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Wireless Power Domino-Resonator Systems With
Noncoaxial Axes and Circular Structures

W. X. Zhong, Chi Kwan Lee, Member, IEEE, and S. Y. (Ron) Hui, Fellow, IEEE

Abstract—In this paper, a general analysis on wireless power
domino-resonator systems with noncoaxial axes is presented. The
mathematical formulation established can in principle be used to
analyze wireless resonator systems with various domino forms.
In this study, it is used to analyze and evaluate wireless domino-
resonator systems with circular structures because such structures
have more than one main power flow paths and have not been
analyzed previously. Based on the superposition method, individ-
ual power flow paths are analyzed and then their interactions are
emerged and explained with vector diagrams. Unlike the resonator
pair used by Tesla, it is demonstrated that optimization of the
domino systems can be achieved under “nonresonance frequency”
operation and optimal load conditions. The shift of the optimal fre-
quency from the resonance frequency is due to the multiple power
flow paths. The theoretical results have been favorably verified with
practical measurements obtained from two circular systems.

Index Terms—Magnetic induction, wireless power transfer.

I. INTRODUCTION

OVER a century ago, Tesla demonstrated that electric
power could be transferred wirelessly through a pair of

magnetically coupled coil resonators, each formed of a wind-
ing (inductor) and a capacitor. He discovered that such wireless
power could be transmitted efficiently through the resonator pair
at the resonant frequency of the coil resonators [1], [2]. The ba-
sic principles of 1) using LC resonant circuits and 2) operation
at the resonant frequency laid down by Tesla for wireless power
transfer through a pair of resonators are still valid today and have
found many new applications in the modern era. Since 1960s,
transcutaneous energy transfer for medical implants has been
an active research topic [3]–[7]. In 1990s, research on wire-
less power transfer through human skin based on the resonant
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techniques to compensate the large leakage inductance of core-
based coupled windings and power electronics soft-switching
technology [6], [7] was reported. Such applications offer the
obvious benefits of eliminating the need of surgical operations
simply for replacing batteries. On the industrial front, inductive
power pickup systems [8], [9] and wireless-powered lighting
systems [10], in which the use of long cables is a nuisance, have
been proposed. On the consumer electronics front, significant
progress [11]–[16] has been made in the research, development,
and commercialization of wireless charging pads for portable
electronic products such as mobile phones iPods, etc. Conse-
quently, the world’s first wireless power standard “Qi” was of-
ficially launched in 2010 by the Wireless Power Consortium,
which now consists of over 100 companies [17].

So far, most of these modern wireless power applications are
of the “short-range” type in which the transmission distance is
much smaller than the diameters of the transmitter and receiver
coils. Like Tesla’s previous works, they rely on the use of a
pair of magnetically coupled resonators (i.e., the transmitter
coil and the receiver coil), although in some cases, multiple
receiver coils can be used. Due to the loosely coupled nature
of the transmitter and receiver coils, capacitors are normally
used to form resonant circuits in order to reduce the effects of
the impedance of the leakage inductance and to enhance power
flow under the operation of resonance frequency.

Tesla’s wireless power idea has not found many “midrange”
applications with power exceeding a few watts, although wire-
less power transfer of a few milliwatts has been utilized in
wireless-power remote-sensor applications [18]. The reason for
its not being used for relatively high power is mainly due to
the deteriorating energy efficiency with the transmission dis-
tance [19], [20]. Midrange applications here refer to nonradia-
tive wireless power transfer in which the transmission distance is
larger than the diameters of the coil resonators. Fig. 1 illustrates
the limitation of using a pair of resonators for wireless power
transfer. The efficiency decreases exponentially with transmis-
sion distance. In order to improve the transmission efficiency,
relay resonator has been proposed for power transfer [21], al-
though such concept has been reported in waveguide and very
low-power (milliwatts) wireless transmission [22]. With the use
of the relay resonators, magnetically coupled resonators can be
placed in closer proximity and therefore enjoy a higher energy
efficiency for a given transmission distance, making such wire-
less power systems with more application potential for power
level from several watts to a few kilowatts. If more relay res-
onators are used, it has been demonstrated that such wireless
power resonators can be arranged in various domino forms, as
shown in Fig. 2 [23]. So far, only detailed analyses of straight
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Fig. 1. (a) Wireless power transfer via a pair of coil resonators and (b) its
energy efficiency variation with transmission distance.

Fig. 2. Various domino forms of wireless power resonators [23].

wireless domino-resonator systems have been reported. Straight
domino-resonator systems have the unique features that their
centers of the resonators lie along the same axis and there is
only one main power flow path. Our literature search has re-
vealed that no detailed analysis has been reported about the
behavior of wireless domino-resonator systems with noncoax-
ial axes. In particular, there will be two main power flow paths if
the resonators are arranged in a circular structure because power
can flow in both the clockwise and anticlockwise directions.

