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a b s t r a c t

This paper discusses the theoretical and experimental results obtained for the excitonic binding energy
(Eb) in a set of single and coupled double quantum wells (SQWs and CDQWs) of GaAs/AlGaAs with
different Al concentrations (Al%) and inter-well barrier thicknesses. To obtain the theoretical Eb the
method proposed by Mathieu, Lefebvre and Christol (MLC) was used, which is based on the idea of
fractional-dimension space, together with the approach proposed by Zhao et al., which extends the MLC
method for application in CDQWs. Through magnetophotoluminescence (MPL) measurements per-
formed at 4 K with magnetic fields ranging from 0 T to 12 T, the diamagnetic shift curves were plotted
and adjusted using two expressions: one appropriate to fit the curve in the range of low intensity fields
and another for the range of high intensity fields, providing the experimental Eb values. The effects of
increasing the Al% and the inter-well barrier thickness on Eb are discussed. The Eb reduction when going
from the SQW to the CDQW with 5 Å inter-well barrier is clearly observed experimentally for 35% Al
concentration and this trend can be noticed even for concentrations as low as 25% and 15%, although the
Eb variations in these latter cases are within the error bars. As the Zhao's approach is unable to describe
this effect, the wave functions and the probability densities for electrons and holes were calculated,
allowing us to explain this effect as being due to a decrease in the spatial superposition of the wave
functions caused by the thin inter-well barrier.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

Systems based on semiconductor heterostructures have been
widely used for the manufacture of electronic and opto-electronic
devices. In this context, coupled double quantum wells (CDQWs)
have received considerable attention due to their potential appli-
cation in opto-electronic devices [1–5] and their importance for
academic research, especially on the observation and understand-
ing of new physical effects, such as, for example, the exciton
condensation at low temperatures [6–9].

The exciton behavior in heterostructures such as single quan-
tum wells (SQWs) and CDQWs is of great importance for the
understanding of their opto-electronic properties. The hydrogen
atom model, which is generally used as a basic model to study the

exciton dynamics in semiconductor materials, does not provide
good results in these systems due to the anisotropy caused by the
carriers confinement along the growth direction of the hetero-
structures. In this scenario, He [10] developed a model known as
the fractional-dimension space model, which is able to provide a
good description of excitons in low dimensional systems. This
model considers the exciton as a hydrogen atom, but in a
fractional-dimension space.

Based on the He model, Mathieu, Lefebvre and Christol [11]
developed an analytical method known in the literature as MLC
method, which provides the effective dimensionality and the
excitonic binding energy (Eb) in SQW systems.

Using the work of Mathieu et al., Zhao et al. [12] extended the
MLC method for CDQWs and obtained good agreement with
experimental results.

A semi-empirical way of estimating the dimensionality of a
system and hence Eb is carrying out experiments under applied
magnetic fields. A characteristic feature of the application of a
magnetic field perpendicular to the layers of a semiconductor
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heterostructure is the shift of the energy levels to higher energies,
known as diamagnetic shift [13–15]. This diamagnetic shift is
directly related to the system dimensionality (and to Eb): the
higher the dimensionality the higher is the diamagnetic shift
[14,15].

In practice, the diamagnetic shift can be described by distinct
expressions for low and high intensity fields. For low fields, the
Coulomb potential is much more intense than the magnetic
potential and thus Eb is much stronger than the cyclotron energy
of the carriers. For intense fields the opposite occurs. Thus, the
boundary between the two regimes depends on the Eb magnitude
in each system, and hence of their dimensionality. In the case of
experiments involving magnetic fields covering both types of
behavior the expressions for low and high intensity fields should
be used simultaneously to describe the whole diamagnetic shift.

The objective of this study is to determine the behavior of Eb as
a function of barrier height (Al concentration—Al%) and inter-well
barrier thickness in a set of samples containing GaAs/AlGaAs
SQWs and CDQWs and perform a comparative discussion between
theoretical and experimental results for these systems. The experi-
mental results were obtained by fitting the diamagnetic shift
curves using the appropriated expressions for low and high
magnetic field intensities. These curves were constructed from
magnetophotoluminescence (MPL) measurements performed at
4 K with varying magnetic field. To obtain the theoretical results,
we have used the MLC model combined with the approach
proposed by Zhao et al. (in CDQWs cases). The effects of the Al%
and, especially, of the inter-well barrier thickness on Eb are
discussed.

