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Abstract

An analytical model is presented for electrokinetic flow of a power-law fluid through
a slit channel with gradually varying channel height and wall potential. With the near-
wall depletion effect taken into account, the present model is based on the lubrication
approximation and the use of the Helmholtz—Smoluchowski slip boundary condition. It
is found that interaction between the wall undulation and the wall potential modulation,
under the combined action of hydrodynamic and electric forcings, may give rise to a rich
set of nonlinear behaviors for low of a non-Newtonian fluid in the channel. In particular,
the linear superposition of flow components due separately to the two forcings is found
to work only for a strictly uniform channel; non-uniformity in channel height or wall

potential distribution will spoil such linearity.
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1 Introduction

Electroosmosis, in which a flow is driven by an applied electric field, is now commonly used
to generate flow in a microchannel. This process draws upon the electrokinetics of the free
ions in the electric double layer (EDL) that is formed near a charged surface. Electroosmotic
(EO) flow is known to offer several advantages over pressure-driven flow: a more precise flow
control, a much flatter velocity profile, and a flow rate that is less dependent on the channel
size. Studies on EO flow of Newtonian fluids abound in the literature. In contrast, EO flow
of non-Newtonian fluids has not received much attention until recent years, as driven by the

need to handle complex biological fluids in microfluidics.

Thus far, the power-law model has been the most chosen rheological model by various
studies, analytical or numerical, on EO flow of non-Newtonian fluids. Examples include
Chakraborty [1], Berli and Olivares [2], Zhao et al. [3], Bharti et al. [4], Olivares et al. [5],
Tang et al. [6], Zhao and Yang [7-9], Berli [10], Vasu and De [11,12], Babaie et al. [13], Hadigol
et al. [14], Sadeghi et al. [15], Cho et al. [16,17], Deng et al. [18], Shamshiri et al. [19], Vakili et
al. [20], and Zhu et al. [21]. Despite these numerous studies, the nonlinear interplay between
the hydrodynamic and electric forcings in driving a power-law fluid through a non-uniform

channel is yet to be elucidated.

A non-Newtonian fluid is one that exhibits nonlinear rheological behaviors, which will
cause a problem of non-Newtonian fluid flow not amenable to analytical analysis in general.
The only exception is when the fluid is subjected to simple shear, for which the stress can be
determined prior to the velocity. Existing analytical work (e.g., Berli and Olivares [2], Zhao
et al. [3], Das and Chakraborty [22], Ng and Qi [23]) on EO flow of a power-law fluid have
all considered simple geometries: flow over a flat surface, or through a uniform parallel-plate

or circular channel.

Another concern is the linearity of the relationship between the driving forces and the
flow rate, which is normally satisfied by Newtonian fluids. The so-called Onsager relations
are expected not to hold for non-Newtonian fluids owing to the nonlinear fluid rheology.
Nevertheless, when wall depletion effects are taken into account, EO flow of non-Newtonian

fluid has been shown by Berli and Olivares [2] to be a linear combination of the components



due separately to the hydrodynamic and electric forcings. They found that nonlinear effects
are limited to the pressure-driven component of the flow, and the Onsager reciprocity (i.e.,
equality of the non-conjugate streaming coefficients) is satisfied. They have, however, con-
sidered strictly one-dimensional flow in uniform microchannels only. Whether such linearity

applies to non-unidirectional flow remains an unanswered question.

This paper aims to look into combined pressure-driven and electroosmotic flow of a power-
law fluid in a non-uniform slit channel. The objective is to find out how the hydrodynamic
and electric forcings may interact with each other in driving non-parallel flow of a power-law
fluid through a channel with axial non-uniformities. The channel height as well as the wall
charge may change as a function of axial position. We shall show that, for non-parallel flow,
linear superposition of components due to the two forcings does not work for a non-Newtonian

fluid, even when a Newtonian depletion layer is taken into account.

