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ABSTRACT
In this work we study C'°°-hypoellipticity in spaces of ultradistributions
for analytic linear partial differential operators. Our main tool is a new
a-priori inequality, which is stated in terms of the behaviour of holomor-
phic functions on appropriate wedges. In particular, for sum of squares
operators satisfying Héormander’s condition, we thus obtain a new method
for studying analytic hypoellipticity for such a class. We also show how
this method can be explicitly applied by studying a model operator, which
is constructed as a perturbation of the so-called Baouendi—-Goulaouic op-

erator.

1. Introduction
Given a sum of squares operator P(z, D), defined in an open set of RY and
satisfying Hormander’s condition, it is well known that P(z, D) is hypoelliptic
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for distribution solutions: this is a classical result due to Hérmander [H, 1967].
However, when P(x, D) is real-analytic, hypoellipticity for more general solu-
tions may fail. For instance, in [CH, 2009], the authors have exhibited explicit
hyperfunction solutions for the so-called Baouendi—Goulaouic operator which
are not distributions.

In order to make our presentation more apparent it is convenient at this
very beginning to recall the basic definitions of the standard ultradistribu-
tion spaces in RY. A function f € C*(Q) (2 C RY open set) belongs to
G5(Q2) (s € R, s > 1) if for each K C Q compact there is Cx > 0 such
that supg |[D*f] < C}?‘Ha!s for all multi-indices a; f belongs to G*)(Q) if
for each compact set K C Q and each ¢ > 0 there is Cx > 0 such that
supg |Df| < Crel®lal® for all a. Let G35(Q), respectively G (Q), denote
the subspace of G*(Q), respectively G*)(Q), formed by all functions with com-
pact support. All these function spaces are provided with their natural locally
convex space topologies (see [K, 1973]) and

GP(Q) C G5(Q), GP(Q) C GX(Q) C C=(Q), GI(Q) c GP(Q) ifl<o<s,

with continuous imbeddings and dense images. The space D} ' (2), respectively
D) (), which is the dual space of G2(f), respectively of G&S)(Q), are the
spaces of ultradistributions of order s in Q. Notice that D'(Q) ¢ DIs}'(Q) ¢
DO (Q) c DY (Q) if o < s.

Even if we work in the framework of ultradistribution solutions, hypoelliptic-
ity may still fail (cf. [Ma, 1987]). Since, however, every such P(x, D) is Gevrey
hypoelliptic of order s € [sg, 0o, where so depends on its type (see [ABC, 2009),
[DZ, 1973]), and since also Gevrey hypoellipticity of order s for P(x, D) implies
C*-hypoellipticity for *P(z, D) in the D{*}-sense (cf. Lemma 2.1 below), it
seems reasonable to try to determine the optimal Gevrey regularity of P(x, D)
by examining for which values of s there is u € D} \ D’ such that *P(z, D)u
is a smooth function.

In this work we address this question by introducing a new necessary con-
dition for C'*°-hypoellipticity in the ultradistribution sense. This is based on
an a-priori inequality involving the complexification of the operator acting on
holomorphic functions defined in appropriate wedges (cf. Proposition 3.1 be-
low). Such a condition is presented in Section 3 and its derivation requires, as
usual, some standard functional analytic methods. Furthermore, by recalling
the results obtained in [CH, 2009], we also show that such an a-priori inequality
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is necessary for the analytic hypoellipticity (in the distribution framework) for
operators belonging to a quite general class which includes the sum of squares
operators alluded to above.

In the remaining part of the article we show how such a method can be
applied by studying a model operator, constructed as a perturbation of the
Baouendi—Goulaouic operator in three dimensions.

Let us consider the operator in R? given by

P="P=092 +02, +2ig(x2)02,.

Here g is a real-analytic function which extends as a holomorphic function to
the complex disc |z2| < ro. We assume g real on the real axis and ¢(0) = 1.
Thus P, which is defined in Q = R?x] — g, ro[, satisfies Hsrmander’s condition.
Hence P is hypoelliptic on 2 for distribution solutions. Neverthless, we show
that when we allow ultradistribution solutions the situation changes drastically:

THEOREM 1.1: The following properties hold:

(a) for any U CC Q open containing the origin, and each 1 < s < 2, there
is u € D& (U)\ D'(U) such that Pu € C=(U);
(b) P is not analytic hypoelliptic (for distributions).

