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Djokovic A ERD—EE

WA - T WHEEM (Sin-Ei Takahasi)
MUK - HHR T SELER (Yasuji Takahashi)
MK - HFRLT AHDBW (Aoi Honda)

1, BERE »n RICEuclid 20 R OEROTT x.y.2 TR LT, #iT
Ix+yH+Hy+z|+iz+x|s|x|+ly|+|z|+§x+y+zl

DRV LD, TR A BTz Hlawka A% (cf. [11, [3) THHH, ZHiFER
DHilbert ZEFIZH L THAE Y LD, —A%IZ Hlawka RER DL Y 37 O Banach Z2f]
% Z Z Tid Hlawka 22 & MR Z LI2T 5, L' - ZZR DD Z2 /1% Hlawka 22/ TH
BT EBMBNTVWEINRENY LOZ LiZFbh TNk 5 icBbh s,

& T Hlawka AERXDIIRITN A NS RENTNDER, 2D 5HDO—DIZ,
Djokovic AFER (cf. RDEE 5 DRDH D, TENIZROBHEDOERT HIAEREE 5.

Theorem D. Let X be a Hlawka space and #, k¥ natural numbers with 2<ksn-1.

Then

o Zo w223 B Ll (23]
holds for all x;,---, x, €EX. -
FESRIICIE k=2 OBAM Admovic DRERTH Y. k=2,n =3 OBEHTH
Hlawka RERIZZ > TS, Z OFERITLLEILT D. M. Smiley &M. F. Smiley
[4] DI TN D,
LZATZOARERIT—HMEBRLTNDEDOTHA I 2 EEIIZENDE
B (122). (222) BE DB S MIRER > TVBOTHS 510 2 BRI
T b ZETTENWL—DDHEEEZLILESDORZZTORADHNTH B,

2, & H£F. —FEBVDDOLE—FBRNDONBNTFELIE, e X <H]
FTRAENRTEDREASLEIERZELY. ZOESDH LI EOMEDE L %
ZEHENHDTHD,
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3, #28 4 X % Banach Z2f. n 2HRE L35, BRE k (U<sksn) RO
X, X, EX IR LT,

6k(xl:'"’xn)= !xil+"'+xik|

Isij<-<izsn

LEL., TDLE {6 1sksn} 3HRBEM X @X (n HOEFM) EOESI
I NEDFREDLY, ROBKT 6, K—FBL, 6, H—FRIZ-o>TND .

(z:%)ﬁnséks(z:%)él (1sksn).
P EED (x, - t)EXD - @X TR LT,

ak(xl,'":xn)= 2 |xi]+ " +xik|

1sij<-<izsn

k
—|n-1 :
= lsil <'E"<ik5nj§l |x|J| - (k_ l)al(xly ? xn)
and

44X,

Ou(xy,0, x,) = > X, "

. . i
1sij<-<ipsn

= (Z:i}"-""'(zz%)""
BV ILODTERZB S,
RADESEZOPEAILTH L.
6,<ad,+pd,on X®-- DX
LB, ZZTa, pIREELLEDT. ERHERIZEL TXRPRPEBOH
LWEZATHEN, adp bRABRINELENSDONEETHA 5, Djokovic
FERITEZ OEACESVEDDEEL BB,
RITEI R EZRT B ERZ2H T I 5R a, B O (a.p) ODETEEX.
ZDELE D k;X) TEDPL L., ELHTY Zh% Djokovic fHlRk L IERZ Li12T 5,
¥ /= Djokovic FERIZHLON D EHIZL > TEHRINDEHE R* LD

((n_z) (n—2))

k-1)"\k-2

% Djokovic AL MEEZ Li2T 5, ZDERHIZ LK. Djokovic FERIT,

Djokovic A4S Hlawka 22l H & nk Q<sksn-1) IZ%3 5 Djokovic FHIIZ/E L T
WBZ EEFERLTWS, §- T Djokovic 418 & Dijokovic s D& {22 B R % 31

KNiX. Djokovic RERIZBHON D EROBHRIEDLNRD L NI DBDTH D,

3, R _LORMMFHBRERATEREZKENTE 9 &, [ Djokovic #HiH
IXEAMY T, T ® Banach ZZfD 724> THlawka ZDBEBRBERER LR, £
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DX YL S 1L, Diokovic A ((g;%)(g:g)) 122 DWe— DI AT B ]
L5 bOTh B, B IRROEEEBL.