2. Experimental details

The set of samples used in this study is composed by 6 samples,
each one with two different structures made of GaAs wells and
AlGaAs barriers. For each sample type shown in Fig. 1, three
samples were grown with different Al% at the barriers. So, for a
specific structure we can study the influence of the Al% and for a
fixed Al% we can investigate the influence of the central barrier
thickness.

The samples were grown by molecular beam epitaxy (MBE) on
GaAs substrates. First, a 5000 Å thick GaAs buffer layer was grown.
Then, a 1000 Å thick AlGaAs layer was grown. Next, for type
1 sample, a 80 Å thick GaAs SQW, a 300 Å thick AlGaAs barrier and
a GaAs/AlGaAs CDQW were grown. The CDQW is constituted by
two 40 Å thick GaAs quantum wells separated by a 15 Å thick
AlGaAs central barrier. For type 2 sample, two GaAs/AlGaAs
CDQWs and a 300 Å thick AlGaAs barrier, between the CDQWs,
were grown. The first CDQW is constituted by two 40 Å thick GaAs

quantum wells separated by a 5 Å thick AlGaAs central barrier
while the second one is constituted by two 40 Å thick GaAs
quantum wells separated by a 30 Å thick AlGaAs central barrier.
Finally, for each sample, there is a 300 Å thick AlGaAs barrier and a
50 Å thick GaAs cap layer. For each sample type we have three
samples with different Al%: 15%, 25% and 35%, in a total of
6 samples. Table 1 shows the type and the Al concentration of
each sample specifically.

MPL measurements were performed at magnetic fields ranging
from 0 T to 12 T at 4 K with the magnetic field applied perpendi-
cular to the heterointerfaces. The MPL spectra were detected by
using a system combining a 0.75 m single grating spectrometer and
a liquid-nitrogen-cooled CCD with an exposure time of 0.4 s. The
excitation source was a 5145 Å line of an Ar+ laser. The excitation
light was transmitted to the sample by an optical fiber with a
diameter of 400 μm, while the photoluminescence (PL) from the
sample to the spectrometer was transmitted by four optical fibers
with a diameter of 100 μm. The typical power density of excitation
light at the surface of the samples was about 2.6 W/cm2.

3. Theory

3.1. MLC approach for single and coupled double quantum wells

Considering the exciton as a system of opposite charges
interacting via Coulomb potential, their self-energies and orbital
radius in volumetric isotropic materials are obtained by solving
the Schrödinger equation for the hydrogen atom problem. For the
ground state they are given, respectively, by Ref. [10]:

E0 ¼� μ

m0ε2
EH ð1Þ

a0 ¼
m0ε

μ
aH ð2Þ

where μ is the effective reduced mass of the exciton, m0 is the free-
electron mass, ε is the media permittivity, EH is the Rydberg and aH
is the Bohr radius.

In SQWs and CDQWs the spatial confinement of carriers makes
the system anisotropic, making difficult the determination of E0
and a0. However, using the fractional-dimension space formalism
[10] it is possible to overcome the difficulties caused by confine-
ment and treat the system as isotropic again, but in a space of
fractional-dimension α.

Within this approach the excitonic binding energy and the
excitonic radius for the ground level are given, respectively, by
Ref. [10]:

Eb ¼
2

α�1

� �2

E0 ð3Þ

ab ¼
α�1
2

� �2

a0 ð4Þ

where α is the dimension, or anisotropy degree, of the system.
In SQWs α, which can take continuous values between 2 and 3, can

Fig. 1. Schematic potentials for the two types of GaAs/AlGaAs samples: type 1 sample
has a 80 Å thick SQW and a CDQW with 40 Å thick mini-wells separated by a 15 Å
thick central barrier; type 2 sample has two CDQWs with 40 Å thick mini-wells and
different central barriers thicknesses: 5 Å and 30 Å.

Table 1
Type and Al concentration of each sample.