The rationale for considering wall depletion effects for EO flow of non-Newtonian fluids
in microchannels has been explained in detail by Berli and Olivares [2]. The depletion or
skimming layer (e.g., Barnes [24], Tuinier and Taniguchi [25]) is a thin layer near a solid
wall in which the fluid is depleted of the macromolecules that make up the non-Newtonian
behavior of the bulk fluid. Therefore, in this region, the fluid is essentially the Newtonian
solvent. This layer is inaccessible to the center of the macromolecules, and therefore has
a thickness comparable to the radius of gyration of the macromolecules. As estimated by
Berli and Olivares [2], this layer can be thick enough to cover the EDL, which will hence
confine the electrokinetic driving force to a region where the fluid is Newtonian. The bulk
non-Newtonian fluid is under the hydrodynamic driving force only. By this approach, Berli
and Olivares [2] showed that the streaming conductance depends on the Newtonian solvent
viscosity only, and is independent of the non-Newtonian rheology of the bulk fluid. Onsager
reciprocity is thereby achieved as if the fluid were entirely Newtonian. Other authors who
also considered a depletion layer in their studies on EO flow of non-Newtonian fluids include,
among others, Olivares et al. [5], Berli [10], and Zimmerman et al. [26]. The issue of possible
nonlinear interplay between the hydrodynamic and electric forcings for a non-parallel flow is,

however, not addressed in these studies.

In addition to taking into account the depletion effects, the present problem is simplified



by means of two approximations, which enable the problem to be solved as analytical as
possible. Also, a simplified problem will allow the physics to be revealed without involving
too much mathematics. First, the lubrication approximation is adopted. This approximation
is valid as long as the Reynolds number is sufficiently low and there exists a sharp contrast
in length scales. The ratio of the length scale for variations in the axial direction to that in
the transverse direction needs to be much smaller than unity. This ratio times the Reynolds
number has to be very small as well. These two conditions will enable the problem to be solved
in a quasi-parallel manner, as the axial velocity will be much larger in magnitude than the
transverse velocity. In this problem, the channel height and the wall potential are assumed to
change slowly with axial position, over a length scale much greater than the channel height.
For Newtonian EO flow, the lubrication approximation has been applied previously by, among
others, Ajdari [27,28], Long et al. [29], Ghosal [30], and Ng and Zhou [31,32]. In particular,
Ajdari [27] looked into superposition of periodic surface charge and topography patterns. For
flow between two parallel plates, he showed that the combined effect of charge and shape
modulation on the surfaces is to generate net flow even when the plates are on average
electro-neutral. A similar configuration of wall charge and shape modulation is considered in
the present study, but for a non-Newtonian EO flow. Second, following MacInnes et al. [33],
we shall not resolve the EDL directly for the electrokinetic pumping, but will adopt the
Helmholtz—Smoluchowski (HS) slip boundary condition instead [26]. The conditions for this
approximation, as have been discussed by Maclnnes [34], are assumed to be valid in the
present study. Here, we assume that the channel height, which is of the order of 100 pm, is
much larger than the depletion layer thickness (~ 100 nm), which is in turn larger than the
EDL thickness (~ 10 nm). Without directly involving the depletion layer, the analysis can

be performed in a simplified manner focusing on the bulk fluid flow only.

2 The Problem

The present problem is to consider steady pressure-driven and electroosmotic flow of a power-
law fluid through a slit microchannel, where the channel height as well as the wall potential

may vary slowly and periodically with axial position. Figure 1 shows a definition sketch of



our problem, where (z,y) are the axial and transverse coordinates, and the z-axis is along
the centerline of the channel. Only axisymmetric flow is considered: the two walls are at
y = +h(x) and the wall potential is given by ¢ = ((x), both being periodic functions of =
with the same wavelength L. The wavelength L, which is the length scale for variations of
flow in the axial direction, is assumed to be much longer than the channel height: L > h.
With this sharp contrast in length scales, we further assume that the Reynolds number of

the flow is so small that the lubrication approximation can be applied here.

The bulk fluid is a non-Newtonian fluid that can be modeled as a power-law fluid. The
walls are assumed to be non-adsorbing, and therefore very near a wall is a depletion layer,
where the fluid, owing to the absence of the inclusion, is much less viscous than the bulk
fluid and can be taken as Newtonian. It is also assumed that the electric double layer is
thinner than the depletion layer so that the electrokinetic effect is confined to the region of
Newtonian fluid adjacent to the wall. We further assume that the depletion layer thickness
is much smaller than the channel height. As a result, the electrokinetic forcing reduces to a

Helmholtz—Smoluchowski (HS) slip velocity:

u = uy(z) = —f:c(x) at y = +hz), 1)

where u is the axial velocity, € and s are the permittivity and dynamic viscosity of the
solvent in the depletion layer, and FE, is the applied axial electric field. By virtue of the
gentle change in the wall shape, the wall steepness is very small, and the HS slip condition

can be applied as if the walls were flat.

