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ABSTRACT

We characterize free poset algebras F'(P) over partially ordered sets and show
that they can be represented by upper semi-lattice algebras. Hence, the unique-
ness, in decomposition into normal form, using symmetric difference, of non-zero
elements of F(P) is established. Moreover, a characterization of upper semi-
lattice algebras that are isomorphic to free poset algebras is given in terms of a
selected set of generators of B(T).
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1. Characterization of F(P)

The main result of this section is Theorem 1.2 that gives an algebraic characterization
of free poset algebras. Our approach in studying these algebras is different from [1]
and [8]. Indeed, we show that the class of free poset algebras is actually a subclass of
upper semi-lattice algebras. Therefore, non-zero elements has a unique decomposition
into normal form. Two elements a and b of a poset (P, <) are comparable whenever
a<b or b<a. We say a || b, whenever a and b are not comparable in (P, <). A subset
A of (P,<) of non comparable elements is called an anti-chain of (P,<). Zd(P)
shall denote the set of ideals of P. (J C P is an ideal if J is an non empty initial
segment of P such that every p,q € J there is r € J such that p,q < r). For a
non empty set X, we denote by [X]<“ the set all finite subsets of X. Thus, we set
Ant(P) = {o € [P]<¥ : o is an antichain of P}.

Rev. Mat. Complut. 169
2004, 17; Nim. 1, 169-179 ISSN: 1139-1138
http://dx.doi.org/10.5209/rev_REMA.2004.v17.n1.16795


https://core.ac.uk/display/38809488?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

M. Bekkali/D. Zhani Tail and free poset algebras

Now, a subset F' of P is a final segment of P, whenever it is closed upwards i.e., if
(a,b) € FxPanda <b,thenbec F. E.g., foreachpe€ P, PZP:={q€ P : p<q}is
a final segment of P. For a finite subset o of P, P=7 :=J ., P=7? is a final segment
of P generated by o. Define < be the binary relation on [P]<% defined by o <X 7 if
P27 D P27 i. e., for every q € T there is p € o such that p < ¢. So < is a reflexive
and transitive relation. For o € [P]<“ let min (o) be the set of minimal elements of o.
So P27 = p=min(9) T is trivial that < restricted to Ant(P) is a partial order. Also
for 0,7 € Ant(P), P27 U P27 = pZoYT = pzmin(oUr),

Throughout this paper (P, <) shall denote a partially ordered set (poset) with
greatest element oo. Notice that this assumption on (P, <) is not restrictive but it’s
rather convenient for expository purposes; indeed, let (@, <) be a poset and denote
by FsT(Q) the set of all final segments of Q, and Fs(Q) := Fs*(Q) \ {0} then Fs(Q)
and Fs(Q U {oco}) are homeomorphic spaces; for more see e. g. [3]. Fs(P) the set of
all non-empty final segments of P is a closed subspace of {0, 1} by identifying p(P)
with {0, 1} via characteristic functions of sets and taking the the Cantor topology on
{0,1}7. For a topological space X, clop(X) shall denote the Boolean algebra of clopen
(closed and open ) subsets of X. Thus, clop(Fs(P)) is the free poset algebra over P,
denoted by F'(P). Forp € P,set V,, := {F € Fs(P) : p € F}. So V,, is a clopen subset
of Fs(P). Also, for any finite subset o of P. (1) (,c, Vp = {F € Fs(P) : F D P27},
Hence a basis of Fs(P) is ( (¢, Vp N ye, — Vg, 0,7 € [P]=¢ ), where —V; denotes
the complement of V, in Fs(P); (1.e., =V, = Fs(P)\ V; ). Notice that V,, € F(P) and
that every member of F(P) is a finite union of (1), V;, N,c, —V;- Finally, recall
that clp(S) denotes the subalgebra of B generated by S for any Boolean algebra B
and any S C B. Next, Ult(B), the set of ultrafilters of B, shall denote the Stone
space of B.

