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The method of mothers
for non-overlapping non-matching DDM

S. Bertoluzza®, F. Brezzi'?, and G. Sangalli?

Abstract

In this paper we introduce a variant of the three-field formulation where we use
only two sets of variables. Considering, to fix the ideas, the homogeneous Dirichlet
problem for —Awu = g in ), our variables are i) the approximations u; of u in
each sub-domain Q* (each on its own grid), and ) an approximation v, of u on
the skeleton (the union of the interfaces of the sub-domains) on an independent
grid (that could often be uniform). The novelty is in the way to derive, from 1y,
the values of each trace of uj on the boundary of each ©2°. We do it by solving
an auxiliary problem on each 99Q° that resembles the mortar method but is more
flexible. Under suitable assumptions, quasi-optimal error estimates are proved,
uniformly with respect to the number and size of the subdomains. A preliminary
version of the method and of its theoretical analysis has been presented in [7].

1 Introduction

Assume, for simplicity, that we have to solve the model problem
find u € H(Q) such that — Au = g in ©, (1)

on a polygonal or polyhedral domain 2 C R", n = 2,3, where ¢ is a given function
sufficiently regular in €. In order to apply a Domain Decomposition technique we split
Q2 into polygonal or polyhedral sub-domains ° (s = 1,2,...,5) and we consider the
skeleton

Y= U T, (2)

where I'* := 0Q® (while I' = 092 will denote the boundary of §2).

For the sake of simplicity from now on we shall use a three-dimensional notation, and
speak therefore of faces, edges and vertexes. The change of terminology in the polygonal
case is obvious and left to the reader. Then, for each s =1,2,...,.5, we denote by I'}, for
r=1,2,..., R® each of the R® polygonal faces of the polyhedron €2°.

On ¥ we consider

P :={¢p e L*(X): Jve Hy(Q) with ¢ = vp} = Hy (), (3)
while on each €2°, for s =1,2,...,5, we consider the space
V= HY Q). (4)
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In its turn, H}(€2) can be identified with a subspace of

Vi={veL*Q), vyo: €V’ Vs=1,...,5}, (5)
and in particular, setting v* := v|gs and introducing the notation
Uy = ¢ & Vs = @prs, Vs =1,..., S, (6)
we can write
Hy(Q) = {v € V such that 3¢ € ¢ with vz = ¢}. (7)

When discretizing the problem, we assume to be given a decomposition 73* of 3
and a corresponding space ®s of piecewise polynomials. A key difference between this
numerical discretization and the previous one proposed in [7] is that now we consider a
non-conforming approximation ®5 of . In particular, we allow the elements of ®5 to be
discontinuous across two adjacent faces of X, which is quite convenient for the practical
implementation of the method.

We also assume that in each Q° we are given a decomposition 7,7 = 7%, with a
corresponding space V7 C V* of piecewise polynomials, and we set

Vi, :={v € V such that vjg: € V;/, Vs =1,...,5}. (8)

It is clear that each decomposition 7;* will induce a decomposition 7;}" on I'* and a
corresponding space of traces V}’ irs C V¥ rs. On the other hand the restriction of T to
each I'* also induces a decomposition 73~ of I'* and another space of piecewise polynomials
5 := s rs made by the restrictions of the functions in ®s to I'. Hence, on each I'* we
have two decompositions (one coming from 7z and one from 7;°) and two spaces of
piecewise polynomial functions (one from ®; and one from V;*). Note, incidentally, that
on each face belonging to two different sub-domains we shall have three decompositions
and three spaces: one from ¥ and the other two from the two sub-domains.

The first basic idea of our method is to design for every sub-domain €2° a linear operator
G® (the generation operator) that maps every mother ¢5 € @5 into an element (daughter)
/UZ“"S = G*°(¢s) € V,f|rs. Together with the individual G* we consider a global operator G
defined as

G(gs) = (G'(¢s),---,G%(¢s)), (9)

and, similarly to (6), we use the notation
Vps = G(Ps) & Vhrs = G°(¢s), Vs =1,...,5.

The way to construct the operators G° constitutes the second basic idea of this paper,
and will be described in a while.

Once we have the operators G° we can consider the subspace S;, of V,, made of sisters
(that is, daughters of the same mother):

Sh = {Uh € Vh such that Hgb(g < (I)(g with Uh‘g = g((b(;)} C Vh. (10)

We point out that in our previous definitions we consider as daughter, at the same time,
a trace vy p., and any function vj € V}* having that same trace. It is clear, comparing (10)

with (7), that Sj, can be seen as a nonconforming approximation of HZ(€2). This allows
us to consider the following discrete formulation. We set

Qs

s
as (u,v) == [ Vu-Voudr and a(u,v) = Z as (u’,v°) (11)
s=1
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and we look for u;, € S;, such that
a (up,vp) = / gupdr  Yu, € Sy. (12)
Q

It is clear that, under reasonable assumptions on the subspaces ®5 and V}’ and on the
generation operators G°, problem (12) will have good stability and accuracy properties.

The idea of introducing the space ®5, and defining a nonconforming approximation of
H{(2) by taking the subset of V}, whose elements take (in some weak sense) value ¢5 € @5
on the skeleton ¥, is one of the main ideas of the three field formulation (see [11]).
Following that approach, for each sub-domain 2° we could take a space M} of Lagrange
multipliers, and, for every @5 € @5, we could define G*(¢5) € V). by

[ (05— G @uidn =0 i€ M. (13

In general, however, equation (13) can fail to have a solution, or the solution can fail to
be unique, unless the spaces M} and V}’ I have the same dimension and satisfy a suitable
inf-sup condition. In fact, the three field approach fits in the present framework only if
we allow the generator G to be a set-valued operator and, accordingly, if we change the
condition v, 5, = G(¢5) into vz € G(¢s) in the definition of sister space Sj. This is not
a problem in the definition and in the analysis of the three fields formulation. However,
a method where the trace of the elements v; on I'* is uniquely determined by an element
of @5 would have clear advantages. In particular it would allow to use standard Dirichlet
solvers (which can easily be found already implemented and whose optimization is well
understood) as a brick for treating the equation in the subdomain. As we said, in order
for G*(¢s5) to be uniquely determined by (13) the spaces M} and Vyrs must have the
same dimension. A simple minded choice is M} = V;? I that guarantees existence and
uniqueness of the solution of (13) together with optimal stability and accuracy properties
of the projector G*. This choice however is not the optimal one: in fact, in the estimate
of the error for problem (12), there seems to be no way to get rid of a term like

S
S [ oo =G ton)) (14)

An obvious way to treat the term in (14) is to use the fact that ¢5 — G*(¢5) is orthogonal
to all elements in M}, so that we can subtract from Ou/dn® any element of M;. In
particular we are interested in subtracting a suitable approximation pj ~ du/0n®. It is
then crucial to be able to find in M a p that approximates du/0n® with the needed
order. However, du/0n® is discontinuous passing from one face to another of the same
subdomain. And if the space M is made of continuous functions (as it would be with
the choice Mj; =V} .), then the order of approximation (say, in H ~1/2(99Q*)) cannot be
better than O(h). Hence, we do need an M} made of functions that can be discontinuous
when passing from one face to another of the same Q°. The requirement to contain a
suitable amount of discontinuities and the one to have the same dimension of V;’ .. seem
very difficult to conciliate.

A quite similar difficulty is met in the mortar method, (see e.g. [5], [4], [17], [21]), in
particular in three dimensions. There, the requirement that M; have the same dimension
as Vj' p. is relaxed as little as possible. The values of a “weakly continuous” function v
at nodes which are interior to the faces of I'* on the slave sides are uniquely determined



by the weak continuity equation, while the degrees of freedom corresponding to nodes on
the edges of I'* (whose union forms the so called wire-basket) are free. Remark that this
difficulty can be overcome (see [1]) if one uses a mixed formulation for the Laplace problem,
since in such an approach the multiplier needs to approximate u, which is continuous,
rather than its normal derivative. We point out that the mortar method can be described
in the framework given here, again by allowing G to be a set-valued operator: &5 would
correspond to the traces of v, on the “master sides” (or “mortars”) and G° would be
defined as the identity on master sides and as one of the available mortar projections on
“slave sides”.