Theorem 1. Let X be a non-trivial real Banach space and 1 sk sn. Then
(i) D(n, k; X) is a closed convex subset of R®.

() D, 1;X)={(e, H)ER*: a+p=1}.

(iii) D(n, 1;X)={(a, ) ER*: =1 and a+p=1} forn=2.

(iv) D(n,n; X)={(a, ) ER*: @20 and a+ = i} forn=2.

) D(n,k;X)Q{(a,ﬁ)ERz:az(Z’_’%) and a+ﬂz(2:%)} for 2<k=n-1.

(vi) If X is a Hlawka space, then

D(n, k; X)={(a, B)ER’: az(zz%) and a+ﬁz(z:%)} for2sk=n-1.

(vii) ((Z:%)(z:%)) is the only extreme point of D(n, k; X) for2<k=n-1.

AEE W) RFEDIELWY. I T3 Proposition 3 72 H 85,

Proof of Theorem 1. (i) and (ii) These follow from an easy observation.
(iii) Let (a, B) € D(n, 1; X) and e a unit vector in X . Then
d,(e,—e,0,---,0) s ady(e,— e, 0,:--, 0) + Bb (e, — €, 0,--,0)
holds and hence 1 s . Also ‘
6,(e, 0,-:+, 0) < ad,(e, 0,-++, 0) + Bd,(e, 0,:-+, 0)
holds and hence 1 < a+ . Therefore D(n, 1; X) C {(o, ) ER*: =1 and a+p=1}.
Conversely, observe that all points on the semi lines L, and L, belong to the domain
D(n, 1; X) , where
L={(a,p):a=1,p=20}
and
L={(a,p):a+p=1,=<0}.
Since co(L, UL,) ={(a, B ER*: a=1 and a+ B =1}, it follows from (i) that the inverse
inclusion holds. Here co denotes the convex hull.
(iv) This follows from the same observation as (iii).
(v)Suppse 2<sk=n-1. Let (o, f) € D(n, k; X) and e a unit vector in X . Then
6(e,—e,0,:-+,0) s ad,(e,—e,0,:--,0) + Bd,(e,—¢,0,--+,0)
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holds. Since J,(e, —e, O,---,O)=2(”'2), 0,(e,—e,0,-:,0)=2 and §,(e,—e,0,---,0) =0,

k-1

k-1
8(e, 0.+, 0) s ady(e, 0,++, 0) + BB, (e, 0,++-, 0)

it follows that (” 2) <a. Also

holds. Since é,(e, 0,---,0) = (z B %) , 0,(e,0,--,0)=0,(e,0,---,0) =1, it follows that

( — % ) < a+ . Consequently, we obtain the desired result.

(vi) Suppose that X is a Hlawka space and 2 <k <n—1. By Djokovic's inequality,

k-1 k-2

implies that all points on the semi-line

- 2., _|n-2 n-2

Ly={(a, ) ER*: a—(k_ 1),ﬁz(k_2)}

also belong to D(n, k; X) . Moreover, all points on the semi-line

L=(apER p=0.a+p=(121)
also belong to D(n, k; X) . In fact, if =0 and x,,---, X, € X, then we have

ak(xla'"a xn) - ﬁan('xla'", xn) s 1si Z . (lxil | + -+ Ixikl) _ﬂan(xla'"7 xn)
Sij <= <ipsn

we see that ((” - 2) , (” - 2)) belongs to the Djokovic domain D(n, k; X) . This fact

s (Z: i) 61(x1’"" xn) - ﬁal(xl,"', x,,)

=((2: %)—ﬁ) 61(x1,---;xn>

and hence (( e 1) B. ,3) must belong to D(n, k; X) . Therefoe all points on L, belong to

D(n, k; X) . Then we see form (i) that co(L; U L,) € D(n, k; X) .

