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A binary mixture of gases is confined in a gap between two coaxial circular cylinders rotating at
different angular velocities. One of the component gases is the vapor of the substance that forms the
cylinders, so that evaporation or condensation �or sublimation� of the vapor may take place on the
surfaces of the cylinders. The other component is a noncondensable gas that neither evaporates nor
condenses on the surfaces. Axisymmetric and axially uniform flows �the cylindrical Couette flow�
of such a mixture are investigated on the basis of kinetic theory with special interest in the
continuum �or fluid-dynamic� limit in which the Knudsen number goes to zero. The fluid-dynamic
system that describes the behavior of the mixture is derived by a formal but systematic asymptotic
analysis of the Boltzmann system. The resulting system shows some nontrivial phenomena such as
the ghost effect and the flow bifurcation. These phenomena are also demonstrated by a Monte Carlo
simulation for small Knudsen numbers using the Boltzmann equation. © 2006 American Institute of
Physics. �DOI: 10.1063/1.2336455�

I. INTRODUCTION

Axisymmetric and axially uniform flow between two ro-
tating coaxial circular cylinders is a textbook example
known as cylindrical Couette flow in classical fluid dynam-
ics. It is also one of the basic flows for a rarefied gas and has
been investigated on the basis of kinetic theory �see, for ex-
ample, Refs. 1–11�. The flow is a simple time-independent
and spatially one-dimensional flow, and it exhibits neither
instability nor bifurcation unless the axial uniformity is re-
leased. However, if the gas is a vapor of the substance that
forms the cylinders and it undergoes evaporation or conden-
sation �or sublimation� on the surfaces of the cylinders, the
situation changes dramatically. The flow exhibits bifurcation
for relatively small Knudsen numbers even under the con-
straint of axial uniformity.12–15 That is, there appear two or
more different solutions for a certain range of parameters,
such as the rotation speeds, the radii of the cylinders, and the
Knudsen number. The structure of this bifurcation was inves-
tigated in detail by a formal but systematic asymptotic analy-
sis of the Boltzmann equation with a delicate parameter set-
ting in the case of slow rotation and small Knudsen numbers,
and the essential features of the bifurcation were clarified.14

One of the cases considered in Ref. 14 was then investigated
mathematically in Ref. 16, and a rigorous proof of the exis-
tence of the bifurcation in the asymptotic limit was given.

Now let us consider the continuum �or fluid-dynamic�
limit where the Knudsen number goes to zero in the case
with evaporation and condensation on the cylinders. When
the inner cylinder is rotating and the outer cylinder is at rest,
there appear three different types of solution in a wide pa-
rameter range. The first type exhibits evaporation on the in-

ner cylinder and condensation on the outer, the second type
exhibits condensation on the inner cylinder and evaporation
on the outer, and the last type exhibits no evaporation or
condensation on the cylinders.12 The first and second types
are described by the Euler equations with appropriate bound-
ary conditions for evaporation and condensation.17 For the
third type, since there is no evaporation or condensation, it is
natural to think that the flow field between the cylinders is
the same as that of the ordinary cylindrical Couette flow. It
is, however, not correct. The infinitesimal evaporation and
condensation in this case have a significant effect on the flow
field, such as the tangential velocity and temperature fields.18

This is an example of the ghost effect that was pointed out in
Ref. 19 and investigated extensively in successive papers
�see, e.g., Refs. 18 and 20–25�. The fluid-dynamic system
that describes the third type of solution was derived system-
atically from the Boltzmann equation in Ref. 18, and the
deformation of the tangential component of the flow velocity
caused by the ghost effect was clarified. Direct numerical
analysis of the Boltzmann equation or its model equation for
very small Knudsen numbers was able to give numerical
solutions that correspond to the first and the second type
mentioned above.12,13,15 However, it could not show the so-
lution corresponding to the third type,12,13 most probably be-
cause of the instability of the solution. When the outer cyl-
inder is rotating and the inner cylinder is at rest, there is no
bifurcation of the flow in the continuum limit, and the solu-
tion without evaporation or condensation �i.e., the solution
with the ghost effect� appears for the rotation speed higher
than a critical value. The solution corresponding to this so-
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lution was obtained by the direct numerical analysis for
small Knudsen numbers.12,18

In the present study, we consider the same problem, the
cylindrical Couette flow of the vapor with evaporation and
condensation on the surfaces of the cylinders. The difference
from the previous study is that we consider the case where
another noncondensable gas, which neither evaporates nor
condenses on the surfaces of the cylinders, is also contained
in the gap of the two cylinders. According to the study of the
plane Couette flow of the mixture of a vapor and a noncon-
densable gas,26 we can expect, in the cylindrical Couette
flow, that evaporation and condensation are blocked by the
noncondensable gas and vanish in the continuum limit in any
parameter range. Therefore, the solution that exhibits the
ghost effect caused by the infinitesimal evaporation and con-
densation is the natural and only possible solution when
there is noncondensable gas. We investigate this problem and
derive the fluid-dynamic system that describes the behavior
of the mixture in the continuum limit by a systematic
asymptotic analysis of the Boltzmann system. As expected,
the resulting fluid-dynamic system shows the ghost effect.
More specifically, although evaporation and condensation of
the vapor vanish in the continuum limit, it changes the flow
field, such as the profile of the tangential component of the
flow velocity, dramatically. In addition, such a type of solu-
tion exhibits bifurcation in a certain parameter range. The
ghost effect as well as the bifurcation of solution is investi-
gated in detail on the basis of the numerical solution of the
fluid-dynamic system. Furthermore, these results are com-
pared with the Monte Carlo simulation of the Boltzmann
equation for small Knudsen numbers.

II. FORMULATION OF THE PROBLEM

A. Problem

Let us consider a binary mixture of a vapor �A compo-
nent� and a noncondensable gas �B component� confined in
the gap between two coaxial circular cylinders made of the
condensed phase of the vapor and rotating at different angu-
lar velocities. The vapor may evaporate or condense on the
surfaces of the cylinders, whereas the noncondensable gas
undergoes ordinary reflection without evaporation or conden-
sation there. The radius, temperature, and surface velocity of
the inner cylinder are denoted by LI, TI, and VI, respectively,
and the corresponding quantities of the outer cylinder by LII,
TII, and VII.

Restricting ourselves to the case of axisymmetric and
axially uniform flows, we investigate the steady behavior of
the mixture on the basis of the Boltzmann equation with
special interest in the continuum limit where the Knudsen
number vanishes.

B. Basic equations

Let us introduce the cylindrical coordinate system
�r ,� ,z� with the z axis along the common axis of the cylin-
ders. Let � be the molecular velocity and �r, ��, and �z its r,
�, and z components, F��r ,�� the velocity distribution func-

tion of the molecules of the � component ��=A ,B�. In what
follows, we will use the indices � and � to represent the
components of the mixture, i.e., � ,�=A ,B.

The Boltzmann equation27–29 in the present problem is
written in the following form:

�r
�F�

�r
+

��
2

r

�F�

��r
−

�r��

r

�F�

���

= �
�=A,B

J���F�,F�� , �1�

where J�� is the collision integral defined by

J���F,G� =� �F��*��G���� − F��*�G����

� B����e · V�/V,V�d��e�d�*, �2�

with

�� = � +
���

m� �e · V�e, �*� = �* −
���

m� �e · V�e , �3a�

V = �* − �, V = �V�, ��� =
2m�m�

m� + m� . �3b�

Here, �* is the integration variable corresponding to �, and
d�*=d�*rd�*�d�*z; e is the unit vector and d��e� is the solid-
angle element in its direction; m� is the mass of a molecule
of the � component; the domain of integration with respect
to e is all directions, and that with respect to �* is its whole
space; B����e ·V� /V ,V� is a non-negative function of �e ·V� /V
and V, whose functional form is determined by the intermo-
lecular force.