The idea, here, is to give up the equality of the dimensions (but still obtain a well
defined operator G*) by changing (13) into a slightly more complicated formulation, in-
volving an additional Lagrange multiplier. Let us see the main features of this path.

We choose first a space M; having in mind the fact that we must be able to use it
for approximating du/dn® with the right order. We also need its dimension to be smaller
than (or equal to) that of V}? s~ Then we change (13) in the following way. For every

¢ € L*(¥) we look for a pair (vy, fij,) in Vi p, x Mj; such that

[o-mmar=0 e (15)
and
Z th/(¢—'ﬁfb)dex+/ ppvpde =0 Vup € Vg, (16)
reTr T rs
Then we set
G*(0) = ;. (17)

It is clear that in (15)-(16) the number of equations will always be equal to the number
of unknowns. It is also clear that if (by shear luck) we have ¢;p= € V) rs» then

ors €Vipe = G(¢) == and p, =0. (18)

This will, in the end, provide for the new approach (15)-(17) an optimal order of accuracy
(as we had for the previous simple-minded (13)). It is, finally, also obvious that some
sort of inf-sup condition will be needed in order to ensure existence and uniqueness of the
solution of (15)-(16), unless some suitable additional stabilization is introduced. However,
the possibility of escaping the cage of the equal dimensionality of M} and V)’ rs Opens
a whole lot of interesting possibilities. We shall see two examples in §4. In the first
example, we shall take as V,f|rs the space of quadratic and globally continuous finite
elements and as M; the space of linear finite elements, continuous within each face but
discontinuous across the faces. In the second example V,f|rs will be the space of continuous
finite elements of degree k enriched by suitable bubble functions, while M} will be formed
by fully discontinuous finite elements of degree k — 1.

In this paper we shall follow the path indicated above. In the next section we shall
make precise all the necessary assumptions and definitions, and in §3 we shall derive
abstract error bounds for problem (12) when the operators G® are constructed as in
(15)-(17). In §4 we shall present some possible choices for the finite element spaces
and discuss their stability and accuracy properties. A step of our analysis is based on
properties of some Besov spaces and on abstract tools of interpolation of function spaces;
the Appendices will be devoted to those rather technical topics.
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2 Preliminaries

Throughout the analysis, we shall make use of the classical Lebesgue spaces LP(w), en-
dowed with the norm || - || 1r(w), where w C Q is a manifold of dimension n or n — 1, and
1 < p < 0o. we shall also need the notion of L?-seminorm, defined as

[0]2200) = [lv = Ol 22, (19)

v denoting the mean value of v on w.

Moreover, we shall make use of the Sobolev spaces H*(w) = W*?(w), for a € R,
endowed with the usual norms || - || e () and seminorms | - |ge (.. In particular, Sobolev
spaces of fractional order for —1 < o < 1 will be needed (see Appendix A or [18] for more
details). Finally, part of our analysis (Lemmata 8 and 9 in Appendix B) will need some
Besov spaces and some tools of interpolation theory between function spaces, which are
briefly recalled in Appendix A.

The rest of this section is devoted to the presentation of the notation and assumptions
to be made on the decomposition and on the discretizations.

2.1 Assumptions on {2 and on the domain decomposition

We assume that €2 is an open polyhedron of diameter L, and that each 2°, fors =1,...,.5,
is also an open polyhedron, of diameter Hqs; we assume that the intersection of two
different 2° is empty, and that the union of the closures of all 2° is the closure of 2. As
in (2) the skeleton ¥ will be the union of the boundaries 9Q°. The diameter of each face
'} will be denoted by Hrs. We do not assume that this decomposition is compatible. This
means that we do not assume that the intersection of the closure of two different €2° is
either a common face, or a common edge, or a common vertex. R

Furthermore, we assume that each Q° is the image of a reference polyhedron ° (of
unitary diameter) in a set {ﬁl, o ’ﬁg }, through a bounded map Bgs with bounded Ja-
cobian VBgs. We also assume that Bgs maps each face, edge or vertex of O° onto a
face, edge or vertex of Q°. Clearly S is the (possibly small) number of different kind
of polyhedra that form the partition in subdomains. For example, if the subdomains
are either tetrahedra or hexahedra, then S = 2 and Q' and Q2 are the reference tetra-
hedron and hexahedron, respectively. The shape regularity of each ® is measured by
|V Bas V(Bgs)|l=(0s), and our estimates will depend on

Lo ()F)

Ko := sup ”VBQSHLOQ(Q’S‘) V(Bésl)HLOO(QS)7

s=1,...,

as well as on the set of reference polyhedra {Ql, ey 08 }, but will be uniform with respect
to the actual number S or sizes Hgs, s = 1,..., 5, of the subdomains.

2.2 Assumptions on the decomposition ’T(SE

We assume that we are given a family {7;"}s of decompositions of 3. Each decomposition
75> is made of open triangles, in such a way that the intersection of two different triangles
is empty, and the union of the closures of all triangles is 3. We denote by 73" and ’Z:;Ff“ the
restrictions of 7~ to I'* and I's, respectively. Within each face T'S, we assume compatibility,
that is, we assume that the intersection of the closures of two different triangles lying on



each I'; is either empty, a common edge or a common vertex. We assume, as usual, shape
reqularity, for instance by assuming that the ratio between the diameter of each triangle
and the radius of its biggest inscribed circle is smaller than kq, with x; independent of
0. Furthermore, we assume that each mesh ’Z;Ff‘ is quasi-uniform: there exists a constant
kg, independent of the family index §, such that, if (5{3‘;“ and 5{51;" are the minimum and

the maximum diameters (respectively) of the triangles in T&Fi, then 5;“;“ > Ko0ps™, for all
r=1,...,RPand s=1,...,95.

2.3 Assumptions on the decompositions 7,° (and 7,")

We assume that we are given, for each s =1,...,5, a family {7,°}, of decompositions of
*. Each decomposition is made of open tetrahedrons in such a way that the intersection
of two different tetrahedrons is empty, and the union of the closures of all tetrahedrons
is Q°. We also assume compatibility: the intersection of the closures of two different
tetrahedrons is either empty, a common face, a common edge, or a common vertex.
Finally we assume shape regularity, for instance by assuming that the ratio between the
diameter of each tetrahedron and the radius of its biggest inscribed sphere is smaller than
k3, with k3 independent of the family index h. We point out that we do not assume quasi-
uniformity for the meshes 7,°. We denote by hg the diameter of an element K € 7,°; the
parameter h3&* denotes the maximum diameter of the elements in 7,°. We recall that the
triangulation 7" is the restriction to I'* of 7,%; hy denotes the diameter of an element
T € T,'"; we also introduce the notation ™" and A for denoting the minimum and
the maximum diameter, respectively, of the elements T' € 7,1

2.4 Definitions of the spaces V, &, ®*, and M/

The space V' is defined in (5) and it is endowed with the seminorm and norm:

S

i ==Y IVulliaqey, VeV, (20)
s=1

[[F5 := L2 (wllZe ) + vl Vo eV (21)

The natural norm induced by |- |y on the space of continuous mothers ® by the definition

(3) is
s

s=1

In view of a non-conforming approximation ®s of ®, we introduce the space
* = {peL*(2): ¢pr=0, ¢ys € H/*T*),Vr=1,....,R*,s=1,...,5} (22)

endowed with the norm

S Re
I6l15- == (HQ} Bliasy + Y |¢|ém<rg>> : (23)
s=1 r=1
It is not difficult to realize that || - ||« is indeed a norm. In fact, ||¢|. = 0 implies that

¢prs 1s a constant ¢ and since ¢ is single-valued, all such constants are necessarily equals.



