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ABSTRACT

Although the classical Hardy inequality is valid only in the three- and higher
dimensional case, Laptev and Weidl established a two-dimensional Hardy-type
inequality for the magnetic gradient with an Aharonov-Bohm magnetic poten-
tial. Here we consider a discrete analogue, replacing the punctured plane with a
radially exponential lattice. In addition to discrete Hardy and Sobolev inequal-
ities, we study the spectral properties of two associated self-adjoint operators.
In particular, it is shown that, for suitable potentials, the discrete Schrödinger-
type operator in the Aharonov-Bohm field has essential spectrum concentrated
at 0, and the multiplicity of its lower spectrum satisfies a CLR-type inequality.
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Introduction

Hardy’s well-known inequality

∫
Rn

|f(x)|2
|x|2 dx ≤

∣∣∣∣ 2
n − 2

∣∣∣∣
2 ∫

Rn

|∇f(x)|2 dx,
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is valid for all f ∈ C∞
0 (Rn \ {0}) and with the indicated constant best-possible: the

inequality is trivial when n = 2. For n = 2, Laptev and Weidl [6] established a similar
inequality, namely, ∫

R2

|f(x)|2
|x|2 dx ≤ C

∫
R2
|∇Af(x)|2 dx (1)

in which ∇A is the magnetic gradient ∇A = ∇+ iA and A is the magnetic potential
of Aharonov-Bohm type given by

A(x) =
Ψ(θ)

r
(− sin θ, cos θ), (2)

where x = (r cos θ, r sin θ) and Ψ ∈ L∞(0, 2π). The best possible constant in (1) is

C = min
k∈Z

|Ψ̃ − k|−2, (3)

where Ψ̃ is the magnetic flux

Ψ̃ :=
1
2π

∫ 2π

0

Ψ(θ) dθ.

Note that if Ψ̃ ∈ Z, there is no valid (i.e., non-trivial) inequality (1), since in this
case it reduces, by gauge invariance, to Hardy’s inequality, which is invalid in two
dimensions.

Inequality (1) can be proved very simply by observing that the punctured
plane R

2 \ {0} is topologically equivalent to the cylinder R × S
1. If we set

g(u, v) = ei
∫ v
0 Ψf(eu cos v, eu sin v) — which effects this topological transformation

in conjunction with a gauge transformation — we find that (1) is equivalent to

∫ ∞

−∞

∫ 2π

0

|g(u, v)|2 dv du ≤ C

∫ ∞

−∞

∫ 2π

0

{∣∣∣∣∂g

∂u

∣∣∣∣
2

+
∣∣∣∣∂g

∂v

∣∣∣∣
2}

dv du, (4)

where now g ∈ C∞(R × [0, 2π]) with compact support and

g(u, 2π) = e2πiΨ̃g(u, 0),
∂g

∂v
(u, 2π) = e2πiΨ̃ ∂g

∂v
(u, 0). (5)

The integral on the right-hand side of (4) is the quadratic form associated with a
self-adjoint extension in L2(R × [0, 2π]) of

− ∂2

∂u2
− ∂2

∂v2
(6)

on C∞
0,�(R × [0, 2π]), the set of functions in C∞

0 (R × [0, 2π]) which satisfy the
quasiperiodic boundary conditions (5). This self-adjoint operator has spectrum
[mink∈Z|Ψ̃−k|2,∞), for, by separation of variables, it decouples into the non-negative
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self-adjoint operator − d2

du2 in L2(R) with spectrum [0,∞) and the self-adjoint opera-
tor − d2

dv2 in L2([0, 2π]) with quasi-periodic boundary conditions corresponding to (5),
which has non-negative spectrum {λ ≥ 0 :

√
λ = ±Ψ̃ mod Z }. Hence (1) and (3)

follow directly.
However, the topological equivalence R×S

1 → R
2\{0}, (u, v) 	→ (eu cos v, eu sin v),

transforms the weighted space L2(R× S
1; e2u du dv) into L2(R2), and the self-adjoint

operator in L2(R × S
1; e2u du dv) associated with the right-hand side of (4) is the

Friedrichs extension (see [4, VI. §2]) of

−e−2u

(
∂2

∂u2
+

∂2

∂v2

)
. (7)

defined on the space of smooth functions of compact support. Thus, while inequal-
ity (4) (and hence (1)) is established by the analysis of the operator (6) as above,
the operator (7) represents the magnetic Laplacian −∇2

A := −∇A · ∇A in the plane.
A scaling argument shows that this operator has spectrum [0,∞).