On invoking the lubrication approximation, the Cauchy momentum equation is simplified

to
dp Ot

S Rl 2
ox + dy )

where p = p(x) is the pressure, and 7 = 7(z,y) is the shear stress. The pressure here is

0=

composed of applied pressure and pressure induced by non-uniformity of the channel.

On denoting the pressure gradient by K(z) = —0dp/0z, the equation above gives a linear

stress distribution across the channel

T=—Ky, (3)



where the symmetry condition 7(y = 0) = 0 is used. By symmetry about the centerline, it

suffices for us to consider flow in the upper half of the channel: 0 <y < h(x).

Under simple shear, a power-law fluid will have the following rheological behavior

du\" du
,u(@) for7‘>0,@>0 ’ )

du

T —,u(—g—Z)n for 7 < 0, dy<0

where g is the consistency, and n is the power-law index of the fluid. The shear-thinning,
Newtonian, and shear-thickening behaviors are exhibited when n < 1, = 1, > 1, respectively.
We need to distinguish between the cases where the stress is positive or negative when Eq.

(4) is substituted into Eq. (3).

When K > 0 (i.e., under favorable pressure gradient), the stress is negative in the upper

half of the channel. The axial velocity is readily found to be

K% n 14n 14n
u:us%—(;) (1—|—n>[hn —yn} for 0 <y < h(x), (5)

where the HS slip condition (1) is used. The volume flow rate through the channel is then

h K % n 142n
:2/ — Juh 2 ( ) e
q 0udy ush + (M) T+ on h (6)

By continuity, ¢ is independent of axial position.

given by

When K < 0 (i.e., under adverse pressure gradient), the stress is positive in the upper

half of the channel. In this case, the axial velocity and flow rate are found to be

K " n 1tn 1tn
u:us—<—;> (1—|—n>[hn —yn} for 0 <y < h(x), (7)
K% n 1420
q—2ush—2<—;> (1—|—2n>h no. (8)

From Egs. (6) and (8), it is clear that K(z) > 0 where ¢ > 2us(z)h(z), and K(x) < 0
where g < 2us(z)h(x). On rearranging terms, a single expression, which is valid for any K,

is obtainable for the pressure gradient and the axial velocity as a function of the flow rate:

14 2n\" |q — 2ush|" 1
K= () e (g 2uh), Q)



1+2n\ (¢ —2ush) (y)HT”
v ( 1+n ) 2h h (10)
Integrating the pressure gradient over one wavelength gives

/0 "Kdz = p(0) - p(L) = AP

1+ 2n\" [L — 2u h["!
= u( i n) / (q—2ush)udaf, (11)

n 0 h1+2n

where AP is net pressure drop in one wavelength, which is dictated by the applied pressure

forcing. The equation above is the one by which the flow rate ¢ can be solved for.

Let us now introduce the following normalized variables (distinguished by overhead carets):

E=x/L, (9,h) = (y,h)/ho, (@, 1ks) = (u,us)/uo, 12)

q = q/Quoho), K = K/(uuy/hy™), AP = AP/(uugL/hi*")
where 1y and hy are the characteristic scales for the axial velocity and the channel height,
respectively. In terms of these dimensionless variables, the present problem consists of the

following key equations. First, for given AP, Us(z) and ﬁ(i), the flow rate ¢ is determined

from

1 2 n 1 . A_ASA n—1 .
( il ”) | (2 ah) 9= @™ 1o AP, (13)
0

n hlt2n

Then, the pressure gradient K () and axial velocity u(:E ) are given by

( + 2n>" |G — Gsh|™™

h1+2n

(q — iish), (14)

1tn
o (1+2n> G —ish { <y> "
U = Us 1—-1{=
14+n h
In the Newtonian limit (n = 1), Eq. (13) can be solved straightforwardly to give
- AP 22\ | /3-3\—1
o= |5+ (0] Gy (16

where the angle brackets denote averaging over one wavelength:

] for 0 < § < h(2). (15)

)= /01 fdi. (17)

In the special case where h and i, are both constants (i.e., uniform channel), Eq. (13) can

also be solved easily to give

1 “
Gunitn = £ (1 f%) W (£AP)" + iy, (18)



where the upper/lower signs are for AP >0, < 0, respectively.

