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Abstract

Transfer functions and dynamic characteristics of a Fabry-Perot interferometer with a multilevel resonant medium have
been studied theoretically under conditions of two-frequency excitation when one of the light beams had no resonator
feedback. An incoherent control method, using absorption of an independent light beam by molecules in excited energy
states, has been proposed for the bistable and dynamic characteristics of a nonlinear Fabry-Perot interferometer. © 1998
Elsevier Science B.V. All rights reserved.

1. Introduction

As a consequence of the development of an elemental base for optical data-processing systems, much attention has been
paid to the interaction of several light beams with a nonlinear Fabry-Perot interferometer (FPI). Based on a nonlinear FPI, an
analogue of an electronic transistor (transphasor), optical bistability, i.e. the generation modes of intensity pulsations at the
output of the interferometer with fixed input intensity have been realized. Nonlinear interferometers provide an excellent
example of nonlinear systems with optical feedback, in which various effects of spatio-temporal self-organization appear [1].
The use of an additional light beam in the interferometer makes it possible to realize the control of functiona characteristics
for nonlinear systems. It has been proposed to use light fields, differing in frequency [2,3] or directed to the interferometer
input at different angles [4], with the aim of realizing switchable optical devices. The possibility of generating intensity
oscillations in the interferometer through the concurrence of two nonlinearity mechanisms of the refractive index with
different relaxation times has been demonstrated in Ref. [5]. In an effort to produce high-frequency oscillations, it has been
proposed [6,7] to use two-component or multilevel media, characterized by nonmonotonic dependence of the refractive index
on the intensity due to population of different molecular energy states [8].

This paper presents a theoretical analysis of the control method for optical bistability and dynamic operation modes of a
Fabry-Perot interferometer based on the change in the nonlinear properties of multilevel resonant media upon absorption of
an independent light beam (optical pumping) from the excited level. Switching of resonance and/or thermal nonlinearity in
the excited channel results in changing of the medium properties, influencing the character of the interaction between a
signal wave and the nonlinear interferometer. As this takes place, a means is provided for amplification of the medium
nonlinear response induced by a weak signal beam.

2. Optical bistability and control over the transfer function of a nonlinear interferometer
Consideration is being given to a model of a Fabry-Perot interferometer with a multilevel resonant medium taking into
account the transitions to excited singlet S;, S, and triplet T,, T, states of the molecules. The levels shown schematically in

Fig. 1 represent the patterns of energy states characteristic for complex organic compounds and may be used to describe
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Fig. 1. Position of the molecular energy states modelled by three-, four- and five-level schemes. Arrows denote stimulated (solid lines),
spontaneous and radiationless (dashed lines) transitions.

liquid and solid dye solutions, molecular crystals, colored crystals, and vapors of complex organic compounds. In doing so,
one has the possibility to describe the nonlinear optical characteristics of the medium with any relative positions of the
absorption (emission) bands from ground and excited levels for arbitrary probability values of spontaneous and radiationless
transitions [8].

We analyze the FPI transfer function in case of two-frequency excitation. Let the signal beam | be tuned into the
absorption band of the principal channel S-S, and have no direct interaction with the excited channel S-S, (T,—T,). The
frequency of optical pumping |, lies within the region of the shifted absorption band of the excited singlet or triplet level
(Figs. 1a, 1b). In this case it is assumed that the resonator feedback is available for a signa wave only, and optical pumping
may have any propagation direction. Because of this, at minor absorption of optical pumping in the excited channel under
conditions of single-pass radiation propagation through the medium the pumping intensity may be thought of as constant for
any medium region.

The relation between the averaged field intensity in the medium | and the intensity of the light beam |, incident at FPI
for asignal light beam can be represented as [9]:

l((1-R)(1—-7)(1+Rr)

K[ - Rr)?+ 4Rrsin?(0)] @

where 7=exp(—kL) is the transmission of a layer with thickness L, R is the reflection coefficient of the mirrors,
& =2mnL/A— mr is the phase detuning of FPl out of resonance, n is the medium refractive index, A is the radiation
wavelength, and m is an integer number.
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The intensity of the transmitted light flux is given as follows:

kKL I(1-R)7

|y = _ 2
ot 1—7 1+Rr 2

With the aim of calculating the nonlinear properties of the resonant medium, we use the standard solution procedure of
the kinetic eguations for the level populations and the Kramers-Kronig relations relating the real and imaginary parts of the
complex refractive index fi=n+ix (dispersion relations, see, e.g., Refs. [10,11]). This approach allows for molecular
transitions to the excited state and the Stokes shift of absorption and emission bands associated with complex organic
molecules [8]. For media modelled by three- and four-level schemes (Figs. 1a, 1b) the complex refractive index of the
medium in the field of two monochromatic light beams with intensities | (signal wave) and 1, (optical pumping) may be
represented as [12]:

