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Theoretical study on effect of confinement on

flexural ductility of normal and high-strength

concrete beams

A. K. H. Kwan,* F. T. K. Au* and S. L. Chau*

The University of Hong Kong

Compared with normal concrete, high-strength concrete has higher strength but is generally more brittle. Its use in

a reinforced concrete structure, if not properly controlled, could lead to an unsustainable reduction in ductility.

However, confinement could be provided to improve the ductility of the structure. In this study, the effects of

concrete strength and confinement on the flexural ductility of reinforced concrete beams have been evaluated by

means of complete moment–curvature analysis of beam sections cast in different concretes and provided with

different confinements. The results reveal that the use of high-strength concrete at a constant tension steel ratio

would increase the flexural ductility, but at a constant tension to balanced steel ratio would decrease the flexural

ductility. In contrast, the provision of confinement would always increase the flexural ductility. It does this in two

ways: first, it increases the balanced steel ratio so that, at the same tension steel ratio, the tension to balanced steel

ratio is decreased; and second, it increases the residual strength and ductility of the concrete so that, at the same

tension to balanced steel ratio, the flexural ductility of the beam section is increased.

Notation

Acc area of concrete bounded by transverse

reinforcement

Ae effectively confined concrete area

Ast area of tension steel reinforcement

Asx total area of transverse reinforcement in x

direction

As y total area of transverse reinforcement in y

direction

b breadth of beam section

bc breadth of concrete core

d effective depth of beam section

dc depth of concrete core

dn neutral axis depth

Ec Young’s modulus of concrete

Es Young’s modulus of steel reinforcement

fc in-situ uniaxial compressive strength of concrete

f i stress at inflection point on descending branch

of stress–strain curve

f j stress when �c ¼ �i
f0 peak stress on stress–strain curve of concrete

fp lateral confining pressure provided by

transverse reinforcement

fr confining stress

fyh yield strength of transverse steel reinforcement

fyt yield strength of longitudinal steel

reinforcement

h total depth of beam section

Mp peak resisting moment of beam section

s spacing of transverse reinforcement

�c strain in concrete

�i strain at inflection point on descending branch

of stress–strain curve

�j ¼ �i + (�i � �0)
�0 strain at peak stress on stress–strain curve of

concrete

�p residual plastic strain in steel reinforcement

�s strain in steel reinforcement

� curvature ductility factor

r0 balanced steel ratio of beam section

rt tension steel ratio (¼ Ast/bd)

�c stress in concrete

�u ultimate curvature of beam section

�y yield curvature of beam section
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Introduction

Because of its obvious advantages of higher strength,

high-strength concrete is increasingly being used, parti-

cularly for constructing tall buildings and long-span

bridges. However, it is generally more brittle than nor-

mal concrete, and it is mainly this that causes the

concern and hesitation of many structural engineers in

its use. In fact, although high-strength concrete is by

itself more brittle, as exemplified by the shorter and

steeper descending branch of its stress–strain curve,
1
a

reinforced concrete structure cast in high-strength con-

crete is not necessarily more brittle than a similar one

cast in normal concrete. Various structural parameters

affect the ductility of a reinforced concrete structure,

and the stress–strain curve of the concrete is only one

of the parameters that have significant effects. For

example, the details of the steel reinforcement, such as

the tension and compression steel ratios and the amount

of confinement provided, generally have a greater effect

on the ductility of the structure than the stress–strain

curve of the concrete used. If the effects of the various

structural parameters on ductility are known quantita-

tively, the potential reduction in ductility of the struc-

ture due to the use of high-strength concrete may be

more than compensated for by adjusting the reinforce-

ment details.

There is, nevertheless, the major problem that it is

difficult to predict the ductility of a reinforced concrete

member: although the strength can be determined using

conventional structural theories, it is not possible to

evaluate the ductility using any simple method. To

evaluate the ductility of a concrete member, non-linear

analysis extended well into the post-peak range is

needed, so that the complete load–deflection or mo-

ment–curvature curve may be obtained. Such an analy-

sis is highly non-linear, and usually requires many

iteration steps for a numerical solution. Moreover, it

has been found that, at the post-peak stage, strain

reversal occurs in the tension reinforcement (see be-

low), and as a result the stress–strain relation of the

tension reinforcement is stress-path dependent. Because

of the complexities involved, there have been few

theoretical studies on the post-peak behaviour and duc-

tility of concrete structures.
2–4

The authors’ research team has recently developed a

new method of analysing the post-peak flexural behav-

iour of reinforced concrete sections that

(a) uses the actual stress–strain curves of the concrete

so that the different stress–strain characteristics of

normal and high-strength concrete may be taken

into account, and

(b) incorporates the stress-path dependence of the

stress–strain relation of the steel reinforcement so

that the effects of strain reversal may be allowed

for.