In this paper, the general mathematical formulation suitable
for analyzing wireless domino-resonator systems with noncoax-
ial axes is first presented. Then such method is applied to study-
ing the circular domino structures. Based on the superposition
method, each power path is first investigated before all the paths
are combined together so as to study their overall effects un-
der resonance frequency operations. The current components
in each resonator arising from each power flow path and their
interactions will be explained with the aid of vector diagrams,
which provide the physical insights into the combined effects of
the power flow paths and allow system designers to predict their
behavior. Afterwards, the investigation is extended to cover the
situations in which the operating frequency deviates from the

Fig. 3. Circuit model of resonator u in a domino-resonator system.

resonance frequency and in which the frequency, compensating
capacitor, and load are optimized. It will be shown that the opti-
mal frequency will deviate from the resonance frequency when
there is more than one power flow path. The analytical results
have been favorably confirmed with practical measurements ob-
tained from two circular domino systems.

II. MODELING OF WIRELESS DOMINO-RESONATOR SYSTEMS

WITH NONCOAXIAL AXES

Domino-resonator systems can be implemented in many dif-
ferent forms, as shown in Fig. 2. However, all the systems re-
gardless of their forms can be expressed with the coupled circuit
equations that have been well developed for electric machine
theory, as shown in (1), at the bottom of this page, where, as
shown in Fig. 3, Ru is the resistance, Xu is the impedance ωLu

− 1/(ωCu ), Lu is the inductance, Cu is the capacitance, Iu is
the current, and VSu is the voltage source in resonator u (i.e.,
the uth resonator in the system with n resonators), respectively;
Mij is the mutual inductance between resonator i and resonator
j; ω is the angular frequency. For the loaded resonator (say the
mth resonator), Rm (m = 1,2,. . .,n) includes both the winding
resistance and the load resistance.

For optimization and comparison purposes, the energy effi-
ciency (η) is used as the indicator for system performance. It is
defined as follows:

η =
I2
xRL

I2
1 R1 + I2

2 R2 + · · · + I2
nRn

(2)

where RL is the load resistance; resonator x is loaded, and Rx

includes both the parasitic resistance of resonator x and the load
RL .

A. Mutual Inductance for Coaxial Resonators

For two coaxial circular filamentary current loops, Maxwell
[24] has derived a well-known equation to calculate the mutual
inductance

M = μ0

√
r1r2

α
[(2 − α2)K(α) − 2E(α)] (3)

⎡
⎢⎢⎢⎢⎣

R1 + jX1 jωM12 jωM13 · · · · · · jωM1n

jωM12 R2 + jX2 jωM23 · · · · · · jωM2n
...

...
. . .

...
...

...
jωM1(n−1) · · · · · · · · · Rn−1 + jXn−1 jωM(n−1)n

jωM1n · · · · · · · · · jωM(n−1)n Rn + jXn

⎤
⎥⎥⎥⎥⎦
·

⎡
⎢⎢⎢⎢⎣

I1

I2
...

In−1

In

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

VS1

VS2
...

VS(n−1)
VSn

⎤
⎥⎥⎥⎥⎦

(1)
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Fig. 4. Diagram of two noncoaxial circular coils [26].

where K(α) and E(α) are complete elliptic integrals of the first
and second kind, respectively, and

α =

√
4r1r2

d2 + (r1 + r2)2 (4)

where r1 , r2 , and d are the radii of loop 1, loop 2, and the distance
between them, respectively.

For two coaxial circular windings, if the wire is relatively thin
comparing to the dimension of the windings so that each turn
of the windings can be considered as a filamentary current loop,
then the mutual inductance between the two windings can be
worked out by the following:

M =
n1∑
i=1

n2∑
j=1

Mij (5)

where n1 and n2 are the numbers of turns of the two windings,
respectively; Mij is the mutual inductance between the ith turn
of the first winding and the jth turn of the second winding, which
can be obtained with (3).

B. Mutual Inductance for Noncoaxial Resonators

Based on the calculation method for the mutual inductance
between two filamentary circular current loops with inclined
axes in [25], a mutual inductance equation for noncoaxial coils
is proposed in [26] (see Fig. 4) as follows:

M =
N1N2

∑K
g=−K

∑N
h=−N

∑n
l=−n

∑m
p=−m M(g, h, l, p)

(2K + 1)(2N + 1)(2n + 1)(2m + 1)
(6)

where

M(g, h, l, p) =
μ0

π

√
rp(h)rs(l)

∫ π

0

× (cos θ − (y(p)/rs(l)) cos φ)Ψ(k)
V 3/2 dφ

V =

√
1 − cos2 φ sin2 θ − 2

y(p)
rs

cos φ cos θ +
y2(p)
r2
s

Ψ(k) =
(

2
k
− k

)
K(k) − 2

k
E(k) = Q1/2(x), x =

2 − k2

k2

y(p) = d +
b sin θ

2m + 1
p, p = −m, ..., 0, ...,m

rp(h) = rp +
hp

2N + 1
h, h = −N, ..., 0, ..., N

rs(l) = rs +
hs

2n + 1
l, l = −n, ..., 0, ..., n

z(g, p) = c +
a

2K + 1
g − b cos θ

2m + 1
p, g = −K, ..., 0, ...,K

p = −m, ..., 0, ...,m

k2 =
4γV

(1 + γV )2 + ξ2 , ξ = β − γ cos φ sin θ

γ =
rs(l)
rp(h)

, β =
z(g, p)
rp(h)

N1 is number of turns of the larger coil; N2 is the number of
turns of the smaller coil; rP is the radius of the larger coil; hp is
the thickness of the larger coil; a is the axial length of the larger
coil; rs is the radius of the smaller coil; hs is the thickness of
the smaller coil; b is the axial length of the smaller coil; c is the
distance between coils’ centers; d is the distance between coil
planes; θ is the angle between axes; K(k) is the complete elliptic
integral of the first kind; E(k) is the complete elliptic integral of
the second kind; Q1/2(k) is the Legendre function of the second
kind and half-integral degree.

