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SENSITIVITY TO SWITCHING RATES IN STOCHASTICALLY
SWITCHED ODES

SEAN D. LAWLEY, JONATHAN C. MATTINGLY, AND MICHAEL C. REED

ABSTRACT. We consider a stochastic process driven by a linear ordinary dif-
ferential equation whose right-hand side switches at exponential times between
a collection of different matrices. We construct planar examples that switch
between two matrices where the individual matrices and the average of the
two matrices are all Hurwitz (all eigenvalues have strictly negative real part),
but nonetheless the process goes to infinity at large time for certain values of
the switching rate. We further construct examples in higher dimensions where
again the two individual matrices and their averages are all Hurwitz, but the
process has arbitrarily many transitions between going to zero and going to
infinity at large time as the switching rate varies. In order to construct these
examples, we first prove in general that if each of the individual matrices is
Hurwitz, then the process goes to zero at large time for sufficiently slow switch-
ing rate and if the average matrix is Hurwitz, then the process goes to zero at
large time for sufficiently fast switching rate. We also give simple conditions
that ensure the process goes to zero at large time for all switching rates.

keywords. Ergodicity, piecewise deterministic Markov process, switched dynam-
ical systems, hybrid switching system, planar switched systems, linear differential
equations.

AMS subject classifications. 60J75, 93E15, 37H15, 34F05, 34D23.

1. INTRODUCTION

We consider the stochastic process (X;)¢>0 € R? where X; solves X, =A 1, X with
I a Markov process on a finite set E and {A;}icp a set of d x d real matrices. The
stability of this system when the switching process I; is deterministic has been
extensively studied in the past decade. See [11] for a review of the deterministic
case.

In [5], the authors study the stochastic problem in the plane with I; a Markov
process and E={0,1}. The authors assume both Ay and A; are Hurwitz (all
eigenvalues have strictly negative real part) and prove the surprising result that
[| X¢|| may converge to 0 or +o0o as t— oo depending on the switching rate as
long as an average matrix A=AAg+ (1—\)A; has a positive eigenvalue for some
A€(0,1).

In this paper, we show that the assumption that the average matrix has a pos-
itive eigenvalue is not necessary to ensure a blowup. Specifically, we construct
examples in the plane where Ay, A, and A=\ Ay + (I1=X)A; are all Hurwitz, but
[| X¢|| = +o0 almost surely as t— oo for certain values of the switching rate. This
is significant for the general study of switching processes because it shows that
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the dynamics of the switching process can be very different from both the indi-
vidual dynamics (in this case, the A;’s) and the averaged dynamics (in this case,
A). These planar examples are also interesting because they have multiple phase
transitions between || X¢|| going to 0 and going to +oo at large time as the switching
rate varies. Furthermore, we construct examples in higher dimensions that have
arbitrarily many such phase transitions.

Recently researchers have devoted considerable attention to randomly switched
systems and we now comment on our work in this broader context. [6], [3], [4],
and [I] all study invariant measures for such processes. Our work shows that
the existence of such invariant measures may depend in a complicated way on the
switching rates. In [7], [8], and [2], the authors provide conditions under which their
randomly switched systems behave according to the individual systems for slow
switching and according to the averaged system for fast switching. We prove that
our system also obeys this principle in Theorems 2.4l and However, we show in
ExampleBIlthat the transition between the slow and fast switching regimes can be
quite complicated. Furthermore, Example [3.4] shows that it can be as complicated
as we want.

As background for these surprising results, we first prove sufficient conditions
to ensure stability for all switching rates in Section Bl Furthermore we also show
in Section 2 that the individual matrices determine the stability for slow switching
and that the average matrix determines the stability for fast switching. In Section
we use these theorems to construct examples that show “medium” switching can
induce blowups even when the individual matrices and the average matrix are all
Hurwitz.

We conclude this introduction by defining notation. Let E={0,1,...,n—1} and
let {A;};cr be a set of dxd real matrices. For a given switching rate r >0, let
(It)t>0 be an irreducible continuous time Markov process with state space E and
generator ). Under these assumptions, the Markov process on E with generator
r@ has a unique invariant probability measure which we denote by 7. Furthermore,
7 is the unique probability vector satisfying 7@ =0.