In the present paper, we study a discrete variant of the Laptev-Weidl inequality as
expressed in (4), and analyse the spectral properties of discrete analogues of the self-
adjoint operators associated with (6) and (7). We discretise the cylinder R × [0, 2π]
to { j/m : j ∈ Z } × { 2πj/n : j ∈ {1, 2, . . . , n} }: the corresponding point set in the
physical plane accumulates at the origin and is exponentially sparse near infinity. On
replacing ∂g/∂u and ∂g/∂v by m{g(j, k)−g(j−1, k)} and (n/2π){g(j, k)−g(j, k−1)}
respectively, the discrete analogue of (4) is

2π

mn

∑
j∈Z

n∑
k=1

|g(j, k)|2 ≤ C
2π

mn

∑
j∈Z

n∑
k=1

{
m2|g(j, k) − g(j − 1, k)|2

+
( n

2π

)2

|g(j, k) − g(j, k − 1)|2
}

. (8)

For fixed Ψ̃ ∈ (0, 1), we set δ := e2πiΨ̃ and denote by Sn the set of quasiperiodic
sequences

Sn := { (u(k))k∈Z ∈ C
Z : u(k + n) = δu(k) (k ∈ Z) },

and by �2(Λn) the space Sn endowed with the norm induced by the inner product

(u, v)�2(Λn) :=
∑

k∈Λn

u(k)v(k),

where Λn := {1, 2, . . . , n}. Furthermore, for positive weight w(j) (j ∈ Z), denote by
�2(Z × Λn; w) the normed subspace of C

Z ⊗ Sn (i.e., the space of complex sequences
(g(j, k))j,k∈Z that satisfy g(j, k + n) = δg(j, k), j, k ∈ Z) with the inner product

(g, h)�2(Z×Λn;w) :=
∑
j∈Z

∑
k∈Λn

w(j)g(j, k)h(j, k);
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we write �2(Z × Λn) for �2(Z × Λn; 1).
We shall denote by Δ the left-difference operator Δu(l) := u(l) − u(l − 1), abbre-

viating
Δ2u(l) := Δ∗Δu(l) = u(l + 1) + u(l − 1) − 2u(l),

and use the notation

Δ1g(j, k) := g(j, k) − g(j − 1, k), Δ2g(j, k) := g(j, k) − g(j, k − 1).

For g ∈ C
Z ⊗ Sn, the double sum on the right-hand side of (8) can easily be seen to

be equal to

−
∑
j∈Z

∑
k∈Λn

{
m2g(j, k)Δ2

1g(j, k) +
( n

2π

)2

g(j, k)Δ2
2g(j, k)

}
. (9)

Hereafter we shall denote the bounded non-negative self-adjoint operator defined by
−Δ2 on �2(Z) by A and that defined by −Δ2 on �2(Λn) by Bn. (Note that Bn has a
quasiperiodic ‘boundary condition’ u(k +n) = δu(k), k ∈ Z.) The quadratic form (9)
defines the following operator in �2(Z × Λn):

(Dmng)(j, k) := −m2Δ2
1g(j, k) −

( n

2π

)2

Δ2
2g(j, k).

On identifying �2(Z × Λn) with �2(Z) ⊗ �2(Λn), we have that

Dmn = m2A⊗ 1 + 1 ⊗
( n

2π

)2

Bn. (10)

Thus Dmn is the discrete analogue of (6). In section 1 it will be shown to be a bounded
operator on �2(Z×Λn) with a purely absolutely continuous spectrum, which we give
explicitly. Moreover, we study the discrete analogue of (7),

T 0
mn = e−2j/mDmn = e−2j/m

(
m2A⊗ 1 + 1 ⊗

( n

2π

)2

Bn

)
(11)

acting in the weighted space �2(Z × Λn; e2j/m). Its essential spectrum is {0} (see
Theorem 3.2 below).

Estimates for the numbers of eigenvalues of Dmn + V and of T 0
mn + V for suitable

potentials V : Z × Λn → R are determined in sections 2 and 3, respectively.