In order to describe the boundary condition on the cyl-
inders, we need to introduce the saturation number densities
nI and nII of the vapor molecules at temperatures TI and TII,
respectively. For each substance, the saturation vapor pres-
sure �or number density� is a function of the temperature
only, determined by the Clausius-Clapeyron relation.30 Thus,
nI and nII are determined by TI and TII, respectively. How-
ever, we can regard nI and nII as parameters independent of
TI and TII if we keep the freedom of choosing the substance
of the vapor. For the purpose of describing the boundary
conditions on the inner and outer cylinders in a unified fash-
ion, we define the symbols �w, nw, Vw, and Tw by

�w = 1, nw = nI, Vw = VI, Tw = TI , �4�

at r=LI, and

�w = − 1, nw = nII, Vw = VII, Tw = TII, �5�

at r=LII. The boundary conditions at r=LI and LII are ex-
pressed in the following form:22,29,31

F��r,�� = gw
���� + �

�w�*r	0
Kw

���,�*�F��r,�*�d�*

�for �w�r 
 0� , �6�

where the source term gw
���� and the scattering kernel

Kw
��� ,�*� are given functions, the functional forms of which

are determined by the nature of the boundary. The gw
� and Kw

�

need to satisfy the following conditions:
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gw
A��� � 0 ��w�r 
 0� , �7a�

gw
B��� = 0 ��w�r 
 0� , �7b�

Kw
���,�*� � 0 ��w�r 
 0, �w�*r 	 0� , �7c�

�
�w�r
0

��r/�*r�Kw
B��,�*�d� = 1 ��w�*r 	 0� , �7d�

where d�=d�rd��d�z. Equation �7d� indicates that there is no
net particle flux of the B component across the surface of the
cylinders, that is, the B component is noncondensable. In the
present problem, gw

A and Kw
A depend on nw, Vw, Tw, and mA,

and Kw
B depends on Vw, Tw, and mB. We assume that Eq. �6�

is satisfied by the wall-state equilibrium distributions, i.e.,

Fw
���� = gw

���� + �
�w�*r	0

Kw
���,�*�Fw

���*�d�*, �8�

with

Fw
A��� =

nw

�2�kBTw/mA�3/2exp�−
�r

2 + ��� − Vw�2 + �z
2

2kBTw/mA 	 ,

�9a�

Fw
B��� =

c

�2�kBTw/mB�3/2exp�−
�r

2 + ��� − Vw�2 + �z
2

2kBTw/mB 	 ,

�9b�

where c is an arbitrary constant, and kB is the Boltzmann
constant. We also assume that Eqs. �9a� and �9b� are the only
equilibrium distributions that satisfy Eq. �8�.

Let n�, v�= �vr
� ,v�

� ,0�, p�, and T� be the molecular num-
ber density, the flow velocity, the pressure, and the tempera-
ture of the � component. These macroscopic quantities are
expressed in terms of the velocity distribution functions as

n� =� F�d� , �10a�

vr
� =

1

n� � �rF
�d�, v�

� =
1

n� � ��F�d� , �10b�

p� = kBn�T� =
1

3
� ���r − vr

��2 + ��� − v�
��2 + �z

2�m�F�d� .

�10c�

In Eqs. �10a�–�10c� and in what follows, the domain of inte-
gration with respect to � is its whole space unless the con-
trary is stated. The number density n, the mass density , the
flow velocity v= �vr ,v� ,0�, the pressure p, and the tempera-
ture T of the total mixture are defined by

n =� �FA + FB�d� , �11a�

 =� �mAFA + mBFB�d� , �11b�

vr =
1


� �r�mAFA + mBFB�d� , �11c�

v� =
1


� ���mAFA + mBFB�d� , �11d�

p = kBnT =
1

3
� ���r − vr�2 + ��� − v��2 + �z

2�

� �mAFA + mBFB�d� . �11e�

Therefore, they are expressed in terms of the macroscopic
quantities of each component as

n = nA + nB, �12a�

 = mAnA + mBnB, �12b�

vr = �mAnAvr
A + mBnBvr

B�/ , �12c�

v� = �mAnAv�
A + mBnBv�

B�/ , �12d�

p = �
�=A,B

�p� + m�n��vr
� − vr�2/3 + m�n��v�

� − v��2/3� .

�12e�

It should be noted that p� and T� are sometimes defined in a
different way in the literature, i.e., by Eq. �10c� with vr

� and
v�

� replaced by vr and v� of Eqs. �11c� and �11d�.
To complete the physical setting of the problem, we need

to specify a quantity associated with the amount of the non-
condensable gas. As this parameter, we choose the average
number density of the noncondensable gas:

nav
B =

1

��LII
2 − LI

2��−�

� �
LI

LII � rFBd�drd� . �13�

By integrating both sides of Eq. �1� with respect to �
over its whole space, we obtain

rn�vr
� = const, �14�

which expresses the mass conservation for each component
gas. On the other hand, if we integrate Eq. �6� �with �=B�
multiplied by �r with respect to � over the space �w�r
0 and
take Eq. �7d� into consideration, we obtain nBvr

B=0 at r=LI

and LII. Thus we have

nBvr
B = 0 �LI � r � LII� . �15�

C. Dimensionless expressions

To derive the dimensionless expressions of the basic sys-
tem, we introduce the following dimensionless variables:
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r̂ =
r

LI
, � = ��r,��,�z� =

�

Vth
,

F̂� =
Vth

3

nI
F�, m̂� =

m�

mA ,

n̂� =
n�

nI
, v̂� = �v̂r

�, v̂�
�,0� =

v�

Vth
,

�16�

p̂� =
p�

pI
, T̂� =

T�

TI
,

n̂ =
n

nI
, ̂ =



I
, v̂ = �v̂r, v̂�,0� =

v
Vth

,

p̂ =
p

pI
, T̂ =

T

TI
,

where Vth= �2kBTI /mA�1/2 is the most probable speed of the
molecules of the A component in the equilibrium state at rest
at temperature TI; I=mAnI and pI=kBnITI are, respectively,
the density and the pressure of the vapor in the saturated
equilibrium state at rest at temperature TI.

Then the Boltzmann equation �1� becomes

DF̂� =
2


� Kn
�

�=A,B
K��Ĵ���F̂�,F̂�� , �17�

D = �r
�

�r̂
+

��
2

r̂

�

��r
−

�r��

r̂

�

���

, �18�

Ĵ���f ,g� =� �f��*��g���� − f��*�g����

� B̂����e · V̂�/V̂,V̂�d��e�d�*, �19�

�� = � +
�̂��

m̂�
�e · V̂�e, �*� = �* −

�̂��

m̂�
�e · V̂�e , �20�

V̂ = �* − �, V̂ = �V̂�, �̂�� =
2m̂�m̂�

m̂� + m̂�
, �21�

B̂����e · V̂�/V̂,V̂� =
B��

Bc
�� , K�� =

Bc
��

Bc
AA , �22�

Bc
�� =

1

nI
2 � Fc

����Fc
���*�B����e · V�/V,V�d��e�d�d�*,

�23�

Fc
���� =

nI

�2�kBTI/m
��3/2exp�−

�r
2 + ��

2 + �z
2

2kBTI/m
� 	 . �24�

Here, �* is the integration variable corresponding to �, and
d�*=d�*rd�*�d�*z; the domain of integration is the whole
space of �* and all directions of e �e and d��e� are the same
as in Eq. �2��; Kn on the right-hand side of Eq. �17� is the

characteristic Knudsen number defined by Kn=�c /LI, where
�c=2Vth /
�nIBc

AA is the characteristic mean free path, i.e.,
the mean free path of the molecules of the vapor in the equi-
librium state at rest with temperature TI and molecular num-
ber density nI in the absence of the noncondensable gas.