On the other hande, note that (z 2)+(Z:%)=(Z:}) and hence

co(L3UL4)=({(a,/3)ER2:az(zz%) and a+ﬂz(k i)}

Consequently, {(a, B) ER*: a = (Z ~ %) and a+ = (Z: %)} C D(n, k; X) . The inverse

inclusion follows from (v).
(vii) This follows immediately from (vi). Q. E. D.
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BL_EiX Djokovic fEIE % En SMIZ 2B I NWTEER LD DO TH AN, T bl
XTI RDINELTHDLRDOELBD,

Theorem 2. Let X be a non-trivial real Banach space and 2sk<n—-1. Then

@) {(a,p)ER": aZ(Z:%) and a+ﬁ2(2:%)}§D(n,k;X) for 2sks%.

(i) {(a, B) ER*: az(”zl), a+ﬁz(z:%) and na+(2k—n)ﬁzn(2:i)}

C D(n, k; X) for %<ksn—1.

Proof. Let x,,:--, x, € X . Then we have

LIERIE AL S

1sji<e<j,.psn

< > |x1+---+x,,|+ > (ile|+---+|xh_k|)

Isji<e<j,_zsn Isjj<=<j_gsn

Xyt o+ X, =+, )

— (Z) 6n('xl?".’ xn) + (nfl-c-i 1)61(~x1,'-.’ x,,) .

Since (n _'i;i ] ) = (n ; 1 ) , it follows that ((n; 1 ) , ( ’,:)) belongs to thc‘Djokovic domain

D(n, k; X) . This implies that all points on the semi-line

Ls={(a,ﬁ)ER2:a:(”;l),ﬁz(z)}

also belong to D(n, k; X) . Also since 6, < (z ~ %)51 , it follows that all points on the semi-

line '
Ly={(a, B)ER*: a=(Z:}),ﬁzo}

belong to D(n, k; X) . Moreover, as observed in the proof of Theorem 1- (vi), all points on

the semi-line L,={(o, B ER*: =0, o+ P= (z: i)} belong to D(n, k; X) . Then we
have CO(L4UL5UL6)§D(n,k;X).‘Notcthat (Z:i)s("zl) if and only if ks%.

Hence co(L, U L) S D(n, k; X) for 2<sks< % and co(L, U Ly € D(n, k; X) for

%<ksn—1. Q.E.D.

413417 Hlawkacase D¥E V., n=3,k=2 [ZOWVWTERT S, 4 X »LEIZD
Banach ZEfij& L. D(X)=D@3,2;X) kO
D.={(e,)ER*: =1, a+B=2 and 3o+ B =6},
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Dy={(a, )ER*: a=21, a+p=2}
L& L., Theorems1,2 6 D.CD(X)C D, *#1%%, BiZ Theorem1ix X 2
Hlawka Z2ffi 72 5. D(X)=D, THBHZ L #FE L T\5, ik Hlawka 22f DE
#0505, BHIFEDELNZ XI5, FNTIX D, 258 & &% Banach 2%
BHEIPEZTXIE. X=0(R) Bsnso) DL E, D.=DX) L2>TD, EE,
x=(-1,1,1,0,-4), y=(, -1,1,0,--2), z=(1,1, = 1,0, ---)
LEL ERGRED,
|x+y|+|y+z|+|z+x|sa(|x|+|y|+|z|)+ﬂ'x+y+z|

X 3a+B=26 LEXBI NI LBDLIY, TOHFEFEL, D.CDU,(R) XV,
DU;(R)CD, THDHLWRTEDINSLTHD. L LARMB S Hlawka ZEH % HE T
5ZDOHES EFTL BV, D.=D(X) %#Wilz9 Banach 25ff] X #HRETHZ LT
HLZ5ThbD. ElzZ s Banach ZZRD A% Djokovic SR THHHL L 5 &
33L&, HHE D,\D, BPREEHIZZR->TL B8, ZHiX of-FHED3 &
(1,1),(1,3),(2,00 DO B=ZABDILTHY., SHFO=ARL L L THEHT
S BHENRN.