Sample Type Al (%)

#04 1 35
#05 2 35
#06 1 25
#07 2 25
#08 1 15
#09 2 15

E.M. Lopes et al. / Journal of Luminescence 144 (2013) 98–104 99



be expressed by Ref. [11]:

α¼ 3�exp � Lnw
2a0

� �
ð5Þ

where Lnw is the effective quantum well width, given by

Lnw ¼ 1
Kb

þ Lw þ 1
Kb

ð6Þ

where Lw is the quantum well width and Kb is the characteristic
wave vector [11]:

1
Kb

¼ 1
κbe

þ 1
κbh

ð7Þ

where κbe and κbh are, respectively, the electron and hole wave
vectors at the barriers, given by

κbeðhÞ ¼
1
ℏ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mn

beðhÞðVeðhÞ�EeðhÞÞ
q

ð8Þ

where mn

beðhÞ, Ve(h) e Ee(h) are, respectively, the mass at the barrier
region, the confinement potential and the carrier energy level. Lnw
comprises all the spatial region of carriers interaction, i.e., beyond
the well region it also takes into account the carriers wave functions
penetration at the potential barriers region.

In order to calculate Eb in CDQWs, Zhao et al. [12] proposed a
model that approximates a CDQW to a SQW of effective width
Lnw:ef f . In this model α has the same form showed in Eq. (5);
however Lnw is now given by the following expression:

Lnw ¼ 1
Kb

þ Lnw:ef f þ
1
Kb

ð9Þ

where Lnw:ef f is given by

Lnw:ef f ¼ Lw1 þ Lw2e�LbKb ð10Þ

where Lw1 and Lw2 are the mini-wells thicknesses, Lb is the inter-
well barrier thickness and Kb is the characteristic wave vector of
the carriers penetration into the inter-well barrier, and has a form
similar to that shown in Eq. (7).

3.2. Excitons in magnetic fields

In the presence of an external magnetic field the electron–hole
pair interacts through an effective potential, comprising the
Coulomb term, corresponding to the binding energy of the pair,
and the magnetic interaction term, corresponding to the cyclotron
energy (ħωc/2, where ωc is the carrier's cyclotron frequency). In this
scenario, the exciton self-energies will be determined by the
intensity of the applied magnetic field.

For low intensity fields (ħωc/2ooEb) the excitonic binding
energy, now called EB(B), is mainly determined by the Coulomb
term. Thus, the potential due to the magnetic field becomes only a
perturbation and EB(B) can be expressed as:

EBðBÞ ¼ ΔEðBÞ�
���Ebð0Þ

��� ð11Þ

where ΔE(B), the diamagnetic shift, is the contribution due to the
magnetic field and Eb is the contribution due to the Coulomb
potential. Using perturbation theory one can show that ΔE(B) is
given by Ref. [16]:

ΔEðBÞ ¼D1
ε20ε

2
r h

4

4π2e2μ3
B2 ð12Þ

where ε0εr is the media permittivity, e is the electronic charge, m is
the reduced effective mass and B is the magnitude of the applied
magnetic field. D1 describes the system dimensionality and takes
values between 3/16 (2D) and 1 (3D).

In magnetic fields for which the cyclotron energy is of the order
of the Coulomb energy (ħωc/2≈Eb) the system configuration
changes and is no longer possible to use perturbation theory. In
this case EB(B) can be expressed by Ref. [16]:

EBðBÞ≈3D2
ℏeRexB

2ð2nl þ 1Þμ

� �1=2
ð13Þ

where Rex is the effective Rydberg constant of a 3D exciton and D2

describes the system dimensionality, assuming values between 1
(2D) and 0.25 (3D).

The parameters D1 e D2 are directly related to the system
dimensionality α. The relation between D1 and α is obtained
through perturbation theory, but within the formalism of the
fractional-dimension space, and is given by Ref. [14]:

D1 ¼
3ðα�1Þ4
2αþ1α

ð14Þ

D2 can be connected to Eb at null magnetic field ((Eq. (3)):

Ebð0Þ ¼ �4D2Rex ð15Þ
Then, taking the limits for D2, Eb(0) can vary between

�4Rex≤Eb(0)≤�Rex. Comparing Eqs. (3) and (15) (for n¼1) one
has:

D2 ¼
1

α�1

� �2

ð16Þ

Therefore the equations that describe the diamagnetic shift can
be expressed as:

ΔE1ðBÞ ¼
3ðα�1Þ4
2αþ1α

ε20ε
2h4

4π2e2μ3
B2 ð17Þ

for low intensity fields and

ΔE2 ¼
ℏe
2μ

B�
��� 3
ðα�1Þ2

ℏe
2μ

Rex

� �1=2���B1=2 ð18Þ

in the high magnetic field limit.
Eqs. (17) and (18) will be used to fit the experimental results for

the diamagnetic shifts obtained through MPL measurements.