Since since ¢ = 0 on I', we easily conclude that ¢ = 0 on ¥. In this respect, see also
Lemma 1.
On each face I' we define M? := H~/2(T'%), endowed with the norm

, U
lallae == sup (i 0) (24)

vEH/2(T%) —1 2 2 /2
D (He 10y + 1By
2.5 Assumptions on the discretizations ®;5, V}’, and M

We denote by P, (w) the space of polynomials of degree at most £ on w. Our assumptions
on the discrete spaces ®5, V7 and M are:

s C{pe® ¢ eP(T), T T}, (25)
Vi C {v® € V* such that vy € Py(K), K € T}, (26)

and
M; C {u € L*(T®) such that ur € P(T), T € T, }. (27)

Using the notation of [8] for the usual Lagrange finite element spaces, we have
Vi CLUTY), My CLUTy), @5 C LUT),

with the additional assumption that the functions ¢s € ®5 are null on I' and continuous
on the faces I';; note that in the case of a non-compatible subdivision into subdomains,
the continuity is required on the union of partially overlapped faces.

We assume that there exist bounded lifting operators from V,f‘rs to V;’. More precisely,
forall s =1,...,5 and for all vy € V)., there exists an extension vy € V}7 such that

’"UZ’Hl(QS) < C’UZ’Hl/Z(FS)v (28)

with a constant C' which only depends on the shape regularity of the mesh. This property
is actually true for almost all reasonable finite element spaces, as we shall see later on.
Finally, we make the following minimal assumptions on V;7 and M;:

V) contains the constants on °, Vs =1,...,.5;

29
M and @5 contain the constants on I'}, Vs =1,...,5, Vr=1,..., R". (29)

2.6 The operators G° and the compatibility assumptions among
the discretizations

Having defined the spaces V}® (and therefore fo|rs) and Mj;, we can now consider the
operators G* (that will always be given by (15)-(17)) together with the global operator G
(still given by (9)), and then we can define the space of sisters Sy, always as in (10).

We can now turn to the more important assumptions, that will require some compat-
ibility conditions among the spaces ®, Vi’ and M.

Our first assumption will deal with the well-posedness of problem (15)-(17). As this
is a problem in classical mixed form, we have no real escape but assuming an inf-sup
condition on the spaces V; I and M. In particular we define, for any real «, the norm

VI ope = Y b Vllor, Vv e L), (30)

TeTr”?



and we make the following assumption:
37 > 0 such that Vs =1,...,5 and Vh > 0

frs vp pg da
inf
ST ANC RPN O (L4 MR

= Y- (31)

|Nh||h —1/2,Ts

Condition (31) will be, in a sense, the only nontrivial assumption that we have to take
into account in the definition of our spaces V;’ and M;. However, in §4, we are going to
see some families of elements where (31) can be checked rather easily.

Our last assumption will deal with the bound on the mother. We point out that, so
far, we did not assume that an element of the space of sisters S, had a unique mother.
Indeed, we do not need it. we shall simply ask that

31 > 0 such that Vv, € Sy, 3ps € ®5 with G(ds) = vp s and 71||ds]ler < |vnly, . (32)

We point out that a sufficient condition for (32) to hold is that ®5; and the M;’s are
chosen in such a way that they satisfy an inf-sup condition. More precisely, we have the
following proposition.

Proposition 1. Let the assumptions of §2.1 hold. Assume that there exists a |, in-
dependent of the meshes and of s and r, such that: for each s = 1,...,5, and each
r=1,..., R, of I} is an internal face we have

. f rs G5 iy, A
inf sup

B . > q/i > 0. (33)
EDs s I
SR GEMNOD p (HE o]

) 1/2
2(Ts) + ‘¢5|H1/2(F3)

Then (32) holds.

Proof. Let vy, be a daughter of a given mother ¢, i.e., vyx = G(¢5). Consider a single
subdomain Q° with boundary I'*. We recall that, for the assumptions (15) and (29),
vy — U, = G*(¢s — ¢5), where 05, and ¢ are the the mean values of v, and ¢s, respectively,

on I'*. If we use the inf-sup condition (33) for ¢s — ¢s, we get, on each single face I'S of
QS

/ -1 T2 P 12
" <Hrg b5 — GsllT2mrs) + 05 — ¢5|H1/2(r;z)>
. dx
S Sup fF ¢5 Mh
5, €M\ {0} ||/~Lh ||Ms (34)
fps — ) piy, A
= sup
s, €MP\{0} ||:uh||M;
/2
< (Hr_:l Up — T)hH%Q(Fi) + ”Uh - ’Dhlzl/Q(l";‘i)> .
Thanks to the trace inequality, we have
RS
Z <H1:; Vp — @hH%Q(Fi) + |'Uh — ’ljhﬁ_ll/g(rs ) < C ( Qs Uh|L2 rs) + |Uh|H1/2 F3)>
r=1

S C|’Uh|12gl(ﬂs).



Then we get, after summing over r =1,..., R*,

RS 1/2
Y1 (HQ} ¢6|%2(1“s) + Z ‘¢5|§{1/2(F7§)> < ’Uh‘Hl(Qs)v (35)
r=1
for a suitable choice of 73 > 0. Squaring (35) and summing for s = 1,...,S eventually
yields (32). O

Observe that Proposition 1 can be weakened: indeed, we ask an inf-sup condition (33)
on both sides of each internal face which is shared between two subdomains, while one
of the two conditions is enough. Anyway, as it is clear from the proof, the assumptions
of Proposition 1 are stronger than (32). In particular they imply the uniqueness of the
mother, which, as already remarked, is not strictly needed in the following.

Assumptions (33) (or the milder (32)) will have to be verified case by case. We recall
that, by a well known argument, a way for an inf-sup condition of such kind to be satisfied
is that on each face I'} the mesh ’]:;Ff“ is coarser than the mesh induced by 7,° (see §4).

3 Basic Error Estimates

The goal of this section is to show an optimal bound for the error ||u — uyl|y, in terms
of the approximation properties of the discrete spaces. Under the assumptions of §2,
the error estimates will be independent of the number or the size of the subdomains.
From now on, C' and C; will denote strictly positive constants, possibly different at each
occurrence, which may depend only on the set of reference polyhedra {Q1 QS }, the
polynomial degree k, the constants kg, k1, ko, k3, appearing in the shape regularlty and
quasi-uniformity assumptions on the meshes, and the stability constants ~g, v, of §2.

3.1 Preliminary results

We need some preliminary lemma. The first lemma introduces a sort of Poincaré inequality
for the space of mothers.

Lemma 1. Under the assumptions of §2.1, we have

s
> Ho
s=1

Proof. Let ¢ be the piecewise constant function which, in each subdomain Q*, is equal to
the mean value of ¢ on I'* = 99Q*. By the triangle inequality, since H;]éz < LH&SU 2, we
have

S
Ol aey < CLPY HRMel3as), Vo € D (36)
s=1

L2(D%) < H1/2 L2(rs) + H L2(Ds) (37)
< LHK;I 2|¢‘L2 rs) + H o ¢||L2(1"a
Then, we only have to show that
5 s
> Hoelldl 7oy < CL?>  Hl@liae), Vo € O (38)
s=1 =

Let x; denote the first coordinate of a point x € R™, n® be the outward normal direction
on I'*, and nj be the first component of n®. Assume for simplicity that (2 contains the



origin of R", so that ||z ||~y < L (otherwise we would take, instead of 1, a polynomial
p = x1 — ¢, vanishing at some point of ). Thanks to the assumptions of §2.1 we have,
integrating by parts,

Z Heoys

A Z2rey < CZ 1611720

8
= C’Z 82 = C’sz: > 1ns.

