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Abstract

The birdcage coils are extensively used in MRI systems since they introduce a high signal to noise ratio and a high radiofrequency
magnetic field homogeneity that guarantee a large field of view. The present article describes the implementation of a birdcage coil
simulator, operating in high-pass and low-pass modes, using magnetostatic analysis of the coil. Respect to other simulators
described in literature, our simulator allows to obtain in short time not only the dominant frequency mode, but also the complete
resonant frequency spectrum and the relevant magnetic field pattern with high accuracy. Our simulator accounts for all the
inductances including the mutual inductances between conductors. Moreover, the inductance calculation includes an accurately
birdcage geometry description and the effect of a radiofrequency shield. The knowledge of all the resonance modes introduced by a
birdcage coil is twofold useful during birdcage coil design: —higher order modes should be pushed far from the fundamental one,
—for particular applications, it is necessary to localize other resonant modes (as the Helmholtz mode) jointly to the dominant mode.
The knowledge of the magnetic field pattern allows to a priori verify the field homogeneity created inside the coil, when varying the
coil dimension and mainly the number of the coil legs. The coil is analyzed using equivalent circuit method. Finally, the simulator is
validated by implementing a low-pass birdcage coil and comparing our data with the literature.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction tion, to less than 2 x 2 cm as in micro-imaging applica-
tions.
The birdcage coils are resonators characterized by

more than one resonant mode: in fact, an N legs coil will

In 1985 Hayes et al. have firstly described the use of
birdcage coils in magnetic resonance imaging systems,

by confirming their ability to generate a highly homo-
genous radio frequency (RF) magnetic field with a high
signal to noise ratio (SNR) [1]. We recall that the RF
field homogeneity guarantees a uniform atomic nuclei
excitation that is a prerequisite to obtain a large field of
view (FOV), while the high SNR allows to obtain high
quality images. Another important birdcage coil feature
is the ability to produce circular polarized field by means
of quadrature excitation that increases SNR by a factor
of /2 [2]. Birdcage coils are widely used in MRI both in
low and high field scanners, as transmitter and receiver
coils. Birdcage dimensions can vary from about 80 cm
diameter and 200 cm length, as in whole-body applica-
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supply N/2+1 distinct resonant modes [3], even if
usually the working resonant mode in MRI is the
sinusoidal one. On the other hand, the complete
spectrum knowledge is required in order to maintain
the working mode far away from the other resonant
modes to guarantee a perfect tuning of the coil on the
precession frequency of the atomic nuclei, according to
the Larmor law [4]. Moreover, when the high-pass
birdcage coil is employed in open magnet systems [5],
another resonant mode, called the Helmholtz mode,
apart from the sinusoidal one, is used. In such situation,
the frequency localization is useful in order to obtain a
quadrature excitation of the birdcage coil. Moreover,
the a priori knowledge of the magnetic field pattern is
necessary for the birdcage design, since the field homo-
geneity varies with the coil dimensions and mainly with
the legs number [6].

1352-8661/02/$ - see front matter © 2002 Elsevier Science B.V. All rights reserved.
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Fig. 1. (a) High-pass birdcage coil (b) Low-pass birdcage coil.

By means of the birdcage coil equivalent electric
circuit [7-9], it is possible to analyze the coil frequency
response. In the literature, a number of simulation
software have been proposed, as the ones introduced
by Jin [10] and Chin [11]: the first one determines the
resonance frequency modes carrying out heavy approx-
imations in accounting for mutual inductances, while
the second one supplies only the dominant resonance
mode instead of the complete frequency spectrum and it
does not supply magnetic field patterns. Our simulator
allows to obtain, with high accuracy and in short time,
not only the dominant frequency mode, but also the
complete resonant frequency spectrum and the relevant
magnetic field pattern, carefully accounting for the
contributions of all the conductors.

It is well known that a shield can be needed in order to
minimize interference between birdcage and other coils
(i.e. gradient and shim coils) inside the MRI system. The
developed software allows to simulate also the shielding
contribute, taking into account not only the legs effect
[12], but also the coil end-rings.

