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ABSTRACT

We obtain the necessary and sufficient condition of weak star uniformly rotund
point in Orlicz spaces.

In this paper, X denotes a Banach space, B(X), S(X) denote respectively the unit
ball and the unit sphere of X. x € S(X) is said to be a UR (WUR, W*UR) point
provided that z,, € B(X), ||z, + 2| — 2= ||z, — 2| = 0 (2, — 2 > 0,2, — LN 0).
Obviously, URP = WURP = W*URP. If all points of S(X) are W*UR points, X
is locally weak star uniformly rotund.

M(-), N(-) denote a pair of complemented N-functions (see [3]); “M € Ay”
(“M € V3”) means that M(-) satisfies the Vy-condition (N satisfies the V-
condition). (G, X, u) stands for a non-atomic finite measure space; Ly (G, %, 1)
expresses the Orlicz space generated by M (-):

Ly (G, 2, pn) = {x(t):Ela > O,RM<§) = /GM<—)d,u < oo}

with the norm

x
||| = inf {a > 0: RM(—) < 1}.
a
For an Orlicz function space Lj; and a sequence space [, a criterion of UR
(WUR) point was obtained in recent years [1,2]. Here we give the criterion of W*UR
point, but the statement and method is different to WURP.

301


Servicio de Textos



302 WANG AND WANG

Theorem 1

Let x € S(Ly). x is a W*URP if and only if
(1) 37 >0, Ry (7%) < o0
(2) p{te G lz(t)| € R\ Su} =0
(3) p{teGlar) e ﬁl{bi}} —0orp{te G lat) € ifjl{ai}} —0and M € Vs,

where Sy is the set of all strictly convex points of M (-), (a;,b;) are affine segments
of M(-) fori=1,2,...

Proof. Without loss of generality, we assume z(t) > 0.

X
1—¢

such that uG. = p{t € G:z(t) < ¢} > 0. Define 2’ = —xzxa, + rXa\@.; then
|2’ = ||z|| = 1, but for all e > 0

() [ M-

so |[z+2'|| = 2. From x # 2/, we get a contradiction with the fact that « is a W*UR
point, which shows that (1) is true.

Necessity. Suppose that Ry (%) = oo for all £ > 0. Take ¢ large enough

Since a W*UR point is an extreme point, from [3], we get that (2) is true.

Suppose that there exist affine segments [a,b],[c,d] of M(-) such that A =
{t:x(t) = a}, B = {t:2(t) = d} are sets with positive measure. Take £ C A, F C B
satisfying (M (b) — M (a))uE = (M(d) — M(c))puF. Define o' = xx e\ (pur) +bxe +
exr, then ' # x, Ry (x) = Ry (2') = 1, and RM(mng,) = RM(I);RM(I,) = 1, which
contradicts the fact that x is a W*UR point.

Suppose now that there is an affine segment [a,b] with positive measure set
D = {t:x2(t) = b} and M ¢ Va, i.e. there are u, " oo such that u; > b and
M(%) > (1 - %)w (n = 1,2,...). Take subsets E,,,D D E; D Ey D ...
satisfying

M(u, — B)uE, + M(a)u(D\ B,) = M(b)uD

then pE, — 0. Define z,, = xxg\p +axp\g, + (un —b)xE, s0 Ry (z,) = Ru(z) =
1 (n=1,2,...) and
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RM<x"2+x) = Ru(wxe\p) +M(a;b)u(D\En) +M(“’2—")uEn
> Rulexavn) + e Mo\ B 4 2 (1= D MGuas,
_ Rarloxo\p) + MOu(D\ By)
, Fulxen) @) ) + (1= )M (s ~ Uy
— Ryg(z) = 1.

From (z — 2, Xp\g,) = (b —a)u(D \ E1) > 0, we get a contradiction since x is a
W*UR point.

Sufficiency. Suppose that z,, € B(Ly), ||xn + x| — 2. We will first show that

Ry (zn) — 1 and Ry (2252) — 1.

Suppose that Rys(z,) < 1—6 forsome é > 0 (n =1,2,...). Take ¢ small enough

such that {15 < ;5. For such ¢, while n is large enough we have |[(14¢) %22 || > 1,

and so Ry ((1+¢)222) > 1. Hence applying assumption (1) we get

A 1+¢ l—cl+e¢
1<RM<(1+6) )—RM( 5 Ty + 5 1_5$>
1+¢ 1—c¢ 1+e¢ 1+¢
< < _
S 5 fu(Ea) + = RM<1—59”)— ;=9
1_
y—° (1+o(e)) R ().

2

Ife —0,1<1-6/2,s0 we get Ry(zy,) — 1.

Clearly || 2EE + z|| — 2, so we get similarly Ry (£H2) — 1.

