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1 Introduction

There has been a renewed interest in the last decade to the theory of integrable models

and its various techniques, due to their numerous applications in the understanding of the

AdS/CFT correspondence (for a comprehensive review see [1, 2]). On the other hand, this

study has stimulated a deeper investigation of the subtleties associated to the quantization



of integrable systems. The standard methods which work for the simpler classical integrable
models [3-6] often fail when considering a more complex theory such as the string theory
on AdSs x S° background, or even its smaller subsectors .

In this paper we address one such subsector, the su(1, 1) subsector, and point out some
of the new interesting features and problems that arise in the resulting Alday-Arutyunov-
Frolov (AAF) model [7-13]. The first attempt to probe its quantum integrability has
been done in [14], where it has been shown that the quantum integrability of the AAF
model can indeed be verified directly by checking the S-matrix factorization property,
which is a necessary condition for the quantum integrability of the system. However,
the technically complex perturbative calculation was possible to carry out only up to the
1-loop order, and it does not seem to be possible to generalize the perturbative test of
this property to all-loop order. Besides, as we have emphasized in [14], the perturbative
calculations for the AAF model contain several subtleties and fine points. Moreover, the
most interesting properties of the integrable systems are generally non-perturbative in
nature, and, therefore, developing a more strict approach is very desirable.

Thus, our goal in this paper is to develop the more reliable inverse scattering method
for the AAF model, which does not utilize any perturbative calculations. The standard
path to quantizing an integrable system is to start from the classical integrability and
the corresponding Lax connection, and find the algebra of the corresponding monodromy
matrices, which determines the classical r-matrix of the model. The quantization is then
usually achieved by putting the system onto a lattice, with the use of the classical algebra.
While this works for a number of classical models, it does not work in such a straightfor-
ward manner for many interesting models, due to the following several reasons. First, while
the classical algebra may be simple, finding the lattice version of the Lax pair is a very
non-trivial problem. Even for the simplest classical models, for example, the sine-Gordon
model, the general techniques of constructing the lattice counterparts do not give a simple
local Hamiltonian, even though they may exist in principle [15-18]. In some cases, for ex-
ample, the non-linear Schrodinger (N LS) model, one may write the corresponding quantum
equations directly in the continuous case without any evident problems. This, however,
fails for other models, as we have shown in [19, 20] for the case of the Landau-Lifshitz (LL)
model [21], for which the direct generalization of the classical equations to the quantum
ones leads to meaningless singular expressions, due to the ill-defined operator product in
the same point. As was shown in [19, 20|, a more mathematically correct procedure to
obtain the corresponding non-singular quantum expressions is to introduce a special op-
erator regularization, and necessarily construct the self-adjoint extensions. Together with
the self-adjointness of the quantum Hamiltonian this was shown to reproduce both the
correct spectrum and the factorization property of the S-matrix. The root of the problem
in the LL model was the very singular ¢”(z) type of interaction in the quantum-mechanical
description. We emphasize that even in the N LS model one in principle should construct
the corresponding self-adjoint extensions, although, in this case, the result is non-essential
for the integrability of the system.

The AAF model, which contains only fermionic degrees of freedom, is another inter-
esting example of such singular theories. Here one also has to deal with the §”(x) type of



potential, and, therefore, all the methods and operator regularization techniques developed
for the LL model could also be applied in this case. However, unlike the LL model, there
is a further complication in the AAF model, apparent already on the classical level. As we
will show below, the algebra of the L-operators has a non-ultralocal form, which essentially
prevents one from using the standard methods of the integrable systems and quantize the
model via the Bethe Ansatz techniques. Although the non-ultralocality appears in many
interesting models, e.g. principal chiral mode, 2d gravity etc., the non-ultralocality in the
algebra of the L-operators is usually exhibited in terms proportional to 0,6(z—vy). However,
the corresponding algebra of the L-operators for the AAF-model has a surprisingly more
complicated structure, containing higher order non-ultralocal terms of the type 826(x —y).

Thus, the AAF model is an interesting model in this context, which exhibits both
difficulties simultaneously - the singularity of the interaction, and the non-ultralocality of
the algebra of the L operators. The singular nature can be dealt with in the same manner
as it was done for the LL model [19, 20]. However, handling the non-ultralocal nature of the
algebra is not an easy task. There do not exist any satisfactory nor standard methods to
deal with such algebras. The main prescriptions in this direction are due to Maillet [22-25]
and, alternatively, to Faddeev and Reshetikhin [26]. The latter method, being more elegant
and physically clear, is, nevertheless, hard to use in practice for more involved models, and,
moreover, it still requires putting the system on the lattice.! The method due to Maillet,
however, does not use any lattice regularization, and although it is not obvious how to
quantize such systems, some essential progress in understanding the integrability of such
models, e.g., the complex sine-Gordon model and non-linear sigma models, has been made
in the classical theory (for more recent applications see [29-33] and the references therein).

One of the main issues regarding the method proposed by Maillet is the ad hoc con-
struction of the symmetric limit procedure, in order to obtain well-defined algebras between
the monodromy matrices.? In this paper we will argue that such symmetric limit proce-
dure is the result of the regularized operator product in the quantum theory, and which
naturally appears when one takes the classical limit 2 — 0.

Another interesting result we have obtained is that the AAF model admits a 2 x 2
Lax pair representation. Let us remind, that in [7] it was shown that one can obtain a
4 x 4 representation, starting from the Lax pair for the full superstring on AdSs x S°
and carefully eliminating the degrees of freedom, in order to obtain the su(1,1) subsector.
Moreover, it was proved there that the zero-curvature condition is satisfied on the equations
of motion. Here we demonstrate also the inverse, namely, we show that one can derive the
equations of motions from the zero-curvature condition. In the process, by analysing all the
constraints and the resulting equations, we show that the Lax connections can be recast
in the 2 x 2 matrix form, which essentially simplifies the computation of the algebra of the
L-operators. This is quite remarkable, since the much simpler fermionic Thirring model
admits only a 3 x 3 matrix representation for the Lax operators [35, 36], which makes it

'For a recent attempt to apply this method to the strings on AdSs x S® see [27, 28].

2Remarkably, in some cases, such as the 2d gravity coupled to a dilaton field, the algebra, is well-defined
(in the infinite space limit), despite the non-ultralocality in the algebra of the L-operators, due to the
presence of the dilaton field and its assymptotic behavior [34].



complicated to use the Bethe Ansatz to find the spectrum. Surprisingly, the AAF model
appears to be simpler in this sense.

We also give the complete account of the non-ultralocal algebra between the L-
operators, which is hard to compute explicitly due to a very complex Dirac bracket structure
between the fermionic fields. We note here, that as has been shown in [14], in the pro-
cess of checking the S-matrix factorization property via perturbative 1-loop calculations,
we have discovered some missed numerical factors in the AAF Lagrangian in the earlier
works [7, 9], which essentially changed some of the results. Here, we also correct the missed
factors in the Dirac bracket structure of [7]. We show that in order to describe the inte-
grable structure of the AAF model, one needs to introduce three independent matrices
r,s1 and s3. The latter is due to the additional higher order non-ultralocal term in the
algebra. Moreover, we derive the algebra for the transition matrices and show that it has
exactly the same form as the Maillet algebra with the non-ultralocality of the simpler type,
containing only the terms proportional to 9,0(x — y). Thus, we show that the effect of
the higher order non-ultralocality can be absorbed into only two independent matrices, the
modified r and s pair.

Our paper is organized as follows: in section 2, we set up our notations and analyse the
4 x 4 matrix representation in details. We show that the AAF equations of motion follow
from the off-diagonal part of the zero-curvature condition, while the diagonal part gives
some highly non-trivial constraints, satisfied on the equations of motion. In section 3,
we make the crucial observation that only half of the set of all equations, that follow
from the zero-curvature condition, are indeed independent, and show that due to this
doubling of the equations, one can reduce the Lax connections to a 2 X 2 matrix form.
In section 4, we briefly explain the Faddeev-Jackiw procedure to find the Dirac brackets,
and give the corrected canonical structure between the fermionic fields. In section 5,
we explicitly calculate the algebra between the L operators and show its non-ultralocal
nature. As an interesting consequence, we find that the field-independent truncation of
the algebra corresponds to the fermionic version of the Wadati model, which can serve as
a more simple characteristic example to analyse non-ultralocal algebras. In section 6, we
recapitulate the Maillet symmetric limit procedure to deal with such algebras, and give
its generalization adapted to the more general case of an algebra containing also terms
proportional to 8%5(3: —y). We also briefly explain the operator product regularization
method proposed in [19, 20], and argue that Maillet’s symmetric limit procedure appears
naturally in the classical limit of the regularized quantum case. In conclusion we discuss
some open problems and the future work. Finally, we collect some important technical
details in the appendices.

2 Alday-Arutyunov-Frolov model: 4 X 4 Lax connection

In this section we setup our notations and give the complete analysis of the classical in-
tegrability, using the 4 x 4 Lax representation originally found in [7]. Let us note, that
it was claimed there that the corresponding zero-curvature condition is satisfied upon the
substitution of the equations of motion. Here we also prove the inverse: the equations of



motion of the AAF model follow from the zero-curvature condition in the 4 x 4 represen-
tation. This is a very non-trivial result, which we present in detail below. In the process
we will show that the resulting equations and constraints are such that one can reduce the
Lax representation to a 2 x 2 form.

The AAF model is obtained (for a complete analysis, see the original paper [7]) by
starting from the full superstring theory on AdSs x S® and consistently reducing it to
the su(1,1) subsector. The remarkable characteristic feature of this truncation is the
elimination of all the bosonic degrees of freedom through the constraints. Our starting
point is the Lagrangian of the AAF model in the form (see appendix A for our notations):
S (P — 00 + i (T 01 — Ouip) + T

+ %g%“ﬁ (0ath Yp° 1) — Dathth Dgipp’) — %eaﬂ (V)2 0ahp®dpy.  (2.1)

L=

Here, as explained in [14], we have introduced two coupling constants g2 and gs3. The main
result of the analysis in [14] was the necessary relation between the coupling constants go
and g3 in order the guarantee the quantum integrability of the model. Namely, in order for
the S-matrix factorization property to hold, up to the 1-loop order, the following relation
must be satisfied:
(92)% = 9. (2:2)

We will show below that the same condition must also hold for the classically integrable
theory. For now, we will consider a more general theory defined by (2.1) where the constants
g2 and g3 are independent, and below we will show, that the constraint (2.2) should be
imposed already in the classical theory, from the condition of classical integrability.