The accuracy of the developed simulator, based on
Interactive Data Language (IDL, Research System)
language, derives from the fact that it accounts for all
the mutual inductances between coil conductors, wire or
strip types. In order to validate the simulator, a low pass
birdcage coil prototype has been constructed while an
high pass version has been validated using the literature
data. Theoretical and measured results confirmed the
utility and accuracy of the developed software, also in
presence of shielded coil.

2. Theory
2.1. Birdcage coil circuit analysis

The high-pass and low-pass birdcage coils are char-
acterized by the way in which the capacitors are

disposed (Fig. 1). Our method uses an electric equivalent
circuit for the birdcage coil simulation based on
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Fig. 2. Segment of the equivalent circuit for a high-pass birdcage coil.

electrical network theory, where conductor is modeled
as an inductance. The magnetic field B, is evaluated by
using the Biot—Savart law.

Applying the equivalent electric circuit method, the
high pass birdcage coil can be described as the repetition
of the electric network segment shown in Fig. 2. In Fig.
2, Lleg represents the self-inductance of the legs, C
represents the capacitance of the capacitor between two
legs (supposed of the same values) and Ler represents
the self-inductance of the end-rings segments. We take
into account also the mutual inductance: we indicate
with Lleg;; (or Lleg; ;) the mutual inductance between j-
th and i-th legs, with Ler;; (or Ler;;) the mutual
inductance between the conductor that contains the j-
th capacitor and the conductor that contains the i-th
capacitor in the same end-ring and with Ler;; (or Ler;))
the mutual inductance between the conductor that
contains the j-th capacitor and the conductor that
contains the i-th capacitor in the different end-ring.

By applying the Kirchoff law to the mesh including
the j-th leg, the (j+1)-th leg and the j-th capacitor and
by considering that 1= 1/w? the following matrix
equation can be obtained [10,13]:

(K1} = AIHKT} (1)

where {I} represents a column vector given by: {I} =
[I,, L, ..., I,]", [K] and [H] are both N x N square
matrices, whose elements are given by:

K = Lleg;, — Lleg;, \, — Lleg;;  + Lleg;
+2(Ler;y — L_erl.yk) )
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Fig. 3. Segment of the equialent circuit for a low-pass birdcage coil.
H;, =20;,/C 3)

where ¢, is the Kronecker delta, defined as: 6, =1 for
J=kand J;, =0 for j #k.

In order to calculate the solution of Eq. (1) we assume
that:

det[K — 1H] =0 “4)

Being this determinant a N degree polynomial, Eq. (4)
has N solutions (4, 4,,..., 4y), that correspond to the
N resonant frequencies. These N solutions correspond
to the eigenvalues in Eq. (1) and for each 4,, a solution
exists for {I} that is indicated as {I},; so, for N
solutions of A, we obtain N solutions {/}:
{I},, {I},,..., {I}, that are the eigenvectors of Eq.
(D).

The following considerations arise: (a) the highest
resonance frequency corresponds to m = 0, that means a
constant current in the end-rings and a null current in
the legs. To this frequency, the birdcage coil behaves like
a Maxwell coil, with equal and opposite currents in the
two end-rings. (b) Two contiguous modes (degenerate
modes) have the same resonant frequency and generate
orthogonal magnetic fields: as we will see later, the first
two, corresponding to m=1 and m =2, are able to
produce a uniform magnetic field, that is a prerequisite
for medical applications with MRI.

It is worth observing that another resonant mode, not
accounted in the analysis method herein described, is
available in the birdcage coil frequency spectrum. This
mode is characterized by equal currents in the same
direction in the end-rings, so the birdcage coil behaves as
a Helmholtz coil. The relevant resonant frequency is
given by [3]:

N
wy = (5)
C (Lring + Mring)

where L, and M, represent, respectively, the auto
inductance of each end-ring and the mutual inductance
between them.

The analysis of the birdcage coil in the low-pass
version is performed starting from its equivalent circuit,

showed in Fig. 3.

In fact, repeating the same identical procedure devel-
oped for the high pass version, the matrix equation as in
Eq. (1) is obtained, with the only exception that now the
matrix H is pentadiagonal in the shape [3]:

H, ,=-1/C H;=2/C
H,',,'+1 :_I/C HI,N:HN,I :_I/C (6)
H;; =0 for others k

where N is the number of the legs of the coil.