1. Discrete Hardy and Sobolev inequalities

It is well known that the operator A has a purely absolutely continuous spectrum [0, 4];
indeed, under the isometry of the Hilbert spaces �2(Z) and L2[0, 2π] generated by the
latter’s orthonormal basis { eikx (x ∈ [0, 2π]) : k ∈ Z }, the operator A is unitarily
equivalent to the maximal operator of multiplication by the function 2(1 − cos) on
[0, 2π]. The spectrum of Bn is the following discrete subset of [0, 4].
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Lemma 1.1.
σ(Bn) = {λl : l ∈ {0, . . . , n − 1} },

where
λl = 4 sin2{(Ψ̃ + l)π/n}. (12)

These eigenvalues are all simple except for the case Ψ̃ = 1/2, where the eigenvalues
are all double except for simple λn−1

2
if n is odd.

Proof. The eigenvalue equation takes the form

2u(k) − u(k + 1) − u(k − 1) = λu(k) (k ∈ Z)

with the additional condition u(k + n) = δu(k) (k ∈ Z). This equation is equivalent
to

U(k + 1) = M U(k) (k ∈ Z),

with U(k) :=
( u(k)

u(k−1)

)
and M :=

(
2−λ −1

1 0

)
, which clearly has the general solution

U(k) = MkU(0) (k ∈ Z).
The boundary condition requires that U(n) = δU(0). Hence λ is an eigenvalue

of Bn if and only if δ is an eigenvalue of Mn. The matrix M has real trace and
determinant 1, and has non-real eigenvalues if and only if λ ∈ (0, 4). In this case,
it has two complex conjugate eigenvalues of modulus 1, namely

μ± =
1
2
(2 − λ ±

√
λ(λ − 4)) =: e±iφ.

Hence we require e±inφ = δ = e2πiΨ̃, or equivalently φ = 2π
n (±Ψ̃+ l) with some l ∈ Z.

As 1 − λ/2 = Re μ± = cos φ, this yields

λ = 2
(
1 − cos

(2π

n
(Ψ̃ + l)

))
= 4 sin2

(π

n
(Ψ̃ + l)

)
.

The assertion follows, as Bn has a discrete spectrum of multiplicity at most 2.

Remark 1.2. By symmetry, we may, and shall hereafter, assume without loss of gen-
erality that Ψ̃ ∈ (0, 1/2], and so we infer from Lemma 1.1 that

Bn ≥ min
l∈{0,...,n−1}

λl = λ0 = 4 sin2
{π

n
Ψ̃

}
.

Similarly,
Bn ≤ max

l∈{0,...,n−1}
λl = λ[ n

2 ] = 4 sin2
{π

n

(
Ψ̃ +

[n

2

])}
,

with the Gauss bracket [x] := max{ z ∈ Z : z ≤ x } (x ∈ R). (Note that λ0 → 0 while
λ[ n

2 ] → 4 as n → ∞.)
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Since ∑
k∈Λn

u(k)(Bnu)(k) =
∑

k∈Λn

|u(k) − u(k − 1)|2,

we have established the inequalities

Cn
2π

n

n∑
k=1

|u(k)|2 ≤ n

2π

n∑
k=1

|u(k) − u(k − 1)|2 ≤ C̃n
2π

n

n∑
k=1

|u(k)|2

with the sharp constants

Cn =
(n

π
sin

(π

n
Ψ̃

))2

, C̃n =
(

n

π
sin

(π

n

(
Ψ̃ +

[n

2

])))2

,

for any sequence (u(k))k∈Z with u(k + n) = e2πiΨ̃u(k) (k ∈ Z). It is of interest to
note that Cn ≤ Ψ̃2, limn→∞ Cn = Ψ̃2, and limn→∞ C̃n = ∞.

As an immediate consequence of Lemma 1.1 and (10), we obtain

Lemma 1.3. The operator Dmn is bounded on �2(Z × Λn) and

σ(Dmn) =
[( n

2π

)2

λ0, 4m2 +
( n

2π

)2

λ[ n
2 ]

]
,

where λl is given in (12). The spectrum of Dmn is purely absolutely continuous.

This lemma, together with observation (9), yields the following discrete analogue
of the Laptev-Weidl inequality in R

2.

Theorem 1.4. For all g ∈ �2(Z × Λn) and Ψ̃ ∈ (0, 1/2],

{n

π
sin(

π

n
Ψ̃)

}2 ∑
j∈Z

∑
k∈Λn

|g(j, k)|2 ≤ dmn[g]

≤
(
4m2 +

{n

π
sin

(π

n

(
Ψ̃+

[n

2

]))}2) ∑
j∈Z

∑
k∈Λn

|g(j, k)|2,

where
dmn[g] :=

∑
j∈Z

∑
k∈Λn

{
m2|Δ1g(j, k)|2 +

( n

2π

)2

|Δ2g(j, k)|2
}

. (13)

Furthermore, we derive a discrete analogue of a Sobolev-type inequality for
Schrödinger operators with Aharonov-Bohm magnetic potential (cf. [1, Theorem 1.1]).