Since D) (U) ¢ DY (U) if 0 < s we obtain immediately from Theorem
1.1.(a) the following result:

COROLLARY 1.1: For any UCC() open containing the origin, and each 1 <s <2,
there is u € DY (U) \ D'(U) such that Pu € C(U).

Since it is known that P is G*-hypoelliptic for distributions if s > 2 ([DZ, 1973,
Theorem 2.7]; see also [ABC, 2009)]), the result stated in Corollary 1.1 is sharp,
according to Lemma 2.1.

Finally, we briefly describe the proof of Theorem 1.1. We shall proceed by
contradiction: we will violate the a-priori inequality for P mentioned before,
by constructing a family of asymptotic, holomorphic solutions to the equation
Pu = 0. Such solutions will be obtained after applying a version of the Ovcyan-
nikov theorem presented in Section 4, and for this we will build, in Section 5,
appropriate scales of Banach spaces of entire functions based on the harmonic
oscillator operator (see also [M, 1981] for the use of similar scales). Finally,
in Section 6, we will show that the solutions so obtained satisfy the required
growth conditions.
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2. An abstract result

In this section we consider an arbitrary linear partial differential operator with
real-analytic coefficients P = P(z, D,) defined on an open set Q of RY. The
following result can be regarded as an ultradistribution version of the main
abstract result in [CH, 2009].

LEMMA 2.1: Assume that P(x, D) is L2-solvable on any relatively compact
open subset of Q and also that, for some s > 1, P(z, D) is Gevrey hypoelliptic
of order s in Q. Then given u € DUY(Q), if *P(x, D)u € L2 () it follows
that w € L2 (). In particular, if in addition 'P(x, D) is C*°-hypoelliptic, then

tP(x, D) is C>-hypoelliptic in DI}V (Q).

Proof. Replacing 2 by one of its relatively compact open subsets allows us to
assume that P(z, D) is L2-solvable in Q. Thus there is K : L?(Q) — L%()
bounded such that P(x, D)K = identity in L?(2). Observe that, since P(x, D)
is Gevrey hypoelliptic of order s, the inclusion K(G3(2)) C G*(Q) N L3(£)
holds.

Let then u € DI} (Q) be as in the statement and let U CC Q2 open. By the
Riesz Representation Theorem we must show that A:G3(U)—C, A(¢) = (u, ¢),
is continuous when we consider in G%(U) the topology induced by L?(U).

We take x € G5(2), x = 1 in an open neighborhood of the closure of U. It
follows that suppdy C W, where W is open and U N W = (). Then

A(¢) = (xu,d) = (xu, P(z, D)K¢) = ( "P(z, D)(xu), K(¢))-

Consequently, we can write A(¢) = A1(¢) + A2(¢), where

Al((b) = <X tP(:c7D)u7K(¢)>, >\2(¢) = <va(¢)>

Here v € E6V(W).
Now, since 'P(z,D)u € L?

loc

(©), the Cauchy-Schwarz inequality and the
L?(Q)-continuity of K shows that ¢ +— Ai(¢) is continuous with respect to
the L?(U)-norm. On the other hand, by using again that P(z, D) is Gevrey
hypoelliptic of order s, we have K(g)lw € G*(W) if g € L?(U). We then
obtain a linear map u : L2(U) — G*(W), u(g) = K(g)lw, whose graph is
easily seen to be sequentially closed. Applying the version of the closed graph
theorem presented in [K6, 1979, p. 56],! we conclude that y is continuous. Since

L gs (W) is a webbed space, a property that follows from [K6, 1979, p. 55(4) and p. 63(7,8)].
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A2(@) = (v, u()), it then follows that ¢ — Aa(¢) is also continuous with respect
to the L?(U)-norm.

3. A new necessary condition for hypoellipticity

In this section we continue to consider an arbitrary linear partial differential
operator with real-analytic coefficients P = P(x, D) defined on an open set {2
of RN, We fix a complex neighborhood €2 of 2 in C" to which the coefficients
of P extend as holomorphic functions. We write P(z,D,) for the extended
operator.