When the intermolecular potential extends to infinity, the
so-called angular cutoff is introduced in Eq. �23�, that is, B��

is set to be zero for the domain �e ·V� /V�� �� is a specified
constant� that corresponds to grazing collisions. It should be

noted that the function B̂�� in general depends on the dimen-
sionless parameter Uc

�� /kBTI, where Uc
�� is the characteristic

size of the intermolecular potential for the interaction of a
molecule of the � component with a molecule of the �
component.22 This parameter is not shown explicitly in the
above equations. When both component gases consist of

hard-sphere molecules, B̂�� does not depend on this param-

eter, and B̂��, K��, and �c are given by

B̂�� =
��̂���1/2

4
2�
�e · V̂� , �25�

K�� =
1

��̂���1/2�d� + d�

2dA 	2

, �26�

�c =
1


2��dA�2nI

, �27�

where d� is the diameter of a molecule of the � component.
Corresponding to Eqs. �4� and �5�, we introduce the fol-

lowing symbols: at r̂=1,

�w = 1, n̂w = 1, V̂w =
VI

Vth
, T̂w = 1, �28�

and at r̂=LII /LI,

�w = − 1, n̂w =
nII

nI
, V̂w =

VII

Vth
, T̂w =

TII

TI
. �29�

The dimensionless form of the boundary conditions is as
follows: at r̂=1 and LII /LI,

F̂��r̂,�� = ĝw
���� + �

�w�*r	0
K̂w

���,�*�F̂��r̂,�*�d�*

�30�
�for �w�r 
 0� ,

where

ĝw
� =

Vth
3

nI
gw

�, K̂w
� = Vth

3 Kw
� , �31�

and ĝw
���� and K̂w

��� ,�*� satisfy

ĝw
A��� � 0 ��w�r 
 0� , �32a�

ĝw
B��� = 0 ��w�r 
 0� , �32b�

K̂w
���,�*� � 0 ��w�r 
 0, �w�*r 	 0� , �32c�
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�
�w�r
0

��r/�*r�K̂w
B��,�*�d� = 1 ��w�*r 	 0� , �32d�

where d�=d�rd��d�z. In addition, corresponding to Eqs. �8�,
�9a�, and �9b�, we have

F̂w
���� = ĝw

���� + �
�w�*r	0

K̂w
���,�*�F̂w

���*�d�*, �33�

F̂w
A��� =

n̂w

��T̂w�3/2
exp�−

�r
2 + ��� − V̂w�2 + �z

2

T̂w

	 , �34a�

F̂w
B��� =

ĉ

��T̂w/m̂B�3/2
exp�−

�r
2 + ��� − V̂w�2 + �z

2

T̂w/m̂B
	 , �34b�

where ĉ is an arbitrary �dimensionless� constant.
It is seen from Eqs. �28�, �29�, �33�, �34a�, and �34b� that

the parameters nII /nI, VI /Vth, VII /Vth, TII /TI, and mB /mA are
contained in the boundary condition. In general, however, ĝw

A

and K̂w
A also depend on the reference temperature TI, the

reference number density nI, and the reference molecular

mass mA, and K̂w
B also depends on TI and mA. In the case of

the so-called complete condensation condition �see Refs. 22
and 29� for the vapor, and the diffuse reflection condition

�see Refs. 22 and 29� for the noncondensable gas, ĝw
� and K̂w

�

are given by

ĝw
A��� =

n̂w

��T̂w�3/2
exp�−

�r
2 + ��� − V̂w�2 + �z

2

T̂w

	 , �35�

ĝw
B��� = 0, �36�

K̂w
A��,�*� = 0, �37�

K̂w
B��,�*� = −

2

�� m̂B

T̂w

	2

�w�*r

�exp�−
�r

2 + ��� − V̂w�2 + �z
2

T̂w/m̂B
	 . �38�

In this case, ĝw
� and K̂w

� depend only on nII /nI, VI /Vth, VII /Vth,
TII /TI, and mB /mA and do not depend on TI, nI, or mA. The
boundary condition on an evaporating or condensing surface
has been investigated by different approaches, and some new
models have been proposed rather recently.32–36

The dimensionless version of the relations between the
macroscopic variables and the velocity distribution functions
�Eqs. �10�–�12�� is given by

n̂� =� F̂�d� , �39a�

v̂r
� =

1

n̂� � �rF̂
�d�, v̂�

� =
1

n̂� � ��F̂�d� , �39b�

p̂� = n̂�T̂� =
2

3
� ���r − v̂r

��2 + ��� − v̂�
��2 + �z

2�m̂�F̂�d� ,

�39c�

n̂ =� �F̂A + F̂B�d� = n̂A + n̂B, �39d�

̂ =� �m̂AF̂A + m̂BF̂B�d� = m̂An̂A + m̂Bn̂B, �39e�

v̂r =
1

̂
� �r�m̂AF̂A + m̂BF̂B�d� =

1

̂
�m̂An̂Av̂r

A + m̂Bn̂Bv̂r
B� ,

�39f�

v̂� =
1

̂
� ���m̂AF̂A + m̂BF̂B�d� =

1

̂
�m̂An̂Av̂�

A + m̂Bn̂Bv̂�
B� ,

�39g�

p̂ = n̂T̂ =
2

3
� ���r − v̂r�2 + ��� − v̂��2 + �z

2�

� �m̂AF̂A + m̂BF̂B�d�

= �
�=A,B

�p̂� +
2

3
m̂�n̂��v̂r

� − v̂r�2

+
2

3
m̂�n̂��v̂�

� − v̂��2� . �39h�

Here and in what follows, the domain of integration with
respect to � is its whole space unless the contrary is stated.

The dimensionless forms of Eqs. �13�–�15� are, respec-
tively,

nav
B

nI
=

2

�LII/LI�2 − 1
�

1

LII/LI

r̂n̂Bdr̂ , �40�

r̂n̂Av̂r
A = const and n̂Bv̂r

B = 0, for 1 � r̂ � LII/LI .