4. Experimental results

Fig. 2 shows, as examples, the MPL spectra obtained for
samples #04, #07 e #09 at 4 K and different magnetic fields.
The spectra obtained for the other samples, except sample #05,
exhibit similar behavior to those shown in this figure. In order
to confirm the origin of the transitions, the energy levels of
electrons (e), heavy holes (hh) and light holes (lh) were
calculated [17]. The energy difference between the hh and lh
energy levels shows that at the temperature the PL spectra were
obtained (4 K) only the hh levels are populated. Therefore, the
results allow to attribute unambiguously the observed PL peaks
as being due to transitions related to the first symmetric
electron level and the first symmetric heavy hole level in
the CDQWs.

Fig. 3 shows exclusively the MPL spectra obtained for sample
# 05. Unlike the well-defined PL peaks, as those obtained for all
other samples, in these spectra two wider PL bands are
observed, each one consisting of two recombination channels.
The split of the PL bands is due to the existence of bimodal
heterointerface roughness in the CDQWs. The details of the
results obtained for this sample are discussed in two specific
works previously published [18,19].

The experimental determination of the dimensionality, the
effective mass of carriers and the excitonic binding energy is

E.M. Lopes et al. / Journal of Luminescence 144 (2013) 98–104100



done by fitting the diamagnetic shift curves. These curves
can be constructed from the PL peak energy of each sample,
considering how much this energy is shifted for a given

magnetic field in relation to the emission at null field. For the
sake of illustrating, Fig. 4 shows these experimental curves
(solid circles) and the fits (lines) obtained for some hetero-
structures of the studied samples (the results obtained for the
other heterostructures are similar).

The fitting of the experimental curves is done by using the
expressions for low and high intensity magnetic fields, Eqs. (17)
and (18), respectively, on the same graphic. Eqs. (17) and (18)
have common values of α and μ and so the fitting procedure
must be performed simultaneously, with the same values for α
and μ in both equations. Thus, for each heterostructure is
possible to determine a set of parameters α and μ that is
common to both regimes simultaneously. With these values is
possible to determine Eb from Eq. (3).

5. Discussion

5.1. Theoretical vs. experimental results

Table 2 shows the comparison between the theoretical values
obtained by the MLC method in conjunction with the approxima-
tion suggested by Zhao et al. and the experimental results for
dimensionality and effective mass obtained for all heterostruc-
tures. For CDQW5 with 35% Al it was considered the fit for the
higher energy channel observed at the PL band, while for CDQW30
with the same Al concentration it was considered the fit for the
lower energy channel (these two channels are related to the
structural configuration which best represents the nominal
dimensions of the mini-wells in each CDQW [18]).

In general, the theoretical results show good agreement with
the experimental ones. The system dimensionality α shows the
expected behavior: for the SQW α reaches the highest value and
for the CDQW30 α is minimum. This was expected since the
introduction of the inter-well barrier and its thickening increases
the confinement of the carriers, until the inter-well barriers are so
thick that the mini-wells become decoupled.

Regarding the effective mass, although the absolute results
show good agreement, the behavior predicted theoretically is
opposite to the experimental one (different behavior is also
observed for the Al concentration of 35%). However, the analysis
of the effective mass is complex and depends on several factors,
such as, for example: the wave function penetration at the
barriers, the nonparabolicity of the conduction band, the mis-
match of the conduction band between well and barriers and α
itself. Furthermore, the fluctuation on the effective mass values is
small and it is within the error associated to the diamagnetic shift
data. In the following analysis we will restrict the discussion to Eb
results.