B, 1+al

n=n+|x—no+xo

(©)

@12 al )

where n, is the nonresonant component of the refractive index (that is defined by the refractive index of a solvent or buffer
gas), xo= ck0/2w is a linear extinction coefficient, k, is the initial absorption coefficient. The complex nonlinearity
parameter @, dependent on the spectral characteristics of the medium, pumping intensity and taking into account the
absorbed energy thermalization in the principal S,—S; and excited S-S, (T,—T,) channels, is determined by the following
expressions:

O, +6 Byl (0,,/0Py, — o (1—
G—adtia= 2 21 (L ) + 23 p( 12/VP3 — g ( :U«32)) (4)
Py (1+ Bgyl,/vPg) 0Py
for a three-level system, and
O (1+ Py /Psy) + O Boul (01,/0Pss — 0 (1— jngs)) P
& _ 12( 23/ 31) 21 _ 0_(1 _ #21) + 34 p( 12/ 43 p( 43)) 23 (5)

v( Py + Py)

for the four-level one. ~

The complex parameter ©;; = 0;; + i B;;defines the spectral characteristics of the resonance transition i—j, and 0;;(w) is
related to the Einstein coefficient for stimulated transitions B;(w) through the dispersion relations. 0;(w) =
1/7)[~.B (") /(0 — 0)dw [11]. The Einstein coefficients B;, and B,, are determined at the frequency w of a signal
light beam, whereas B,; (Bg,) and Ba, (B,3) a the shifted frequency w,, of optical pumping 1,, v =c/n, is the light
velocity of the medium, P;; = A;; + d;; isthe total probability of spontaneous A;; and radiationless d;; transitionsin the i
channel, w;;=A;;/P; is the quantum yield of luminescence, oy, = 2w, (dn/dT)8t/cC,, dn/dT is the thermooptic
coefficient, C, is a unit-volume heat capacity, 5t is the characteristic duration of the interaction (upon pulse excitation when
heat withdrawal processes could be neglected, &t is the light pulse duration; under conditions of continuous laser excitation
8t is determined by the thermal relaxation time).

Numerical solution of coupled equations (1)—(3) has been obtained using the total intensity of a signa wave inside the
interferometer | as an independent variable. This solution alows for the determination of the refractive index n and
absorption coefficient k= 2wx/c by Eq. (3), given the value of |, and for the determination of the input 1, and output I,
intensities of the interferometer by expressions (1), (2). Fig. 2 presents the intensity |, as a function of the input intensity 1,
for different values of optical pumping intensity I, as applied to a three-level model assuming Gaussian approximation for
absorption and luminescence bands and equal val ues of the Einstein coefficients at maxima of the profiles: BJ = Bjj = Bj3
= BJ5. These functions have been obtained for the following parameters of the medium and radiation typical for the
conditions of single-pulse excitation in ethanol solutions of dyes: excitation of the molecules is realized at maxima of the
absorption bands §)-S, and S=S,; Ay =2A;; =1 um; Ay =44,,=60nm (A; and A;; are respectively the center and
halfwidth of the absorption band in the i—j channel); whereas the Stokes shift of absorption and emission bands in both
spectral channels is equal to 0.4 of the profile halfwidth A;5,); the quantum yield of luminescence in the spectral channel
S-S, is pgy = 0.5; ng=1.36; (dn/dT)C, * = —2x 10~* J~* cm® (using ethanol as a solvent); the characteristic duration
of the interaction is 6t=10"2 s the optlcal density is koL = 0.02; the reflection coefficient of the cavity mirrors is
R=0.99; the initial detuning of the interferometer out of resonance @, = 2mnyL/A — mm = 0.03. The intensities of the
waves lg, loy, 1, are given with the normalization factor Bj5/vP,; determining the saturation intensity of the resonance
transition $-S, (Ig_s = vP,1/(By, + By)). The saturation intensity of the excited channel Ig__g =100lg __g
(Pg, /P, = 100).

