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Abstract

In this paper we address the problem of stability of flows associated to a sequence of vector
fields under minimal regularity requirements on the limit vector field, that is supposed to be
a gradient.

We apply this stability result to show the convergence of iterated compositions of optimal
transport maps arising in the implicit time discretization (with respect to the Wasserstein
distance) of nonlinear evolution equations of a diffusion type.

Finally, we use these convergence results to study the gradient flow of a particular class
of polyconvex functionals recently considered by Gangbo, Evans ans Savin. We solve some
open problems raised in their paper and obtain existence and uniqueness of solutions under
weaker regularity requirements and with no upper bound on the jacobian determinant of the
initial datum.
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1 Introduction

Let us assume that we are given a functional ¢ defined on P5(¥), the space of probability
measures in a open set ¥ C R? with finite quadratic moments, and let us consider the variational
formulation of the (EULER) implicit time discretization of the gradient flow of ¢ with respect
to the KANTOROVICH-RUBINSTEIN-WASSERSTEIN metric Wa: namely, given a time step 7 > 0
and an initial datum i, we consider the sequence (u*) obtained by the recursive minimization
of

1 _

with the initial condition p® = i (in this introduction we disregard, to keep the exposition as
much simple as possible, the existence issue), and the related piecewise constant interpolant
M,y = pl7 ¢ >0, ([t/7] denotes the integer part of t/7) of the values ¥ on a uniform grid
{0,7,27,-++ ,k7,---} of step size 7. The convergence of M, to a continuous solution as 7 | 0
has attracted a lot of attention in recent years, see the references, starting from [28], mentioned
in more detail after the statement of Theorem 4.7.

Under quite general assumptions on ¢, it is possible to prove the existence of the limit u, =
lim; o M4 in Py(V) for every time ¢t > 0: the evolution of the limit curve is governed by a
velocity vector field vy € L?(us; R?) linked to py itself through a nonlinear relation depending
on the particular form of the functional ¢, which we (formally, at this level) denote by with
—v; € 0¢(pe). It turns out that vy is tangent, according to OTTO’s calculus, i.e. it is orthogonal
in L?(;R?) to vector fields w such that wyu; is divergence-free (or, equivalently, v; belongs to
the closure in L?(us; R?) of gradients of smooth maps) and the resulting evolution system reads
as

gt“t + Dy (vgpe) =0 in 2'((0,T) x V), —vy € D). (1.2)

Here we consider the convergence of the following discrete quantities: assuming that all the
measures 1F are absolutely continuous with respect to the Lebesgue one .Z¢, we denote by t*
the optimal transport map between p* and p*+1 and we introduce the iterated transport map

T = tF o tF 2 0. 0t! 020,

mapping i = p° to p¥. We want to study the convergence of the maps T, := T/ as 7 10.
A simple formal argument shows that their limit should be X, where X is the flow associated
to the vectorfield v; arising in (1.2), i.e.

d
%Xt(x) = v (X(2)),

Xo(x) ==

(1.3)

In order to make this intuition precise, and to show the convergence result, we use several
auxiliary results, all of them with an independent interest: the first one, proved in §3, is a



general stability result for flows associated to vectorfields in the same spirit of the results proved
in [20], [3] and based in particular on the YOUNG measure technique in the space of (absolutely)
continuous maps adopted in [3] (see also the Lecture Notes [2]). The main new feature here,
compared to the previous results, is that we use the information that the limit vectorfield v is
a tangent vectorfield, while no regularity is required either on the approximating vectorfields or
on the approximating flows.

In §4 we recall some results from [6] (see in particular Theorem 4.7) relative to the con-
vergence of the discrete EULER solutions M, to the continuous one j, which show that the
stability theorem can be applied in many cases, depending on the regularity of the initial data.
In particular we show in Proposition 4.8 that the convergence scheme works for the gradient
flow of the internal energy functional

0= [ By, with = p 2Ly, (1.4)

even without MCCANN’s displacement convexity assumption, under a suitable boundedness
assumptions on . In this case it is well known that the gradient flow of ¢ corresponds to a non-
linear diffusion equation with homogeneous Neumann boundary conditions, see (4.70). In order
to achieve more general results we study also the backward problem, namely the convergence of
(T,)~!, which seems to be less dependent from the regularity of the initial data.

The convergence of the discrete transport flow T'; may seem an academic question, but this
is not the case. It appears in a recent and very enlightening paper by EVANS, GANGBO and
SAVIN [22], where the authors study the gradient flow with respect to the L? metric of the
polyconvex functional

I(u) := /% ®(det Du) dx,

and build a solution by purely differential methods. In that paper the authors raise the problem
of the convergence of the (variational formulation of the) EULER’s implicit scheme, resulting in
the recursive minimization (analogous to (1.1)) of the functional

1
wi ol — D gy gy + I (w), k=12, (1.5)

among the smooth diffeomorphisms mapping a reference domain % C R onto a given target
¥ C RY. Tt turns out that (1.5) and (1.1) are strictly related, due to the fact that a change of

variables gives
O(det Du) 1 1
I(u)=[ ——= dy = d
(w) [,/ det Du ou o /yw <detDuou 4

with ¢(s) = s®(1/s). Notice that the scalar quantity [1/det Du] o u~! can be interpreted as
the density 3[u] of the push forward of Z¢L_ % under the map u, so that I(u) reduces to the
“scalar” functional ¢ in (1.4).

Denoting by u,; := ul/7] the interpolant of the discrete solution (u¥) to (1.5), GANGBO,
EvaNS and SAVIN show that w; is indeed linked to the initial datum @ by an iterated composition




of optimal transport maps, whose convergence as 7 | 0 can be studied by the methods developed
in the present paper, see in particular Theorem 5.7.

We also extend the notion of solution of the gradient flow of I to the case when det Du is
possibly unbounded from above, thus allowing for degeneracies in 8 = [[u]. At the same time,
we allow for general domains 7', not necessarily bounded or coinciding with the support of the
initial datum 3 = B[u], so that when this support is strictly contained in 7, the domain ¥
plays the role of an ostacle. Under mild regularity assumptions on 3 we show in Theorem 5.4
that still a unique solution can be built by purely differential methods; nevertheless, we show in
Theorem 5.7 that this solution is still the limit of the discrete EULER ones.

Concluding this introduction, we notice that this is a nice model problem where the strengths
and the weaknesses of the differential and of the variational methods can be compared. In this
perspective, it is worth mentioning that in DE GIORGI’s variational approach to gradient flows
(even in metric spaces), a fundamental role is played by the so called descending slopes, namely

u) := limsu M .= limsu M
S i L L A

and by the “upper gradient” properties of their lower semicontinuous envelopes (see [6, Chap.
2], Def. 4.5, and Thm. 4.7). As we will discuss in Remark 5.6, one can obtain that

|01|(u) = [00](8) if B = flu], I(u)=¢(B) < oo, (1.6)

and, at least when wu is regular, ¥ is convex, and the map s — @(sd) is convex and nonincreasing,
one can check that
|01|(w) = ||div (@' (det Du) cof Du) ||, (1.7)

Introducing the function F' defined on d x d-matrices
F(A) := ®(det A) so that I(u) = / F(Du) dx, (1.8)
K4

(1.7) takes the more familiar form
011 (u) = || div DF (Du)|2, (1.9)

which corresponds to the L?-norm of the function which represents the first variation of I. It
is considerably easier to obtain (1.9) and its lower semicontinuity when F' is convex, which
in particular forces DF to be monotone. In the present case (1.8), the lower semicontinuous
envelope of |01| can be expressed through the “ad hoc” representation formula (1.6).

For general polyconvex (but not convex) functionals, even in a smooth and coercive setting,
it would be interesting to find necessary/sufficient conditions for the validity of equality in (1.9),
or to compute explicitly the slope functional.



2 Notation and preliminary results

We start by recalling some basic facts in Measure Theory. Let X, Y be Polish spaces, i.e.
topological spaces whose topology is induced by a complete and separable metric (open subsets
of complete and separable metric spaces, with the topology induced by the metric, are still
Polish). We endow a Polish space X with the corresponding Borel o-algebra and denote by
P(X) (vesp. M (X), #4(X)) the family of Borel probability (resp. real, nonnegative real)

measures in X. [ < (u®)2_; will denote a R%-valued vector measure in [.# (X )]d, identified

with a d-tuple of real measures pu® € .Z(X).
We will denote by 2 : X — X the identity map.

Definition 2.1 (Push-forward) Let ji be a R%-valued measure in X with finite total variation
and let f : X —Y be a Borel map. The push-forward fufi is the Re-valued measure in'Y defined
by fufi(B) = i(f~Y(B)) for any Borel set BCY .

It is easy to check that fufi has finite total variation as well and that |fxii| < fx|@]. An
elementary approximation by simple functions shows the chain rule

[ odraii= [ goran (2.1)

for any bounded Borel function (or even either nonnegative or nonpositive, and R-valued, in the
cased=land f=pec ZX))g: Y —-R.

Definition 2.2 (Narrow convergence and compactness) Narrow (sequential) convergence
in P(X) is the convergence induced by the duality with Cy(X), the space of continuous and
bounded functions in X. By Prokhorov theorem, a family F in P (X) is sequentially relatively
compact with respect to the narrow convergence if and only if it is tight, i.e. for any e > 0 there
exists a compact set K C X such that (X \ K) < e for any p € F.

In this paper we use only the “easy” implication in Prokhorov theorem, namely that any tight
family is sequentially relatively compact. It is immediate to check that a sufficient condition
for tightness of a family .% of probability measures is the existence of a coercive functional
U : X — [0,400] (i.e. a functional such that its sublevel sets {¥U < ¢}, t € R, are relatively
compact in X) such that

/ U(z)du(z) <1 Ve F.
X

If p € Z(X), recall that a Y-valued sequence (vp,) of Borel maps between X and Y is said
to converge in p-measure to v if

hlim w ({dy (vp,v) > 6}) =0 Vo > 0.

This is equivalent to the L' () convergence to 0 of the maps 1 A dy (vp,v). It is also well known
that if Y = R and |vp|P is equi-integrable, then v;, — v in p-measure if and only if v, — v in
LP(p).



Lemma 2.3 (Convergence in measure and narrow convergence) Let vy, v: X — Y be
Borel maps and let p € P (X). Then vy, — v in pu-measure iff
(2, vp) 4 converges to (2, v)xp narrowly in (X xY).

Proof. 1If v, — v in p-measure then o(x, vy (z)) converges in L' () to o(z,v(x)), and therefore
thanks to (2.1) we immediately obtain the convergence of the push-forward. Conversely, let
d > 0 and, for any € > 0, let w € Cp(X;Y) such that u({v # w}) < e. We define

dy (y, w(z))

5 € Cp(X xXY)

e(z,y) ==1A

and notice that
| edtiopn = ndy o) > ). [ i) < alw £ o))
XxXY XxY

Taking into account the narrow convergence of the push-forward we obtain that

lim sup p({dy (v, vp) > §}) < limsup p({dy (w,vp) > 6}) + p({w # v}) < 2u({w # v}) < 2e

h—o0 h—o0
and since ¢ is arbitrary the proof is achieved. O

We recall also the criterion for strong convergence in L!(11) (see for instance Exercise 1.19
of [5])
liminf G, > G > 0, limsup/ Ghd,ug/ Gduy <400 = lim |G — G| dp = 0.
h—o0 h—oo JX X h—oo [x
(2.2)

Lemma 2.4 Let f : X — Y be a Borel map, p € P(X), and let v € LP(u;R?) for some
p € (1,400). Then, setting v = fyu, we have fy(vp) = wv for some w € LP(v; R?) with

”wHLT’(V;Rd) < HUHLP(ung)' (23)
In case of equality we have v =wo f p-a.e. in X.