If U CC € is open, I is an open convex cone in RY \ {0} and 6 > 0 we set

Ws(U;T)={z=x+iy: z €U, yel, |y <d},
Ws(U;T') = Ws(U;T') U (U +{0}).

We take § > 0 appropriately small in order that Ws(U;T') CC Q,.
Let n > 0. We shall consider the Fréchet space O, (Ws(U;T")) of all holomor-
phic functions F on Ws(U;T") such that, for any compact K of W;(U;T),

K= su F(x +iy)| e V¥ < 0.
| fln, p |F(z+iy)
Wi (U;T)NK

By [K, 1973, Theorem 11.5] it follows that
br (0, (Ws(U;T))) € DIH/1(17),
where br is the hyperfunction boundary value map.
LeEmMA 3.1: The space
E={F € 0,Ws(U;TI)): br(*P(z,D,)F) € C*(U)},
with the locally convex topology defined by the seminorms
F— |F|77,K+||b1"(tP(Z,DZ)F)HcM(K/), K ccWws(U;T"),K' ccU, M € Z,
is a Fréchet space.

Proof. Let {F;} be a Cauchy sequence in E. Then {F;} is a Cauchy sequence
in O,,(Ws(U;T)) and {br(*P(z, D,)F;} is a Cauchy sequence in C*°(U). Since
these spaces are Fréchet, we conclude the existence of F' € O,(W;(U;T')) and
v € C®(U) such that F; — F in O,(Ws(U;TI')) and br(*P(z,D.)F;) — v
in C*(). Now, [K, 1973, Theorem 11.5] implies that the map
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br : O,Ws(U;T)) — DUHYD/(U) is continuous.?  Hence we have
br(F;) — bp(F) in DAHY/M/(U) and hence

br(“P(z, D:)Fj) = 'P(z,D.) (br(Fy)) = "P(z,D.)(br(F)) = br("P(z, D:)F)

in DUH/M(U).  Since convergence in C*(U) implies convergence in
DUHL/M(U7) it follows that v=br(*P(z, D) F), which concludes the proof.

PROPOSITION 3.1: Suppose that, for some 1 > 0, the following property holds
for every open set U CC §2:

(*)  Given u € DOHYD/(U), then *Pu € C®(U) implies u € C°(U).

Let U, I, 6 > 0 be as before. Then given Ko CC U there are compact sets
K cWs(U;T), K' CU, M € Zy and C > 0 such that

(1)

suplF| <O sup [F(erig)le™ " 1) ' P(e, Do) Fllcs ). FEO)
Ko Ws(U;D)NK

Proof. We consider the Fréchet space O(W;(U;T')) of all functions G which are
holomorphic on Ws(U;T") and smooth up to U + i{0}, where now the topology
is defined by the seminorms

G+ sup |D2G|, K CCWs(U;D), a € ZY.
K

Property (x) implies that E € O(W;s(U;T)) and the closed graph theorem
implies that this inclusion is continuous, from which (1) follows.

COROLLARY 3.1: Suppose that P(x, D,) is L?-solvable on every open set UCC §)
and that 'P(x,D) is hypoelliptic in Q (such properties hold, for instance, if
P(z, D) is a sum of squares operator satistying Hormander’s condition). Assume
that P is analytic hypoelliptic (for distributions) in Q2 and let U, T, § > 0 be as
before. Then givenn > 0 and Ko CC U there are compact sets K C Ws(U;T),
K'cU, M €Z; and C > 0 such that (1) holds.

Indeed, according to the main result in [CH, 2009], every such operator sat-
isfies property (*) for every n > 0.