In general, Eq. (13) has to be solved numerically. An efficient iterative solution scheme
can be applied here. Based on the ith trial flow rate ¢(¥), the left hand side of Eq. (13) is
evaluated to give the ¢th trial pressure drop Ap(i), which is to compare with the given AP.

The difference of the two will determine the (i 4+ 1)th trial flow rate as follows:

. AP — AP®
) — g 2L T A8

q — (19)
(daP/dqg)
where R
dAP  /1+2n |q—uh|"1
dg ( ) / j1+2n (20)

The Newtonian ¢,—; given by Eq. (16) can be used as the initial guess ¢). Normally,
convergence to the solution can be achieved in 5 iterations, where the accuracy of the solution

depends on that of the numerical evaluation of the definite integrals.

3 Discussion

We shall from here on for simplicity omit the overhead carets in our notation. Equations
(13)—(16) are valid for any h and u, as long as they are slow functions of z. Here, let us

introduce the following sinusoidal functions for the channel height and HS slip velocity:
h(xz) =1+ h'cos(27z), (21)

us(r) = Us + ul, cos(2mx + @), (22)

where @ is the mean HS slip velocity, A’ and «/, are the amplitudes of the wall shape and slip

modulation, respectively, and ¢ is a phase shift between the two modulation waves.

With Egs. (21) and (22), the Newtonian limit is now given by

2(1— h/2)5/2AP+ 2(1 — h'?)

32+ 17) R (us — h'uj cos @), (23)

gn=1 =

while for the special case of a uniform channel (b’ = v, = 0),

n
1+2n

o = £ ( ) (+AP)* + 1, (24)

8



where the plus/minus sign is used when AP is positive /negative, respectively. Obviously, in
either of these two particular cases (Newtonian limit or uniform channel), the flow is a linear
combination of the hydrodynamic and electrokinetic effects. There is essentially no coupling
between the two forcings. Another special case is also noteworthy. When AP =0 and A’ =0
(i.e., flat walls),

q = Us for any n and . (25)

These limiting and special cases will be further examined in our numerical discussion below.
The computation requires 6 input parameters: n, AP, b/, us, u. and ¢. We have chosen

Simpson’s formula to evaluate the definite integrals in Eqgs. (13) and (20).

Let us first look into the issue of linear superposition of the hydrodynamic and electroki-

netic effects. In this regard, we define the following types of flow rate:

gro = rate of flow due to hydrodynamic forcing (AP) only; (26)
geo = rate of flow due to electric forcing (us) only; (27)
Jeomy = rate of flow due to combined action of AP and us. (28)

Figure 2 shows these flow rates as a function of the phase, for n = 0.5, 1, 1.5, AP = 1,
h' = 0.5, us = 0 and u’ = 1. Clearly, except for n = 1, the sum of gp, and ¢go (represented
by the dashed lines) is not equal to g, at any phase shift. This illustrates that, for n # 1,
the linearity fails to work when A’ and w/, are non-zero. Non-uniformity in either the channel
height or the wall charge distribution will trigger pressure to be generated internally; such
an induced pressure is needed in order to maintain continuity of flow along the channel. As
is well known, the flow rate varies nonlinearly with the pressure gradient for a power-law
fluid. Here, the pressure gradient is partly due to the hydrodynamic forcing, and partly due
to the electric forcing. This explains why the relationship between the flow rate and the two
forcings is nonlinear when the fluid is non-Newtonian and the channel is axially non-uniform.
We may infer from Fig. 2 that ¢eo + ¢ro < Geom» for n < 1 (shear-thinning fluid), and the

opposite is true for n > 1 (shear-thickening fluid).

