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A naive guide to mixed Hodge theory

Alan H. Durfee

Deligne's mixed Hodge theory is a beautiful, powerful sub;
ject which is finding more and more uses. Unfortunately its
complexity makes it rather difficult to learn. This short paper
consists of a few instructive elementary examples and applica-
tions collected as_I was learning the subject. After reading
this, the reader could go on to a detailed introduction such as
[Griffiths and Schmid], and then tackle Deligne's papers. |

In this paper, I focus on the weight filtration and the fact
that its quétients_have a pure Hodge structure. This filtration
can easily be described in the_épecial cases when the underlying
space is either tﬁo smooth traﬁsversally~intersecting divisors,
a variety with an isolated singular point which resolves in one
blowing-up, or the complement in a smooth variety of smooth
codimension-one divisor.

I then give two typical applications of mixed Hodge theory.
The first is the invariant cycle theorem, whose proof uses the
weight filtration alone. The second application shows how the
mixed Hodge structure on an elliptic curve with a node determines
its analytic type, just as the Hodge structure determines the
analytic type of a nonsingular elliptic curve.

The material of this paper was developed in lectures at the
Univeréity of Washington, the University of British Columbia and

Kyoto University.
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1. Hddgg'theory, «Let,X be a complex manifcld._ Choose complex

local coordinates
- 21=x1+iy‘1, ea ey an= Xn+iyn

in some open subset of X. Any smooth complekFValued differential

m-form may be written in this subset as a sum of forms

dz. e @ O dz‘ dE. T e @ di.
g dz;, 1, 974, iq

of type (p;_q),'where g is a complex-valued function,
. “dzh = dxh + 1dyh
dz

h dxh = idyh
and p + q ='m,

Now suppose that X is a complex projective algebraic
variety, that is, the zero locus in complex projective N-space
of a set of homogeneous complex polynomials. Suppose also that

X is a smocth complex manifold. Let

HP» 9(x)

denote the cohomology classes in Hp+q(X) which can be represented
by differential forms of type (p, q). (All cohomology will be
with complex coefficients unless otherwise stated.) A theorenm
of Hodge [Griffiths-Harris] says that there is a direct sum
decomposition |

HY(X) = @ P2 4(x)
p+q=m
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for each m, and that

gPsq - yx%sP

Such a direct sum decomposition of H® is called a pure Hodge
structure (HS) of weight m.

The Hodge filtration
‘HszO: Fls ...a:'Fm:: Fm+l = 0

is defined by

FP

gPoPP @ gP*l, ®P-lg | @ gm0

Thus FP means "at least p dz's". The spaces #HP*? can be
recovered by
HP°? = P g ;E

2. The weight filtration. = Now suppose that X is a projective

variety which is not necessarily smooth, or more generally, a
quasi-projective variety (the difference of two such varieties).
Deligne's work then tells us what the (p, q)-type of a cohomology

class on X should be.

Theorem. Let X be a quasi-projective variety. For each m,

there is an increasing weight filtration

0 = Wy € Wo © .. c Wam = H™(X)

such that

Gry = Wp/Wy 4
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for each § has a pure Hodge structure of weight g.

| Thus Gr, looks like the 2-th cohomology group of a smooth
prqjective‘variety. This weight filtration has the following
prcﬁerties:
(i). If X is projective and smooth then

0=w

m
v =
1 S W= HTOO

 for each m (so Hm(X)‘is of pure weight m) .

(ii). If X is projective (but not necessarily smooth) then
= W = g '
for each m. V
(iii). If X is smooth (but not necessarily projective)

then

0 =W cW € vuou W
m

- I
- = B0

2m

for each m. Also, for any smooth compactification

i: X< ¥
of X,
= i* g X
Wm i* H(X).
(iv). It is functorial: For any algebraic map

f: X+ Y
of varieties X andiY,

%

f (WL) < Wy
and f* preserves the pure Hodge structure of weight % on Grg,
for each 2. 'Actually, f* strictly preserves”the weight filtra-

tion. One way of saying this is that a sequence of algebraic
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varieties and algebraic maps which gives an exact sequence of

cohomology groups remains exact after taking er, for each .

3. Mixed Hodge structure. The more precise version of Deligne's

theorem is as follows:

Theorem. Let X be a quasi-projective algebraic variety. For

each m, there is an increasing weight filtration

_ M
cW-c...CWm-H(X)

2
which is defined over the rational numbers, and a decreasing

Hodge filtration

Hm(X)=F0: F]'D‘...:’ FmDFm+l=0
such that the filtration induced by F®* on the #-th graded
quotient Gr, of the weight filtration gives a Hodge structure of

' pure weight %.