Lemma 1.1. Let (P, <) be a poset, with greatest element co.
(i) If p<q thenV, C V.
(ii) ﬂpep p = ={P} # 0.
) Voo = Fs(P).
)

(iii

(iv) For finite subsets o, 7 of P, the following properties are equivalent:

(a) ﬂpea Vp N quT _‘/:1 = @
(b) There are p € o, q € T such that p < q.

(V) I iz Vo) € Uiz 1(ﬂ i Vq(k,j)) then

(a) there is k € {1,...,m}, such that (\;_; V) C ﬂj 1 Vi(k.j), and
(b) for any j € {1,...,m(k)} thereisic {1,...,n} so that p(i) < q(k,j).
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Proof. (i)—(iii) are easy to check.
To prove (iv), set W=, V, N,c, —Vy. Then,

W ={F €Fs(P): o CFand7TNF =0}

Suppose that there are p € 0, ¢ € 7 and p < ¢q. So every final segment containing o
contains ¢q. Thus, W = (). Conversely, suppose that for every p € o, ¢ € 7, and p £ q
we have P27 N7 = (). It follows then, P=° € W; thus W # 0.

To prove (v), set o := {p(1),...,p(n)}, F := P=7. So, F € (\;_; Vp;). Choose
k so that F € ﬂ;”:(f)vq(w). Note that g(k, j) € F for every j € {1,...,m(k)}. Now,
if G € (i, V) then F C G thus q(k,j) € G for every j € {1,...,m(k)}. Hence,
Nizi Vo) € ﬂ;n:(f) Vaek,j)- Next, since F' € ﬂ?:(]f)Vq(k)j) it follows that for every
q(k, 7) there is p(i) such that p(i) < q(k, 7). O

The following theorem characterizes free poset algebras and will be of use later on
in the paper.

Theorem 1.2. The following statements are equivalent for any Boolean algebra B.
(i) B is isomorphic to a free poset algebra.

(ii) B has a set H of generators with 1 € H such that for every finite subsets
{hi i<m}and{k; : j<n} of H:

(a) [1;crnhi # 0 and
(b) if Tl hi - 1l<,, —kj = O then there are i and j such that h; < k;.

Proof. (i) implies (ii). We may assume that B = F'(P). Let H ={V, : ¢ € P}. By
Lemma 1.1, (ii) holds.

(ii) implies (i). Let H be as in (ii). So H is a poset with a greatest ele-
ment. To show that B is isomorphic to F(H), let f : H — F(H) be defined by
f(h) = V3. By Lemma 1.1 (iv) and the hypothesis (ii)-(b), the following are equiva-
lent:

L Hi<m hi - Hj<n —k; =0
2. there is ¢ and j such that h; < k;, and
3. ﬂi<m Vhi n ﬂj<n *ij =0

By Sikorski’s Criterion, f extends to an isomorphism f from clg(H) onto
Im(f) € F(H). Since H generates B, and Im(f) = F(H), f is an isomorphism
from B onto F(H). O

171 Revista Matemdtica Complutense
2004, 17; Nam. 1, 169-179



M. Bekkali/D. Zhani Tail and free poset algebras

2. Representation of F(P)

Let (@, <). For ¢ € @, put by :={u € Q : u > ¢}. Next define the Tuail algebra,
B(Q), as the subalgebra of the power set of ) generated by {b; : ¢ € Q}. When
(T, <) is an upper semi-lattice i. e., L.u.b. {z,y} := x Vy exists in (T, <) for z,y € T}
B(T) is called the upper semi-lattice algebra over T. Notice that every member of
B(T) is a finite union of (,, bs N(,c, —bs (Where o, 7 are finite subsets of T').

In this section Theorem 2.3 shows that any F'(P) is isomorphic to an upper semi-
lattice algebra. As for Theorem 2.4, a characterization of upper semi-lattice algebras
that are isomorphic to an F'(P) is given using the idea of prime elements in the upper
semi-lattice.

Before we state the following lemmas, notice that if @ is the poset {p, ¢, r, s} with
relations p < r < q, p < s < g and r,s incomparable; then in the tail algebra
B(Q), br Nbs = by ; nevertheless, in the free poset algebra F(Q), V, C V., NV, and
V,uVs CV,.