2.2. Shielding

A MRI system uses a set of three coils (gradient coils)
for field gradient generation in order to obtain spatial
localization information. Compensation coils (shim
coils) are also used to increase static magnetic field
homogeneity. When a radio frequency field generated by
the RF coil is applied, interaction with gradient and
shim coils can degrade RF coil performance in terms of
signal to noise ratio and they can generate spurious
resonant frequencies [10]. In order to avoid such draw-
back, RF coil is partially shielded. However, the shield
strongly modifies resonance frequencies and field dis-
tribution in the RF coil. An accurate simulator should
include the ability of predicting the resonance frequency
shift in dependence of the shield position respect to the
birdcage coil.

The shield effect has been studied by means of the
images method that assumes that the field produced by
induced currents on the shield is identical to the field
produced by the original currents images. Because the
birdcage coil conductors are parallel to the shield, the
image currents have to flow in the opposite direction to
the currents in the conductor in order to satisfy the
boundary conditions to the shield edges.

As we will see from simulation results, the use of the
shield involves the reduction of the auto and mutual
inductance values and therefore the resonant frequencies
increase. The shield effect can be simulated modifying
Eq. (2) by inserting the terms relevant to the mutual
inductance between the coils conductors and their
images. The approximation that is carried out in order
to localize the image currents is that the shield length is
much higher than the coil one [10,14]. Because the shield
can be locally approximated as a cylindrical surface, the
current images that flow in the coil legs can be localized
on an imaginary cylinder of radius equal to R, = R}/R
where Ry and R are the shield and birdcage radius,
respectively [10,15,16]. It should be stressed that in this
study we have seen that partitioning each one of the N
segments of the coil end-rings in the sum of a high
number of infinitesimal contributes, we can assume that
previous approximation is yet valid so we can localize
even the images of these conductors in the same virtual
cylinder. This technique allows one to predict the RF
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Fig. 4. Segment of end-ring for a strip conductor.

shield effect in a more accurate manner with respect to
other simulators.

3. Materials and methods

3.1. Analytical simulation of inductances and magnetic
fields

As far as the analysis and the design of radio
frequency coils, it is necessary to evaluate the conductor
self-inductance and the mutual inductance between the
two conductors. The self-inductance of a conductor,
which is fed with a current density J is evaluated by
means of the following expression [10]:

I [ R T
|4 v

where g, is the permeability of free space, I represents
the total current in the conductor, V' is the conductor
volume and R=|r—1r"|.

By assuming that the current is uniformly distributed
over the surface of the strip, the evaluation of the self-
inductance of a strip of width w, length / and negligible
thickness can be approximated by a very simple formula
[17]:

21 1
L= ol In l—i— ®)
2 w2

whose accuracy increases as / is large with respect to w.

This formula can be used to calculate the self-
inductance of the birdcage coil legs (Lleg), because the
strip width is much lower than the coil length. In order
to accurately take into account the end-ring shape (with
respect to the approximations made by the other
simulators or by the literature data, see [18]), we
consider the conductor segments that constitute the
birdcage end-rings, as outlined in Fig. 4: (a) lateral and
(b) upper side birdcage views.

Referring to Eq. (7), the infinitesimal surfaces are
given by the following expressions:

ds=adf dz 9)
ds'=a do dz’
while the points coordinates 7 and 7 are given by:
F=(x, y, z)=(acos 6, asin 0, z) (10)
7=, y,z)=(acos @, asin 0, z')

The term in Eq. (7) given by the scalar product of the

current densities divided by the square of the total

current becomes:
J@r) - J@) 1
I? w2

cos(6’ — 0) (11)

where w is the conductor strip width. The distance R
between the two points is given by:

R=\J(x—x) + (=) + (=)