�41�

III. ASYMPTOTIC ANALYSIS FOR SMALL KNUDSEN
NUMBERS

In this section, we consider the case where the Knudsen
number Kn is small and carry out a systematic asymptotic
analysis of the boundary-value problem, Eqs. �17� and �30�,
following the asymptotic theory developed by Sone �see,
e.g., Refs. 18, 19, 22, and 37–39� as a guideline. The analysis
here can be carried out in a way parallel to Ref. 26. For
convenience, we use the following small parameter � rather
than Kn in this section:

� = �
�/2�Kn � 1. �42�
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A. Fluid-dynamic equations and boundary conditions

First, we leave aside the boundary condition �30� and
look for a solution in the form of a power series of �,

F̂� = F̂0
� + F̂1

�� + ¯ , �43�

assuming that it is moderately varying, i.e., it satisfies

�F̂� /�r̂=O�F̂��. This solution �or expansion� is called the
Hilbert solution �or Hilbert expansion�. Substitution of Eq.
�43� into Eqs. �39a�–�39h� gives the corresponding power
series expansions of the macroscopic variables of each com-
ponent and of the total mixture:

h� = h0
� + h1

�� + ¯ , �44�

h = h0 + h1� + ¯ , �45�

where the letter h stands for n̂, v̂, T̂, etc. The coefficient

functions hm
� and hm are expressed in terms of F̂n

� �n�m�.
Their explicit forms for m=0 and 1 are given in Appendix A.
After substituting Eq. �43� into Eq. �17� and arranging the
power of �, we obtain a series of integral equations for the

coefficients F̂m
� :

�
�=A,B

K��Ĵ���F̂0
�,F̂0

�� = 0, �46�

�
�=A,B

K���Ĵ���F̂0
�,F̂m

�� + Ĵ���F̂m
� ,F̂0

���

= DF̂m−1
� − �

l=1

m−1

�
�=A,B

K��Ĵ���F̂l
�,F̂m−l

� �

�47�
�m = 1,2, . . . � ,

where �l=1
m−1 is set to be zero when m=1.

As is well known,28 the solution of Eq. �46� is a local
Maxwellian distribution for each component with a common
temperature and a common flow velocity. The solution is
expressed in the following form using the leading order

terms n̂0
�, v̂r0, v̂�0, and T̂0 of the Hilbert expansion of the

macroscopic quantities:

F̂0
� =

n̂0
�

��T̂0/m̂��3/2
exp�−

��r − v̂r0�2 + ��� − v̂�0�2 + �z
2

T̂0/m̂�
	 .

�48�

This gives the obvious relations

v̂r0
A = v̂r0

B = v̂r0, v̂�0
A = v̂�0

B = v̂�0,

�49�
T̂0

A = T̂0
B = T̂0.

On the other hand, from Eq. �41� we have

n̂0
Bv̂r0

B = 0 �1 � r̂ � LII/LI� . �50�

The case where n̂0
B0, i.e., there is no noncondensable gas

in the leading order �of the Hilbert solution�, has been inves-
tigated for general geometry in Ref. 40. In this case, a small
amount of the noncondensable gas is blown away by the

vapor flow and pushed against the surface where condensa-
tion of the vapor is taking place. As a result, the noncondens-
able component of a very small amount accumulates in a
very thin layer adjacent to the condensing surface and may
have a significant effect on the global vapor flow.40–42 In the
present study, we consider the opposite case, i.e., the case
where n̂0

B
0 in 1� r̂�LII /LI �the case where n̂0
B vanishes in

a certain interval of r̂ can be handled in the framework of the
present analysis�. Then, v̂r0

B vanishes identically, so that Eq.
�49� gives

v̂r0
A = v̂r0

B = v̂r0  0. �51�

Therefore, the leading-order solution F̂0
� reduces to

F̂0
� =

n̂0
�

��T̂0/m̂��3/2
exp�−

�r
2 + ��� − v̂�0�2 + �z

2

T̂0/m̂�
	 . �52�

The mth-order equation, Eq. �47�, is an inhomogeneous

linear integral equation for F̂m
� . Because of the form of Eq.

�52�, the left-hand side of Eq. �47� is essentially the linear-
ized collision term for a binary mixture of gases. Therefore,
the corresponding homogeneous equation has the indepen-

dent nontrivial solutions: �a� , m̂�� , m̂��2�F̂0
�, where a� are

arbitrary constants, and �2=�r
2+��

2+�z
2. In consequence, in

order that Eq. �47� has a solution, its inhomogeneous term
should satisfy a certain solvability condition, which is re-
duced to the following form:

� DF̂m−1
� d� = 0, �53�

� �
�=A,B

m̂��DF̂m−1
� d� = 0, �54�

� �
�=A,B

m̂��2DF̂m−1
� d� = 0. �55�

If we insert Eq. �52� in Eqs. �53�–�55� with m=1, the r̂
component of Eq. �54� gives a constraint shown in Eq. �57�
below, but other conditions are satisfied automatically. With
this constraint, Eq. �47� with m=1 can be solved. The ex-

plicit form of the solution F̂1
� is given in Appendix B. If we

substitute this F̂1
� into Eqs. �53�–�55� with m=2, we obtain

some constraints for the macroscopic variables contained in

F̂1
�. With these constraints, we can proceed to the higher

order. In this way, the functional form of F̂n
� with respect to

� is determined successively �n=0,1 , . . . �, and at the same
time the constraints on the �unknown� macroscopic variables
hn

� and hn are obtained in the form of ordinary differential
equations. The latter equations are the so-called fluid-
dynamic equations. The set of equations necessary to deter-

mine the leading-order solution F̂0
� is essentially obtained

from Eq. �53� with m=2, the r̂ component of Eq. �54� with
m=1, the � component of Eq. �54� with m=2, and Eq. �55�
with m=2, and can be summarized as follows:

d

dr̂
�r̂̂0v̂r1� = 0, �56�
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1

2

dp̂0

dr̂
−

̂0v̂�0
2

r̂
= 0, �57�

r̂̂0v̂r1
d

dr̂
�r̂v̂�0� =

1

2

d

dr̂
�r̂2�̂T̂0

1/2�dv̂�0

dr̂
−

v̂�0

r̂
	� , �58�

r̂̂0v̂r1
d

dr̂
�v̂�0

2 +
5

2
T̂0	 =

d

dr̂
�r̂�̂T̂0

1/2v̂�0�dv̂�0

dr̂
−

v̂�0

r̂
	

+ r̂�̂T̂0
1/2dT̂0

dr̂
− kT

r̂̂0v̂r1T̂0

�0
A � ,

�59�

where

r̂̂0v̂r1 = − r̂
T̂0

1/2

�0
B D̂AB�d�0

A

dr̂
+ kT

d ln T̂0

dr̂
	

− 2�m̂B − m̂A�D̂AB

�0
A

T̂0
1/2

v̂�0
2 , �60�

̂0 = m̂An̂0
A + m̂Bn̂0

B, p̂0 = n̂0T̂0, �61a�

�0
� =

n̂0
�

n̂0

, n̂0 = n̂0
A + n̂0

B. �61b�

The �̂, �̂, D̂AB, and kT �=D̂T / D̂AB� in Eqs. �58�–�60�, which

are functions of T̂0 and �0
A �or �0

B� and depend on the model
of molecular interaction, correspond to the viscosity, thermal
conductivity, mutual diffusion coefficient, and thermal-

diffusion ratio, respectively, where D̂T corresponds to the
thermal diffusion coefficient. The definition of these trans-
port coefficients is given in Appendix B. With Eqs. �61a� and
�61b�, Eqs. �56�–�60� form a closed set of equations for n̂0

A,

n̂0
B, v̂r1, v̂�0, and T̂0. Equations �56�–�59� are, respectively, the

conservation equations for the total mass, the r̂ component of
the total momentum, its � component, and the total energy.
Equation �60� expresses the diffusion in the radial direction.