Define (X;);>0 to be the solution of

t
(1.1) XtZXo-i-/ Ar, Xsds, (tZO).
0

Then (X;,I;)i>0 is a Markov process on R¢ x E. Unless otherwise noted, assume
throughout that the distribution of the initial condition (Xo,ly) is some given prob-
ability measure on R? x E satisfying E||Xo|| < co. Define the average matrix

A:ZAﬂTi-

D)

The following description of our process will be useful. Let £1,&s,... denote the
succession of states visited by Iy, 71,72,... the holding times in each state, N(t) the
number of switches before ¢, and at:t—zg:(? 7 the time since the last switch.

Observe that we can write X; as

(1.2) X = exp(AgN(t)+1 at)exp(AEN(t) TN(t)) ...exp(Ag, 1) Xo.
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2. BASIC STABILITY THEOREMS

Theorem 2.1 (normal case). If A; is normal and Hurwitz for each i€ E, then
[|X¢|| = 0 monotonically as t — oo almost surely.

Proof. Since each A; is normal and Hurwitz, there exists a >0 so that for each
A; and for every t >0,

|lexp(A;t)||<e < 1.
Therefore

||Xt|| = || exp(AfN(tHl at) exp(AﬁN(t) TN(t)) . 'exp(Afl Tl)XOH
N (1)

< llexp(Aey ., a)l|( TT llexp(Ae,m)ll) 1ol
k=1

<e M| Xo|| =0 ast—oo.

To see that the convergence is monotonic, let 0 < s <t and replace Xy by X in the
calculation above. (]

Theorem 2.2 (commuting case). Assume {A;}icp is a commuting family of ma-
trices. If A is Hurwitz, then || X¢|| =0 as t — oo almost surely.

Proof. Since A is Hurwitz, there exist positive 5 and v so that for each ¢ >0
[lexp(At)]| < Be™".
For each ¢ >0, define

1 N(t) 1 t
Ct:E(;A&Tk'f‘A&N(t)ﬂat) :ZAlg/ 115:id8'

i€E 0
Now since {A;}icg is a commuting family of matrices, Equation (I.2)) becomes

N(t)
[1Xel | = llexp (D Aey i+ Ay 101 ) Xol | = [l exp(Cet) X
k=1

= [lexp (At) exp ((C; — A)t) Xo|| < Be el G=Alt| X, ||,

Since Q is irreducible, C; — A almost surely as t — oo since % fg 17,=ids —m; almost
surely as t — oo (see [12], page 126). Thus, || X;|| — 0 almost surely as t »o00. O

Remark 2.3. If{A;}icp is a commuting family of matrices and each A; is Hurwitz,
then A is Hurwitz. This is an immediate consequence of the fact that eigenvalues
“add” - in some order - for commuting matrices.

Theorem 2.4 (slow switching). Assume A; is Hurwitz for each i € E. Then there
exists a constant a>0 so that if r <a, then || X¢|| =0 as t— oo almost surely.

Proof. Since each A; is Hurwitz, there exist §>1 and v > 0 so that for each A; and
each t>0

[lexp(Ait)]| < Be™".
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Therefore from Equation (L2)), we have that

N(#)

12l < [lexp(Agy,y. a0l | T llexo(Ag,moll) 1 Xoll
(2.3) k=1

~ N(t)+1
<O ol =exp ( (T tog— )t 1L

Next we claim that we have the following almost sure convergence as K — oo
1 - -1
(2.4) ngk% (TZWiQi) 5
k=1 icE
where ¢; is the ith diagonal entry of ). To see this, let s; denote the duration of

the jth visit of the process I; to state i € E and let V;(K):= Zszl ¢, =i denote the
number of visits to ¢ before the Kth jump of the process I;. Then

1K 1%(K)i Vi(K) 1 Vi(K)i
PWIDN DIEDIS Pt

icE j=1 i€EE

For each i€ FE, Vil(f) —qiTi /(D pep WTr) almost surely as K — oo since @Q is ir-

reducible. And by the strong law of large numbers, ﬁzy;(f ) s; — %q almost
surely as K — 0co. Therefore, Equation (2.4) is verified.