= \/[a cos @ —acos 01 +[asin 0 —asin 0] + (z—z)
(12)
The final expression that allows to calculate the self-
inductance value of an end-ring segment, is constituted
by a quadruple integral, in which dz and dz’ are
integrated from 0 to w (strip width of the conductor),
while df and d0’ are integrated from 0 to 2z/N (length
of the segment over the ring, being N the number of the
birdcage legs):
w/2 2n/N w/2 2rn/N

a2
L=t JJJJ%dzdzdew (13)

47w?
—w/2 0 —w/2 0

As far as the mutual inductance calculation, we
consider two conductors with current density J, and J,
across ¥, and V, volumes. Assuming that /, and I, are
the total currents in the ¥, and V/, volumes respectively,
the mutual inductance expression between the two
conductors is given by [10]:

M12:M21

:4:1?12 ”Vfl ”i D) ;Z(r/) dode’  (14)

If the strip width is much lower than the distance d
between two parallel conductors of the same length / (as
the legs of the birdcage coil), the solution of Eq. (14) can
be approximated by the following equation [17]:

M, =M,

! l P & d
R e VA E e 15
2 [n<d+\/ +d2> \/ +12+z} (1)

As far as the mutual inductance evaluation between
the segments that constitute the coil end-rings, the
relevant formula is the one that allows to calculate the
ring segment self-inductance (Eq. (13)). The only
difference is that in the case of the mutual inductance
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Fig. 5. Segment of end-ring for a wire conductor.

the integration extremes are referred to two distinct
segments, that is:
w/2 (+1)27/N w/2 (k+1)2n/N
_ o
4w?

M
—w/2 j2n/N —w/2 k2n/N

V2
W SO =0 4 do o (16)

where j and k characterize two ring segments.

In the case of cylindrical symmetrical conductors
(wire), by assuming that the current is uniformly
distributed over the surface of the wire, the Eq. (7) is
used for the self-inductance calculation of a wire of
radius ¢ and length / that can be approximated by the
following formula [17]:

L:“Ol(lny—1) (17)

2 a

whose accuracy increases as / increases with respect to a.
This is the formula used for the self-inductance calcula-
tion of the birdcage coil legs (Lleg) made by cylindrical
wire.

Let us consider the conductor segments that consti-
tute the birdcage end-rings, as drawn in Fig. 5: (a)
section (b), upper view (R indicates the birdcage radius
at the end-rings center distance and a the cylindrical
wire radius).

Remembering Eq. (7), the surface infinitesimal calcu-
lated in spherical coordinates, are given by the following
expressions:

ds=a(R+acos ¢)de do (18)
ds"=a(R+acos ¢') do’ do’
while the points 7 and 7 coordinates are given by:
F=(x, y, 2)
= (R cos 8 +acos ¢ cos 8, Rsin 0
+acos @ sin 0, a sin @) (19)
F=,y, )
=(Rcos 0"+ acos ¢’ cos 0, Rsin ¢
+acos @’ sin 0, asin @)

The term given by the scalar product of the current

density divided by the square of the total current
becomes:
J@r) - Jr) 1

Iz = (2may’ cos(6’ — 0) (20)

where a is the conductor radius.
The distance R between the two points is given by:

R=\/(x= XV + =)+ (c— = @1

The final expression that allows to calculate the self-
inductance value of a cylindrical conductor segment that
constitutes the end-rings, is made of a quadruple
integral, in which dp and d¢” are integrated from 0 to
27 (on the section of the conductor that constitutes the
segment), while df and d@’ are integrated from 0 to 2
n/N (length of the segment over the ring, being N the
number of birdcage coil legs):

2m2n/N2m2n/N 0 0
4n(2ra) R
00 0 0
X (R+acos ¢')de’ d0” de dO (22)

Since the conductor dimension is small with respect to
the distance among legs, the evaluation of the mutual
inductance evaluation along the birdcage coil legs is
carried out using Eq. (15). Moreover, the mutual
inductance evaluation between different end-ring seg-
ments uses Eq. (22), already applied to calculate the ring
segment self-inductance, by changing the mutual induc-
tance integration extremes as follows:

2a(j+ 127/ N2n(k +1)27/N
M= Ho , f
4n(2ra)
0 j2n/N 0 k2n/N
0 —40
X cos(0” = 0) a*(R+a cos @)
R
X (R+acos ¢')dep’ df’'de db (23)

where j and k individualize two ring segments.

