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GLOBAL SOLUTIONS FOR ABSTRACT FUNCTIONAL
DIFFERENTIAL EQUATIONS WITH NONLOCAL CONDITIONS

EDUARDO HERNANDEZ M* AND SUELI M. TANAKA AKI

ABSTRACT. In this paper we study the existence of global solutions for a class of
abstract functional differential equation with nonlocal conditions. An application
is considered.

1. INTRODUCTION

In this paper, we discuss the existence of global solutions for an abstract functional
differential equation with nonlocal conditions in the form

(1‘1) { u/(t) = Au(t) + f(t’utau(p(t)))’ tel= [0’ OO)’
up = g(u, 90) € Ba

where A is the infinitesimal generator of a Cy-semigroup of bounded linear operators

(T'(t))e>0 defined on a Banach space (X, || - ||); the history u; : (—o0,0] — X, defined

by u(0) := u(t + 6), belongs to some abstract phase space B defined axiomatically,

p € B and p, f, g are appropriated functions.

The study of initial value problems with nonlocal conditions arises to deal spe-
cially with some situations in physics. For the importance of nonlocal conditions
in different fields, we refer the reader to [Il 2, B, E, B] and the references contained
therein.

Differential systems with nonlocal conditions are considered in different works. In
Byszewski [T is studied the existence of mild, strong and classical solutions for the
abstract Cauchy problem

2'(t) = Ax(t) + f(t,z(t), tel0,d,
z(0) = mo + q(t,t2,t3, .., 2(1)) € X,

where A is the generator of a Cy-semigroup of linear operators on a Banach space
X; f,q are appropriated functions; 0 < t; < .... <t, < a are prefixed numbers and
the symbol ¢(t1,to,ts3,...,tn,2(:)) is used in the sense that the function z(-) can be
evaluated only in the points ¢;, for instance q(ti1,t2,3, ..., tn, 2(:)) = >y a;x(t;).
The literature concerning differential equations with nonlocal conditions also in-
clude ordinary differential equations, partial differential equations, abstract partial
functional differential, integro-differential equations. Related to this matter, we cite
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among others works, [, 2, B, @, Bl 6, [d, 8, 9. To the best of our knowledge, the
study of the existence of “ global ” solutions for equations described in the abstract
form ([TJ), is a untreated topic, and this fact, is the main motivation of this work.
In this paper, A is the infinitesimal generator of a strongly continuous semigroup
of bounded linear operators (7'(t))¢>o defined on a Banach space (X, || - ||) and M, §
are positive constants such that || T(t) | < Me™%, for every ¢t > 0. In this work, the
phase space B is a linear space of functions mapping (—oo, 0] into X endowed with
a seminorm || - ||z and verifying the following axioms.
(A) If x : (—o00,a) — X, a > 0, is continuous on [0,a) and xy € B, then for every
t € [0,a) the following conditions hold:
(i) x¢ is in B.
i) || 2(t) I< H || 2 |
(ii) [| 2 [[3< K(¢) sup{[| z(s) [|: 0 < s <t} + M(2) || o |,
where H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous, M is
locally bounded and H, K, M are independent of z(-).
(A1) For the function z(-) in (A), the function ¢ — z; is continuous from [0, a)
into B.
(B) The space B is complete.

Remark 1. In this paper, £ is a positive constant such that sup,>o{ K (t), M(t)} <
R. We know from that the functions M(-), K(-) are bounded if, for instance, B is a
fading memory space, see [I0, p. 190] for additional details.

Example 1.1. The phase space C, x LP(p, X)

Let » > 0,1 < p < o0, and let g : (—oo0, —r] — R be a nonnegative measurable
function which satisfies the conditions (g-5)-(g-6) of [I0]. Briefly, this means that o
is locally integrable and there exists a non-negative locally bounded function ~ on
(—00,0] such that o(& +6) < v(§)e(), for all £ <0 and 6 € (—oo,—7) \ N¢, where
N¢ C (—o0,—7) is a set whose Lebesgue measure zero.