In the derivation of the Hilbert solution, we have used
the fact that the radial component of the flow velocity of the
noncondensable gas is identically zero, which is a conse-
quence of the boundary condition �30� on the cylinders. Ex-
cept this, however, the boundary condition has not been
taken into account so far. We now consider the boundary
condition. Let us assume that the macroscopic variables n̂0

�,

v̂�0, and T̂0 in F̂0
� take the following values on the surfaces of

the cylinders; at r̂=1,

n̂0
A = 1, v̂�0 =

VI

Vth
, T̂0 = 1, �62�

and at r̂=LII /LI,

n̂0
A =

nII

nI
, v̂�0 =

VII

Vth
, T̂0 =

TII

TI
. �63�

Then, because of relation �33�, it is seen that F̂0
� satisfies the

boundary condition �30� at the leading order �the zeroth or-

der of ��. The restrictions �62� and �63� give the consistent
boundary conditions on the cylinders for the fluid-dynamic
equations �56�–�61�. Note that the boundary conditions �62�
and �63� contain only the dimensionless parameters nII /nI,
TII /TI, VI /Vth, and VII /Vth, and do not depend on the refer-
ence quantity nI or TI.

The fluid-dynamic system, Eqs. �56�–�63�, gives the so-

lution n̂0
A, n̂0

B, v̂r1, v̂�0, and T̂0, with which the leading-order

term F̂0
� is determined �Eq. �52��. In this way, we obtain the

leading-order solution of the boundary-value problem, Eqs.
�17� and �30�, by the Hilbert expansion.

The fluid-dynamic type equations for the next order,

i.e., for n̂1
A, n̂1

B, v̂r2, v̂�1, and T̂1 �it can be shown that

T̂1
A= T̂1

B= T̂1�, are derived from Eq. �53� with m=3, the r̂ com-
ponent of Eq. �54� with m=2, the � component of Eq. �54�
with m=3, and Eq. �55� with m=3. However, the first-order
Hilbert solution �B1� cannot be made to satisfy the boundary
condition on the cylinders. Therefore, in order to obtain the
first-order solution satisfying the boundary condition, we
have to introduce the correction to Eq. �B1� in thin layers
with thickness of the order of � �or of the order of the mean
free path �c in r� adjacent to the cylinders �the Knudsen-layer
correction�. The analysis of the Knudsen-layer correction
gives the appropriate boundary conditions for the fluid-
dynamic type equations for the next order.

B. Continuum limit and the ghost effect

Here, we give a brief remark on the behavior of the
mixture in the continuum limit where Kn or � vanishes. In
this limit, the solution is given by Eq. �52�, and the macro-
scopic variables reduce to their respective leading order

terms, i.e., �n̂A , n̂B , T̂ , v̂� , v̂r�→ �n̂0
A , n̂0

B , T̂0 , v̂�0 ,0� �cf. Eq.
�51��. That is, in this limit, evaporation and condensation of
the vapor stop, and the radial component of the flow velocity
v̂r vanishes. Therefore, we might expect that the flow field in
this limit is given by the flow field in the same limit of the
ordinary cylindrical Couette flow of a binary mixture of non-
condensable gases �or between impermeable cylinders�.
However, this is not correct, and the situation is more in-

volved. The leading-order terms n̂0
A, n̂0

B, T̂0, and v̂�0 are de-
termined together with the first-order term v̂r1 of the radial
component of the flow velocity. This means that, in spite of
the fact that there is no evaporation or condensation, the flow
field in the continuum limit is affected by the infinitesimal
radial flow �or infinitesimal evaporation and condensation�
�note that v̂r= v̂r1�+ ¯→0, but v̂r1 is of O�1��. This is an
example of the ghost effect �see the last paragraph�. In par-
ticular, the situation in the present problem is essentially the
same as that of the plane Couette flow of the mixture of a
vapor and a noncondensable gas.26 Some numerical ex-
amples of the continuum limit obtained from the fluid-
dynamic system, Eqs. �56�–�63�, will be given in Sec. IV.

In the case of the ordinary cylindrical Couette flow of a
binary mixture of noncondensable gases, i.e., in the case
where the A component is also a noncondensable gas, the
fluid-dynamic system can be derived readily by a slight
modification of the analysis in the present section. The re-
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sulting fluid-dynamic equations are Eqs. �56�–�61� with
v̂r1=0, and the boundary conditions are Eqs. �62� and �63�
with the conditions for n̂0

A discarded. In this system, nI,
which appears in the nondimensionalization �16�, should be
regarded as an appropriate reference molecular number den-
sity, and nII disappears. In addition, we have to specify a
parameter associated with the amount of the A component,
say nav

A /nI with nav
A being the average molecular number den-

sity of the A component. Some numerical solution of this
system �ordinary cylindrical Couette flow, for short� will also
be shown in the next section.

Finally we comment on the ghost effect mentioned
above. The problems of rarefied gas dynamics generally con-
tain various parameters, such as the Mach number, Froude
number, and accommodation coefficients, in addition to the
Knudsen number. If we consider the continuum limit in the
situation where one of the other parameters vanishes together
with the Knudsen number, then the effect of the parameter
may remain finite in the continuum limit though the param-
eter itself vanishes. Such an effect, caused by an infinitesimal
parameter, in the continuum limit is called the ghost effect.
The vanishing parameter can be chosen either artificially by
ourselves or naturally by the problem. For example, if we
consider a stationary gas in a closed container at rest with an
arbitrary temperature distribution �we neglect the gravity�, a
flow with Mach number of the order of the Knudsen number
occurs in general when the Knudsen number is small. This
flow, which vanishes in the continuum limit, has a finite ef-
fect on the temperature distribution in the gas. Therefore,
contrary to common belief, the steady heat-conduction equa-
tion �or more generally, the Navier-Stokes system� fails to

describe the temperature distribution even in the continuum
limit. This fact was pointed out and clarified in Ref. 19,
where the correct fluid-dynamic equations and their bound-
ary conditions for the temperature field were derived system-
atically from the Boltzmann equation and its kinetic bound-
ary condition, and some concrete examples demonstrating
the effect were presented �the possibility of invalidity of the
heat-conduction equation was also noted in Ref. 43�. In this
example, the other vanishing parameter, which is naturally
chosen by the problem, is the Mach number. In the problem
studied in the present paper, the infinitesimal parameter is the
Mach number based on the radial component of the flow
velocity. The ghost effect has been investigated extensively
in the papers following Ref. 19, and several interesting and
nonintuitive phenomena have been clarified �see Refs. 18
and 20–25 and the references in Refs. 22 and 25; for the case
of a gas mixture, we refer to Refs. 26 and 44–46�. The most
recent discovery is a surprising effect caused by an infinitesi-
mal curvature of the boundary in plane Couette flow.24,25

IV. RESULTS AND DISCUSSIONS

A. Numerical analysis

In Secs. IV B and IV C, we show some numerical results
and discuss the behavior of the vapor and noncondensable
gas in the continuum limit. The main result that will be pre-
sented here is the result of numerical analysis based on the
fluid-dynamic system derived in Sec. III. We assume that
both components consist of hard-sphere molecules. Then, the

database for the transport coefficients �̂, �̂, D̂AB, and kT oc-

FIG. 1. Profiles of the macroscopic quantities in the
continuum limit for various nav

B /nI �hard-sphere mol-
ecules� in the case of nII /nI=2, VI /Vth=0.5, mB /mA

=0.2, and dB /dA=1 �LII /LI=2, TII /TI=1, and VII=0�.
The dashed line indicates the corresponding results for
ordinary cylindrical Couette flow �see the main text for
the meaning of nI in this case�.
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curring in Eqs. �58�–�60�, which gives their values for arbi-
trary values of the concentration �0

A, is available 47 �note that

they are independent of T̂0 for hard-sphere molecules�. The
ordinary differential equations �56�–�60� with the boundary
conditions �62� and �63� have been solved numerically by an
iterative finite-difference method. Since Eqs. �62� and �63�
do not depend on nI or TI itself, the problem is characterized
by the dimensionless parameters nII /nI, TII /TI, VI /Vth,
VII /Vth, nav

B /nI, LII /LI, mB /mA, and dB /dA for hard-sphere
molecules. We let

TII

TI
= 1,

VII

Vth
= 0,

LII

LI
= 2, �64�

throughout Secs. IV B and IV C. The relations between n̂0
�,

v̂�0, T̂0, etc., occurring in the fluid-dynamic system and the
physical quantities in the continuum limit are as follows:

n̂0
� =

n�

nI
, ̂0 =



mAnI
,

T̂0 =
T

TI
, v̂�0 =

v�

Vth
,

�65�

v̂r1 = lim
�→0

vr

Vth

1

�
= lim

Kn→0

vr

Vth

2

�Kn

,

2

�LII/LI�2 − 1
�

1

LII/LI

r̂n̂0
Bdr̂ =

nav
B

nI
.