Theorem 1.5. For all g ∈ �2(Z × Λn),

sup
j∈Z

∑
k∈Λn

|g(j, k)|2 ≤ π

2mn sin(Ψ̃π/n)
dmn[g],

where dmn is defined in (13).
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Proof. Let {ul : l ∈ {0, . . . , n−1} } be the eigenvectors of Bn (orthonormal in �2(Λn))
corresponding to the eigenvalues λl. Then

g(j, k) =
n−1∑
l=0

c(l)(j)ul(k) with c(l)(j) = (g(j, ·), ul)�2(Λn),

and we have

∑
k∈Λn

|Δ2g(j, k)|2 =
∑

k∈Λn

g(j, k)[Bng(j, ·)](k) =
n−1∑
l=0

λl|c(l)(j)|2.

Also

∑
j∈Z

∑
k∈Λn

g(j, k)[Ag(·, k)](j) =
∑
j∈Z

∑
k∈Λn

|Δ1g(j, k)|2 =
∑
j∈Z

n−1∑
l=0

|Δc(l)(j)|2.

Thus

dmn[g] =
∑
j∈Z

n−1∑
l=0

{
m2|Δc(l)(j)|2 +

( n

2π

)2

λl|c(l)(j)|2
}

. (14)

Since c(l)(j) → 0 as j → ±∞, we have, with

εtj :=

{
1, t ≤ j,

−1, t ≥ j + 1
(t ∈ Z),

that

|c(l)(j)|2 =
1
2

(∑
t≤j

(
|c(l)(t)|2 − |c(l)(t − 1)|2

)
−

∑
t≥j+1

(
|c(l)(t)|2 − |c(l)(t − 1)|2

))

=
1
2

∑
t∈Z

εtj

(
c(l)(t)Δc(l)(t) + c(l)(t − 1)Δc(l)(t)

)

≤
(∑

t∈Z

|c(l)(t)|2
)1/2(∑

t∈Z

|Δc(l)(t)|2
)1/2

=
( 2π

mn

)
λ
−1/2
0

(∑
t∈Z

( n

2π

)2

λ0|c(l)(t)|2
)1/2(∑

t∈Z

m2|Δc(l)(t)|2
)1/2

≤ π

mn
λ
−1/2
0

∑
t∈Z

(
m2|Δc(l)(t)|2 +

( n

2π

)2

λ0|c(l)(t)|2
)
.

In view of (14), this gives

∑
k∈Λn

|g(j, k)|2 =
n−1∑
l=0

|c(l)(j)|2 ≤ π

mn
λ
−1/2
0 dmn[g] =

π

2mn sin(Ψ̃π/n)
dmn[g]

for any j ∈ Z, whence the result.
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2. The lower spectrum

It is well-known that the Cwikel-Lieb-Rosenblum (CLR) inequality (see [2, 7, 8])

N(−∇2 + V ) ≤ const
∫

Rn

V
n/2
− dx, V− := −min{0, V }, n ≥ 3,

for the number of negative eigenvalues of the Schrödinger operator defined by −∇2+V
with V ∈ Ln/2(Rn) is not valid for n = 2. In [1], a modified inequality was derived for
N(−∇2

A +V ) for the A in (2), Ψ̃ /∈ Z and V ∈ L1(R+; L∞, r dr). In the next section,
we shall obtain an analogous inequality for the discrete operator T 0

mn + V , which,
as seen in the introduction, corresponds to the Aharonov-Bohm Schrödinger operator
in the plane. We first consider, in the present section, the question of estimating the
number N(Dmn + V ) for suitable potentials V .

As a central ingredient, we use the following preliminary lemma, which shows that
for non-negative operators A in an �2(Z; w) space, the number of negative eigenvalues
of A + W is bounded by the number of negative values of the potential W : Z → R.
We then also observe that in the case A = A, w = 1, this estimate is sharp, and
there is no estimate in terms of the overall size of W−.