To analyse the classical integrability, it is convenient to write the equations of motion,
following from the Lagrangian (2.1), for each component 1) and 19 separately:

iVgs
2

VA
+M8‘gz)’eaﬁ {¢;5a¢§¢1¢26,8¢1 - [&;ﬂﬁiw;?ﬂﬂh + aa(l/ﬁ@/};wle)] 8Bw2} — 07
(2.3)

iJOot — VAIbe + Jiby + {—l/fzk Q010191 + Oorp201v2) + Gaﬁaalbfaﬁ(wl%)}

iy + VA1 — Japy —

VA9 [t (@i + utiadh i) — 20,1530 (110o)]

v A\
‘Mg%faﬁ {9} 0at1 20502 + [ 0atstr s + Ba (Y1 U5Y112)] gt } = 0.
(2.4)

This form, however, is still not suitable to proceed with the analysis, since the time deriva-
tive of the spinor components enters also into the cubic and higher order terms in (2.3)
and (2.4). To this end, one can substitute in these higher order terms the time derivatives
of the spinor components upon multiple usage of the equations (2.3) and (2.4), until the
higher order terms depend only on space derivatives, and the equations of motion have the
form:

Oov; = Fi(1,42, 0141, 011)2). (2.5)



We stress that the convergence of this procedure is guaranteed by the fermionic nature of
the fields. After very lengthy and tedious calculations, one obtains the expression (B.1)
and (B.2) of appendix B. Even though the resulting equations are rather cumbersome and
have a more complicated form in comparison to the original equations (2.3) and (2.4),
containing terms up to the seventh order in the fermions and their space derivative, they
will greatly simplify obtaining a number of very non-trivial relations, which will play a
central role in establishing the classical integrability.

Let us now turn to the Lax representation. The 4 x4 representation was given in [7], and
there it was shown that the zero-curvature condition is satisfied upon the substitution of
the equations of motion. In order to establish the inverse, namely, that the zero-curvature
condition produces the equations of motion (2.3) and (2.4), we will first generalize the
construction of [7], write down the equations following from the zero-curvature condition,
and find the general conditions upon which the off-diagonal terms produce the equations
of motion, while the diagonal terms give some very non-trivial identities.

The 4 x 4 Lax connection has the form:?3

Lo=&710+ €700 + A, (2.6)
=& T + €7 Jo + Ay,

where Iy = 0® ® 03 and Jy = 02 ® 1, and the other quantities in (2.6) and (2.7) are defined
as follows:*

67 = 101+ B) G4 — ) + S, (2:8)
€0 = 1 (5= g+ 20000 — 41) + 22 (G — i) (2.9)

€)= 1(1 PP — ), (2.10)

J—i( P =) — wa]. (2.11)

ily

4/

67 = L (@ — ') + .

Furthermore, the off-diagonal matrices A; and A, have the following form:

[’yTJo, I30 + 145] —0r <l39 - 149~> ; (2.12)

A,
Ay = [%Jo,zge +l49] By (139 - z4é> : (2.13)

where the functions l; = [;(u), i = 0,...,4, given explicitly in appendix A, depend on the

3 As explained in [7], this Lax representation was obtained by starting from the one for the full superstring
on AdSs x S° and consistently reducing it to the su(1,1) subsector. We also note, that under the scale
transformation: ; — ci;, the Lagrangian (2.1) transforms as: .£(g2,93) — c2.Z (g5, g5), where g5 = c*g2
and g5 = c*g3. One can use such transformation to set: go = 1. The Lax connection (2.6) and (2.7) is
written after making such a scaling.

4We write these quantities explicitly in terms of the spinor components 1 and %> in appendix G.



spectral parameter u, and:
(0P =4 p°) (2.14)
(96" — o + 2000y — ). (215)

Yo =

0| — 0ol

Vr =

Finally, the matrices # and 6 have the form:

0001wy 00 0n
0 0w 0 s 0 0wy O ) 1, -
0= 0= th =14+- . 2.16
0l o, 00| ol g 50 0 with +4(¢¢) (2.16)
vy 0 0 0 vy 0 0 0
The fermionic degrees vy, Um, m = 1,...,4 will be determined below from the zero-

curvature condition:
80L1 — 81L0 — [Lo, Ll] = 0. (2.17)

In order to write the complete set of equations following from (2.17) in a more compact
form, it is convenient to write the A, and A, matrices in the basis o ® o7, where o are
the usual Pauli matrices. It is easy to check the following relations:

0 = ayo’ ® O'inj and 0 = iago’ ® Ujf(ij, (2.18)
where
1 7
X11=Z(V1+V2+V3+V4), X12=1(V1—V2+V3—V4),
) 1
X21 = Z(V1+V2_V3_V4)’ X22 = 1(—V1+1/2—V3+V4), (2.19)

x3i = Xi3 = 0.
Similarly, one obtains the relations between x;; and ;. Finally, introducing:

+ o~ ~ ~
:uz('j) = lgxi; +ilaviy, 7 =—pSP and plP = —ptH (2.20)

one arrives at the desired form:
A =ANigi@ol  with AY = 2iagy, il — o (5 2.21
T 70 ®o Wil T ZaoﬁYTMz] T aOsz ) ( : )
Ay = Af,jai ®o!  with Af,j = 2ioz0'y0—ﬂ§;-r) — Oy (040%(;)) . (2.22)
Writing the zero-curvature condition for the diagonal and off-diagonal parts separately, we
find the following equations:

A0Es7 To + 8037 Jo — 015 Io — 0167 Jo — [Ar, Ao] = 0, (2.23)
Bohy — 1A, — 7 [Jo, Ay] — €2 [y, Ay] = 0. (2.24)

We first analyse the equation (2.24) for the off-diagonal part of the zero-curvature
condition (2.17), and show that the equations of motion (2.3), (2.4) follow from it. Using the



expressions (2.21) and (2.22) for the tensors A and AY, one can write the expression (2.24)
in the component form:

BN — AT — ey ATET) 4 g AMED) =0, for 0,5 =1,2. (2.25)

Substituting all possible values for the indices (i, j), and using the explicit expressions (2.8)—
(2.11), one obtains the following system of equations:

1M 4+ 1, M 4 131 M)+ 11,M 8D 4 151308 + 1,1, M = 0. (2.26)

The explicit form of the functions M?Eij ), M, fj ), Ml(gj ), Ml(ij ), MQ(QJ ) and MQ(ij ) are given in
appendix C. By using the explicit dependence of the I; functions on the spectral parameter
i, given in the equation (A.3), and analysing its various values and asymptotics, one can
show that the equation (2.26) is equivalent to the following set of constraints:

Mg + ) = o, (2:27)
M =) = o, (2.28)
M) — Mg =o, (2.29)
My — My =o. (2.30)

Despite the complicated dependence of the M) functions on the fields, one can show
that by an appropriate choice of v; in (2.16), the above system of equations reproduces
the equations of motion (2.3) and (2.4). This in turn will imply that the equations (2.27)—
(2.30) are not independent, leading to the construction of the 2 x 2 Lax connection, which
we present in the next section.

We start with the equation (2.27). Using the formulas in appendix C, it is easy to show
that, for any choice of the (i, ) indices, the equation (2.27) is equivalent to the following
constraint:

81’)/7- - (9070 = 0, (2.31)
or, more explicitly:

T+ — vy — iy = —idy (YY) (2.32)
where we have used the -, and 7, defined correspondingly in (2.15) and (2.14). The
dependence of the fields v;, 7; on the fermionic fields must be chosen so that this constraint
is satisfied.

Let us now turn to the equation (2.29), from which the fields v;,7; are determined.
Considering all possible choices of indices (i, j), using the formulas in appendix C, as well
as inverting the relations (2.19), one arrives at the following equations:

: : 4v/X _ 2V _

2iv-0n (awvk) — 2iy500(ovy) — VeV — 7%31(040%)
i i
+—Caoy- o + —=C0(agrg) =0, for k=1,2,
e blaor)

(2.33)



and

. . 4\ 2V 3
20,01 (oVm) — 217500 (toVim) + 7 1000V Vm — T'Yoal(a()ym)

7 7

QoY Um + Oo(alm) =0, for m = 3,4,
\5\( 07 2\5\( o (aoTm)
(2.34)
where have we denoted:
VA - 1.,/ 711 n
Ci=2J = 55 (o' — ') — Ty, (2.35)

Thus, we see that the equations following from the off-diagonal part of the zero-curvature
condition are not independent, and there are in fact only two independent equations.
Before proceeding to the analysis of the equations (2.33) and (2.34) in all orders in 9,
one can first readily compare the linear terms with the ones arising from the equations of
motion of the AAF model (2.3) and (2.4). One of the possible choices is the following:®

vi =1, va=17, v3=11, v4=13,

~ ~ . ~ ) (2.36)
U= =1, U= =1y, U3=1bo, Uy=17.

One may then examine the connections between the equations (2.27)—(2.30). The explicit
relations are given in details in appendix C, and we conclude that there are only two
independent equations, following from the off-diagonal part of the zero-curvature condition,
which we take to be the following;:

M+ M) =0, (2.37)
MDD — M) — o, (2.38)

Substituting the formulas (2.8)—(2.15) into (2.38), and considering now all orders in the
fields, one can derive the dynamical equations (B.3) and (B.4) for ¢; and v, following from
the off-diagonal part of the zero-curvature condition.

One immediately sees that these equations do not seem to coincide with the equations of
motion for the AAF model (2.3) and (2.4). This is, however, due to the presence of the time
derivatives of the spinor components in the higher order terms. As we discussed earlier,
one can, upon multiple substitutions of the time derivatives of the spinor components
into the cubic and the higher order terms, eliminate such dependences, and arrive at the
equations of motion where all the cubic and higher order terms depend only on the fields
and their space derivatives. After this very lengthy and tedious elimination procedure one
arrives exactly at the equations (B.1) and (B.2), provided the constraint (2.2) is satisfied.’
Now, using these equations, it is simple to check the remaining independent equation of the
off-diagonal part (2.37), which, as we discussed above, is equivalent to the constraint (2.32).

®We also note, that this choice is consistent with the involution, under which ¢* = ¢, v = —v-, v = —7»
and af = ap.
5In terms of the rescaled fields (see footnote 3), this constraint becomes: gi=gs=1.



Let us now consider the equations arising from the diagonal part (2.23) of the zero-
curvature condition (2.17). Writing the A; and A, matrices in the form:

0 0 0 AL 0 0 0 AL
0 0 A2 0 0 0 A2 0
Ay = g d A, = g , 2.39
0oA0 0| ™ 0 A2 0 0 (2:39)
A0 0 0 A0 0 o
one easily obtains the following constraints:
80\ — 01 =0, (2.40)
o 1
ay” — gt = 5 (" = ™), (2.41)
o' 4+ ¢* =0, (2.42)
where we have denoted
[AT’ AO’] = diag(¢117 ¢227 ¢337 ¢44)' (243)

It is important to stress that, as it was the case when considering the off-diagonal part of
the zero-curvature condition, each of these equations appears twice. Thus, we come to the
conclusion that each independent equation that follows from the 4 x 4 representation of
the Lax connection appears exactly twice in the full set of equations and constraints. This
important observation will lead us to the construction of the 2 x 2 Lax connection in the
next section.

The verification of the equations (2.40), (2.41) and (2.42) again requires very lengthy

calculations, and the usage of the equations (B.1) and (B.2).7

Nevertheless, it is quite
remarkable that these equations are indeed satisfied. In appendix D we give some useful
expressions and additional technical details related to the above constraints.