By the definition of N(t) we have that Z]k\]:(tl) T <t< Eivz(?ﬂ 7. Therefore

STt St N +1
N(t) —N(t)~ N(@)+1 N(@)

Since each 75 is almost surely finite, N(¢) — oo almost surely as ¢t —oo. It then
follows from combining Equations (2Z4) and (23] that

N(t
L —>7'Z7Ti%' almost surely as t — oo.

t “
i€l

(2.5)

So if r <~(2log8Y",cpmigi) ", then || X¢|| — 0 almost surely as ¢t — oo by Equation

@3). O

Theorem 2.5 (fast switching). Assume A is Hurwitz. Then there exists a constant
b>0 so that if r>b, then || X¢|| =0 as t — oo almost surely.

The proof relies on the following lemma. Let E, denote the expectation with re-
spect to the measure of the process (I;):>o with Iy distributed according to v. Since
we will consider processes with different switching rates, let us momentarily make

the dependence on the switching rate explicit by letting (It(r))tzo be the Markov
process on E with generator rQ and define (X)), with respect to (I\");>0 as
before. Define S to be the operator that maps Xo to X\"). Observe that S{" is
a function of (IS(T))OSSQ.

Lemma 2.6. For every probability measure v on E and for every t >0,

E,|[S|| = [|exp(At)|| as r— .
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Proof. Define {&}}5°,, {r1}52,, {N1(t)}+>0, and {a;}:>0 as before but now with
respect to {It(l)}tzo. Let the distribution of Iy be a given probability measure v on
E and for A> 0 define

_ o1 ol TN al
St)‘ =exp (AgT% 71) exp (Aé 72) ...exp (AﬁTNl(m )\( ) ) exp (AT Al )

5N1(,\t)+1 by

where we denote the transpose of a matrix B by B”. Observe that if =), then
S’t)‘ has been defined so that (S’t)‘)T and S’t(r) are equal in distribution.

By [10], S} — exp(ATt) almost surely in the strong operator topology as A — oc.
Since R? is finite-dimensional, we actually have that the convergence holds in the
uniform operator topology. Since ||B||=||BYT|| for every matrix B, it follows that

[[S} ] = ||exp(At)|| almost surely as A — oo.

Since ||S}]] < exp(max;||4;]|t) for every A>0, the bounded convergence theorem
gives

E||S}| = ||exp(At)|| as A — co.
Since ||S}|| and ||S7|| are equal in distribution, the proof is complete. d

Proof of Theorem [Z.3. Since A is Hurwitz, there exist positive numbers 3 and v so
that for every t >0

[lexp(At)[| < Be™".

Thus we can choose T > 0 so that ||exp(AT)|| < . By Lemma[Z6l there exists a b>0

so that if 7 >b, then E;| |S(TT)|| <1 for each i € E, where E; denotes the expectation
with respect to the measure of the process (I;);>o with initial measure P(Ip=14)=1.
Let > b and define the process {M,}52, and the filtration {F,}52, by

My, =|[|Xur||  and Fun=0((X¢,[t):0<t<nT).

We claim that M,, is a supermartingale with respect to F,,. It’s immediate that
M, € F, and E[M,| < 2T < 0o for A :=max;c g ||A;||. For 0<s<t, define S(s,t) to
be the operator that maps X, to X;. We now check the supermartingale property.
E[Mypi1|Fu] SE[|[S (0T, (n+ 1)) || Xnz ||| F0]
= ME[||S(nT, (n+1)T)|[|Fx]
<,
-2

Taking the expectation of the above inequality and iterating yields EM,, < 2%IEMO.

Therefore M,, converges in L' to 0 since M,, > 0. Also since M,, >0, the martingale
convergence theorem implies that M, must converge almost surely. Therefore M,
converges almost surely to 0.