The space B = C, x LP(p, X) consists of all classes of functions 9 : (—00,0] — X
such that v is continuous on [—7, 0], Lebesgue-measurable, and p|[1||P is Lebesgue
integrable on (—oo, —r). The seminorm in C, x LP(p, X) is defined as follows:

- 1/p
O loPas)
The space B = C, x LP(p, X) satisfies axioms (A), (A1), and (B). Moreover,
when r = 0 and p = 2, one can then take H = 1, M(t) = v(—t)"/? and K(t) =
1/2
1+ <f£)t 0(0) d0> for t > 0 (see [I0, Theorem 1.3.8]). We also note that if the

conditions (g-5)-(g-7) of [T0] hold, then B is a uniform fading memory.
For additional details concerning phase space, we cite [I0].

| llsi= sup{[[(@)]] : 7 < 0 < 0} + ( /

—00

In this paper, h : [0,00) — R is a positive, continuous and non-decreasing function

such that h(0) = 1 and limy_. h(t) = co. In the sequel, Cy(X) and CP(X) are the
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spaces defined by

Co(X) = {weC(0.00): X): Jm | a(t) =0},
0 _ Sy g HE@

endowed with the norms || x |[o= sup;>¢ || #(t) || and || = ||= sup;> ”28” respec-

tively. Additionally, we define the space

BCQ(X) = {u S C(RaX) juUg € B?“’[O,oo) € CS(X)}

endowed with the norm || u H302:|| uo |18 + || uygy o lln-

We recall here the following compactness criterion.
Lemma 1.1. 4 set B C CY(X) is relatively compact in CY(X) if, and only if, B is
equicontinuous, B(t) = {z(t) : x € B} is relatively compact in X for all t > 0 and

limy o0 % = 0 uniformly for x € B.

2. EXISTENCE OF MILD SOLUTIONS

In this section, we study the existence of mild solutions for the nonlocal abstract
Cauchy problem ([CTI). To treat this system, we introduce the following conditions.
H; The function p : [0,00) — [0, 00) is continuous and p(t) < ¢ for every t > 0.
Hsy The function f : I x B x X — X is continuous and there exist an integrable
function m : [0,00) — [0,00) and a nondecreasing continuous function W :
[0,00) — (0,00) such that || f(t,¢,z) [[< m@W(]| ¢ [ls + ||  [|), for every
(t,¢,z) € [0,00) x B x X.
Hj The function g : BCY(X) x B — B is continuous and there exists L, > 0
such that

I 9(u, 0) = 9(v,0) I8< Ly || w = v [lpco, u,v € BCR(X).

H,4 The function g(-,¢) : BCY(X) — B is completely continuous and uniformly
bounded. In the sequel, N is a positive constant such that || g(v,¢) |[g< N
for every 1 € BCP(X).

In this work, we adopt the following concept of mild solutions for (ITl).
Definition 2.1. A function u € C(R, X) is called a mild solution of system (L) if
up = g(uv (10) and

t
u(t) = T(t)g(u, »)(0) +/0 T(t—s)f(s,us,u(p(s)))ds, telI=1[0,00).
Now, we can establish the principal results of this section.

Theorem 2.1. Assume Hy,Hs and Hy be hold and that the followings properties

are verified.
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(a) The set {T(1)f(s,1,2) : (s,0,2) € [0,4] x By(0,8) x B,(0, X)} is relatively
compact in X for everyt > 0 and all r > 0.
(b) For every K > 0, lim;_. h fo Kh(s))ds = 0.

If MR(1+H) [ m(s)ds < [7° 72 ds , where c = AN(1+ H)(1 + MH), then there
exists a mild solution for system (ﬂ)

Proof. Let I' : BCY(I : X) — BCP(X) be the operator defined by (T'u)y = g(u, )
and

Tu(t) = Tl )0) + [ Tt=5)fsuulpo)ds, 120

Next we prove that I' verifies the conditions in [I1l, Theorem 6.5.4]. To begin, we
note that for v € BC(X) and t > 0, || u(t) [|[< || w, |5 h(t). If & is the constant in
Remark [[l then

|Tu()| _ MNH M [t
G0 /

WS u sy hls))ds.

which from (b) permits us to conclude that I' is a function from BCP(X) into
BCY(X).