Let us also address one subtlety which we have so far ignored. Since the 4 x 4 repre-
sentation for the Lax connection was obtained from the original Lax connection for the full
superstring on AdSs x S°, and, as it is well known, there is no matrix representation for
the psu(2, 2|4) superalgebra, there is a possible anomaly in the diagonal part (for a detailed
discussion, see [12]). In other words, the diagonal part of the zero-curvature condition for
the full superstring on AdSs x S® should be generalized to be equal to a term of the form
Tyxa(0;)1y, where I'gx4(1);) is some function depending on the fields and 14 is the 4 x 4
unit matrix. It does not vanish, in general, when reduced to smaller subsectors, which is,
for example, the case for the reduction to the AdS3 x S subsector [12]. For the AAF
model, however, the equation (2.42) is essentially the condition that the anomaly I'yx4(1);)
vanishes. Indeed, it is easy to see that the anomalous term T'4,4(1);) can be written as
follows:

Lysa(¥i) = —% (o' +¢%%). (2.44)

"We emphasize that the equations (B.1) and (B.2) have already been obtained from the off-diagonal
part of the zero-curvature condition (2.17), and, therefore, we are allowed to use them.

~10 -



It is interesting to note, that for the 2 x 2 representation of the Lax connection, which we
will give in the next section, the anomaly I'ax2(?);) identically coincides with the anomaly
I'yx4(;). Therefore, the anomalous term vanishes in both cases.

Finally, it is tempting to try to generalize the construction of the Lax connection (2.6)—
(2.16) in such a way that the classical integrability holds without imposing the quantum
constraint (2.2), which was originally obtained in [14] from the S-matrix factorization
property in the 1-loop order. Without giving here the explicit analysis, which is quite
tedious and follows the same type of steps we outlined above, we can state that under no
deformation of the parameters, or addition of higher order terms in the formulas (2.8)—
(2.16) the AAF model is classically integrable for arbitrary constants go and g3. Hence,
the quantum constraint (2.2) must also be imposed in the classical theory.

Thus, we have strictly proved the classical integrability of the AAF model, based on
the 4 x 4 Lax connection, provided the constraint (2.2).

3 2 x 2 Lax connection

As we showed in the previous section, the equations that follow from the zero-curvature
condition (2.17) and the 4 x 4 Lax connection are not independent, and each independent
equation appears exactly twice in the set of all equations. This simple observation allows
one to reduce the Lax connection to a 2 x 2 representation. Indeed, the 2 x 2 Lax connection
can be written in the following form:

Lo=&T+ €70y + A,
L1=&7Ty+ &7 o+ Ay

Here §éT), §§T), 5(()0) and éo) are defined by the same formulas (2.8)—(2.11), and the 2 x 2
matrices Iy and Jy have now the form:

I_() = 77112 and J_() = 77203, (3.3)

where 77 and 7y are some constants which we will fix below. The off-diagonal matrices A,
and A, now take the following form:

A, = [%JO, 150 + 140

S

o, (zgé - 145) , (3.4)
By (zgé - z4§> : (3.5)

A, = {’ygjo, 1360 + l49]

where the matrices 0 and § are defined by:

0:a0<01/1) and é:icm(p Vl). (3.6)
vy 0 vs 0

As before, we will determine the fermionic degrees #,, and 7,,, m = 1,2 from the
zero-curvature condition:

8oLy — Lo — [Lo, L1] = 0. (3.7)
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Introducing the notations:

=5 mtm), G=gm-m), (33
le%(ﬁlJrﬁ‘Z)a 5222(51—52)7 (3.9)
from which we construct the combinations:
ﬂl(-i) =3¢ tilaG, A7 =-ad" and AT =gal?, (3.10)
and writing:
Ar=Alo' with AL = 2ipagyefi ) — O (aoﬂgf)) : (3.11)
Ao =Alo' with AL = 2inagyeil” — 0, <a0ﬁ§‘)> : (3.12)

it is easy to show that the zero-curvature condition (3.7) can be written as the equations
for the diagonal and off-diagonal parts, similar to (2.23) and (2.24):

(0068 — o1&l ) To + (006l = onel™) o = [Ar, B5] =0, (3.13)

Bohe — DA, — €7 [, Ay] — €7 [Jo, As] = 0. (3.14)

One can then analyse these equations similarly to the 4 x 4 representation case. For

the off-diagonal equation (3.14) one can show, repeating each step of the calculation in the

previous section, that the resulting equations coincide with the equations (2.37) and (2.38),%
provided the constraint (2.2) on the coupling constants g2 and g3, as well as the relations:

m=1, D=4t =15 v1=—1¢ and by =17 (3.15)
To simplify the analysis of the diagonal part (3.13), we write:
0 AL 0 AL

AT:<>\z 0) and A”:(A§ 0). (3.16)

Noting that the second term in (3.13) is equal to zero, due to the identity (2.40), and
denoting:

[/_\T; /_\0'] = dzag(¢7 ¢)7 (317)
it is easy to see that the off-diagonal part (3.13) reduces to the following equation:
n (305[(30) - 315(()T)) — ¢ = Daxa(¥s), (3.18)

where I'gx2(1);) is the term that may appear due to the possible anomaly in the diagonal
part, as we discussed in the end of the previous section. Using the relations (3.15), which
were determined from the off-diagonal part, and the identity (2.41), one can show, that:

¢ =o', (3.19)
Poea(i) = 5 [(m —2) 6 — ;o] (3.20)

8We stress that the equations of motion for the AAF model (2.3) and (2.4) follow from the equa-
tions (2.37) and (2.38).

- 12 —



Remarkably, it follows from (2.44) and (3.20) that the anomaly 'ax2(1);) in the 2 x 2 case
coincides identically with the anomaly I'gx4(1);) of the 4 x 4 case, provided 1, = 1. Thus,
in both cases the anomalous terms vanish.

4 Dirac brackets

Having derived the reduced 2 x 2 Lax representation for the AAF model, we turn our
attention to its Poisson structure. This analysis has already been carried out in the original
paper [7], however, due to some missed coefficients in their original Lagrangian, we carefully
redo this derivation. Our first step is to obtain a Hamiltonian formulation of the model.
It is convenient to rescale the fields in the Lagrangian (2.1) as follows: ¢ — J 7%1/). Then,

the rescaled Lagrangian becomes:?

P ) (@Epﬂaozp — bp’Y) + z‘ﬂ (vp' o1ty — 011%11#) + P

4J2 16J3

(V0at) Pp°Optp — Bathtp Dptpp°y)) — (00)? 0atbp® I, (4.1)
The AAF Hamiltonian can be obtained by the standard Legendre transform:
H =Ty — g — &, (4.2)

where the canonical conjugate momenta are defined by:

0% Vigs, - o 75y _ VA ;
I, - 52 = L0+ 2 (g g + g0 %) - Y2 (G9) o, (43)

0L i VA g2 T 5 T5 VA g3 2 5
=" =g/t Sgr (0 0™+ 00y 0°0) = oz (B) 0w (44)

so that the Hamiltonian becomes:

H =J - i (Vo' O — Drbp' ) — . (4.5)

Since the Lagrangian (4.1) is linear in the time derivatives, the canonical momenta are
independent of the time derivatives of the fields. Hence, the attempt to eliminate the time
derivatives of the fields in favour of the canonical momenta fails, and one must analyse the
constrains in the theory and construct the Dirac brackets [37]. This is rather a cumbersome
procedure for the AAF model, which can be avoided by utilizing the equivalent prescription
by Faddeev and Jackiw [38, 39], which we briefly review below.

Tt is interesting to keep the coupling constants g2 and g3 independent throughout the analysis carried
out in this section and, therefore, uncover the explicit dependence of the Dirac brackets on them. However,
when considering the algebra of Lax operators in section 5, we shall use the rescaled fields in which the
constraint is g3 = gs = 1.
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4.1 Overview of the Faddeev-Jackiw formalism

Faddeev and Jackiw’s method is based on the observation that a conventional second order
in time derivatives Lagrangian can always be converted to a first order in time derivatives
Lagrangian by the exact same Legendre transform used to go from the Lagrangian to the
Hamiltonian formulation. Let us briefly describe this approach by considering a general

first order in time derivatives Lagrangian:!?

L = a;(€)& — V(9), (4.6)
where £; denote the 2n phase space coordinates:
L=pi, 1=1,....,n and &=¢q;, i=n+1,...,2n,

with the sum over repeated indices, as usual, implied, and where a;(£) is an arbitrary
function of the &;, without explicit time dependence. Noting the absence of first order time
derivatives in the combination:

oL .

7{1 - L7

i
when defining a Hamiltonian by the standard Legendre transform, it is possible to identify
the potential V' with the Hamiltonian:

oL .
H="2¢ L=V (4.7)
3
Thus the first term on the right hand side of (4.6) defines the canonical 1-form: a(§) =

ai(§)d&;.

The Euler-Lagrange equations obtained from (4.6) have the form:

009 0ai()

. OH )

If the 2-form: w = da = %wi]- d§; d¢; is nonsingular, then the matrix w;; is invertible,
and (4.8) can be recast in the form:

& = Wilf- (4.9)

Since V' is the Hamiltonian for Lagrangian (4.6), the equations (4.9) are also Hamiltonian:
: ov

G=1{V.&} = 518, &b (4.10)
&

provided one defines the bracket such that:

{§i,§j} = wi_jl‘ (4.11)

10The Lagrangian considered in this example describes a typical mechanical system. The generalization

to a field theoretical setting with the inclusion of anticommuting variables is straightforward. It will be
considered in detail for the AAF model in the next section.
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It is important to emphasize that it was not necessary to consider any constraints in
the analysis so far. They only appear in the case where the matrix w;; is singular, and
a more involved analysis is required. This discussion is, however, out of the scope of the
present work, since, in the case of the AAF model, the matrix w;; is invertible. We refer
the interested reader to [38, 39]. Finally, we stress that the bracket (4.11) coincides with
the one obtained through the Dirac procedure [40].

4.2 Faddeev-Jackiw formalism for the AAF model

In this section we apply the prescription due to Faddeev and Jackiw to the AAF model.
We start by noting that the Lagrangian (4.1) admits the following decomposition:

L = Ly — H, (4.12)

where S is the AAF Hamiltonian written in equation (4.5) and %, stands for the kinetic
part of the Lagrangian:

\/> 92 aﬁ

Liin = % (5000~ 0g) + LI 3 (50, 51705 — B 9°)
fgﬁ’ 8 (50)° Qi P05 (113

In order to obtain an analogue of (4.6), we must extract the canonical 1-form from %,
namely, we must write:

Lhin = @i (X) Xis (4.14)

where we introduced, following the notations in [7], the auxiliary notation for the fermonic
fields:

X1=V1, xe=t¢2, X3=¢], Xa=15. (4.15)

In this case, the functions a;(x) take the form:

i iV go

1= —5X3 ~ 5 p XaXaXi F 8?}3 X1X2X3X4X1» (4.16)
ag = —%m - Z\ZQ 2 Xsxaxh + \gf X1X2X3X4X55 (4.17)
ag = _%Xl + 2;292 X1X2X3 + \éi\g)ggXIX2X3X4X,2> (4.18)
ag = —% X2 + \/!j}Qg X1X2X4 + \/§3g X1X2X3X4X]- (4.19)

The next step is to derive the Euler-Lagrange equations following from (4.12). Thus, we
consider:

6 (L) = dlai (x) xi] =6 () =0, (4.20)

with the implied sum over ¢ going from 1 to 4.
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It is easier to evaluate each variation separately:

s 00l = [ dy {axj<y> [gxg; -0, (‘;X(é))] @)
e [‘;XEQ W+ x;<y>] } . (421)

