“Lalhoun

Institutional Archive of the Naval Pastgraduate School

Calhoun: The NPS Institutional Archive

Faculty and Researcher Publications Faculty and Researcher Publications

2012

On optimal fourth-order iterative
methods free from second derivative
and their dynamics

Chun, Changbum

‘: D U DLE Y Calhoun is a project of the Dudley Knox Library at MPS, furthering the precepts and
ﬂ‘“ goals of open government and government transparency. All information contained

m KN DK herein has been approved for release by the NP5 Public Affairs Officer.
LIBRARY

Dudley Knox Library / MNaval Postgraduate School
411 Dyer Road / 1 University Circle

http://www.nps.edu/library Monterey, California USA 93943



Applied Mathematics and Computation 218 (2012) 6427-6438

Contents lists available at SciVerse ScienceDirect =

Applied Mathematics and Computation

journal homepage: www.elsevier.com/locate/amc

On optimal fourth-order iterative methods free from second derivative
and their dynamics

Changbum Chun?, Mi Young Lee?, Beny Neta >*, Jovana DZuni¢ ¢

2 Department of Mathematics, Sungkyunkwan University, Suwon 440-746, Republic of Korea
® Naval Postgraduate School, Department of Applied Mathematics, Monterey, CA 93943, United States
€ Faculty of Electronic Engineering, Department of Mathematics, University of Nis, 18000 Ni3, Serbia

ARTICLE INFO ABSTRACT

Keywords: In this paper new fourth order optimal root-finding methods for solving nonlinear equa-
Iterative methods tions are proposed. The classical Jarratt’s family of fourth-order methods are obtained as
Order of convergence special cases. We then present results which describe the conjugacy classes and dynamics

Rational maps
Basin of attraction
Julia sets
Conjugacy classes

of the presented optimal method for complex polynomials of degree two and three. The
basins of attraction of existing optimal methods and our method are presented and com-
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1. Introduction

In this paper, we consider iterative methods and their dynamics to find a simple root p, i.e., f{p)=0 and f(p) # 0, of a
nonlinear equation f{x) = 0. Newton’s method [1] is the best known method for finding a real or complex root p of the non-
linear equation f(x) = 0, which is given by

f(xn)

Xni1 = Xp — m
This method converges quadratically in some neighborhood of p.
It is also well-known (see [2]) that for any function H with H(0) =1, H'(0) = 1/2 and |H"(0)| < o, the iterative method

. f(xn)
Xni1 = Xp f’(Xn)H(t(Xn))’ (1)
where
S (xn)f" (Xn)
tn) ==——"——5~ 2
= ) .

is of order 3 [2]. The Schemes (1) and (2) include many well-known methods as particular cases; for example, when
-1
Hit)=(1- %t)’l, H(t) = 2(1 +v1 - 2t> ,and H(t) = (1 — £)%5 it reduces to Halley’s method [2], Euler’s formula [2], and

Ostrowski’s square root iteration [3], respectively. The methods (1) and (2) require f(x,), f(x,) and f'(x,) per step, but it is
of third order, so it is not an optimal method. By an optimal method we mean a multipoint one without memory which
requires n + 1 functional evaluations per iteration, but achieves the order of convergence 2" [4]. It should be observed that

* Corresponding author.
E-mail addresses: cbchun@skku.edu (C. Chun), sisley9678@naver.com (M.Y. Lee), bneta@nps.edu (B. Neta), jovana.dzunic@elfak.ni.ac.rs (J. DZunic).

0096-3003/$ - see front matter Published by Elsevier Inc.
doi:10.1016/j.amc.2011.12.013



6428 C. Chun et al./Applied Mathematics and Computation 218 (2012) 6427-6438

the method (1) and (2) even involves the computation of the second derivative of f per step, which restricts its practical use.
Optimal root-finding methods which overcome the lack of optimality and practical utility that (1) and (2) has are thus
preferred. A new approximation to the second derivative with arbitrarily given second-order method is devised and applied
to (1) and (2). The methods derived in this manner will be of order 4 and require one function- and two first derivative-
evaluations per step, so they are optimal methods. The methods are also free of second derivative and contain the classical
Jarratt’s fourth-order methods. Our method developed here also contains Kou et al.’s fourth-order family of methods
free from second derivative proposed in [5]. Thus our work can be viewed as an extension of the results of Kou et al. [5].
Sharma and Goyal [6] have developed two fourth-order one-parameter family of methods requiring no evaluation of
derivatives.