Lemma 2.1. Let B(Q) be the tail algebra over Q. Let p € Q and T be a finite subset
of Q. The following properties are equivalent.

(1) bp € Uyger bg-
(ii) q € 7 such that ¢ < p.
Lemma 2.2. (i) =< is an ordering on Ant(P).

(ii) The greatest lower bound of o and T is min (¢ U T) in (Ant(P), =), for o,7 €
Ant(P),

(iii) (Ant(P),>) is an upper semi-lattice, with a least element.

Next theorem shows that the class of upper semi-lattice algebras contains the class
of free poset algebras.

Theorem 2.3. For every poset (P, <), with a greatest element, F(P) is isomorphic
to the upper semi-lattice algebra B({Ant(P), *)).

Proof. Set H ={V, : ¢ € P}. Recall that H generates F'(P). Now, for each p € P,
{p} € Ant(P); and thus b,y = {0 € Ant(P) : 0 < {p}}.

Next, define ¢ : H — B({Ant(P),=)) by ¢(V,) = bgpy. We claim that for every
o,7 € Ant(P):

(Ve () =Va=0 iff (Vb () by =0 (1)

peoc qeT pEoc qeET

By Lemma 1.1 (iv), we have:
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ﬂ Vo N n —V,=0 iff “there are p € o and ¢ € 7 so that p < ¢” (2)
peEoc qeT

On the other hand, we have {{p} : p € o} C Ant(P) and min (o) is its Lu.b. in
(Ant(P),=). So Nyeo Oip} = bmin(0)- S0 Nyeo Oipy N Nyer —bigy = 05 Which means
that byin (o) € quf biqy- By Lemma 2.1, this is equivalent to the existence of g € 7
so that {¢} > min (o).

Next {q} > o iff there is p € o so that p < ¢, that is (2). The proof of (1) is
finished.

Next, by (1) and Sikorski’s Criterion, ¢ extends to a monomorphism ¢ from
F((P, <)) into B({Ant(P),=)). Now, since {V,, : p € P} generates F'(P), {bg,, : p €
P} generates B(Ant(P)) and ¢(V,) = by,); the isomorphism is established and the
proof of the theorem is finished. O

Recall that an element p € T is called a prime element of T' whenever for every
u,v € T so that u Vv exists in T and p < u Vv , then p < w or p < v. Prim(7T) shall
denote the set of all prime elements of T'.

Next is a characterization of free poset algebras.

Theorem 2.4. Let T be an upper semi-lattice. The following statement are equiva-
lent.

(i) B(T) is isomorphic to a free poset algebra.
(ii) There is a poset P, with a greatest element so that B(T) = B({Ant(P), =)).
(iii) There is an upper semi-lattice T', with a least element, so that:

(a) FEuvery element of T' is a join of finitely many prime elements,
(b) B(T) and B(T") are isomorphic Boolean algebras , and
(¢) B(T'") = clpry({b; : t € Prim(1")}).

Proof. (i) implies (ii) follows from Theorem 2.3.

(ii) implies (iii). Let (7", <) := (Ant(P), =). By Lemma 2.2 (ii), 7’ is an upper
semi-lattice. Next, it is straightforward to notice that ¢ € Ant(P): o is prime
in (Ant(P), =) whenever o is a singleton. Note that by the proof of Theorem 2.3,
{bpy : p € P} generates B(Ant(P), >).

(iii) implies (i). Let T’ be as in (ili). Let ty be the least element of T'. Let
P =Prim(T"). (So P CT'.) Let H :={b; : t € P}. By (iii)-(c)

B(T/) = CIB(T/)(H/). (3)

Since tg € P:
180 —p, e H'. (4)
173 Revista Matemdtica Complutense
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For {t(1),...,t(n)} C P, n?:l bt(i) = bt(l)v---vt(n) # 0, and thus:

H has the finite intersection property. (5)
For {t(1),...,t(m)} C P and {s(1),...,s(n)} C P. we have:

ﬂ by N ﬂ —bs(jy =0 whenever there are i and j so that s(j) <t(i). (6)
i=1 j=1

To see that (6) holds set ¢t = \/, ¢(i). So the left hand side of (6) is equivalent
to by € Uj_, baj)- In other words, t € Jj_, by(j)- 1. e, t > s(j) for some j. Since
s(j) € P = Prim(T"), this is equivalent to say that there is ¢ so that ¢(z) > s(j).