To make it possible to write the Euler-Lagrange equations as in (4.8), we must be able to

write this variation as follows:
d [a; (x) xi] = ox;(x) Qji(w) Xi(7). (4.22)

Clearly, the expression (4.21) does not have such a form. However, as we will show bellow,
once we fix the values of the indices ¢ and j, it is possible to reduce (4.21) to (4.22). Let
us then compute the right hand side of (4.21) for the case i = 7 = 1. One has:

[ o 5245 - 0,550 ) + o) | 5 i) + S| |

oxaly)  oxi(y) xX1(y) oxi(y)
= ox1(x) “26292 (X3x4 — xax3) + Z\fj‘?)g?’mmmxi] x1(x)
= dxa(z) i(z) X1 (), (4.23)
with . .
Qi (z) = “26292 (x3x1 — xax3) + “f,?)g?’mmmxﬁ- (4.24)

Repeating this calculation for the other indices (i, j) we can obtain all the elements of the
matrix ;;(z), which we collect in appendix E.
Computing the variation of .7 one obtains:

0 () 3 ()
0 (x :/dy [5)@ Y + 0 (y =dyi(x) H;(x), 4.25
® W) Gy ) oy | = @ ), 425)
where we have introduced the functions:
VA VA VA VA
Hy = TXZ —x3, Hay= —7X§ + x4, Hz= _TXIQ +x1 and Hy= 7X’1 — X2-

Now, substituting (4.22) and (4.25) back into the equation (4.20), we obtain:
Qi (2)x;(2) = Hi(), (4.26)

which is in direct correspondence to (4.8).
The Dirac structure is defined in the standard manner [3]. Let F'[x;(z)] and G [xi(z)]
be two functionals of the fields and define the Dirac brackets between them in the usual

way:
OF 0

dxi(x) 5Xi(y)7

(F.G} = // da dy ' (z, y) (4.27)
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where w? is some function of z,y € R. For any even functional of the fields F [y;(x)], we
can write:

oF
dxi(w)

Clearly, the Hamiltonian (4.5) is an even functional of the fields, so that we can use (4.28)

{xu(2). F} = / dw {xi(), xi(w)} (4.28)

to write Hamilton’s equations as:
Xi(z) = {xi(z), H} = /dy {xi(z), #(y)} = //dy dz {xi(x), x;(2)} H;(y)d(y — 2)
— [y ute) o)) Hyto) (4.29)

Finally, since the matrix €(z) is non-singular,'’ one can invert it and combine the equa-
tions (4.26) and (4.29) as follows:

¥i(@) = 9 () Hil) = / dy (i), x;(0)} Hily). (4.30)
Then, we obtain:

{xi(2), x5 (9)} = (2)d(z — y). (4.31)

Thus, the matrix Q~'(z) defines the Dirac structure. We collect all the matrix elements of
Q~'(z) in appendix F.

5 The algebra of Lax operators

With the reduced 2 x 2 Lax connection derived in section 3 and the Dirac brackets deduced
in section 4, we are finally in the position to obtain the algebra between the Lax operators
and show its non-ultralocal structure. We start by also rescaling the fields in the expression
for the spacial component of the Lax connection (3.1): x; — J Y/ x4, 80 that it is consistent
with the Lagrangian (4.1), which we used to derive the Dirac algebra, provided we further
impose the constraint (2.2) by setting go = 1 = g3.'> Moreover, we decompose the spacial
component of the Lax connection in a more convenient structure:

Ly (s p) = &7 () To + &7 (w5 1) Jo + Ao (25 1)
= &7 (z1) 12 + &7 (23)0” + A ()0 + A (25 p)o (5.1)

where ¢, i = 4+, —, 3 correspond to the usual Pauli matrices. Here we also introduced the
functions {;") (z;p), 7 =0,1and A5 (x; ). The former (latter) are even (odd) polynomials
of the fermionic fields, containing at most one space-derivative, the expressions of which
are relegated to appendix G.

" The non-singularity of Q(z) can be directly established by explicitly checking the existence of the inverse
matrix Q7' (z). See appendices E and F for details.

12 Alternatively, we could use the inverse scaling transformations (see footnote 3) to restore the general
coupling constants g2 and g3 satisfying the constraint (2.2).
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Using the decomposition (5.1), we reduce the task of computing the Dirac brackets
between two L-operators to the evaluation of the following sixteen Dirac brackets between
the functions 5;”) (z; ) and A5 (z; p):

{L1(z;m1) @ La(y; uz)}
= &7 (w3), €5 (ys o) } 1o @ Lo + {57 (25 11), &7 (s p12) } 1o @ 0°

+{&7 (25 m), A( (ysp2)} Lo @ ot 4+ {&57 (5 ), AP (Y5 p2) } Lo @ 0™

+ {&7 (x5 101), &7 (s ) } 0 @ Lo 4+ {E7 (w3 1), &7 (w3 p2) } 0° @ 0°

H{&7 (@), A (i p2) } 0 @ 0 + {&7 (w3 p1), AS (s 1) } 0 @ 0™

+{A(>1‘,U,1) y'u2}0+®lg+{A<)x'u1) <J> y,u2}0+®a

+ {AS (@5 m), A yu2}0+®a + {AS (23 ), A”)ym}a ®o~

+ { A (w5 ), & y;uz )bom @ Lo+ {AS (i), &7 (ys p2) o~ ® 0P
+ {AS (@5 1), AT (g p2) } o~ @ 0 4+ {ASY (25 1), A“r (y;p2)} o~ @0, (5.2)
At first glance it seems that this decomposition only makes the calculations even more
daunting. However, this computation is, in fact, easier, since only half of the Dirac brackets
need to be evaluated. The other brackets can be obtained by taking the involution of the
corresponding brackets, as we will explain bellow.

Let A (xi(x)) and B (xi(y)) be two arbitrary functions of the fields, then the behaviour

of the Dirac brackets defined by the matrix Q=" through (4.31) under involution is deter-
mined by the parity of such functions,

+{A*(x),B*(y)}, if Aor B even,

MA@, By = {— (A*(2), B*(y)}, if A and B odd . (5:3)

Furthermore, taking into account that the functions §j(f’) (z; 1) and A5 (z; 1) have a defined
parity and behave under involution as:

€7 (@) = ~€7 (@) and AL (1) = AS (2, 17), (5.4)

one can obtain some non-trivial relations amongst the following brackets:
{67 @), A (g, 12)} = = {&7 (@3 1), AT (. 13) } (5.5)
{AS (@, 1), A (y, p2) } = {AS (@, 1), A (y, 13) } (5-6)

Moreover, if we restrict the arbitrary functions of the fields A (y;(x)) and B (x;(y))

to the subset comprised of the functions 5;-”) (z; ) and AS”(z; ), one can show that the

Dirac brackets between A (y;(z)) and B (x;(y)) have the general form:!?

{A(2), B(y)} = f1(2)d(x — y) + fa()0:8(z — y) + f3(2)070(z — y), (5.7)

13The relevant question one could still pose about the generality of the expression (5.7) regards the

truncation of this series at the second derivative of the delta function. As a matter of fact, there cannot be
terms proportional to the third derivative of the delta function or higher, because the functions f;”)(m; )
and A{Y) (x; 1) are at most linear in the space derivatives. Hence, at most two space derivatives can act on
the delta function after the Dirac brackets are computed. We note, nevertheless, that the functions f;(z)
can still be proportional to some derivative of the fields. In this case the derivatives may come not only
from the functions .f(”)(w; w) and AG (z; i), but also from the Dirac structure itself.
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where f;(z), i = 1,2, 3 are some polynomials of the fields and their space derivatives. Then,
by invoking the (anti)symmetry of the brackets:

—{B(y),A(y)}, if Aor Beven,

tAl=), Bl = {—i— {B(y), A(x)}, if Aand B odd, (5:8)

one can easily derive the following relation:

{B(x), AW)} = F {[1(x) = dufolx) + 82 f3(2)] 6(x — y) + [~ fa() + 20, f3(2)] 0u6(z — )
+ f3(2)020(z — y)}, (5.9)

where the f;(x) are the same functions appearing in (5.7). Here the plus sign corresponds
to the case where both fields are odd and the minus sign to the case where at least one of
the fields is even. Hence, even though there is no simple equation that relates { A(z), B(y)}
to {B(x), A(y)}, we have showed that by knowing the former one can readily obtain the
expression for the latter.

By using the properties described by the equations (5.5) and (5.6), and by the rela-
tions (5.7) and (5.9), we can drastically reduce the amount of calculations necessary to
derive the algebra of the Lax operators. Namely, out of the sixteen brackets in equa-
tion (5.2), only seven are actually independent. Besides that, these properties are also
extremely useful for computing each of these independent brackets.

Before proceeding with the calculation, it is worth noting that both (5.7) and (5.9)
already display a severe non-ultralocality, as both of them, not only contain the first deriva-
tive of the delta function, but also its second derivative. Given the structure of (5.2), one
could still hope that some non-trivial cancelations would still render the algebra ultralocal,
or at least diminish its non-ultralocality. However, this is not the case for the AAF model,
and, as we will show bellow, they remain even after all the terms are added together.

Computing all the independent brackets in (5.2) is still a very lengthy and tedious task.
We sketch here only the main steps of this computation for one of the independent brackets.
For the sake of clarity, let us consider the first brackets in (5.2). We first decompose it in a
sum of Dirac brackets such that each entry of the Dirac brackets contains only monomials
of the fields at some given order. For instance,

1

(&7 (z, ), &7 (y, 12) } = 16 % {Ai(z; 1), Ar(y; p2)} + % {Av(z; 1), Aa(y; p2)}

+ 5 Lol ), As(ys )} + 7 (Ao ), Aol )} |

(5.10)
where A; contains only quadratic terms in the fields and its derivatives, and As only
quartic:

Ar = —x3X1 + XX — X1X5 + X2X4, (5.11)
Az = —X2X3X4X] + X1X3XaX5 + X1X2X4X3 — X1X2X3X1 - (5.12)
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It is easy, though tiresome, to compute a complete set of all the Dirac brackets between
all possible combinations of monomials of the fields and its derivatives. For example, the
one needed to compute {Aq(x; 1), A1(y; p2)} is:

{xi(@)x (), xa(y)xi(v) }
= {az [szzﬁﬁl - xz-xiﬁﬁi} = XiXkSY = XXt — XX — x}xEQ{kl} oz —y)
+ {82: [XiXkQﬁl} + XX+ xaxk] Q5+ xaxi Qg + XkX}Q{ll} 0z0(x — y)
+ xixk$25 026 (z — y). (5.13)

After multiple substitutions and summations one obtains the expressions of the type:

{Ai(z; ), Ar(y; p2)t = T16 20,T116(x — y) + 4l'110:6(x — y)] (5.14)
(s ), Aoy )} = 5 [P0 — ) + 0500 — )] (5.15)

where the explicit expressions for I'y1, I’%) and I’g) are presented in appendix G.