There are various criteria involved in choosing an iterative method to approximate the root of an equation [7]. These in-
clude the initial value problem (for what initial values will the method converge? Will it converge to a root, and if so, which
root?), the rate of convergence (how fast the convergence occurs near a root?) and the complexity of the calculation (do first
or higher derivatives have to be calculated?). Some of these problems were investigated in [7] by showing how complex
dynamics can shed light on them when using Newton’s method for finding the real or complex roots of polynomial. In order
to investigate these dynamics with some higher order methods we will improve the method (1) and (2) in order to increase
the rate of convergence and reduce the complexity of the calculation, and then study their complex dynamics. The dynamics
of the Konig iteration methods [8], the super-Newton method, Cauchy’s method, and Halley’s methods [9] and a number of
root-finding methods including Jarratt’s and King’s methods [10] were previously studied in detail. Scott et al. compared the
dynamics of several methods for simple roots [11] and Neta et al. has performed similar comparison of methods for multiple
roots [12]. See also Amat et al. [13]. Motivated by these works this paper thus may be considered as an extension of them in
various aspects.

A precise analysis of convergence is given for the presented optimal methods. We present results which describe the con-
jugacy classes and dynamics of one of the new optimal fourth order methods for complex polynomials of degree two and
three. The fact that our method is not generally convergent for polynomials is also investigated by constructing a specific
polynomial such that the rational map arising from our method applied to the polynomial has an attracting periodic orbit
of period 2. The basins of attraction of some existing fourth order optimal methods and our method are considered and pre-
sented. To this end, we shall recall some preliminaries, see for example Milnor [14] and Plaza [10]. Let R : € — C be a rational
map on the Riemann sphere.

Definition 1. For z € C we define its orbit as the set

orb(z) = {Z,R(z),Rz(z),...,R”(z),...}.
Definition 2. A point zj is a fixed point of R if R(zg) = 2.

Definition 3. A periodic point zy of period m is such that R™(zy) = zo where m is the smallest such integer. The set of the m
distinct points {z,R(z),R*(z),...,R™ ()} is called a periodic cycle.

Remark 1.1. If z; is periodic of period m then it is a fixed point for R™.
Definition 4. If z; is a periodic point of period m, then the derivative (R™)(zo) is called the eigenvalue of the periodic point z.

Remark 1.2. By the chain rule, if zy is a periodic point of period m, then its eigenvalue is the product of the derivatives of R at
each point on the orbit of zy, and we have

(R™)(20) = (R™)'(z1) = -+ = (R") (za-1),

that is, all the points of a cycle have the same eigenvalue.
We classify the fixed points of a map based on the magnitude of the derivative.

Definition 5. A point z; is called attracting if |[R'(zg)| < 1, repelling if |R'(zo)| > 1, and neutral if |[R'(zp)| = 1. If the derivative is
zero then the point is called super-attracting.

Definition 6. The Julia set of a nonlinear map R(z), denoted J(R), is the closure of the set of its repelling periodic points. The
complement of J(R) is the Fatou set F(R).

By its definition, J(R) is a closed subset of C. A point zo belongs to the Julia set if and only if dynamics in a neighborhood of
zq displays sensitive dependence on the initial conditions, so that nearby initial conditions lead to wildly different behavior
after a number of iterations. As a simple example, consider the map R(z) = z* on C. The entire open disk is contained in F(R),
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since successive iterates on any compact subset converge uniformly to zero. Similarly the exterior is contained in F(R). On
the other hand if zg is on the unit circle then in any neighborhood of zg any limit of the iterates would necessarily have a jump

discontinuity as we cross the unit circle. Therefore J(R) is the unit circle. Such smooth Julia sets are exceptional.