Next, let H :={V,, : p € P} C F(P) and f : H — H defined by f(b,) = V,.
By (6), Lemma 1.1 (iv) and using Sikorski’s Criterion, f extends to a monomorphism
f from clp(ry(H') into F(P). By (3), Dom(f) = B(T"), and since H generates F'(P),
f is actually onto and thus, an isomorphism. O

The following proposition summarizes the relationship between 7" and P whenever
B(T) = F(P).

Proposition 2.5. (i) If a poset (P, <) with a greatest element is so that F(P) &
B(T), then T may be chosen canonically to be (T, <) = (Ant(P), =).

(ii) If an upper semi-lattice T is so that B(T) = F(P), then an upper semi-lattice
T" may be chosen so that B(T) = B(T") = clpp({bs : t € Prim(T")}) and
P={b : tePrim(T")}.

3. Normal form of non-zero elements in the free poset algebra
F(P)

In this section we show, by Lemma 3.4, that any non-zero element of F(P) has a
decomposition into normal form as it is the case in the class of pseudo-tree algebras
see, for instance, [2] and [6, p. 51]. Unfortunately, this representation of elements,
here in the free poset algebra F(P), is not unique. Using symmetric difference A,
instead, we shall see that Theorem 3.5 gives uniqueness in normal form of non-zero
elements.

Before we give next lemma, recall that if P is a poset then (Fs(P), C) is a poset
too. Thus, we consider the tail algebra over (Fs(P), C). For notational purposes, we
use small letters for elements of Fs(P), and < denotes the inclusion relation. Thus,
for p € P, we set h, = P=P. Hence, in the tail algebra B((Fs(P), C)):

bn, ={x € Fs(P) : x> hy}

The following Lemmas follow easily.
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Lemma 3.1. Let P be a poset and g € P. We have Vi = bp,,.
Lemma 3.2. Let P be a poset and p,q € P.

(1) p<qiff hg < hy.

(i) p Il q iff h Il hp.
(iii) For each g € P, hy € Prim(Fs(P)).
(1v) Mico Vat) = Nico bh,, =b Ve hath for each finite set o.

Let P be a poset. Let
—{\/h q(i) : i € o} € Ant(P)}.

Before we state next Lemma We denote T* by T
Lemma 3.3. Assume that (P, <) is a poset with a greatest element co. Then:

(i) Voo = Fs(P);

(il) (T, <) is an upper semi-lattice with a least element heo;
(i) For each f € T, —=by = by - —bs and hes < f;
)

(iv) For all f,g € T we have:

(a) f<giffby-—by=0.
(b) If f £ g, then by - —bs = by - —bpyg.

Next, we prove the first lemma concerning the decomposition of non zero elements
in the free Boolean algebra F'(P).

Lemma 3.4 (First normal form). Every b € F(P) \ {0} can be written as b =
e1+---+e, wheree;-e; =0 fori # j, and for every i € {1,--- ,n}, either e; = by, or
there is a finite anti-chain { f1,--- , fm} in (T, <) such that e; = by, -—(by, +- - -+Dby, ).

Proof. Working out the proof, as in Proposition 4.4 in [6, p. 51], it suffices to show
that each elementary product [, &;V,, can be written, in F(P), under the form
by - —(bp, +---+by, ) with h, f; € T , h < f;, and {f1,--- , fi} is an anti-chain.