Proof. Let g be the dual exponent of p, v := fg(vu), and ¢ € L®°(Y;R?); denoting by %,
a=1,---,d, the components of v we have

d d
;/ysoadva ;/X(w("Of)vadu

Since ¢ is arbitrary this proves (2.3) and, as a consequence, the same identities above hold when
¢ € Li(v;RY). In case of equality it suffices to choose ¢ = |w[P~2w to obtain that v coincides
with [po f|972(po f) =wo f p-a.e. in X. O

<llpo fHLq(y;Rd)HUHLP(u;Rd) = ||80HLq(y;Rd)\|’l’\\Lr’(u;Rd)~




We conclude this section by recalling a few basic facts from the theory of optimal transporta-
tion (see for instance [24], [41], [21], [6] for much more on this fascinating subject). Let ¥ be
an open set in R? and for p € (1, +00) let us denote by Z2,(7) the collection of all probability
measures of &(¥') with finite p-moment, i.e.

HE DY) = peP(V), myu)i= ///:1:|pd,u(x) < 400, (2.4)

We denote by W), the p-Kantorovich-Rubinstein-Wasserstein distance in Z(7), defined by

WP (i, v) := min {/Vx“// |z —y|Pdy: ve P2(V), (m)py =, (m2)py = 1/} (2.5)

(here m;, i = 1,2, denote the canonical projections on the factors). It is not hard to show (see
for instance [41], [6, Prop. 7.1.5]) that the convergence induced by the distance W), is equivalent
to the narrow convergence and the convergence of the p-moment, i.e.

lm Wy(pn, pn) =0 <=

n—od

tn, narrowly converge to pu,
(2.6)

lim my,(pn) = mp(p).

n—oo

Notice that when ¥ is bounded (V) = &(¥) and the convergence induced by the distance
W), is precisely the narrow convergence.
In the case when p € Z)(7'), the subset of &2,(7) made of absolutely continuous measures

with respect to Lebesgue measure £, it can be shown [10, 24] that the minimum problem (2.5)
has a unique solution -, and +y is induced by a transport map t:

7= (2, t)p.

In particular ¢ is the unique solution of Monge’s optimal transport problem

min{/ |r — P dp r#,uzl/},
v

of which (2.5) is a relaxed version. Finally, we recall that if also v € 227 (¥'), then
sot=1t¢ p-a.e. and tos=1 v-a.e.,

where s is the optimal transport map between v and u. Moreover, it has been proved in [24]
that the optimal transport map t is differentiable at p-a.e. point in ¥ and det Dt(x) > 0 for
p-a.e. x € ¥ As a consequence the change of variables formula [6, Lemma 5.5.3] can be applied
to give

p=pLWY, v=0cLLYV = o(y) = M for v-ae.ye . (2.7)
det Dt(s(y))
In the case p = 2 the properties above can be rephrased in terms of the classical differentiability
of convex analysis, as the gradients of a convex function is differentiable .#%-a.e. in the interior
of the domain of the function.



3 The main stability result

Time dependent measures, transport equation, and velocity vector fields

Throughout this section we fix a positive time 7' > 0, a summability exponent p € (1,+00) and
an open set ¥ C R%.

Definition 3.1 We denote by .7,(¥) the family of time-dependent measures py € Pp(V),
with t € [0,T], such that t — p; is narrowly continuous and there exists a Borel velocity field
v(t,z) = ve(x) such that

T
/ / oo ()P dps () dt < +o0, (3.1)
0 v

and

)
o+ Do (o) =0 in D'((0,7) x ). (3.2)

Notice that the narrow continuity assumption is made just for simplicity in the definition: indeed,
it can be easily shown (see for instance Lemma 8.1.2 of [6]) that the existence of a velocity field
v satisfying (3.1,3.2) implies the narrow continuity, possibly redefining j; for a .#!-negligible set
of times. Notice also that, since we assuming that all u;’s are probability measures concentrated
on ¥, there is no transfer of mass across 9% and (3.2) still holds in D’((0,T) x R%). Finally,
notice that a simple approximation argument shows that (3.2) and (3.1) ensure the validity of
the implication

e € 2(V), po € ZPp(V) = e € Pp(¥) Vt €10,T).
So, the assumption that p; € 22,(7') could be replaced by pg € Z2,(¥).

Remark 3.2 (Space-time representation) We can obviously identify the families p, v¢puy
with the associated nonnegative real measure p € #4((0,7) x ¥') and the vector measure

vp € [#((0,T) x ”V)]d defined as

T T
o= / Mt djl (t)v v = / Ut d"g/ﬂl (t)a (33)
0 0

so that for every bounded Borel real function ¢ defined in (0,77) x ¥

//(O,T)XV o(t,z) du(t, ) ZZ/OT[/p(t, ) dp(x) dt,

//(OﬁT)M/SO(t,:B) d(vp)(t, z) ::/OT/V@(t,x)v(t,x) dpe () dt.

Thus (3.1) simply means v € LP(u; R%).

Given p; € #p(7'), there are in principle many vector fields v, satisfying (3.1) and (3.2), and
all of them will be called admissible. It will be useful in the sequel to define a convergence in
Fp(V') which takes into account also the behaviour of the admissible velocity fields.



Definition 3.3 (Convergence in .%,(¥)) We say that py € F,(V) converge to pu € Fp(V)
if uy — e narrowly for any t € [0,T). If v}, v, are admissible velocity fields corresponding to

ny, pe respectively, with
T
sup/ / |vi [P dpy dt < +oo,
n JO v

then we say that v} converge to v if (recalling the notation (3.3))

lim v"p" =wvp in D'((0,T) x ¥). (3.5)
n—oo
The following result, proved in Theorem 8.3.1 and Proposition 8.4.5 of [6], provides a char-
acterization of the “optimal” velocity field among all the admissible ones. See also Chapter 8 of
[6] for a more detailed explaination of why this result can be used to make Otto’s calculus (see
[35], [36]) in Z2,(¥) rigorous, and to characterize the infinitesimal behaviour of the Wasserstein
distance.

Theorem 3.4 (Minimal velocity field) For any p, € F,(¥) there exists a unique, up to
L -negligible sets, admissible vector field v, with the property

LP (pg;RY)

vy € Tan ,, Zp(V) == {jo(V) : ¢ € CX(RY)} for Lt-a.e. t €]0,T), (3.6)

where q € (1,00) is the dual exponent of p and j,(x) = |z|972x. This vector field satisfies also

/ |og|P dpy < / |04 |P dpu for L-a.e. t €0, T] (3.7)
v v
for any other admissible velocity field 0.

We call the velocity field given by Theorem 3.4 tangent velocity field. So, checking that
a vector field is tangent amounts to check that the continuity equation (3.2) holds and that
Jp(ve) is approximable, in L9(pg; RY), by gradients. Finally, we recall that Proposition 8.3.1 of
[6] also shows that .%,(7") coincides with the class of absolutely continuous curves with values
in Z2,(7'), when the target is endowed with the p-th Wasserstein metric, and that the LP norm
of the tangent velocity field can be characterized by the rate of change of the p-th Wasserstein
metric along the curve:

- W (bath, )
el e (eire) = ;PE%) % for Lt-a.e. t€0,T).
Flows and their stability

Given a reference time s € [0,7], a measure iy € Z,(7), and a Borel field v : (t,z) €
(0,T) x ¥ — vs(x) € R?, a canonical way to build a solution of (3.2) is to find a flow associated



to vy, i.e. a map X (¢, s,z) : [0,7] x [0,T] x ¥ — ¥ such that ¢t — X (¢,s,x) is absolutely
continuous in [0, 7] and it is an integral solution of the ODE

L Xt 5, 2) = v, (X (1, 5,2))

dt (3.8)
X(s,s,x) =x
for pis-a.e. x, with
Td
/ / X (15,2 dit dia() < +oc. (3.9)
v Jo ldt

When s = 0 we will speak of forward flows and we will often omit to indicate the explicit
occurrence of s in X (¢,0,z), writing either X (¢,z) or X(z); analogously, the case s = T
corresponds to backward flows. Using test functions of the form x(¢)¢(x), it is then immediate
to check that the narrowly continuous family of measures

e = X (1,5, )y (3.10)

solves (3.1,3.2) with the condition ps = fis and belongs to .Z,(¥) if s € ZPp(¥); in this case
we say that X is a flow associated with (u:,v:). A similar situation occurs when one already
knows a solution g of (3.2) and looks for a representation formula like (3.10) [6, Chap. §].

Without assuming any regularity on v; we do not know anything about the existence and
the uniqueness of a flow associated to (u, v¢). Postponing to the next section a more detailed
discussion of this aspect, we recall that the simplest condition [6, Prop. 8.1.8 and Thm. 8.2.1]
which ensures both the existence and the uniqueness of the forward flow representing (u¢, vy) is
that the ODE (3.8) admits a unique ¥ -valued solution for fig-a.e. initial datum x € . This
property is surely verified if v; satisfies the classical (local) Lipschitz condition: denoting by
Lip(w, B) the Lipschitz constant of a map w on B, it means that

Y (to, 20) € ((o,T) x7) U ({0}><7/) Je,7 >0 /tw Lip(ve, Be(20)N7) dt < +oc. (3.11)

We are mainly concerning with the stability properties of flows: supposing that X" and X are
forward flows associated with (u™,v™) and (u,v) respectively, we look for conditions on the
measures and on their velocity vectorfields ensuring the convergence of X™ to X.

The next main convergence result shows that if

(a) v is the tangential velocity field of p and

(b) (3.8) admits at most one solution X for fig-a.e. x € ¥,

then the convergence of pf' in .%#,(7#') and of the LP(u")-norms of v™ are sufficient. Its proof
uses, in the same spirit of [3], [2], narrow convergence in the space of continuous maps as a
technical tool for proving convergence in measure of the flows.

Theorem 3.5 (Main convergence result) Assume that we are given:

10



(1) flows i € F,(V) converging to py € Fp(¥) as in Definition 3.3;
(ii) wvelocity fields v} € LP(u; RY) admissible relative to puft;

(i1i) forward flows X" associated to (uy,v}), i.e. satisfying the ODE system (3.8) for v} with
s =0 and the transport condition (3.10) pp = X" (t,-)xuq-

Let v, € Tan ,, Z,(¥) be the tangent velocity field to p; (e.g. vy satisfies (3.2) and (3.6)) and
assume that

po = dipo  with  lim |d" —|P duo = 0, (3.12)
n—oo 4
T T
limsup/ / |oi [P duy dt </ / |ve|P dpy dt, (3.13)
n—oo J0 v 0 v
and that
the ODE (3.8) admits at most one ¥ -valued solution for ug-a.e. x € ¥. (3.14)

Then there exists a unique forward flow X : [0,T] x ¥ — ¥ associated to (u,v;) and the flows
X" converge in LP to X, precisely

lim [ sup | X", d"(2)) - X(-,2)| duo(z) = 0. (3.15)
n=c0 Jy [0,T]
Proof. We denote by I' = CY([0, T]; #) the complete and separable metric space of continuous
maps from [0, 7] to 7, whose generic element will be denoted by +, and we denote by e; : I' — ¥
the evaluation maps ey () = v(t).
Since X" (t,x) € ¥ for every x € ¥, we can define probability measures " in ' by

0= (X" () . (3.16)

where x +— X"(-,x) is the natural map from ¥ to I'. Since e; o (X"(-,x)) = X"(t,x) we
immediately obtain that

(et)#nn = Xn(t7 ')#:U'g = ﬂ?, (3'17>
where we denoted by i the trivial extension of u' to # obtained by setting it (97%) = 0.
Step 1. (Tightness of ") We claim that the family {n"} is tight as n — oo, that any limit
point 1 is concentrated on ¥ -valued and absolutely continuous maps in [0,7] and that

(er)ym = fit, (3.18)
// t)|P dt dn(y / / |, |P dpy dt, (3.19)
)€V ZLlae. in|0,T], for n-ae. . (3.20)

Indeed, by Ascoli-Arzela theorem, the functional

B(y) = |v(0 |p+f0 |5(t)[P dt if ~ is absolutely continuous
L +00 otherwise

11



is coercive in I', and since 4 = v"(y) for n™-a.e. v € I' and the p-moment of u{ converges to the
p-moment of py by (3.12), we get

limsup/\I/('y) dn" :limsup/ |v(0)[P dn™ + / /]vt NI dn™ dt
n—oo JT n—00 r
< lim sup/ |z|P dpg (x / / |vi|P dpy dt < 400,

thus proving the tightness of the family. Moreover, the lower semicontinuity of ¥ gives that
[ Wdn is finite, so that 7 is concentrated on the absolutely continuous maps. An analogous
argument proves (3.19), while (3.18) can be achieved passing to the limit in (3.17).