Using this new method of analysis, the complete mo-

ment–curvature behaviour of singly and doubly rein-

forced concrete beam sections,
5
the ultimate concrete

strain for the design of high-strength concrete beams,
6

and the effects of concrete grade and steel yield

strength on the flexural ductility of reinforced concrete

sections
7
have been studied. It has been found that, at

the post-peak stage, the neutral axis depth would keep

on increasing, leading to a gradual reduction of the

distance between the tension reinforcement and the

neutral axis and to eventually strain reversal (i.e. a

decrease in strain despite a monotonic increase in cur-

vature) in the tension reinforcement, which could have

significant effects on the post-peak behaviour.

More importantly, it has also been found that, at the

same tension steel ratio, a concrete section cast in high-

strength concrete actually has a higher flexural ductility

than a similar concrete section cast in normal concrete,

despite the fact that a higher-strength concrete should

have a lower ductility. However, at the same tension to

balanced steel ratio, which may be taken as a measure

of the degree of the section being under- or over-

reinforced, a concrete section cast of high-strength con-

crete has a lower flexural ductility. The lower the

tension to balanced steel ratio is, the higher will be the

flexural ductility, and vice versa. It is in fact the tension

to balanced steel ratio—that is, the degree of the con-

crete section being under- or over-reinforced—that is

the main factor determining the flexural ductility. A

concrete section cast in high-strength concrete need not

be more brittle, and the potential reduction in flexural

ductility due to the use of high-strength concrete may

be made up simply by reducing the tension to balanced

steel ratio.

However, in engineering practice, sections cast in

high-strength concrete also tend to be more heavily

reinforced so that the full strength potential of the

high-strength concrete can be exploited. Such practice,

if not carefully controlled, could lead to a dangerous

situation. A heavily reinforced section (i.e. one with a

high tension to balanced steel ratio) cast in high-

strength concrete can be very brittle and may fail quite

explosively, as has been demonstrated in an experimen-

tal study by the authors’ research team.
8
Thus, for a

section cast in high-strength concrete, it may be neces-

sary to limit the tension to balanced steel ratio to a

relatively lower value than that used with normal con-

crete. Another possible way to make up for the reduc-

tion in flexural ductility is to add confinement to the

concrete. The resulting confining stresses would subject

the concrete to a triaxial stress condition, under which

it would behave in a more ductile manner. Adding

confinement to improve the ductility performance is

quite common in columns but not so common in

beams. Studies on the effectiveness of adding confine-

ment also concentrate more on columns
9–11

than on

beams.

In this study, the effects of concrete strength and

confinement on the flexural ductility of reinforced con-

A. K. H. Kwan et al.

300 Magazine of Concrete Research, 2004, 56, No. 5



crete beams are evaluated by analysing the complete

moment–curvature behaviour of beam sections cast of

different grades of concrete and provided with differing

amounts of confining reinforcement. The theoretical

method developed by the authors’ research team, which

uses the actual stress–strain curves of the materials and

takes into account the stress-path dependence of the

stress–strain relation of the steel reinforcement, is used

in the analysis.