(1 + B43Ip/uP43) 0( Py + Pyg) Py
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Fig. 2. Radiation intensity at the interferometer output |, as afunction of the input intensity |, for different pumping intensities 1, = 0 D,
17(2), 4.

As can be seen, the practicaly linear transmission characteristic (curve 1) is observed for the selected parameters of FPI
without optical pumping. Absorption of optical pumping in the excited channel results in greater changes of the refractive
index caused by a signal wave, leads to a change in the interferometer transfer function and provides a means for realization
of FPI operating modes. In the mode of differential amplification (curve 2) it is possible to increase the small changes in the
input intensity. With further increase in optical pumping one could realize optical bistability (curve 3). It should be noted
that the optical bistability in the case illustrated in Fig. 2 has been obtained for C =k,L/2(1 — R) = 1, that is less than the
vaues C > 4 usually required for FPI [1].

In this way, switching-on of optical pumping makes it possible to realize the control over the interferometer transfer
function, to change the differential amplification coefficient and to implement transition from mono to bistable state.
Analogous functions have been also found for FPI with a resonant medium modelled by the four-level scheme when
employing the pumping at the absorption frequency from the triplet level. It might be worthwhile to point out that allowance
for thermal nonlinearity in the considered models of resonant media is not obligatory for the demonstration of the control
effect over the FPI transfer functions. However, the inclusion of thermalization energy in the excited channel permits of a
more spectacular illustration of the possibilities provided by additional nonlinearity upon absorption from the excited levels.

3. Optical multistability

More complex transfer functions of the interferometer are realized when excited singlet S;, S, and triplet T,, T, states
are simultaneously involved in the interaction (five-level medium model, Fig. 1c). For the calculation of the nonlinear
properties of such afive-level medium model it is assumed that a signal light beam falls within the bands of absorption from
the ground singlet S, and triplet T, levels, and optical-pumping radiation is tuned into the band of absorption from the
excited singlet level. Under these conditions the complex refractive index of the medium in a field of two monochromatic
beams with different frequencies is determined by the following relation:

O,  al+pI? )

A=n+ix=ng+x| — - —F——
o "l B, 1+jl+pI2

(6)

The parameters j, a and ,éare defined by the spectral and thermooptical medium characteristics and may be represented as

o Bio(1+ Py/P3;) + By N Bas N B> Bxslp @)
U( P + Pza) vPy3 (1 + Bszlp/UP52) U2( P + st) Ps, l
O (1+ P,y /Pas) + Oy — Oy Py /P Bs ! (0,/0Ps, — 0 (1—
A—atia= 1( 23/ Pa1) 21 34 P23/ Pa (1= ) + 25 p( 12/ VPs; — a( 52)) (8)

U( P + P23) (1 + B52|p/vP52) U( P + P23) ,
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As would be expected for insignificant population of the triplet level (P, = 0), Egs. (6)—(9) are transformed to the form (3),
(4) for athree-level medium model. An analysis of (1), taking into account (6), shows that the interferometer transmission is
at the maximum for zero phase detuning of the interferometer out of resonance:

koL(@12 al +bl?

©

O=2wnL/A—mm=DPy+ —— -
mnk/ 0 B, 1+jl+pI2

5 =o. (10)

Eg. (10) is a quadratic equation for the signad beam intensity. Two intensity values, for which the interferometer
transmission is at the maximum, are associated with two possibilities to realize optical bistability through changes in the
refractive index by the transitions in both singlet and triplet channels. From analysis of (10) it follows that optical bistability
in both channels may be observed only for a particular relationship between the spectral parameters a(b/8 —a/j) < 0.
Actually, thisineguality means that the nonlinear refractive index is nonmonotonically dependent on the intensity, that is the
case for the concurrent contributions of transitionsin the principal and excited channels to the medium phase response [8]. In
this case increase of the intensity for a specific choice of the interferometer initial detuning out of resonance @, allows for
double passage through the transmission maximum of the interferometer — a requisite for realization of optical multistability.