In the following, we show z, — z = 0, and so it is enough to show x, — £o0.
Denote E = {t € G:z(t) € Spr \ ({a;} U {b;})}. We first show z,, —z %> 0 on E.
Suppose for a contrary that there exist ¢, > 0 with p{t € E: |z, (t)—z(t)| > ¢} > 0.
Since

{t:|zn (t)|2d}

1> Ry(z,) > M (z,(t))dp > M (d)p{t: |zn (t)] > d},

we have that for d large enough u{t:|z,(t)] > d} < ¢/3 (n = 1,2,...) and
p{t: |x(t)| > d} < o/3. Thus pE, > 0/3, where

B, ={teE:lz,(t) —a(t)] > &, |za()| <d, |at)| <d).
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Clearly there is 6 > 0 such that for t € E,,,

M(EOHEO) (g gy Moult) + M)

Hence

Ry (xn) + Ry () _ R (n +z
2 M( 2 )
[ (M) M) ) 4ot

N /En (M(xn(t)) + M(x(t)) _M<a?n(t)2+ﬂf(t)>>

0 «—

2

> g/E (M (2(£)) + M ((t))dp > gM(%>%

This contradiction shows that x,, — x £ 0 on E. Denote

Ff(n)={te G:xt) € {a;},zn(t) > z(t)}

F (n)={teG:z(t) € {ai},zn(t) < z(t)}

Ff(n) ={t € G:z(t) € {b;},zn(t) > 2(t) or z,(t) <0}
Fo(n)={teG:x(t) € {bi},zn(t) <z(t) and z,(t) >0}

Analogously as above we have that for any € > 0

uit € By (n): 2 (t) <
p{t € Ff(n):z,(t) >

whence
lim sup/ M (z,,(t))dp > lim sup/ M (z(t))dp.
n—oo JEUF, (n)UF, (n) n—oc JEUF, (n)UF, (n)

Consider the case u(F, (n)UF, (n))=0 (n=1,2,...). From

lim sup/ M (2, (t))dp > lim sup/ M (z(t))dp
EUF; (n) EUF, (n)

and Ryr(x,) — 1 = Ry(x), it follows that

lim inf/ M (z,(t))dp < lim inf/ M (z(t))dp
Ff(n) Ff(n)

n— 00 n— 00
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thus
liminf/+ (M (zn(t)) — M(z(t))dp =0
Fq(n)

so for any € > 0
p{t € Ef(n):xp(t) > z(t) +e} — 0 (n — o00).

Combining the above, we have x, — - 0 on EU F, (n) U Fi (n) = G.
Consider the case of u(F(n)UF, (n)) =0 (n=1,2,...) and M € Vy. We
first prove that limo sup [ M(z,(t))dp = 0. Suppose that there exist € > 0 and
ne—=0 n o

en C G with pe, N\, 0 such that [ M (z,(t))du > e.
Take ¢ > 0 small enough, ]\Z(C),U,G < ¢/2, denote e}, = {t € e,:|z,(t)] > c}.

o /%M(q:n(t))duz / M (2 () dpt - / M (22 (8)) dp

en en\€el,

>e— M(c)uG > %
Combining M € Vg, for 7,6 > 0, while u > ¢, M (%) < (1 - 0) Aﬁ? whence
() < (2 ) ()
- RM(a:nXG\e;L);-RM(LEXG\e;L) n /e, M(l —;T?:E? n 1 ; T 1a;£t)T>du
< Rayr(znxane,) + R (zxaner, ) . 1 —i—T/ M(x”(t))d,u
2 2 Jo 1+7

n

gt M

RM(l'nXG\e' )+ RM(UUXG\e' ) 1+71-6
< " = M (x,(t))d
= 2 T 1+T/e% (n (1)) dp
1—7 x
T RM(l—TXe’n)
Ry (xn, o )+ Ry(xxan e 1— R nXel Py
< M(TnXa\er,) + Rar(Txa\ n)+ T o(uel) + M(TnXe,) b
2 2 2 4
n 1)

If n — oo, it gives a contradiction: 1 <1 — ée/4. So we get

lim sup/ M (2, (t))dp = lim sup/ M (z(t))dp
EUF} (n) EUF} (n)

n—oo n—oo
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hence
lim inf/ M (z,(t))dp = lim inf/ M (z(t))dp.
Fy (n) Fy (n)

From liminf [ (M (x(t))—M(z,(t)))du = 0, it follows that z,, —x % 0 on Fy (n),
n—oo - (n)

and consequently z, —z % 0 on G. O

By an analogous argumentation, we get the same result for Orlicz sequence
spaces.

Theorem 2

Let x € S(lpr). Then x is a W*URP point if and only if

(1) thereis 7 > 0, R(:%=) < 00

(2) if there is “i”, |x(i)| € (a,b], then M € V3 and there is no “j”7, j # i with
|z(j)| € [¢,d), where [a,b] and [c,d] are affine segments of M ().

References

1. T. Wang, Z. Ren and Y. Zhang, On UR point and WUR point of Orlicz spaces, J. Math. 13
(1993), 443-452.

2. Y. Li, Lee Pengyee, T. Wang, On UR point and WUR point of Orlicz sequence spaces, Ann.
Math. Res. 27 (1994).

3. M.A. Krasnoselskii and Ya. B. Rutiskii, Convex function and Orlicz spaces, Groningen 1961.



