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A Novel Analytical Method for Maximum Likelihood Detection in
MIMO Multiplexing Systems

Wei Peng, Shaodan Ma, Tung-sang Ng, Fellow, IEEE, and Jiangzhou Wang, Senior Member, IEEE

Abstract—This letter addresses the problem of symbol error
probability (SEP) analysis for maximum likelihood (ML) de-
tection in multiple-input multiple-output (MIMO) multiplexing
systems. A new analytical method is presented based on the
Total Probability Theorem. The effects of imperfect channel
estimation and power allocation scheme are investigated. The
accuracy of the proposed method is demonstrated by Monte-
Carlo simulations. It is shown that the analytical results match
quite well with the simulation ones irrespective of the signal-to-
noise-ratio (SNR).

Index Terms—MIMO, maximum likelihood detection, perfor-
mance analysis, imperfect channel estimation.

I. INTRODUCTION

N recent years, multiple-input multiple-output (MIMO)
Itechnique has emerged as one of the most significant
breakthroughs to increase system capacity without extra band-
width. Generally, MIMO can be applied in two situations.
One is in space-time coding systems where the transmission
quality is improved due to spatial diversity. The other is in
spatial multiplexing systems where independent signals are
transmitted over different antennas to increase the transmission
rate [1]. In the paper, the latter situation is considered.

The issue of signal detection for MIMO multiplexing sys-
tems has been widely discussed and a number of detection
methods have been proposed, e.g., zero forcing (ZF), min-
imum mean square estimation (MMSE), vertical Bell Labs
space time (V-BLAST) and maximum likelihood (ML) meth-
ods [2]. Among them, the ML detection is the optimal one
from the error probability point of view. Since it is a non-linear
detection using a full search process, performance analysis
which is instructive for system designers is not straight-
forward and has attracted a lot of attentions recently. In the
literature, the symbol error probability (SEP) or bit error prob-
ability (BEP) for each transmitted signal is generally written as
the sum of weighted pair-wise error probabilities (PEP) where
PEP means the probability that the receiver decides in favor
of one signal vector when another signal vector is transmitted.
Upper-bound/approximation of SEP is then derived based on
the PEP calculation/approximation [3-8]. Unfortunately, all of
these analytical bounds/approximations are tight only under
high signal-to-noise-ratio (SNR) and there is a significant
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gap between the analytical and simulation results when the
SNR is low. In addition, the existing analytical methods were
developed under the assumption of equal power allocation on
the transmit antennas. Their extension to systems with unequal
power allocation which is generally the case in many practical
systems, e.g., beamforming systems, is by no means straight
forward.

In this letter, a new method to SEP analysis for the ML
detection in a MIMO multiplexing system is proposed. In this
method, the SEP for each transmitted signal is first expressed
in terms of the SEPs conditioned on a set of error events corre-
sponding to the other transmitted signals and the probabilities
of these error events. By analyzing the post-detection SNR, the
conditional SEPs are derived in closed-form and the average
SEPs are finally obtained by solving a set of equations. The
advantage of the proposed method is that imperfect channel
estimation as well as unequal power allocation among the
transmitted signals can also be considered, thus rendering
the proposed method more practical. The accuracy of this
SEP analysis is demonstrated by Monte-Carlo simulations.
The comparison between the analytical and simulation results
shows that they match quite well irrespective of the SNR. This
provides system designers an effective way to predict more
accurately the system performance before implementation,
even under low SNR situation.

II. SYSTEM MODEL AND ML DETECTION
A. System Model with Channel Estimation

Consider a MIMO multiplexing system with N, transmit
and N, receive antennas (N, > N;). The baseband received
signal vector is given by

y = Hx +n, €))]

where y is an IV, x 1 received signal vector; n represents
an N, x 1 additive complex Gaussian noise (AWGN) vector,
each element being independent with zero mean and variance
a?l; H denotes an N, x N; channel matrix whose elements
being independent and identically distributed (i.i.d) complex
Gaussian variables with zero mean and unit variance (0,21 =1);
x is the N, x 1 transmitted signal vector with mutually
independent signals. Let C' represent the constellation of the
modulation. It is assumed that all the constellation symbols
have equal probability. To simplify the derivation, Q-ary phase
shift keying (QPSK) modulation is assumed. The proposed
method can be easily extended to the system using other
modulation schemes.