Based on (6), the mutual inductances of a circular domino-
resonator system, as shown in Fig. 2(c), can be determined in
order to evaluate and optimize the performance of the system
with the help of the general circuit (1).

III. ANALYSIS ON CIRCULAR DOMINO-RESONATOR SYSTEMS

A. Magnetically Coupled Model of the Circular
Domino-Resonator System

With the use of the general magnetically coupled circuit (1)
and the mutual inductance (5), wireless domino-resonator sys-
tems with noncoaxial resonators can now be analyzed. Fig. 5
shows the configuration of a circular domino-resonator system
with n identical circular resonators in which all the centers of
the resonators are placed on a circular path with radius rpath and
the center of each resonator is placed in a same plane with the
center of the circular path. Other parameters in Fig. 5 are: rw is
the radius of the windings; θ1 to θn are the angles between every
two adjacent resonators. For a given set of circuit parameters of
the resonators (see Fig. 3), the number of the resonators (n), and
the load resistance, the circular domino-resonator system can be
defined by the radius of the circular path (rpath ) and the angles
between every two adjacent resonators (θ1 to θn ) with the help
of (5).

A practical example of the wireless domino-resonator system
under investigation is shown in Fig. 6 in which eight resonators
are placed in a circular domino form, with resonator 1 excited
by an ac power source and resonator 5 loaded with a compact
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Fig. 5. Configuration of a circular domino-resonator system with n identical
circular resonators.

Fig. 6. Practical example of a circular wireless domino-resonator system pow-
ering a 14 W compact fluorescent lamp.

fluorescent lamp of 14 W. These resonators are used in several
circular forms in this study. The parameters of each resonator
are listed in Table II.

In order to get some physical insights into the mutual cou-
pling between two resonators placed along the circular path, two
resonators, as shown in Fig. 7, are used to illustrate the variation
of the mutual inductance as functions of the ratio of the radius of
the circular path and the radius of the coil forming the resonator
with the angular displacement. Fig. 8 shows the variations of
the mutual inductance of two filamentary current loops (rw of
0.5 m) with the angular displacement (θ) for a range of radii
of the circular path (rpath ). Some of the results of Fig. 8 are
listed in Table I. It is noted that the mutual inductance decreases
rapidly with increasing θ, which agrees with our intuitive un-
derstanding that the coupling between two coils will be worst
when θ increases for a given rpath due to the increasing arc of
magnetic flux between the centers of the coils.

B. Simplified Analysis of Circular Domino-Resonator Sys-
tems at Resonance Frequency and Optimized Load Without
Considering Couplings of Nonadjacent Resonators

1) Assumptions: In this section, a simplified analysis on the
circular domino-resonator systems is carried out with the fol-
lowing assumptions.

Fig. 7. Two resonators placed in a circular curve.

Fig. 8. Variation of the mutual inductance of two filamentary current loops
with angular displacement for a set of rpath /rw ratios.

1) In the general circular system of Fig. 5, resonator 1 is
excited by an ac power source and only resonator 2 to
resonator n could be loaded.

2) The resonators with parameters defined in Table II are
used. All resonators are evenly placed in the circular path
in each setup and test, which means that the angular dis-
placements are the same (θ1 = · · · = θn ).

3) All the mutual inductances between two adjacent windings
are the same (2.647 μH) in all the tested systems in order
to compare the performance between the different systems
with different numbers of resonator. This means that the
radius of the circular path will be changed accordingly
when the total number of the resonators in the system is
changed.

4) Resonator 1 is excited by the ac power source at the “res-
onance frequency” of the resonators described in Table II.

5) Couplings between nonadjacent resonators are not con-
sidered at this stage.

2) Energy Efficiency of Circular Domino-Resonator Systems
With One Load Resistor Connected to Each Resonator: For a
circular domino-resonator system with all the parameters given
(except the load), the efficiencies of the systems will reach the
peak when the value of the load resistance RL is optimized.
Based on the use of (1), (2), (6), and the MATLAB optimization
tool, the maximum energy efficiencies of a range of domino-
resonator systems with the number of resonators from 3 to 10
have been computed under the assumptions listed previously.
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TABLE I
MUTUAL INDUCTANCES OF TWO FILAMENTARY CURRENT LOOPS [H]

TABLE II
PARAMETERS OF THE PRACTICAL RESONATORS

TABLE III
MAXIMUM EFFICIENCY OF THE RESONATOR SYSTEMS UNDER DIFFERENT LOADED POSITIONS

The results are listed in Table III. For the five-resonator
system in the third column of Table III, for example, the
load is connected to resonator 2 first and then to resonator 3.
Because of the symmetry of the evenly spaced circular systems
(see Fig. 5), the five-resonator system loaded at resonator 2
(or resonator 3) is the same as that loaded at resonator 5 (or
resonator 4).