Method of analysis

For the concrete, the unified stress–strain curve

model for unconfined and confined concrete developed

by Attard and Setunge
12

and Attard and Stewart,
13

which has been shown to be applicable to a broad range

of concrete strength from 20 to 130 MPa, is adopted. In

this model, the main parameters used to define the

stress–strain relation are: the peak stress, f0; the strain

at peak stress, �0; and two dimensionless coefficients A

and B, which are dependent on the concrete grade and

the confining stress. The equation of the stress–strain

curve is

� c

f 0
¼ A �c=�0ð Þ þ B �c=�0ð Þ2

1þ A� 2ð Þ �c=�0ð Þ þ Bþ 1ð Þ �c=�0ð Þ2
(1)

in which �c and �c are the compressive stress and strain

at any point on the stress–strain curve. Taking into

account the confining effect, the peak stress f0 and the

strain �0 at peak stress have been derived as

f 0 ¼ f c 1þ f r

0:56
ffiffiffiffiffi
f c

p
� �k

(2)

�0 ¼
4:11 f cð Þ0:75

Ec

" #
1þ 17:0� 0:06 f cð Þ f r

f c

� �� �
(3)

where fc is the peak stress under unconfined conditions,

fr is the confining stress, Ec is the initial Young’s

modulus, and k is a factor dependent on the concrete

grade (all units for stresses and modulus are in MPa).

Note that the peak stress, fc, is actually the in-situ

uniaxial compressive strength of the concrete, which

may be determined from the standard cylinder or cube

strength using appropriate conversion factors. The con-

fining stress, fr, is dependent on the transverse reinfor-

cement, and may be evaluated using the method

presented in the Appendix.

Two sets of values for A and B, one for the ascending

branch and the other for the descending branch, are

used to define the shape of the stress–strain curve, as

given below:

For the ascending branch:

A ¼ Ec�0
f0

(4a)

B ¼ A� 1ð Þ2

0:55
� 1 (4b)

For the descending branch:

A ¼ �j � �i
�0

� �
�j f i

�i f 0 � f ið Þ �
4�i f j

�j f 0 � f jð Þ

� �
(5a)

B ¼ �i � �jð Þ
f i

�i f 0 � f ið Þ �
4 f j

� j f 0 � f jð Þ

� �
(5b)

where �i is the strain at the inflection point on the

descending branch of the stress–strain curve, �j ¼ �i +
(�i � �0), f i is the stress when �c ¼ �i, and f j is the

stress when �c ¼ �j.
The values of �i, f i and f j have been obtained by

analysing available experimental data, which yields:

�i ¼ �0 2þ 2:5� 0:3 ln f cð Þ � 2

1þ 1:12 f r= f cð Þ0:26

" #
(6a)

f i ¼ f 0 1þ 1:41� 0:17 ln f cð Þ � 1

1þ 5:06 f r= f cð Þ0:57

" #
(6b)

f j ¼ f 0 1þ 1:45� 0:25 ln f cð Þ � 1

1þ 6:35 f r= f cð Þ0:62

" #
(6c)

Figure 1(a) shows some typical stress–strain curves ob-

tained for unconfined concrete with fc ranging from 30 to

90 MPa, and Fig. 1(b) shows some typical stress–strain
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Fig. 1. Stress–strain curves of concrete: (a) unconfined con-

crete of various grades; (b) confined concrete with

f c ¼ 50 MPa
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curves for confined concrete with fc equal to 50 MPa

and fr ranging from 0 to 3 MPa.

For the steel reinforcement, a linearly elastic–

perfectly plastic stress–strain curve is adopted. As there

could be strain reversal in the steel reinforcement at the

post-peak stage despite monotonic increase of curva-

ture, the stress–strain curve of the steel is stress-path

dependent. When the strain is increasing, the stress–

strain relation of the steel is given by

At elastic stage:

� s ¼ Es�s (7a)

After yielding:

� s ¼ f yt (7b)

where �s and �s are the stress and strain in the steel, Es

is the Young’s modulus, and fyt is the yield strength. In

the event that strain reversal occurs after the steel has

yielded, the stress in the steel will decrease instead of

remaining at the yield stress level. It is assumed that

the steel stress will decrease by following a straight line

with the same slope as the initial Young’s modulus of

the steel until it reaches zero stress. Denoting the resi-

due plastic strain in the steel by �p, the steel stress

when strain reversal occurs can be evaluated as

follows:

During strain reversal:

� s ¼ Es �s � �pð Þ (8)

The complete stress–strain curve of the steel reinforce-

ment with the stress-path dependence arising from

strain reversal incorporated is illustrated in Fig. 2.

The beam sections considered for analysis are shown

in Fig. 3. Three basic assumptions have been made in

the analysis:

(a) A plane section before bending remains plane after

bending.

(b) The tensile strength of concrete is negligible.

(c) There is no bond-slip between concrete and steel.