(39)
On the other hand, since ¢ is single-valued on ¥ and vanishes on I', we have
S
Z ¢*xinf = 0.
s=1 rs
Using this in (39), then the Cauchy-Schwarz and the Young inequality we get
ZHQSH¢HL2(FS < CZ/ ¢2 56'1711
=CZ/ (2(6-0) 0 (6-0)°) ani
(Z Ll|¢ = &ll 2o 16l 2es) + Z Lll¢ — dllZ2r )
s=1
_lg . .
=3 Z Hos [|0]|72rs) + CZ He L2 g — ¢ll72 0.
s=1 s=1
which gives (38), and eventually (36). O
The next result is a Poincaré inequality for functions in V.
Lemma 2. Under the assumptions of §2.1, let v € V; then
g 1/2
[ollr20) < C <L2!v!2v + ZHﬂsH’l‘inmJ : (40)
s=1

where v° denotes the mean value of v° on I'°.

Proof. By the triangle inequality, we have
HUHLQ(QS) S ||U — EHLQ(QS) + H’(_JHLz(Qs) = I + II
Thanks to the Poincaré inequality, we have

I < CHgs

’U|H1(Qs) .
Considering now I we have

II < CHY?

17‘|L2(Fs);

10



squaring and summing over all the subdomains, we get

1/2
[0l 20 < C [Z (ngs’ﬂ?{l(gs) + Hos 773||%2(rs)>] : (41)

s=1
Since Hqs < L, (41) yields (40). O

Assume now that v, € Sy, so that v,z = G(¢s) for some mother ¢5 € ®5; then from
(15) and (29), we have [, vy — ¢5 = 0, and therefore, using (36) and (32), we get the
following Poincaré-like estimates for Sj.

Corollary 1. Under the assumptions of §2, we have
[vnllv < CLlvp|v, Vo, € Sp. (42)
We shall now prove a sort of inverse inequality in the space foIFS‘

Lemma 3. Under the assumptions of §2, the following inverse inequality holds:
|Ust|H1/2(FS) < CHUZHh,l/ZFSv Vv, € Vhs|rs- (43)

Proof. We shall actually prove that (43) holds for all vi € LL(ZF"). Tt is well known
that a function in £1(7;%) is uniquely identified by its values at a set {x;}; of nodes
corresponding to the canonical Lagrange basis. With an abuse of notation, we extend v},
to a function of L1(7;%) setting vj(z;) = 0 at all the internal nodes (i.e., the nodes of 7;®
not lying on I'*). From the classical trace theorem, we have [v}|g2pe) < Clvj|g1(s)-
Let us then bound the H'(Q®) seminorm of v;. By definition v; is non zero only on
those tetrahedrons 7' € 7,° which are adjacent to the boundary. Let K be one of such
tetrahedrons, with m > 1 faces lying on I'*, and let T; € 7,'" i = 1,...,m be those faces.
Thanks to standard arguments, we can write:

|U181|§{1(K) < Ch}l”“i“%?(a;() < CZ hilHUfSL“%Q(Ti)' (44)
=1

For each element K’ that share only an edge or a vertex with I'®, there is an element K
which own a face with that edge or vertex. In this case, by standard arguments, we get

Vil Fr1 ey < Clog i iy

and then we can still use (44) to bound ]Uflﬁp( iy~ Finally, adding the contributions of all
elements adjacent to ['*, we obtain that

vy |10y < Cllvpllna/2,rs

which implies (43). O

3.2 Estimates on the operator G°*

We now look in more detail at the operator G°. Thanks to the classical theory of mixed
finite elements (see [8]) it is immediate to see that the following lemma holds true.
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Lemma 4. Let s =1,...,5; assume that the inf-sup condition (31) is satisfied; then

1G°(P)ln1/20s < CllPlln1/2,rs, Vo € L*(I?), (45)

where the norms are the ones defined in (30).

We point out that the norm || - ||;,1/2,rs, which is induced by the bilinear form (u,v)
>rerr [ hi'uvdz, plays the role of a discrete H'/?(I'*) norm. See also the result of
Lemma 3 above.

We observe that Lemmata 4 and 3 trivially imply the continuity of G* from L*(T'*)
(endowed with the norm ||+ [|5.1/2,0+), to H/?(I'*). However a stronger result holds, stated
in the following theorem.

Theorem 1. Under the assumptions of §2, G* is continuous from H'Y?(T®) to H'/?(T*):
G (@)rr2i0e) < Clélmrnsy, Vo € HYAT?). (46)

Proof. First, we introduce the Clément interpolant ¢; € V}? s of ¢ (see [14]), for which
the same arguments as in [14] give

¢ = 1llni2rs < Clolgirzrs). (47)
Moreover, we have the stability property (see Lemma 8 in Appendix B)
D1l m1r2sy < ClO| sy (48)
Since G° is linear and using the triangle inequality, we have
|gs(¢)|H1/2(Fs) < |gs(¢ - ¢I)|H1/2(rs) + |gs(¢l)|H1/2(Fs) =1+11I.

Making use of Lemma 3, Lemma 4 and (47), we get

I=1G%(¢— ¢1)‘H1/2(F3) < CG°(¢ — ¢1)Hh,1/2,rs
< C|l¢ — orllnay2rs
S C|¢|H1/2(FS)'

Moreover, recalling (18) (that is, G*(¢7) = ¢;) and then using (48), we have
I = |gs(¢1)|H1/2(Fs) < C|¢|H1/2(Fs):
which eventually gives (46). O

We are also interested to the case of ¢ that are discontinuous across the faces. In this
case ¢rs € H 1/2(T*), and Theorem 1 is useless. However, we have the following result,
whose proof is based on the Lemmata of Appendix B.

Theorem 2. Under the assumptions of §2, for 1 < s < S, it holds that

Haqs _
|g5<¢)’§{1/2(r‘3) S C (1 + IOg (h§n>) (Hﬂsl

for any ¢ € L*(T'®) such that ¢rs € H'(TS) for eachr =1,..., R®.

RS
BlF2wey + |8l200) Y |¢’H1(F;‘i)) . (49)
r=1
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Proof. We set
1

- Hos \

s ()
If € > 1/2 (that is if 2" > Hgqs) then (48) easily follows from (43) and (45). Then
we only need to consider the case e < 1/2. Still denoting by ¢; € V,f‘FS the Clément
interpolant of ¢, we have the error estimate

(50)

€

||9ZS - (bIHh,l/Z—e,FS < C|¢|H1/2—5(Fs). (51)

Furthermore, Lemma 8 in Appendix B gives

b1l mrresy < C(REE) |G| pr1/a-e(rsy- (52)

Therefore, reasoning as in the proof of Theorem 1

|gs(¢)|H1/2(Fs) < |gs(¢ - ¢I)|H1/2(Fs) + |gs(¢l)|H1/2(rs) =I+1I

Making use of Lemma 3, Lemma 4, and (51), we get

I =1G%(¢ = o) mrzrsy < CIG* (¢ — &1)ln1/2.rs
< Cll¢ = d1llnaj2rs
< C(hE™) N — bullnayz—ers
< O(hF™) ™|l prrsz-e(rey.

Moreover, using (52), we have
11 = |gs(¢1)|H1/2(Fs) = ‘¢1’H1/2(FS) < C(hrrrlgn)_e‘¢‘H1/2*6(rs)-

Invoking Lemma 9 in Appendix B, we get then

|gs(¢)|H1/2(Fs) S ] —|— II

R 1/2 (53)
< C(Hos) (b~ '/ <H5s1 Ol Tarsy + Bl 2 Z |¢|H1(rg)> ;
r=1

_ 1/2
recalling (50) we have (Hqs ) (hBM) = /2 = ¢ <log (HQ )) , which eventually gives (49).

min
pmi

]
3.3 Interpolation estimates
Let now ¢; € ®5 be an interpolant of the exact solution 1 := us. For every Q° (s =
1,...,9), let @5 € V) be defined as the unique solution of
ﬂ;? = gs(¢1) on FS (54)
as (U5, v;) = [qegvpda Yo € VEN H(QF).
Let u; be equal to uj in each Q°, s =1,..., 5. It is clear that u; € S;,. We are now going

to estimate the distance between v and ;.