Close examination on the computed maximum energy effi-
ciencies of this range of domino-resonator systems leads to the
following four important observations.

1) When n is odd, the maximum energy efficiencies fall
within a reasonably close range in all loaded resonators
and there does not exist near-zero efficiency in the system.

2) When n is even, there exist very low maximum energy ef-
ficiencies when the load is connected to certain resonators.
These figures are highlighted in bold type in Table III. For
example, for the four-resonator system in column 2, the
maximum energy efficiency is only 0.07% when the load
is connected to resonator 2 or resonator 4. For the eight-
resonator system in column 6, the maximum efficiencies
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Fig. 9. Two power paths in the circular domino-resonator system.

are close to zero when the load is connected to resonator
2, 4, 6, or 8.

3) When n is even, it can be expressed as n = 2k. When k is
even (e.g., n = 4 = 2× 2 and n = 8 = 2× 4), the maximum
efficiency is very low when the even-numbered resonators
are loaded and high when odd-numbered resonators are
loaded. On the contrary, when k is odd (e.g., n = 6 =
2 × 3 and n = 10 = 2 × 5), the efficiency is low when
the odd-numbered resonators are loaded and high when
even-numbered resonators are loaded.

4) Comparison of the systems with odd and even n shows
that, while the systems with even number of resonators
have some loaded conditions with very low maximum ef-
ficiency, they do offer higher maximum efficiency than the
odd-numbered counterpart if the appropriate resonators
are loaded. For examples, for the four-resonator system
loaded at resonator 3, the six-resonator system loaded at
resonator 2 (or 4, 6), and the eight-resonator system loaded
at resonator 3 (or 7), the maximum efficiencies are close to
or higher than 70%, while the highest efficiency within all
the systems with odd number of resonators is only 70.68%
(in the three-resonator system).

3) Physical Explanation Based on Superposition Analysis
and Vector Diagrams: The four important observations made
previously can be analyzed with the coupled circuit model (1)
and the superposition principle. One interesting feature of the
circular domino-resonator systems is that resonator 1 excited by
the ac power source will transfer power in both the clockwise
and anticlockwise directions. Starting with the three-resonator
system as an example, Fig. 9 shows the two power flow paths,
with one being clockwise [see Fig. 9(b)] and the other anticlock-
wise [see Fig. 9(c)]. For a given input ac current I1 , the current
vectors in other resonators in the three-resonator system can be
determined with following equations:

jωM12I1 + R2I2 + jωM23I3 = 0 (7)

jωM13I1 + jωM23I2 + R3I3 = 0. (8)

By applying the superposition principle, the coupled circuit
equations for the clockwise path 1 in Fig. 9(b) when M13 = 0
become

jωM12I1 + R2I2 P1 + jωM23I3 P1 = 0 (9)

jωM23I2 P1 + R3I3 P1 = 0. (10)

Similarly, the corresponding equations for the anticlockwise
path 2 in Fig. 9(c) when M12 = 0 are as follows:

R2I2 P2 + jωM23I3 P2 = 0 (11)

Fig. 10. Vector diagrams of the current vectors for domino-resonator system
with n = 3 to 8 (magnitude not to scale). (a) n = 3. (b) n = 4. (c) n = 5.
(d) n = 6. (e) n = 7. (f) n = 8.

jωM13I1 + jωM23I2 P2 + R3I3 P2 = 0 (12)

where I2 P1 and I3 P1 represent the currents induced in res-
onator 2 and resonator 3 in path 1 [see Fig. 9(b)]; I2 P2 and
I3 P2 represent the currents induced in the corresponding res-
onators in path 2 [see Fig. 9(c)]. The resultant current vectors for
I2 and I3 in the three-resonator system are therefore as follows:

I2 = I2 P1 + I2 P2 (13)

I3 = I3 P1 + I3 P2 . (14)

From (10), we can easily get

I3 P1 =
−jωM23

R3
I2 P1 (15)

which shows that I3 P1 should lag behind I2 P1 by 90◦. By
substituting (15) into (11), we get

I2 P1 =
−jωM12

R2 + ω2M 2
23/R3

I1 (16)

which implies that the reflected impedance of the resonator 3
on resonator 2 is resistive (ω2M 2

23/R3) resulting I2 P1 lags
behind I1 by 90◦. Similarly, for path 2, I2 P2 lags behind I3 P2

by 90◦ and I3 P2 lags behind I1 by 90◦. The analysis can be
easily extended to an n-resonator system and the results can
be summarized into one simple rule that the induced current
lags behind the source current by 90◦. For example, in a eight-
resonator system, I7 P1 is the induced current of I6 P1 , which
implies that I6 P1 is the source current for I7 P1 and I7 P1

should lag behind I6 P1 by 90◦; while in path 2 (anticlockwise),
I7 P2 is the source current for I6 P2 resulting that I6 P2 lags
behind I7 P2 by 90◦.