Finally, by introducing the upper semicontinuous function

Jy(z) =

0 ifxe?,
1 ifxed?,

(3.18) and Fubini’s theorem give

0—//yy ) djig() dt = //w )) dn() dt = //J“V Ddtdn(y)  (321)

which is equivalent to (3.20).

Step 2. (Representation of v;) Let i be a limit point as in Step 1, along some sequence n; — 0o.
By the previous claim we know that for n-a.e. v € T' the vector field z;(y) := 4(t) is well defined
up to a .Z'-negligible subset of (0,7"). By Fubini’s theorem and (3.19), it coincides with a Borel
vector field z € LP(£! x n; R?) with

/ / |z (7) [P dn(y)dt = / / D dt dn(y / / wdlP de dt. (3.22)

in particular there exists a Borel set 7 C (0,7") of full measure such that z, € LP(n) for every
teT.

Define now vy := (e¢)x(2¢ - 1), and notice that Lemma 2.4 gives v; is well defined and
absolutely continuous with respect to p; = (e;)gm for any t € 7. Then, writing v, = wyu,
Lemma 2.4 again and (3.22) give

T T T
/ /|wt|pdutdt§/ /|zt(fy)|pdndt§/ /vt\pd,utdt. (3.23)
0 v 0 r 0 v

Now, let us show that w; is an admissible velocity field relative to u:: indeed, for any test
function ¢ € C°(7') we have

jt P dpe = jt SO(V(t))dn:/F<V90(7(t))d(t)>dn

(3.24)
- / (Vo(1(1)), 24(7)) dn = / (V. wr) dpi.
T v
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As a consequence (3.23) and the minimality of v; yield v; = w; for Z'-a.e. t € (0,7). In

addition, from the equality
[ it dn = [ juwil dtenm
r V4

ve(y(t)) =4(t) mn-ae. inT (3.25)
for #'-a.e. t € [0,T]. Then, (3.25) and Fubini’s theorem give

and Lemma 2.4 we infer

vi(y(t)) = () ZLlae. in (0,7) (3.26)

for n-a.e. ~. In other words, 1 is concentrated on the absolutely continuous solutions of the
ODE relative to the vector field v;.

Step 3. (Conclusion) By assumption, we know that there is at most one solution v € I" of the
ODE 4 = v¢(y) with an initial condition v(0) = x € ¥. Taking into account (3.20) we obtain
that the disintegration {n,},cy induced by the map e( is a Dirac mass, concentrated on the
unique ¥ -valued solution X (-, z) of the ODE starting from z at ¢t = 0. As a consequence

n = (X ()4 po- (3.27)
Since 1 does not depend on the subsequence (n;), the tightness of (n") gives
(X"(-,@)) 4 g converge to (X (-,x))y po narrowly as n — oo.

Since
(X"( ) o = (X7(,d"(2))) 4 o
Lemma 2.3 yields that the sequence of functions

g"(z) == sup |X"(-,d"(x)) — X (-,z)] converges to 0 in ugp-measure. (3.28)
te[0,7

In order to prove the LP-convergence (3.15) we can assume with no loss of generality that
X"(-,z) — X(-,x) uniformly in [0,7] for pp-a.e. x, and we need to show that [¢"|P is equi-
integrable in L' (j10). To this aim, taking into account the fact that strongly converging sequences
are equi-integrable and (2.2), we exhibit a sequence of functions G™ > |¢g"|P such that

liminf G"(z) > G(z) for pp-a.e. v € ¥ and lim sup/ G"(x) dpo(x / G(z) duo(z

n—oo n—oo

We can choose

T
d
G"(x) := 3p71(sup ]X(-,x)|p+|d"(x)\p+Tp71h"(x)>, where h"(z) ::/ —X”(t,a:)‘p dt.
[0,7] o ldt
Since d" — 4 in LP(up; R?) and standard lower semicontinuity result yield
Td P
liminf A" (z) > h(z) := / ‘%X(t,x)’ dt for pp-a.e. z € ¥V (3.29)
n—oo 0
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the proof is achieved if

limsup[yhn(az) dpo () g[yh(m’) dpio (). (3.30)

n—oo

For, we can calculate

/h” ) dpio( //( X”tx’dtduo // o (X7 (t, 2))|P dt dpso()
» dt

=/ / v (v)|” dpu(y) dt
0 v
and by (3.13) we get

limsup/ h™(z) dpo(z //|vt ‘dut ) dt = // t:r dtd,uo(ac)
n—oo v

= / h(zx) dpo(z).
v

On the regularity of the limit vectorfield

We notice that in Theorem 3.5 no regularity is imposed on the approximating velocity fields
vy and that assumption (3.14) stating po-a.e. uniqueness of solutions of the ODE (3.8) can
be guaranteed by weaker assumptions than (3.11): first, we need only uniqueness of forward
characteristics, and this requires only a one-sided Lipschitz condition (see Remark 3.6); second,
we don’t really need uniqueness of forward characteristics in a pointwise sense, but rather that
any probability measure i in I' concentrated on absolutely continuous solutions of the ODE
4 = v¢(7y) is representable as in (3.27) for some “natural” flow X. Several situations where this
happens are described in Remark 3.7. Remark 3.8 shows that, when p = .24 % and § is
continuous, it is sufficient to control the local regularity of v in the positivity set of 4 and the
integrability of the positive part of its divergence.

Remark 3.6 (One-sided Lipschitz condition) All conclusions of Theorem 3.5 remain valid
if v (or, more precisely, at least one of the functions in its equivalence class modulo p-negligible
sets) satisfies the one-sided Lipschitz condition

(vi(2) —vi(y),z —y) < wilz —y|? Ve, yeV (3.31)

with w € L{ ([0,T)). Indeed, it is well known that this condition ensures pointwise uniqueness
for the forward Cauchy problem associated to v;, and therefore uniqueness of the measure 7
built during the proof of Theorem 3.5. See also [38], [8], [9] for other well-posedness results in
this context.
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Remark 3.7 (Sobolev or BV regularity) As the proof clearly shows, assumption (3.14) in
Theorem 3.5 could be replaced by the following more technical (but also much more general)
one:

any probability measure n in T = C°([0,T]; ¥) concentrated on absolutely continuous

solutions of the ODE 4 = vy(y) and satisfying  (eq)pm = (i (3.32)
is representable as m = (X (-, x))# o for some flow X.

Let us consider for instance the case when 7 is bounded and

ve L (0.7 WE(RY), [Da-v]™ € Ly (10,T): L%(9)).
Under these assumptions it has been proved in [20] (the assumption V, - v € L'(L*>) made in
that paper can be weakened, requiring only a bound on the negative part, arguing as in [3]) that
the continuity equation (3.2) has at most one solution in the class of ;s of the form u; = 3;.2¢
with g € LS, ([0,7); L>°(7)), for any initial condition po = BoL?, By € L=®(¥). As explained
in [2], it is a general fact that the well-posedness of the continuity equation in the class of p;’s
above (precisely, the validity of a comparison principle) implies the validity of (3.32) for u;’s in
the same class; in this particular case X is the so-called DiPerna—Lions flow associated to v (see
[20] and also [3] for a different characterization of it).

It was shown in [3] (the original L'(L>°) estimate on the negative part of the divergence has been
improved to an L!'(L!') one in [2]) that also a BV regularity on v can be considered, together
with the absolute continuity of the distributional divergence:

v € Ly (0, 7); BYioe(V3RY) ), [Dy - v]™ € Liye (10,1): L1(9))

In this case there is uniqueness of bounded solutions of (3.2) and again (3.32) holds in the class
of solutions y; = (3;.2? of (3.2) with 3 bounded. Other classes of vectorfields to which (3.32)
applies are considered in [27], [26], [4], [30], [31].

Remark 3.8 (Continuous densities) Let Py be an open subset of ¥ with po(? \ Py) = 0.
When

pe = 3L ¥ and the map (t,z) — G¢(z) is continuous in ((O,T) ><7> U ({0} X PQ) (3.33)
we can localize condition (3.11) to the (open) positivity set of 4. Thus we introduce the sets
Pi= {(t,:v) € (0,T)x 7 : Bu(x) > 0} (3.34)
and we assume that
B e CHP), v, Dyv e C°(P), (3.35)

3
Vo € Py we have By(z9) > 0 and Fe > 0 such that / sup || Dyve(2)||dt < +o0, (3.36)
0 zE€Bc(x0)
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so that solutions of the ODE (3.8) are locally unique in P and the Cauchy problem for x € P
admits a unique maximal forward ¥ -valued solution. If

T
/ / Dy - 'vt(:c)]+ du(z)dt < 400 Ve >0, (3.37)
e J{z:fi(x)>0}

then the same conclusion of Theorem 3.5 hold. This fact is a direct consequence of the following
“confinement” Lemma.

Lemma 3.9 Let us suppose that (3.33), (3.35), (3.36), (3.37) hold; then for uo-a.e. initial datum
x € YV the graph in (0,T) X ¥ of each mazimal forward solution of the ODE (3.8) (for s =10)
belongs to the open set P; in particular the mazimal solution is unique by (3.35), (3.36).

Proof. For every z € Py let [0,7(z)) be the open domain of existence and uniqueness of the
maximal solution of the system (3.8) restricted to P; classical results on perturbation of ordinary
differential equations show that the map x +— 7(z) is lower semicontinuous in Py, so that the set

D := {(t,x) €0,T)x Py:t< T(IE)} is open in [0,T) x ¥,

X is of class C! in D, and

. 1
re (0,7), hntlTsrup | X (x)] + AX @) < +o00 — T(x) > 7. (3.38)

Moreover, by integrating fOT(m) ]%Xt(wﬂ dt with respect to po (see for instance [6, Proposition
8.1.8] for details), one obtains that for ug-a.e.  the map X.(x) is bounded in (0, 7(x)), so that
(3.38) implies that 7(x) can be strictly less than T only if 5;(X;(x)) approaches 0 as t T 7(z).
Let us denote by w; the divergence D, - v; of the vectorfield vy; since 3 is of class C! in P it
is a classical solution of the continuity equation in P and therefore a simple computation gives

%log(ﬁt) +wv¢ - Dylog Bt = —wy  in P, (3.39)
so that J
= log (ﬁt(X(t,x))> = w(t,X(tz)) te(0,7(x)) (3.40)
and
Bu(Xo(x)) det Dy X o(x) = Bolz), Vit € (0,7(x)). (3.41)

We introduce the decreasing family of open sets

E. := {:z: € Py:7(x) >€}
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whose union is Py and for every ¢ > 0 we get

[ s tom (3Kt o) < [ " o (X))

T T
= / @ (X () Be(X () det D X () dz dt = / / @, (y)Be(y) dy dt
e on e Xt(Et)

T
< / / @) () dpg () dt < +oo,
€ v

by (3.37). It follows that 3;(X(z)) is bounded away from 0 on (e, 7(x)) for pp-a.e. z € E, and
therefore 7(x) = T for up-a.e. € E.. Taking a sequence €, — 0 and recalling that the union
of E., is Py, and that uo(? \ Py) = 0, we conclude that 7(x) =T for pg-a.e. x € V. d

Remark 3.10 Recalling (3.39), condition (3.37) surely holds if

T
/ / (8tﬁt)_ + (’Ut . Dxﬁt)_ dx dt < 4o00. (342)
e JH{z:B:(z)>0}
Remark 3.11 Under the same assumptions of Lemma 3.9, setting V. := {:L‘ €Py:71(x) > T—s}
we get a family of open subsets V. C Py such that
po(? \ Vz) = 0 and the restriction of X to [0,T — &] x V. is of class C. (3.43)

Starting from (3.39) and arguing as in Lemma 3.9, it is easy to check that if (3.37) is replaced
by the stronger condition

T
/ sup [Dy - vi(x)]t dt < 400 Ve > 0, (3.44)
e x:Bt(x)>0

then maximal solutions are unique for every xo € Py and X is of class C! in [0,7T] x Fy.