13



Using the definition (54) of @7 and thanks to the assumption (28), we can apply the
usual theory for estimating the error for each Dirichlet problem in §2°:

u— aﬂHl(QS) <C ( inf fu — UZ|H1(QS) + |u— ﬂﬂHl/?(FS)) : (55)

vy eV

It is clear now that the crucial step is to estimate |u — @} y1/2(ps). To this aim we consider
a generic v, € Vj' . and we write

lu — 717|H1/2(rs) = |u-— gs(l/JINHl/?(rs)
< \u — Uh’Hl/Q(Fs) + ’Uh - gs(u)|H1/2(Fs) (56)
+1G%(u) = G (V1) m1r2(rs

Recalling (18), , we have v, = G*(vy,) and, using Theorem 1, we easily get
‘Uh - gs<u)|H1/2(ps) - \gs(vh - u)|H1/2(ps) < C’U - Uh|H1/2(I‘5)-
On the other hand, using Theorem 2, we obtain

1G°(u) = G (V)| gz sy = 1G°(u = 1) 12 sy

o\ V2
<C (1 + log (hr’?‘n>)
T's

RS 1/2
: (Hszslfu — il Faqpsy + [ — P2 Z lu — z/Hrharl(r;)) :

r=1

Substituting this back in (56), and then in (55), we get

He 1/2
Anf = il on + (1 +log (hggin))

. ([—_]551

We now remark that v ¢ S, while @y & HJ (). Therefore, in order to estimate u — 1y in
L?(€2), we can neither use the usual Poincaré inequality nor apply (42), but we have to
do it directly. Using (40) we have immediately

u— aﬂHl(Qs) <C

e 1/2
w— V1o + [u— V12w Y |“—¢I|H1(Fﬁ)> ]
r=1

2
u— uj . (58)
L2(D)

5 5

- s 1
lu— ul”i?(ﬂ) <cr’ E lu— a3 %{1(93) + E Has W -
s=1 s=1 °

Now, recalling that @§ = G*(¢7) on I'* and [, G*(¢7) = [ ¢; (thanks to (15) and (29)),

we get
o=, 7
—= [ u—u ===/ u—1Yr
H’Fs’ rs ! L2(rs) IN/

Furthermore, thanks to (36), that is,

s
> Ho
s=1

2

2
< lu = ¥rllz2rs - (59)
L2(Ts)

5
L %Hi?(rs) <CL? Z Hy! Ju— Wﬁ?(rs) ’

s=1
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we have
2

S
<COLPY Hat fu— trfrap - (60)
s=1

ZH” e

Collecting (57), (58), and (60) and recalling that i¢; € ®; is an arbitrary approximation
of ujs, we finally get the following approximation estimate.

L2(Ts)

Lemma 5. Under the assumptions of §2, let u be the exact solution of (1) and let u; be
constructed as in (54). Then we have

s s
Hqs
— > <C f Ju— . C inf 141 @
|lu —arl|y < ;( igv |u vh|H1 o) | + ¢;161<I>5 ; + log i
RS
. (Hé} u — ¢5‘%2(Fs) + |u — ¢5|L2(ps) Z |u — ¢5|H1([‘i)> }
r=1

3.4 Error estimates

(61)

We are now ready to analyze problem (12) and derive the abstract error estimate.

ou

Theorem 3. Under the assumptions of §2, let u be the exact solution of (1) and uy be
the solution of (12). Then we have
2
ons Mn MS}

S
HQS
+ C' inf 141 : 62
¢§2¢5{;< o8 <h?;“)) (62)
RS
: (Hﬂsl\u — Gs7ae) + |1 — Golzare) Y |u— ¢6\H1(r:)> }

r=1

S R®

2 : 2 .

U — U <C inf Jlu—w +C inf
o=t <€ fnt {ln =i} 403 {

< . €M

Proof. With our assumptions, it is easy to see that problem (12) has a unique solution.
We now set e, := Uy — up, € Sp, where 1y is defined in (54). Using the definition (11) and
adding and subtracting u we have:

|eh|%/ =al(ep,en) =a(tuy —u,ep) +a(u—upe,) = I1+11. (63)

Using (12) and integrating a (u, e;) by parts in each 2° we obtain

S S S
0
Il =a(u—upe,) = E /ge;daﬁl—g /ausefldx—g /geflda:
s=1 /¥ =1 /1 O s=1 /&
S
ou
= E —e; dx. (64)
—1 JI* al’ls h

As e, € S, using assumption (32) there will be a mother ns € ®5 with v [|ns]|e <
lenly,, such that G(ns) = ex|s. Hence the continuity of du/0n® on the interfaces between
subdomains, and the fact that 7s is single-valued on the skeleton ¥ yield

”—Z/Sans - dx—Z/Sas ) de. (65)
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We can now use the definition of G® (see (16)) and subtract from du/0n® any function
(1, € M. In particular, to fix the ideas, we take for instance the best approximation of
Ou/On® in M;, and denote it by v§. In this way we obtain

= Z/F (;;Ls — i) (G*(ns) — 1s)) da
8;1 R 9 (66)
- ZZ/ <3:fs —v7)(G°(ns) — ms)) d.

We recall that G*(n5) = €5 on I'*. We also point out that (thanks to (29)) we can
assume that the mean value of du/0dn® — vj on each face I'} is zero, so that we can use
the H'/2-seminorm of ¢§ and 7; instead of the norm in the estimate. Then, recalling (32)

for ns, that is.
S R

Z Z |776|12111/2(r;) <7’ |eh‘%/ ,

s=1 r=1
and using the Cauchy-Schwarz inequality, as well as the standard trace inequality in each
(2® for e;, we obtain

S R
IT < ZZ 8n5 -y <’€Z’H1/2(rg) + |776\H1/2(rg)>
s=1 r=1 Mz
(67)
1/2
<o(X3 o )" bl
Since
I'=a(ur —u,e) < lur —uly |enly, (68)
we obtain from (63), (67), and (68)
5 N\ 12
|eh|V<C<ZZ ) +Clu— 1y, - (69)
s=1 r=1 M

Using the triangle inequality and Corollary 1 (since e, € Sy,) we get
[u = unlly < [lu—trllv + flenllv < llu—dllv + Clenlv, (70)

that, together with (69) and (61), eventually gives (62). O

4 Examples and Remarks

In this section we want to show two examples of finite element discretizations that satisfy
the abstract assumptions of §2, and derive the corresponding error bounds in terms of
suitable powers of the mesh-sizes. For each example, we shall show that the two inf-
sup conditions (31) and (33) hold. The former inf-sup will be proved by a constructive
argument, while, for the latter, we shall assume that the mesh 7,7 is coarser than the
mesh induced on ¥ by 7,7, and then we shall make use of the classical argument of [2].
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4.1 First example

Under the assumptions on the subdomain subdivision and on the triangulations made
in §2, we consider here the following choice of the finite element spaces ®s, V,* and M},
s=1,...,5:
s :={pe@ ¢ ePy(T), T Ty}, (71)
Vi) == {v® € V* such that v} € Po(K), K € T}, (72)
and
M2 e {u € L*(I'*) such that py € Py(T), T € T,7 and } | 73)

frs is continuous, Vr =1,... R*, s =1,...,S

We point out that ®5 and M are made of functions that are continuous on the faces
I'Y, but discontinuous across two adjacent faces, while the V;’ are made of continuous
functions (within each subdomain 2*).