The results tabulated in Table III can then be explained with
the help of the vector diagrams showing the phase relationships
of the currents. Based on the above analysis, the vector diagrams
(not to scale) for the resonator systems with n = 3 to 8 are given
in Fig. 10(a)–(f), respectively. These vector diagrams provide
the physical insights into the behavior of these circular domino-
resonator systems.
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Careful inspections of the vector diagrams in Fig. 10 can offer
the explanations to the following four observations.

1) The vector diagrams of the systems with odd number of
resonators in Fig. 10(a), (c), and (e) for n = 3, 5, and
7, respectively, indicate that that the two current vectors
due to the two power flow paths in each resonators are
always perpendicular (i.e., Ix P1 and Ix P2 have a phase
shift of 90◦ for each resonator x). This means that these
two currents in each resonator neither counteract each
other nor fully reenforce each other. This is the reason for
observation 1 that their maximum efficiencies fall fairly
close to each other, but they do not have high maximum
efficiency as the systems with even number of resonators
enjoy, as will be discussed.

2) The vector diagram of Fig. 10(b) for the four-resonator
system shows that the two current vectors due to the two
paths in Resonator 3 are in phase, i.e., I3 P1 and I3 P2 are
in phase and thus fully reenforcing each other. However,
the current vector pairs I2 P1 and I2 P2 are out of phase
and thus counteracting each other, and so do I4 P1 and
I4 P2 . This explains why the maximum efficiency of the
four-resonator system is close to zero (0.07%) when either
resonator 2 or resonator 4 is loaded, and the maximum ef-
ficiency is high (80%) when resonator 3 is loaded. The
current vector counteraction in systems with even num-
ber of resonators gives the explanation to observation 2.
Similar arguments can apply to other systems with even
number of resonators. It should be noted that the vectors
in Fig. 10 show only the phase relationships of the cur-
rents (i.e., the magnitude is not to scale), the counteraction
of two currents does not result in a zero current (i.e., zero
output power). Consequently, a very low overall efficiency
is recorded.

3) While the current vector pairs in the odd-numbered res-
onators (resonators 3 and 5) are out of phase and they
counteract each other in the six-resonator system [see
Fig. 10(d)] in which n = 6 = 2 × 3 indicates that k = 3 is
an odd number, the vector diagram of the eight-resonator
system (k = 4) in Fig. 10(f) shows that the current pairs in
the even-numbered resonators (resonators 2, 4, 6, and 8)
are out of phase, and the current pairs in the odd-numbered
resonators (resonators 3, 5, and 7) are in phase. This phys-
ical insight is consistent with the observation 3.

4) The fact that certain current pairs in the systems with even
number of resonators can be in phase and fully reenforce
each other gives an explanation to why they enjoy higher
maximum efficiency than systems with odd number of
resonators, which have their current pairs always 90◦ out
of phase in each resonator. This feature is consistent with
observation 4.

C. Analysis of the Multiple Power-Path Effects of the Circular
Three-Resonator System With Optimized Load and Operating
Frequency

1) Effects Of Multiple Power Paths and the Operating Fre-
quency on the Optimal Operation of the Domino-Resonator

Systems: While the simplified analysis in the previous sub-
section enables one to understand the interactions of the two
power flow paths, it is necessary in many cases to include the
couplings among the nonadjacent resonators in the analysis in
order to determine the optimal energy efficiency operating point
more precisely. It should be noted that the principle of optimal
operation at the resonance frequency for wireless power transfer
proposed by Tesla is only valid for a pair of resonators. It has
been proved that the couplings among nonadjacent resonators
will provide more than one power path, which could shift the op-
timal frequency slightly away from the resonance frequency in a
straight domino-resonator system [23]. In the circular domino-
resonator systems studied here, there will be at least two power
paths even if the couplings between the nonadjacent resonators
are neglected. Therefore, the optimal frequency will also be
expected to shift away from the resonance frequency.

The analysis in the previous subsection is based on the
system operating at resonance frequency of the resonators
and with the load optimized only. When both of the operating
frequency and the load can become variables for maximizing
the energy efficiency, the efficiency of the circular-resonator
systems can be further improved. In the following analysis,
the winding resistance of the resonators is assumed to be
constant because of the small range of frequency variation. The
radius of the circular path rpath is 300 mm. Both (6) and the
Maxwell finite-element analysis (FEA) software are used to
work out the mutual inductance between two resonators. The
results from the two methods are consistent and are rounded
to 2.647 μH. The 3-D plot of the energy efficiency of the
three-resonator system with the operating frequency and load
is displayed in Fig. 11, where f0 represents the resonance
frequency of the resonators (which is 519.2 kHz). The highest
efficiency occurs at the operating point at which the load is
17.78 Ω, the ratio of f/fo is 0.985 and the energy efficiency
is 80.97%. This is not the exact optimum point because the
3-D plot is generated by scanning the variables with certain
step length. The exact optimum point can be found out as
(RL , f/f0 , η) = (17.04 Ω, 0.9855, 81.00%) with the help of
MATLAB optimization toolbox. For the plane of RL = 17.04 Ω,
the variation of the energy efficiency with f/fo is plotted in
Fig. 12. It can be seen that the energy efficiency at fo is 70.52%,
while that at 0.9855 fo is 81%, resulting in an improvement of
over 10%. The optimum frequency range is found out to be from
0.9766f0 to 0.9929f0 (507.05–515.51 kHz) in which the degra-
dation of the efficiency is kept within 2% from the maximum
value (at 0.9855f0). Beyond 0.9929f0 , the efficiency decreases
fast. Therefore, the optimum operating frequency of the
domino-resonator system with more than two resonators is not
necessarily the natural resonance frequency of the resonators.