2 Here we must recall that O,(W;s(U;T)) is bornological since it is metrizable ([K6, 1979,
p. 380]) and hence br : On(W;(U;T)) — DIFTL/D/(U), being locally bounded, is contin-
uous ([Ko, 1979, p. 381]). See also [Tr, 1967, Proposition 14.8, p. 141].
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4. Proof of Theorem 1.1
We now return to the operator P defined in the Introduction. We let
Fr(z) = e [ (A\Y221, 20), A >1,
with fx = fA(¢, 22) € O(C?). Then
PF\(2) = € (Qa (A ?21, 22),

where we have written
(2) Qx =02, — A {CPg(z2)* — 9%}

In what follows we shall use the following notation: if » > 0, we denote by
D(r) the open disc centered at the origin in C and with radius r. The main
goal of the present work will be to prove the following result, from which our
main result (Theorem 1.1) follows:

PROPOSITION 4.1: There is 0 < p < ro such that for each 1/2 < k < 1 there is
fa € O(C x D(p)) satistying the following properties:

(1) f2(0,0) =1;
(ii) There are a > 0, C' > 0 such that

(3) |f)\(<722)| S Oea(\%(\2+)\~), (gaZQ) e Cx D(p)

(it) VM € Zy, MY 0 10FOIQASN) (6, 2) || Lov (R {reRefz|<p)) — O
when \ — oo.

Proof of Theorem 1.1. We assume that (1) holds for P with U cC R? x D(p)
an open set containing the origin, Ko = {0}, I' C {ys — a|y1| > ¢|y|}(e > 0),
0 <0 <1andn>1 We obtain

c< sup €% £y (VAz1, 22) e VIV + R(N),

YEL, ly1|<6,]2z2|<p
where ¢ > 0 and R(\) — 0 when A\ — co. Hence
(4) e< e~ AMys—alyi)+ar"—|y|7" | R(N).
Choose 1/2 < k < 1with 14+ 1/n < 1/k. If K/n < a <1 — Kk we estimate the

exponent in (4) as follows:

elf y € T and |y| < A™%, then |y|™" > A*" and the exponent is
< =AY 4 a ™.
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o If y €T and |y| > A™%, then (y3 — aly1|) > e\™* and the exponent is
now < —eA T 4 g )\®.

Thus, for any n > 1, we have contradicted the validity of estimate (1). Con-
sequently, for each 1 < s < 2 there exists u € D®(U) \ D'(U) such that
Pu € C*(U). Finally, by Corollary 3.1, it follows that P is not analytic hy-
poelliptic.

A PROPERTY OF THE BAOUENDI-GOUALOUIC OPERATOR. When g = 1, then
P equals Py, the well-known Baouendi-Goulaouic operator [BG, 1972]. In this
case we can even derive the existence of a solution to the homogeneous equation
Pou = 0 which belongs to D(®’ \ D’ (this statement is analogous to a result
of Matsuzawa [Ma, 1987] concerning the heat operator). Indeed, in complex
variables as before we have

Po =02 + 02, 4+ 2502, = (02, — 1220,)(0z, + 1220.,) + 07, — i0s,.

If F(C,21) is holomorphic, then g(z2) = F(23/2 — iz3, 21) satisfies Pog = 0 if

92 F —OcF =0.
We obtain a solution of this equation by setting

F(¢ 1) = (12
Hence
(2) = 1 22
T 20 iz P 222 — iz

satisfies Pou = 0.
In the truncated cone I' = {y3 > |y2|, |y2| < 1}, we have the estimate

1222 — dizg| > R(222 — dizz) = 2(23 — y3) + dyz > 23

and hence, still in T,

1 |Zl|2 }
u(z)| < exp{ .
| ( )l (2y3)1/2 2y3
Since in any cone I'Y CC T we can dominate y3 > c|y|, we conclude br(u)
belongs to D@’ \ D’ and satisfies Pobr(u) = 0.
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5. A version of the Ovcyannikov Theorem

We pause to discuss an abstract Cauchy problem which will produce the sought
family fx. The result is known (see, e.g., [Tr, 1968]) but it is worth recalling its
proof, mainly in order to derive an estimate for the solution.

Let us consider a scale of Banach spaces {E;}, where 0 < a < s <b < 00. As
usual we have Ey C E, if s < s’ and this inclusion is continuous, with norm
<1.

We shall assume we are given a holomorphic map A(z), defined for z € C,
|z| < p and valued in L(Es, E;), the space of bounded linear operators from
E, into Es, for every pair s < s’. We also assume that

J
(s )"

where ¥ > 0 and 0 < # < 1. The norm in (5) is of course the one in L(FEy, Ey).

We shall refer to this property by saying that A is an endomorphism of the scale
{Es} of type 0.