Lemma 1.1 (Invariance Lemma Milnor [14]). The Julia set J(R) of a holomorphic map R : C — C is fully invariant under R. That
is, z belongs to ] if and only if R(z) belongs to J.

Lemma 1.2. Iteration LemmaFor any k > 0, the Julia set J(R¥) of the k-fold iterate coincides with J(R).

Definition 7. If O is an attracting periodic orbit of period m, we define the basin of attraction to be the open set A € C con-
sisting of all points z € C for which the successive iterates R™(z), R*™(z),. .. converge towards some point of O.
The basin of attraction of a periodic orbit may have infinitely many components.

Definition 8. The immediate basin of attraction of a periodic orbit is the connected component containing the periodic orbit.

Lemma 1.3. Every attracting periodic orbit is contained in the Fatou set of R. In fact the entire basin of attraction A for an attract-
ing periodic orbit is contained in the Fatou set. However, every repelling periodic orbit is contained in the Julia set.

2. New iterative methods

Throughout this work let ¢ be an iteration function of order at least two. We let y,, = x, — 0[x, — #(x,,)] = (1 — 0)xp, + 0p(Xy,),
where 0 is a nonzero real parameter. Let us consider the approximation:

f'On) =f &) _ f'xn) = F' )

)~y o e — px)
from which (2) can be approximated
() TS 00) _ FExIf () —F 0]

[ (xa))? 0xn — ¢(Xn)][f (xn)]
This gives rise to a new iterative scheme

f(xn)

Filo) HLEGR)): 3)

Xni1 = Xp —

where

E(Xn) :f(xfl)[f(x”) _f,-( n)]Z (4)
O0xn — (xn)][f"(xn)]
We will show that in spite of not using as many function evaluations, we have increased the order of convergence to 4.
The following theorem will prove that the method defined by (3) and (4) is of order 4 under additional conditions on H and
on 0.

Theorem 2.1. Let p € I be a simple zero of a sufficiently differentiable function f: I — R in an open interval I. Let H be any function
with H(0) =1, H(0) = 1/2 and |H"(0)| < oo, 0 a nonzero real number and ¢ any iteration function of order at least two. Let y, = x, —
0[xn, — ¢(x,)]. Then the method defined by (3) and (4) has third-order convergence, and its error equation is given as

i1 = [2(1 —H"(0))c3 + @0 - 1>c;}eﬁ

+ {(14}1”(0) - gH"’(O) - 9) ¢ + (60H"(0) — 12H"(0) — 60 + 12)cy¢5 — %(M)zcg — (207 — 60 + 3)c4| €t + 0(€5), (5)

where e, =x, — p,

= (1/k)f9(p)/f'(p), k=1.2,... (6)

co=f(p)=0, and ¢(x,) = p + €2 + O(e?). Furthermore, if we have H'(0) =1 and 0 = 2, then the order of the method defined by
(3) and (4) is at least four.

Proof. Let e, =x, — p and d, =y, — p, where y, = x, — O/(x,). Using Taylor expansion and taking into account f{p) =0, we
have
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f(xn) =f(p)[en + 262 + c3€3 + caep + O(e)] (7)

f'(xa) = (p)[1 + 2c2e, + 3c3€2 + dcqel + O(e})] (8)
and

[F'(%)]* = [F' ()] [1 + 4czen + (4C2 + 6c3)e? + 12cac3€2 + 0(ed)], (9)

where ¢y is given by (6).
Dividing (7) by (8) gives

f(xn)
fr(xn)

Since ¢ is an iteration function of order at least two, it follows that
D(Xa) = P+ $2€5 + dse, + daey + 0(e)),
where ¢, = 1 ¢®(p), k=2,3,4 so that

=6y — 262 +2(c3 — c3)e2 + (7cac3 — 3cq — 4C3)er + 0(€). (10)

Xn — $(Xn) = €n — Pa€; — 3, — du€y + O(ey) (11)
and hence, we have
dy = €y — 0%y — p(Xn)] = (1 — 0)ey + 02 + 052 + Og,en + 0(e). (12)