Deriving the expression for {As(z; p1), A1(y; u2)} becomes a straightforward task by
employing the property displayed by equations (5.7) and (5.9), since we can read off the
concrete formulas for the f;(x) by comparing (5.7) to (5.15) and then simply substitute
them into (5.9) to obtain:

1
{Asa ), sy o)} = 5 { [T + T3 d@ =) + TR 0@ - )} (5.16)

Finally, we consider the last brackets in (5.10). This calculation becomes rather simple, by
realizing that the relevant Dirac brackets have the form:

{xi(@)x5 (@) xa (@) x5 (), X (W)X (WX W)X (9) } = F1(2)0(z = ). (5.17)

Thus,
{Az(2; 1), Aa(y; p2)} = F(2)d(z — ), (5.18)

where both f;(z) and F(x) are some polynomials in the fields and their spacial derivatives.
Since A, is an even function of the fermionic fields, we can use the property outlined by
the equations (5.7) and (5.9) to write:

{A2(y; 1), A2(x5 1)} = —F(z)d(z — y). (5.19)

On the other hand, we can use the fact that Ay does not depend on the spectral parameter,
and one can simply exchange = <> y in the equation (5.18) to conclude that:

{Aa(z; 1), Ao (y; )} = 0. (5.20)

It is interesting to stress that the explicit form of the matrix elements Q;jl was not
used in the derivation of (5.14), (5.15), (5.16) nor (5.20), that is, I'jy, Fg) and Fg) are
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still written in terms of Qz_jl This means that the non-ultralocal form of the decomposi-
tions (5.14), (5.15) and (5.16) are not a direct consequence of the Dirac structure of the

model, but, up to this point, only of the form of the Lax connection. Thus, were I';

and F%) to vanish identically upon the substitutions of the expressions for Q;jl, the equa-

tions (5.14), (5.15) and (5.16) would be ultralocal. However, this is not the case. In fact,
after careful substitution of the expressions for Q;jl, given in appendix F, we conclude that:

(2)

T (2)
2I'11+ %

T
§(z —y)+2 2r11+%

0z6(z — y)} .

(5.21)
where the sum 2I"y; + %Fg) extends up to the sixth order in the fermion and its spacial

o [eg 1
{&67 (@, ), &7 (y, 12) } = 672 {396

derivatives. We relegate this lengthy expression to appendix G.

The remaining Dirac brackets in (5.2) can be computed in exactly the same vein. In
fact, the brackets which we have just computed are one of the simplest. Some of them are
even plagued by more severe non-ultralocality, which extends up to the second derivative of
the delta function, in full consonance with what one would expect from (5.7). It turns out
that even after summing all the brackets according to (5.2), this severe non-ultralocality
survives. In particular, this prevents one from using the standard methods in the context
of integrable models, as it is not possible, in general, to introduce a well-defined r-matrix
formulation starting from a non-ultralocal algebra.'* Nevertheless, there exists a general
framework to deal with such non-ultralocal systems, which was introduced by Maillet
in [22-25],1% generalization of which, suitable for the AAF-model, we consider in section 6.

5.1 Fermionic Wadati model

Although the AAF model provides a very representative and interesting example of highly
non-ultralocal models, its algebra is by far too complicated for an initial analysis. Therefore,
it is more illuminating to consider first a simpler model. One such model can be obtained
by considering the field independent truncation of the AAF Dirac algebra, which, as we
show below, corresponds to the fermionic version of the Wadati model [41, 42]. In this
case, the intricate Dirac structure Qi_jl presented in appendix F simplifies considerably, and
the resulting Dirac brackets are the canonical ones:

{xa1(@), x3(y)} = id(x —y),
, (5.22)

{xa(@), xa(y)} = id(z —y).

However, despite the simplicity of the Dirac brackets, the algebra between the Lax
operators (5.2) is still quite complicated, as a result of the form of the Lax connection
itself.!6 Substitution of the canonical Dirac structure (5.22) into the independent brackets

MThere are, however, some exceptions for which the non-ultralocal algebra for L-operators still leads to
a well-defined algebra for the monodromy matrices. See the footnote 2.

15See also the earlier attempts by Tsyplaev [41].

63ee the discussion bellow (5.20).
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in (5.2) corresponds to their truncation to the first order in the fermion:

1 )
{603 0), A 3 2)} = e [itsm2)xs + 1a(2)) 00 =) (5.23)

1 .
+ — lils(p2)xa — la(p2)xs] 926 (x — y),
4J2

1

{67 (w5 ), A (g5 1)} = (\; [it2 (k1) la(p2) x5 + L2 (k)15 (12)X4] (5:24)

— [l (pa)lap2) + L2 (pa)la (p2)] X5 — 7 [l (p) 13 (p2) 4 Lo () la(pa2)] XZ) 9:6(z —y)

+ 853 ( (11 (pa)la(pa2) + la(pa)ls(p2)] x3 + 4 [l (1) I3 (p2) + 2 (pa)la(p2)] X4> 026(x —y),

{AS (@5 0), AP (g 12) } = _Jig (I3 (p1)13(p2) + ila (g )la(p2)] 026(z — ). (5.25)

The remaining brackets from (5.2) are either identically zero at this order, or can be trivially
derived through the use of properties (5.5), (5.6), (5.7) and (5.9).
Collecting everything together, we can write the algebra between the Lax operators as

follows:
{L1(z501) @ L1(y; p2) } = No(z,y; pa, p2)d(z — y) + Ni(z,y; p, p2) 026 (x — y)
with the matrices:
0 0 =NV (i, p3) 0
1 0 0 0 — N (it 1)
No(z,y; pa, =3 ‘ ne , (5.27
O(x Y; 1 /’LQ) 8 No(l)(/il,MQ) O 0 0 ( )
0 Ng? (1, pi2) 0 0
L0 =N (s ) =N (s 1) .
1| NV (s, po) 0 0 — N (wf, 13)
Ni(z,y; pa, p2) = = ! ’ Lo i’ z )
8 N1(2)(N17M2) 0 0 —Nfl) (17, 13)
0 NP (p1,p2) N (p, po) 0
(5.28)
0 =NG(wg, ) —NS (s ) 0
1| NW L1 142 0 NB® L1, f2 _N(3)* wr
N2($ay§,u1nu2):* 2(2)( ) (5) 2 ( ) 2(4)*( i z)
81 Ny (o1, p2) Nz( (1, p2) 0 —N, (N17H2)
0 NP (s p2)  NgP (s po) 0
(5.29)

The functions Ni(j ) (1, p2) are defined in appendix H.
Thus, restricting to the field-independent part in the algebra (5.26), we find:

{L1(2;81) § L1(y; B2)} = —g cosh(B1 + B) [o" @0™ +0~ ®@0™] 20(x —y), (5.30)
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where we have used the parametrization (A.5) for the [; functions. The algebra (5.30)
has, curiously, the same structure as the Wadati model, and therefore, can be considered
its fermionic counterpart. We refer to the original literature [41, 42] for more details and
discussions of the Wadati model. We only mention here, that despite the highly non-
ultralocal algebra, the classical r-matrix in the infinite space limit, nevertheless, can be
found. It is given, for example, in [41]. Although the full algebra for the AAF-model is
considerably more complicated than the truncated algebra (5.30), it is still an interesting
example to consider, as it demonstrates the necessity of new methods without technical
complications.

6 Generalized Maillet algebra

In this section we will briefly explain the Maillet’s formalism of the r- and s-matrices,
and the symmetric limit prescription to deal with the non-ultralocalities in the algebra.
Afterwards we shall develop its generalization suitable for the AAF-model. The latter is
needed, since, as we have seen in the previous section, the algebra for the AAF model
contains terms up to the second derivative of the delta function. The more complete
account of such generalized Maillet algebras will be given in the separate publication [43].

The starting point of the formalism considered by Maillet is the non-ultralocal algebra

of the form:!7

{L(z; N2L(Z 1)} = A(2,250)6(2 = 2') + B(2,2';0)0,:6(2 — 2)
+ C(z,2';0)0,0(2 — 2), (6.1)

which can be recast in the following more convenient form:

{L(z NIL( 5 1)} = (Oar (25 A ) + [r(23 A 1), L(20) @ 1+ 1@ L(25 )]
+[s(z3 0 1), 1@ L(z;p) = L(z;0) @ 1]) (2 — &)
+8(2; A\, 1)0,6(2 — 2') + s(25 A\, 1)0,8(2 — 21). (6.2)

The r- and the new s-matrices are defined as follows:

s(z3 A ) = 5 [B(z, 23\, 1) — Clz, 2\, p)] (6.3)

N — DN -

r(z A ) = 5 Bz, 20, 1) + Oz, 20, )] + 1025 A, ), (6.4)
with the function r¢(z; A, 1) in (6.4) being determined from the equation:

Doro(z3 A, 1) + [ro(zs A, 1), L(230) ® 1+ 1® L(z, p)] = Qz; A, ), (6.5)

1" The splitting into B(z, 2’; A\, u) and C(z, 2'; \, u) functions is introduced for the sake of convenience. One
may choose these functions (as it was done for example in the original paper [22]), so that PB(z, 2"; A\, )P =
—C(2',z;u, \), where P is the permutation operator. This, however, is not necessary, and the choice can
be a different one.
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where the function Q(z; A, p) has the form:
Q2 A1) = Az A 1) = 0y [B(z, 030, 1) + Clo, 230, )],
+[1® Lz 1), Bz, A w)] + [L(z5A) @ 1,C(z, 257, )] - (6.6)

Thus, the algebra (6.2) is defined now by the two matrices r(z; A\, u) and s(z; A, i), which
can now, in general, depend on the coordinates.

Using these definitions, it is easy to derive the algebra for the transition matrices
T(xz,2"; \):

{T(2,y; N)ST (2, 95 1)}
= T(x, 203 A) ® T(2', o5 1) (203 A, 1) T(20, 93 A) @ T(wo,y's 1)

= T(z,y0;A) @ T(, yos 1) m(yos A, 1) T'(yo, 3 A) @ T(yo, y's 1)

+e(@ — ) T(z, 203 A) @ T(a', 203 ) s(z03 A, 1) T(o, 93 A) @ T(wo, y's 1)

— ey = )T (2, y0: A) @ T(2', 503 1) 5(yo; A i) T(yo, 43 \) @ T(yo, y's 1), (6.7)
where all the x,2',y,y" are distinct, 29 = min(x,2’); yo = mazx(y,y’), and the ordering
is chosen such that x,2’ > y,1y’. The crucial point in this formula is the appearance of
the functions e¢(z — 2’) and €(y — y’), which make the algebra (6.7) ill-defined. Indeed, the
discontinuity in the algebra (6.7) at coinciding points x = 2’ (or y = ¢') is proportional to
the value of the s-matrix at this point. Furthermore, as shown in [22], it is not possible to
define the Poisson brackets at the coinciding points, such that the Jacobi identity is satis-
fied. However, it is possible to define weak Poisson brackets, via the Maillet’s symmetric
limit procedure, such that the Jacobi identity, as well as all the standard properties hold.