To conclude that || X;||—0 almost surely, we need to control ||X;|| at times
between multiples of T'. This is easily obtained since || X¢|| cannot grow faster than
eM. Let weQ be such that M, (w)—0 and let e>0. There exists N = N(w,e) so

that for all n> N,
[| M, (w)]]| < e AMe.
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Thus for all t > NT,
IXe @) <I[(SE=T/T]t) X ey (@) < M7y (w) <e.

Since this set of w’s has probability one, the proof is complete. O

Example 2.7. Assume E={0,1} and Q= (_11 ,11) Define

14 —20
A°_<o —2> A1_<0 1>'

Then Ay and A; each have a positive eigenvalue, but A= %(Ao—i—Al) is Hurwitz.
So despite the fact that each individual matriz is unstable, Theorem[Z.3 guarantees
that || X¢|| = 0 almost surely as t — oo for sufficiently fast switching rate.

3. MEDIUM SWITCHING CAN BE COMPLICATED

We will now construct a switching example with two matrices, Ag and Aj, that
is surprising for the following two reasons. First, the individual matrices Ay and
A; and the average A= $(Ao+ A;) are all Hurwitz, but || X;|| will still blow up at
large time for certain values of the switching rate. In [5], the authors show that
[| X¢|| can blow up if the two individual matrices Ag and A; are Hurwitz as long
as the average matrix has a positive eigenvalue. Thus our result shows that this
assumption on the average matrix is not necessary.

Second, the asymptotic behavior of the following example has multiple “phase
transitions” as the switching rate varies. That is, the process goes to zero at large
time for both slow and fast switching, but blows up for medium switching.

We also remark that we can choose the negative real part of all the eigenvalues
of Ag, Ay, and A to have arbitrarily large absolute value.

Example 3.1. Assume P(Xo=0)=0 and let E={0,1} and Q= (7' ;). We will
show the existence of matrices Ag, A1 €R?*? and positive numbers a <b, so that

(1) Ao, Ay are each Hurwitz.

(2) A=3(Ao+ A1) is Hurwitz.

(3) If r ¢ (a,b), then || X¢|| =0 almost surely as t — oo.

(4) | X¢|| = oo almost surely as t— oo for some value of r € (a,b).

For positive a and ¢, we define

— —a 0
AO_< Oa —ca> A= <—i —a>'

Observe that Ag and Ay each have —a <0 as their only eigenvalue. The two eigen-
values of A=1(Ap+ A1) are —a=+ic/2. Thus Ay, A, and A are each Hurwitz. By
Theorems 24l and 23], || X|| — 0 as t — co almost surely for sufficiently large r and
for sufficiently small 7. We will show that ||X|| = +o0 as t — oo almost surely for
some intermediate values of r.

We use polar coordinates to study the large time behavior of || X¢||. Our tech-
nique follows [5] in this setting and the well known utility of the polar representation
when studying Lyapunov exponents (especially in two-dimensions) which dates back
to at least [9]. Define the radial process R;:=||X:|| and define the angular process
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U, as the point on the unit circle S given by X; /R:. A short calculation shows
that between jumps R; and Uy satisfy

(3.6) Ry=R,(A;,U,,Uy)
(3.7) U= AU — (AL U, U,

The advantage of this decomposition is that the evolution of the angular process
doesn’t depend on the radial process. Therefore (U;,I;) is a Markov process on
St x{0,1}.

Lemma 3.2. If we identify 0 € R with (cos,sinf) € S, then the unique invariant
measure of the angular process Uy is given by

w(d, ) :pi(G;T/c)l[O)gw] (0)do

where for any parameter A>0, the functions py and p1 satisfy

(3.8) pi(0;A) =p1-i(0+7/2;A) =pi(6+m; ) for GER,
(3.9) and  po(6;2) <p1(0; ) for@e(—g,O).

Proof. Define the process ©; €R to be the lift of U; €S from the circle to its
covering space R. That is to say O is the unique process so that U; = (cos©;,sin0y),
O, is continuous in ¢, and O € [0,27). It follows from Equation (87) and plugging
in our values for Ag and A; that between jumps O satisfies

O, = —c[I;cos?(0,)+ (1 —I,)sin?(©,)] <0.