B4 1z Djokovic's inequality D% ¥ 3.-0Z2[]ix Hlawka ZER D#IRS 288 % 7z &
ERLTEROYIZLEW,

Proposition 3. A Banach space X is Hlawka if and only if there exists natural numbers
n and k suchthat 2<k=n-1 and

Ixil 4 one +xikls(z:%)§ll|xil+(z-_:%xi=2 xi

holds for any X;,---,x, € X.
1sij<-<ip=n

Proof. (i) Necessity. Take n=3 and k=2.
(i) Suffciency. Let n and k be suchthat 2<k=<n-1 and suppose

3. fuenls12 B0 2] 8

lsij<e<isn

holds for any x,,---, x, € X. We can assume ”=4. Let us consider the case of

X,=+=x,=0. Then
n-2\% n-2\1%
(k-1),§1|xi|+(k-2) &

Set

= (223) I ot o)+ (323 e ]
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Po= (i i) 1 siy< o <ipsnm, |x, + -+, |= x1+x2+x3!},

= #{(iees i) 1S iy <o <ipsh, X + o0+ X, = x,|} (j-1,2,3),

Bl i

pa=#{(y, i) 1siy < <isn, |x +--+x|=|0n+x0},

ps=#{(ip,, i) 1siy<--<ipsn, X+ +x1=n+ 5]}

and

Pe=#{(i i lsiy< e <isn, X+ +x|=16+x]}.
Then
I.x!l+ "'+x,~k|

1sij<-<isn

= pdx + x5+ x|+ o3 [+edn | +od m |+ pdx+ 0|+ od o+ x ]+ od s+ ]

Note that
0, if k=2 n-3,if k=2
Po= » PL1=Pr=P3=
n-3\ . n-3\ :
(k—3)’ if k=3 _ (k—l)’ if k=3
and
1, if k=2
Pa=Ps= Ps =
(z:g) if k=3,

Hence, if k=2, then
lsi1<--~<iksn|xil + oo +xik|=(n—3) (|x1|+|x2|+|x3|)+|x,+x2|+|x2+x3|+|x3+xll
and
n n
(22) Sl (123) &=
Then (*) implies that
|x,+x2|+|x2+x3|+|x3+x1|s|x,|+|xz|+|x3|+lxl+x2+x3ﬂ

holds for any X;. %,, X; € X . Therefore X is a Hlawka space. Moreover , if k=3, then

=(n—2)(|x1|+|x2|+|x3|)+lx,+x2+xji.

X, + +x,.k|

lsil<--~<iksn|
:(z:g)lxl+x2+x3|+(',:::;’)(|x1|+|x2|+|x3|)+(2:3)(|x1+x2|+|x2+x3|+!x3+x1|)

and hence (*) implies that
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**)
(z:g’)lxl+x2+x3i+(z::;’)(|x,|+|x2|+|x3|)+(;c':g)(|x,+x2|+|x2+x3|+|x3+xln)

<(222) (sl b))+ (323 )b ne s

holds for any X;, X,, x; € X . Note that

n-2\_[n-3\_(n-2_(n-3)_(n-3
k-2 k-3 k-1 k-1 k-2
and so (**) implies that

|x,+x2|+|x2+x3|+|x3+x1|s|x1|+|x2|+|x_,|+|xl+x2+x3l

holds for any x;, X;, x; € X . Therefore X is a Hlawka space. Q. E. D.
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