Expanding f(y,) about p, we have

o) =F(p) [1 + 26,0y + 3c3d> + 4cad? + 5csd) + O(di)]
and then from (12), we obtain

Fo) =F(p) [1 +2(1 - 0)csen + [29¢2c2 +3(1 - e)zcg}eﬁ + [20¢3c2 £ 60(1 — 0)hycs +4(1 — 9)3c4} e

+ [29¢4c2 +30(0¢% +2(1 — 0)h3)cs + 120(1 — 0)2pycs +5(1 — 0)4c5} et + O(eg)] .

It is then clear that

f'xn) = F ) =F(p) [29c2en +[3¢3 — 209,02 — 3(1 — 0)*c3)e? + [4cs — 2052 — 60(1 — 0),c3 — 4(1 — 0)>cale}

~[204¢2 +30(0¢3 + 2(1 — 0)3)c3 + 120(1 — 0)*dycs + 5(1 — 0)*cs — 5cs)en + O(eg)]. (13)

By a simple calculation, we have from (7), (9), (11) and (13) that
2oy S )l (xn) — F' (V)]

t(xn) =
U 0 — (k)] [ (xa)
=208, + [3(2 — 0)c3 — 6c3]€2 + [16¢3 + (90 — 28)caC3 + 306,03 + 4(07 — 30 + 3)ca]el + O(ed) (14)
and so,
t%(xy) = 4c3e% + 4c, [6c3 — 30c; — 6c3]e3 + O(en). (15)
From (14) and (15), we have upon using the values of H(0) and H'(0)
z 1 z 1 " z 1 " z z
H(E(n) = 1+ 5 E(Xe) + 5 H'(O)F () + £ H” (O)F (x2) + OF (x0)
=1+ce,+ {(ZH”(O) -3)c3 +%(2 - 0)cg]e§ + [(8 —12H"(0) +gH"’(O))C§
+(12H”(0) — 66H"(0) + g@ - 14) C2C3 + ';—’(Mzcg +2(0* =30+ 3)C4] e+ O(eﬁ). (16)
Hence, from (10) and (16), we obtain
o f&) s
Xni1 = Xn *f/(xn)H(t(xn))
=p+ {2(1 —H"(0))c3 + (%0 - 1)03] el

n [(14}1/’(0) - gH’”(O) - 9) ¢ + (60H"(0) — 12H"(0) — 60 + 12)cy¢5 — %0(]5263 — (20 —60+3)cq et +0(ed),
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therefore,
enit = [2(1 _H'(O)E + Ge - 1)4@
+ KMH”(O) - gH”’(O) - 9) & + (60H"(0) — 12H"(0) — 60 + 12)cacs — %9¢2C3 — (20 — 60 + 3)c4} et +0(ed),

which is the same one that appears in (5).
Now if we choose 6 =2 and H”(0) = 1, then (2) becomes

€ni1 = [(14H”(0) — %IH’”(O) — 9) cg + (66H"(0) — 12H"(0) — 60 4 12)cac3 — %9(}5263 — (2(92 — 60+ 3)64} e‘,: + O(eﬁ)
(17)

and we obtain the fourth-order class of methods

Yo = X~ 20— )] (18)

_ fXn)

Xni1 = Xn _f'(xn)H(t(x”))’ (19)
where

E(Xn) — %f(xn)[f,(xfl) _f/( n)} (20)

2 [xn — $p(xn)][f" (xa)]

and ¢ is any iteration function of order at least two. This completes the proof. [

If we consider an iterative function ¢ requiring f(x,) and f(x,), then our family of methods has an optimal order since it
requires f(x,), f(x,) and f(y,) per step.