Since min;e 0,1y —clicos?(0) + (1—14)sin*(#)] < —c/2 <0 for all # €R, it follows that
O; — —o0 as t— oo almost surely. Since O is continuous, we conclude that the
Markov process (Ut, I1) is recurrent and irreducible and must have a unique invariant
measure.

If we identify # € R with (cosf,sinf) € S, then the adjoint of generator of the
Markov process (U, Iy) is

(L*q)(0,7) =0y (c [(1 —i)sin?(#) +icos? (6‘)} q(9,i)) +7(q(0,1—1i)—q(0,7)).
For 6 € (—%,0) and A>0, define

0
H(9;)\) = exp(—2)\cot(29))/9 exp (2Xcot(2y))sec? (y) dy
po(0;)) =C csc?(0)NH (0)
p1(0;)) =C'sec?(0)[1 — AH (0)].

where

0 ~1
c\)= lél/ sec?(x) + (csc?(z) —sec? (z))AH (z)dx | .
2

Define H(0;)\) =0=p(0;\) and p;(0;A)=C(A\). Extend p; and pg to be defined
on the rest of the real line by Equation ([B.8]). It is easy to check that these three
functions are well-defined.

Writing p;(6; ) as p(6,i;\), it is easy to check that £*p(0,i;A)=0 for all R
and for 4={0,1}. Thus, the measure p defined in the statement of the lemma is
the unique invariant measure for (Uy, I3).
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We now check that pg and p; satisfy Equation (38]). Let A >0 and observe that
for § € (—Z,0), writing 1 =sin’(y)csc?(y) in the integrand gives

0
H(0;)\) =exp(—2Acot(20)) /9 exp (2 cot(2y))sec? (y)sin?(y) csc®(y) dy

0
(3.10) < exp(—2Xcot(26))sin’(0) / exp (2Acot(2y))sec? (y) csc? (y) dy
0
= %sin2(9),
since sin®(¢) is strictly decreasing on (—%,0) and

digl/ [exp (2Acot(2y))] = —Aexp (2Acot(2y)) sec? (y) esc? ().

Observe also that for 6 € (—73,0)
(3.11) H’(@;)\):/\H(G;A)(seCQ(G)+csc2(9))—sec2(9):é(po(G;)\)—pl(G;)\)).

Combining Equations (8.10) and (3.I1]), we have that for 6 € (=7,0)

S (Po(0:2) =1 (6:)) <0,

Thus Equation (3.9) holds. O

Lemma 3.3. For \>0, define

2
G(\) :2/0 (po(6;X) —p1(0; X)) cos(9)sin(6) db.

Then G(X\) >0 and

o IfG(L)>2, then || X;||— 00 as t — o0 almost surely.
o IfG(L) <2, then || X;||—0 as t — 0o almost surely.

Proof. By Equations (8:8) and (B3] in the statement of Lemma B2 we have that
(po(B; 1) —p1(0; 1)) cos(#)sin(8) > 0 for all § and thus G(A) > 0.
Now by Equation (8:6]), we have that

1 Ry 1/t
—log| — | =~ [ (ALUs,Us)ds.
: og<R0> t/0< 1.Us,Us) ds

Identify § € R with e := (cosf,sinf) € S*. It follows from Lemma[3.2land Birkhoff’s
ergodic theorem that there exists a set A€ S! with u(A)=1 so that if Uy € A, then

1
(3.12) glog (—) —>/<Ai€9,69>u(d9,i) almost surely as ¢ — oo.
0

Define T4 :=inf{t >0:U; € A} and observe that for any Uy € S, we have that T <
oo almost surely since Uy is recurrent. Since T4 is a stopping time, we have that
the convergence in Equation ([8.12) actually holds for every U € S*.
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Plugging in our choice of Ay and A; and the definition of u yields
27

/(Aieg,e@,u(d@,i)—/o ﬂ<A0€9,69>p0(9;’l”/C)d9—|—/0 (A1eq,eq)p1(0;1/c)db

— C/o ”(po(H;T/C) —p1(0;7/c)) cos(6)sin(0) df — o

—cG (g) ~a.