In addition to the numerical analysis for the fluid-
dynamic system, we have also performed a Monte Carlo
simulation for the original Boltzmann system, Eqs. �17� and
�30�, for small Knudsen numbers, using the direct simulation
Monte Carlo �DSMC� method.48,49 We have assumed hard-
sphere molecules for both components. We have also as-
sumed the complete condensation condition for the vapor
and the diffuse reflection condition for the noncondensable
gas, i.e., Eq. �30� with Eqs. �35�–�38�.

B. Ghost effect

In Figs. 1 and 2, we show, by solid lines, the profiles of

the macroscopic quantities n̂0
A, n̂0

B, v̂�0, v̂r1, ̂0, and T̂0, ob-
tained from Eqs. �56�–�63�, for various values of nav

B /nI in
the case of VI /Vth=0.5, mB /mA=0.2, and dB /dA=1: Fig. 1 is
for nII /nI=2, and Fig. 2 for nII /nI=0.5. In Fig. 1, infinitesi-
mal evaporation takes place on the outer cylinder and infini-
tesimal condensation on the inner, so that there is an infini-
tesimal inward flow �v̂r1	0�. In Fig. 2, the situation is
opposite �v̂r1
0�. The magnitude of the infinitesimal radial
flow ��v̂r1��� increases as the amount of the noncondensable
gas decreases, i.e., as nav

B /nI decreases. Correspondingly,
the profile of the tangential velocity component �v̂�0� is
pushed inward �Fig. 1� or outward �Fig. 2� with the decrease
of nav

B /nI. In Figs. 1 and 2, the results for the ordinary cylin-

FIG. 2. Profiles of the macroscopic quantities in the
continuum limit for various nav

B /nI �hard-sphere mol-
ecules� in the case of nII /nI=0.5, VI /Vth=0.5, mB /mA

=0.2, and dB /dA=1 �LII /LI=2, TII /TI=1, and VII=0�.
See the caption of Fig. 1.
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drical Couette flow �i.e., the case where the A component is
also noncondensable� are also shown by dashed lines for the
corresponding parameters, VI /Vth=0.5, mB /mA=0.2, and
dB /dA=1. Here, the reference molecular number density nI

has been determined in such a way that the total number of
the A component, nI�1

2r̂n̂0
Adr̂, takes the same value as the

corresponding case where the A component is the vapor �see
the second paragraph of Sec. III B�. The v̂�0 for the ordinary
cylindrical Couette flow is practically independent of nav

B /nI,
i.e., the concentration of the components.

We should now recall that there is no evaporation or
condensation �i.e., the radial flow is infinitesimal� in the case
of the mixture of a vapor and a noncondensable gas. How-
ever, the behavior is quite different from that of the ordinary
cylindrical Couette flow. For example, the tangential velocity
profile deviates significantly, and the deviation increases as
nav

B /nI decreases. This deviation is due to the ghost effect
caused by the infinitesimal evaporation and condensation.

Figures 3 and 4 show the result of the Monte Carlo
simulation by the DSMC method: The profiles of nA, nB, v�,
vr, , and T are shown for small Knudsen numbers,
Kn=0.05, 0.02, 0.01, and 0.005. Figure 3 corresponds to the
case of Fig. 1 with nav

B /nI=0.2, and Fig. 4 corresponds to the
case of Fig. 2 with nav

B /nI=0.2. As Kn is reduced, the mag-
nitude of the radial component vr decreases, showing the
tendency that it vanishes in the limit Kn→0. This is consis-
tent with the fact that v̂r0=0 in the asymptotic analysis. The
profiles approach the solid curves that indicate the solution
of the fluid-dynamic system. By the way, the dashed lines
indicate the solution of the fluid-dynamic system for the or-
dinary cylindrical Couette flow.

The DSMC computation is seemingly easy in the present
spatially one-dimensional problem, but in reality it is not an
easy task because of the structure of the flow. When the
Knudsen number is small, the Kn0-order quantities such as
v̂�0 are determined together with the Kn-order radial velocity
v̂r1�. Therefore, in the DSMC computation, we need to ob-
tain the small radial velocity precisely in order to describe
the other macroscopic quantities correctly. As is well known,
however, one of the drawbacks of the DSMC method is the
difficulty in obtaining small quantities because they are bur-
ied in the statistical fluctuations inherent to the method.
Since the radial velocity in the present problem decreases in
proportion to the Knudsen number, the computation becomes
increasingly difficult with the decrease of the Knudsen num-
ber. This situation has been pointed out in the study of the
two-surface problems of a vapor-gas mixture.26 To overcome
this difficulty, a rather large computational system and a
long-time run are inevitable. In the present computation, the
interval 1�r /LI�2 is divided into 400 uniform cells
�Kn=0.05, 0.02, and 0.01� or 800 uniform cells
�Kn=0.005�; 100 simulation particles per cell are used for
the number density nA=nI in Fig. 3, and 200 particles per
cell for nA=nI in Fig. 4. The time step �t is 4.51�10−3tc

�Kn=0.05�, 5.64�10−3tc �Kn=0.02 and 0.01�, or 1.13
�10−2tc �Kn=0.005�, where tc is the mean free time corre-
sponding to TI and �c. The computation was performed over
106�t �Kn=0.05�, 2�106�t �Kn=0.02�, or 4�106�t
�Kn=0.01 and 0.005� after the steady state has been estab-
lished, and the averages over these time intervals are shown
in the figures.

FIG. 3. Profiles of the macroscopic quantities for small
Kn �DSMC result for hard-sphere molecules� in the
case of nav

B /nI=0.2, nII /nI=2, VI /Vth=0.5, mB /mA=0.2,
and dB /dA=1 �LII /LI=2, TII /TI=1, and VII=0�. The
solid line indicates the profile of the continuum limit,
and the dashed line that of the same limit for the ordi-
nary cylindrical Couette flow.
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C. Bifurcation

Let us denote by Mr the mass flow of the vapor in the
radial direction per unit time and per unit length of the axial
coordinate z, which is infinitesimal in the continuum limit.
Then, it is related to ̂0v̂r1 and m̂An̂0

Av̂r1
A as

r̂̂0v̂r1 = r̂m̂An̂0
Av̂r1

A = lim
Kn→0

M̃ , �66�

M̃ =
Mr

2�LIm
AnIVth

2

� Kn

, �67�

where M̃ is introduced for the later convenience.
Figure 5 shows r̂̂0v̂r1 vs VI /Vth, obtained from Eqs.