This is called a mixed Hodge structure (MHS) on,Hm(X).A More

generally, a mixed Hodge structure on a complex vector space H
consists of a rationally defined filtration W, and a filtration
F® which induces a Hodge strucfure of pure weight % on the graded
quotients of W,.

There are two subtleties to be noticed ﬁere. First, the
weight fiitration is defined over the rational numbers, and hence
‘fixed under complex conjugation, making it possible to have a
Hodge structure on its graded quotients. Second, the Hodge fil-
tration induced on the graded pieces Grz actually comes from‘a

global filtration F®. This is important in moduli problems (§8).
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4. An example with X compact;- Suppose that the algebraic
variety X is the union of two projective nonsingular varieties
‘X4 and Xa intersecting transversally; In this casé, the weight
filtration for X can be fdund uéing the Mayer-Vietoris sequence
Bm—l wﬁ—l | s Mgy o Bm m
I S HTT (X4 0Xa ) —HT(X)—H™(X4) @ H™(X2)—>H"(X4nXa2)—>
The first term has pure weighf m-1 and the last two terms have
pure weight m. The maps Bm—l and Bﬁ are constructed from
geometric maps, and hence preserve the @, q) type of a form.
‘Thus, assuming that bofh § and a iare maps of MHS, the weight

filtration on H™(X) must be defined by

W, =0
Wm-—l = im 8
W= X)),

Then -

Wm—-llwm—Z = im § = cok B‘m_l
has a pure HS of weight m-1, and

Wy/Wp_y = ker B

has a pure HS of'weight m, since the kernel and cokernel of a map

of Hodge structures have a Hodge structure,
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For'example, when dim X4 = X2 = 1, the exact sequence is

0 —>H® (X4nXa) —3H? (X) —>H'(Xs) @ H(Xa)—>

and H1(X) has classes of two types: Those of weight 1, which
lie in one of the X;'s and naturally have type(l, 0) or (o, 1),
and those of weight 0 and type (0, 0), which come from the

intersection of'X1 and X3 via the Mayer Vietoris sequence.

Xa
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 More geﬁéfally, if X of arbifrary dimension is théiunion of
many varieties X4, ...y Xr with‘mutually transverse inter-
sections, then the above Mayer—Victoris sequence must be replaced
by a spectral sequence([ériffifhs aﬁd Schmid .§u],

[Cornalba and Griffiths §ul).

>5. An éxample with X singular. Suppose that w: Y +X is a map of

‘algebraic varieties, that £ < X is a closed subvariety, and that
7 restricts to an isomorphism of X - Z to X - L',

where Z.‘i = 7=1(I):

A
NS

Under these circumstances there is an exact "Mayer-Vietoris"

sequence
SHY(X) + HY(Y) @ BN » mhzn) » vH ) -
which may be easily derived by looking at the ladder formed from
the exact sequences of the pairs (X, I) and (Y, I') and the map
between them.
Now suppose that X is a variety with an isolated singular
point p and that £ = {p}. Suppose also that Y is smooth and

that L' is a.smooth subvariety D of codimension one in Y. The

above exact sequence then becomes (m > 0)
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— - ™ - Hx) -5 BN )— HRDI—>

which may be used as in the previous section to deduce the weight
filtration on H®(X). The case when X is a curve is treated in

§8.

6. An example with X open. Suppose that Z is é smooth projec-
tive variety and that D ¢ Z is a smooth codimeq?ion one sub-
variety. We will find the MHS on the cohomology groups of the
open smooth space

X =32 - D,

The cohomology of X can be computed using the De Rham complex of
smooth forms, so we let

P Hx)
be those cohomology classes which can be répresented by forms.
with p or more dz's. Let

i: X e Z

be the inclusion map. In the Gysin sequence

m+l

oY (% 1Y
— H*2(D) B HT(2) L aP(x)-Rou™ 1 (p) By pmtl 7y s

the group Hm_z(D) has a pure HS of weight m-2 and the group

7 Hm(Z) has a pure HS of weight m. Furthermore, the Gysin map

Yy, takes a form of type (p, q) to a form of type (p + 1, q + 1)
[Griffiths and Schmid, p. 451, the restriction map i* preserveé‘

Hodge filtration, and the residue map R has the property that

R(FP) < FP~1
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since it semovesgaffacfefiof'type dz/z from a form. At this
’point nothihg looks‘fight.ijowvlet‘us,change the Hodge
structure on Hm°2(D5 by redefining a class of type (p, q) to be
of type (p+l, q+l) Then " 2(D) has a pure Hodge structure of
welght m,-'Ym is a- morphlsm of Hodge structures, and R now
takes FP to FP. As before, we can now define the weight flltra—

~tion on H™(X) by

=
L

]

(=]

L Y 'Y

cim i#%

= e
H

=
0"

Then

M

. i ik =
im 1 cok v
" has a pure HS of weighf m, and.