Lemma 2.1. Let A be a non-negative self-adjoint operator in �2(Z; w) and W the
multiplication operator induced by a real-valued sequence (W (j))j∈Z. Assume that the
quadratic form of A+W is bounded below, and let A+W be the self-adjoint operator
defined as a form sum. Then the number of negative eigenvalues of A + W is not
larger than �{ j : W (j) < 0 }.
Proof. Let v1, v2, . . . , vN be the orthonormal eigenvectors of A + W cor-
responding to its negative eigenvalues λm, m ∈ {1, 2, . . . , N}, and suppose
that M := { j ∈ Z : W (j) < 0 } has less than N elements. Then the vectors
ṽm := (vm(j))j∈M ∈ C

|M |, m = 1, 2, . . . , N , must be linearly dependent and so
there are numbers αm ∈ C, m = 1, 2, . . . , N , not all zero, such that

N∑
m=1

αmṽm = 0.

Let u :=
∑N

m=1 αmvm; then u ∈ Q(A+W ), the form domain of A+W , because every
eigenvector lies in the form domain. Moreover, u(j) = 0 for all j ∈ M and hence

0 ≤
∑

m∈Z\M

w(j)W (j)|u(j)|2 =
∑
m∈Z

w(j)W (j)|u(j)|2 = (Wu, u)�2(Z;w)

≤ ((A + W )u, u)�2(Z;w) =
N∑

m=1

λm|αm|2 < 0,

a contradiction.
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In this section, we are particularly interested in the case A = A; the estimate
given in Lemma 2.1 is then best possible in the following sense.

Lemma 2.2. For any ε > 0 and N ∈ N, there is a real-valued potential W which
has only N negative values, each of absolute value less than ε, such that A + W has
N negative eigenvalues.

Proof. Consider the potential W with W (j) = 0 (j �= 0) and −ε < W (0) < 0. For an
integer K > 2/|W (0)|, define

vm :=

{
1 − |m|/K, if |m| ≤ K,

0, if |m| > K.

Then

(Av, v)�2(Z) =
∑
m∈Z

|vm − vm−1|2 = 2
K∑

m=1

|(1 − m/K) − (1 − (m − 1)/K)|2 ≤ 2/K.

Hence ((A + W )v, v)�2(Z) ≤ 2/K + W (0) < 0.
Placing N shifted copies of W at least 2K + 2 apart, we obtain a potential with

the property that the quadratic form of A+W is negative on a space of dimension N .
It follows by the min-max principle that A + W has N negative eigenvalues.

In the following, we denote by N(T ; μ) the number of eigenvalues of a self-adjoint
operator T below μ, where μ ≤ inf σe(T ). Moreover, let Y := �1(Z; �∞(Λn)) with
norm

‖V ‖Y :=
∑
j∈Z

max
k∈Λn

|V (j, k)|.

Theorem 2.3. Let (V (j, k))j∈Z,k∈Λn be real-valued with limj→±∞ V (j, k) = 0 and
V− ∈ Y , and let Ψ̃ ∈ (0, 1/2]. Then Dmn + V is a bounded self-adjoint operator on
�2(Z × Λn) and has the following properties:

(i) σess(Dmn + V ) = [
(

n
2π

)2
λ0, 4m2 +

(
n
2π

)2
λ[ n

2 ]].

(ii) For any μ < ( n
2π )2λ0,

N(Dmn + V ; μ) ≤
n−1∑
l=0

[(( n

2π

)2

λl − μ
)−1

‖V−‖Y

]
, (15)

where [·] is again the Gauss bracket.

(iii) There does not exist an estimate of the form

N(Dmn + V ;
( n

2π

)2

λ0) ≤ K‖V−‖Y

for all V ∈ Y .
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Remark 2.4. In particular, the inequality (15) with μ = 0 gives an estimate for the
number of negative eigenvalues of Dmn +V . Note that (15) implies the slightly worse
estimate

N(Dmn + V ; μ) ≤ K(μ)‖V−‖Y with K(μ) =
n−1∑
l=1

(( n

2π

)2

λl − μ
)−1

.

Proof. (i) V generates a bounded self-adjoint multiplication operator in �2(Z×Λn)
with operator norm ‖V ‖ = max(j,k)∈Z×Λn

|V (j, k)|.
Let ε > 0; then

Vε(j, k) :=

{
V (j, k) if |V (j, k)| > ε,

0 otherwise

has a finite support and hence generates a finite-rank multiplication operator with
‖V − Vε‖ ≤ ε (in operator norm). Thus V is a norm limit of finite-rank operators, so
it is compact and (i) follows by Weyl’s perturbation theorem.