�56�–�63�, for various values of nav
B /nI in the case of nII /nI

=1.5, mB /mA=1, and dB /dA=1 ��a�� and nII /nI=1.2,
mB /mA=0.2, and dB /dA=1 ��b��. In Fig. 5�a�, as nav

B /nI de-

creases from 1 to 0.1, the curve becomes steep near VI /Vth

=1, and the gradient of the curve there becomes negative
with the further decrease of nav

B /nI. For example, for nav
B /nI

=0.05, there are three values of r̂̂0v̂r1 at the same VI /Vth in
a certain interval. In other words, the solution is not unique,
and the bifurcation of the solution takes place. As nav

B /nI is
decreased further, the curve tends to approach the dot-dashed
curve that indicates the pure-vapor case.18 A basically similar
tendency, with bifurcation at smaller VI /Vth, is observed in
Fig. 5�b�. It can be shown from Eqs. �56�–�60� that in Fig.
5�a� all the curves pass a single point, �VI /Vth , r̂̂0v̂r1�
= �1.0053,0�, because of the special choice mB /mA=dB /dA

=1. The same is seemingly true in Fig. 5�b�, but a close
examination of the numerical result shows that the curves do
not pass a single point.

Figure 6�a� shows a different aspect of Fig. 5�a�, that is,

FIG. 4. Profiles of the macroscopic quantities for small
Kn �DSMC result for hard-sphere molecules� in the
case of nav

B /nI=0.2, nII /nI=0.5, VI /Vth=0.5, mB /mA

=0.2, and dB /dA=1 �LII /LI=2, TII /TI=1, and VII=0�.
See the caption of Fig. 3.

FIG. 5. The r̂̂0v̂r1 vs VI /Vth in the continuum limit for
various nav

B /nI �hard-sphere molecules� �LII /LI=2,
TII /TI=1, and VII=0�. �a� nII /nI=1.5, mB /mA=1, and
dB /dA=1, �b� nII /nI=1.2, mB /mA=0.2, and dB /dA=1.
The dot-dashed line indicates the pure vapor case
�Ref. 18�.
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r̂̂0v̂r1 vs nav
B /nI is plotted for different values of VI /Vth in the

case of nII /nI=1.5, mB /mA=1, and dB /dA=1. The right-hand
figure is a magnified one. As VI /Vth increases from 0.85, two
branches indicated by the dashed line approach, and, as
shown by the solid line, the recombination of the two
branches takes place at VI /Vth=1.0053, namely, at the fixed
point in Fig. 5�a�. Then, the new branches, indicated by the
dotted line, separate with the further increase of VI /Vth. Fig-
ure 6�b� is the corresponding figure for Fig. 5�b�. In this case,
the recombination takes place at a value of VI /Vth between

0.6594 and 0.6595 �the curves at these two values are shown
by the dashed and dotted lines, respectively, but they almost
coincide in the left-hand figure�.

In Fig. 7�a�, the profiles of v̂�0 and v̂r1 of the three bi-
furcated solutions at VI /Vth=1.0053 are shown for three dif-
ferent values of nav

B /nI, i.e., 0.08, 0.05, and 0.02 �see Figs.
5�a� and 6�a��. The solid line indicates the solution with
negative v̂r1 �in the sense that v̂r1	c1	0 with a finite c1�,
the dot-dashed line that with positive v̂r1 �in the sense that
0	c2	 v̂r1 with a finite c2�, and the dashed line that with

FIG. 6. The r̂̂0v̂r1 vs nav
B /nI in the continuum limit for

various VI /Vth �hard-sphere molecules� �LII /LI=2,
TII /TI=1, and VII=0�. �a� nII /nI=1.5, mB /mA=1, and
dB /dA=1, �b� nII /nI=1.2, mB /mA=0.2, and dB /dA=1.

FIG. 7. Profiles of v̂�0 and v̂r1 of the three bifurcated
solutions in the continuum limit �hard-sphere mol-
ecules� �LII /LI=2, TII /TI=1, and VII=0�. �a� At VI /Vth

=1.0053 for nav
B /nI=0.08, 0.05, and 0.02 in the case of

nII /nI=1.5, mB /mA=1, and dB /dA=1 �cf. Figs. 5�a� and
6�a��, �b� at VI /Vth=0.6595 for nav

B /nI=0.06, 0.04, and
0.02 in the case of nII /nI=1.2, mB /mA=0.2, and dB /dA

=1 �cf. Figs. 5�b� and 6�b��. The solid line indicates the
solution with negative and finite v̂r1, the dot-dashed line
that with positive and finite v̂r1, and the dashed line that
with v̂r1=0 in �a� and v̂r1�0 in �b�.
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v̂r1=0, which is common to all nav
B /nI and corresponds to the

fixed point in Fig. 5�a� and to the ordinary cylindrical Cou-
ette flow. Figure 7�b� is the corresponding figure for the three
bifurcated solutions at VI /Vth=0.6595 for three different val-
ues of nav

B /nI, i.e., 0.06, 0.04, and 0.02 �see Figs. 5�b� and
6�b��. The three different types of lines have the same mean-
ing as in Fig. 7�a�, except that the dashed line indicates the
solution with very small �v̂r1� ��10−3�. This solution changes
very slightly with nav

B /nI though invisible from the figure.
In Figs. 8 and 9, we show some results obtained by the

DSMC method for the original Boltzmann system. Figure 8
shows the results for the case corresponding to Fig. 5�a�.
More specifically, the symbols �, �, and � indicate M̃ in
Eq. �67� vs VI /Vth for nav

B /nI=0.5, 0.05, and 0.02 at Kn
=0.005 in the case of nII /nI=1.5, mB /mA=1, and dB /dA=1.
The corresponding curve in the continuum limit based on the
fluid-dynamic system is also shown for comparison. The
DSMC result demonstrates the nonuniqueness of the solu-
tion. However, we were not able to obtain the solution that
roughly corresponds to the part of the curve with the nega-
tive gradient in Fig. 5. The solution on this part may be
unstable. The profiles of the tangential velocity v� of the

DSMC result corresponding to the points �VI /Vth ,M̃�
= �1.0053,−3.36� and �1.0053, 4.46� for nav

B /nI=0.05 are
shown in Fig. 9 together with the corresponding result in the
continuum limit, i.e., �VI /Vth , r̂̂0v̂r1�= �1.0053,−4.643�,
�1.0053, 0�, and �1.0053, 12.17�.

In Figs. 8 and 9, the DSMC results at Kn=0.005 still
deviate significantly from the corresponding continuum
limit. The discrepancy should reduce if we are able to carry
out the DSMC computation for smaller Knudsen numbers.
However, for the reason described in the last paragraph in
Sec. IV B, such a computation is extremely hard. The com-
putational system used for Figs. 8 and 9 is the same as that
for Kn=0.005 in Fig. 3 �see the last paragraph in Sec. IV B�.
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APPENDIX A: MACROSCOPIC QUANTITIES
OF THE HILBERT EXPANSION

The explicit expressions of the macroscopic quantities of

the Hilbert expansion by F̂m
� are summarized. The coeffi-

cients of each gas hm
� are

n̂0
� =� F̂0

�d� , �A1�

v̂r0
� =

1

n̂0
� � �rF̂0

�d� , �A2�

v̂�0
� =

1

n̂0
� � ��F̂0

�d� , �A3�

p̂0
� = n̂0

�T̂0
� =

2

3
� ���r − v̂r0

� �2 + ��� − v̂�0
� �2 + �z

2�

� m̂�F̂0
�d� , �A4�

and

n̂1
� =� F̂1

�d� , �A5�

v̂r1
� =

1

n̂0
� � �rF̂1

�d� −
n̂1

�

n̂0
� v̂r0

� , �A6�

v̂�1
� =

1

n̂0
� � ��F̂1

�d� −
n̂1

�

n̂0
� v̂�0

� , �A7�

FIG. 8. Magnified mass flow rate M̃ vs VI /Vth at Kn=0.005 �DSMC result
for hard-sphere molecules� for nav

B /nI=0.5 ���, 0.05 ���, and 0.02 ��� in
the case of nII /nI=1.5, mB /mA=1, and dB /dA=1 �LII /LI=2, TII /TI=1, and
VII=0�. The solid line indicates the results in the continuum limit.