Hence if G (£) > 2, then lim; o 7 log (%}) >0 almost surely and thus || X;|| = o0

as t— oo almost surely. Similarly if G(%) <2, then ||Xy||—0 as t— oo almost
surely. O

Since G ( %) >0 for every pair of positive numbers r and ¢, it is immediate that
we can choose r, ¢, and « so that || X;|| = oo as t — 0o almost surely.

3.1. Many transitions between stable and unstable. The following example
shows that there exist two matrices such that as the switching rate varies from zero
to infinity, the asymptotic behavior of the system will switch between converging
to zero and converging to infinity at least any prespecified number of times.

Example 3.4. Assume P(Xo=0)=0 and let E={0,1} and Q= (7" 1,). We will
show that for any positive integer k, there exist matrices Ay, Ay € R?**2% and posi-
tive numbers a1 <by <ag <by<---<ap<bg so that

(1) Ao, Ay are each Hurwitz.

(2) A=3%(Ao+ A1) is Hurwitz.

(8) IfrgZUf:l(ai,bi), then || X¢|| = 0 almost surely as t — oco.

(4) For every i €{1,....k}, || X¢|| = o0 almost surely as t— oo for some value

of r€(a;,b;).

Let k£ be a given positive integer and define the two block diagonal matrices
A07A1 6R2k><2k by

A5 0 - 0 A1 0 - 0

0 A3+ 0 0 A% ... 0

0 0 - Ak 0 0 - AF
where

i —0; G 3 —Qy 0
oo we(p ) (o)
for some positive numbers {c;}¥_; and {a;}¥_;. Tt’s immediate that Ay, A, and A
are all Hurwitz. _

Let X; denote the R**-valued process corresponding to ([3.13) and Xt(z) the R2-
valued process corresponding to ([B14) for each i€ {1,...,k}. Since the ODEs for
X® and XU are not coupled for i# j, we have that Xt:(th),...,Xt(k)) when
viewed as an (R?)¥-valued process. In particular, one has

k
2= 1x 712

=1
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Thus || X¢||—0 if and only if ||Xt(1)||—>0 for every i€{1,...,k}. Furthermore if
11X || = oo for some i €{1,....k}, then || X;|| — oco.

The proof proceeds by choosing the parameters «; and ¢; as in Example Bl so
that X is unstable for switching rates 7 in an interval (a;,b;) but stable out side
of the interval. By arranging so that the collection of intervals {(a;,b;):j=1,...,k}
are disjoint we will succeed at constructing the desired matrices Ap and A;.

More explicitly, it follows from Lemma [3.3] and Theorems 2.4] and that we
can choose 1, ¢1, a1, and a; < by so that

G(T—l) >% and G(L) < if re (a1,b1).

C1 C1 C1 C1
Choose N > % and for i€{2,...,k} define

ai b1 (051 c1 T1

4i =71’ bizﬁu =i ST N T e
To see that our intervals (a;,b;) don’t overlap, observe that a; <b; for each i and
bl N(Ll
b, = Ni-1 < Ni-1 =Q;_1-

Next observe that if r ¢ (a;,b;), then rN*~! ¢ (a1,b1) and therefore

i—1
G(ﬁ>=G(TN ><ﬂ.
C; C1 C1

Thus, ||Xt(l)|| — 0 almost surely as t — oo if ¢ (a;,b;).
Finally observe that r; € (a;,b;) and

G<Q>ZG<T_1> S0 o
Ci Cc1 Cc1 Cq

Thus, ||Xt(l)|| — 00 almost surely as t — oo if the switching rate is r; € (a;,b;).

4. CONCLUSIONS

Stochastically switched linear ODEs are one of the simplest examples of stochas-
tically switched systems. However despite their simplicity, we have shown that
their behavior can be quite rich. First, the large time behavior can depend on
the switching rate in a very delicate way. Second, this large time behavior can be
very different from the large time behavior of both the individual systems and the
average system.
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