Let (2™)nen be a sequence in BCP(X) and x € BCP(X) such that 2" — z in
BCY(X). Let € > 0 and M = sup,,cy || 2" HBC,S- From condition (b), we can select
L > 0 such that

2MNH M (!
(2.1) Sl / m(s)W (289h(s))ds < < t>L.
h(t) 0 2’
From the properties of the functions f, g, we can choose N. € N such that
€
. n — < - -
(22) l9".0) =0 9) s < gmreTy
L
€
@3) [ s os) ~ Flsanalp@) [ ds < 15
0
for every m > N.. Under these conditions, we see that
| Tam(t) — Ta(t) || €
2.4 ot L >N} < -,
( ) Sup{ h(t) € [07 ]7 n =z E} -9
Moreover, for t > L and n > N, we find that
[ Tz™(t) —Tz@) || _ I 9(2" ©)(0) — g(z,#)(0) |
h(t) - h(t)
#2061 — s 1 s
2MNH M

o) / m(s) W (289 (s))ds,
’ EJQTDE, 2009 No. 50, p. 4

= Th@



and hence,
| Ta™(t) —Ta(t) |
h(t)

From the inequalities (23), 4] and @3, it follows that || I'z™ —T'z [[geo< €,
for every n > N, which proves that ' is continuous.

(2.5) sup{ |

tZL,nzNe}S

N ™

To prove that I' is completely continuous, we introduce the decomposition I' =
Iy + Iy, where (Thu)p = g(u, @), (Fau)o = 0 and

(2.6) Lyu(t) = T(t)g(u, )(0), t=>0,

(2.7) Tyu(t) = /0 T(t— 8)f(s,us u(p(s)))ds, 130,

From Lemma [Tl and the properties of the semigroup (7'(¢))¢>0, it is easy to see that
I'y is completely continuous. Next, we prove that I's is also completely continuous.
From [[Z Lemma 3.1], we infer that I'yB,.(0, BCY) |j0.4)= {Taz), @ € B,.(0,BCP)}
is relatively compact in C([0,a], X) for every a > 0. Considering this property,
Lemma [Tl and the fact that

| Toz(t) || Mot 0. as f— oo
L /0 m(s)W (28rh(s))ds — 0, as ¢ — oo,

uniformly for z € B,(0, BCY), we can conclude that the set I'y(B,.(0, BCY)) is rela-
tively compact in BC}?(X ) for every r > 0. Thus, T is completely continuous.

To finish the proof, we obtain a priori estimates for the solutions of the integral
equation u = Al'u, A € (0,1)}. Let A € (0,1) and v € BCY(X) be a solution of
Al'z = z. By using the notation a*(t) = R(supsepoyq | ur(s) || + || wg |IB), for t € I
we see that

[ur(@) || < MNH+M/Otm(S)W(H w5 + || w*(p(s)) |)ds,
< MNH+M/Otm(s)W((1 + H)a (s))ds,
and hence,
aAMt) < R\ g(u, ) ||ls +RMNH + &M /Otm(s)W(l + H)oM(s))ds,
< RN(1+MH)+ﬁM/0tm(s)W((1+H)o/\(s))ds.

Defining by () the right hand side of the last inequality, we see that 3{(t) <
KMm(t)W((1 4+ H)B(t)), which implies that

§Mﬁ(1+H)/OOOm(s)d8< m%.
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This inequality permits us to conclude that the set of functions {8y : A € (0,1)}
is bounded in C'(R) and as consequence that the set {u* : A € (0,1)} is bounded in
BCY(X).

Now the assertion is a consequence of [T, Theorem 6.5.4]. The proof is complete.
|

Theorem 2.2. Assume assumptions Hy, Ha and Hg be hold. If the conditions (a)
and (b) of Theorem [Z1 are valid and

(28)  Ly(l+ MH)+ Mliminf [ W+ 28)rh(s))

ds <1
r—oo o rh(s) s ’

then there exists a mild solution of (L).