We can now discuss the various abstract assumptions that have been made in §2.
To start with, condition (29) is obviously satisfied. Similarly, (28) holds as shown, for
instance, in [6].

In order for the inf-sup condition (31) to hold, we assume a very weak condition on
each mesh 7,7, We denote by 7, " € 7T, the set of the elements of 77" lying on the face
I'>, and by ’]V;Lri the set of those elements 7' € %Fi that have their three vertices on OI';
(for example, the set of the gray elements in Figure 1). We say that two triangles are
adjacent when they share an edge. We assume that

For each triangle T' € ’]fi there exists an adjacent triangle not belonging to ’Z;Fi. (74)

The assumption above is always satisfied unless the decomposition is absurdly coarse.

Figure 1: Example of a mesh on a face I'}: on the left, the two elements in gray belong to
’ZZF’; one of them is shown on the right, and a local numbering of the degrees of freedom
is introduced.

Lemma 6. Let M} and V)P be constructed as in (72) and (73), respectively. Under the
assumption (74), the inf-sup condition (31) holds.

S

Proof. We are going to check the inf-sup condition face by face. Then, for r =1,... R,
and s =1,...,9, given u, € Mst|F5,’ we are going to construct a v, = v () € VhS‘FS which
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is null on OI'Y and such that
[ vt = Gl (75)

vnll1/2,n,0s < Collpinll=1/2,n,1s- (76)

Let h; be the piecewise linear, continuous, null on OI';, Clément interpolant of the
piecewise constant mesh-size function assuming on each triangle 7" the value hy. Given
T e ’Z;LF’ we denote by wy the patch of the neighboring elements on I'? (i.e., the union of

those elements belonging to ’];er”, sharing a vertex or an edge with 7"). We recall (see [14])
that, since h; > 0 we have

Cy min hyr < ||| zoe(ry < Comax hy, VT € T,"\7,".
TIG(UT T’E(UT

while h; isnull on T € ’ZZF’S“; moreover, for the shape regularity of the mesh eri,

Cimaxhyp < hy < Cymin hy , VT € eri
T’GwT T’GwT
whence
FS ~ FS
ClhT < ”hIHL”(T) < CQhT, YT € ZL T\,];1 . (77)
Define vj, := hyup; clearly, vy, is piecewise quadratic, continuous and null on OI';.

Moreover, thanks to (77),

1/2
lonllyznes < | D he' lhiliweylliunllZaey | < Cllinll-1/2nrs; (78)
TeT,
and, invoking a standard scaling argument,
[ iwn = [ bt = Chalnlan, VT € TATT, (79
T T

while 7y, is null on the elements belonging to ’j;LFf‘.

We consider now an element 7' € ’]V;er” and use the notation of Figure 1 (right part).
Recall the assumption (74), which implies the existence of an adjacent element (denoted
T") not belonging to ’Thr’s‘. Hence we can define v € Viirs null outside the two elements

T and T’ (and hence, by continuity, null on (8T uoT” )\ (GT noT" )), and such that
U (x4) = hyppp(zq). With the usual scaling arguments

—1/2 « 1/2
he P2 e eror < ChY il 2y, (80)

and
/V@ﬂmzawwf@un—QW@ﬁm%mmeq
TUT!

> Cahgllunll3a ) — Cahallnllz 0y

(81)

We can repeat the same construction for all T’ € Thl“i_ Observe that the element 7"
in the estimate above can be the same for different elements of 775*, but their number is
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uniformly bounded because of the shape regularity assumptions in § 2.3. Our assumption
is that
vp =0 + Z (e
TeT,
From (78) and (80) we get
lvnll1/2,n0s < (Cr+ Cof)|| || =1/2,n,08 5

while from (79) and (81) we get
/ vppt, = min{Ch — Caf, C36}||/”L|El/2,h,1‘i'

For a suitable value of 5 we obtain therefore (75)—(76). O

We consider now the bound on the mother (32). We shall apply Proposition 1. Con-
sider a single internal face I'S. We recall that, for the definition (24), we have

(1, D)
. ) 1/2
A I P

e

inf SUp
GEHYX OO} uen—2(TNO} | (
ME

= 1.

K]
Fr [43

Therefore, assuming the mesh 7
technique of [2], one gets

coarse enough” compared with %F$, and applying the

frs Ps iy, dx

/2
O3l gy + 10520

mf sup > >0, (82)

Gs€LH(T MO} MLEMNO} || e | (

FS

with 7] independent of the meshes and the face I'?, under the assumptions of §2. In
particular, recalling that ’]:;Ff“ is supposed to be quasi-uniform with mesh-size ors, there
exists a constant p > 1 such that if or; > p max, et hr, then (82) holds; p is in fact
independent of the face I'], still under the assumptions of §2.

We can collect the previous results, together with the abstract error estimates of the
previous section, in the following theorem.

Theorem 4. Under the assumptions of §2, if the discrete spaces @5, M; and V;° are
defined in (71), (73) and (72), and if (82) holds, then

Hu—uhuagci 3 (h [ul2 ) <1+10g (hﬁm))z(si

s=1 KeT?

U|H3(Fs (83)

Proof. For the assumptions and results of this section, we can use Theorem 3: then, we
have to estimate the right hand side of (62) in terms of suitable powers of the mesh-size.
If we introduce the nodal interpolant u; € V;? of w and v; € M of Ou/On®, by the usual
approximation estimates we get

2

<C Z Bl a3 x0);

Mz KeT:
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similarly denoting by v¢; € @5 the nodal interpolant of us;, we have

-1
HQS

R* R®
w— T2 sy + [t — Pr| 2y Z lu = Vr|rs) < Z Ots |l s (ps)-
r=1 r=1

]

Remark 1. We observe that a log <frﬁf,) appears as a factor in the term involving the
1_‘5

approximation properties of ®s, though it is, roughly speaking, compensated by the higher

order accuracy we have for that term, when the exact solution u is smooth enough. More-

over, the higher order accuracy in the approzimation of ®s allows to actually take the mesh

T3 coarser, face by face, than the mesh T,, and therefore satisfy the inf-sup condition (82)

without losing in accuracy.

Remark 2. This framework can be extended by taking k-degree elements for V,* (k> 2)
and (k — 1)-degree, discontinuous across two different faces, elements for the multiplier
spaces M ; for @5, k'-elements on a coarse-enough mesh (quasi-uniform on each face)
are allowed, for any k' > 1. The error analysis of this section can be adjusted in a
straightforward way. The case of @5 made of global polynomial within each face (similarly
to what proposed in [16]), which may give advantages in the evaluation of (15) and (16),
can be considered as well.

4.2 Second example

We discuss a now a second possible choice of the finite element spaces. Given an integer
k > 1, we consider (k — 1)-degree fully discontinuous multiplier spaces M;. Counting the
degrees of freedom, it is clear that now k-degree continuous elements as V7 are too poor
in view of the inf-sup condition (31); therefore we have to enrich such a V;?. We shall show
that a simple stabilization of the problem, made by adding suitable boundary bubbles to
Vi}, leads to optimal convergence properties and, at the same time, provides a very easy
implementation. This is reminiscent of what has been done for instance in [3], [9], [12],
and [10], but simpler and more effective.
More in details, our choice here is

5 :={pe @ ¢ eP(T), T €T}, (84)

and
M = {p € L*(I'®) such that pr € P,_(T), T €T, }; (85)

We point out that ®; is made of functions continuous inside the faces I';, while M} is
made of functions that are, a priori, totally discontinuous from one element to another.
The choice of each V}’ will be slightly more elaborate. We set

Vi i={v® € V" such that vy € P, VK € T;'}, (86)

with Pk to be chosen. For each tetrahedron K € 7,° with no faces belonging to I'* we
take Pg := P;. If instead K has a face f on I'* we consider the cubic function by on K
that vanishes on the three remaining internal faces of K, and we augment the space Py
with the bubble space B,f » Obtained multiplying by times the functions in Q; = Pj_(f)
(that is the space of polynomials of degree < k — 1 on f: remember that the face f will
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be one of the triangles T € 7,1"). If K has another face on I'* we repeat the operation,
further augmenting the space Py. In summary

Pi = Pu(K) + { D Bl,2} = Pi + {EP bsPr1()}- (87)

fcre fcrs

We note that @ b;Py_1(f) is a direct sum, but its sum with P, (K) is not direct whenever
k > 3. This however will not be a problem for the following developments.