2) Altering the Power Flow by Adjusting Resonator
Impedance for Maximizing Efficiency in Targeted Resonator Un-
der a Given Operating Frequency: Besides varying the operat-
ing frequency, it is also possible to alter the resonator impedance
in order to change the impedance of the power flow paths and
direct the power to a targeted resonator.

First of all, the operating frequency should be decided.
In a two-resonator system, it has been proven that higher
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Fig. 11. 3-D plot of the energy efficiency of the circular three-resonator system
as a function as f/f0 and RL .

Fig. 12. Energy efficiency of the circular three-resonator system as a function
as f/f0 when RL is 17.04 Ω.

Q factors [Q = ωL/R] of the coils lead to higher power transfer
efficiency [20]. Therefore, it is reasonable to conclude that
higher Q factors of the coils will also lead to higher efficiency in
a system with more than two resonators provided that other vari-
ables of the system are optimized so that each resonator in the
system offers positive contribution to the overall performance,
which is correct in the case of the circular resonator systems.
Therefore, for given identical windings, an impedance analyzer
can be used to find out the optimum frequency at which the
quality factor of the windings peaks. In this study, the wind-
ings used for the resonators (see Table II) have the highest Q
factor at about 520 kHz. For a winding with self-inductance of
90.7 μH, a compensating capacitor of 1 nF (or practically 1.036
nF including parasitic capacitance of the windings) will give a
natural resonance frequency of about 519.2 kHz. Since chang-
ing this external capacitance is easier than changing the number
of turns (and inductance) of the coils, altering the compensating
capacitance is an obvious choice to change the impedance of
the resonators.

With the help of a MATLAB optimization toolbox, an ex-
ercise to maximize the energy efficiency in a three-resonator
system has been conducted to vary the compensating capacitors
when resonator 3 is loaded and the operating frequency is set at

Fig. 13. 3-D plot of the efficiency of the circular three-resonator system as a
function as C2 /C0 and C3 /C0 .

519.2 kHz. A maximum energy efficiency of 84.05% occurs at
the optimized conditions of C2 = 0.9448C0 , C3 = 0.9942C0 ,
and RL = 12.72 Ω. The 3-D plot of the energy efficiency is
plotted in Fig. 13 for RL = 12.72 Ω.

It is noted that the optimized C3 is almost identical to C0 .
In practice, capacitors have discrete values. The capacitance
value next to 1 nF is 910 pF. If one chooses C3 = C0 and
C2 = 0.91C0 , the test conditions with (1) only RL optimized,
(2) both the frequency f and RL optimized, and (3) C2 , C3 ,
and RL optimized, the results are computed and tabulated in
Table IV. It can be seen that over 10% improvement in energy
efficiency can be achieved by the last two methods for the three-
resonator system.

Strictly speaking, further optimization can be achieved if f,
C2 , C3 , and RL are all considered as variables simultaneously. In
this case, the ac resistance of the windings is frequency depen-
dent and can no longer be considered as a constant as in case (2)
where the frequency is within a narrow range. The expression
will therefore be more complicated and is beyond the scope of
this paper.

D. Optimum Operations of the Circular Four-Resonator System

The performance of a circular four-resonator system (see
Fig. 14) is also investigated. The mutual inductance between
two adjacent resonators of the four-resonator system is also
2.647 μH with the radius of the circular path rpath of 235 mm.
In this case, the mutual inductances between resonator 1, 3 and
2, 4, (i.e., M13 and M24) are 0.8939 μH according to the FEA
result and (6). Since M13 and M24 are about 0.34 times the M12
(M23 , M34 , and M41), they are included in the full system model
(1) for this investigation. Tables V and VI show the calculated
results for the four-resonator system with resonators 2 and 3
loaded, respectively.

The results tabulated in Table V point to one very important
point about the limitation of having low energy efficiency (due to
current vector counteraction, as illustrated in Fig. 10) in certain
resonators in the systems with even number of resonators under
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TABLE IV
EFFICIENCY COMPARISON UNDER PRACTICAL CONSIDERATION FOR THE CAPACITORS

Fig. 14. Circular four-resonator system.

the resonance frequency operation. For a four-resonator system,
Table III shows that the efficiency of the system under resonance
operation is close to zero if either resonator 2 or 4 is loaded. The
results in Table V indicates that such limitation can be eliminated
either by deviating the operating frequency from the resonance
frequency or by altering the impedance of the resonators (via
changes in capacitor values). This phenomenon is different from
Tesla’s experiment on the use of one pair of resonators. The
theoretical results show that an energy efficiency of 75% to
83% can be achieved via the optimization of the frequency and
the load, or the capacitor values and the load. When the load is
connected to resonator 3, the theoretical results are included in
Table VI. Again, over 80% of energy efficiency can be achieved
by nonresonance frequency operation.

