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Robust H Control for Uncertain
Discrete-Time-Delay Fuzzy Systems

Via Output Feedback
Controllers

Shengyuan Xu and James Lam

Abstract—This paper investigates the problem of robust output
feedback control for a class of uncertain discrete-time fuzzy
systems with time delays. The state–space Takagi–Sugeno fuzzy
model with time delays and norm-bounded parameter uncertain-
ties is adopted. The purpose is the design of a full-order fuzzy
dynamic output feedback controller which ensures the robust
asymptotic stability of the closed-loop system and guarantees an

norm bound constraint on disturbance attenuation for all
admissible uncertainties. In terms of linear matrix inequalities
(LMIs), a sufficient condition for the solvability of this problem
is presented. Explicit expressions of a desired output feedback
controller are proposed when the given LMIs are feasible. The
effectiveness and the applicability of the proposed design approach
are demonstrated by applying this to the problem of robust
control for a class of uncertain nonlinear discrete delay systems.

Index Terms—Discrete systems, linear matrix inequality (LMI),
output feedback, robust control, Takagi–Sugeno (T–S) fuzzy
models, time-delay systems, uncertain systems.

I. INTRODUCTION

AS AN alternative method to conventional control approach
for complex control systems, fuzzy logic control has re-

ceived much attention in the past decades. It has been shown
that fuzzy logic control is one of the most useful techniques
for utilizing the qualitative knowledge of a system to design
controllers. A great number of industrial applications via fuzzy
logic control have been reported [14], [15], [28]. Among var-
ious model-based fuzzy control approaches, the method based
on the Takagi–Sugeno (T–S) fuzzy model has become popular
today, which gives a simple and effective way to control com-
plex nonlinear systems. The main features of this approach are
as follows: first, a nonlinear system is represented by a T–S
fuzzy model, in which local dynamics in different state space re-
gions are represented by linear models. Then, the overall model
of the system is achieved by a fuzzy “blending” of these fuzzy
models. Based on this, the control design can be carried out by
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the so-called parallel distributed compensation (PDC) scheme.
Applications of such a fuzzy control scheme can be found in
[10], [21], and [23].

Recently, stability analysis of T–S fuzzy control systems has
been investigated, and several stability criteria have been pro-
posed; see, e.g., [18] and [19]. When parameter uncertainties
appear, the problems of robust stability analysis and robust sta-
bilization for fuzzy systems have been studied. For example, by
a linear matrix inequality (LMI) approach, some robust stability
results were presented in [17] in the continuous case; based on
these, robust fuzzy stabilizing controllers were constructed via
the PDC scheme. The corresponding results for discrete case can
be found in [11]. Very recently, the robust control problem
for fuzzy systems described by T–S fuzzy model has been ad-
dressed. By the LMI approach, sufficient conditions for the solv-
ability of this issue were proposed in [4] and [12] for the discrete
and continuous cases, respectively. It should be pointed out that
in both [4] and [12], state feedback controllers were designed
under the assumption that all state variables are available.

On the other hand, it is well-known that time delay arises
quite naturally in propagation phenomena, population dynamics
or engineering systems such as chemical processes, long trans-
mission lines in pneumatic systems [8]. Many results on esti-
mation and control issues related to time-delay systems have
been proposed [8], [9], [25], [26]. Recently, fuzzy systems with
time delays have been introduced in [3] and [5], where several
stability analysis results were given via different approaches,
and stabilizing controllers were also designed. When delays are
time-varying, the stability results for fuzzy delay systems were
given in [27]. It is noted that in [3], [5], and [27], no parameter
uncertainties were taken into account. In the case when param-
eter uncertainties arise and not all of the states are available di-
rectly, the robust output feedback control problem for fuzzy
systems with time delays was discussed in [13]. In terms of so-
lutions to a certain LMI, an output feedback controller was de-
signed in [13]. These results were further applied to a class of
nonlinear delay systems. It is worth noting that the results in
[13] were obtained in the context of continuous T–S fuzzy sys-
tems. For discrete fuzzy systems with time delays and parameter
uncertainties subject to that all state variables are not available,
however, the problem of robust control via output feedback
controllers is still open and remains unsolved, which motivates
the present study.