We can now turn to the various abstract assumptions that have been made in §2. As
before, (29) is obviously satisfied, and (28) is proved, for instance, in [6]. We consider
then the inf-sup condition (31).

Lemma 7. Let M{ and V;? be constructed as in (84) and in (86), respectively. Then the
inf-sup condition (31) holds.

Proof. For every p; € M} we construct vy € V)7 as

TeTr”

where as before by is the cubic function on K (the tetrahedron having 7" as one of its
faces) vanishing on the other three faces of K and having mean value 1 on 7. It is not
too difficult to check that

Ufz||h71/2,1‘s < O/TFS Up (89)

h

||MZ||h,_1/2,rs

that is precisely the inf-sup condition (31) that we need. ]

For what concern the inf-sup on the mother, it is clear that if 7;* is “coarse enough” on
each face, compared with the meshes of the two sub-domains having that face in common,
then we can reason as in §4.2, getting (33) and then (32). Finally we have, still reasoning
as in §4.2, the error estimate stated below.

Theorem 5. Under the assumptions of §2, for the discrete spaces @5, M; and V,® defined
in (84), (85) and (86) with (87), and if (32) holds, then

5
lu — unlftr < OZ ( Z (h%c’“ﬁzkﬂ(f())

s=1 KeT? <90)
it 4
Qs
+ (1 + log (hmin)) Z (51?‘§+1’u‘12qk+1a‘$)>
rs r=1

We end this section with some observations on the actual implementation of the
method when the bubble stabilization (87) is used.

Indeed, let us see how the computation of the generation operators G* can be performed
in practice. Assume that we are given a function ¢ in, say, L*(T'*). We recall that, to
compute G*(¢) := v3, we have to find the pair (v;, u3) € Vi s x Mj; such that

/(aﬁ—ﬁ)uidw:() Vi € My, (91)
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Z / ¢ — i vhd:l:—i—/ 1505 de =0 Yoy € Vi ps- (92)
TeT” e

We also recall that, with the choice (87), the space Vi s can be written as Vi'p, =

LHTY) + Bro(TF) where Li(7,17) is, as before, the space of continuous piecewise

polynomials of degree k on the mesh 7,1, and By, o(7,[") is the space of bubbles of degree

k + 2, always on 7,'". In order to write it as a direct sum we introduce the space

W?* = {vj, € V}/p. such that / vy ppde =0 Y, € M} (93)
We can decompose V', as W* @ By1o(T;F). Since V# s is spanned by the usual finite
element basis functions and By o(7,1") 1s formed by bubbles, then W* admits a local
basis. We can then split in a unique way vh = @+ b with @ € W* and b in Brio(T). Tt
is now clear that b can be computed immediately from (91) that becomes:

[ @-Dud=0  vui e, (94)

Once b is known, one can compute @ from (92) that easily implies

Z/ Yp—w)w,de = Z/ 1bwd.ic Yw € W7, (95)

TeTl” TeT!”

In this way the saddle point problem (91)-(92) splits into two smaller subproblems, each
with a symmetric and positive definite matrix. In particular (94) can be solved element
by element, so that (95) is the only system of a relevant size that has to be solved.

A Fractional order Sobolev and Besov spaces.

Spaces of fractional order are required for dealing with the mothers, with the traces of
functions on ¥ and with the multipliers appearing in the definition of the operators G*.
For example, the space of continuous mothers ®, defined in (3), is naturally endowed
with an H'/? topology. Roughly speaking, we can think of ® as a sort of HY2(X%).
However, this topology is too strong for our discrete space @5, which is a non-conforming
approximation of ®. In order to Carry out a sharp error analysis, we make use of Besov
spaces; in particular, the space B, / will be the weaker replacement of H'/2. The space
Bz,/oo is of order 1/2 (as is H'/? 1tself) but it contains discontinuous functions (as the ones
in ®;). This space is in between H'/?~¢ and H'/?, for all positive e.

In this appendix we give the definitions and some properties of (fractional order)
Sobolev and Besov spaces, and some notions of interpolation theory between function
spaces that will be needed in Appendix B.

Let w C R™ be a regular manifold of dimension d < n (d =n — 1 or d = n are the
two cases of interest). Given a such that 0 < a < 1, the Sobolev space H*(w) is endowed
with the seminorm and norm

2
2 |v(@) —v(y)|”
o dxd
[olre o // |w— Id”a Y (96)

HUHJQLIO‘(w) = HUHLZ(w) + |’U\Ha(w)7
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see, for more details, [15, (1.3.3.3)] or [20, (4.4.1/8)]. As we shall see later, an equivalent
definition can be given making use of the interpolation theory. On H°(w) = L*(w), we
define the seminorm

|U|L2(w) = ||U — Q_J”Lz(w),

v denoting the mean value of v on w, while on H'(w) the usual seminorm is
|U‘H1(w) = ||VUHL2(U_,).

Spaces of negative order are defined by duality (see [18]). In particular, in our analysis
we make use of H~/2, which is the dual of H'/2.

Let w be the image of a reference manifold & through a one-to-one map B, (bounded
with bounded Jacobian), and let ¥ be the pullback on @ of a function v : w — R; passing
from one domain to the other, the seminorms | - |y« defined above scale as

RTINS /2 |~
(0] o) < IVBIY[0e )| det(V B2 5[0l e @)

~ -1 1/2 (97)

0] @) < [V(Bu)l|7oe @)l det(V(BS)) | s o [0 e ()

for 0 < a < 1. Inequalities (97) are an extension of the classical ones for integer order

Sobolev spaces (see, e.g., [13]), and easily follow from the change of variable rule for
integrals and from the Cauchy-Schwarz inequality.

We now recall the definition of interpolation spaces, according to the so called K-

method (see [20, §1.3]). Given two Banach spaces Ay and A;, assuming A; C Ay, and

given two parameters 0 < ¢ <1 and 1 < p < oo, we define a norm || - [|(4y,4,),, as
1
“+o00 . B B pdt P
follanany, = [ |t (=l + ¢, 7] (98)

if 1 < p < oo, while, when p = +o0,

__ : -0 1-6
[ollao . = 50 inf (£ lf0 = vrllay +2ulla, ). (99)
We then define (A, A1)p, C Ap as the space of functions v in Ay such that ||v][(a,,4,),,
is finite.

An important property of the interpolated norm is that [20, Theorem 1.3.3.g]

lWllcag,an,, < Copllvlli’lolll,, Vo € Ay (100)

The most important result of interpolation theory states that a linear operator £ which is

continuous from A, into By and from A; into By is also continuous from (Ag, Ay)g, into
(B, B1)g,p-Precisely

H‘CUH(BO,Bl)e,p < 09||UH(A0,A1)9,F’VU € (AO’AI)&;D?