IV. EXPERIMENTAL VERIFICATION

Experiments have been carried out with a circular three-
resonator and a circular four-resonator system (see Fig. 15)
in order to verify the theoretical analysis. While Fig. 6 shows
that such circular domino-resonator system can power a 14 W
lamp, resistive loads are used in this experimental verification,
particularly when the load has to be optimized. The radii of the
circular paths (rpath ) of the three-resonator and four-resonator
systems are designed to be 300 and 235 mm, respectively, which
keep the mutual inductances between adjacent windings of the
two systems the same. Resonator 1 is driven by an RF power
amplifier with magnitude and frequency control. The currents
in each resonator are recorded by a digital storage oscilloscope
so that their vector diagrams can be produced.

A. Circular Three-Resonator System

A circular three-resonator system is used for the three prac-
tical tests, with resonator 3 loaded. The theoretical results in
Table IV are used as reference. Resistors are paralleled so as
to obtain practical values close to theoretical optimized ones.
Capacitors are connected in series so that the practical values
are close to theoretical optimized values. The practical test con-
ditions are as follows:

1) identical resonators with both the load and operating fre-
quency optimized, but operated at resonance frequency
(fo ) of the resonators (RL = 16.94 Ω; f = f0 = 520 kHz);

2) identical resonators with both the load and operating fre-
quency optimized, but operated at the optimized frequency
(RL = 16.94 Ω (close to theoretical value of 17.04 Ω);
f = 0.9855f0 = 512 kHz);

3) resonators with the load and the capacitor values optimized
for the given frequency operation (RL = 11.23 Ω (close
to theoretical value of 12.52 Ω); C2 = 0.9393C0 (close to
the theoretical 0.9448C0 ); f = 520 kHz).

The current waveforms for the resonators are captured for
evaluation. Fig. 16 shows the set of practical current waveforms
for case (b). These waveforms are stored and then processed
so that their vector diagrams can be produced. With I1 normal-
ized as vector 1, Fig. 17(a)–(c) are the vector diagrams for the
three test conditions test-(a), test-(b), and test-(c), respectively.
The dotted vectors are the theoretical predictions and the solid
vectors are practical measurements. It can be seen that the theo-
retical predictions of the relative magnitudes and phases of the
current vectors in the resonators are generally consistent with
practical measurements. The slight errors in the phase of some
vectors are thought to be due to the tolerance of the capacitors
and the inductances of the windings. Since I3 flows through
the load in resonator 3, a high efficiency can be achieved if
I2 , which causes conduction loss in resonator 2, is small in
magnitude. Comparison of the three vector diagrams shows that
magnitude of I2 is the smallest in case (c) and the largest in
case (a). This explains why the efficiency is highest in case (c)
and lowest in case (a). The use of the vector diagrams therefore
provides the physical insights in understanding the behavior of
the circular domino-resonator systems. The measured and the-
oretical energy efficiencies of the three-resonator system with
resonator 3 loaded under the three test conditions are shown in
Fig. 18. These measurements confirm the validity and accuracy
of the theoretical analysis. It is important to note that the control
of the resonator impedance is an effective way for power flow
control in wireless domino-resonator systems [23]. The results
of case (c) in Fig. 18 indicate that high efficiency can be at-
tained over a wider frequency range if the capacitor values can
be controlled.

B. Circular Four-Resonator System

A circular four-resonator system has also been tested. Exper-
iments are conducted to evaluate such system with resonators
2 and 3 loaded separately, under different sets of optimized
variables.

1) With Resonator 2 Loaded: Experiments are firstly con-
ducted on the systems with resonator 2 loaded under three
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TABLE V
PERFORMANCE OF THE FOUR-RESONATOR SYSTEM WITH RESONATOR 2 LOADED UNDER DIFFERENT OPTIMIZATION METHODS

TABLE VI
PERFORMANCE OF THE FOUR-RESONATOR SYSTEM WITH RESONATOR 3 LOADED UNDER DIFFERENT OPTIMIZATION METHODS

Fig. 15. Circular four-resonator system.

Fig. 16. Current waveforms of the circular three-resonator system with identi-
cal resonators operating at 512 kHz. [Case (b)]:I1 : channel 2 (blue); I2 : channel
3 (purple), and I3 : channel 4 (green).

different sets of optimization criteria. The theoretical results
in Table V are used as reference:

1) identical resonators with both the load and operating fre-
quency optimized, but operated at resonance frequency
(fo ) of the resonators (RL = 21.20 Ω; f = f0 = 520 kHz);

2) identical resonators with both the load and operating fre-
quency optimized, but operated at the optimized frequency
(RL = 21.20 Ω (close to theoretical value of 20.56 Ω);
f = 0.9736f0 = 505 kHzo;

3) resonators with the load and the capacitor values optimized
for the given frequency operation (RL = 11.82 Ω (close

Fig. 17. Current vectors of the circular three-resonator systems with the cur-
rent in resonator 1 as vector 1. (a) Identical resonators: 520 kHz. (b) Identical
resonators: 512 kHz. (c) C2 adjusted: 520 kHz.

