ai

m+1 06 or ’ T 00

— e o — 02l = 0. (6.100)
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Separating Eqn (6.99) by derivatives of 6 we find
gt
02 . 0" =0 101
ol w &t &t
ex o fPevr > T m+1_wz =S Prewr 2> 102
T R a0 "V o =0 (6.102)
2 851
. 28 wx wx wmi_ wx m—i-li_ —0. )
rem £20we™® + ne*” + fe 5 T € 7 —— 0 (6.103)
Separating Eqn (6.100) by derivatives of 6 we find
&>
2 . mowr S
A (6.104)
990 . _529mwewx o 777,n,0m—1€wac . emewx%
m wxa§2 m wxaél _
gt w ot &>
97_ Y LLP e I wrogm+1~75  pwr S 1
e 6$+—m—|—16 0 20 fe 20 0, (6.106)
rem - 52 § ewzem—I—l + wxgm __ gm wm@
' m+1 e ¢ or
w wx m+18_€1 - w$8_§2 .
+ 1 6 5 fe 5 = 0. (6.107)
From Eqns (6.101), (6.102) and (6.104)
¢t =¢(r), (6.108)
and
& =& (r,z) (6.109)
Equation (6.103) reduces to
&>
*0 f—— =0 11
§0w+n+0--=0, (6.110)
thus
&>
= 0w — 0> 111
=05, (6.111)
and
2 242
O _ 9 _ 2t (6.112)

or . ox Ox?
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Substituting Eqns (6.111) and (6.112) into Eqn (6.107) gives

W? o2 o2
52 0m+1 _ w20m+1€ 0m+1 + gm—i—l
m+1 ox ox
6252 w 851 662
Fomto = gl =0. (6.113)

0x?2 m+1 or 87’

Separating Eqn (6.113) by powers of 6 gives

&>
0 — =0 6.114
or ’ ( )
2 B 52 w 851
gt e Y 22 %o 6.115
¢ m+1 W 922 m+10r ( )
Differentiating Eqn (6.115) with respect to 7 and solving ! gives
1) = T + a (6.116)
where a; and ay are constants.
Substituting &' into Eqn (6.105) and solving for £2 we obtain
(z) = —L + ape 50, (6.117)
mw

where m # —2. With the explicit expressions for ¢! and &2, substituting into
Eqn (6.111) gives

n=—wb (— + age 22?1) + 0(26_;)1;2). (6.118)

mw

The Lie point symmetries are given by

(9 _wmz 5 1 mwx (9
yl*g‘i‘e +m8_a:+{(m_w)eexp(_2+ﬂl>}%’ (6.119)

o 10 00
or  mwodxr mob

(6.120)

6.42 Casem#n (n=—-1,m+#—1, m+#0)

The method of multipliers gave conserved vectors that depend on the M.

Substituting the elementary conserved vector (6.52) into (6.97) and (6.98)



6.4. CONSERVED VECTORS AND ASSOCIATED POINT

SYMMETRIES 80
gives
o o ogt o L0et Lot L 0E!
m m xM xM :
77—|—Ga + 06, 20 +60m0, D +0 99”86 o 20 =0
(6.121)
and
- on on ot ot
2a72 m—1 _ gm 7' _ gm m m
EM* —mnb,0 gc‘?x «9880—1-89 N —6,6.0 50
m8§2 m 2852 m 851 magl 2851
+ 6.0 = +0M0,— 20 —0"0,—— oy —0.0.0 20 +aM oy
1 2 2
+ M0, 0 _ g0 _pp 0 _ 0. (6.122)

09 or o0
Separating Eqn (6.121) by derivatives of 6 we find

¢!