The symmetrization procedure and the weak Poisson brackets are defined for each
n-nested brackets of the type:

A™(@i, yis Ai) = {T(x1,y;; M) {. .. Z{T (@, yn; A)? T(@ng1, Yns1; M) -1 - (6.8)

This quantity is only well-defined if all the points x; and y; are distinct. For coinciding
points, one introduces the weak Maillet brackets by a point-splitting and symmetrization
procedure. For example, for x; = x, one defines:

1
A™(z, Yy Ni) == lg% = ZG:P A" (z+eo(l),...,x+eo(n+1),yi; i), (6.9)
where P stands for all possible permutations of (1,...,n+1). In particular, for n = 2, this

definition leads to the Maillet brackets between the transition matrices:
{T(2,y: NS T(z, s 1)} s
1
= 5 lim (T —ey; N T(x+ 6y 1)} +{T (@ + €,y; ) T(x — €,y/;1)}) . (6.10)

With such well-defined weak brackets, one can show that the algebras for the transition
matrices for the equal and adjacent intervals have the form:

{7 (2, y; NS T, ys ) yar =123\ 1) T, y3A) @ T, y; 1) (6.11)
= T(x,y; A) @ T(x,y5 1) (y; A, 1),
{T(x,y; NS Ty, z0) = (T, y;A) @ 1) s(y; A, p) (LT (y,2;M)). (6.12)
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We refer the reader to the original papers [22-25] for detailed discussion and several im-
pressive examples, which can be solved with this prescription. Moreover, it is possible to
formulate these relations on the lattice, which makes it possible, in principle, to proceed
with quantization [44].

6.1 Operator regularization method and the classical limit

Before considering the generalization of these ideas for the AAF model, we address the
validity of using such weakly defined Poisson brackets in the classical theory. Indeed, the
construction of the Maillet brackets via the symmetric limit prescription is not intuitively
plausible, and seems somewhat artificial. We claim, however, that Maillet’s prescription is
the natural consequence of the regularized quantum theory, using the split-point regular-
ization introduced in [19, 20]. Although it was demonstrated on the particular example of
the Landau-Lifshitz model, the method itself is general enough to be applicable to other
singular systems, and, therefore, we consider here only the general ideas, and leave the
complete proof for the future publication [43].

The central concept in the operator regularization method is the introduction of the
regularized operators S%(x):

S3(@) = [ de 7,50, (6.13)

where F(z,§) is some symmetric and smooth function, which depends on some param-
eter €. The function Fc(x,&) should also satisfy some additional conditions depending
on the algebraic structure of the model, such that the singular expressions (for example,
the Yang-Baxter equation) due to the operators product at the same point, become well-
defined. Moreover, in the € — 0 one should restore the original expressions. The theory
can then be reformulated in terms of the regularized operators S%(z), and only in the end
one should remove the regularization ¢ — 0. This program has been completed for the
Landau-Lifshitz model, and it was shown that the spectrum and the higher order charges
can be obtained by using this method [19, 20]. In addition, all the quantum charges were
shown to be self-adjoint, and the necessary self-adjoint extensions were constructed. We
also established a connection between the self-adointness of the quantum charges and the
S-matrix factorization. It is clear, that the function F(z,§) in (6.13) is essentially equiv-
alent to the split-point procedure in the quantum theory, so that the algebra, and other
constraints become well-defined. One should consider the quantum theory as fundamental,
and the classical theory should follow from the quasi-classical limit: A — 0. Therefore,
such split-point operator regularization in the quantum theory, which makes all the sin-
gular expressions well defined, should also appear in the quasi-classical limit. The Maillet
symmetric limit prescription (6.9) is exactly such split-point regularization, and we con-
clude that the Maillet’s definition of the Poisson brackets is simply the consequence of the
regularized operators of the quantum theory. The full proof and details of this argument
will be presented in a future publication.

— 95—



6.2 Maillet algebra for the AAF model

We turn now to the algebra for the L-operators for the AAF model. As we have seen in
the previous section, the algebra has a more general form, and contains terms up to the
second derivative of the delta function. Namely, the algebra has the following form:

2
{L(zNEL(Z s 1)} = A2, 2 0)0(2 — &) + Y Bij(z,2's N0 6(z — ). (6.14)
i,j=0

Although we have found the A and B;; functions, we will not present here their explicit
expressions, due to their lengthy form. Instead, we will focus on some of the preliminary
essential consequences of the algebraic structure (6.14) for the bosonic case with arbitrary
functions A and B;j, leaving the full details and explicit expressions to a separate publica-
tion.

One can recast the algebra (6.14) in a more convenient form, similar to the one in (6.2):

{L(zNPL( 1)} = (0ar(z A 1) + (232, 1), L(230) @ 1+ 1@ L(z; )]

+s1(z; A 1), 1@ L(z;n) — L(z M) @ 1]

+[0:52(2: A, 1), L(z;0) @ 1+1® L(z; )]

+[[s2(25 A ), L(z3A) @ 1],1®@ L(2; )]

+[[s2(23 0, 1), 1@ L (25 )], L(z M) @ 1])6(2 — )

+51(23\, 1)0.8(2 — 2') + s1(25 A, 1) 0,0(2 — 27)

+ 89(2; N, 11)0%6(2 — ') + s2(25 A, 1) 026 (2 — 27), (6.15)
where the r, s; and sp matrices are defined using the functions A, B;;, similar to (6.3)—(6.6).
The essential difference is the introduction of the additional matrix so, due to the second

derivative term in the algebra (6.14). It is easy to show that the algebra for the transition
matrices, that follows from (6.15) has the form:

{T(z,y; )3T (', y/; 1)}
=T(x,x0; \) @ T(2', wo; p) w(wo; A, ) T(2o, y; A) @ T(0,y's 11)

- T(IL’, Yo, )‘) b2y T('T/a Yo, /‘L) u(yo, )\7 :U’) T(y(], Y. >‘) b2y T(yo, y,a ,LL)

+e(x — )T (x,20; A) @ T(2, o5 1) v(o; A, 1) T(o, y; A) @ T(xo,y's 1)

— ey —y)T(z,y0; ) @ T(x', yo; ) v(yo; A 1) T(yo, y; A) @ T(yo, y's i), (6.16)

where we have defined:

u(zy A, p) = r(zs A, p) + Oxsa(@s A, p) + [s2(23 A, ), L2 A) @ L+ 1@ Lz )] (6.17)
v(w; A p) = s1(as A, p) + [sa(@s A, ), L(250) @ 1 — 1@ L(a; )] (6.18)

This algebra has exactly the same form as the algebra (6.7), where the r(x;\, )
and s(z; A, p) functions are replaced by the u(x; A\, pu) and v(x; A, p) functions. Hence,
one can immediately write the algebra for transition matrices for the equal and adjacent
intervals from (6.16) by replacing r — v and s — v in (6.11) and (6.12), as well as use
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the general results of the previous sections, including the construction of the symmetric
limit prescription for nested brackets. Thus, we conclude that even though the algebra for
L-operators (6.15) is modified by the additional terms depending on the so(x; A, 1) matrix,
the resulting algebra for the transition matrices (6.16) is the same, and the complication
introduced by the second derivative term is only technical. The essential steps of the
Maillet prescription can be repeated without any conceptual complications for the graded
algebra as well, which is the case of the AAF model, the generalization is straightforward.
Finally, we note that the lattice version of the algebra (6.16) is known as well [44], and may
in principle be used to construct the lattice version of the AAF model. The full details of
this analysis will be presented in the future publication [43].

7 Conclusion

We have considered in this paper the classical integrability of the AAF model, starting from
the first principles of the inverse scattering method. The necessity of this consideration was
stimulated by the fact that the perturbative calculation still do not provide the complete
information about the integrable properties of the AAF model. For example, the perturba-
tive approach was not sensitive to the rather complicated structure of the Dirac brackets,
which, therefore, was not taken into account. In the process of our consideration, we have
proved that the Lax operator surprisingly admits a simpler 2 x 2 representation. This is
especially curious, since the much simpler Thirring model has a more complex 3 x 3 known
representation. We have also found that the constraint on the coupling constants g5 = g3,
which was derived in [14] from the S-matrix factorization condition, must also be satisfied
in the classical theory, and that for no extension of the Lax connections integrability holds
without this constraint.

The algebraic structure of the AAF model, however, is rather complicated and has
a highly non-ultralocal form, which contains terms up to the second derivative in delta
function in the algebra of the Lax operators. This led us to the generalization of the
regularization technique due to Maillet. Here, it was necessary to introduce three matrices
r, s1 and s9 to properly encode the algebraic structure. We have also derived the algebra for
transition matrices for the AAF model, and have shown it to have exactly the same form
as it is the case of the usual non-ultralocality, with modified r- and s-matrices. Strictly
speaking, although we have obtained all the general expressions, further progress depends
on the analysis of the equation defining the r-matrix, and finding its local solutions. This
will allow one to proceed in the manner similar to, for example, the complex sine-Gordon
model, where the r-matrix has indeed a local, coordinate independent form, and the model
can be solved exactly in the infinite space limit [22].

We also obtained in the process the fermionic counterpart of the Wadati model, which
introduces an interesting toy-model for testing the generalized Maillet algebra, as it seems
possible to explicitly compute some relevant quantities, such as the transition matrix and
its infinite line limit.

We have also proposed that the symmetric limit prescription of Maillet has its origin
in the regularized quantum theory. Indeed, based on the method proposed in [20], the
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quantum theory is made well-defined via operator regularization. Maillet algebra is then
obtained in the quasi-classical limit. This is an interesting direction which will be explored
in more details in the future.

The problem of obtaining an alternative Lax connection, for which the algebra becomes
ultralocal is open. In principle there may exist such a connection, which does not follow
from the reduction of the strings on AdSs x S to the su(1,1) subsector. It would also be
interesting to obtain the equivalent model via bosonization procedure. Indeed, it is easy to
see, by examining the constraints of the gauge fixing procedure in [7], that the additional
higher order non-ultralocality appears in the algebra due to eliminating the bosonic fields
in favor of the fermionic ones. Thus, it is very desirable to obtain the bosonic version of the
AAF model, which should be less non-ultralocal, and may make the integrability analysis
a much simpler task.