Fig. 18. Energy efficiency curves of the circular three-resonator systems under
the test conditions (a), (b), and (c). (Note: “identical” represents the system with
identical resonators and “C2 optimized” represents the system with C2 adjusted
to a near optimum value.)

to theoretical value of 11.57 Ω); C2 = 0.9130C0 (close to
the theoretical 0.9137C0 ); f = 520 kHz).

The current vectors of the resonators under test condition (b)
are shown in Fig. 19. The current vector diagrams are plotted
in Fig. 20, with I1 normalized as vector 1. It should be noted
that the relative magnitude of I2 is very small. Therefore, an
“enlarged” I2 vector with 10 times the magnitude is shown in
Fig. 20 for easy inspection. The solid vectors are measurements
and the dotted ones are theoretical predictions. The measured
and theoretical energy efficiency curves are shown in Fig. 21.
Both the current vectors and the efficiency curves agree well
with the theoretical predictions.

It is important to note in Fig. 21 that efficiency at (a) (reso-
nant frequency, 520 kHz) is close to zero. It has been predicted
in Fig. 10(b) that I2 P1and I2 P2 are out of phase and therefore
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Fig. 19. Current waveforms of the circular four-resonator system with identi-
cal resonators, loaded at resonator 2 and operating at 505 kHz. I1 is displayed at
channel 1 (yellow); I2 channel 2 (blue); I3 channel 3 (purple), and I4 channel
4 (green, 180◦ out of phase with the I4 shown in Fig. 20).

Fig. 20. Current vectors of the two circular four-resonator systems with the
current in resonator 1 as vector 1. (a) Identical resonators: 520 kHz. (b) Identical
resonators: 505 kHz. (c) C3 and C4 optimized: 520 kHz.

Fig. 21. Energy efficiency curves of the two circular four-resonator systems
with resonator 2 loaded under the test conditions (a), (b), and (c).

counteract each other, resulting in a very low efficiency. The
measured result confirms the validity of the theoretical analysis.
By shifting the operating frequency from the resonant frequency
to the optimized frequency, the vector diagram changes from that
in Fig. 20(a) to that in Fig. 20(b). A much larger I2 is now gen-
erated to power the load. It can also be observed that optimizing
the capacitors offers even higher energy efficiency. This can be
understood from the corresponding vector diagram in Fig. 20(c).
The magnitudes of I3 and I4 are smaller in Fig. 20(c) than in
Fig. 20(b), implying that the conduction losses in resonators 3
and 4 are lower.

Fig. 22. Measured currents in the circular four-resonator system with res-
onator 3 loaded at 513 kHz.

Fig. 23. Current vectors of the circular four-resonator system with the cur-
rent in resonator 1 as vector 1. (a) Identical resonators: 520 kHz. (b) Identical
resonators: 513 kHz.

Fig. 24. Energy efficiency curve of the circular four-resonator system with
resonator 3 loaded.

2) With Resonator 3 Loaded: Finally, the four-resonator sys-
tem is tested with resonator 3 loaded. The theoretical results in
Table VI are used as reference. Since the optimized capacitors in
Table VI are all closed to C0 , only two test cases are considered
here:

1) identical resonators with both the load and operating fre-
quency optimized, but operated at resonance frequency
(fo ) of the resonators (RL = 18.38 Ω; f = f0 = 520 kHz);

2) identical resonators with both the load and operating fre-
quency optimized, but operated at the optimized frequency
(RL = 18.38 Ω (close to theoretical value of 18.07 Ω);
f = 0.9885f0 = 513 kHz).

The resonator currents are captured at the resonance fre-
quency (520 kHz) and at optimized frequency (513 kHz). Fig. 22
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shows the measured resonator currents in the four-resonator sys-
tem with resonator 3 loaded under optimized frequency opera-
tion. The measured vector diagrams under these two operating
frequencies are displayed in Fig. 23. The theoretical energy
efficiency curve and the measured efficiencies are plotted in
Fig. 24. These results generally have good agreements. Once
again, when more than one pair of resonators are used in a
domino manner, the multiple power path effects will cause the
maximum efficiency point to shift away from the resonance
frequency, as can be seen in Fig. 24.

V. CONCLUSION

In this paper, the mathematical formulation of wireless
domino-resonator systems with noncoaxial resonators is pre-
sented. It is employed to analyze circular systems, which have
two main power flow paths. The interactions of the two paths
are analyzed with superposition principle and explained with
the help of the vector diagrams. It is discovered that, under
resonant frequency operation, current vector counteraction and
reenforcement could occur in some resonators of the systems
with even number of resonators. Such phenomenon does not
occur in systems with odd number of resonators at resonant
frequency. However, it is shown that the optimized operating
frequency of wireless domino-resonator systems is not the reso-
nant frequency of the resonators, as previously reported by Tesla
for wireless power transfer via one pair of resonators. The reason
is that the multiple power path effects of the resonator systems
would shift the optimal frequency slightly away from the reso-
nant frequency. The theoretical and practical investigations here
have confirmed one important conclusion that optimized fre-
quency operation can avoid current counteraction effects even
in systems with even number of resonators. In addition, it has
been successfully demonstrated that controlling the compensat-
ing capacitance could alter the impedance of the power flow
paths and offer larger high-energy-efficiency frequency range
for wireless domino-resonator systems.
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