These assumptions are widely accepted in the litera-

ture.
14

The region bounded by the links is assumed to

be confined. For the concrete in the confined zone,

confining stress is applied to evaluate the effect of

confinement on the moment–curvature behaviour of

the beam section, whereas for the concrete in the un-

confined zone the confining stress is always taken as

zero. On the other hand, for the steel reinforcement, the

stress-path dependence due to strain reversal is taken

into account. The moment–curvature behaviour of the

beam section is analysed by applying prescribed curva-

tures to the beam section incrementally, starting from

zero. At a prescribed curvature, the strain profile is

first evaluated based on the above assumptions. From

the strain profile so obtained, the stresses developed in

the concrete and the steel reinforcement are determined

from their respective stress–strain curves. The stresses

developed have to satisfy the axial equilibrium condi-

tion, from which the neutral axis depth is evaluated by

iteration. Having determined the neutral axis depth, the

resisting moment is calculated from the moment equili-

brium condition. The above procedure is repeated until

the complete moment–curvature curve is obtained. De-

tails of the numerical procedures have been presented

previously.
5

Moment–curvature behaviour

Sections analysed for parametric study

The beam sections analysed have dimensions of b ¼
300 mm, h ¼ 600 mm and d ¼ 550 mm. They repre-

sent typical rectangular reinforced concrete beam sec-

tions. To allow for the practical situation that not all

the concrete in the compression zone can be confined,

so that there always remains an unconfined zone, the

value of c (thickness of the unconfined zone) is varied

from 0 to 60 mm. For the parametric study, the concrete

strength, fc, is varied from 30 to 90 MPa to cover both

normal and high-strength concrete; the confining stress,

fr, is varied from 0 to 3 MPa to evaluate the effect of

confinement; and the tension steel ratio, rt (¼ Ast/bd),

is varied from 0.2 to 1.2 times the balanced steel ratio

S
tr

es
s

fy

Es Esεp

σs � Es(εs � εp)

σs � fy

Strain

Fig. 2. Stress–strain curve of steel reinforcement

h d

c

c

b

dn

Ast

Neutral
axis

Confined
zone

Unconfined
zone

c

Fig. 3. Beam section analysed
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to cover both under- and over-reinforced sections. The

steel reinforcement is assumed to have constant Young’s

modulus and yield strength of Es ¼ 200 GPa and fyt ¼
460 MPa respectively.

Complete moment–curvature curves

Figure 4 shows some typical moment–curvature

curves for under-reinforced sections with the concrete

strength, fc, equal to 30 or 70 MPa and the tension steel

ratio, rt, equal to 0.5 times the balanced steel ratio of

an unconfined concrete beam section. Fig. 5 shows

some typical moment–curvature curves for over-

reinforced sections with fc equal to 30 or 70 MPa and

rt equal to 1.2 times the balanced steel ratio of an

unconfined concrete beam section. (Note that the ten-

sion steel ratios of beam sections cast of the same

concrete are the same, and independent of the confin-

ing stresses provided.)

From these figures, it can be seen that for under-

reinforced sections, regardless of whether they are

cast in normal or high-strength concrete, the con-

fining stresses applied have no effect on the moment–

curvature behaviour before the beam sections reach

their respective peak resisting moments. Consequently,

the confining stresses applied to the beam sections,

which would not cause any change to the peak mo-

ments reached, have no beneficial effect on the flexural

strength of the beam sections. This is probably the

reason why engineers seldom consider providing con- finement to improve the flexural behaviour of rein-

forced concrete beams. However, it is evident from the

descending branches of the moment–curvature curves

that, at the post-peak stage, the confining stresses ap-

plied to the beam sections, even at just fr ¼ 1 MPa,

have the beneficial effect of significantly improving the

flexural ductility of the beam sections.

It can also be seen that for over-reinforced sections,

regardless of whether they are cast of normal or high-

strength concrete, the confining stresses applied have a

significant effect on the moment–curvature behaviour

at both the pre-peak and post-peak stages. At the pre-

peak stage, the confining stresses have no effect on the

flexural stiffness but would slightly increase the flexur-

al strength of the beam sections. At the post-peak stage,

the confining stresses would dramatically increase the

residual moment-resisting capacities of the beam sec-

tions, thereby substantially increasing the flexural duc-

tility of the beam sections. Hence it appears that the

provision of confinement would offer greater advan-

tages when the beam sections are heavily reinforced, as

it would increase both the flexural strength and the

ductility of the beam sections.