(5) A <

2] < p,

THEOREM 5.1: Let h € O({|z| < p}; Ey). Under the preceding hypotheses the
Cauchy problem

(6) u'(2) = A(2)u(z) + h(z), |2| <p, u(0)=0¢€ Ey,

has a (unique) solution uw which belongs to O({|z| < p}; Es) for every a < s < b.

Proof. We define by induction the following sequence w,, € O({|z] < r}; E,):
we set ug(z) = 0 and

Unt1(2) = / h(o)do Jr/ A(o)uy, (o) do.
0 0
We shall prove by induction the following estimates, for s € [a, b]:

19n60n|z|n

") Jun(z) = wna @l <My 5 S

|z| < p.

Here we have set

— sup / 1h(0)]|s |do]

[z]<p
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and u_, = 0, and thus (7) is valid for n = 0. We then assume (7) valid for
n—1. Takea < s < s+ 6 <b. We have

t
9
lun(2) — un—1(2)|ls S/0 50 [un—1(0) = un—2(0)]s+s |do]

- MﬁneG(n—1)|Z|n
~0%(b—s5—06)0n=Lp(n —1)1-0"

If as usual we take § = (b — s)/n, then (7) follows immediately.
It follows, in particular, that u,, converges, in O({|z| < p}; Es), to an element
u € O({|z| < p}; Es) which clearly satisfies

u(z) = /OZ h(o)do + /OZ A(o)u(o)do

In particular u€ O({|z| <r}; Es), for every a < s<band v’ (z)=A(z)u(z)+h(z).
The proof of the uniqueness is standard.

An estimate for the solution u(z). Observe that, for |z| < p, we have

(ypO)"
e —uo||<ZHun ~ (2 <MZW "

where v = (e/(b — 5))?. Applying Lemma A.1.2 in Appendix 1 gives
1/(1=0) /(p_ 5)0/(1=0)
(8) lu(2)lls < MEKEOT/0m) ozl <,

where K > 0 depends only on 6.

6. A scale of Banach spaces of entire functions
Write ¢ = £ + in and consider the harmonic oscillator operator in R:
T=¢ -0

As is well known and obvious by formula (25) below, T has an inverse
S € L(L?(R)), the ring of bounded linear oparators in L*(R).

If s > 0 and 6 €]0,1[, we shall denote by Gs¢ the vector space of all
h = h(¢) € S(R) for which

T"h OSGn
o= [T
n>0 .
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Each G, g is a Banach space. Moreover, Gy 9 C Gsg if ' > s and these
inclusions have norm < 1. Notice furthermore that ¥ (§) = e=’/2 belongs to
G, for every s and 6, for Ty = 1.

In the next result we summarize the key properties of this scale of Banach

spaces.
PROPOSITION 6.1: (1) The operator T defines endomorphisms of the scale
{Gs0} of type 8. More precisely, if 0 < s < s’ we have
(s'/s5)’
9 Thl|se < hlls o -
) Thlo < 5 7°) Mkl
(2) If h € Gs,9, then h extends as an entire function of { = £ + in and
(10) [R(Q)] < Allh]s,0e.

Proof. For (1) we observe that

||Tn+1hHO Sen }

Th =
70 =sp {11 )

<max {(n +1)s"/(s')"*'}" | hlls0,
n>0
and hence to conclude the proof of (1) it suffices to notice that for every m € N

we have .
m(s)m:me—mlog(s'/s)< S/S
s \g

s s’ —s
The proof of (2) will be presented in Appendix 2.

Let now M denote the operator multiplication by & and let S € £(L?(R)) be
the inverse of T'. Let also
O, =T"M>S™H1.
In Appendix 2 we shall also present the proof of the following result:

LEMMA 6.1: For eachn =0,1,2,... we have ©,, € L(L?(R)) and there is p1 > 1
such that |0,] < u"t, n=0,1,2,....

We can then prove:

LEMMA 6.2: If s’ > s > 0, and if u is the constant given by Lemma 6.1, then
M? maps G ,1/04 ¢ continuously into G and

/ 6
(1) 1Ml < (S fz)e £ larasr 0
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Proof. Since
1T M2 o = 10,7 fllo < w7 £l

we have

1222 £]

[T M2 fllos™"
5,0 = Sup 0
n>0 n!

and the argument concludes as in the proof of Proposition 2.