2 . m
0 0" =0, (6.123)
o086 08! 2080
' o¢? 208

Separating Eqn (6.122) by derivatives of 8 we find

%

02 . 0" 0 =0, (6.126)
6, . —mnfmt— emgz + em%—i - em%il 0, (6.127)
6, - emg—iJr M286§91 08;; =0, (6.128)
rem : &M — emg + MQ%—S; —0%—5: =0. (6.129)
From Eqns (6.123), (6.126) and (6.124)
=), (6.130)

and

& =&t ), (6.131)
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Equation (6.125) reduces to

0
thus
0&?

and

877 B 82§2

5= 05 (6.134)
Substituting Eqns (6.133) and (6.134) into Eqn (6.129) gives

&2 ¢! 0&?

2772 gm+1 957 206" 08"
M40 92 +aM 5 5 0. (6.135)

Separating Eqn (6.135) by powers of 6 gives

OE2
0 aiT —0, (6.136)
92¢2
ot 9 52 _o, (6.137)
1
00 . M+ xM2ai =0. (6.138)
or
From Eqns (6.136) and (6.137) we get that
E(xr)=ar+b (6.139)
where a and b are constants.
Substituting €2 into Eqn (6.127) we obtain
B) 1
(m+2)a — 8i =0. (6.140)
T
Equation (6.140) implies that
(1) =alm+2)T +b. (6.141)

Substituting the expression of £2 into Eqn (6.133) we get the following expres-
sion for 7

n = —ab. (6.142)
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The Lie point symmetries are given by

0 0 0
V= (m+ 2)75 T - 6%, (6.143)
0 0
Vo = pra (6.144)

6.5 Concluding remarks

The two methods considered, namely, the direct method and the method of
multipliers yielded the same results for conservation laws for transient heat
conduction through fins. Two conservation laws were derived for nonlinear
heat equation with power law thermal conductivity, one of which was the
elementary conservation law. Two cases were considered, (i) exponent of the
thermal conductivity being the same as the exponent of the heat transfer
coefficient, (ii) distinct exponents. Conserved vectors which depended on at
most first order partial derivatives were considered [56].

Higher order conservation laws could be investigated by considering con-
served vectors which depend on higher order spatial derivatives. The analysis
will be computationally laborious and may best be done with the aid of com-
puter programs. Furthermore, non trivial conservation laws may be construct-
ed if the thermal conductivity is the same as the heat transfer coefficient. This
is a very ideal/special case and may not always be true for heat transfer in

fins.



Chapter 7

Conclusions

In this dissertation, the DTM was used to construct analytical-series solutions
for nonlinear heat conduction equations for heat transfer in longitudinal fins.
The 1D DTM was used to solve the steady state ordinary differential equations.
A comparison was made between the 1D DTM series solutions of 15 terms and
the exact solutions. It is found that the solutions agreed well with the exact
solution and very small absolute errors were noted. Analytical solutions for
the boundary value problems were obtained for special cases of the exponent
n that signify the types of movement of heat through the fin.

Perhaps the notable advantage of the DTM is the generalization of the
Taylor method to problems involving unusual derivative procedures such as
fractional, fuzzy or g-derivative [54]. Some generalizations have been made by
Obidat et al. [55] and they referred to their new method as the Generalized
Differential Transform Method (GDTM). This showed great improvement com-
pared to the Fractional Differential Transform Method (FDTM) introduced by
Arikoglu and Ozkol [57].

We note that given differential equations such as Eqns (3.11) and (3.5)

with a power law heat transfer coefficient of a fractional exponent, then one

83
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can easily remove the fraction by basic exponential rules and employment of
the binomial expansion. However, using the DTM, one runs into difficulty
if the power law thermal conductivity in the same equation is given by the
fractional exponent. We do not know whether these observations call for the
'modified” DTM to solve problems arising in heat flow through fins with other
profiles, such as longitudinal triangular, concave parabolic and so on, and also
with fractional power law thermal conductivity.

For the transient state problems, we employed the 2D DTM methods and
the effects of thermal parameters appearing in the equation on temperature
have been studied. Finally we sort the conservation laws and associated Lie
point symmetries. We note that the direct method and the multiplier method
gave similar results for some special cases of exponents of power laws. Mhlongo

et al.[58], have shown that exact solutions maybe constructed for these cases.
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