Variations of neutral axis depth and steel strain with

curvature

To study the changes in flexural behaviour due to the

provision of confinement to the beam sections, the

variations of the neutral axis depth and steel strain with
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Fig. 4. Moment–curvature curves of under-reinforced sec-

tions (rt ¼ 0:5rb( fr¼0)): (a) f c ¼ 30 MPa, c ¼ 40 mm; (b)

f c ¼ 70 MPa, c ¼ 40 mm
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Fig. 5. Moment–curvature curves of over-reinforced sections

(rt ¼ 1:2rb( fr¼0)): (a) f c ¼ 30 MPa, c ¼ 40 mm; (b)

f c ¼ 70 MPa, c ¼ 40 mm
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curvature for beam sections with fc ¼ 70 MPa are

shown in Fig. 6. (Those for beam sections with fc ¼
30 MPa are similar, and thus are not shown for brevity.)

From Fig. 6(a) it can be seen that, in an under-

reinforced section, the neutral axis depth at first re-

mains at a constant value when both the concrete and

the steel reinforcement are still elastic, and then de-

creases to a minimum value when the materials become

inelastic. However, after entering into the post-peak

stage, the neutral axis depth starts to increase. This

happens in both the unconfined and confined concrete

beam sections. Comparing the variations of the neutral

axis depth in the various concrete beam sections with

different confining stresses applied, it is evident that

the provision of confinement in an under-reinforced

section has the effect of slowing down the rate of in-

crease of the neutral axis depth at the post-peak stage.

Owing to the gradual increase of the neutral axis depth,

the distance between the tension reinforcement and the

neutral axis decreases in the post-peak stage, and even-

tually the strain in the tension reinforcement starts to

decrease (strain reversal occurs). As revealed by the

plotted steel strain curves, the curvature at which strain

reversal occurs and the maximum steel strain reached

are dependent on the confining stress applied: at a

larger confining stress, the curvature at which strain

reversal occurs and the maximum steel strain reached

are larger.

On the other hand, it can be seen from Fig. 6(b) that,

in an over-reinforced section, the neutral axis depth at

first remains at a constant value when both the concrete

and the steel reinforcement are still elastic, and then

starts to increase when the materials become inelastic.

After entering into the post-peak stage, the neutral axis

depth continues to increase until it reaches a certain

maximum value asymptotically. This happens in all the

concrete beam sections. As in the previous case, the

provision of confinement in an over-reinforced section

has the effect of slowing down the rate of increase of

the neutral axis depth in the post-peak stage, and con-

sequently the curvature at which strain reversal occurs

and the maximum steel strain reached are significantly

larger when the confining stress applied is larger.

Increase in balanced steel ratio due to confinement

Another significant effect of providing confinement

to the beam section is the change in balanced steel ratio

of the beam section. The confinement prolongs the

stress–strain curve of the concrete, and as a result the

ultimate concrete strain when the beam section reaches

the peak resisting moment would be increased. Conse-

quently, the balanced steel ratio—that is, the steel ratio

at which balanced failure occurs (tension reinforcement

just reaching yield stress when the beam section

fails)—would increase. In this study, the balanced steel

ratio is evaluated by a trial and error process of analys-

ing beam sections with different tension steel ratios and

checking whether the tension reinforcement has ever

yielded. If the tension reinforcement just yields before

strain reversal as the beam section is loaded until com-

plete failure, the beam section is regarded as a balanced

section and its tension steel ratio is taken as the ba-

lanced steel ratio. The balanced steel ratios, r0, so

obtained for concrete beam sections with different

values of fc and fr are listed in Table 1.