Denoting H to be the estimated channel matrix, it is
generally assumed that the elements of H are i.id complex
Gaussian variables with zero mean and variance a}%. It follows

0090-6778/09$25.00 (© 2009 IEEE
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from [9] that the channel matrix H can be written as
H=p, ;H+AH, )

where Phi = Cni / Tis Chiy is the correlation coefficient be-
tween the corresponding elements of Hand H, 0 < i <1
AH represents the channel estimation error matrix whose
(j,i)™ element equals to Ah;; = h;; — p, ;h;; and can
be modeled as an i.i.d complex Gaussian variable with zero
mean and variance 0%, = 1 — ;, [91. When perfect channel
estimation is assumed, p, ; = ch ; = 1. It should be noted
that p, ; and ¢, ; are determined by the channel estimator.
They vary with the SNR and both approach one when SNR
increases. For any given SNR, Ph i and ¢y j, Can be obtained
by the method in [9] and are thus generally assumed to be
known at the receiver [6-8].
Substituting (2) into (1), it yields

y=(pp H+AH)x +n=p, Hx+u, 3)

where u = AHX + n represents the interference plus noise
and can be regarded as the e%nvalent noise vector with the

jM element given as u; = > ;', Ahjx; + nj. Since Ah;;
and n; are independent zero mean complex Gaussian variables
with variance O'QAh and U,QZ respectively, it follows that for
given X, u; is also zero mean Gaussian variable [10] and the
variance of u; is given by 02 = var{3 ', Ah;x; +n;j} =
E{| 25\21 Ahj,ixi + nj|2} = Es(]. Cijl) + 0121 where E, =
Zi\f:‘l |7;|? denotes the total transmit power at the transmitter
and E{-} represents expectation operation.

B. Maximum Likelihood Detection

When Gaussian noise is assumed, the ML detection for the
transmitted signals can be realized as

N, N,
x=argminy |y, — > p, ihidil, “
X j=1 i=1

where X represents the decision vector for x and x; represents
the decision for the i transmitted signal. Due to discrete
constellation points of the modulation, this is a non-linear
detection and generally achieved by a full search process.

III. SYMBOL ERROR PROBABILITY

Let z; be the i"(1 < i < N;) transmitted signal and
X; ={x1,...,%i-1,Ti+1,-.., TN, } be the other transmitted
signals. The SEP of x; can be written in terms of the SEPs
conditioned on a set of error events corresponding to X; and
the probabilities of these error events as

= Pl # o) Plers(0)+

Zk ki ](Viz' # wilerr(k)) P(err(k))+

Zl 1,0#4 Zm I+1,m#1 (‘TZ 7é 'T1|err(lvm))

P(err(l m)) + ...+ P(Z; # x;lerr(Q)) P(err(Q)),

(5)

where errf)), err(k), err(l,m) and err(2) respectively rep-
resent no error, one error (I # xy), two errors (; # x,
Zm # Tm) and all errors in X;. Let err(-) represent an
error event of X;, P(&; # ax;|err(-)) denotes the SEP of z;
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conditioned on err(-) and P(err(-)) stands for the probability
of err(-). Equation (5) is also known as the Total Probability
Theorem. It is obvious that if each pair of P(Z; # z;lerr(-))
and P(err(-)) in (5) is known, the SEP P(Z; # z;) can be
easily calculated. Note that this SEP expression is universally
applicable to arbitrary MIMO systems.

A. The SEP Conditioned on err(()): P(Z; # x;|err(0))

The SEP conditioned on the event err(f)) is analyzed first.
The result in this sub-section will form the basis for the follow-
ing analysis on the SEPs conditioned on the other error events.
Under the event err()), no error occurs to the other transmitted

signals. It means that , = z,(¢ = 1,4 — 1,0 + 1,..., V).
From (3) and (4), the detection of x; becomes
N,
T; = arg}nin Z |ph7;lfALj,iCCi +u; — ph,fzﬁjﬂ"%i'? (6)
Z; =1

In fact, the detection of z; in (6) is equivalent to the ML
detection in a single input multiple output (SIMO) system.
Thus the result for a SIMO system in [11] can be applied
here and the post-detection SNR is given as

N,
= Zﬂz,g|hj,i|2|xi|2/05
j=1

where w; = Z;\Zl |ﬁj,i|2/a}%. It follows from [12] that for
QPSK modulated systems, the SEP conditioned on z;, w; and
err(()) can be written as

P (Ti # x|z, wi, err(0))
=G (’71 err(@))

— /ML _0n2( /ML
=2Q ( ’Yi.,orr(@)) Q ( iorr(@)) ®)
1 [37/4 —c? wilxi]?
=— / exp 7}1 h de.
T Jo 202 sin? 0
where Q(t) = [~ 1/v/2m - exp(—22/2)dz. It should be noted
that the function G(-) in (8) depends on the modulation
scheme. It is straight-forward to apply this method to the
system using other modulations by altering G(-). For exam-
ple, for sixteen quadrature amplitude modulation (16QAM),
G(t) =1-[1-1.5Q(+/0.2t)]% [10].