The case of the wire conductors coil can be studied
using the strip conductors formula as follows: Egs. (8)
and (17) are made equal and conductors are assumed to
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Fig. 6. Contour and 3D plots of the B, field of an 8 legs low-pass
birdcage coil for mode 1.

have the same length /. Carrying out simple mathema-
tical operations, a relationship is obtained that allows to
evaluate the equivalent width w of a wire of radius ¢[10]:

w=4.482a (24)

In order to perform magnetic field analysis for a
birdcage coil, the Biot-Savart equation is used. The use
of this theory that implies a nearly static magnetic field
assumption is valid when the coil dimensions are much
lower than the wavelength. This assumption is often
verified at frequencies routinely used in MRI applica-
tions, so that the simulator can be effectively used for
the MR birdcage coils design. As an example, at 1.5 T
the related wavelength is 4.7 m and the nearly static
assumption holds for any birdcage dimensions. Increas-
ing the magnetic field strength, the approximation holds
as the coil dimension decreases. For instance, at 6 T (255
MHz frequency, 1.7 m wavelength) the Biot—Savart
equation can yet used for small birdcage coils. In order
to calculate the magnetic field generated by the currents
along the birdcage conductors, the coil can be subdi-
vided in legs and in end-ring segments in order to
separately study their total field contribution.

For this purpose, the birdcage conductors strip width
(or the wire radius) can be neglected with respect to the
wavelength in order to treat them as very thin wires.

10

Y(cm)

Fig. 7. Contour and 3D plots of the B, field of an 8 legs low-pass
birdcage coil for mode 3.

4. Results and discussions

The software used for the birdcage coil simulator was
developed using the IDL 5.4 (Interactive Data Lan-
guage) environment, distributed by the Research Sys-
tems. The program is able to evaluate all the coil
resonant frequencies and to plot magnetic field distribu-
tion diagrams as contours (level curves), 3D representa-
tion and axial sections. The time required for a typical
analysis (i.e. 8 legs birdcage) is about 30 s on 1 GHz
Pentium based PC. The source code is available on
request.

The input parameters are the coil dimensions (length,
radius and legs number), the conductor dimensions
(strip width or wire radius), the capacitor value and
the z coordinate to which the field diagram refers.

The diagrams herein discussed are relevant to a coil
whose inferior end-ring lies on the x, y plane and
centered at x=0 and y=0.

The diagrams in Figs. 6-9 refer to magnetic field
patterns relevant to a low-pass birdcage coil with N =8
legs, length 11 cm, diameter 13.4 cm, conductors
constituted by 1 cm width strips and referred to a z
coordinate equal to half the coil length.
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Fig. 8. Contour and 3D plots of the B, field of an 8 legs low-pass
birdcage coil for mode 5.

The low-pass version of the birdcage simulation
corresponds to a highly uniform modes 1 and 2
(sinusoidal modes) magnetic field (Fig. 6 shows the
magnetic field for the mode 1).

In order to verify the magnetic field homogeneity
produced inside the coil, we refer to Fig. 10, obtained
carrying out an axial section of the birdcage coil and
plotting the mode 1 field.

In order to validate the simulator, a birdcage coil has
been realized using a 12 cm in height and 13.4 cm in
diameter plexiglass cylinder; on such cylinder a 1 cm
width and 35 pm thickness adhesive strip was applied in
order to obtain a 11 cm in length birdcage coil. The
contact points among the different legs and the end-
rings segments were melted in order to obtain electric
continuity.

Along the legs, 2 nF capacities were introduced using
two 1 nF capacitors (ATC 100B-American Technical
Ceramics, USA) with a high quality factor (Q > 10000
at 1 MHz). Fig. 11 shows the prototype coil.

The coil has been tested using a network analyzer (HP
3577 A) and a dual-loop probe [19]. In Table 1 the
comparison between theoretical and measured resonant
frequencies is reported, showing a deviation lower than
2.2%. Such deviation is compatible with the capacitors
tolerances used in the birdcage coil construction.

10
5. 4
s o |
>
_5_ 4
-10 . .