Table 3 shows the comparison between the theoretical and the
experimental results obtained for Eb in all heterostructures.

The experimental and theoretical results presented in Table 3
show good agreement with each other. In general Eb and α have an
inverse behavior, which was expected since the higher the system
dimensionality the smaller the carriers confinement and the lower
is Eb. For CDQW5 the experimental binding energy is slightly lower
than that for the SQW. This interesting effect will be discussed in
the next section.

In order to illustrate the overall result, the dependence of the
optical transition energy as a function of inter-well thickness is
shown in Fig. 5 for all heterostructures. The theoretical values
were obtained from calculations based on the envelope function
formalism [17] and considering the theoretical results for Eb. The
experimental values were extracted directly from the MPL spectra
obtained at low temperature and zero magnetic field. There is a
good agreement between theory and experiment.

Fig. 2. MPL spectra at magnetic fields ranging from 0 T to 12 T for three samples:
(a) #09, (b) #07, and (c) #04.

Fig. 3. MPL spectra at magnetic fields ranging from 0 T to 12 T for sample #05.

E.M. Lopes et al. / Journal of Luminescence 144 (2013) 98–104 101



5.2. Analysis of the excitonic binding energy Eb

Now, a discussion about the behavior of Eb (experimental
results) as a function of the Al% and the inter-well barrier
thickness will be presented.

As can be observed in Table 3, for a given heterostructure, the
higher the Al% the higher the Eb. This is the expected behavior
since an increase in Al% causes an increase in the AlGaAs energy
gap, which increases the exciton confinement in the mini-wells
region and, consequently, increases Eb.

On the other hand, the behavior of the experimental Eb as a
function of the inter-well barrier thickness, shown in Fig. 6,
presents an interesting characteristic: for each Al% value, despite
the relatively large error associated to the experimental data, Eb
tends to reduce when passing from the SQW to CDQW5 and then
increases when going to the CDQW15 and CDQW30. Although this

effect is not described by the theoretical approach used, it has
been already predicted by other authors using more elaborated
methods [20,21]. According to Bayer et al. [22] who investigated
the effect of inserting AlAs inter-well barriers in Al0.30Ga0.70As/
GaAs quantum wells, this reduction in Eb can be explained by the
fact that between the limiting cases of (i) having an inter-well
barrier very thick (corresponding to two independent mini-wells
of width Lw) and (ii) having no inter-well barrier (corresponding to
a single well of width 2Lw), where the maximum of the electrons
and holes wave functions are located at the center of the single
well, narrow inter-well barriers cause smaller overlap of the
carriers wave functions due to the difference between the masses
of these particles (the electron wave functions are less disturbed
by the inter-well barrier) and thus the Coulomb interaction
between electrons and holes is lower and, consequently, Eb
decreases.

Fig. 4. Diamagnetic shift experimental curves and the respective fits for some heterostructures. The experimental data are represented by the solid circles while the fits for
low and high magnetic fields are represented by the dashed and continuous lines, respectively.

Table 2
Theoretical and experimental results obtained for μ and α for all the hetero-
structures.

Heterostructure μnth μnexp αth αex

15% Al
SQW 0.049 0.051 2.44 2.45
CDQW5 0.050 0.050 2.44 2.44
CDQW15 0.050 0.049 2.43 2.41
CDQW30 0.050 0.049 2.42 2.38
25% Al
SQW 0.051 0.055 2.41 2.42
CDQW5 0.052 0.054 2.40 2.41
CDQW15 0.053 0.052 2.39 2.38
CDQW30 0.054 0.052 2.37 2.35
35% Al
SQW 0.053 0.055 2.40 2.40
CDQW5 0.055 0.050 2.38 2.38
CDQW15 0.056 0.054 2.37 2.38
CDQW30 0.057 0.056 2.34 2.35

Table 3
Theoretical and experimental results obtained for Eb for all the heterostructures.