By averaging (8) with respect to the statistics of z; and wj,
the average conditional SEP can be achieved as

P(:T“Z;'é:(’z|err( )
=—Z x/

"yi\i%rm) = Cz’hwi|xi|2/‘jga (7

(Z; # ;i | i, w;, err(0)) p(w;)dw;

x,€C
1 e hhwz |2 |2
R A L
T = o Jo 202 sin? §

€))
where p(x;) and p(w;) are the probability density function
(p.d.f) of z; and w;, respectively. Apparently from the defini-
tion of w;, it is a chi-square distributed variable [10] with 2N,
degrees of freedom. It follows that the p.d.f of w; is given by

plwi) = w;"texp(—w;) /(N — 1)L, (10)
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Substituting (10) into (9), the conditional SEP becomes

P (i # x; | err(0))
2 2\ —NVr
.k | zi |
+ = de
202 sin® 0
i—1 i—j—1/2

1 a’crr

1
— p i—
m (1 ten)

31 O
(z4) T + Z(_
i=1
Nr Z - 1 ]- + Qerr .
? J Qerr(Q)

(11)
¢ | wi [* /207, Note
that [ 2"exp(—px)dz = nlp=""! [13] and the results in
[14] are used in the above derivation. Function I(t1, 2, n) is

defined in [14] as

I(th;z’ ™ "
:% (arctan (t2) — arctan (£1))
!

where the parameter aerr(g)

'nl

(2n — 3)! (n—k—1)! (12)
RANCIST ; 2 (2n — 2k — )11

lo 31
L+t (L) k)’
where (-)!! represents the double factorial and arctan(-)
represents the inverse tangent function.

B. The SEPs Conditioned on the Other Error Events

Under the event err(k), & # xp(k # ) and Ty = z4(q =
1,---,i—1,i+1, -+, Ny, q # k). The received signal vector
can be rewritten as

N
Z Ph_jlﬁixi + ph,;;flkfk + Ph_jlﬁkAffk +u, (13)
i=1,i%k

where h; is the i column vector of H and Azy = 25 — 7.
This situation can be regarded as if Zj is transmitted from
the k™ antenna and P, ;lﬁkAxk in (13) will then be treated
as interference. As a result, phﬁﬁ;@Awk + u can also be
considered as the equivalent noise vector and the received
signal vector can be expressed as

Ny
Y ppibizit oy phdr v, (14)
i=1,i£k
where v, = = Py, hhkAxk + u denotes the equlvalent noise

vector with its " element given by Uk = P mAxk +
Zi:l Ah; x;+n;. Since hj 1, Ah;,; and n; are independent
zero mean complex Gaussian variables with variance cr}%, O'QA h
and 0721 respectively, it follows that for given x and Axy, Vg, 5 18
also complex Gaussian variable with zero mean and variance
given by [10]
Ny
Ug,k = Val“{phﬁfALj’kA!Ek + Z Ahjix; + nj} (15)
i=1

= ciﬁ | Az, |2 +02.
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As the symbol error occurs in adjacent positions in the
constellation with the highest probability, it is reasonable
to assume that error only happens between the transmitted
symbol and its nearest constellation neighbor. Under this
assumption, | Az, |? can be approximated by | Az |*~
min(di .) = axE{| zx [*}, where min(dj ) represents the
minimum squared Euclidean distance (SED) between x; and
its constellation neighbors and oy stands for the ratio of
mln(d2 .) to the average transmit power of zj. Note that
mm(d2 .) and oy vary with the modulation scheme. For
QPSK modulation, min(d; ) = 2E{| zy [*} and o = 2.

Now the average SEP conditioned on err(k) can be ana-
lyzed in the same way as in sub-Section III-A. From (4) and
(14), the detection of z; satisfies

N,

_ ) R s g
I; = argmin E | ph_’;lhjﬂ'xi + Vg — ph_’;lhj,ixi |
Tq .
i j=1

(16)

It follows that the post-detection SNR is ’ylMCI;r(k)

N,
Z] 1phh | hJZ| |$1 |2 /ka_chhw1|x’b| /ka and the
conditional SEP P(%; # ; | err(k)) is given similarly to (9)
and (11) as

P (&; # x; | err(k))

1 37r N, i—1 k)l/2
_* xi o z orr l
N, 1+ aerr .