From the numerical results, it can be seen that the

balanced steel ratio of an unconfined beam section

increases with the concrete strength, but that the per-

centage increase is progressively smaller than the corre-

sponding percentage increase in concrete strength. The

balanced steel ratio of a confined beam section also

increases with the concrete strength. More importantly,
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Fig. 6. Variations of dn and �st with curvature: (a) under-

reinforced section ( f c ¼ 70 MPa, rt ¼ 0:5rb( fr¼0MPa)); (b)

over-reinforced section ( f c ¼ 70 MPa, rt ¼ 1:2rb( fr¼0MPa))

Table 1. Balanced steel ratio, rb, for concrete beam sections

with c ¼ 40 mm

fc: MPa Value of rb: %

fr ¼ 0 MPa fr ¼ 1 MPa fr ¼ 2 MPa fr ¼ 3 MPa

30 3.18 4.19 4.93 5.62

50 4.66 5.80 6.63 7.42

70 6.02 7.19 8.06 8.90

90 7.24 8.42 9.31 10.16
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the balanced steel ratio of a confined beam section is

dependent on the confining stress applied, being signif-

icantly higher when the confining stress is larger.

Flexural ductility

Flexural ductility evaluation

The flexural ductility of a beam section may be

evaluated in terms of a curvature ductility factor, �,
defined by

� ¼ �u

�y

(9)

where �u and �y are the ultimate curvature and yield

curvature respectively. The ultimate curvature, �u, is

taken as the curvature of the beam section when the

resisting moment of the beam section has, after reach-

ing the peak value of Mp, dropped to 0.8Mp. The yield

curvature, �y, is taken as the curvature at the hypo-

thetical yield point of an equivalent linearly elastic–

perfectly plastic system with an elastic stiffness equal

to the secant stiffness of the section at 0.75Mp and a

yield moment equal to Mp.

Ductility of unconfined concrete beam sections

The values of � so evaluated for unconfined concrete

beam sections with fc ¼ 30, 50, 70 or 90 MPa are

plotted against rt in Fig. 7(a). It can be seen that in

general, at a given concrete strength fc, � decreases as

rt increases. However, at a given tension steel ratio rt,

� increases slightly with fc. Hence the use of a higher

concrete strength could lead to an increase in flexural

ductility, although a higher strength concrete is by itself

more brittle. This may be explained by the fact that, at

a higher concrete strength, the balanced steel ratio is

higher, as revealed by Table 1, and thus, for a given

tension steel ratio, the tension to balanced steel ratio,

rt/rb, is lower, leading to a higher degree of the beam

section being under-reinforced or a lower degree of the

beam section being over-reinforced and eventually to a

higher flexural ductility. The increase in flexural ducti-

lity due to the reduction in the rt/rb ratio has out-

weighed the decrease in flexural ductility due to the

reduction in ductility of the concrete.

To study how the tension to balanced steel ratio rt/
rb affects the flexural ductility, the values of � are

plotted against rt/rb in Fig. 7(b). It can seen that, at a

given concrete strength fc, � decreases as rt/rb in-

creases, and at a given tension to balanced steel ratio

rt/rb, � decreases slightly as fc increases, which is

more in line with the general conception that a higher-

strength concrete is by itself less ductile.

Ductility of confined concrete beam sections

The values of � for confined concrete beam sections

with fc ¼ 30, 50, 70 or 90 MPa and fr ranging from 0 to

3 MPa are plotted against rt in Fig. 8. From the curves

plotted, it is evident that, regardless of the concrete

strength fc, at a given tension steel ratio, rt, � increases

significantly with fr. For instance, at a tension steel

ratio of rt ¼ 3%, when the confining stress, fr, in-

creases from 0 to 2 MPa, the ductility factor, �, of a

beam section with fc ¼ 30 MPa increases from 2.2 to

9.8, and that of a beam section with fc ¼ 70 MPa

increases from 3.6 to 12.0. This implies that, with the

same amount of tension reinforcement added, the provi-

sion of confinement could significantly increase the

flexural ductility of the beam section, irrespective of

whether it is cast in normal or high-strength concrete.

Hence the provision of confinement is an effective

means of improving the flexural ductility of a beam

section without changing the amount of tension reinfor-

cement added to the beam section.

However, it may also be argued that the increase in

flexural ductility arising from the provision of confine-

ment is due partly to the increase in balanced steel ratio

when confinement is provided, which leads to a signifi-

cant reduction in the tension to balanced steel ratio, rt/
rb. To study the net increase in flexural ductility at a

fixed tension to balanced steel ratio rt/rb, the values of
� presented in Fig. 8 are re-plotted against rt/rb in Fig.