A Notations

We use the following representation for the two-dimensional Dirac matrices:

-10 01

0 1 5 0 1

= = d = . Al
p ( 1) ) (Z ) and p°=pp (A.1)

Following the notations in [7], we choose here the sign of k as:

k= Y2 (A.2)

In this case the functions I; have the following dependence on the spectral parameter p
(see the discussion in [7, 12]):

1+ p? 2/ 1 L
l():l, 1 = — s, lo = 51 s l3 = s9———— and l4:837, A3
1—p? 1—p? 1— p2 V1— 2 (4.3)
with the following choice of parameters:
s14+ 5953 =0 and (s2)? = (s3)? =1. (A4)

Alternatively, one could use the parametrization:

lo=1, 1y =cosh(28), la=—2tanh(f), I3 =cosh(f) and I4=sinh(5). (A.5)

B Equations of Motion in the reduced form

In this appendix we give the equations of motion for the AAF model in the reduced form.
As explained in the main text, they are derived from the original equations of motion (2.3)
and (2.4) by recursively eliminating the time derivatives present in the cubic and higher
order terms, through multiple usage of the equations of motion.
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The reduced equation for 1, following from the AAF Lagrangian, has the form:

Y292 [\/5 (20t — sy — s — 5 s + 5 )
A 2

T (i — o it — i) — 202 [V (suftpmshus

=305 h1ns ) — 205 Y Pathiaby — YL LTl — s b batbis) 4 T (31 a1

F205 15y — Va1 4+ Y1 T van — sy hathiiy) |

iJn — VP + Ty —

A
= V08 [ (B ot — 305 G5t + 20U — VT
N)3/2(5)3
vt + 20uugy] + MO st gl
A 3/2
varuismniuit] + Bttt psugig] = o (B.1)

while the reduced equation for v, which follows from the AAF Lagrangian, is:

\fg2

i3 = VAU + T — VN (20001 + 0570y + U5 U1t — U ot + 0 i)

A 2
T (300 — o~ wmmg )] + 228 [ (st
FBUT VTVt + 20T UE ot + U Uauiivh + ULUTUsYiv) + J (=3Y5YE vray]
—205UaUn BTh + U U Y + YTV narn — ot Usuvh)]
A
“8}"3 (VX (B0 ivb st + BUTus brvath — 20TUaut vh + U5 vty

2)3/2
—usutinans) + 20viusoa] + CLO (SR utuug v

Y 3/2
—aspiguonst] - BB st =o. (B.2)

The dynamical equation for 11, following from the zero-curvature condition, has the
form:

iy = VAU, + Tty — i [wwwg DT1h + 207 s — Pivive — i
. . . . A
s — Y3l + w;*wlwl} + 5 (20 + vivnds — 93] - 2 [w3uhud

\f)\

J
— 1] — it | + =[Sl + pitbary + U harhr]| — 3? [Y31P211]

A . . . .
~ 167 [ Ao — %Z)ﬁbﬂl};ﬂ)z% + 3o 1y 4+ DT s Pathy — YT 15ty

— P atbiabiabe + 205 T e — Wi e + 2051t 4 bbbt
A

s | — T [~BUsUhUTvIUE — YUY U vayiviy
— 205y bt | =0, (B.3)
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while the dynamical equation for /2, which follows from the zero-curvature condition, is:
= iy =/ i — Y [t — Gt + 205 s — 30 — U
Pyt — i ] + 5 [20den + Y3t — withada] — 25 [Wivh
—wg*w/)g — ] = L2 [iuhn + v+ vivnwt] + 2 i)

- [4w1w1w2w2w1+2w2¢2w1w1w1 VTU15 et + U5ar] 1] + YTy

16J
b P11 e + YT P etn — 2050 atn + Y ety — YTPhYs et
, A
i et — T2 [SSUTUIU o) — U5 Ve + ey
— 201y Prpa] = 0. (B.4)

C The list of M) functions

Here we give the explicit form of the Méij ), M fj ), Ml(? ), Ml(flj ), MQ(? ) and MQ(? ) functions
(see (2.26)).

o (i=1j=1)
M;)EH) —2i00 (Yo x21) + 2001 (a0yrX21), (C.1)
MY = 200(a076X21) — 201 (a07-Xa1), (C.2)
Mg = ~2iy,01(cox21) + 2iv000 (a0xa21), (C.3)
MY = —47,01(a0Xa1) + 49500(a0X21) (C.4)
4v/X 2iv/A
MQ%U — _7(] Yo &0Yo X11 — T %81(0@)(21) + TCO[O%'XH
9 C.5
2[C b(c0x21), (C.5)
4iv/A _ 2V i i -
M2(il) =~ Ye®0YoX1 — 7%81(040)(21) - \f/\Cao%Xll
1
+ ——=(0 X21)- C.6
2\5C o(c0X21) (C.6)
o (i=1;7=2):
M3 = —2i80 (00 X22) + 2001 (a0yrX22), (C.7)
M = 200(a00X22) — 201 (0077 X22), (C.8)
MY = 27,01 (aox22) + 2in000(a0x22), (C.9)
M) = —47,:01 (a0 %22) + 47000 (G0X22), (C.10)
12 4v/X 2ivVA i
M2(3 ) _ —7J Yo 0Yo X12 — T’ygal(a())@g) + ﬁgao’%xlg
Oo(c C.11
Q\f( b(cox22), (C.11)
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With the choice of the v;, 7; fields (2.36
relations between the equations (2.27)—(2.30):

_4ivA 2v/\ onl - i LIPS
c Q0o - o (6 g
7 Yo 0 Yo X12 i — Y01 (o X22 \[\ 0YrX12

11
My =

2\/>C80(QOX22)

MY = 2i0y(apvex11) — 2i01 (0¥ X11),
M = 200 (a0vex11) + 201 (a0vrX11),
Ml(gl) = 2i701(aox11) — 2i7000(0x11),
M(21) = 47,01 (X 11) — 47000 (0X11),

My = _41]&%0‘0%9(21 + T%&(%mﬁ + \%C%%Xﬂ
Q\fcao(oéoXn)

MY = 4Z}f%060%>(21 + 2?%51(%)(11) \%C%%Xh
- 2\& (0X11)-

M3(22) = 2i0y(0Yox12) — 2101 (0 YrX12),
M) = —200(c0vox12) + 201 (007 X12),
M(QQ) = 2iv,01(aoX12) — 217000(0X12),
M(22) = 47,01 (apX12) — 47500(pX12),

22 A A i
M2(3 ) = 7 — YoV X22 T J —:01(ox12) + ﬁgao%_xﬂ
1
4 Chy(aoxaz),
42'\/X ~ 2\/X ~ i }
M2(22) = — YooY X22 + T%al(aoxlz) — ﬁ€a077X22

Q\fCaO(CVOXlQ)

M§1>+M(“) 0 «— M2 -mGY=o,

~ 31—

(C.12)

(C.18)

C.20
C.21

~~ I~
~— ~— ~—

C.22

(C.23)

(C.24)

), it is easy to show the following equivalence



M o,
MED _ ) g,
MG - M3 o,
M o,
M i o

M3+ MEY =0
Ml(;l) ~ M
MG - My =0
MED 2 o
ME 0

rroue

These relations show that the independent equations are the ones given in the formu-
las (2.37) and (2.38).

D Useful identities

We collect here some useful identities used throughout the text. These identities can be
proved by direct verification, with the use of the equations of motion in the form (B.1)
and (B.2).

The following identity is equivalent to the constraint (2.31)

T — DT+ s — i = —i0y (V) - (D.1)
The identity (2.40) can be derived by utilizing the following identities:

P10+ 3y — ihe — o} = Z\F (V3by — 5 g + Ui — i), (D.2)

UYL = U~ e = - (wa*wwwwl—zb;w—w;%). (D-3)

The constraint (2.41) is obtained by computing explicitly the left and the right hand sides,
and showing that both are equal to:

A
Zj [DTataws + Posbr — YiT il — Yo TPyt + 20105 3 + 207 a3y

2iVA 5zf

20T + 205 VT ] — = [

Fby 4 by ¢2] [¢1¢2¢2w (URET

41\
PR U] -~ [UE e + U] b - gwéwwl— T )]
16i(0)%/2(g2)°
SO O ettt — gt ] + oo [t
FPGPT YIS P + Y5 Y1y + T e ] (D.4)

The constraint (2.42) corresponding to the zero anomalous term can be proved by first
writing the left hand side as:

oM+ 9?2 = (I3 + 13)Cy + (2il3l4)Ca, (D.5)
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where

C1 = 01(0¥3) 2aoyr12) + (2007713) 01 (cotb2) 4 Oo(aorh2) (2aye 13 )

and

+ (2a075%2) 00 (03) + 01 (aotb1) (2a07797) + (2007-11) 01 (oty)

+ Oo(0?}) (20070¥1) + (2007597 ) o (coth1) + o(otb2) 01 (c)s)
+ 0o (0h3) 01 (o2) + do(antp1 )01 (aotby) + Go(aothy) o1 (o),

Ca = (2a0772)01 (a0¥]) + (2007-95) 01 (aoth1) + o(ob2) (2007597)

+ 9o (@ov3) (2007et1) + (20077101) 01 (03) + (20077107) 01 (ot

+ 0o(01)(20075%3) + o0t (2a070%2) + 01 (a0t)do(ot2)
+ 9o (a01p3) 01 (b1) + Ao (wip1) 91 (aotp3) + O (cwih2)do (o).

Then, one simply shows that Cy =0, and Cy = 0.

E Matrix elements of €2;;

(D.6)

In this appendix we give the explicit formulas for the matrix elements of Q(x). For com-

pleteness, we give the explicit dependence of these functions on the coupling constants go

and g3 (see footnote 9).

Qoy =

33 =

Z\/X 92 I / Z\/X g3 '
5 (x3xi — xax3) + L5 X2XaXaXi,
iV g3 / /
WE (x2x3X4X5 — X1X3X4X4) »
iV g iV g3
—1+ o2 (x2x5 — xaxh) + R (x2x3X4X5 + X1X2X4X4) »
Z\/X 92 ’ /
o2 (X2X4 + X3X1)
iV g3
+ g5 (2X2X3XaXt — 2XaX2X3Xh — XaX3XaX2 + X1X2X4X3)
Z\A g2 / / Z\A gs /
972 (X3X4 - X4X3) - Tng1X3X4X3a
Z\A g2 / /
=92 (—X1X3 - X4X2)
Z\F)\ gs
+ 575 (T2XX8Xax2 + 2X1X2XaX3 + X2X3XaXT — X1IX2X3X4)
. ’L\A g2 Z\A gs
—it+ 5 (XX xexe) + g (xaxeXaxt — xaxaxsx)
iV go , VA ,
YR (Xle - X2X1) + TﬁX1X2X4X2,
Z\/X g3 / /
83 (X1X2X4X1 - X1X2X3X2) )
iVAga o, iVAgs i,
ToJ2 (X2X1 X1X2) 1.3 X1X2X3X1-
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We note that Q(x) is a symmetric matrix,
Moreover, its elements satisfy the following properties under complex conjugation:

QTI = _9337 QTQ - _934, QT3 = —913,
D=3, Q59 = —Qua, Q5 = —Qua. (E.12)

F The Dirac structure

In this appendix we present the Dirac structure of the AAF model. For completeness, here
we also give the explicit dependence on the coupling constants go and gs (see footnote 9).