4 Gradient flows and convergence of iterated transport maps

Subdifferentials, slopes, and Gradient flows in % (%)

In this section we assume that p = 2 and that 7 is an open subset of R? with .Z%(07%) = 0.
In order to be formally consistent with the theory developped in [6], we identify 25(¥") with
the set of measures p € P5(R?) such that pu(R?\ #) = 0 and we consider a proper functional
¢ Po(R?) — (—o00, +00] which is lower semicontinuous with respect to the narrow convergence
of Z(R?) on the bounded sets of Z5(RY), i.e.

fn — i narrowly, sup/ |22 dn (2) < 400 = liminf ¢(u,) > o(u); (4.1)
n R4 n—oo
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we also assume that

]ir(lfd) ¢ > —oo and ¢(p) = 400 for any pu € Po(R%)\ 25(¥). (4.2)
Po(R

Dom (¢) C Z25(7') denotes the domain of finiteness of the functional.

Remark 4.1 The second of the assumptions (4.2) on ¢, namely that ¢ can be finite only on
absolutely continuous measures, has been made only to simplify the exposition, also because it
is fulfilled in Example 4.4 below and in the context described in the next section.

In order to define in a precise way the concept of “gradient flow” of ¢ in P5(¥'), we introduce
the notion of strong and limiting subdifferential (see [6, 10.1.1 and 11.1.5], and more gener-
ally Chapter 10 of [6] for a systematic development of the subdifferential calculus in spaces of
probability measures).

Definition 4.2 (Strong and limiting subdifferentials in %2, (¥)) We say that € € L*(u;R?)
belongs to the strong subdifferential ds¢(u) of ¢ at p if p € Dom (¢) and

P(tpn) — o(u) = / (€(x), t(x) — x) dp(x) + o(|[t — il L2 (may) - (4.3)

¥

We say that & € L?(u; R?) belongs to the limiting subdifferential 9pp(p) of ¢ at p if p € Dom (¢)
and there ezist sequences &, € Os¢(pr) such that

pr — o narrowly in P(V), Epiik — & in the sense of distributions in D'(V), (4.4)
sup (6(u). [ (2 +164(@)F) dun(@)) < +ox. (4.5)
We also set
|0p| (1) = inf {”£||L2(N;Rd) €€ (9@(;1)}, with the convention inf = 4o00.  (4.6)
Thanks to (4.2) and (4.5), (4.4) is also equivalent to the apparently stronger condition
ps — o narrowly in 2(R%), &k — &p in the sense of distributions of D'(RY). (4.5)

Definition 4.3 (Gradient flow) We say that uy € Fo(¥) is a gradient flow relative to ¢ with
indtial datum i € Dom (@) if ¢(pe) < ¢(R), pe — i in Po(¥) ast | 0, and its tangent velocity
field vy satisfies

—vy € Opp(pit) for Lt-a.e. t € (0,T). (4.7)

We recall here the main example we are interested in, referring to [6, Chap. 10 and 11] for other
applications.
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Example 4.4 (The internal energy functional) Let us assume that
¥ 1[0, +00) — (=00, +0] is a convex l.s.c. function with superlinear growth at infinity (1)

which is differentiable in (0, +00) and satisfies

(¢(5) < (Cs® for some o > 1 — #12

{wm) =0, if 24(4) = +ov. (¥2)

We consider the lower semicontinuous functional
[ v s itu=p-2tc )
o(u) == Jr
o0 if € Po(¥)\ Z5(¥),
which obviously satisfies conditions (4.1) and (4.2). If
P(0) < +oo, p=p-LYe P5(¥), with geL®) (4.8)

and we set

Ly (B) = BY'(8) — ¥ (8), (4.9)

then it is possible to show (see [6, Example 11.1.9]; observe that even when .24(#) = +o0 the
inequality 0 < Ly (8) < B¢/ (||B]l) + (¥(8)7) yields the integrability of L) that

£€0d(p) = Ly(B) € WH(¥) and VLy(B) = B¢, (4.10)
so that
if Opp(u) #0 then 0Opp(pn) contains the unique element & = VLg(ﬁ) e L*(j; RY).
(4.11)
The L?-norm of £ is a crucial quantity which we call
_ (VLB [ VL)
F(B) = /1/ 3 Bdx = /1/ 3 dzx. (4.12)

Thus, if a curve p; = B Lt € Fo(V) with 3 € L*((0,T) x ) is a gradient flow relative to ¢
starting from i = 3.Z?% € Dom (¢) with § € L>(¥), then

T
Lo(B) € L0, T; W2 (), /0 F(B)dt < oo, H(B) < B() < +oc, (4.13)

and (; solves the nonlinear diffusion PDE

OBy — ALy(B) =0 in (0,T)x ¥, OnLy(B) =0 on (0,T) x ¥, (4.14)
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in the following weak sense

% /y ¢(@)Be(z) dz + /y VLy(Bi(2)) - V((z)dz =0 V(e C(RY). (4.15)

In particular, integrating by parts against test function ¢ with 9, = 0 on 9%, we shall also see
that G, is the unique [11] weak solution of (4.15) satisfying

i x T)dr = x x)dx o (R? =uon
% | @@= [ LiaE)aca) s veeCR®, anc=omor.  (416)

We introduce the metric counterparts to the notion of strong and limit subdifferentials:

Definition 4.5 (Local and relaxed metric slopes) The local metric slope of a l.s.c. func-
tional ¢ : Po(V) — (—o0, +00] is defined as

e (G0 —00)”
|a¢|(la) o V%/(},L,V)BO W(/J,, V)

V€ Dom (o). (4.17)

Its narrow relaxation is
107 01(1) 1= inf { Teninf |06 (sn) < pn — 1 marrowly,  sup {W (sn, 1), S(sin) } < +00}. (4.18)

A simple link between the vector and the metric concepts is discussed in the next lemmas:

Lemma 4.6 (Comparison between subdifferentials and slope) For every u € Dom (¢)
and & € 0s¢(u) we have

00| (1) < 107 9|(1) < [00](1) < €]l L2 (pme)- (4.19)

Proof. It is obvious that the relaxed slope |0~ ¢|(1) cannot be greater than |0¢|(u), which is
also bounded by the norm of any element in ds¢(u) simply by its very definition (4.3).
In order to prove the first inequality in (4.19) let us choose € > 0 and measures j, such that

fir — {1 marrowly, sgp{W(uk,u)@(uk)} < oo,  lim |0¢|(ux) < [07¢|(k) +e,

as in (4.18). Combining Lemma 10.1.2, 3.1.3, and 3.1.5 of [6], we find measures fi, and vectors
&), € 0s0(fix) such that

W (i k) < k7Y 1€kl 2 may < 1001 () +E1, ¢(ik) < d(ur), (4.20)

so that (up to extracting a subsequence such that &, uy is converging in the distribution sense;
using the L? bound on &, it is easy to check that the limit is representable as £€u) we find a
limiting subdifferential &, € Opp(u) with [|€|| < |07 ¢|(i) + €. Being € > 0 arbitrary, we get the
thesis. g
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The “Minimizing Movement” approximation scheme. One of the possible ways to show
existence of gradient flows is to prove the convergence (up to subsequence) of the time discretiza-
tion of (4.7) by means of a variational formulation of the implicit Euler scheme (we refer to [6]
for a more general discussion of this approach and an up-to-date bibliography). Specifically,
given a time step 7 > 0 and fi € Dom (¢), we recursively define a sequence of measures ;¥ in
such a way that u¥ = i and

1
¥ minimizes p — 2—W22(u,,uk*1) + o) (4.21)
T
for any integer & > 1. Then, we can define a piecewise constant discrete solution M, : [0, +00) —
Py(V) by -
M, = puF if t € ((k—1)7,k7]; (4.22)

k—1 k

analogously, denoting by t* the optimal transport map between p and p*, with inverse s
we can define a piecewise constant (with respect to time) velocity field by

; k
— 11— S
Vit =

€ L*(M,4;RY  with  —V,;, € 9,¢(M,,;) fortc ((k = 1)7, k7). (4.23)
With this notation the following energy convergence result holds:

Theorem 4.7 (Convergence of discrete approximations and Gradient flows) Let us as-
sume that ¢ satisfies (4.1) and (4.2) and that

Opp(p)  contains at most one vector. (4.24)

For every i € Dom (¢) there exists a vanishing subsequence of time steps 1, | 0 and a curve
we € Fo(V') such that the discrete solutions M, +, narrowly converge to py as n 1 oo for every
t €[0,T] and V;, M., converge to o in D'((0,T) x ¥'), where v, satisfies

O + D - (Typg) =0 in D'((0,T) x RY),  —By = dyp(ps) for Lr-ae. t € (0,T),

T (4.25)
/0 6211200yt < -+
Moreover, if us satisfies the “upper gradient inequality”
o(pe) + /Ot 07 ¢|(1s) - Vsl L2y ey ds = (1) Vi€ [0,T], (4.26)
where vy is the tangent velocity field to u¢, then
T =v; p-a.e., for L-ae. t €(0,T), (4.27)
w18 a gradient flow relative to ¢ according to (4.7),
im Wo(Mo, 4, ) =0, lim ¢(My, ) = d(w) YVt e[0,T], (4.28)

n—00 n—-+o0o
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the discrete velocity fields Vi, + satisfy

T T
lim / / V., > dM,, ¢ dt = / / |v|? dpuy dt, (4.29)
n—eJo Jy 0o Jv

the map t — ¢(uy) is absolutely continuous, and finally
d
$¢(Mt) = — /1/ v ()] dpe (2) for L'-a.e. t € (0,T). (4.30)

The proof combines various a priori estimates and a deep variational interpolation argument
due to DE GIORGI: it allows to derive a discrete energy identity that gives in the limit the
(standard) continuous energy identity, the absolute continuity of ¢t — ¢(u;) and the convergence
of all discrete quantities to their continuous counterpart. Related results, are treated in [28] (the
seminal paper on this subject), [34], [1]; a comprehensive convergence scheme at the PDE level
is also illustrated in §11.1 of [6].