9. It can be seen from the re-plotted curves that even at

a fixed tension to balanced steel ratio, rt/rb, � in-

creases significantly with fr. Hence, even at the same

degree of the beam section being under/over-reinforced

measured in terms of the rt/rb ratio, a beam section

provided with a higher confining stress has a higher

flexural ductility. The increase in flexural ductility at
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Fig. 7. � of unconfined sections (c ¼ 40 mm): (a) plotted

against rt; (b) plotted against rt=rb
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the same rt/rb ratio due to the provision of confine-

ment is attributed to the improved ductility of the con-

crete rendered by the confinement.

It may be inferred from the above results that the

provision of confinement improves the flexural ducti-

lity of a beam section in two additive ways. First, it

increases the strain at peak stress of the concrete, there-

by increasing the ultimate strain of the concrete and the

balanced steel ratio of the beam section. As a result, at

a given tension steel ratio, the tension to balanced steel

ratio of the beam section is reduced and the degree of

the beam section being under-reinforced is increased or

the degree of the beam section being over-reinforced is

decreased. Second, even at the same tension to

balanced steel ratio—that is, at the same degree of the

beam section being under/over-reinforced—it increases

the flexural ductility of the beam section by virtue of

the increased residual strength and improved ductility

of the concrete rendered by the confinement. Added

together, the provision of confinement is particularly

effective in improving the flexural ductility of a beam

section or in restoring the flexural ductility of a beam

section to a more acceptable level, when its flexural

ductility has been reduced by the use of high-strength

concrete and/or the addition of heavy tension reinforce-

ment.

Effect of partial confinement

Owing to the finite size of the confining reinforce-

ment and the need to provide a minimum concrete

cover, it is not possible to provide confinement to the

whole compression zone of the concrete section. There

always remains an unconfined zone with a thickness of

c, as shown in Fig. 3. To study the effect of such partial

fr � 0 MPa

fr � 1 MPa

fr � 2 MPa

fr � 3 MPa

50

45

40

35

0

5

10

15

20

25

30
µ

0 1 2 3 4 5 6 7
ρt: %
(a)

fr � 0 MPa

fr � 1 MPa

fr � 2 MPa

fr � 3 MPa

50

45

40

35

0

5

10

15

20

25

30

µ

0 1 2 3 4 5 6 7
ρt: %
(c)

98 10

fr � 0 MPa

fr � 1 MPa

fr � 2 MPa

fr � 3 MPa

50

45

40

35

0

5

10

15

20

25

30

µ

0 1 2 3 4 5 6 7
ρt: %
(d)

98 10

fr � 0 MPa

fr � 1 MPa

fr � 2 MPa

fr � 3 MPa

50

45

40

35

0

5

10

15

20

25

30

µ

0 1 2 3 4 5 6 7
ρt: %
(d)

98

Fig. 8. � of confined sections plotted against rt (c ¼ 40 mm): (a) f c ¼ 30 MPa; (b) f c ¼ 50 MPa; (c) f c ¼ 70 MPa; (d)

f c ¼ 90 MPa
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confinement, the thickness of the unconfined zone is

varied from 0 to 60 mm in the parametric study. Fig. 10

shows the effect of such partial confinement in beam

sections with fc ¼ 70 MPa. It is evident from the curves

plotted that the effect of confinement is dependent on

the proportion of the area of the concrete section pro-

vided with confinement. The smaller the thickness of

the unconfined zone is, or in other words, the larger the

area of the confined zone is, the greater would be

the effect of the confinement. Hence, when evaluating

the effectiveness of providing confinement, the thick-

ness of the unconfined zone needs to be taken into

account.

Figures 8 and 9 presented in this paper may be used

as design charts for evaluating the effectiveness of

providing confinement to improve or restore the flexur-

al ductility of a reinforced concrete beam section. How-

ever, when using these figures as design charts, it

should be borne in mind that they were derived with

the thickness of the unconfined zone, c, taken as

40 mm, or as 40/300 ¼ 0.13 of the breadth, b, of the

section and as 40/550 ¼ 0.07 of the effective depth, d,

of the section. These two figures would yield conserva-

tive results and are therefore applicable only to con-

fined beam sections with the thickness of the

unconfined zone smaller than 0.13 of the breadth and

0.07 of the effective depth.