_ ivA iV
Q7 = 57792 (—x1x5 + xoxt) + Tﬂgsmmmxé (F.1)
2 2 i Iy
+ ?92 (X1X2X5X5 + X1XaX1X5)
7)‘2 NN NN
+ 4J692 ( X1X2X3X1X2X4 — 3X1X2X4X1X2X3) )
_ iV p)
Q)22 = 57292 (—xaxa + x2x1) — 4J3 — 93X1X2X3X] (F.2)
A
+ ﬁgg (—x1x2X1X5 — X2X3X1X5)
z)\2
+ 176 505 (BX1X2X3X1XaX T X1X2XaX1X5X53)
_ iV
(212 = 57398 (—x1x2X3X2 + X1X2X4X1) (F.3)
Z)\ 2 ! ! ! ! !/ !/
+ 17192 (—X1X3X1X2 + X1X2X2X4 — X1X2X1X3 T X2X4X1X2)
2 >‘2 NN
5759208 X1X2X3X4X1X2 + 5 75 =505 (X1X2X3X1X2X5 — X1X2X4X1X2X4) »
- ivA
Q1 = 57292 (X1X5 + x4x2) (F.4)

iﬁ
+ 57398 (XXX + XaXaXaX] + 2X1X2XaX5 — 2X1X3X4X2)

+ 7)‘ 2 1 ro! N ol
4J4 9> (—X1X3X2X3 + X1X4X1X3 T X1X4X2Xa — X2X4X2X3)

z)\2
= 17692 (X1XXsXIX3Xs + X2XaXaX1XaX4)
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3 VA
(725 = 57500 (x3xi + x2x4) (F.5)
iV
+ 3539 (x1x2X4X5 — X1X3XaX2 — 2X1X2X3X4 + 2X2X3XaX])
i
+—nggg( X1X3X1X4  X2X3X1X5 + X2X3X2X4 — X2X4X1X4)
ir3
+ 7692 (X1XaXaxaX3X + X1XaXaX1XaX5)
_ iV
Q3 =i+ 57292 (X2x3 — xax1) (F.6)
iV
<+‘§j§93X2X4(X1X2“X3X§)
,L)\ / ! ! ! ! /
+-4J492(X1X2X3X4 X1X3X1X5 F X1X3X5Xa — X1XaX2X5
— X2X3X1X4 — X2X4X1X3 — X2X4XaX4 + X3X4X1X2)
i\
+ RQQQ3X1X2X3X4 (—x1x3 + 2x5X4)
Z)‘Q N, N, N, N,
+ 17692 5 (—X1X2XAX XX A FX2X3XAX 1 XaX5 +2X1X2X3XaX XA — 2X1X3X4X1X2X4)
3@)\2 4
48 X1X2X3X4X1X2X3X4a
_ VAN
(Q Uz4==z—-§jggz(X1x2—-X3xé) (F.7)
N
+ RJ3 I3X1X3 (szé - X4X’1)
Z)\ / ! ! ! ! !
+-4J4gz(X1X2X3X4 X1X3X1X3 — X1X3X2X4 — X1X4X2X3
— X2X3X1X1 + X2XaX1X3 — X2X4X2X1 + X3X4X1X2)
iX
+—nggmhxnxQX3X4(—2xixé+—xéxi)
7’)\2 ! ! ! ! ! / ! / !
+'4J692(X1X2X3X2X3X4 X1X3X4X1X2Xa — 2X1X2X4X1X5X 4 + 2X2X3X4X1X2X3)
32)\2 4
T A8 X1X2X3X4X1X2X3X4v
_ ivA ivA
(2733 = 57292 (—X4x3 + X5xa) + Tﬁgsxﬁmmx:a (F.8)

ix
+§wﬂﬁﬁmm+ﬁﬁmm)

z)\’
+ ﬁ@(xﬂﬁﬁwurﬂﬁﬁ&mmm%
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_ ivA ivA
(Q s = 57292 (—X4x3 + X5Xx4) — TﬁQSXéXlXU@, (F.9)
A
+ 57295 (=XaXEXaXs — XaXhX1Xa)
3
iA2 3 A /AN
+ 7692 (3x5XAX3X1XaX3 + X1XAX3X2X4X3) »
_ ivA
(27 M)z = 3393 (—XAx1x4X3 + X3X2X4X3) (F.10)
i\
+ 57295 (=XAXEX1Xs + XaXaXaxs — XiXaXax3 + XaXbX2X4)
2 /.7 i/\% 3 I A
- ﬁ9293X4X3X2X1X4X3 + TﬁQQ (X1X4X3X1X4X3 - X2X4X3X2X4X3) )

We note that the matrix Q'(z) is also symmetric:
(€Q7)ij = (@7 (F.11)
Furthermore, its elements satisfy the following properties under involution:

Q)33 =—(Q 1, (O =-(Q )22, (@75 =22,
Q) =—(Q Y32, (@ 3=—(Q 3, ()5 =—-(2 ") (F.12)

Finally, we address a subtlety related to the validity of the Jacobi identity. Even when
considering the simplest forms of the Jacobi identity, such as:

> (@) X (#0)  xa (20) } =0, (F.13)

oeP.

where P, stands for all cyclic permutations of (1,2,3), one arrives at meaningless expressions,
since the left hand side fails to vanish. One has to remember, however, that the correct
way to define the Poisson brackets in field theory is done by introducing functionals as
in (4.27):

F(z) = / ¢ ez, €)x1(6), (F.14)

where ¢(z, ) is some smooth generalized function with some properties on the boundary.
The corresponding Jacobi identity is then satisfied, provided some general conditions on
the functionals (see [3, 45] for more details).

G Computational details for the algebra of Lax operators

In this appendix, we collect some useful formulae necessary for the derivation of the algebra
of Lax operators in section 5. There we also use the following representation for the two-

dimensional Dirac matrices:

03:<10), a+:<01>, 0_:<00>. (G.1)
0 -1 00 10

— 36 —



The functions fj(o) (x; p) and NS (x; 1) used in the decomposition (5.1) of the spacial
component of the Lax connection are:

@ _ L

5 4JPmﬁ+m&—M%+mﬂ] (G.2)

1
+ 73 [TXeXEXaX] + XIXEXAXE + X1X2XaX5 — X1X2XaX4]

@ _

1—&ﬂmﬁ+mﬁ+mﬁ+mﬁ] (G.3)
ily vV
+4¢A2J+Z]@uﬁ—mﬁ+xuﬁ—mﬁﬂ+&%wykmmi,
AS) = AL —iAZ (G.4)
l3 / 1 / 1 / / 1 /
=7§—m+£ﬂﬂﬂﬁq3@ﬁurwwwﬂ—Eﬁmmmmm
Z‘l4 / 1 / 1 / / 1 /
7 [N g xxexs + g7 (exaxd —xaxext) - gemxaxexsxax |
ALY = AL +iA2 (G.5)
Zﬁf—I+iXXY+j%XXY—XXY)—;LXXXXY
\/j 4 2] 1X4X3 47 2X4X4 1X3X4 16J2 1X2X3X4X4
Z'l4 / 1 / 1 / / 1 /
+z;m+£ﬂﬁqu3Wﬁuywww9+Eﬁmmmmm,

where we dropped the dependence on = and on the spectral parameter u to avoid cluttering.

The functions I'y, I‘%) and F%) appearing in the expressions (5.14)—(5.15) and (5.16)

are:

P11 = x1 (X391 — Xa%3 + X123 — x5%%1) + X2 (—X3921 + X421 — X151 + x5%)

+ x3 (X577 — X475 X103 — x50 ) +Hxa (=X + x50 — X105 +x5051 )

(G.6)

T8 = 20, [xaxaxax32it + (—x1xaxaxs — X2X3XaXh) Uz

+ (X2X3X4X1 — X1X3X4X2 — X1X2X4X3 + X1X2X3X1) Q13 + X1X3XaX425;

+ (—x2xaxaxt + Xax3XaXs + X1X2XaX3 — X1X2X3X4) Qa4 — X1x2XaX1 233

+ (x1xaxsx1 + X1xexaxs) Q54 — x1ixexsxaQu | — 4xexsxsxi

+ 4 (x1sx3x + xaxaxsxa) Qs +4 (xaxaxaxs — xexsxixs) Qs

+ 4 (X2X3X1X3 — X1X3X2X3 + X2X3X2X4 — X2X4XaX3) Q14 — 41 xaxaX4%

+ 4 (X1X3X1Xa — XIXAX1X3 T X2XaX1Xa — X1XaXaX1) Qa3

+4 (x1xaxhxs — X2xsxixi) Qa1 — DxaxaxineQ; +4 (xixsxing + xaxaxixh) Q4

— 4xax3X1X24 5 (G.7)
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ngz) = dxaxsxaxsQ1 — 4 (xixsxaxs + x2xsxaxs) Qs
+ 2 (2x2X3X4XT — X1X3X4X2 — 2X1X2X4X5 + X1x2X3X1) Qi3
+ 2 (x1x2X3X5— X2X3X4X2) Q14 +AxX1x3xaX4 20 +2 (—X1X3xaX1 H X1 x2X4aX4) Qa3
+ 2 (—Xx2X3XaXT + 2X1X3X4X2 T X1X2XaX5 — 2X1X2X3X4) Qas — X1 x2XaX 133
+ 4 (x1x2x3X1 + x1xaxaxs) Q35 — Axixexsxa - (G.8)

The expression that appears in (5.21), after taking into account the explicit expressions for
the Dirac structure, has the form:

r®
20 + == = 2i (Xaxt + XaXz + X1X3 + X2X4)
21 , ,
+ = (XaXaxaXt + X1X3X4X2 — X1X2XaX5 ~ X1X2X3X1)
2iv/A
77~ (X1X3X2X3 — X1XaX1Xi + X2XaX2X3 — X2X4X1X4)
ZA / ! ! ! ! ! / ! ! ! ! !
+ 1 (X1X2X4X2X3X4 + X1X2X3X1X3X4 T X2X3X4X1X2X4 T+ X1X3X4X1X2X3) .
(G.9)

H The List of Ni(j)(ul, p2) functions

In this appendix, we collect all the functions Ni(j)(ul,,ug) appearing in the matrices
Ni(x,y; p1, u2), @ = 0,1,2, which provide the non-ultralocal decomposition of the Lax
algebra for the fermionic Wadati model (5.26).

2 . 2a ) 2i3 )
NP (p, o) = \/T—le(/m) [ila(p1)xs + 13 (k)X + 1(/@ ul)xg — 1%2 Ml)xif,
(H.1)

2 200 (12, p
NP (pa, p2) = \/T—Jh(/m) [—ila(p1)x5 — 13(p1)X4] + 2(1131)965,'

 2iBo(p2, 1)

3 X4> (H2)
J2
2 , ay(p1, 4 i1 (pr, p
Nf”(m,m):mlz(/ﬂ)[zl4(u2)X3+l3(M2)X4]+ 1(;3 Q)Xé— 1<J% Z)Xﬁp (H.3)
2 . 3oy (pa2, p 3if31 (pa, p
NP (p1, p2) = m&(/@) [zl4(M1)X3+l3(M1)X4]+1(J§1)X§ (32 1)X2,
(H.4)
2 , 3o (2, 3182 (e,
NP (s p2) = mh(m) [—ila(pe1)x3 — 13(p1) xa] + 2(55 M)Xé— Q(Mg M)Xﬁp
(HL.5)
NO( ” l ag(pa,p2) ,  1B2(pa, p2) H6
1 (1, pe) = \ﬁ lo(pe1) [—ila(p2)x3 — I3(p2)xa) + PR 5 X (H.6)
1
Ny (s pi2) = 7[ a1 (p, p2)x3 + 1B (pa, t2) x4 (H.7)
2
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1

N3 (1, p2) = e [a1 (w2, p1)xs — iB1(p2, p1)xal, (H.8)
2
1
Ny* (1, p2) = I [aa(p2, pa)xs — iB2(p2, pa)xal , (H.9)
2
4 1
N5V (pa, p2) = —g [, pa)xs + Bl )l (H.10)
2
1, .

NG (s pi2) = 5 (=il ()l (p2) = ilapua)la(p2)] (H.11)
Here «;(p1,12) and Bi(p1, pe), i = 1,2 are the following functions of the spectral parame-
ters:

o (p, p2) = —la(p1)l3(p2) + 2 — L (p1)] la(pz), (H.12)

o (pir, p2) = la(pa)ls(p2) + 2 + L (p1)] la(p2), (H.13)

B, p2) = la(pn)la(p2) + (2 + 11 (u1)) s (p2), (H.14)

Ba(p1, p2) = —la(pa)la(p2) + [2 = L (pa)] s (p2)- (H.15)
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