FIG. 9. Profiles of the tangential velocity v� at Kn=0.005 �DSMC result for

hard-sphere molecules� corresponding to �VI /Vth ,M̃�= �1.0053,−3.36� and
�1.0053, 4.46� in the case of nav

B /nI=0.05, nII /nI=1.5, mB /mA=1, and
dB /dA=1 �LII /LI=2, TII /TI=1, and VII=0�. The corresponding results in the
continuum limit, i.e., the profiles at �VI /Vth , r̂̂0v̂r1�= �1.0053,−4.643�,
�1.0053,0�, and �1.0053,12.17�, are also shown by the solid line.
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p̂1
� = n̂0

�T̂1
� + n̂1

�T̂0
� =

2

3
� ���r − v̂r0

� �2 + ��� − v̂�0
� �2 + �z

2�

� m̂�F̂1
�d� . �A8�

The coefficients of the total mixture hm are expressed in
terms of those of each gas:

n̂0 = n̂0
A + n̂0

B, �A9�

̂0 = m̂An̂0
A + m̂Bn̂0

B, �A10�

v̂r0 =
1

̂0

�m̂An̂0
Av̂r0

A + m̂Bn̂0
Bv̂r0

B � , �A11�

v̂�0 =
1

̂0

�m̂An̂0
Av̂�0

A + m̂Bn̂0
Bv̂�0

B � , �A12�

p̂0 = n̂0T̂0 = �
�=A,B

�p̂0
� +

2

3
m̂�n̂0

��Vr0
� �2 +

2

3
m̂�n̂0

��V�0
� �2� ,

�A13�

and

n̂1 = n̂1
A + n̂1

B, �A14�

̂1 = m̂An̂1
A + m̂Bn̂1

B, �A15�

v̂r1 =
1

̂0
� �

�=A,B
�m̂�n̂0

�v̂r1
� + m̂�n̂1

�v̂r0
� � − ̂1v̂r0� , �A16�

v̂�1 =
1

̂0
� �

�=A,B
�m̂�n̂0

�v̂�1
� + m̂�n̂1

�v̂�0
� � − ̂1v̂�0� , �A17�

p̂1 = n̂0T̂1 + n̂1T̂0 = �
�=A,B

�p̂1
� +

2

3
m̂�n̂1

���Vr0
� �2 + �V�0

� �2�

+
4

3
m̂�n̂0

��Vr0
� Vr1

� + V�0
� V�1

� �� , �A18�

where

Vrm
� = v̂rm

� − v̂rm, V�m
� = v̂�m

� − v̂�m. �A19�

APPENDIX B: HILBERT SOLUTION F̂1
�

In this appendix the index � is used to represent the
labels A and B of the gas species, in addition to � and �. The

first-order Hilbert solution F̂1
� is given in the following form:

F̂1
� = F̂0

�� p̂1
�

p̂0
� + 2m̂� v̂r1�̃r + v̂�1�̃�

T̂0
1/2

+
T̂1

T̂0

�m̂��̃2 −
5

2
	

− �̃rA
���̃�

1

p̂0

dT̂0

dr̂
− �̃r�̃�B���̃�

T̂0
1/2

p̂0
�dv̂�0

dr̂
−

v̂�0

r̂
	

− �̃r �
�=A,B

D������̃�
1

n̂0p̂0
�dp̂0

�

dr̂
−

2m̂�n̂0
�v̂�0

2

r̂
	� , �B1�

where

�̃r =
�r

T̂0
1/2

, �̃� =
�� − v̂�0

T̂0
1/2

, �̃z =
�z

T̂0
1/2

,

�B2�
�̃2 = �̃r

2 + �̃�
2 + �̃z

2.

The functions A����, B����, and D������� are the solutions of
the following integral equations:28,50

�
�=A,B

K���0
�L̃T

����rA
�,�rA

�� = − �r�m̂��2 −
5

2
	 ,

subsidiary condition: �
�=A,B

m̂��0
�I4

��A�� = 0,
�B3�

�
�=A,B

K���0
�L̃T

����r��B�,�r��B�� = − 2m̂��r��, �B4�

�
�=A,B

K���0
��0

�L̃T
����rD

����,�rD
����� = − �r���� −

m̂�n0
�

̂0
	 ,

subsidiary condition: �
�=A,B

m̂��0
�I4

��D����� = 0,

�B5�

where �= ��r
2+��

2+�z
2�1/2. The operators L̃T

���f ,g� and In
��F�

are defined as follows:

L̃T
���f ,g� =� �f��*�� + g���� − f��*� − g����

� E���*�B̂T
����e · V̂�/V̂,V̂�d��e�d�*, �B6�

B̂T
����e · V̂�/V̂,V̂� = B̂����e · V̂�/V̂,V̂T̂0

1/2�/T̂0
1/2, �B7�

In
��F� =

8�

15
� m̂�

�
	3/2�

0

�

�nF���exp�− m̂��2�d� , �B8�

where

E���*� = � m̂�

�
	3/2

exp�− m̂��*
2� , �B9�

�* = ��*r
2 + �*�

2 + �*z
2 �1/2. �B10�

The transport coefficients �̂, �̂, D̂AB, and kT in Eqs.
�58�–�60� are defined by means of the functions A�, B�, and
D���� as follows:28,50

D̂AB = �0
A�0

B��̂AA + �̂BB − �̂AB − �̂BA� , �B11�
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D̂T = �0
A�0

B�D̂TA − D̂TB� , �B12�

�̂ = �
�=A,B

�0
��̂�, �̂� = �

�=A,B
�0

��̂��, �B13�

kT =
D̂T

D̂AB

, �̂ = �̂� − kT
D̂T

�0
A�0

B , �B14�

where

�̂�� =
5

2
I4

��D����� , �B15�

D̂T� =
5

2
I4

��A�� , �B16�

�̂� = m̂�I6
��B�� , �B17�

�̂�� =
5

2
I4

���m̂��2 −
5

2
�A�	 . �B18�

From the subsidiary conditions and appropriate integration of
the integral equations in Eqs. �B3� and �B5�, the following
relations are derived, with the help of which the form of Eqs.
�58�–�60� is obtained:

�̂�� = �̂��, �B19�

�
�=A,B

m̂��0
��̂�� = 0, �B20�

�
�=A,B

m̂��0
�D̂T� = 0. �B21�

For hard-sphere molecules, the coefficients �̂, �̂, D̂AB, and kT

are independent of the temperature T̂0. A numerical database
for these coefficients in this case as functions of �0

A has been
constructed in Ref. 47, and it has been used in obtaining the
numerical solution presented in Sec. IV.
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