The wall undulation will interact with the wall charge modulation differently depending
on the phase shift. From Fig. 2, one can see that, for any n, the flow rate is the maximum

positive when ¢ = 7, and is the maximum negative when ¢ = 0. These phases correspond

9



respectively to the cases where the maximum positive/negative slip velocity occurs at the
narrowest section of the channel. In other words, it is the electric forcing at the narrowest
part of the channel that has the most influence on the net flow. This is consistent with
the well-known fact that, for low through a channel with transverse topographical patterns,
the flow is rate limited by the smallest cross-section of the channel. An analytical evidence
is available from Eq. (23) for the Newtonian fluid flow. For given wall shape and HS slip
modulation, they will interact with each other to give rise to the maximum positive effect on
the flow when —h/u/, cos ¢ is the maximum positive, implying that ¢ = 7 if K'u/, > 0, or ¢ =0

if h'u’ < 0. This statement appears to be true even for n # 1.

We next show in Fig. 3 the various flow rates as a function of A/, for n = 0.5, 1, 1.5,
AP =1, uys = 1, v, = 0 (i.e, uniformly charged walls), and ¢ = 0. Again, we see that
Gro + Geo = Qeomp for 1 = 1. For n # 1, ¢po + Gro # eom» €xcept in the limiting case of
h' =0 (i.e., flat walls). This confirms our earlier statement that linearity works for a uniform
channel (b = ), = 0) for any n. Here, Fig. 3 reveals that, even if the walls are uniformly
charged, non-uniformity in channel height (A’ # 0) alone will result in nonlinearity if n # 1.

Again, it is seen that ¢ro + Gro < Qeoms for n < 1, and ¢po + Gro > Geomp for n > 1.

For flat walls (" = 0), the effect of «/, on the flow rate is shown in Fig. 4, where 4, = 1
and ¢ = 0. In the absence of wall undulation, the periodic variation of the HS slip has no
net effect on the flow of a Newtonian fluid, irrespective of the pressure forcing. For non-
Newtonian fluid, the response to the pressure forcing is very different. As has been pointed
out in Eq. (25), when the walls are flat and there is no applied pressure forcing (AP = 0),
the flow rate is always unaffected by w/ for any n. In sharp contrast, in the presence of an
applied pressure forcing (AP # 0), the flow rate can be appreciably changed by v/, for n # 1.
Figure 4 shows that, under a positive AP, ¢ will increase with u/, for n < 1 (shear-thinning
fluid), but will decrease with u/, for n > 1 (shear-thickening fluid). This demonstrates that,
even without wall undulation, non-uniformity in the HS slip alone may interact nonlinearly

with the hydrodynamic forcing for a non-Newtonian fluid.

As has been shown in Fig. 3, ¢ will decrease monotonically with increasing A’ when v, = 0.
This is no longer the case when v/, # 0. We show in Fig. 5 how ¢ may vary non-monotonically

with ' for AP = 1, s = 0, v, = 1 and ¢ = 0. The non-monotonic behavior arises

10



from two competing effects. As A’ increases in magnitude, the area of the narrowest section
decreases (thereby decreasing the flow), but on the other hand the interaction between the
wall undulation and the slip modulation will become stronger (thereby enhancing the flow).
At the limits A’ = +1, ¢ = 0 as the channel height drops to zero at the narrowest section. At
h' = 0, the correlation term h'u’, vanishes, and the resulting flow rate is not the maximum. In
fact, the maximum flow rate ¢,., occurs at a negative value of b’ in this case. It is because,
as remarked above, the association of A" and u) will have a positive effect on ¢ only when
—h'u!, cos ¢ is positive. Figure 5 shows that ¢ is always positive when A’ is negative, but can

be negative when A’ is positive.

It is of practical interest to find out how the maximum flow rate q,,., and the corresponding

!
optm

optimum undulation amplitude A’  may change with the power-law index n. Figure 6 shows

such relationships for AP =0, 1, us = 0, u, = 1 and ¢ = 0. While q,,., always decreases with

!
optm

increasing n, h may increase or decrease in magnitude with increasing n depending on

AP. Clearly, the change of ¢,,.. and b with n is more dramatic when AP is non-zero than
when it is zero. In the absence of the hydrodynamic forcing, the flow rate is rather insensitive
to n, even when n varies widely from 0.5 to 1.5. In sharp contrast, with a hydrodynamic
forcing, the maximum flow rate may change appreciably as the power-law index changes.