3. New fourth order optimal methods

For the sake of simplicity, we consider only Newton’s iteration function ¢(x) = x — ff((%)) even though other choices for ¢
may provide us with many other optimal fourth-order methods. For the Newton iteration function, (18)-(20) simplifies to

_ 2 f(xn)

Yn = n_if/(xn)v (2])

Xni1=Xn — }c,((’;’;)) H(E(xy)), o
where

- _3f/(xn) 7f/(yn)

e T (23)
If we take H(t) = 1 +% i, then (21)—-(23) leads to the well-known Jarratt’s fourth-order method [15]

Xni1 = Xn — 3 ') —f'(xa) ] f(Xn)

23f/(y,) —fx) | fxa)’

where y, = x, —% [,

If we take another H(t) = 1 + s2; — g%, then (21)-(23) leads to another optimal fourth-order Jarratt’s method [15]
3f(x
Xni1 = Xn — W1 (Xn) — iwz(xn) +ﬁ,
n n

where wi (x,) = ff/(<XT"n)>v Wy (Xp) = }c((’;jl)) and z, = x, — %Wl (xn). This method is suggested by Jarratt in order to reduce the possibil-

ity of cancelation in the denominator.
If we take H(t) =3 % where y = o+ -3, o, 8 €R, then (21)-(23) leads to the optimal Kou et al.’s fourth-order
family of methods [5]

Xni1 = Xn

_ (1 3 (PO =) On) + (1 = )f (Xa)) )f(Xn)
4 (of (¥a) + (1 = o)f (%n)) (B (¥n) + (1 = B)f (%a)) ) f'(%n)”
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In the case that H(t) =1+ + % (21)-(23) gives a new fourth-order optimal method

Fa) |1 3 ) =f'(va) 9 <f'<xn> - f/( n>>2
Xny1 = Xp — 1+ +35 )
TP |4 fa) 8L fil)
where y, = x, — [,
In the case that H(t) =1+ 4+ ﬁ, we obtain from (21)-(23) another new optimal fourth-order method
NPV (0 N PR (6 N ( 4f (%) )2
n — an b
’ f'(xn) 3f' W)+ (xn)  \3f(Vn) +F(Xn)
where y, = x, — 3 [,

In the case that H(t) = —{ — %4, — 1, (21)-(23) reduces to the method

X1 :anf(x") Ff/( n)*fl(xn)+ 8f' (Xn) 71}
! frxa) 14 f(xn) 3fWa) +f (%) ]
where y, = X, —3 [&.
In the case that H(t) = ﬁ, we obtain from (21)-(23) another new optimal fourth-order method
xn+1 _ Xn _ 16f(xﬂ)f (xn) (24)

=5[f"(xn)]> + 30f" (%) (V) — O (¥o)*

where y, = x, —3 &,

4. Conjugacy classes

Throughout the remainder of this paper we study the dynamics of the rational map Ry arising from the method (24)

16f(2)f'(2)

& =2t S 7 30r @f 0) < O I (22)
where
L 2f@
V=235

applied to a generic polynomial with simple roots. We tried other possibilities and they are not competitive. Let us first recall
the definition of analytic conjugacy classes.

Definition 9 [16]. Let fand g be two maps from the Riemann sphere into itself. An analytic conjugacy between fand g is an
analytic diffeomorphism h from the Riemann sphere onto itself such that hof=go h.
Rs has the following useful property for an analytic function f.

Theorem 4.1 (The Scaling Theorem). Let f(z) be an analytic function on the Riemann sphere, and let T(z) = az + B,o # 0, be an
affine map. If g(z) = fo T(z), then T o Ry 0 T~'(z) = R(z). That is, Ry is analytically conjugate to Ry by T.

Proof. With the iteration function R(z), we have

Ry(T(@) = T (2) + 16T (2)g(T"(2) [SgQ(TI (2)) - 30g/(T"' ()8 <T1 ©-3 —g”l(z))>

3g(T(2)
oo 280 @]
+9g <T (z)3g’(T1(z))>} .