(ii) Let W (j) := −‖V−(j, ·)‖�∞(Λn) ≤ 0. Then ‖W‖�1(Z) = ‖V−‖Y and
Dmn + W ≤ Dmn + V , so that N(Dmn + V ; μ) ≤ N(Dmn + W ; μ). Moreover, if
{ul : l ∈ {0, . . . , n − 1} } are the orthonormal eigenvectors of Bn in �2(Λn), we have

�2(Z × Λn) ∼= �2(Z) ⊗ �2(Λn) =
n−1⊕
l=0

(�2(Z) ⊗ [ul]),

where [·] denotes the linear span, and

Dmn + W =
n−1⊕
l=0

(
m2A +

( n

2π

)2

λl + W
)
⊗ 1,

where 1 denotes the identity on [ul].
We therefore conclude from Lemma 2.1 that

N(Dmn + W ; μ) =
n−1∑
l=0

N
(
m2A +

( n

2π

)2

λl + W − μ; 0
)
≤

n−1∑
l=0

Ml,

where
Ml := �

{
j ∈ Z : W (j) < μ −

( n

2π

)2

λl

}
.

Now
‖V−‖Y = ‖W‖�1(Z) = −

∑
j∈Z

W (j) > Ml

(( n

2π

)
λl − μ

)
for each l ∈ {0, . . . , n − 1}, and (15) follows.

(iii) We use Lemma 2.2. Given ε > 0 and N ∈ N, there exists a potential
W ∈ �1(Z) such that m2A +

(
n
2π

)2
λ1 + W has N eigenvalues below

(
n
2π

)2
λ1 and

‖W‖�1(Z) < ε. Then V (j, k) := W (j) will have the same property for Dmn + V and
‖V ‖Y < ε. Since ε is arbitrarily small, the assertion follows.
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3. A discrete CLR-type inequality

As noted in the introduction, Dmn is not the analogue of the magnetic Laplacian, as
the transformation of the punctured plane to logarithmic polar coordinates introduces
an exponential weight in the radial variable (see (7)), and this is reflected in the
operator T 0

mn of (11). Thus the discrete analogue of the magnetic Schrödinger operator
−∇2

A + V is

T 0
mn + V = e−2j/m

(
m2A⊗ 1 + 1 ⊗

( n

2π

)2

Bn

)
+ V

acting in �2(Z × Λn; e2j/m).
We consider potentials V : Z × Λn → R satisfying the hypothesis

lim
j→−∞

V (j, k)e2j/m = 0, lim
j→∞

V (j, k) = 0 for all k ∈ Λn. (H1)

Note that (H1) admits certain unbounded potentials, e.g., V (j, k) = −ce−j/m

(j ∈ Z, k ∈ Λn) with constant c, which corresponds to the physical Coulomb potential
−c
|x| after the topological transformation to the cylinder and discretisation outlined in
the introduction.

Under assumption (H1), the quadratic form for the above operator is bounded
below, as shown in the following lemma, and hence there is a corresponding self-
adjoint operator Tmn in �2(Z×Λn; e2j/m) associated with the closure of the quadratic
form defined for sequences which are finite in the j-direction.

Lemma 3.1. Under hypothesis (H1), there is a constant M ∈ R such that((
e−2j/m

(
m2A⊗ 1 + 1 ⊗

( n

2π

)2

Bn

)
+ V

)
u, u

)
�2(Z×Λn;e2j/m)

≥ M‖u‖2
�2(Z×Λn;e2j/m) (16)

for all u ∈ �2(Z × Λn; e2j/m).

Proof. For each u ∈ �2(Z×Λn; e2j/m) such that the left-hand side of (16) is finite, we
have((

e−2j/m(m2A⊗ 1 + 1 ⊗
( n

2π

)2

Bn) + V
)
u, u

)
�2(Z×Λn;e2j/m)

=
∑
j∈Z

( ∑
k∈Λn

m2|u(j, k) − u(j − 1, k)|2 +
( n

2π

)2 ∑
k∈Λn

1 ⊗ Bnu(j, k)u(j, k)

+
∑

k∈Λn

V (j, k)|u(j, k)|2e2j/m

)

≥
∑
j∈Z

∑
k∈Λn

(( n

2π

)2

λ0 + V (j, k)e2j/m
)
e−2j/m|u(j, k)|2e2j/m.
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As
(
( n
2π )2λ0 + V (j, k)e2j/m

)
e−2j/m tends to ∞ as j → −∞ and to 0 as j → ∞, it is

bounded below.