HTn-HhHO (MI/GS)On }

n>0

7. Proof of Proposition 4.1.

We shall consider the equation @ fy = 0 in the variables (&, z2) € R x D(rg)
and write it in the form of a system. If we set

I
uy = >\71/2f§\ )
Tfx
then @ f\ = 0 is equivalent to the first order system
(12) 822’[1)\ = Al/zD(Zg,f,ag)uk,
where
0 1 0

D(ZQagvaf) = 91(22)52 0 I )

and g1 = ¢g? — 1. Notice that

(13) g1(22) = 22 gu(22).

At this point we make a crucial remark: this first order system can be inter-
preted as an ODE valued in the scale Es g = G, 9 X G50 X G5 9. We shall view
uy as a holomorphic function of z; valued in E, ¢ which, as we have seen, is a
space of entire functions of (. We rewrite (12) as

(14) uh (22) = A2 Auy (22) + A2 g1 (22) Busy,
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where now

0 1 0 0 00
A=|10 0 I |, B=| M? 0 0
0 7T 0 0 0 0

We have the following estimates, which follow from Proposition 6.1 and
Lemma 6.2:

1A <9/(s" = 5)" 0 L(Ew 03 Eap),
1B <9/(s' —5)°  in L(E,/04 95 Es,p),

where ¥ = C(s"/s)".
On D(p), with 0 < p < 7 to be chosen, we shall construct a formal solution
to (14) in the form

ux(z2) = Y A0y j(VAz).

Jj=20

Making use of (13) we have the recursion formulae

(15) vho(w) — Avyo(w) =0, w e D(VAp),

(16) v ;(w) — Avy j(w) = wgx(w)Boxj—1(w), w e D(VAp), j > 1.

Here we have written gy . (w) = g«(w/v/\). We take, as a solution of (15), the

function vy o(w) = e“ vy, where
,0 0>

(]
vo=1|% |,

(8

and solve (16) with initial condition vy ;(0) =0, j > 1. We apply Theorem 5.1
and then obtain a sequence

{oas}20 C () O(D(VAp), Es )

s>0

solving (16) and satisfying vy ;(0) = 0 when j > 1.
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For s > 0 fixed we apply (8) taking (E;g)s<r<2s as the scale of Banach
spaces. Since, for this particular scale, we can bound ¥ < 2%, estimate (8)
gives

(A7) o5 (w)]

5,0 <

0 =

w K)\l/(2_20)
& sup { [loan @B g1 @llaes ol oo { 5,00 b lul<,
pt /0 5

lw|<VA
where K is a constant that depends only on 6 if we restrict p < 1.
From now on we shall write
loxslls.o = sup  [loa;(w)lls,o-
lw|<VAp

If we further take 8 > 3 and notice that

sup / 1095,+(0)] [do] < Apllgn |z (p(e)
lw|<vVAp /0

we obtain, for |w| < v/Ap,

239 K \L/(2—20)
(18)  Jorslleo < oK., 7 {

(6 _ 2)989 exp 50/(1-6) } |||v>\7j*1|"u1/965,9 )
where K, is a new constant depending only on 6 and p is given by Lemma 6.1.
We emphazise that this inequality holds for every s > 0 and for every 8 > 3.
Since 8/(8 — 2) < 3, if 3 > 3 we can further write, after redefining K,,

A K)\l/(2—29)
19 Wonilo <ok e {00 o ese

Let now wy > 0 be such that
t < we exp {Kt1/<2—29>} Ct>0.

Then

A K)\l/(2_20)

0 = wp eXp{ $0/(2—20) }

Since for s > 1 we have s9/(2720) < g8/(1-6) ¢ obtain, with a new constant K
that depends only on 6 and with a redefinition of 3,

)\1/(2—29)
(20) lonstho < oesp {007 Hionsoilaea.