1063-6706/$20.00 © 2005 IEEE
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In this paper, we are concerned with the problem of robust
output feedback control for a class of discrete fuzzy sys-
tems with parameter uncertainties and time delays. The T–S
fuzzy model is adopted for fuzzy modeling of a discrete uncer-
tain nonlinear systems with time delays. The parameter uncer-
tainties are assumed to be time varying but norm bounded. The
purpose is the design of a full-order fuzzy dynamic output feed-
back controller such that the resulting closed-loop system is ro-
bustly asymptotically stable while satisfying a prescribed
performance level irrespective of the parameter uncertainties.
Sufficient conditions for the solvability of this problem are ob-
tained in terms of LMIs. A desired output feedback controller
can be constructed by using standard numerical algorithms to
solve these given LMIs [2], and no tuning of parameters is re-
quired.

Notation: Throughout this paper, for real symmetric ma-
trices and , the notation (respectively, )
means that the matrix is positive–semidefinite (respec-
tively, positive–definite). is an identity matrix with appropriate
dimension. is the set of natural numbers. refers to
the space of square summable infinite vector sequences.
stands for the usual norm. The notation represents
the transpose of the matrix . Matrices, if not explicitly stated,
are assumed to have compatible dimensions.

II. PROBLEM FORMULATION

The T–S fuzzy dynamic model is described by fuzzy IF–THEN

rules, which locally represent linear input–output relations of
nonlinear systems. Similar to [16], a discrete-time T–S fuzzy
model with time delays and parameter uncertainties can be de-
scribed by

Plant Rule i: IF is and is and

and is THEN

(1)

(2)

(3)

(4)

where is the fuzzy set and is the number of IF-THEN rules;
is the state; is the control input;

is the measured output; is the controlled output;
is the disturbance input which is assumed to be-

long to is an integer representing the time delay
of the fuzzy system; are the premise
variables. Throughout this paper, it is assumed that the premise
variables do not depend on the input variables explicitly.

, and are known real con-
stant matrices; and are real-valued
unknown matrices representing time-varying parameter uncer-
tainties, and are assumed to be of the form

(5)

where , and are known real constant matrices
and are unknown time-varying matrix
function satisfying

(6)

The parameter uncertainties and are
said to be admissible if both (5) and (6) hold. It is worth men-
tioning that interval bounded parameters can also be used to
describe uncertain systems. In the discrete-time case, interval
model control and applications can be found in [1], [29], and
the references therein.

Given a pair , the final output of the fuzzy system
is inferred as follows:

(7)

(8)

(9)

where

in which is the grade of membership of in .
Then, it can be seen that

for all . Therefore, for all

(10)

(11)

Now, by the parallel distributed compensation (PDC) technique,
we consider the following full-order fuzzy dynamic output feed-
back controller for the fuzzy system (7)–(9):

Control Rule : IF is and is and and
is , THEN

(12)

(13)

where is the controller state, , and are
matrices to be determined later. Then, the overall fuzzy output
feedback controller is given by

(14)

(15)
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From (7)–(9), (14), and (15), the closed-loop system can be ob-
tained as

(16)

(17)

where

and

(18)

(19)

(20)

(21)

Then, the robust fuzzy control problem to be addressed
in this paper can be formulated as follows: given an uncertain
fuzzy system (7)–(9) and a scalar , determine an output
feedback fuzzy controller in the form of (12) and (13) such that

R1) The closed-loop system in (16) and (17) is robustly
asymptotically stable when .

R2) Under zero-initial condition, the controlled output
satisfies

(22)

for any nonzero and all admissible uncertain-
ties.