Conclusions

The effects of concrete strength and confinement on

the complete moment–curvature behaviour of rein-

forced concrete beam sections have been studied using
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Fig. 9. � of confined sections plotted against rt=rb (c ¼ 40 mm): (a) f c ¼ 30 MPa; (b) f c ¼ 50 MPa; (c) f c ¼ 70 MPa; (d)

f c ¼ 90 MPa
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a newly developed theoretical method that uses the

actual stress–strain curves of the materials and takes

into account the stress-path dependence of the stress–

strain relation of the tension reinforcement due to strain

reversal. Based on the theoretical results obtained, the

following conclusions may be drawn.

(a) For under-reinforced sections cast in normal or

high-strength concrete, confinement has no effect

on the flexural strength but has the beneficial

effect of significantly improving the flexural ducti-

lity. For over-reinforced sections cast in normal or

high-strength concrete, confinement has the effects

of slightly increasing the flexural strength and sub-

stantially improving the flexural ductility.

(b) In both unconfined and confined sections, at the

post-peak stage, the neutral axis depth would keep

on increasing, leading to gradual reduction of the

distance between the tension reinforcement and

the neutral axis, and eventually to strain reversal in

the tension reinforcement. In general, the provision

of confinement has the effect of slowing down the

rate of increase of the neutral axis depth and in-

creasing the maximum strain reached by the ten-

sion reinforcement. The provision of confinement

also has the effect of increasing the balanced steel

ratio.

(c) Regardless of the concrete strength, at a given

tension steel ratio the flexural ductility of a beam

section increases substantially with the confining

stress applied. Even at a given tension to balanced

steel ratio, the flexural ductility of a beam section

increases significantly with the confining stress

applied. Hence the provision of confinement is an

effective means of improving or restoring the flex-

ural ductility of a beam section, irrespective

of whether it is cast of normal or high-strength

concrete.

(d ) The effectiveness of the confinement provided is

dependent on the proportion of the area of the

concrete section provided with confinement. The

smaller the thickness of the unconfined zone, or in

other words the larger the area of the confined

zone, the greater would be the effect of the con-

finement.

(e) The two figures showing how the flexural ductility

varies with the confining stress (Figs 8 and 9) may

be used as design charts for evaluating the effec-

tiveness of providing confinement to improve or

restore the flexural ductility of any beam section

with the thickness of the unconfined zone inside

the beam section smaller than 0.13 of the breadth

and 0.07 of the effective depth.

Appendix: Evaluation of confining stress

The confining stress, fr, may be evaluated using the

method proposed by Mander et al.,
15

as outlined below.

For convenience, it is assumed that the area of the

confined concrete is the area of concrete bounded by

the transverse reinforcement (denoted herein by Acc).

However, owing to the arching action of the lateral

confining pressure, not all the concrete area bounded

by the transverse reinforcement is effectively confined.

In a rectangular concrete section, arching occurs long-

itudinally between adjacent layers of transverse reinfor-

cement and transversely between adjacent longitudinal

reinforcing bars. As a result, the effectively confined

concrete area (denoted herein by Ae) is smaller than the

concrete area bounded by the transverse reinforcement.

Mander et al. suggested that Ae may be determined

from Acc by subtracting the parabolas (each assumed to

have an initial slope of 458) containing the ineffectively

confined concrete, and that to allow for the difference

between Ae and Acc, the confining stress should be

reduced by a factor Ke, defined as Ke ¼ Ae/Acc. Hence

the effective confining stress, fr, is given by

f r ¼ Ke f p (10)

in which fp is the lateral confining pressure provided by

the transverse reinforcement. In the case of a rectangu-

lar section, the confining pressure is generally different

in the x and y directions (the two orthogonal directions

in the section), but nevertheless the confining pressure

for use in equation (10) may be taken as a weighted

average of the confining pressure in the x and y direc-
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tions, and may be evaluated using the following

formula
16

f p ¼
fyh

s

Asx þ As y

bc þ dc

� �
(11)

where fyh is the yield strength of the transverse reinfor-

cement, s is the spacing of the transverse reinforce-

ment, Asx and As y are the total area of transverse

reinforcement in the x and y directions, and bc and

dc are the breadth and depth of the concrete core res-

pectively.
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