Proof. Let I',T';,T'y be the operators introduced in the proof of Theorem L1 We
claim that there exists r > 0 such that I'(B,) C B,, where B, = B,(0,BC(X)). In
fact, if this property is false, then for every r > 0, there exist 2" € B, and t" > 0

such that r <|| (Tz")o |5 + || == h(t’ ) ||. Consequently,
r g(z", ¢)(0
o< o) ls +M%
. / m(s)W(K | zg [ +& sup [ 2"(0) || + [| =" (p(s)) |)ds
h(tr) 0€[0,s
T MH T
< Ly 14" oy + 11 90:9) s + 2L 114" ey
M M Y
+W ” g(O, (,D) HB +W/ m(s)W(ﬁr—i—ﬁrh(s) +7‘h(8))d8
2ﬁ+1 h(s
< Ly(1+ MH)r+ (1+ M) || g(0, HB+M/ )T ) g
and then,

+00
| < Ly(1+ MH) + Mliminf [ TEOWER+ rh(s) ;o

r—eoJo rh(s)
which is contrary to [ZH).
Let r > 0 such that I'(B,) C B,. From the proof of Theorem Z1] we know that
I’y is a completely continuous on B,.. Moreover, from the estimate,

| Tiw =T [[5oo
< Lgllu=vllgey +H [l g(u, ) = g(v,0) [[5< Ly(1 + H) || = v [|5co,
we infer that I'; is a contraction on B, from which we conclude that I' is a condensing

operator on B,.

The assertion is now a consequence of [[3, Theorem 4.3.2]. u
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3. AN APPLICATION

To complete this work, we study the existence of global solutions for a concrete
partial differential equation with nonlocal conditions. In the sequel, X = L?[0, 7]
and A: D(A) C X — X is the operator Az = 2/ with domain D(A) := {z € X :
2" € X, x(0) = z(7) = 0}. It is well known that A is the infinitesimal generator of
an analytic semigroup (7'(t));>0 on X. Furthermore, A has discrete spectrum with
eigenvalues of the form —n?,n € N, and corresponding normalized eigenfunctions
given by z,(z) = (%)% sin(nx); the set of functions {z, : n € N} is an orthonormal
basis for X and T'(t)z =) .7, ez, 2,) 2, for every x € X and all t > 0. It
follows from this last expression that (7'(t)):>0 is a compact semigroup on X and
that || T'(t) [|[< et for every t > 0.

As phase space, we choose the space B = Cy x L?(p, X ), see Example [T}, and we
assume that the conditions (¢5) and (¢7) in [I0] are verified. Under these conditions,
B is a fading memory space, and as consequence, there exists & > 0 such that
sup>o{ M (t), K(t)} < &

Consider the delayed partial differential equation with nonlocal conditions

2 t
B gt = smuO+ [ alts—uls€ds+ bt uwl0),9).
(3.2) w(t,0) = w(t,m) =0, t>0,
(33)  w(s,§) = > Liw(ti+s,€) +@(s,€), s <0, &€ 0,7,
=1

for t > 0 and £ € [0, 7], and where (L;);en, (t;)ien are sequences of real numbers and
peB.

To treat this system in the abstract form (), we assume » oo, | L; | h(t;) < oo,
the functions p : [0,00) — [0,00), a : R? — R are continuous, p(t) < t and Li(t) =
(fi)oo %d(ﬂlp < 00, for every t > 0. We also assume that b : [0,00) x R — R
is continuous and that there exists a continuous function L : [0,00) — [0, 00) such
that [b(t, x)| < Lo(t)|z|, for every t > 0 and = € R.

By defining the functions g : BCY(X) — B, f :[0,00) x Bx X — X by g(u, ) =
o+ Y2, Liug, and

0

F(t b, 2)(€) = / alt,$) (s, €)ds + b(t, 2(p(1). £)),

—0o0
we can transform system (BII)-(B3)) into the abstract system (CI)). Moreover, it is
easy to see that f, g are continuous, || f(¢t,¢,x) ||< Li(t) || ¥ || +L2(t) || = ||, for
all (t,9,x) € [0,00) and g verifies conditions Hg with L, = 8 2, L;h(t;).
The next result is a direct consequence of Theorem We omit the proof.

Proposition 3.1. If 8372, Lih(t;) + (14 28) [, (L1(s) + La(s))ds < 1, then there

exists a mild solution of (Z1)-(Z3).
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