Note that . . .
H‘/ql = ﬂ Vi = ﬂ bhqi = b\/lgign hq,
i=1 i=1 i=1

and that, by Lemma 3.3 (iii),

IT-Ve = (N bny) = (Gnoe - =bny,) = b - —(br,, + - +bn,,)
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So we may assume that there are ¢,j so that ¢; =1 and ¢; = —1.
Thus [];_, &V, can be written as,

IleVa = Vay -V - =Vay - = Vi
i=1 — bha(l) e bhu(k) . _bhﬁ(l) e — bhﬁ(l)
= bvicicihaiy T "bhsay T T Ohgy

Now, set h = vlgigkhi~ So,

Hedii =bn - =bnyy = by

=t = (bh ’ _bhg(u) ’ (bh ’ _bhg(z)) e (bh ’ _bhg(z))
Since []}; &;Vq, # 0, by Lemma 3.3 (iv)-(b), for each j € {1,--- ,1} either h < hg;
or h || hg(jy; moreover by, - —bp, ,, = by - —bs(;) with h < f(j) and f(j) € T. So,

ITeVa = (- =) -~ (bn - =bpy) = b - =(byay + -+ +byy)
=1

Now, by canceling some of bs;’s, if necessary, we may write

[TeVa = bn-=(siicy + -+ byiimy)
i=1

where {f(i(1)),..., f(i(m))} is an anti-chain and h < f(i(k)) for each k. This finishes
up the proof of Lemma 3.4. O

Remark. Notice that normal form of non zero elements of F'(P), given by Lemma 3.4,
may not be unique as shown by the following counterexample.
Let p,q € P with p || ¢ and set b = by, + bp,,. we have

b = bp, —bn,vn, + bn, = bn, + bn, —bn,vn,
— —~— —~— —
el €2 e el,

Indeed, by Lemma 3.3 (iv)-(b), bx, - —bn,vn, = bn, - —bn,. Thus,
bh, - —bn,vh, + bh, = bn, - —bp, +bp, = bp, + bn, =b.
Next, before we state the main theorem in this section, recall that whenever P is

a poset, T := {\/;c, hqiy : {q(i) : i € o} € Ant(P)} will be the upper semi-lattice
that is going to be referred to in the next theorem.
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Theorem 3.5 (Normal form of non-zero elements in F(P)). Every b € F(P)\
{0} has a unique decomposition as b = by, A\---Ab, , where g; € T, and g; # g;

fori#£ 3.
The proof of this theorem uses the following lemma.
Lemma 3.6. (i) For all f,h €T, by -—bs=0b,Abryn,
(i) Ifb="by A---Aby, thenb- —by = AT2 by, where g; € T.
(i) If h < f; (for every i), then by, - —(by, +--- +by,,) = A2 ,bg, —where g; € T.
(iv) Set min{fi,---, fu} = {ficy, - fip) }- Then,
bpy A Dby, by, U Uby, o and  figy € bpy A+ Dby,

v) If bp, N---Nby =by, N+ ANb, #0, then there are i,j so that by, =b,..
f1 fn g1 gm fi 9gj

Proof. (i) If f < h then by, - —by = 00 = by Aby,. If f £ h, by Lemma 3.3 (iv)-(b) we
have, by, - —by = by - —bpyp and,

bpAbpyn = bp-—=bpyn +bpun - —byn = bn-—bpys
————
Thus, by, - —bf = bhAbf\/h. =0
(i) Let
b = byl Dby,
b-—=by = (bp -+ Dby,) - by

= (by, - =bp)N---A(by, - —by)
(bp Dbpyp ) --- A(by, Abyyy,)

(i) Let h < f; and show by induction on n that:
b= by, = Al
i=1

Suppose that we have shown what we wanted up to n — 1. Let b = by, - —(by, +--- +
bfn—l —l—bf") and set b’ = by, - _(bf1 +-- -+bfn71)' So, b=by,- _bf1 ----- _bfn—l . _bfn =
b - —by,. Now, by induction hypothesis ' = AF_ b,.. So, by (i), b = b’ - —by, =
(A§:1bgi) - by, = A;'nzlbhj'

(iv) If f < g then by C by. So,

bflA"'Abfn - bfl U"'Ubfn - bfi(l) U"'Ubfi(p)'