III. MAIN RESULTS

In this section, an LMI approach will be developed to solve
the problem of robust output feedback control of uncertain
discrete delay fuzzy systems formulated in the previous section.
We first give the following results which will be used in the proof
of our main results.

Lemma 1 [24]: Given any matrices , and with appro-
priate dimensions such that . Then, we have

Lemma 2 [22]: Let , and be real matrices of
appropriate dimensions such that and . Then,
for any scalar such that , we have

Theorem 1: The uncertain system in (16) and (17) is robustly
asymptotically stable and (22) is satisfied if there exist matrices

, and , and scalars , such
that the matrix inequalities shown in (23) and (24) at the bottom
of the page, hold, where

(25)

Proof: Under the conditions of the theorem, we first es-
tablish the robust asymptotic stability of the system in (16). To
this end, we consider (16) with that is

(26)

Choose a Lyapunov function candidate for the system in (26) as
follows:

(27)

(23)

and

(24)
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Then it can be verified that

(28)

Using Lemma 1 and noting (11), we have

This together with (28) and the relationship

(29)

implies

(30)

where

Now, from (24), it is easy to see that for , (31), as
shown at the bottom of the page, holds. Set

(32)

for . Then, applying the Schur complement to
(31) gives

(33)

and

(34)

for . Considering (33) and using Lemma 2, we
have that for

(35)

where

Then, it follows from (34) and (35) that for

(36)

(31)
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On the other hand, from (23), we have

(37)

which, by the Schur complement, implies

(38)

and

(39)

where and are given in (32). Taking into account (38)
and using Lemma 2 again, we have

(40)

for . Then, by (39) and (40), it can be established that
for

(41)

Then, it follows from (30), (36), and (41) that

for all . Hence, the uncertain system (16) with
is robustly asymptotically stable.
Next, we show that for any nonzero the uncertain

system in (16) and (17) satisfies (22) under zero initial condition.
To this end, we introduce

(42)

where the scalar . Noting the zero initial condition and
(16), (17), and (29), we can deduce

(43)

where is given in (27). By Lemma 1, we have

and

Therefore
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(44)

where

Using (23) and (24), and following a similar way to the deriva-
tion of (36) and (41), we can obtain

(45)

and

(46)

Therefore, the inequality in (44) together with (45) and (46)
gives that for any

(47)

which implies for any nonzero . This
completes the proof.

Now, we are in a position to give the main result on the solv-
ability of the robust output feedback control problem.

Theorem 2: Consider the uncertain discrete delay fuzzy
system (1)–(4). Given a scalar , then there exists a
full-order fuzzy dynamic output feedback controller (12) and

(13) such that the requirements (R1) and (R2) are satisfied if
there exist matrices , and ,
such that the following LMIs:

(48)

for and (49), as shown at the bottom of the page, for
, hold for some given matrix and scalars

, where

Furthermore, a desired robust dynamic output feedback
controller is given in the form of (14) and (15) with parame-
ters as follows:

(50)

(51)

(49)
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where and are any nonsingular matrices satisfying

(52)

Proof: Under the conditions of the theorem, we first show
that there always exist nonsingular matrices and such that
(52) is satisfied. To this end, we note that (48) implies

which, by the Schur complement formula, gives that
, therefore is nonsingular. This ensures that there al-

ways exist nonsingular matrices and such that (52) is sat-
isfied. Now, we introduce the following nonsingular matrices

(53)

Let

(54)

Then

where

(55)

Observe that

(56)

(57)

(58)

and

(59)
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Then, we have . By applying the Schur complement for-
mula to (49), we have that for , (57), as shown
at the bottom of the previous page, holds. By Lemma 1, it can
be deduced that for , (58) and (59), as shown
at the bottom of the previous page, hold. Then, it follows from
(57)–(59) that (60), as shown at the bottom of the page, holds,
where

Using the relationship

and considering the notations in (19)–(21) with , and
for in (50) and (51), we can verify that the matrix

inequality in (60) can be rewritten as shown in the inequality at
the bottom of the page. Pre- and postmultiplying this inequality
by and its transpose, re-
spectively, result in the first equation shown at the bottom of
the next page, which, by the Schur complement, is equivalent to
(61), as shown at the bottom of the next page, for .
Following a similar line as in the derivation of (61) and using
(48), we can obtain that for , (62), as shown at the
bottom of the next page, holds. Considering (61) and (62) and
applying Theorem 1, we conclude that with the controller pa-
rameters in (50) and (51) the closed-loop system (16) and (17)
is robustly asymptotically stable and (22) is satisfied.