Proof. Theorem 11.1.6 and Corollary 11.1.8 of [6] yield the pointwise narrow convergence of
M, to p, the distributional convergence of V, M, to vu and (4.25).
If v, is the velocity vector field associated to the curve py, we have

- Wpns i) -
\'[(t) = ;{%# = Vel L2 (uirey < 108l L2 mey  for ZLlae te(0,T). (4.31)

In order to prove the second part of the Theorem, we are introducing the so called “DE GIORGI

variational interpolants” Mmg, which are defined as

1
M;; minimizes pu+— Q—Wg(u,uk_l) +o(p) ift=Gk-D7+0, 0<o<7, (4.32)
o
(choosi~ng when o = 7 Mﬂt = 1*) together with the related optimal transport maps 3; which
push M, ; on pf=1 for t = (k — 1)7 + o, and the velocities

~ 1 — 8¢

Vig = — € L2 (M, ;;RY),  —Vi4 € 05¢(My). (4.33)

The interest of DE GIORGI’s interpolants relies in the following refined discrete energy identity
(see Lemma [6, 3.2.2])

1 (" [ 2~ 1 [t - _
/ / yVT,s|2dMT,5ds+/ / |V o> dM, cds + ¢(M, ;) = ¢(i) ift/r €N.  (4.34)
2Jo Jv 2Jo Jv

Since Mm,t still narrowly converge to p; [6, Cor. 3.3.4], we pass to the limit in the above identity
as 7, — 0 by using Fatou’s Lemma, the narrow lower semicontinuity of ¢, and the very definition
of relaxed slope (4.18); by (4.26) we obtain for every ¢ € [0, T]

1 [t — _ 1 [t
timsupy [ [ Voo diT s [ 107 6Pn)ds + o) < o) (439
n—oo 0 b4 0
t
< () + / 1071 (1s) - 105112, ) 5 (4.36)
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ie

t 2
imsup 3 [ [ Vi ail s [ [ o dusds [ (107 6ln0 o) ds <o
n—oo

Since general lower semicontinuity results yield (see Theorem 5.4.4 in [6])

liminf — //\V}ns|2dMTnsds> //]vS\Qd,usds> //]vs|2du5ds

taking into account (4.19) we conclude that

/H th)dt—>/ EA—

el 22 gty = 1102l L2 iy = 1070l (e) = |00l (e) ~ for L -ace. t € (0,T),

and, using again (4.35), ¢(M,, +) — ¢(pe) for all [0, 7] and

¢
D) = o) — /O 07 (1s) - lvsllp2(u,may ds VE € [0,T].
Hence the map t — ¢(u;) is absolutely continuous and
& () = o #hae.in (0,7)
ar P\ = T2 (gre) € n (0, 1)
By the minimality of the norm of v; among all the possible vector fields satisfying the continuity
equation (4.25) we also deduce (4.27).

Finally, in order to check the convergence of M, ; to i in P5(RY) we apply (2.6) and we
simply show the convergence of the quadratic moment of M, ;. Recall that, if ¢ € ((m— 1), mT]

[ ol ab (@) /wdu /Ix!2du /Rd!w\Qdu“(w)

s@/ﬂw@—s%) 2 dpd (z —2/””/Rd 2y dM 1y (a),

whereas for the absolutely continuous curve

/Rd\x|2dut(:p) /Wdu _2/ /Rd vy(x), ) dps ().

Taking into account (4.29) and arguing as in [6, Lemma 5.2.4], we obtain

tinsup [ (o dd 0 < [ ol d
Rd

n—oo R4

which yields the convergence of the quadratic moments. O
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(4.24) and the general properties (4.1), (4.2) are not particularly restrictive, as they are
easily checked on many examples; the crucial assumption of the previous theorem is in fact the
“upper gradient” inequality (4.26).

With respect to the results of [6, Chap.2], here there is a slight improvement: it is sufficient
to chek this inequality only on the limit curves arising from the “Minimizing Movement” scheme
(instead of proving it on all the curves with finite energy). This simple remark is quite useful to
show that bounded solutions to the nonlinear diffusion equation (4.14) we introduced in Example
4.4, satisfy the “upper gradient inequality” (4.26).

Proposition 4.8 (The Gradient flow of the internal energy functional) Let us assume
that the function ¢ of Example 4.4 satisfies (¢ 1), (¢ 2),

W is smooth in (0, 4o00) with ¢" >0, and (0) < +oc. (1 3)

We also suppose that the initial datum fi = B.L¢ satisfies

sup f(a) < o, 6(n) = [ w(B@)do < oo, [ fBa)de < oo ()
eV v v
Then the discrete solutions Mr; of the Minimizing Movement scheme converge pointwise to
pe = Bl in Po(¥) as T | 0, By is the unique solution in L=°((0,T) x ¥) of (4.14) with the
integrability conditions (4.13), and B, satisfies the energy identity

t V Ly (Bs)|? _

/¢(Bt)dx+/ Wwdxds:/ V(B dx Wie0,T). (4.37)
v 0o Jv ﬁs Wy

Moreover, the internal energy functional introduced in Example 4.4 satisfies the “upper gradient

inequality” along any limit curve py = ;. L% and therefore all the convergence properties of

Theorem 4.7 hold true.

Proof. Up to perturbing v by an additive constant, it is not restrictive to assume that ¢(0) = 0.
By applying the first part of Theorem 4.7 and the discrete L>°-estimates of [36], [1], we obtain
that any limit curve j; := 3.2¢ of the Minimizing Movement scheme is a uniformly bounded
weak solution (according to (4.16)) of (4.14) satisfying (4.13). Since bounded weak solutions
are unique [11], we obtain the convergence of the whole sequence M ;; standard estimates on
nonlinear diffusion equations show that ||| e (y) < Moo := ||| 1o (7).
It remains to check the validity of the upper gradient inequality. Let

_ = L2(v
S = ﬂ—i—conv{ﬂt—ﬂ it e [O,T]} 7
c {BeL'NNL0):B20, 1Bl =1, I8l < Moo

and the H!-like distance on .¥

A0, 50) = sup{ [ @) (B =)o € CORD, IVClprmn <1} (438)
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It is not difficult to check that d is finite on .#: let us first observe that (4.15), (4.13), and a
standard approximation result in W12(%), yield

t1
/ C(Br, — Bro) da = —/ / VLy(B)-V¢drdt V(e WH2(). (4.39)
v to v

Choosing now a test function ¢ € C2°(R?) with IVCl[L2(py < Tand 0 <t <t; <T, we get

t1 t1
Lc(ﬁtl = By ) dz < / IV Ly (Be) | L2y jrey dt < Méf/t VI (B) dt, (4.40)

to

so that by (4.13)

1 T
d(Bry, Bry) < M;C{Q /t VI (By)dt, and /0 F(B) dt < +oo. (4.41)
to

Let us now introduce the regularized convex functionals

o _ JUB) +eld(e) —y(e) ifB>e,
0.9):= [ vB)de VBeS  buP)= { o f0e g, (42
and the related “Lagrangians”
_JLy(B) = Ly(e) if B>,
Ly.(B) = {o f0<<e. (4.43)

Observe that ¢. are geodesically convex functionals on .#, since the usual segments t — (1 —
t)po + tp1, po, p1 € -, are constant speed geodesics in .. An upper bound for the slope of ¢,

. (6-(8) — ¢-(p)) "
8 e |. S =1
|0¢:|.(3) dl(?ps)i% 05.p)

can be readily obtained: first of all, we recall that .# () < +oo implies Ly (8) € WH2(¥) and
VLy(B)/8 € L(¥), henee

L
s@) <o = D) e W), IV s <O (040

therefore, assuming that % () < +oo and using the convexity of 1., we get

¢<(8) — de(p) < [//é(ﬁ)(ﬁ = p)dz < d(B, p) IVUL(B)| 27 ) (4.45)
and we can use (4.44) to obtain
06| (8) < 72/ 7 (B). (4.46)
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Applying [6, Theorem 1.2.5] and the estimate (4.41) we find that the map t — ¢-(3;) is absolutely
continuous; since ¥.(8;) € WH2(¥) for £1-a.e. t € (0,T), combining (4.45) with 3;, B;4 instead
of B, p and (4.39) with ¢ := ¢.L(3;), we get

t+h
G<(Bt) — 0=(Brgn) < /I/%(ﬁt)(ﬁt — Bryn) do = /t /I/ VLy(Bs) - VYL(Be) dxds,  (4.47)

for #t-a.e. t € (0,7). Since Lebesgue differentiation Theorem for functions with values in the
Hilbert space L2(7;R%) yields

t+h 2
}131%/ ‘% VLw(ﬂs)ds—VLw(ﬁt)) dr =0 for Llae. t e (0,T),
—YVJy t

dividing by h # 0 and taking the limit of (4.47) as h goes to 0 from the right and from the left,
we find that the derivative of ¢. o 3 is

%qbg(ﬁt) = / VYL(B) - VLy(6) dz for Zl-ae. t € (0,T).
¥
Since
, ) 1 if ,
BiVYL(B) = VL (Br) = VLy(B)Xep(x) with X y(z) := {0 ;f gtg)ﬁ;;) <. (4.48)
integrating in time we eventually find
C[ VL (B)P _ 3
/1/ Ve (By) dx —I—/O . 3, Xe,sdrds = /7/1/18(@ dz. (4.49)

Since 1. | ¥ and it is easy to check that, e.g., 11 (3) € L'(¥), we can pass to the limit as ¢ | 0
in (4.49) and we find the energy identity (4.37).
The “upper gradient inequality” (4.26) follows immediately if we show that

By = —0po(u) = — ) ¢ (9 for Llae. t e (0,T), (4.50)

B

i.e., according to (3.6), if for Z!-a.e. t € (0,T) there exists a family of functions ¢. € C°(R%)
such that V¢ — oy in L?(ui;R?) as e | 0. Since B € L>®(¥), by standard extension and
approximation results, it is sufficient to find an approximating sequence (. € W12(7); disre-
garding a #!-negligible subset of (0,T) we can assume that Ly(8:) € Wh2(7) and recalling
(4.48) we can choose

G = YL(B) e WHA(¥) sothat ViL(3) = ng,t — YiulB) (4.51)

B By
in L?(ug; RY) as e | 0. a
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Remark 4.9 (The case 9/(0) = +00) When ¢(0) = +oo, we will also assume that 3 > B, >
0 Z%-a.e. in ¥, so that the maximum principle yields 3; > Bmin in (0,7) x ¥. In this case
¥ has to be bounded and the calculations are even easier than in the previous Proposition:
e.g. by modifying v in the interval (0, fpin) we directly obtain (4.37) without performing any
preliminary regularization of ¢ around O.

Remark 4.10 (The case when ¢ is displacement convex) When ¥ is a conver subset of
R9, ¢ has compact sublevels in 225 (R?) (this is always the case if, e.g., ¥ is bounded), and it
is displacement conver, i.e. for any u, v € P5(7), if we denote by ¢, € L?(w; 7) the optimal
transport map between p and v relative to Wy, the map

t— ¢ (((1—t)t), +ti)up) is convex in [0,1], (4.52)

then the theory becomes considerably simpler: solutions to the gradient flow equation are in
fact unique, the (limiting) subdifferential is characterized by the following system of variational
inequalities

Eeon) — o)+ [ Et-da Wwer (), (@5

and inequality (4.26) is always satisfied by any absolutely continuous curve in Z5(R9) (see
Corollary 2.4.11, §10.1.1 and Chapter 11 of [6]).
Notice also that if the stronger property

t— ¢ (((1 - t)tz + ttZ)#,u) is convex in [0, 1] for any u, v, 0 € 2" (V)

holds, then even error estimates for the scheme can be proved, see Theorem 4.0.4 and §11.2 of
[6], and as a consequence one can also consider initial data that are in Dom (¢).

In the case of the internal energy functional of Example 4.4, the assumption of displacement
convexity is equivalent to MCCANN’s condition

s — 5%)(s™?) is convex and non increasing in (0, 400), (4.54)

which is more restrictive than convexity if the space dimension d is greater than 1.

Convergence of iterated transport maps

In the final part of the present section we study the convergence as 7 | 0 of the iterated transport
maps
TF =thoTF 1 =thothlo...0t! (4.55)

associated to the Minimizing Movement scheme (4.21); recall that we denoted by ¥ the (unique)
optimal transport map pushing p*~! on ¥ and by s* = (t"c)_1 its inverse map, pushing x* to

pF=1: in particular T* maps i = p° to u*.
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We can “embed” the discrete sequence T* into a continuous flow T;; such that T';; = T"
if ¢ is one of the nodes k7 of the discrete partition. To fix a simple notation, in what follows

t
if t € [(k—1)7,kT) we decompose it as t=(k—1)T+o07, 0= {f} € (0,1],  (4.56)

-
and we set

0 = (1= o)i+oth, t7F = tF o ($F1) 7! so that P = ¢7F o ¢h 1, (4.57)

T,i:=(1—0)T" ' +oT" =tF"170 TF! sothat TF=t"FoT,,. (4.58)

The continuous family of maps T';; is naturally associated to a sort of “piecewise linear” inter-
polant (according to MCCANN’S displacement convexity) continuous interpolation jir; of the
sequence of measures p*:

Mt = (tk_LU)# Nk_l - (TT,t)# ,L_l,, so that Mk = (ta7k># Hrt ifte [(k - 1)7_7 kT)'

(4.59)
Notice that the inverse of the map t*~17 is well defined up to i -negligible sets and it coincides
with the optimal transport map between p.; and pF=1: moreover
-1 -1
ok _ (tk—l,a . Sk) _ (m- 41— a)sk) ' (4.60)
We define also the velocity vector field v, ; associated to this flow
7 ok 4—8" 2 d .
Vrp =V 0t7" = ——ot?" € L*(pr; RY) ift € [(k—1)7,k7). (4.61)
T
Due to the uniform C'%'/2 bound
1 o0 (o]
5 D WEEL ) <737 (604) — (i) < (é(i) — inf ), (4.62)
k=0 k=0

the convergence statement of Theorem 4.7 applies not only to the discrete piecewise constant
solution M ;;, but also to pr¢. The following lemma shows that v,; is an admissible velocity
field relative to pr; and provides the corresponding energy estimate.