The above situation is illustrated in Fig. 3 giving the interferometer transfer functions which were found for different
values of the optical-pumping intensity 1,. The following parameters have been selected with the aim of showing the optical
multistability mode: the radiation frequency detuning from the absorption profile center equals 0.2 of the profile halfwidth
(n=(0— w,)/A,,=0.2); the band of absorption from the metastable level T, is shifted by two hafwidths to the
long-wavelength region of the spectrum related t0 wq, (6= (w3, — w;,)/A, = —2); the optical-pumping frequency is
tuned out of the center of the absorption band from the excited level S, by 1.6 of the profile halfwidth (n, = (w, —
w,s5)/ Ay = 1.6); the optical density of the medium is kqL = 1; the initial detuning of the interferometer out of resonance
@, =0.09. The probabilities of spontaneous and radiationless transitions between different energy states are chosen as
follows: P, /P, = 0.078, Py/P,, = 0.65, Py/P, =22, Pg,/P,, = 1.1. A particular arbitrariness in the selection of the
spectroscopic medium characteristics is associated with the fact that complex organic compounds exhibit a great variety of
characteristics which are largely dependent on the composition of the molecule solvation shell. The intensities of the waves
los lous 1, @€ given with the normalization factor B3 /v(P,; + Py3) determining the saturation intensity of the resonance
transition.
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Fig. 3. Optical multistability mode in the interferometer with a five-level resonant medium for different pumping intensities 1, =0 (1), 0.2
(2,1(3),5(4),10(5).
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As can be seen from Fig. 3, the use of optical pumping results in a new bistable region on retention of the available
bistable part of the curve. The positions of the bistable loops are determined by the intensity values characteristic for
bleaching of the singlet and triplet channels. The population of the triplet level decreases with the intensity of optica
pumping and the developed loop of optical bistability is shifted to lower intensities. Depending on the pumping intensity,
double bistability (curve 2, lp= 0.2) or multistability (curve 3, o= 1) occurs. At large values of the pumping intensity the
regions of bistability associated with transitions in the singlet and triplet channels merge (curves 4, 5).

4, Self-oscillations and control over the dynamics of a nonlinear interferometer

A theoretical analysis of the FPI dynamic modes has been performed based on the five-level resonant-medium model
allowing for transitions to the excited singlet and triplet states (Fig. 1c). Such a model has the advantage of four degrees of
freedom (owing to the population of different energy levels) making it possible to realize complex dynamic operating modes
of the interferometer. It is assumed that the dynamic behavior of the system is defined by the kinetic equations for the level
populations, and the output intensity of the interferometer adiabatically follows the changes in the medium parameters. Such
a situation is the case for the characteristic time scale of changesin level populations which is far in excess of the setup time
of the quasi-stationary field structure in FPI with multiple round-trips of the resonator. Egs. (1), (2) for a stationary
interferometer have been used with the aim of determining the intensity of transmitted radiation under the assumption that
the nonstationary character of the interaction is due to the temporal dependence of the nonlinear-layer transmission = and
phase detuning of light waves @. Without allowance for thermal nonlinearity, transmission of a nonlinear layer and phase
detuning of FPI out of resonance are determined by the ground and excited states populations and are of the form:

7=exp[ — (hwL/v)(N;By, — N, By + NyBay — Ny By3) ], (11)

O=Py+ (howl/20)(N;O, — N0, + N3Oy, — N,O,3). (12)
The populations of the energy levels are in turn found from the kinetic equations:

N, /9t = —N;B,U + N, ByyU + N, Pyy + N3Py,

IN,/ 0t = Ny BjU — Ny ByU — Ny Pyy — N, Pag — Ny BosUp + Ns BgoUp + Ng P,

Nz /0t = Ny Pog — N3Py — N3BgyU + N, BygU + N, Pyg, (13)

9N, /9t = N3BgyU — N, B,U — N, Py,

N=N; +N,+N;+ N, +Ng,

where U =1/v, U, =1,/v are the effective values of the energy volume density of the signal wave and optical pumping in
FPI.

Solution of Egs. (1), (2) taking into account (11)—(13) makes it possible to describe the dynamics of a nonlinear
interferometer. A standard linearization procedure of the coupled kinetic equations can be used for determining the
conditions of output intensity stability and characteristics of FPI dynamic modes (see Appendix A). Based on such an
analysis, the conditions of transition to regular intensity pulsations (Hopf bifurcation) have been determined. At the point of
bifurcation the eigenvalues are imaginary and determine the frequency of intensity pulsations of the output radiation. As can
be seen from numerical analysis, the frequency of the pulsations is greatly dependent on the intensity of the control beam.
Fig. 4 illustrates the calculations performed practically with the same parameters of FPI asin Fig. 3 but with other relative
positions of the absorption bands in excited spectral channels and other initial detuning of the interferometer out of
resonance. The choice of parameters is dictated by the need for the stability loss of stationary solutions. As an illustration,
for demonstrating Hopf bifurcations the signal wave frequency » was chosen with a shift relative to the absorption profile
maximum w,, of 2.2 of the profile halfwidth (n = 2.2); the absorption band from the metastable level T, was shifted by
6 = 2.5; the frequency of optical pumping was tuned to the center of the absorption band from the excited level S; (np =0);
the probability of spontaneous and radiationless transitions was Ps,/P,; = 200; the initial detuning of the interferometer out
of resonance was ¢, = 0.074.