Since go T '(2) =f(2), (goT ") (2) =1g (T '(2)), we get g(T (2)) = o (goT 'Y(2) = of (z), &'(T '(2)) = o?f'(z). We therefore
have

ToRgoT ™ (2) =T(Rg(T ™' (2)) = aRg(T" (2)) + =0T ' (2) + - 16¢'(T"'(2))g(T "' (2))

Sg/Z (T—l (Z)) _ Bog/(T—l (Z))g/ <T1 (Z) 7% g(Tf] (Z))> + gg/z (Tl (Z) 7% g(T71 (Z)))

) 3g(T(2)) 3g(T'(2))

_ ~ 1
~ 24162/ (2f @) {5a2[f'<z>}2—30o<f’<z>g'<r1<z>—2g,(T11(2)))+9g’2(T1<z>—2g(Tl(Z)))] - (26)
3g(1(2) )
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On the other hand, we have

/ -1 _%g(T_l(z)) / z _ / nr—1 g f(Z) .
g (T @35 (z))> —¢(T @5 )~ @) -E @) i+
~of ) - @3 ST+ foc( @-r@3 o+ ) =of (-5 15) ~arw

We thus obtain from (26) ToR, o T~'(z) = R{(z), this completing the proof. [

The scaling theorem established above indicates that up to a suitable change of coordinates the study of the dynamics of
the iteration function (25) for polynomials can be reduced to the study of the dynamics of the same iteration function for
simpler polynomials. For example, for any quadratic and any cubic polynomials, we can easily prove the following results
by an affine change of variable and multiplication by a constant that.

Theorem 4.2. Let p(z) = az’ + bz + ¢, with a # 0 and
q(z) =2 - 1, (27)

where (= %. Then there is an analytic conjugacy between R, and R;.

Theorem 4.3. Let p(z) = (z — zp)(z — z1)(z — z2), with 0 < |zg| < |z;] < |z2| and let
q2)=22+(—-1)z—1, JleC. (28)

Then there is an analytic conjugacy between R, and R,.
Thus analyzing the iteration function (25) for any quadratic and cubic reduces to analyzing it for the g’s in (27) and (28),
respectively.

Definition 10 [9]. We say that a one-point iterative root-finding algorithm p — T, has a universal Julia set (for polynomials
of degree d) if there exists a rational map S such that for every degree d polynomial p, J(T,) is conjugate by a Mébius
transformation to J(S).

The following theorem establishes a universal Julia set for quadratics for our method (24).

Theorem 4.4. For a rational map R,(z) arising from the method (24) applied to p(z) =(z — a)(z — b), a # b, Ry(z) is conjugate via
the Mdbius transformation given by M(z) = %4 to

Fig. 1. Basin of attraction for S(z) = z* Z2

2z+1°
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zZ+2
@) =75

Proof. Let p(z)=(z—a)z—b), ab and Let M be the M®ébius transformation given by M(z) =%f with its inverse

M (u) = “=a, which may be considered as a map from C U {cc}. We then have

MoR,oM (1) = MoR, (Ll’lb__la> —ut {2uu++21}' 0

Fig. 1 illustrates the dynamic structure of S(z) = z* Z-3. The basin of attraction for S(z) clearly reveals the structure of the uni-
versal Julia set for S when p is quadratic. The points in the blue area converge to the origin, the red area points converge to

the point at infinity.

5. Fixed points and critical points
In the following theorem, we establish the dynamical characterization regarding the fixed points of R,,.

Theorem 5.1. Assume p is a generic polynomial of degree d > 2 with simple roots. If zo is a simple root of p, then it is a super-
attracting fixed point of Rp. All other additional fixed points of R, are roots of p/(z) = 0.

Proof. Let p(z) be a generic polynomial of degree d > 2 with simple roots. Suppose that z; is a root of p(z). Then R, satisfies
that Ry(zp) = zo, Rg) (z0)=0, j=1,2,3, Rz(;l) (z0) # 0 since it is of order four [1]. Hence R, has a super-attracting fixed point at
each root of p. Since Ry(zo) = zo only when p(z,) = 0 or p'(zo) = 0, all other additional fixed points of R, are roots of p'(z) = 0.
Note that if p'(zg) = 0, then we have p(zy) # 0 since zo would otherwise be a multiple root. [

For a generic polynomial p, additional fixed points of R, and their dynamical behavior can be found and determined by
Theorem 5.1. For example, for the cubic polynomial p(z) = z* — 1, R, has the additional fixed point z, = 0. Since IR,(0)| =1 (see
(5)), it is an indifferent fixed point, this altering the basins of attraction of the roots of the cubic.