Notice that (20) holds for every s > 1, 8> 3u'/? X >1, j > 1.
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We start by estimating vy o. For any s > 0 and 6 > 0 we have

né

S
loxollso <sup ;< e*
n>0 T

If we iterate (18) and assume pK < 1 we obtain

. LKL/ (2-26)
(21) |%xma0§€0ﬂp{ J01(2-20) },

where
o0
je
L= E [ 220,
7=0

We remark that this inequality holds for every s > 1, A > 1.
Finally we shall set

. 1
’u,>\(22) = Z )\j/2 ’U)\,j(\/)\ZQ).
J<AL/(1=0)
From estimate (21) we derive

- LK N1/(2—26)
furGello < N0 exp {07 T s e Do) 521,

and thus f(z2), the first component of uy(z2), satisfies (3) with k = 1/(2 —260)
(cf. Proposition 6.1 (2)).
If we denote

L=d/dzy — \/2A - \/2g,(2)B,

then a computation, which makes use of (16), gives

91(22)
Luy = ~ -2 Buy 4 (VAz),

where ¢ is the integer part of \'/(1=%) —1. Since Q) f» is the second component
of the vector Lu) we derive an estimate of the kind

QrfA(€, 20)] < CeON/ O =XV ITM0BA e R 2y € D(p).

Property (iii) in Proposition 4.1 then follows easily and our argument is com-
plete.
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Appendix 1
In this appendix we prove Lemma A.1.2 used earlier. For this we need

LEMMA A.1.1: If A,w > 0, then

oo An w
S5V <o
n=0 n
where C,, = [1 — (e/3)*] 1
Proof. Consider the function A(t) = A/t = et'°8(4/t)  defined for t > 0. The
maximum of A is attained at the point tg = A/e. Thus
A(t) < A(to) = e?/e.
We split the sum as
00 An w AP w AP w
>(w) =2 ()= ()
n=0 n<3A/e
~ ~ - ~ ~ -
iS1 £S2
and see that
S < (3A/e)ev /e,

Sy < i(e/?))"‘” =
n=0

LEMMA A.1.2: If R,w > 0, then

> Rn 1/w
Z y < (3R1/w +Cw)ewR /

n!
n=0

Proof. We have
R"enw Rn/wen e
POIIED DRIIED o ()
Appendix 2

In this appendix we shall apply some well known facts concerning the sequence
of Hermite functions {,},>0. Each ¢, can be written as

Vp(T) = cphp(T)e 2, Cp =T 1/4(2pp!) vz,

where {h,(7)}p>0 is the sequence of Hermite polinomials.
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The following properties are well known and will be crucial for us:

(22) Tipp = (2p+ )by, p =0

(23) hpt1(T) 4 27hp(7) + 2php_1(7) =0, p> 1.

Proof of Proposition 6.1 part (2). Let f € G, and write

f=2 apty
p=0
Then
T"f =) (2p+ 1) apy
p=0

and hence

= n!?

> @p+1)*"ay|* < $20n Hst g n=>0.

p=0

In particular, taking p = n in the summation gives

16
|an| < n. S ||f||579 .
— Sen(2n+ 1)71 Senn!I—G
Now, according to [M, 1980, p. 842] there is a constant L > 0 such that
g ()] < 1AL et

and thus

(J)
L
ot +im) <> |J<LPZ Sl < Lazpetihr
Jj=0 =

Hence we can estimate (recall that 0 < 6 < 1)

|f(€ +in)] <Z|ap||1/)p &+ in) {Z|a |LP}6L1|77|2

p=0

Ly {Z Sﬁpp!le}
p=0

Proof of Lemma 6.1. Notice that a simple computation shows that (23) is equiv-

2
eeLl\ﬁ\ )

alent to

(24) Twp = \;2 {\/p%fl + \/p + 1"/)p+1) )
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which gives

1
M2y, = Voo = D2+ 2+ 1y + V(P +2)(p+ Dby}
The inverse S of T' can be defined by

(25)

SWp) = (¥p/(2p +1)).

A simple computation shows that

where

Qp,p—2 =

enwp = an,p721/)p72 + wp + an,p+21/}p+27

@p=3)"p2(p-1)"2 _ (2p+5)"(p+2) 2+ 1Y
@+ (2p + 1)+ ‘

We then obtain the estimates |an 2| < 1, |anpi2| < 471 and hence, by
Schur’s Lemma,? it then follows that ©,€L(L*(R)) and that ||©, || <3 x4"*1.
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