This demonstrates again the nonlinear interaction between the hydrodynamic forcing and the

electric forcing in driving the flow of a non-Newtonian fluid through a non-uniform channel.

4 Concluding remarks

We have developed a simplified analytical model to describe electrokinetic flow of a power-law
fluid through a slit channel with gradually varying wall potential and channel height. The
Helmholtz—Smoluchowski (HS) slip condition, which represents a thin Newtonian depletion
layer enclosing a still thinner electric double layer, is adopted in this study. We have shown
how the wall undulation (A') and the surface charge modulation (u.) may interact with each
other, when simultaneously driven by pressure and electric forces, to give rise to various

nonlinear flow behaviors. Some key findings are summarized as follows.

11



. The Newtonian depletion effect is to cause the flow rate to be insensitive to the power-
law index when the applied pressure gradient is zero. In the presence of an applied
pressure gradient, the power-law rheology becomes more influential on the flow, despite

the Newtonian depletion layer.

. For a non-Newtonian bulk fluid, the flow is a linear combination of the components due
separately to the hydrodynamic and electric forcings only when the channel is strictly

uniform, or when the flow is strictly one-dimensional.

. Non-uniformity in either the wall charge or the channel height will induce pressure to
be generated internally, which will upset the linearity of the relationship between flow

and applied electric field for a non-Newtonian fluid.

. For a Newtonian bulk fluid, the wall undulation interacts with the charge modulation
through the term —h'u/ cos¢. For given h’ and u/, the interaction has the maximum
positive effect on the flow when the phase ¢ = 7 if K'u!, > 0, or ¢ = 0 if K'u < 0. This

phase effect appears to apply to non-Newtonian fluids as well.

. In the absence of wall undulation (A’ = 0), the periodic change of the HS slip has no
effect on the flow rate when the applied pressure gradient is zero, whether the fluid is
Newtonian or not. In contrast, when the applied pressure gradient is non-zero, even
without the wall undulation, the periodic change of the wall potential will have disparate
effects on the flow rate, depending on whether the fluid is shear thinning, Newtonian,

or shear thickening.

. In the absence of wall charge modulation (u/, = 0), the flow rate decreases monotonically

with increasing amplitude (h’) of the wall undulation. In contrast, when u/ # 0,

!
optm

there exists an optimum amplitude A’ —at which the flow rate is the maximum. This

maximum flow rate g,,.. should happen where —h! ! cos ¢ is positive. The maximum

optm S

!
optm

flow rate ¢n.. and the optimum undulation amplitude A/ may vary appreciably with

the power-law index n in the presence of an applied pressure gradient.

12
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Figure 1: Transverse pressure-driven and electroosmotic flow of a power-law fluid through a

slit channel with undulated walls and charge-modulated surfaces.
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Figure 2: Flow rate ¢ as a function of the phase ¢ for AP =1, ' = 0.5, us =0, v, = 1, and
(a) n = 0.5, (b) n =1, (¢) n = 1.5, where ¢po, @ro, Geoms» are the flow rates defined in Egs.
(26)—(28), and the dashed line represents ¢po + ¢ro. For n =1, Geomy = Gro + Gro-
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Figure 3: Flow rate ¢ as a function of the wall undulation amplitude b’ for AP =1, u, = 1,
u, =0, ¢ =0, and (a) n = 0.5, (b) n = 1, (¢) n = 1.5, where gro, Gro, Geom» are the
flow rates defined in Eqgs. (26)—(28), and the dashed line represents ¢po + gro. For n = 1,

qcomb == qPO _I_ qu-
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Figure 4: Flow rate ¢ as a function of the HS slip modulation amplitude u/, for AP = 1, 0,
h=0,us=1,¢=0,and (a) n=0.5, (b) n =1, (¢) n=1.5.
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Figure 5: Flow rate ¢ as a function of the wall undulation amplitude b’ for AP =1, u, = 0,

u,=1,¢=0,and n=0.5, 1, 1.5.
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