Critical values of a function f are those values v € C for which f(z) = v has a multiple root. The multiple root z = c is called
the critical point of f. This is equivalent to the condition f(c) = 0. Let p(z) be a generic polynomial with simple roots. The free
critical points of R, are those critical points that are not roots of p(z). The underlying reason for studying the free critical
points is due to the following well-known fact.

Theorem 5.2 (Fatou-Julia). Let R(z) be a rational map. If zy is an attracting periodic point, then the immediate basin of attraction
B*(zp) contains at least one critical point.

As a consequence of Theorem 5.2, it is important to detect the existence of attracting periodic cycles. If there exist an
attracting periodic cycle, then there exists at least one critical point near the cycle, and the iterates of R, starting with the
critical point converge to that cycle and not to a root. Thus the existence of attracting periodic cycles could interfere with
our R, search for a root of the equation p(z) = 0. To detect the existence of attracting periodic cycles, the orbits of the free
critical points of the R, function should be observed and their set of limit points determined.

Upon differentiating (25) we have

R, (2)=1+1[5p"(2) - 30p'(2)p'(v) + 9p” (v)] *[(16p™(2) + 16p(2)p" (2))(5P"(2) — 30 ()P (v) + 9p” (¥))

2 1/ 2 /"
~16p(z)p'(2) (10p’(z)p”(z)—3Op”(z)p’0/)—3Op/(z)P/’(Y)p—(Z) Jﬁg)p @ P - 2pEr ) ;p%zp((z‘?p (Z)ﬂ. (29)

It follows from (29) that the equation for the critical points of the iterative method R, is given by
0 =p'(2)(5p*(2) - 30p'(2)p'(v) + 9p*())(21p?(2) - 30p'(2)P'(¥) + 9P (¥) + 16p(2)p"(2)) — 16p(2)[10p"°(2)p" (2)
—30p2(2)p"(@P'(v) — 2(p*(2) + 2p(2)P"(2)) (5P (2)P"(¥) — 3P’ W)P"V))]-

. _ __ 2(206z'2+5442° 6261423 1) : : - / _ i
For the cubic p(z)=z* — 1, we have R, = 41073019 6514, Which is of degree d = 13. R,(z) = 0 gives us

(9249475 + 36994212 + 20622° — 29826 — 312 — 1)(2 — 1)?
(44922 4 3012° — 626 — 1423 — 1) '

So, the critical points of R, are roots of the equation (92494.° + 36994, + 2062y° — 298> — 31p — 1)(; — 1)* = 0, where
w=2. The roots are

22 =1,1,1,-0.301495723260134, —0.110677387489009, 0.102269175468264, —0.0450285716377835
+0.0337719969533516:i.

+18p'(y)p"(y)

R; (2) =
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Rp has d + 1 = 14 fixed points and 2d — 2 = 24 critical points in C,, = C U {oo}, counting multiplicity. The use of Maple shows
that nine of these critical points zo have eigenvalue |[R'(zp)| = 1, and the rest have |R'(zp)| < 1.

Given a polynomial p(z), an iteration function T,(z) is said to be generally convergent if for almost all z € C its orbit con-
verges to a root of p(z). The fact that Newton’s method is not generally convergent for polynomials was investigated by Barna
[17]. We also investigate this aspect for the method (24) by constructing a specific polynomial p(z) such that the rational
map R, arising from (24) applied to the polynomial has an attracting periodic orbit of period 2. Our approach is based on
an argument of Smale [18,19] and we have the following result.

Proposition 5.1. The method (24) is not generally convergent for the polynomial
p(z) =2° +az® + bz +c,

where
a = -0.24862826203703351651,

b =-1.0865745919948851643,
¢ =0.72915055282835616542.