Fig. 9. Contour and 3D plots of the B, field of an 8 legs low-pass
birdcage coil for mode 7.

For the same coil, the resonant frequency of the
dominant mode obtained using the two simulators
available in the literature is 9.291 MHz [10] and 7.730
MHz [11], with an accuracy of 15 and 4.3%, respectively
(see Table 1).

To experimentally verify the magnetic field pattern
generated by the simulator, we measured the field
uniformity for the sine wave mode in the central
transverse planes perpendicular to the birdcage coil
axis, obtaining a satisfactory value of 72%.

The simulator was also tested when the coil is
shielded. Two cylinders were built and shielded with
conductor material, of 16 and 24 cm diameters, respec-
tively. In Tables 2 and 3 the theoretical and measured
resonant frequencies show a good agreement (the error
is below 4.2 and 1.6%, respectively, while the simulator
in [10] provides frequencies with an error of 9.3 and
11.6%, respectively), demonstrating the accuracy of our
approach to simulate the RF shielding contribute.

We have also tested the simulator using data de-
scribed in the literature [20] for a high-pass birdcage coil
tuned at a much greater frequency than the low-pass
prototype herein developed; the comparisons are shown
in Table 4, giving evidence of a deviation lower than
4.5% (while the other simulator gives an error of 8.8%).
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Fig. 10. Axial sections plots (x =constant and y = constant) of the
simulated B, field of an 8 legs low-pass birdcage coil for mode 1.

Fig. 11. Illustration of the built low-pass birdcage coil.

Table 1

Comparison between predicted and measured resonant frequencies
(MHz) of the built LP birdcage coil with our simulator, simulator 1
[10] and simulator 2 [11]

Mode Our simulator Measured  Simulator 1 Simulator 2
1 8.259 8.081 9.290 7.730

3 12.044 12.075 12.383 -

5 13.695 13.875 13.718 -

7 14.174 14.475 14.113 -

Table 2

Comparison between predicted and measured resonant frequencies
(MHz) of a shielded LP birdcage coil (radius of the shield: 8 cm) with
our simulator and simulator 1 [10]

Mode Our simulator Measured Simulator 1
1 10.423 10.004 10.938

3 13.918 13.887 14.067

5 15.105 15.252 15.086

7 15.416 15.707 15.353
Table 3

Comparison between predicted and measured resonant frequencies
(MHz) of a shielded LP birdcage coil (radius of the shield: 12 cm) with
our simulator and simulator 1 [10]

Mode Our simulator Measured Simulator 1
1 8.543 8.412 9.390

3 12.185 12.237 12.417

5 13.744 13.962 13.695

7 14.199 14.450 14.075
Table 4

Comparison between predicted and measured resonant frequencies
(MHz, see Ref. [20]) of a HP birdcage coil with our simulator and
simulator 1 [10]

Mode Our simulator Measured Simulator 1
1 78.055 74.650 81.222
3 56.376 57.450 56.472
5 47.750 48.880 47.464
7 45.350 46.780 45.009

It proves the simulator is highly efficient also for
frequencies routinely used in MRI applications.

5. Conclusions
The present article describes the implementation of a

birdcage coil simulator, in the high-pass and low-pass
versions in order to supply, with high accuracy, all the
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coil resonant modes, also when the coil is shielded.
Moreover, the developed software allows a priori
knowledge of the magnetic field pattern inside the coil,
thus verifying the homogeneity degree.

The first innovation of this simulator respect to the
others described in literature is the ability to simulate
more accurately the effect of the RF shield, including the
effect of the end-ring segments. Moreover the software
takes into account the mutual inductances between all
the conductors. Finally, the end-ring segments induc-
tance calculation is done by accounting for the segment
geometry. The simulator has been validated for a low-
pass birdcage coil by measuring the resonant frequency
modes in a real birdcage home-built for this purpose,
and for a high-pass version by using data available in
the literature. The test allowed one to evaluate the
accuracy degree of the developed simulator. The pro-
posed simulator was demonstrated to be able to obtain a
complete resonant frequency spectrum and the relevant
magnetic field pattern with high accuracy and in short
time.
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