It can be seen that optical pumping allows for transition from a stationary mode with a constant output intensity (curve 1)
to the self-oscillatory mode (curves 2, 3). The intensity oscillations are conditioned by the changes in transmission 7 (11)
and phase detuning of the interferometer @ (12) upon transitions of molecules into different excited states. To illustrate the
cause of pulsations, Fig. 5 gives the transmission 7, phase detuning @ and level populations N as a function of time. As can
be seen, the initial detuning of the interferometer out of resonance has been selected so that the population of the excited S;
level (e.g. for t(P,; + P,3) = 34) causes a change in the interferometer state to maximum transmission (@ = 0, 7= 1). Then,
owing to intercombination transitions, molecules are relaxed to the metastable level T,. As this takes place, the medium
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Fig. 4. Oscillations of the output radiation |, a constant input intensity 1, = 0.5 and different pumping intensities I, = 0 (1), 5(2), 50 (3).

parameters are chosen so that the radiation frequency, tuned out of the absorption band (S,—S,) center, fals within the
absorption band T,-T, (n=§). A large value of the induced absorption reduces considerably the nonlinear layer
transmission 7 as well as the radiation intensity at the interferometer output 1,,. At low intensities relaxation of the
metastable level T, takes place followed by the recovery of the interferometer initial state. And the cycle is repested.

The nonlinear system considered is very sensitive to changes of the parameters of an intracavity layer. Activation of a
small fraction of the molecules with optical pumping to the excited state S, (N5/N ~ 1%) makes it possible to change
significantly the dynamic characteristics of the interferometer. In the generation mode the control light beam makes it
possible to change both the frequency and form of the oscillations, and to realize transitions between decaying and regular
intensity pulsations. Besides, some of the originating oscillations are complex in form. In Fig. 6 the dynamics of changesin
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Fig. 5. Kinetic dependences of the resonant medium parameters associated with the self-oscillation mode (Fig. 4, curve 2).
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Fig. 6. Complex dynamics of the interferometer for the input intensity 1, = 0.935 and different pumping intensities 1, = 0 (a), 4 (b), 60 (c),
and associated FFT power spectra.

radiation at the output of the interferometer 1, is given as a function of different pumping intensities 1, at constant input
intensity |,. As opposed to Fig. 4, the changes have been made in the probabilities of transitions (Ps,/P,; = 1.1), phase
detuning of the interferometer out of resonance (&, = 0.06) and detuning of the optical-pumping frequency (), = 2.2). The
initial state of the interferometer was associated with the upper branch of the bistable function 1,,,(1,). For such astate to be
realized, the initial pulse amplification of the input intensity had to be larger than the values of switch-on intensity. Fig. 6
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gives adso the fast Fourier transform (FFT) power spectra associated with the steady intensity-pulsation mode. As can be
seen, Fig. 6 shows the discrete FFT power spectra peculiar to the periodic vibration modes alongside with the continuous
spectra specifying the transition to the mode of optical chaos. The calculated functions may be interpreted proceeding from
the analysis of the eigenvalues of the coupled kinetic equations (see Appendix A). Thus, for I,=0 (Fig. 6a) we have
ReA; ,=0435, A;= —1.07 (eigenvalues A; are normalized to the total probability of spontaneous and radiationless
transitions P,, + P,3) determining the Shilnikov attractor mode [13]. For the pumping intensity of l,=4 we have
ReA,, = 0.412, A; = —0.608. The sum of the eigenvalues is larger than zero (Rer; + ReA, + A5 = 0.216), arequisite for
the realization of chaotic pulsations (Fig. 6b). It should be noted that the fourth eigenvalue is a large negative number
(A, = —1.19) and determines a global solution stability. And transition to the self-pulsation mode (Fig. 6¢) takes place at
l,=60 (Rer;, =017, A\3= —0.371, \,= —2.25).