Proof. Consider the polynomial p(z) = 2> + az? + bz + c. We find the coefficients a, b and c¢ so that Ry arising from (24) applied to
p(z) will have a super-attracting periodic point of period 2 at the origin, that is, R,(0) = 1, R,(1) =0, R,(0) =0, R;(1) # oo,
which by the chain rule would give RIZ)(O) =0, (RIZ, (0) = R,(R,(0))R,(0) = R,(1)R,(0) = 0. Hence there exists an open neigh-
borhood of the origin such that the fixed point iteration does not converge to any of the roots of p(z). Therefore the method (24)
is not generally convergent for this polynomial. The conditions R,(0) = 1, Ry(1) =0, R;(0) = 0 imply that a, b and c are the
solution of the system

A3(c® = 2¢3b* + 2cb® — 4c*ab + 16¢%ab* — 4ab” + 6c3a®b* — 22ca®b’ — 4c2a®b® + 8a*b° + ca*h?)
x (b’c® + b° — ¢* — b*ac + 2cab — a*c*b*)? =0, (30)

16¢h B
5b* — 30u,b + 92

16(1+a+b+c)3+2a+Db) B
533 +2a+b)* —30u,(3 +2a+b) + 912

(31)

1, (32)

where
_4c¢ dac
= 3b2 3b ’
B 20+a+b+0)? 2(1+a+b+oc)
t=311-33 %010 ] *2“[1 ~3B12a+b)
Solving the system (30)-(32) by Maple with the number of digits set to 20 produces
a=-0.24862826203703351651,
b = —-1.0865745919948851643,
¢ =0.72915055282835616542.

+b.r.

Thus the polynomial
p(z) =22 — 0.248628262037033516512> — 1.0865745919948851643z + 0.72915055282835616542

makes the method (24) fail to converge to a root of p(z) over a set of positive Lebesgue measure. [

6. Numerical results

Four fourth order optimal methods are considered, which are King’s method [20] with g = —] given by

_ f(xn)

fr(xn)’
fwn)  f(xn) + Bf (Wn)
f'(xn) f(xn) + (B = 2)f (Wn)’

Wy = X

(33)
Xnt1 = Wp —
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Kung-Traub’s method [4] given by

_ o _fx)
Wn =X Fixa)
gy =S W) 1

Kou et al.’s method [21] given by

Fr(xa) 1= f(wn) /f ()2

. f(xa)
Wy = Xy Filxa)
X1 = Xn f2(Xa) + f2 (W)

P ) [f () — F(w)]
and our method (24).

Fig. 2. King’s with § = —1 (left) and Kung-Traub’s method (right) for the roots of the quadratic polynomial z* — 1.

Fig. 3. Kou’s method (left) and the method (24) (

) (right) for the roots of the quadratic polynomial z* — 1.



C. Chun et al./Applied Mathematics and Computation 218 (2012) 6427-6438 6437

Fig. 4. King's with = —1 (left) and Kung-Traub’s method (right) for the roots of the cubic polynomial 2% — 1.

Fig. 5. Kou’s method (left) and the method (24) (right) for the roots of the cubic polynomial z* — 1.

The basins of attraction of the four methods applied to the quadratic polynomial z> — 1 are presented and compared in
Figs. 2 and 3. The results for the cubic polynomial z> — 1 are given in Figs. 4 and 5.

The basin of attraction for the method (24) is better than any of the other methods. For our method (24) applied to the
quadratic polynomial with distinct roots, an almost arbitrary point converges to the root closer to the point.

7. Conclusion

In this paper we have constructed new optimal fourth order root-finding methods for solving nonlinear equations, which
contains well-known Jarratt’s methods as special cases. We presented results which describe the conjugacy classes and
dynamics of presented optimal methods for complex polynomials of degree two and three. We constructed a specific poly-
nomial such that the rational map arising from our method applied to the polynomial has an attracting periodic orbit of per-
iod 2. The basins of attraction of existing optimal methods and our method are considered to deal with initial value problems
of iteration methods and compared to illustrate their performance as a criterion for comparison.
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