The essential spectrum of the self-adjoint operator Tmn can be characterised as
follows.

Theorem 3.2. Under hypothesis (H1), σess(Tmn) = {0}.

Proof. Let λ ∈ σess(Tmn). Then there is a singular sequence (ui)i∈N, i.e., such that
lim infi→∞‖ui‖�2(Z×Λn;e2j/m) ≥ 1, limi→∞‖(Tmn−λ)ui‖�2(Z×Λn;e2j/m) = 0, and ui ⇀ 0
(i → ∞) in �2(Z × Λn; e2j/m).

Now let l ∈ N. For J ∈ {−l, . . . , l} and each k ∈ Λn,

ui(J, k) = (ui, χ{(J,k)})�2(Z×Λn;e2j/m)e
−2J/m −→ 0 (i → ∞)

where χ{(J,k)} is the characteristic function of {(J, k)}, so χ{−l,...,l}×Λn
ui → 0 and

similarly χ{−l,...,l}×Λn
(A ⊗ 1)ui → 0 (i → ∞). Thus we can select a subsequence

(ũl)l∈N of (ui)i∈N such that

‖χ{−l,...,l}×Λn
ũl‖�2(Z×Λn;e2j/m), ‖χ{−l−1,...,l+1}×Λn

(Tmn − λ)ũl‖�2(Z×Λn;e2j/m) <
1
l
.

Then vl := (1−χ{−l,...,l}×Λn
)ũl (l ∈ N) will form a singular sequence for Tmn−λ with

the additional property that vl(j, k) = 0 (j ∈ {−l, . . . , l}). We can write vl = v+
l +v−l ,

where supp v±
l ⊂ ±{l, . . . } × Λn; then by orthogonality

‖vl‖2
�2(Z×Λn;e2j/m) = ‖v+

l ‖2
�2(Z×Λn;e2j/m) + ‖v−

l ‖2
�2(Z×Λn;e2j/m),

‖(Tmn − λ)vl‖2
�2(Z×Λn;e2j/m)

= ‖(Tmn − λ)v+
l ‖2

�2(Z×Λn;e2j/m) + ‖(Tmn − λ)v−
l ‖2

�2(Z×Λn;e2j/m).

Now we prove that ‖v−l ‖�2(Z×Λn;e2j/m) → 0. Suppose that this is not the case;
then (v−

l )l∈N is a singular sequence for Tmn − λ. Moreover, if we denote by T K,−
mn the

self-adjoint operator on the subspace

HK,− = { g ∈ �2(Z × Λn; e2j/m) : g(j, k) = 0 (j > −K, k ∈ Λn) },

defined by restriction of the quadratic form for Tmn to this subspace, (v−
l )l>K will be

a singular sequence for T K,−
mn − λ, so λ ∈ σ(T K,−

mn ) for any K ∈ N.
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On the other hand, for any u ∈ Q(T K,−
mn ) (the form domain) we have

(T K,−
mn u, u)HK,− =

∑
k∈Λn

∑
j≤−K

(
m2|Δ1u(j, k)|2 +

( n

2π

)2

(1 ⊗ Bnu(j, k))u(j, k)

+ V (j, k)e2j/m|u(j, k)|2
)

≥
∑

k∈Λn

∑
j≤−K

(( n

2π

)2

λ0 + V (j, k)e2j/m
)
e−2j/m|u(j, k)|2e2j/m

≥
(( n

2π

)2

λ0 − sup
k∈Λn

sup
j≤−K

|e2j/mV (j, k)|
)
e2K/m‖u‖2

HK,− ,

so the Rayleigh quotient will be greater than λ for sufficiently large K, contradicting
λ ∈ σ(T K,−

mn ).
Consequently, (v+

l )l∈N is a singular sequence for Tmn − λ. Note that v+
l ∈

�2(Z×Λn) as well. Using Lemma 1.3 and the second requirement in (H1), we obtain

‖Tmnv+
l ‖2

�2(Z×Λn;e2j/m)

=
∑
j∈Z

∑
k∈Λn

|(e−2j/mDmn + V )v+
l (j, k)|2e2j/m

≤ 2e−2l/m
∑
j≥l

∑
k∈Λn

|Dmnv+
l (j, k)|2 + 2 sup

{l,... }×Λn

|V |2
∑
j≥l

∑
k∈Λn

|v+
l (j, k)|2e2j/m

≤ 2
(

e−2l/m
(
4m2 +

( n

2π

)2

λ[ n
2 ]

)2

+ sup
{l,... }×Λn

|V |2
)
‖v+

l ‖2
�2(Z×Λn;e2j/m)

−→ 0 (l → ∞),

so λ = 0 follows.
To show that 0 is indeed a point of the essential spectrum, consider the weak null

sequence (ui)i∈N, where ui(j, k) = e−i/mδijδ0k (j ∈ Z, k ∈ Λn), for which

(Tmnui, ui)�2(Z×Λn;e2j/m) = 2
(
m2 +

( n

2π

)2)
e−2i/m + V (i, 0) −→ 0 (i → ∞).