[1Lv][5, < Collv]|ay, Vo € Ag
|1 LB, < Ch||v]|a,, Vv € Ay

(101)
where Cy = C37C?. Fractional order Sobolev spaces can be characterized by interpola-
tion of integer order spaces: for example,

H*(w) = (L*(w), H*(W))az2,  Vasuch that 0 <a <1, (102)
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see [20] for more details.
Besov spaces, a more general class of spaces, can be defined by interpolation as well;
in particular, we shall need in Appendix B the following spaces

By (w) = (LA(w), H'(@))1/2.1,
By (w) = (L*(w), H'(w))1/2,001 (103)

By o(w) = (L*(w), H(w)) 12,00

where H}(w) is the space of functions of H'(w) vanishing on the boundary dw. The
following continuous inclusion holds (see [19])

1/2 1/2
By (w) = B2 o(w). (104)

Another useful inclusion (due to [20, Theorem 1.3.3.¢]) is B;/fo(w) — H*(w), which holds
for all & < 1/2; however, the constant in the norm inequality depends on «. In particular,
we have the following theorem.

Theorem 6. Let 0 < € < 1/2; then
- 1/2
[6lls-r < Cot™ bl gy V6 € B2 (W), (105)

where the constant C,, depends on w but is independent of €.

Proof. When ¢ is far from 0 (e.g., € > 1/4) the result is well known, and is a consequence
of [20, Theorem 1.3.3.g]). Consider therefore the case € < 1/4. Thanks to (102), we have

11l zr1r2-e(wy < Coll@llz2w) B @)1 /-

then, using the definition (98), for any ¢g = ¢o(t) and ¢ = ¢1(t) such that ¢ = ¢o(t) +
¢1(t), with ¢o(t) € L*(w) and ¢1(t) € H (w), for all t > 0

”¢H(L2(w),H1(w))1/2_€72 =, ol L2(w) + P1l 1.0

t
2dt

1
:/ (t—1/2+e||¢0||L2(w)_|_t1/2+e||¢1||H1(w)> ?
0

T e 1/2+¢ 2dt
+ [ (ol + ol w) T
1
=1+1I.

Taking ¢g = ¢ and ¢; = 0 when ¢ > 1, we have
2 T ot 1] 4112
1< olfey [ 3 = (1=20 0l

since ||@|| 2wy < ||¢||B;(;(w), we get
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On the other hand
2 1
] S ( sup {t_1/2||¢0”L2(w) + t1/2||¢1||H1(w)}) / t26_1 dt
0<t<1 0

2
< (207" (Sup {71 boll 2w) +t1/2\|¢1HH1(w)}) ;
0<t<1
taking the infimum over all the admissible ¢y and ¢; we get

I S (26)_1”¢HQB%/2 (w)’

from which we obtain (105). O

B Two results involving fractional order spaces

In this Appendix, we report the proof of the estimates (48), (52), and (53), making use
of the notions and tools of Appendix A.

We still denote by C' a constant, possibly different at each occurrence, which may
depend only on the set of reference polyhedra {Q!,... Q%}, the polynomial degree x,
and the constants kg, k1, k2, k3, appearing in the shape regularity and quasi-uniformity
assumptions on the meshes (see §2).

The first result states two fractional order stability estimates for the Clément inter-
polant.

Lemma 8. Under the assumptions of §2.1, let 1 < s < S, and, for all v € L*(T'%), let
vr € Vi s denote the Clément interpolant of v (see [14]). If v € H'Y2(T*), we have

’UI|H1/2(FS) S O|U|H1/2(F5)' (106)
Moreover, given 0 < € < 1/2, if v e HY/>=¢(I'*), we have
|UI|H1/2(FS) < C(hrlzlsin)76’U|H1/2—e(ps). (107)
Proof. The bound (43) implies, in particular, the inverse estimate
min—1/2
|UI|H1/2(FS) S Chr‘s |UI|L2(1"5). (108)
Then the estimates (106) and (107) can be obtained from the usual stability estimates
forllzaey < Cllollaeo. (109)

”UI|H1(FS) < C"U|H1(Fs). (110)

making use of the interpolation theorem (101). In order to guarantee that the constants
C of (106) and (107) do not depend on Hgs, we reason on the reference polyhedron QF,
which is mapped onto ° by the map Bgs, as assumed in §2.1. Therefore, using (97)we
shift inequalities (109), (110) and (108) on I'¥ := 8QF, obtaining

101/l 2@y < ClIVl 2 sy, (111)
|UAI|H1(f§) < C!@!Hl(fg), (112)
67 1 /2pe) < C(Has /B 2|57 o sy, (113)
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where U7 = vy o Brs and ¥ = v o Bps with Brps := Bmfg. Observe that the constant C in
(111) is related to the constant C'in (109) by the inequality

(Br)ll7

n/2

n/2 n/2
Lo (@) C’ < Ky "C,

< || detV Be- | ¥ /2 50y C < IV Bos V(B )t s

where kg is defined in §2.1. A similar argument holds when comparing the constant C
n (112), and in (113), with the corresponding C' in (110) and (108), respectively. For
(113), we also made use of ||V Bg. HZ&O(QS) < Hgs, due to the fact that the diameter of O°
is unitary.

We can now apply the interpolation theorem (101) (to the operator Lo = 0y, that is,
L is the pull-back, after the Clément interpolation, after the push-forward) and (102):
from (111) and (112) we get

||UAI||H1/2(f§) < 0”6”1{1/2(??)’ (114)
for any 0 in H'2(I%), and therefore

’{)\I|H1/2(f§) < C|@\|H1/2(f§)7 (115)

taking the quotient with respect to the constants. Still by interpolation, now starting
from (111) with (113) and from (114) we obtain

152 4717275y < € (Has /B ([0 12 oy, (116)

giving R
|01l /e sy < C(Has /hFs™) [0 g ja-e 55y - (117)
Note that the norm || - |[z1/2- in the right hand side of (116) has been obtained by
interpolation from || - ||z2 and || - || g1/2. In this particular case, the interpolation process
is uniform with respect to e.
We can now shift (115) and (117) to I'*. As before, this will introduce factors in the

estimates which depend on ||V Bgs || 00 (s V B! || 1+ (and which are therefore bounded
in terms of ko). This gives (106) and (107). O

Below is our second lemma.

Lemma 9. Under the assumptions of §2.1, let 0 < e < 1/2 and 1 < s < S; then

HE [ 4
|63/2-crey < C EQ (Hgsl Bl72(re) + 0lr2wn D |¢|H1(F,§)) ; (118)
r=1

for any ¢ € L*(I'®) with ¢;rs € H'(I'5), for each r =1,..., R*.
Proof. We use a scaling argument as in the proof of Lemma 8, and make use of the same
notation. Since Hos < ||V Bo: || o @s) and |V Bg! ZL(QS) < Hgs (recall that the diameter

of OF is unitary) and for the scaling properties (97), the estimate (118) is in fact equivalent
to

o~ RS
C —~ ~
|¢|H1/2 € Fs S — <|¢|L2(Fs + |¢|L2(f§) E :|¢|H1(fﬁ)> ) (1]‘9)
r=1

26



where QAS = ¢ o Brs, Bgs (fg) = I'* and Bgs (ff) =1I¢ foreachr =1,...

, R®. In particular,

the constant C' of (118) can be easily related to the constant C' of (119) by the inequality

C < Hd@tVBFS HLoo (fg)

V(Ba)liE s C

< inHC'

where kg is defined in §2.1. Moreover, defining

I
<)
|
)
A

it is clear that (119) will follow if we prove that

5 o
Q1512 5, —Z 191l 275,

To prove (120) we first remark that

RS
[[ @) c ()
r=1

and
R? . .
[[H T c HY(T¥).

Hence, by interpolation,

HB;/;‘;O I7) C By2(T9).

Recalling (104) (i.e., B;/f(ff) C B;£7O(Ff)), we are led to

RS
1112 7112
1oy @) < Czl 1My ey
r=

Using Theorem 6, then (121) and (100), (120) easily follows.

V Bl o ) |V (B ooy C

¢HH1(f§)'

(120)

(121)

Moreover it is easy to see that the constant C' in (118) depends on kg and on the

reference domains (.
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