For each k € {1,--- ,p}, fix) € by A+ Aby,. Indeed, fiw) € by, ,, and for j # i(k),
fitky ¢ by, (if not f; < fix))- So,

fitk) € bfiy D(Djiqyby,) = bpy A=+ Dby,
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(v) Suppose b:=bg A---Aby, =bg, N---Aby, , where f; # f; and g # g; for
1# jand k # 1. Let

min {f17 T afn} = {f1(1)7 . '7fi(p)}7 min {917' e 7gm} = {gg(l)a T 79]((])}
By (iv) we have:

b by, U Ubg, (7)
bC bgj(l) U-e-u bgj(q) (8)
for all £ and ¢, fi) € b and g;() €. (9)

Let k be given. So, by (9) fix) € b. By (8), let £(k) be such that fix) > g;cek))-
Similarly (using (7) instead of (8)), let &’ be such that g;(sx)) > fi(er). Hence f;) >
fiery, and thus fi) = fi) = gjem))- 0

Now we prove Theorem 3.5.

Proof of Theorem 3.5. We prove first the existence. Let b € F(P). By Lemma 3.4,
b=>"" e wheree;-e; = () fori # j and thus b = A ,e;. In addition, by Lemma 3.4
again, either e; = by, or e; = by, - —(3_j_; by, ), and by Lemma 3.6 (iii) e; = A2, by,
(9:€T).

We prove the uniqueness. Let b = Al by, = AJLby, # 0. By Lemma 3.6(v)
there are i, j so that by, = b,,. Without loss of generality, i =1 =j. So f1 = g1 := h.
We have by, Ab = Al yby, = ALy, . The uniqueness follows. O

4. Examples of free poset algebras F(P)

The following proposition characterizes atoms in F'(P). To this end, let Atom(F(P))
denotes the set of atoms of F(P), and recall that, in F(P) = (V, : ¢ € P), each
element of F'(P) is a finite union of (), V, N,e, —Vy. The proof of the next result
is obvious.

Proposition 4.1. Let P be a poset. The following properties are equivalent.
(i) b € Atom(F(P)).

(ii) There are finite subsets o and T of P such that b = (\,c, Vp N(\,e, —Vq and
for every s € P, either there is p € o such that s > p or there is ¢ € T such that
s <gq.

Let us give some examples.

1. Let Cy,Cs be two chains with least elements «, 8 respectively. Then B(C; x
Cy) =2 F(P), for some poset P. Indeed,

Prim(Cy x C2) = {(a,q) : g € Co} U{(p,B) : p € C1 }.
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Moreover b, ¢) = b(a,)Vb(s,g). Thus B(C1xCa) = cl({b(sy) : (s,t) € Prim(Cy xCa)}).
Now by Theorem 2.4 (iii), B(Cy x Cy) = F(P), for some poset P.

2. For every set I, there is a poset (P, <) with a greatest element so that the
free Boolean algebra over I is isomorphic to F'(P). (Consider I as an anti-chain and
P =1U{oo} with p < oo for every p € I.)

The following proposition shows that free poset algebras is a proper subclass of
upper semi-lattice algebras.

Proposition 4.2. Let T be an anti-chain of size Ny so that x V y =ger 00 for all
x,y € T. Then B(T U{oo}) is an upper semi-lattice algebra that is not a free poset
algebra.

Proof. Suppose the contrary and pick P so that Zd(T'U{oo}) = Ult(B(T U{cx})) and
Fs(P) are homeomorphic spaces. It follows that Fs(P) is a scattered topological space
and thus | Fs(P) |=| P |= Xy, see [5] and P has no infinite anti-chains see [5]. Next,
by Ben Dushnik-Miller theorem, see [4], either there is an infinite set of incomparable
elements in (P, <) or there is a chain of size X; in (P, <). Now since all antichains in
(P, <) are finite, it follows that there is a chain C' in (P, <) of size 8;. Thus, since C
is scattered, wy or wj embeds in (C, <) see [7]. Therefore there are at least two limit
points in Fs(P) which is a contradiction since the set of limit points of Zd(T U {oo})
is reduced to {oo}. O
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