Remark 1: Theorem 2 provides a sufficient condition for the
solvability of the robust output feedback control problem
for uncertain discrete time-delay fuzzy systems. We note that
(48) and (49) are LMIs in and , when

and , are given. In this case, these
LMIs can be solved efficiently by resorting to some standard

(60)
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numerical algorithms, which involves no tuning of parameters
[2]. In the case when the parameters and

, are not fixed, it can be seen that (48) and (49) are not
LMIs with respect to the parameters and

, since these parameters appear in (48) and (49)
in a nonlinear fashion, which is sometimes encountered when
dealing with the output feedback control problem for time-delay
systems with or without parameter uncertainties; see, e.g., [6],
[7], [9]. In order to cast the output control problem in this
paper into an LMI framework, we therefore fix the parameters

and ; such an approach was also
adopted in [6], [7], [9].

Remark 2: It is worth pointing out that the result in Theorem
2 can be readily extended to the case with multiple delays. It is
also noted that the result in Theorem 2 are independent of the
delay size; therefore, Theorem 2 can be applicable to the case
when no a priori knowledge about the size of the time delay is
available.

IV. NUMERICAL EXAMPLE

In this section, we will apply the proposed method to de-
sign a fuzzy dynamic controller for an uncertain nonlinear dis-
crete delay system. The uncertain discrete nonlinear time-delay
system is described as follows:

where and are uncertain parameters satisfying

(61)

(62)
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Similar to [20], we assume that , and select
the membership functions as

Then, the nonlinear time-delay system can be represented by the
following uncertain time-delay T–S model:

Plant Rule 1: IF is THEN

and

Plant Rule 2: IF is THEN

where

and and can be represented in the form of (5)
and (6) with

In this example, we choose the performance level .
In order to design a fuzzy output feedback controller for
the T–S model, we first choose

Fig. 1. State response of x (k) (—) and x (k) (� � �).

Then, using the Matlab LMI Control Toolbox to solve the LMIs
in (48) and (49), we obtain the solution as follows:

Now, choose

(63)

It is easy to verify that the matrices and in (63) satisfy the
equality in (52); therefore, by Theorem 2, a desired fuzzy output
feedback controller can be constructed as in (12) and (13) with
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Fig. 2. Control input u(k).

Fig. 3. Measured output y(k).

With the aforementioned fuzzy controller, the simulation results
of the state response of the nonlinear system are given in Fig. 1,
where the initial conditions are set as

and the exogenous disturbance input is defined
as

where is a random number taken from a uniform distribution
over , and and .
Fig. 2 shows the control input, while Figs. 3 and 4 present the
corresponding measured output and the controlled output, re-
spectively. From these simulation results, it can be seen the
designed fuzzy output feedback controller ensures the robust
asymptotic stability of the closed-loop system and guarantees
a prescribed performance level.

Fig. 4. Controlled output z(k).

V. CONCLUSION

The problem of robust output feedback control for
uncertain discrete T–S fuzzy systems with time-varying
norm-bounded parameter uncertainties and time delays has
been studied. A sufficient condition for the existence of a
full-order fuzzy dynamic output feedback controller, which
robustly stabilizes the uncertain system and guarantees a pre-
scribed level on disturbance attenuation, has been obtained.
The design approach has been applied to the problem of robust

control of a class of nonlinear discrete delay systems,
and the simulation results have showed the effectiveness of the
proposed approach.
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