Lemma 4.11 (Properties of the continuous interpolation) Let ji-¢, v+, Tr; be defined
as in (4.59), (4.61), and (4.58) respectively. Then T,; is a flow relative to (p,vr¢) and in
particular the continuity equation

d
Tt + Dy (0rgpirg) =0 in D' ((0,7) x ¥) (4.63)

holds. Moreover we have

T T
/ / |vr1|? dpir g dt = / / \Voi?dM,;dt VT > 0. (4.64)
0 v 0 Ve
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Proof.  We check first that T';; is a flow relative to v,;. Clearly ¢ — T ;(x) is continuous
and piecewise linear; in any interval ((k: —1)r, kr), with k integer, we have that its derivative is

given by
d

dt
so that (4.61) and (4.58) yield

Toilw) = —(THa) - T (), (4.65)

Oral(Tra(w)) = ~ (i = 8") 0 47H(Tr () = ~ (6 — 8) 0 TH(w) = ~ (TH(a) ~ T (1)),

and therefore the ODE %TT,t(x) = v,4(T7¢(x)) is satisfied.
Finally, by the definition of v,; and taking into account (4.59) we get

/yvnt” (@) dpirs(2) /\thqu te [(k—1)r kv,

and this immediately gives (4.64) after an integration in time. g

Theorem 4.12 (Convergence of forward iterated transport maps) Let ¢, v+, Try be
defined as in (4.59), (4.61) and (4.58) respectively starting from i = f.L% € Dom (¢). Assume
that ¢ and 3 satisfy all the assumptions of Theorem 4.7, including the upper gradient inequality
(4.26), and that the tangent velocity field v, relative to the gradient flow p, of ¢ with initial
condition i satisfies (3.11) (or at least one of the conditions illustrated in Remarks 3.6, 3.7, and
3.8).

Then

1i T- X(t,z)?du(x) =0 VT >0, 4.66
lim Vtgg>;]! (@) = X (t,2)|" dpu(x) (4.66)

where X s the flow associated to vy.

Proof.  We apply Theorem 3.5. Notice that the convergence of ;¢ to py as 7 | 0 is ensured
by Theorem 4.7 (that gives the convergence of M, ;) and the C%!/2 estimate (4.62). Moreover,
(4.64) and (4.29) give

T T T
lim sup / / |v7,t\2 dpir ¢+ dt = limsup / / ]VW\Q dM ;¢ dt = / |vt|2 dp dt
710 0 v 710 0 v 0

for any 7" > 0. Therefore, taking also into account that T'; () are flows relative to vy r, all the
assumptions of Theorem 3.5 are fulfilled and (4.66) is the conclusion of that theorem. O

The assumption (3.11) (and its variants considered in Remark 3.6, Remark 3.7 and Re-
mark 3.8) may not be satisfied if the initial datum z is not sufficiently smooth. For this reason
it is also interesting to consider the behaviour of the inverses of T';;, reversing also the time
variable. In the following theorem we focus on the case of a Sobolev regularity of v with respect
to the space variable, leaving all other variants (for instance the BV ones) to the interested
reader.
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Recalling (3.8), given T > 0 we define the backward flow X (t, x) associated to v, as X (¢, x) :=
X (t,T,x). Under the assumption

ve L (L, TEWEL)) (Va0 € L (0,71 L¥(9)). (4.67)

loc

considered up to a time reversal in Remark 3.7, the backward flow is well defined up to ¢ = 0
and produces for ¢t > 0 densities pu; = X (t,-)gfn in L>(¥) for any € L>(¥).
Analogously, we define

Ty =Try0T 1, (4.68)

mapping pr 1 to pir¢. Finally, as in Theorem 3.5, we have to take into account a correction term
due to the optimal map d” between p7 and g, 7.

Theorem 4.13 (Convergence of backward iterated transport maps) Let T, ; be defined
as in (4.68) starting from p € Dom (¢). Assume that ¢ satisfies all the assumptions of Theo-
rem 4.7 and that the tangent velocity field vy relative to the gradient flow py of ¢ with initial
condition i satisfies (4.67). Then

~ - 2
I a ‘TT d) — X (t,2)| dur = 0.
iy [ o [Tos(d) ~ X (t,2)] s

Proof. We have just to notice that Tm is the backward flow associated to the velocity field v,
defined in (4.61) and then, using the same estimates used in the proof of Theorem 4.12, apply
Theorem 3.5 and Remark 3.7 in a time reversed situation. O

Now we conclude the discussion relative to the basic example 4.4 we are interested to, namely
the internal energy functional. See for instance [33], [41], [6] for more general examples.

The case of the internal energy functional. Let ¢ : [0, +00) — (—00, +00] and fi = 3.2¢
be satisfying assumptions (¢ 1), (¢ 2), (¢ 3), and (1)4). Theorem 4.7 applies, yielding a unique
gradient flow py = 3;.Z? relative to ¢ which satisfies the nonlinear PDE

06 = D (VLy(B) 2 ((0,7) < ¥) (4.69)

with homogeneous Neumann boundary conditions. Since L;,(s) = s¢”(s), under suitable regu-
larity assumptions on 3; the chain rule gives the alternative formulations

6= Do (B (B)V ) = Da - (BV(5) (4.70)

If we want to apply to this example the results of Theorem 4.12, we should check if the tangent
velocity field v given by

v = _VLu(B) = —V¢'(B) for t > 0, (4.71)

B
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satisfies (3.11) or one of the conditions discussed in Remarks 3.6, 3.7, 3.8, which are strictly
related to the regularity of the solution ;.

Besides (3.11), in the following discussion we focus our attention on Remark 3.8 (and its
variants 3.10, 3.11). We distinguish some cases:

[(a) 7 is bounded and of class C*® and 3 € C® is bounded away from 0.] When

¥ is bounded and of class C*® for some o > 0, and (4.72)
B € Ca(q//)a 0 < Buin < B(:E) < Bmax  for Lhae x € 7/7 ‘
the maximum principle shows that the solution 3; satisfies the same bound
0 < Bmin < Br() < Pmax YV € ¥, t € [0,T]; (4.73)

by [29, Thm. 10.1, Chap. III;Thm. 7.1, Chap. V]| the variational solution of (4.69) is Holder
continuous in [0, 7] x 7.

The smooth transformation p := L () shows that p is a solution of the linear parabolic
equation

gtp —a(t,z)Ap=0 1in (0,T) x ¥

with homogeneous Neumann boundary conditions, where a(t,x) = L;# (B(t,z)) is Holder contin-
uous and satisfies 0 < amin < @ < Gmax < +oo in (0,T] x 7.

Standard parabolic regularity theory [29, Chap. IV] yields D2p € C%((0,T) x ¥) for some
a > 0; moreover, since pg € CY(¥'), too, then the intermediate Schauder estimates of [32, Thm
6.1] yield for every xzo € ¥ the existence of £, > 0 such that

sup 10 D2pu()]] < +oc, (4.74)
(t,2)€(0,T) X Be (z0)

so that v satisfies (3.11).
[(b) The Heat/Porous medium equation in ¥ = R%]
Let us consider the Heat/Porous medium equation in R?, corresponding to the choice

moifm > 1,

L g
Ly(B) =",  ¢(s):= {m‘l (4.75)

slogs ifm=1.

Following the approach of Remarks 3.8 and 3.11, we assume here that an open set Py C R¢
exists such that B B B
BeCYP), B>0 inP, B=0 inR\P,. (4.76)

We know (see [16, 18, 42] and also [23, Chap. 5, Thm. 3.1, 3.3]) that the solution (3 is Holder
continuous in ((O, T x ]Rd) U ({O} X Po); still applying the local regularity theory we mentioned in
point (a), we obtain that D23, D,1'(3) = D,v are Hélder continuous in P, too, thus showing
that (3.35) is satisfied.

The Holder assumption on 3 shows that 3 is locally Hélder continuous in P up to the initial
time t = 0, too. Arguing as before, we obtain (4.74) for every zy € Py, which entails (3.36).
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In order to check (3.44) we will invoke the ARONSON-BENILAN estimate [7], [23, Chap. 5,
Lemma 2.1]

1
%,V@@eP (4.77)

k
Ay’ > —— ith k= ————,  ie. D, <
@Z)(ﬁt)_ t’ W1 m_1+(2/d)7 1.e x Ivt(m)_
[(c) ¥ is C*°, possibly unbounded, and AL, () is a finite measure.] The local regularity
results we used in the previous points (a), (b) depend, in fact, only on the local behavior of
L;,b around 0; let us thus assume that, in a suitable neighborhood (0, ), the function Lip has a
“power like” behaviour

o™ < Ly(B) < e1f™ VB € (0,¢e0), (4.78)
for given positive constants 0 < ¢y < ¢1, and 0 < K1 < kg. Under this assumption and
(4.76), the regularity results of [37] (see also [19, Page 76]) yield the Holder continuity of 3
in ((O,T) X 7) U ({0} X P0>. Arguing as in the previous points we still get D23 € C°(P),
D' (B) = Dyv € CY(P) and (4.74).

The only difference here is that we cannot invoke the regularizing effect (4.77), which seems
to depend on the particular form (4.75) of L. )

In this case, we should impose extra regularity properties on  which guarantee (3.42) (and
therefore (3.37)): one possibility is to assume, in addition to (4.76), that

ALy(f) is a finite measure. (4.79)

(4.79) and standard results for contraction semigroups in L' yield

sup/ |0:6(t, x)| dx < +00; (4.80)
t>0 J{z:B¢(z)>0}

for, the BREZIS-STRAUSS resolvent estimates [11] and CRANDALL-LIGGETT [17] generation
Theorem show that the nonlinear operator u + —ALy(u) with domain D := {u € L'(¥) :
—ALy(u) € LY(¥)} generates a contraction semigroup in L', whose trajectories satisfy (4.80)
if (4.79) holds.

Since L, is an increasing function, we have

VL
vt‘Vﬂt:—M-Vﬁtgo in P;
B
taking into account (4.80), in order to prove (3.42) we should show that
VL
/ E%WVQMﬁ<+m. (4.81)
P t

We argue by approximation as in the proof of Proposition 4.8 and we consider the same kind
of regularized functions /. obtained from the entropy ¢(3) := $log 3 according to (4.42), which
satisfy the convexity condition (4.54) and

0(8) —e < Blog B< L(B) VS > 0. (4.82)
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(4.13) yields Le(B) := L. := el'(B) — £(B) € LY (0, T; Wh(¥)) with
T 2
/ wﬁdxdt<+oo Ve > 0.
o Jyr B

It follows from the geodesic convexity of the functional H.(3) := [, £-(3) dz and the “Wasser-
stein chain rule” (see §10.1.2 in [6]) that the map ¢ — H.(/3;) is absolutely continuous and its
time derivative is

%Ha(ﬂt) = /Vvt VL (0)der = — /1/ VLZt(ﬁt) DL;t(ﬁt)ﬁt de for Z'ae. t>0.