W

m+l/wm ® ker Ym+1

has a pure HS of weight m + 1. Furthermore, i* and R preserve
this weight filtration.

For example, when Z is a smooth curve and
is a collection of points on Z, the sequence is
0->H‘(Z)-——)H‘(X)——+H°(D)-90.

The classes of weight 1 (and type (1, 0) or (0, 1)) in H'(X)
come from H'(Z). The classes of weight 2 in H*(X) are

represenfed by differences of the forms
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dz T dz
z—pl, cee Z=Pp.

and have type'(l, 1).
More generally, if D is an arbitrary codimension one
divisor on Z, then the Gysin sequence must be replaced by the

Gysin spectral sequence [Griffiths and Schmid §5].

7. The invariant cycle theorem.

The invariant cycle theorem is a simple applicatioﬁ of the
ideas developed so far. Let X be a projective variety,‘c a
projective éurve, and |

m: X+ C
a surjective algebraic map. Such a map has only a finite number

of eritical values. Let

C* = C - {critical values of w}
X% = w‘l(C*)
_ =1
and let
i: Xt c X#%
j: X* c X

be the inclusions. Consider the map

s % { %
* HNX) S BT S E™ ()
The fundamental group m,(C*) acts on Hm(Xt). Let

- W4 (C¥%)
H“‘(xt) !

denote the elements invariant under this action. Clearly this
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oup is the image of i¥ in Hm(X ). The invariant cycle theorem
group , g | t

states that Hm(Xt is the image of i* 3%,

To prove this, we note that a class in Hm(Xt)“’(C )

is of
pure weight m, and hence pulls back under.i* to a class of pﬁre
weight m (since i* strictly preserves the fiitrations). Now X

is a-compactification of X*, so all classes of weight m on X* are
restrictions of classes on X. | |

This theorem is false when C is a disk and X isvﬁot a

‘Kdhler manifold; see, for ihstance, [Clemens p. 229].

8. Mixed Hodge structure and moduli

We will now show, more or less, how the mixed Hodge struc-
ture on an elliptic curve with a node determines its analytic
type, just as the Hodge structure on a nonsingular elliptic
‘curVe determines its analytic type. For further details, see
[Carlson].

Let-

Y = €C/L
be a smooth complex ;urve of genus oné defined as thé quotient
of € by the lattice L in € generated by 1 and some complex
number y with positive imaginary part. '
Let

p: é > Y
be the projection.map. Let

D

"

{pC0), p(x)}
X = Y/D

and'let



60

'be the singular curve defined by identifying thé'images in‘Y of
the origin and some point x in the parallelogrém spanned by 1
and y. Let | | |

‘ o a, B, Y & Hqe(X32) i
be the homology classes defined by the images of the line

- segments running from the origin to 1, y, and x respectively.

p(0)

p(x)

Let

a*, B*, Y*’e HY(X;2)

be their duals (so that o¥ integrated along o is 1, etc.).
These form a basis.

The MHS on X is determined as in §5: The exact sequence

-~ %
0—3HO (D) —t—> H*(X) ——3 HY(Y)—> 0.

The space H9(D) has pure weight 0, and H'(Y) has pure weight
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"~ one, so the weight filtration is defined by

WoH*(X) = im t = subspace spanned by Y*
WaH(X) = HU(X) |

Thus
Wo = HO(D)

has a Hodge structure of pure weight 0, and
Wa/Wo = HI(Y)
has a Hodge structure of pure weight 1.
Here khowledge of the Hodge structure on the quotient W4/Wo
is not enough; we need the Hodge filtration F1 on‘all of H'(X;C).
Let F' be the cohomology classes of holomorphic forms on the
regular points of X‘which are square integrable; these are
exactly the holomorphic forms w such that 7*w extends to a
‘holomorphic form on Y. The one—dimenéionél spaces F' and Wo in
H'(X) intersect only at the origin. Furthermore w* preserves the
filtration F°. | |
Let
we F' e HY(X)
be a generator. Since (mp)*w is a constant multiple of dz; we
may assume Qithout loss of generality that
(mp)* w = dz.

In terms of the basis a*, B%*, yv* of H'(X;C) we have

w = (I-m)a* + ([ w)g + (J w)y*
3 B8 Y
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and
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re
1 1
: I w = I (mp)®w = I dz = 1
a ) ()
y . y
I w = I (mp)Rp = J dz = y
B 7o °
x x
f:m = I (mp)*w = I dz = x.
a 0 o

Thus the positions of the one-dimensional complex space F?

and

rel

the three dimensional lattice H'(X;2) inside H'(X;C) are

ated to x and y and hence the analytic type of X.
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