Thus, the above analysis demonstrates the possibility of realizing chaotic and regular intensity pulsations in a Fabry-Perot
interferometer with resonance nonlinearity, and shows the efficiency of control over the FPI dynamic modes with the use of
independent optical pumping.

5. Conclusion

This work presents the possibility of controlling optical bistability and dynamic operation modes of the interferometer
owing to the change in the nonlinear properties of the intracavity medium upon absorption of an independent light beam
(optical pumping) by molecules in the excited energy states. The use of radiation at the frequency of the absorption band
from the excited singlet (triplet) level makes it possible to realize incoherent control of FPI transmission, to extend the range
of the parameters, for which different operating modes are possible (differential amplification, optical bistability, generation
of light-pulses having different forms).

Acknowledgements

This work was supported partly by the International Soros Science Education Program (ISSEP).

Appendix A

An analysis of stability for the interferometer states is carried out with the use of the linearization procedure for a system
of kinetic equations (13) by small deviations of the energy-level populations from the stationary values AN, =N — N<. In
the process account must be taken of the fact that the intensity values of alight field in the interferometer (involved in Egs.
(13)) are in their turn dependent on the nonlinear medium transition = and phase detuning of light fields @ (1). The
transformations carried out in conformity with this procedure result in the following system of matrix equations:

AN/t = || Agl|AN,

where AN is the vector composed of AN, elements, || Ay|| is a matrix, which elements are governed by the following
relations:

Ay =(Py+ Pyg) ¥y =Byl /v,

Ay =Py +Pyp) ¥, + Byl /v + Py,
Agz = (P + Pp3) W5+ Py,

Ay =(Py +Pxg)¥,,

Ay = _(P21+P23)1I’1+ Blzl/V_Bszlp/V_Pszv



FULL LENGTH ARTICLE

208 I.N. Agishev et al. / Optics Communications 156 (1998) 199-209

Ay = —(Py + Py)(¥,+1) =B, | /v— (By + Bsz)lp/V— Ps,,
A= —(Py + Pp) W3~ Bgyl,/v— Py,
Ay = —(Py + Py) ¥ — Bgylp/v— Psy,
Ag = (P + Pr) W &= —Ay,

Agp = (Pyy + Pyg) Wy &+ Pyg = — Ay + Ppg,

Agg= (P + Py)Wsé— Py — Byl /v = —A;— Py,

Agy=(Pyy + Py) W+ Py + Bygl /v=—Ay,

where

W, = (NiwL/0)[ By, + 0,2Rsn2d 10,

W, = (Nhwl/v)[ — By, — O,,2Rsn2d ]2,

W= (NiwL/0)[ By, 02, + O5,2RSN2D |2,

¥, = (Nhwl/0)[ — B, — O,52RSn2 ],

£=(Byy+ BRI /vPy)1 /(B! + vPy),

0, =(1-72R?) /1+1o(L—R)[(1 - 7)(1+ 7R) /(kL) — 1— 72R] /(ITkL),
Q, =By, 2(1+ Byl /vPg) /[ 1o(1+ 1 + BI12) v( Py + Py)].

The characteristic equation that defined the eigenvalues of the linearized coupled equations could be written as follows:
MAEN+EN+E0+E,=0,
where

§1= —81— (871 §3) P/ (Poy + Py),

§o= =0 ({187— Ls— {a— {345) Pos/(Pay + Pyg),

§3= (4287 + 81l — Lals — {388) Pas/ (Pay + Pa3),

§2= (L2808 = Lals) P/ (P + Pa3),

$1=Ay —Ap— (Az— Ay)Pry/Psy — (Byx + Bsy) 1,/v — Psy,

{= ( Ay —Ap— (A13 - A14) P23/P31)( Bszlp/U + Psz) - Alleslp/Uv

{3= (A = Ag)(Py + Py) /Pay,

8= (A = Ay)(Po + Py),

{5=(Ag = Ag) P31 /Pog+ Py + Ag — Ay + Bgy |, /v + Poy,

L= [( Az — Agp) Pay/Pos+ Pay + Aus— Ay ] ( Bsp /v + Psy) — Ay Bosl Pay /0(Pyy + Pyg),
{7= (A — Agg)(Poy + Pyg) /Pog + (Pyy + Pog) Pay /Py,

Lg= (Asy = Azy)(Poy + Py3) Py /Pos.

As can be seen, the characteristic equation is a fourth-order equation and may have a classica solution, assuming
construction of the cubic resolvent and using the Cardano formulas for solution of the cubic equation.
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