Upon an integration in time, (4.82) and £ < e~ ! yield

VLy( _ _
/5T10g5de+//Pm{ﬁ } ;tﬁt)VﬂtdxdtS///m{B 1 }5([10gﬂ]++1_565>d:c. (4.83)
>e . >1—ee

Since 3 is bounded, the right hand side of (4.83) is uniformly bounded as € | 0; moreover, the
finiteness of the second moment [, |z|>8r(z)dz < 400 and Hélder inequality yield that the
entropy [, frlog fr cannot take the value —oco (see for instance Remark 9.3.7 in [6]); hence
passing to the limit as € | 0 we obtain (4.81).

We collect the above discussion and Theorem 4.12 in the following result

Corollary 4.14 (Convergence of iterated transport maps for diffusion equations) Let
¥ C RY be an open set of class C*%, let i = BLY € Po(V) and 1 : [0, +00) — (—00, +00] be

satisfying (Y1), (¥2), (¥3), (¥ 4).

We assume that there exists an open set Py C ¥ such that (4.76) holds and that at least one of

the following conditions is satisfied:

Py = V¥ bounded of class C** and 0 < Bmin < Bly) Yye, (4.84a)
¥ =R and Ly(B) = B™ for some m > 1, (4.84b)
oY € C** (4.78) holds, and ALy (fB) is a finite measure in ¥ . (4.84c)

If v, is the wvelocity vector field associated through (4.71) to the solution [3; of the nonlinear
diffusion PDE (4.69) with initial condition 3, then for every final time T > O there exist an
open set ¥y with LYY \ %) = 0 and a unique ¥ -valued forward flow X which solves (3.8)
for every x € .

X ¢ CY([0,T] x %; 7)), X(t,)BLY = B,.L% and the iterated transport maps T, constructed as
n (4.57), (4.58) from the solution of the variational algorithm (4.21) converge to X :

. . 2 —
1711101 %r[{)l%(]T (x) = X (- x)|*B(x)dz =0 VT > 0. (4.85)

In the cases (4.84a) and (4.84b) we can always choose ¥y = Py.
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Proof. We can apply Theorem 4.12 in a time interval (0,7”) with 7" > T: conditions (¢ 1),
(12), (¥3), (1 4) together with Proposition 4.8 ensure that we are in the “Wasserstein gradient
flow” setting; each of the assumptions (4.84a,b,c) provides enough regularity on the limit vector

field
VLy(Bt)

="

B

in order to check (3.11) (in the case (4.84a)), or Remark 3.11 (in the case (4.84b)), or Remark
3.10 (in the case (4.84c))

Concerning the regularity of X, it follows by classical results on differential equations in the
first case and by (3.44) and Remark 3.11 in the second one (together with the identification
Py = 7)). In the third case, we can still apply (3.43) of Remark 3.11, by choosing ¢ < T" —T.

U

5 An application to gradient flows of polyconvex functionals

Basic notation for vector calculus and first variations

In this section we will deal with vector valued maps u = (u’)?_, :  — ¥ C R? defined in an
open subset % of R? with values in an open set #. In order to distinguish between the systems
of coordinates in % and in ¥, we will use the greek letters «, 3, ... for variables in % and latin
letters 4, j, . .. for components in ¥.

We denote by A! the elements of the matrix representing a linear map A in L(R?; R%);
(AT)® = Al is the usual transposed matrix, A - B = tr(ATB) = > Al Bi denotes the scalar
product. The cofactor matrix of A is denoted by cof A = (cof A)i and it satisfies the Laplace
identities

(cof A)T A = (detA)ld, ie. > (cof A)LAG =6, detA. (5.1)
1
When A is invertible, (cof A)T = (det A)A~L.
For a given sufficiently regular vector map u, we denote by Du the matrix

ou’

Du = (Du)},, with (Du)’ := o (5.2)
the divergence of a matrix valued map A : % — L(R% R?) is defined as
(divA)" =" aiAg. (5.3)
o
We recall that any map u € I/Vl})’cdfl satisfies
div (cof Du) =0 in %. (5.4)
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Let F be a real map defined on (an open subset of) L(R% R%); the differential of F' and its
action on a matrix B can be represented as

oF

DF(A)Y = ——(A hat DF(A)B=DF(A)T.B= .
( )Z aAZa< )7 so that ( ) ZaAl (55)
In particular,
if F(A):=®(detA), then DF(A)=®'(detA)(cof A)T. (5.6)
Let us now consider the functional
I(u) ::/ F(Du)dx = / ®(det Du) dx. (5.7)
w w

If w is sufficiently regular, the first variation 61(u;&) along a smooth vector field £ : % — R?
with cof Dung, orthogonal to & on 0% (here ny denotes the exterior unit normal to 0% ) yields

ST(:€) = I+ 5)|

/ @' (det Du)(cof Du) - D¢ dx

| (5.8)
- /% div (<I> (det Du)(cof Du)) -€dx.

Other kind of variations will play a crucial role in the following: here we are considering the
variation of the deformed state [25, Chap. 2, 1.5] induced by a given vector field n € C*(7;¥)
with n-mny =0 and (%) C ¥, and the induced flow in ¥

Ly (sy) =0 (Y(s,9))

ds fory € 7.
Y(0,y)=y
Thus we can evaluate
ol(u;m) = P I(Y (s,u)) - / ®'(det Du) det Du tr(Dyn(u)) dz (5.9)
s= %

which, in the case w is a diffeomorphism between % and 7, corresponds to the usual Euler-
Lagrange first variation (5.8) with & := now; for, the fact that u is a C'* diffeomorphism between
% and ¥ gives that the normal to ¥ at u(z), with z € 0%, is parallel to cof Du(z)ny (z), so
that & = n(u) is orthogonal to cof Du(x)ny (x) on 0% . Then, (5.1) yields
0l(u;mou) :/ ®'(det Du)(cof Du) - (Dyn(u)Du) dx
w
:/ @' (det Du) det Du((Du)™ 1" - (D,n(w)Du) dx
K4
:/ ®'(det Du) det Du tr(Dgn(u)) dx = 0I(u;n), (5.10)
K4

because ((Du) YT (Dyn(u)Du) = ((Du)?)~1-(Dyn(u)Du) = trace (((Du)T)_l(Du)TDyTn(u))
trace(DyTn(u).
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Gradient flow in L?

In [22], the authors build a smooth solution u of the nonlinear parabolic PDE (here we adopt
the same notation of that paper)

gtu — div (DF(Dw)") = div ((I)’(det Du)(cof Du)),
u(0,-) = u,

(5.11)

in (0,T) x % , corresponding to the gradient flow with respect to the L2 metric of the functional
I, since (5.11) has, at least formally, a natural variational formulation as

% w-&dr = —6I(u;€) for every & € CH(%;RY) with (cof Du)ngy L € on 0%. (5.12)
%

Here %, C R? are bounded open sets with a smooth boundary, @ : Z — ¥ belongs to
Diff (% ;7), the class of C! diffeomorphisms mapping 0% onto 0% with strictly positive deter-
minant, ® : (0, 4+00) — R is a smooth convex function with ®” > 0, and the solution u of (5.11)
is built in such a way that the same properties are satisfied by w(t,-) for any ¢ > 0. Precisely,
they show that the scalar quantity

1

B(t,y) := det Dw(t,y) = det Dult, w(t.y) ye¥, with w(t,-):= )] (513)

which is the Lebesgue density of the measure p; := (ut)#ZdI_% , can be built solving the
nonlinear boundary value problem of diffusion type

gtﬁ:diV (q)//<;)l;2ﬁ) :A(—CI)/<;)) in (0,400) X ¥,
DB, )ny(-) =0 on (0,T) x 0¥, (5.14)
50,) = Fi= ot o n 7,

(notice that the map s — —®’(1/s) is monotone increasing, thus the problem is parabolic). This
can be explained as follows: setting

W(s) = s@(é), s>0, %(0) :limsq)(}) — Jim 200 (5.15)

sl0 S rf+oo T

a change of variables gives I(u) = [, ¥(6[u]) dy, and therefore we expect the gradient flow of I
to be related to the gradient flow of

o) = [ w3 (5.16)
v
Using the identities

Ly(s) = si/(s) — () = ~#'(2), /() = s79"(2), (5.17)



the PDE (5.14) can be written as

gtﬂ =div (BDY'(3)) = A(Ly(B)) in (0, 4+o00) x 7. (5.18)

As for the metric, again a change of variables (see [22] and also Lemma 5.5 below) shows that
it becomes Wj at the level of 3, and Otto’s calculus (see [35], [36] and Example 4.4) shows that
(5.18) is indeed the gradient flow of ¢ with respect to Wh.

A direct derivation is also possible, starting from the variational formulation of (5.11): first
of all we observe that changing variables inside the integral (5.9) yields

Sttwin) = [ (G ey =~ [ Lu@)uDm (5.19)
Now we choose a test vector field n of the form
— (DOT, with (e C2(7) = {g e C2(7) : DC(y)ny(y) =0 on 37/}, (5.20)
and we observe that in this case & = (D¢)7 o u and
ﬁlatu-ﬁd:v:ﬁl&u-(DC) oudx—/ C(u dx-/(ﬁdy, (5.21)
on the other hand (5.12) and (5.10) yield [, dyu - € dx = §I(u;n), so that (5.19) provides
G | san= [ Lugacay  veeci®) (5.22)
which is just the weak formulation of (5.14).

Having built 3, the remarkable fact is that one is able to build u solving a first order ODE
associated to the vectorfield

. DL T
Vi) =~ (0(ey)), sothat Ve~ (8)(Dy8) = -2E0 )
and precisely solving
Y'(t9) = V(LY (1.5) 50
Y(0,9)=y

and setting u.(z) = Y (t,u(z)). This is still a consequence of (5.12) by choosing an arbitrary
vector field of the form & := o u and applying (5.10) and (5.19): we obtain

__ [ DLyt .
/% Jru(z) - n(u(z)) dr = KZ/ 3 u-noudr = ADLqﬁ(ﬁ) ndy

(5.25)
- /// Ly(B) tr(Dm) dy = =61(usm) = =61 (u; §).

When ¥ is bounded and of class C%® the main result of [22], obtained along the lines of the
previous discussion (see also Example 4.4(a)), can be stated as follows.
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Theorem 5.1 (Evans-Gangbo-Savin) Let us assume that ¥ is a bounded open set of class
C*%; if ug € CY¥(U; V)N Diff (%; V) then there exists a unique solution u; € Diff (%; V)
with dpu € L2((0,T) x %;RY) of the (distributional formulation of) (5.11): w; admits the
representation wi(x) ;=Y (t,u(x)), where Y is defined (5.24), (5.23) and (5.14).

When ¥ is unbounded or w is not surjective or det D is not bounded away from 0 and +oo, we
should consider a wider class of maps and a weaker notion of solution, which are closely related
to the notion of weak diffeomorphisms of [25, Chap. 2]. In this case, the first variations of the
functional (5.7) introduced in (5.8) and (5.9) are not equivalent and the right notion of solution
should take into account both the approaches, as it should be clear by the previous calculations.

Definition 5.2 (Weak diffeomorphism) We say that a Borel map w : % — ¥V is a weak
diffeomorphism and we write diff (% ; V') if there exists a Borel set % C % such that

LUUN\ Uy) =0, w is differentiable at all points of U,

5.26
w: % — YV is injective and det Du(x) > 0 for all x € %. (5.26)
We say that a weak diffeomorphism u belongs to Diff (% ;) if there exists an open set Uy C U

satisfying (5.26) with w 2 € CH U V).