? v Qerr(k)

(17)
where Gepe(ry = hh | @; [* /207 . Similarly, the average
SEP conditioned on other error events can also be derived
straight forwardly as

P (%; # x; | err(l,m))

:% > pla)

z,€C

Nr i — 1 1+ err(l,m .
()(l . >I<0,—/%,(]+1)>>
¢ J Qerr(l,m)

P (Z; # z; | err(2))

1 3
== > plai) i

z,€C

g2
err(lAm)

z j—1/2
err(Q

i—l

N,
; j=0 1+aerr(Q))i_1/2

Nr i — 1 1 + Qerr .
¢ J Qerr(Q)
(18)
where dore(i,my = ¢ - | 2 2 /202 s Totm (alE{|

l
£ |2} + amE{| Tm | }) + Uu’ Qerr(Q) = 02 | X |2 /20'1, Q
and o7 , ~ Ciﬁ Zsz‘Lk# aprE{| zk |*} + au.

C. The Probability of the Error Events P(err(-)) and the SEP
Equations

According to the probability theory, the probabilities
P(err(0)), P(err(k)), - - -, P(err(2)) can be expressed in
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terms of the SEPs (P(%; # x;), i = 1,- -+, N¢) as

= H;'v:tl,j;éi (1= P(Z; # xj))
=P (:fk 75 xk)
'H;‘V:tl,j;éi,k (1—P(2; #z5))
= P(jl 75 xl)P(fcm 75 xm)
'H;‘V:tl,j;ﬁi,hm (1—P(Z; # zj))

P (err (I,m)) . (19)

Plerr ()  =T[2 P (3 # 7))

Applying the conditional SEPs ((11), (17) and (18)) and the
probabilities of the error events (19) into (5), a set of SEP
equations will be generated. Thus, the SEPs P(Z; # x;)(i =
1,--+,Ny) can be obtained by solving the SEP equations.
Generally, the power allocation will affect the SEPs. In the
following, the SEP equations under equal and unequal power
allocations will be illustrated in details. Note that the number
of SEP equations depends on the power allocation scheme and
it is always equal to the number of the unknown SEPs to be
solved.

1) SEP Equation under Equal Power Allocation: When
equal power is allocated among all the transmitted signals,
the SEPs of each transmitted signal are the same, P(Z; #
1) =--- = P(Zn, # zn,) = e. It follows from (5), (11),
(17), (18) and (19) that the SEP equation is given by

(20)

Ne—1

\ Nt—l) j Ne—j—1
e= _ Biel (1 —e)™t 777,

> < j o )el—e)

J=0

where By = P(Z; # z; | err(0)) and 8; = P(Z; #
x; | err(ly,---,1;)), (li,---,1;) is a j-elements sub-set of
{1,---,i—1,i+1,--- , Ni}. The SEP e can be obtained by
solving (20).

2) SEP Equations under Unequal Power Allocation: For
simplicity, it is assumed that the ¢" transmitted signal is
allocated a different power from the others, while all the other
transmitted signals have the same power. The SEP of z, is
therefore different from that of the other transmitted signals.
It yields

P(i‘i#l‘i)z{eh i#q (21)

€2, l:q

In this situation, two SEP equations are obtained from (5),
(11), (17), (18) and (19) as:

e1=noqg(l—e)V 3 (1~ e2)
N2 N;—2 Ny—j—1_5—1
+ 21 (jt—l 051 — )N el e
N2 Ni—2 Ni—j—2
+ . ] (Ym0 =)V 2 (1 - e2) , (22)
j:
NN 1060 e
NSt w1 i1 g
R LR LB
J:
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where
MNj.q = P(jjl 7é Z; | err(ll,~- : 7lj))a Z?’é qvj > Oa
qe{ll7"' 7lj}
njg = P& # x| erx(ly, -+ ,1y)), i#¢,7>0,
q¢{117 7lj}
no,qg = P(Zi # x; | erx(0)), i#q
(23)
5j:P(5:i7éxi|err(llv"'alj))v izq,j>0,
q€{117al]}
do = P(&; # a; | err(0)), i=q
(24)

The SEPs €1, €5 can then be obtained by solving (22).

3) Discussion: When the number of transmit antennas is
more than/equal to three, equations (20) or (22) may have
multiple solutions. Since the SEPs should fall in the range of
[0, 1], only the meaningful solution will be chosen.

For the situations when more than two levels of transmit
powers are allocated among different transmit antennas or
when the number of transmit antennas is more than three,
the SEP equations will become more complicated. To obtain
the solutions for such SEP equations, the assistance of com-
putation tools, such as the toolbox "fsolve" in Matlab, may be
needed.