The analogue of Theorem 2.3 is

Theorem 3.3. Assume that V satisfies hypothesis (H1), and that in addition
V− ∈ Ỹ := �1(Z, �∞(Λn); e2j/m). Then, with the operator Tmn defined as above,

N(Tmn; 0) ≤
n−1∑
l=0

[
1(

n
2π

)2
λl

‖V−‖Ỹ

]
. (17)
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Proof. Let W (j) := −‖V−(j, ·)‖�∞(Λn) and W the corresponding multiplication op-
erator. Then, for ϕ ∈ Q(Tmn), the form domain of Tmn, and denoting by T̃mn the
operator with potential W ,

(Tmnϕ, ϕ)�2(Z×Λn,e2j/m) ≥ (T̃mnϕ, ϕ)�2(Z×Λn,e2j/m)

=
∑
j∈Z

∑
k∈Λn

(
m2|Δ1ϕ(j, k)|2 +

( n

2π

)2

|Δ2ϕ(j, k)|2

+ W (j)|ϕ(j, k)|2e2j/m
)

=
∑
j∈Z

n−1∑
l=0

(
m2|Δc(l)(j)|2 +

( n

2π

)2

λl|c(l)(j)|2

+ W (j)e2j/m|c(l)(j)|2
)
,

where
c(l)(j) =

∑
k∈Λn

ϕ(j, k)ul(k), Bnul = λlul

as in the proof of Theorem 1.5. Hence,

Tmn ≥
n−1⊕
l=0

(
Ã +

( n

2π

)2

λle
−2j/m + W

)

and

N(Tmn; 0) ≤
n−1∑
l=0

N(Ã +
( n

2π

)2

λle
−2j/m + W ; 0),

where Ã = −m2e−2j/mΔ2. We have that

�
{

j :
( n

2π

)2

λle
−2j/m + W (j) < 0

}
<

∑
j∈Z

1(
n
2π

)2
λl

(−W (j)e2j/m)

=
1(

n
2π

)2
λl

‖V−‖Ỹ .

Lemma 2.1 gives (17).

Remark 3.4.

(i) The inequality following from Lemma 2.1 used in the above proof, namely,

N
(
Ã +

( n

2π

)2

λle
−2j/m + W ; 0

)
≤ �

{
j :

( n

2π

)2

λle
−2j/m + W (j) < 0

}
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shows that the lower spectrum of the operator Tmn will be finite if

W−(j) ≤
( n

2π

)2

λ0e
−2j/m

for sufficiently large |j|. This corresponds to Kneser’s theorem [3, ch. XI; 5] for
the Sturm-Liouville operator, which states that −u′′ + q(r)u = λu has finite
lower spectrum if q−(r) ≤ 1

4r2 for large r; for the radial magnetic Schrödinger
equation (with angular momentum quantum number m̃ = 0)

−u′′ +
(Ψ̃ + m̃)2 − 1/4

r2
u + q(r)u = λu (18)

this will be the case if Ψ̃2

r2 + q(r) ≥ 0.

With rj = ej/m we have the discretised potential W (j) = q(rj), so our condition
is

q−(rj) ≤
( n

2π

)2

λ0
1
r2
j

=
Ψ̃2

r2
j

(
n

πΨ̃
sin

Ψ̃π

n

)2

∼ Ψ̃2

r2
j

(n → ∞).

(ii) Similarly, the lth term in (17) is analogous to the Bargmann inequality∫ ∞

0

q−(r)r dr > 2|m̃ + Ψ̃|N,

where N is the number of negative eigenvalues of (18) (cf. [9]); indeed,∫ ∞

0

q−(r)r dr =
∫ ∞

−∞
q−(es)e2s ds

corresponds to the discrete sum

1
m

∑
j∈Z

W−(j)e2j/m.
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