Heterostructure Eb(th)(meV) Eb(exp)(meV)

15% Al
SQW 8.78 8.60
CDQW5 8.90 8.57
CDQW15 9.10 8.78
CDQW30 9.31 9.19
25% Al
SQW 9.81 9.73
CDQW5 10.11 9.71
CDQW15 10.56 9.81
CDQW30 11.03 10.34
35% Al
SQW 10.59 10.05
CDQW5 11.32 9.44
CDQW15 11.81 10.16
CDQW30 12.57 11.18
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Bayer et al. [22] observed the effect of reducing Eb for AlAs
inter-well barriers. Our results show that in CDQWs with 5 Å thick
AlxGa1�xAs inter-well barriers the reduction also occurs and is

clearly observed for 35% Al concentration and this trend can be
noticed for concentrations as low as 15%, although for this latter
case the Eb decrease is within the error bar. In the case observed in
this work, the effect is similar to that discussed above when
introducing the AlAs inter-well barrier: for the 5 Å inter-well
barrier the heavy hole wave function undergoes a greater change,
in comparison to the heavy hole wave function at the 80 Å SQW,
than the change experienced by the electron wave function;
hence, the superposition of the two wave functions decreases
and, consequently, Eb decreases with respect to the SQW excitonic
binding energy. This effect is more pronounced as the Al%
increases, as shown in Fig. 6.

To verify the above argument, we have calculated [23] the
normalized probability densities |ψ|2 (PD) for the electronic (e1)
and heavy hole (hh1) ground levels in the CDQWs with 35% Al,
which are presented in Fig. 7. The simplest analysis that provides
information about the overlapping of the electron and heavy hole
wave functions and, consequently, about Eb, is the comparison of
the distance between the positions of maximum PD for electrons
and holes in each CDQW. Comparing with the 80 Å SQW (not

Fig. 5. Theoretical (solid symbols) and experimental (open symbols) dependence
of the optical transition energy as a function of central barrier thickness for all the
heterostructures. For the CDQW5 and CDQW30 with 35% Al the data from the
higher energy and lower energy channels, respectively, were considered.
The dotted lines are guides for the eye.

Fig. 6. Theoretical (solid squares) and experimental (open squares) dependence of
the excitonic binding energy as a function of central barrier thickness for the three
Al concentrations at barriers: (a) 15%; (b) 25% and (c) 35%.

Fig. 7. Normalized square of the electron (solid) and the heavy hole (doted)
ground-state wave functions for: (a) CDQW5, (b) CDQW15 and (c) CDQW30 with
35% Al.
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shown here), where the maximum PD for both electrons and holes
is centered at the well, for the CDQW5 the 5 Å inter-well barrier
considerably modifies the hole PD but has little effect on electron
PD, causing a pronounced separation between the two maxima
(Fig. 7a). As the inter-well barrier thickness increases (CDQW15
and CDQW30) the PD maxima come close again, tending to the
situation where the two mini-wells are isolated and then the
position of PD maxima coincide again. To better visualize the
separation between the electrons and holes PD maxima, a graph of
this separation as a function of the inter-well barrier is shown in
Fig. 8. In this figure one can see that the maximum separation
(equivalent to a minimum in Eb) occurs for Lb about 5 Å and, after
this, the separation decreases again, as expected.

6. Conclusions

In summary, we have determined the influence of the height
and the thickness of the inter-well barrier on the excitonic binding
energy (Eb) in GaAs/AlxGa1�xAs CDQWs. Our experimental results
were obtained using an alternative approach based on diamag-
netic shift curves, constructed from MPL measurements. Initially,
the theoretical results were obtained using the MLC model for the
fractional-dimension space added to the approach proposed by
Zhao et al. for the CDQWs treatment. Our experimental results
show that, relative to the SQW, the insertion of a 5 Å inter-well
barrier decreases Eb and, with a further barrier increase, Eb
increases. This behavior decreases with Al% decrease, being very
well defined for 35% Al concentration and can be noticed for an Al
% as low as 15%, although in this latter case the Eb variation is
within the error bar. The MLC method with the approach proposed
by Zhao, although very useful for estimating Eb and for calculating
the optical transition energies, is unable to explain the Eb decrease
with the introduction of the very narrow inter-well barrier. The
calculation of the wave functions and of the probability densities

has shown that the Eb behavior is due to a decrease in the spatial
superposition of the electron and hole wave functions with the
introduction of the thin inter-well barrier, which in turn, is due to
the difference in the interaction of each type of carrier with this
barrier.
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