Remarks: Unlike the existing methods where the upper
bound/approximation of SEP is derived based on the PEP
calculation/approximation, the proposed method directly de-
velops the SEP based on the SEPs conditioned on a set of
error events. Since the closed-form conditional SEPs as a
function of SNR and modulation scheme are directly derived,
it is expected that the proposed method will yield accurate
solutions. This will be verified in the following section. On
the other hand, due to the PEP approximation in the existing
methods, there is generally a significant gap between the
analytical and simulation results in the low SNR region.

IV. NUMERICAL AND SIMULATION RESULTS

A system with two transmit antennas is taken as an example.
The number of receive antennas are set to be two and
four, respectively. Two cases are considered: 1) the channel
matrix is perfectly estimated (perfect CSI at the receiver);
2) the channel estimation matrix is obtained by least squares
estimator [15] with the aid of pilot signals (imperfect channel
estimation). The results are given with respect to SNR defined
as SNR = (E{|| x ||*)} /N:) / (E{||n|]?} /N;). The sim-
ulation results are obtained by averaging the results over 105
Monte Carlo realizations.

Equal power allocation is considered first and unit trans-
mit power is assumed for both of the transmit antennas (
E{| 1 |?} = E{| 22 |*} = 1). In this situation, the average
SEP of z; is the same as that of x5 which is the solution
of equation (20). The comparison between the analytical and
simulation results is shown in Fig. 1 for the systems with
N, = 2 and N, = 4. It is clear that the analytical results
are very close to the simulation ones irrespective of channel
estimation error or SNR. Next, unequal power allocation is
considered and the transmit power of x; and z2 are set to
be E{| z1 |?} = 7/4 and E{| 22 |} = 1/4 , respectively.
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SEP

Simulation,perfect CS\.NV=2
Analytical,perfect CSI,N'=2
——g— Simulation,imperfect CSI,NV:Z
o Analytica,imperfect CSI,NV=2
10 | —A— Simulation,perfect CSI,N =4
A Analy(ica\,per’ec(CSI‘NV:4
—=#— Simulation,imperfect CSI,N =4
10 " F 5

Analytical,imperfect CSI,N'=4 i

‘
0 2 4 6 8 10 12 14 16 18 20
SNR(dB)

SEP for a QPSK modulated system, E{| 21 |2} = E{| z2 |?} = 1.

Simulation, X, imperfect CSI
Analytical, X imperfect CSI
10 | —g— Simulation, X5 imperfect CSI
o - - Analytical, X5 imperfect CSI
—o— Simulation, X, perfect CSI
© - - Analytical, X, perfect CSI
—— Simulation, X, perfect CSI

* - Analytical, x,, perfect Csl

T T I I )
0 5 10 15 20

SNR(dB)

Fig. 2. SEP for a QPSK modulated system with two transmit and two receive
antennas, E{| z1 |?} = 7/4 and E{| 2 |2} = 1/4.

The average SEP of x; and x5 are the solutions for equations
(22). The analytical SEPs of x; and x5 are compared with the
simulation ones, as shown in Fig. 2 and Fig. 3 for NV, = 2 and
N, = 4, respectively. Clearly, analytical results match well
with simulation results in the considered SNR region. These
results demonstrate the accuracy of the proposed method under
the situations of equal power allocation as well as unequal
power allocation. This provides system designers with an
effective method to predict the system performance, even when
the SNR is low. Note that in most existing methods [3-8],
there is a significant gap between the analytical and simulation
results in low SNR situations.

V. CONCLUSION

This letter has presented a new analytical method to SEP
analysis for ML detection in MIMO multiplexing systems.
The SEP equations have been generated after deriving the
closed-form conditional SEPs and the probabilities of the error
events. The average SEP of each transmitted signal has been
obtained by solving a set of SEP equations. The letter has
also shown how SEPs can be obtained under imperfect channel
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SEP

— Simulation, X, imperfect CSI

Analytical, X imperfect CSI

1074 —a— Simulation, x,,, imperfect CSI

o - - Analytical, X5 imperfect CSI
—o— Simulation, X perfect CSI

1074 © - Analytical, x,, perfect CSI
— % Simulation, Xy perfect CSI
107 * Analytical,xz, perfect CSI i
0 2 4 6 8 10 12 14 16 18 20
SNR(dB)
Fig. 3. SEP for a QPSK modulated system with two transmit and four

receive antennas, E{| 21 |2} = 7/4 and E{| z2 |*} = 1/4.

estimation and unequal power allocation, in which the existing
methods have difficulties in obtaining a solution. Monte-Carlo
simulations have demonstrated that the proposed method can
yield accurate results, even under low SNR.
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