Definition 5.3 (Weak solutions of the gradient flow) We say that a family u; € af?(%, V)
with dyuy € L2((0,T) x % ;RY) is a solution of (5.11) if ® (det Du;) det Duy € LY (%) and

/ Oruy - m(ug) doe = / @' (det Duy) tr(Dynm(us)) det Dugde L -a.e. in (0,T),  (5.27)
4 4

for every vector fieldn € CY(V;7) withn-ny =0 on 0V

Notice that the area formula [6, Lemma 5.5.3] gives that if u € a;ff(?/, V') then

Ly — @) forz e %
wy (LU %) = Bl 2Ly with Blul(y) = { det Du(x) 77 NEE T 5 0
Moreover, it is easy to check that
I(u) = ¢(Blu]) if either ¢(0) = 0 or 2% ({y € ¥ : Blu](y) = 0}) = 0. (5.29)

The next result is the natural generalization of Theorem 5.1 when ¥ is unbounded or the initial
datum w is only in Diff (% ;%) (thus allowing for the degeneracy of S[u]).

Theorem 5.4 (Existence and uniqueness of weak solutions) Let us assume that

@ e Diff (%;7) N L*(%;RY), / ®(det Du(x)) dx < +oo, |, €CH, (5.30)
U
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where % is an open set with LU \ %) = 0 and that at least one of the following conditions
is satisfied:

¥ is bounded of class C*®, 0 < Bmin < = fl@] < Pmax < +00 Vy € ¥, (5.31a)

¥ =RY, B=pMal€ L), LyB)=p" for somem >1, (5.31b)

oY € C**, (4.78) holds, 3= Qa] € L™(¥), Apf is a finite measure in ¥.  (5.31c)

Then there exists a unique solution w; € Diff (%) with dyu € L*((0,T) x %;R%) of (5.11)

according to Definition 5.3; it admits the representation ui(z) =Y (t,u(z)), where Y is defined
by (5.24), (5.23) and (5.14).

Proof.  We follow the same construction we already described in the “regular” case. Applying
Corollary 4.14 we find an open set %) C w(%) with Z4(% \ v (%)) = 0 and a flow Y :
[0,T] x % — ¥ solving (5.24) for the velocity V given by (5.23).

It is not restrictive to assume %) = u(%p); setting u(t,z) := Y (t,u(z)), z € %, we find
B(t,-) = Blu(t,-)] and therefore

T T
/ / |8t’u,|2d:cdt:/ / |V(t,u(t,$))|2dgcdt
o Ju o Ju
T
= / |V (t,y)|* B(t, y) dy dt < +o0,
0 J%

by the energy estimate (4.13) in the Wasserstein space of equation (5.14).
We then have for p € C}(0,T) and n € C1(¥;7) with n-ny =0,

/ / (t)0wu - m(uw) dedt = / /% V(t,u(t,x)) - n(u(t,z))dxdt

_ —(DLy(B))"
‘JA p@)/; L sy

T
=/p@/mwmwm@ﬁ
0 v

T
_ / o(t) / —®(det Du) tr(Dr(w)) det Dudz dt,
0 /4

which yields (5.27), being p arbitrary. The uniqueness follows easily: for any other solution v,
choosing 7 = (D¢)T as in (5.20) we find that 3[v] is the unique weak solution 3 = B[u] of (5.14).
Arguing as above we obtain

o =V(tv) Llhae in%
for #'-a.e. t € (0,T). Possibly redefining v in a space-time negligible set we can assume that
v(-,z) is absolutely continuous, with derivative .Z!-a.e. equal in (0,T) to dsv(t,z), for Z%-a.e.
x € % . On the other hand, Fubini’s theorem gives that

dv =V (tv) Ll-ae. in (0,7T)
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for #%a.e. x € %. As a consequence, v(-, ) solves the ODE for #%-a.e. x € % . Invoking the
uniqueness of the flow (5.24) for y € ¥ of Corollary 4.14 we conclude that v(¢,z) = u(t, z).

Convergence of the variational approximation scheme

In [22] the authors raise the problem of the convergence of the variational formulation of the
Euler implicit scheme to their solution. Let 7 > 0 be a time step and let u® be recursively
defined by minimizing in diff (%;7") the functional

1
we Z(ws b = / = uF LR o + I(uw) (5.32)
T u&

with the initial condition u°® = u.
We denote by 8* the sequence of measure densities arising from the analogous recursive

minimization of the functional
1
B Gr(B;8571) = - WE(B,8°71) + 6(B), (5.33)

with ¢ as in (5.16) and the initial condition 3° = 3 = B[u] (see the previous section and, in
particular, Example 4.4).

Since the functional I (resp. ¢) differs only by a constant if we perturb ® (resp. ¢) by adding
a linear term As (resp. a constant term \), we can always assume that

o(r)

P(0) = lsiﬁ)l P(s) = rli)inoo " is either 0 or +o0, (5.34)
and we have
I(u) = ¢(Blu]) if either ¥(0) =0 or ¢(B) < +oc0. (5.35)

In this correspondence, the (usual) convexity of ¢ is equivalent to the polyconvezity of I, whereas
the geodesic convexity (4.52), (4.54) of ¢ corresponds to the condition that the map s — ®(s%)
is convex and nonincreasing in (0, +00), and it is equivalent to the convexity of I along a special
class of perturbations (closely related to the variation & of (5.9), see also (5.20), (5.21)), namely

t— I(n,ou) is convex whenever n, := (1 —t)i + t(D¢)T, with ¢ : RY — R convex. (5.36)

The following existence result for u*, together with some uniform estimates, has been proved in
[22] in the “regular” case, when ¥ is bounded and 0 < Bpin < 0 < Bmax < +00.

Lemma 5.5 (Discrete estimates) Assume that

(i) % is an open set in R? whose finite Lebesque measure is normalized to 1, ¥ is an open
(possibly unbounded) set of RY with C*< boundary;
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(i1) s +— s®(1/s) is smooth and convez in (0,400), and

lim ®(s) = 400, lim (s)

EXN0) s—+oo 8§ {’+OO}7

(iii) @ € diff (%; ) N L2(%;RY), B = Bla), ®(a) = ¢(B) < +oo.

Then the variational problems (5.32) and (5.33) can be iteratively solved in cﬁf?(%;”//) and
Po(V') respectively, they admit a unique solution with

AP =plt], wh=t"tou T F(uh W) =4 (8585 vReN, (5.37)

where t*~1 is the optimal transport map between BE=1 and . B
Finally, if 0 < Bin < B(2) < Bmax < +00, then all B are Lipschitz continuous in ¥,

0< ﬁmin < ﬁk < ﬁmax Vk e N (538)

and u* € Diff (% ;7)) for all k > 1.

Proof.  First of all, we observe that the map u — [[u].Z? between diff (% ;) (with the
L2-norm) and Z5(7) is non expansive, i.e.

Wa(B[ur].27, Blua] £7) < [lur — usl p2(7pay; (5.39)

for, we simply apply the very definition of Kantorovich-Wasserstein distance (2.5) with the plan
v = (ug,u2) 4L % . In particular, (5.39) and (5.35) show that

Fr(u,uf™1) > 4 (Bu); BF1); inf  Z(u,u N> inf 4 (Blu]; 557N, (5.40)
uediff (%;7) BEP (V)

We also observe that for every u; € (/ﬁff(%;”//) with 8129 = Blui]L? € Po(¥) and
(2L P (V) there exists a unique weak diffeomorphism us such that

o= Bluz] and |lur — ual| 2 gy = Wa(Blu1] L7, Bluz) £7). (5.41)

In fact, Brenier Theorem yields the existence of a unique optimal transport ¢ € L?(3y; R?) such
that t#ﬁliﬂd = B2.2%: thus, if uy satisfies (5.41), then the plan v := (uy, ug)#iﬂdl_% is
optimal and therefore us = t o ;. Moreover, t is .,S,”d—/e\s/sentially injective and differentiable at
(1L %-a.e. point of ¥ [24], so that us still belongs to diff (%; 7). It follows that

Fr(u,uf ) =G (Blu); 571 & u=touft 88 2 = Blu)#?, tis optimal.
(5.42)
Therefore, the minimization problem (5.32) associated to %, is completely reduced to the anal-
ogous one associated to ¢, (5.33). By (iii) we know that 3.2¢ € P (¥); since the function
defined by (5.15) is convex and lower semicontinuous,
lim ¢(s) = Slggo s®(1/s) = lim (r) = 400,

§—00 0+ T
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and ¥4, (BF1; gF1) = ¢(B*1) < +oo, it follows that the minimum problem for 4, (-; 3%~1)
always admits a unique solution 8% with ¥4 € 225(7) (notice that, in the case ¥(0) > 0, the
assumption ¢(3) < 400 forces L4(¥) < +00).

The estimate (5.38) (here ¥ should be bounded) can be proved arguing as in [36], [1], while
the Holder continuity of 5* follows by elliptic regularity theory and the Euler-Lagrange equation,
which reads (see for instance [6, Lemma 10.1.2, Thm. 10.4.6])

sh=1_4

At e LX), =

DLy(5") =

Since Ly, (s) > 0 in [Bumin, Bmax] we conclude that % are Lipschitz. The map u* defined in (5.37)

belongs to Diff (%, %) by the Caffarelli-Urbas regularity theory (see [12, 14, 13, 15], [39, 40]).
U

Before stating our final result, concerning the convergence of the discrete scheme, let us collect
some remarks which easily follows by the above proof and which we briefly discussed at the end
of the Introduction.

Remark 5.6 (Slope comparison) Recalling that [6, Lemma 3.1.5]

L106P(3) = limsup 7~ (6(8) — inf % : 5)). (5.43)
o

710

and, analogously,

= limsup 7! (I(u) — inf %, (v; u)), (5.44)
710 v

(I(u) - 1@))*)2

1
—10I*(u) = limsu
1011 (w) p( e

lv—ull2—0
(5.42) shows that
011(u) = |00|(8) ifuediff (%:7), B=pul, I(u)=daQ)<+o. (5.45)

On the other hand, when v satisfies (4.54), ¥ is convez, and therefore the functional ¢ is
displacement convex according to (4.52), then [6, Thm. 10.4.9]

06(8) < +oo <= Ly(B) e Whl(¥), VLu(B)=pw forwe L2(BL4RY)  (5.46)

loc

0P () = [ lePady= | ‘VL;@

If B € L™(¥) we can approximate w in L?(3.2%R?%) by smooth vector field with compact
support: a further integration by parts shows that

and

2
3dy. (5.47)

0l(9) =sup { -~ [ Lu(@)-uDmydysne Cloiry, [mPsa<i). Gy
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Recalling (5.19) and (5.10), if w € Diff (%; ¥) we get

=supidl(u;n) =d6I(u;nou): w(z))|? dz .
061(8) = sup {51 (wim) = S1(wimow): [ intua) P <1}, (5.49)
and therefore

109[(8) = [01|(u) < | div DF(Du)||r2(%)- (5.50)

The converse inequality follows easily by taking variations of I along smooth vector field £ €
C2(% ;R?) and yields the identity

101|(w) = || div DF(Dw)| 24 Vu € Diff (Z; 7). (5.51)

Theorem 5.7 (Convergence of ult/™) Let %, ¥ be open sets in R with LU U) < +oo.
Assume that

(a) u fulfils (5.30) for some open set Uy C % with full measure in U ;
(b) at least one of the conditions (5.31a,b,c) holds;
(c) © satisfies the assumption (i) in Lemma 5.5.

Then
liﬂr)l w7 =, in L?(%), locally uniformly in [0, 400)
T
and wy s the unique weak solution of (5.11), according to Definition 5.3 and Theorem 5.4.

Proof.  The discussion of Example 4.4 shows that the initial datum 3 and the form of the
equation satisfy the conditions of Theorem 4.12.

Recall that uw = Y (t,u), with Y flow of the vectorfield v;. By applying (5.37) repeatedly
we obtain u* = T* o @, where T* is the iterated transport map defined in (4.58).

Then, Theorem 4.12 ensures (recall that ¢, ; = T/ when t/7 is an integer)

lim [ max |[TW7() =Y (¢, )PBy)dy=0 VT >0. (5.52)
710 Jy t€[0,T]
By taking a right composition with @ in (5.52) the proof is achieved. O
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